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ABSTRACT

Due to the curse of dimensionality, the pricing of multi-asset options becomes a longstanding

computational challenge. Extensive studies have focused on the use of Monte Carlo methods with

variation reduction techniques and the low-discrepancy method. However, due to the randomness of

Monte Carlo methods, the standard deviation of approximations can be large when the number of

simulations is insufficient. More importantly, the computation of hedge parameters is expensive with

Monte Carlo methods. This article presents a Fourier transform method that is more efficient than

Monte Carlo methods when the number of risk factors is less than 8, along with the deep Galerkin

method that outperforms Monte Carlo methods in American option pricing. Additionally, we proved

an error bound of the deep Galerkin method’s approximation of the solution to the Black-Scholes

equation through the maximum principle. Detailed analysis, numerical experiments1 and comparisons

are carried out.

Keywords Multi-asset Option Pricing ·Monte Carlo Methods · Fast Fourier Transform · Deep Galerkin Method

1The source code can be found at https://github.com/ZewenShen/hdp
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1 Introduction

Multi-asset options, e.g., basket options, rainbow options, spread options, are popular trading instruments in equity

markets nowadays. Various numerical methods can be applied to price multi-asset options. In general, they can be

classified into four categories: numerical partial differential equation (PDE) methods, Monte Carlo methods, Fourier

transform methods and deep learning methods. While the first three traditional methods are the most well-studied in

both academia and industry, deep learning methods have also received lots of attention in academia since 2017 and the

two most influential ones are the deep Galerkin method (DGM) [1] and the deep BSDE method [2].

Although we regarded numerical PDE methods and deep learning methods as two different methods in the last

paragraph, in fact, the deep learning method can also be classified as a meshfree numerical PDE method since it aims to

solve the Black-Scholes equation using neural networks. One of the biggest differences between the DGM and the deep

BSDE method is that the deep BSDE method requires the PDE to satisfy the condition of Feynman–Kac formula, while

the DGM doesn’t have such a restriction. In contrast, the deep BSDE method requires less amount of computation in

every iteration of training since only the gradients are needed in the calculation of the loss function, whereas the DGM

also requires the Hessian. In this paper, we decide to mainly focus on the deep Galerkin method.

We aimed to analyze the advantage and the disadvantage of Monte Carlo methods, the FFT-based convolution method

and the deep Galerkin method when they are applied to high-dimensional option pricing problems, i.e., the number of

underlying assets is between 4 and 7. The reason why high-dimensional problems are particularly hard is due to the

curse of dimensionality: A five-dimensional problem with 32 grid points per coordinate will result in over 33 million

grid points in total. In this case, a regular numerical PDE method will introduce a 33 million × 33 million sparse linear

system, which typically cannot be efficiently solved. There are certain types of techniques that can alleviate the curse of

dimensionality for numerical PDE methods, e.g., the sparse grid technique [3], but we are not going to investigate it.

Although the Fourier transform methods also suffer from the curse of dimensionality, the computation using 33 million

grid points is still a reasonable amount of work thanks to the invention of the fast Fourier transform (FFT).

The paper is organized as follows: In section 2, we introduce the background of the multi-asset option pricing

problems, including both the PDE framework and the probabilistic framework. During the discussion of the probabilistic

framework, we will also present Monte Carlo methods for simulating correlated assets, including the low-discrepancy

method and two variance reduction techniques. In section 3, we derive the formulation of the N-dimensional FFT

convolution method (Conv method) and the approximation of hedge parameters following R. Lord, C. C. W. Leentvaar’s

work in [4] and [5], respectively. Introduction to the deep Galerkin method and analysis of its error bound of the

approximation of option prices is carried on in section 4. Additionally, we compare the advantages and disadvantages

of the deep Galerkin method and the deep BSDE method. Finally, numerical experiments, including the pricing of

basket European options with different terminal payoff functions and American options, are conducted to compare the

three methods introduced in this paper.
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2 Multi-Asset Option Pricing Frameworks and Monte Carlo Methods

2.1 The PDE Framework

The Black-Scholes equation was introduced by F. Black and M. Scholes in [6], which first established the connection

between PDEs and option pricing. However, in the original paper, only single-asset options without dividends are

considered. Therefore, we derive the multi-asset Black-Scholes equation with dividend-paying by following the similar

delta hedging idea presented in [6].

Consider a portfolio consisting of one option and N underlying assets. Assuming that Si follows a geometric

Brownian motion for i = 1 . . . N . Therefore,

dSi = (µi − qi)Sidτ + σiSidWi, (2.1)

where µi is the continuous drift rate, qi the continuous dividend rate and σi the instantaneous volatility. The N Wiener

processes are correlated according to

dWidWj = ρijdτ (2.2)

where ρi,j is the i, j-th entry of the correlation matrix ρ. We can immediately derive that

dSidSj = σiσjSiSjρijdτ +O(dτ1.5). (2.3)

Let V (~S, τ) represent the value of the option. Then, the total value of the portfolio Π can be written as

Π = V −
N∑
i=1

∆iSi (2.4)

where −∆i represents the shares of each asset in the portfolio, which will be specified later. Assuming that ∆i is fixed

during the period dt, the jump in Π during this time is

dΠ = dV −
N∑
i=1

∆idSi −
N∑
i=1

∆iqiSidτ. (2.5)

Note that the last term in (2.5) is resulted from the dividend.

Then, by applying Itô’s Lemma to V , (2.5) becomes

dΠ =
(∂V
∂τ

dτ +

N∑
i=1

∂V

∂Si
dSi +

1

2

N∑
i,j=1

∂2V

∂Si∂Sj
dSidSj

)
−

N∑
i=1

∆idSi −
N∑
i=1

∆iqiSidτ. (2.6)

Notice that we can eliminate all the stochastic terms that contain dW by setting ∆i = ∂V
∂Si

. Then by the no-arbitrage

principle, the expected return of this portfolio should be

dΠ = rΠdτ, (2.7)

where r is the continuous risk-free interest rate. By combining (2.6), (2.7) and (2.3), we have

r(V −
N∑
i=1

∂V

∂Si
Si)dτ =

∂V

∂τ
dτ +

1

2

N∑
i,j=1

∂2V

∂Si∂Sj
σiσjSiSjρijdτ −

N∑
i=1

∂V

∂Si
qiSidτ. (2.8)

By rearranging the terms, we finally derive the N-dimensional Black-Scholes equation:

∂V

∂τ
+

1

2

N∑
i,j=1

σiσjSiSjρij
∂2V

∂Si∂Sj
+

N∑
i=1

(r − qi)Si
∂V

∂Si
− rV = 0 (2.9)
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with the terminal condition

V (~S, T ) = Φ(~S), (2.10)

where V : [0,+∞]N → R and Φ(~S) is the payoff function.

Remark. In our derivation, the correlated asset prices are assumed to follow geometric Brownian motions, which

doesn’t perfectly capture the behaviour of asset prices in real world and causes the well-known flaw volatility smile.

Mathematicians proposed lots of other stochastic processes that better depict the asset price movement, e.g., Lévy

processes, but in the mean while, more difficult PDEs are introduced. For example, an option price whose underlying

asset follows the Lévy process will be a solution to an integro-differential equation. See [7] for details of a numerical

method that aims to solve the integro-differential equation.

In the American-style option setting, the owner of the option has the right to exercise the option at any time, thus

(2.9) becomes a free boundary PDE:

0 =
∂V

∂τ
+

1

2

N∑
i,j=1

σiσjSiSjρij
∂2V

∂Si∂Sj
+

N∑
i=1

(r − qi)Si
∂V

∂Si
− rV, ∀ {(~S, t) : V (~S, t) > Φ(~S)};

V (~S, t) ≥ Φ(~S), ∀ (~S, t);

V (~S, t) ∈ C1(RN ×R+), ∀ {(~S, t) : V (~S, t) = Φ(~S)};

V (~S, T ) = Φ(~S).

(2.11)

When the dimension is low (1 ∼ 3), one can efficiently solve it using the penalty method or the operator splitting method.

However, due to the curse of dimensionality, these techniques are too inefficient when applied to higher-dimensional

problems.

2.2 The Probabilistic Framework

By the Feynman-Kac formula, the solution to the Black-Scholes equation at time t can be expressed as the discounted

payoff of an option whose strike date is T given the stock price at time t under the risk-neutral measure. In the other

words,

V (t, ~S(t)) = e−r(T−t)EQ
[
V (T, ~S(T ))

∣∣ ~S(t)
]

= e−r(T−t)
∫
Rd
V
(
T, ~S(T )

)
f
(
~S(T ) | ~S(t)

)
d~S(t). (2.12)

Therefore, we can simulate the price movements of the basket of d underlying assets using a system of stochastic

differential equations (SDEs) and compute its discounted payoff to get the option price. Under the Black-Scholes

framework, the system of SDEs follows a multivariate geometric Brownian motion whose drift rate equals r− ~q (due to

the risk-neutral measure), which can be written as

dSi(t)

Si(t)
= (r − qi)dt+ σidWi, i = 1, . . . , d,

~S(t0) = ~S0 ∈ Rd,
(2.13)

where r, qi and σi are a continuous risk-free interest rate, a continuous dividend rate and the instantaneous volatility

respectively. Let L be the Cholesky factorization of the correlation matrix, i.e., ρ = LLT , then,

dWi(t) ∼
d∑
j=1

Lijφj
√
dt, (2.14)
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where φi ∼ N (0, 1), i.e., each Wi is a standard one-dimensional Wiener process and Wi(t) and Wj(t) have correlation

ρij .

By means of Ito’s lemma, the solution to the SDE is given by

Si(t) = Si(t0)e(r−qi−
σ2i
2 )(t−t0)+σi

√
t−t0

∑d
j=1 Lijφj (2.15)

or equivalently

si(t) = lnSi(t) = si(t0) + (r − qi −
σ2
i

2
)(t− t0) + σi

√
t− t0

d∑
j=1

Lijφj , (2.16)

where si(t0) = lnSi(t0). Define di(t) = si(t)− si(t0), we get

di(t) = si(t)− si(t0) ∼ N
(
(r − qi −

σ2
i

2
)(t− t0), σ2

i (t− t0)

d∑
j=1

L2
ij

)
. (2.17)

We can also write the solution in a more compact way:

~d ∼ N (~µ,Σ), (2.18)

where ~µ = (r − ~q − 1
2
~σ2)(t− t0),Σ is the covariance matrix with Σjk = ρjkσjσk(t− t0).

Remark. By (2.15), given a vector of initial stock prices, we can directly simulate the price of the stock at time t = T ,

which saves large amount of computations during the European option pricing.

In the American-style option pricing, the most traditional approach is the least square Monte Carlo method (LSMC)

proposed in [8], which requires one to use (2.15) recursively to get the stock prices at every time step. After that, one

first computes the payoff at the terminal time tN and then discount it to the second last time step tN−1. By doing a least

square regression, one can compute the continuation value at tN−1. Finally, one compares the continuation value and

the strike value to get the American option price at tN−1. Applying this algorithm back and forth to all the time steps,

finally we will get the American option price at t0. To sum up, one uses the price of Bermudan options with a large

number of exercise times to approximate the price of American options.

Remark. LSMC uses the degree-χ monomial basis during the least squares regression:

φχ(x) = {xa11 xa22 . . . xadd |a1 + a2 + · · ·+ ad ≤ χ}. (2.19)

If we pick χ to be close to d, the regression will be both overfitting and time-consuming. Instead, we pick χ << d

in our experiments, then the number of the monomial basis becomes

(
d+ χ

d

)
≈ 1

χ!d
χ and the total computational

complexity is O(NM( 1
χ!d

χ)2) = O(NMd2χ), where N,M are the number of time steps and the number of paths

simulated, respectively.

2.3 Improving Monte Carlo Methods in Multi-Asset Option Pricing Problems

Although we mentioned in the last subsection that we can efficiently simulate the price of stock at time t = T by

the analytical solution to the SDE, some improvements are still necessary since the convergence rate of the vanilla

Monte Carlo method is O( 1√
N

), where N is the number of simulations. Here we are first going to introduce the

low-discrepancy method, then, we derive the N-dimensional method of antithetic variates and the control variates

method.
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2.3.1 Low-Discrepancy Method

To present the low-discrepancy method, we need to figure out how to precisely describe the uniformity of a point set.

The following is the definition of discrepancy:

Definition 2.1. Given a collection A of (Lebesgue measurable) subsets of [0, 1)d, the discrepancy of a set P =

{x1, . . . , xN} relative to A is defined as

D(P ;A) = sup
B∈A

∣∣∣∣#{xi ∈ B}N
− vol(B)

∣∣∣∣, (2.20)

where vol represents the volume of B.

Remark. In other words, the discrepancy can be seen as the maximum point density deviation of a uniform set. Note

that the normal distribution instead of the uniform distribution is needed in the simulation for asset prices, one can use

the Box-Muller method to transform the uniform low-discrepancy sequence into a normal low-discrepancy sequence.

The most well-known low-discrepency sequences are the van der Corput sequence, the Halton sequence, the Sobol

sequence, etc. Before we illustrate the mechanics of them, we are first going to introduce the fundamental operation of

constructing these sequence.

Definition 2.2 (Radical Inversion). Let i be a positive integer, then, we can convert i to base N by

i =

M∑
l=1

al(i)N
l−1. (2.21)

Given a M ×M generator matrix C, the radical inversion of the integer i given base N and the generator matrix C is

written as

ΦN,C(i) =
(
N−1 . . . N−M

)[
C


a1(i)

...

aM (i)

]. (2.22)

Remark. The generator matrix is a matrix that guarantees the generation of robust quasi-random numbers and we skip

the discussion of criterion of a good generator matrix in this paper.

To gain a better insight of this definition, consider the van der Corput sequence whose generator matrix is an identity

matrix, for simplicity, let the base N = 2. Accordingly, (2.22) becomes

Φ2,I(i) =
(

2−1 . . . 2−M
)(

a1(i) . . . aM (i)
)T

. (2.23)

Then,

Φ2,I(1) = b′0.1 = 1/2, Φ2,I(2) = b′0.01 = 1/4, Φ2,I(3) = b′0.11 = 3/4, Φ2,I(4) = b′0.001 = 1/8, . . . (2.24)

We can see that this sequence fills [0, 1] quite evenly. However, we can’t simply use the van der Corput sequence in our

Monte Carlo simulations, since each of the sample requires paths of N correlated asset prices, while the van der Corput

sequence only generates 1-D samples. This motivates the construction of the Halton sequence and the Sobol sequence.

Definition 2.3 (Halton Sequence). Let p1, p2, . . . , pN be coprime numbers. Then, the Halton sequence is defined by

X(i) = (Φp1,I(i),Φp2,I(i), . . . ,ΦpN ,I(i)) (2.25)
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Definition 2.4 (Sobol Sequence). Let C1, C2, . . . , CN be different generator matrices. Then, the Sobol sequence is

defined by

X(i) = (Φ2,C1
(i),Φ2,C2

(i), . . . ,Φ2,CN (i)) (2.26)

Remark. The Halton sequence is just a trivial generalization of the van der Corput sequence, consequently, it’s also of

low discrepancy. One of the disadvantages of it is that, there exists some correlation between the points in the sequence

when pN is large. Such deficiency can be alleviated by the scrambling techniques, see [9] for details. On the contrary,

the Sobol sequence is free of correlations between the points when good generator matrices are used. More importantly,

all the radical inversion use 2 as a base, which allows us to use bit operations to get a fast implementation of the Sobol

sequence generator. Given these arguments, we are going to use the Sobol sequence in our numerical experiments.

2.3.2 Antithetic Variates

Another variation reduction technique that is easy to implement is the method of antithetic variates. Its application in

option pricing has been discussed thoroughly in [10]. In this section, we plan to illustrate the core idea of it.

In the usual Monte Carlo method, a sequence of independent observations of discounted payoff values Y1, Y2, . . . , Yn

are generated. Instead, the method of antithetic variates requires one to generate a sequence of pairs of observations

(Y1, Ỹ1), (Y2, Ỹ2), . . . , (Yn, Ỹn), where the pairs are independent of each other and Yi and Ỹi have a negative correlation.

Before proving that the variance gets reduced under this setting, we first write down the antithetic variates estimator:

ŶAV =
1

2n

( n∑
i=1

Yi +

n∑
i=1

Ỹi

)
=

1

n

n∑
i=1

(Yi + Ỹi
2

)
. (2.27)

Without the method of antithetic variates, the estimator is

Y =
1

2n

( 2n∑
i=1

Yi

)
(2.28)

Thus, the variance gets reduced if

Var
[ 1

n

n∑
i=1

(Yi + Ỹi
2

)]
< Var

[ 1

2n

( 2n∑
i=1

Yi
)]
, (2.29)

We assume that Yi, Ŷi have the same distribution. Therefore, (2.29) holds if the following equation holds:

Var
[
Yi + Ŷi

]
< 2Var

[
Yi
]
. (2.30)

Since the variance on the left can be written as

Var
[
Yi + Ŷi

]
= Var

[
Yi
]

+ Var
[
Ŷi
]

+ 2Cov
[
Yi, Ŷi

]
= 2Var

[
Yi
]

+ 2Cov
[
Yi, Ŷi

]
< 2Var

[
Yi
]
, (2.31)

both (2.30) and (2.29) are satisfied, i.e., the method of antithetic reduces the variance.

After showing that the negative correlation is a necessary condition for the variance reduction, our next task is to

generate the negatively correlated pairs (Yi, Ŷi). We hope that the negative dependence in the inputs (in our case, inputs

are ~φ and −~φ in (2.33)) will produce negative correlation between the outputs. In simulating geometric Brownian

motions, we are going to generate the Yi by vanilla Monte Carlo methods, then construct the Ŷi based on Yi. In general,

the Yi is given by

Yi = e−rTΦ(S1(T ), . . . , Sd(T )), (2.32)
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where

{Si(T )}(φ1, φ2, . . . , φd) = Si(0) exp
{

(r − qi −
σ2
i

2
)(T − t0) + σi

√
T − t0

d∑
j=1

Lijφj

}
, (2.33)

and φi,Φ denote the standard normal distribution and the terminal payoff function, respectively.

Glasserman’s book [10] states that, given negatively correlated input pairs, the monotonicity of the mapping from

inputs to outputs will ensure the negative correlation between outputs. For the common terminal payoff functions,

for examples, Φ(~S(T )) = max((
∑d
i=1 Si(T ))/d − K, 0) and Φ(~S(T )) = max((

∏d
i=1 Si(T ))1/d − K, 0), Φ is a

non-decreasing function with respect to Si(T ). However, Si(T ) is not necessarily a monotonic function with respect

to φi since the matrix L (outputted by the Cholesky decomposition of the correlation matrix) may have negative

entries. Therefore, the method of antithetic variates may give a higher variance than vanilla Monte Carlo simulations.

Nevertheless, in our numerical experiments. we will demonstrate that the method is usually effective. A. Hirsa also

pointed out that typically the payoff function preserves the effects of the anti-correlation and reduces the variance in

[11].

2.3.3 Control Variates

Although the method of antithetic variates is easy to implement and saves half of the sampling time, it usually will

not provide too much variance reduction. Furthermore, its compatibility with the Sobol sequence is weak since the

antithetic pairs can be sampled only after generating the Sobol sequence, which impairs the discrepancy of the sequence.

Therefore, we are going to introduce the control variates methods, which not only provide more variance reduction but

also is compatible with the Sobol sequence. Again, P. Glasserman has discussed the application of the control variates

method in [10]. We will extract the main idea from it and make more comments on the method.

The control variates method aims to improve the estimation of an unknown quantity using the errors in estimates of

known quantities. Here is an intuitive interpretation of this method: say we are simulating the paths of d asset prices

under the geometric Brownian motion with spot prices ~S(0). In this scenario, ~S(T ) is regarded as the known quantities

since given the analytical solution to the SDEs (2.15), we can derive that

E
[
~S(T )

]
= e(r−~q)T ~S(0). (2.34)

Therefore, by comparing the simulated ~S(T ) with its expectation, we can estimate how biased our samples are and

adjust the estimation of the option value correspondingly. Next, we formalize the arguments above mathematically.

Let Xi = (X
(1)
i , . . . , X

(d)
i )T be the simulated terminal price vector in the i-th simulation, Yi be the discounted

payoff given Xi. For b ∈ Rd, the control variates estimator for Y is

Ȳ (b) = Ȳ − bT (X̄ − E[X]). (2.35)

Obviously, (2.35) is an unbiased estimator since

E[Ȳ (b)] = E[Ȳ ]− bT (E[X̄]− E[X]) = E[Ȳ ]− bT~0 = E[Ȳ ]. (2.36)

Assuming that the pairs (Xi, Yi) for i = 1, . . . , n are i.i.d. with the covariance matrix

Σ =

(
ΣXX ΣXY

ΣTXY σ2
Y

)
, (2.37)
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where ΣXX , ΣXY are d × d, d × 1 matrices, respectively. σY is the variance of the Yi. Then the variance of the

estimator becomes

Var[Yi − bT (Xi − E[X])] = σ2
Y − 2bTΣXY + bTΣXXb. (2.38)

By multivariate calculus, we can show that the variance gets minimized at b∗ = Σ−1
XXΣXY . Although in most of the

cases, we don’t know the exact value of b∗, we can estimate ΣXX ,ΣXY using the sample covariance matrix SXX , SXY .

Finally, the adjusted option price is given by

Y = Ȳ − (S−1
XXSXY )T (X̄ − E[X]). (2.39)

Remark. Since the control variates method does not rely on the sampling algorithm, we can sample the normal

distribution using the Sobol sequence instead of the regular random number generator. The numerical experiment in

section 5 shows that the combination of the Sobol sequence and the control variates method gives the most accurate

approximation of option prices.

2.4 Disadvantages of Monte Carlo Methods

American-Style Options

In the European-style option pricing, we can easily parallelize the simulation to accelerate the computation of option

price since the paths simulated by Monte Carlo methods are independent of each other and only the evaluation of the

terminal payoff function is needed. However, in the American-style option pricing described at the end of 2.2, not only

do we need to simulate the stock prices at each time step, but also compute least square regressions at these steps, which

plays the dominant role in the computation. To sum up, it takes much longer time to price multi-asset American options

than multi-asset European options using Monte Carlo methods, and we will show this by numerical experiments.

Sensitivity Estimation

The most straightforward method in approximating the sensitivity is to use the finite difference method. For

example, to get the delta with a second-order accuracy, we need to compute both V (S1, . . . , Si + ε, . . . , Sd, t0) and

V (S1, . . . , Si − ε, . . . , Sd, t0) by Monte Carlo methods based on a same random seed, such that the delta is given by

V (S1, . . . , Si + ε, . . . , Sd, t0)− V (S1, . . . , Si − ε, . . . , Sd, t0)

2ε
. (2.40)

Therefore, to compute the delta with respect to the d assets, another 2d simulations have to be done aside from the

simulation which calculates the option price, which means that the total computation time will increased by 2d times.

3 FFT-Based Convolution Method

3.1 Background

The Fourier transform method is first proposed by Carr and Madan in [12]. In the paper, the authors derived the

closed-form of the damped European option price on the frequency domain such that one can apply the inverse Fourier

transform to get the option prices with respect to N different strike prices in O(N logN), which is useful for building

the volatility surface. However, there is one particular drawback in Carr and Madan’s method: the expression of the

option price needs to be multiplied by a damping factor eαk (where k and α are the strike variable and a constant,
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respectively) such that the damped option price is L1 integrable and consequently the Fourier transform exists. Although

the effect of the damping factor will be cancelled by multiplying the inverse of it, the selection of α will affect the

accuracy of numerical integration since the larger the damping factor is, the more oscillatory the integrand becomes.

Therefore, we need to optimize our selection of α such that the damped price function is both L1 integrable and smooth,

which introduces an unwanted degree of freedom in our algorithm. Most importantly, the damping factor technique

cannot be easily generalized to an N-dimensional case.

In this chapter, we will introduce a transform-based method called the Conv method that is free of all the symptoms

stated above. The 1-dimensional case of the Conv method is first proposed by Lord et al. in [4]. Leentvaar et al.

extended this method to N-dimensions and parallelized the algorithm to reduce the computation time and memory

requirements in [5]. However, there are several errors in their derivations which makes it impossible to implement the

N-dimensional Conv method by following the algorithm stated in [5]. Therefore, we will derive the correct algorithm

more clearly. Before that, we first introduce some concepts that will be used during the derivation.

Definition 3.1. Multidimensional Fourier Transform

Let f : Rn → C be an L1 function. The Fourier transform of f(~x) is the function Ff(~u), defined by

F{f(~x)}(~u) =

∫
Rn
e−i~u·~xf(~x)d~x. (3.1)

Let H : Rn → C be an L1 function. The inverse Fourier transform of a function H(~u) is

F−1{H(~u)}(~x) = (
1

2π
)n
∫
Rn
ei~u·~xH(~u)d~u. (3.2)

Remark. We are able to show that FF−1 = F−1F = I. And the cross-correlation theorem tells us that

F{Corr(f, g)} = F(f) ◦ F(g)∗, F−1{Corr(f, g)} = F−1(f) ◦ F−1(g)∗, (3.3)

where ◦ represents element-wise multiplication. In other words, the convolution in the space domain can be seen as the

multiplication in the frequency domain.

Although usually we don’t know the closed form of probability density functions of the stochastic processes appeared

in mathematical finance, we can derive an analytical solution to the characteristic functions of some classes of stochastic

processes, e.g., Lévy processes. Here we introduce the definition of the characteristic function.

Definition 3.2. Characteristic Function of a Multivariate Probability Density Function

If f( ~X) is the probability density function (PDF) of a d-dimensional random vector ~X , then, for ~v ∈ Rd, f( ~X)’s

inverse Fourier transform is called the characteristic function

Φ(~v) = F−1{f( ~X)} =

∫ ∞
−∞

ei~v·
~Xf( ~X)dX = E[ei~v

T ~X ] (3.4)

Remark. The characteristic function contains all the information given by a PDF, since by performing numerical

integration only once, the characteristic function can be recovered to the underlying probability density function and

cumulative distribution function using Fourier transform and Fourier transform with a damping factor respectively (for

details see [11]). Additionally, an arbitrary number of moments of that distribution is given by

E[Xn] = i−nΦ(n)(~0). (3.5)

12



Note that the characteristic function of the multivariate normal distribution (2.18) is given by

φ~d(t)(~u) = exp
(
i~µ · ~u− 1

2
~uTΣ~u

)
. (3.6)

Remark. Here we calculate the characteristic function of ~d(t) instead of ~s(t), since in the FFT Conv method, it allows

us to put the spot price on the grid point directly, which skips the numerical error caused by the interpolation.

3.2 The Multidimensional Convolution Method

Like all transform-based methods, the convolution method is based on the risk-neutral valuation formula, which is given

as follows:

V (t,~s) = e−r(T−t)E
[
V (T, ~y)

∣∣ ~s] = e−r(T−t)
∫
Rd
V
(
T, ~y

)
f
(
~y | ~s

)
d~y, (3.7)

where ~s = ln ~S(t0)− ln ~S0, ~y = ln ~S(T )− ln ~S0 and V (T, ~y) represents the value of the option at the maturity date.

Note that ln ~S0 is a constant that represents the log spot price and during the computation of the payoff function, we

will need to recover ~S(T ) by ~S0exp(~y). We take the log price since Fourier transform requires the input function V

defined everywhere in Rd. Also, it makes the characteristic function (3.6) of the PDF f more readable.

The key point of the convolution method is that, for stochastic processes which have independent increments (e.g.,

Lévy processes), the transition density function f(~y | ~s) equal to the density of the difference of ~y and ~s:

f(~y | ~s) = f(~y − ~s). (3.8)

So the option price at time t can be expressed as

V (t,~s) = e−r(T−t)
∫
Rd
V
(
T, ~y

)
f
(
~y − ~s

)
d~y. (3.9)

With the following change of variable

~z = ~y − ~s, (3.10)

we can write (3.9) as

V (t,~s) = e−r(T−t)
∫
Rd
V
(
T,~s+ ~z

)
f
(
~z
)
d~z, (3.11)

which can be seen as a cross-correlation.

Since V (t,~s) is usually not an L1 function, we are unable to use cross-correlation theorem. Instead, we have to

truncate its domain such that the L1 integrability on (−∞,∞) is replaced by L1 summability on a truncated domain.

Note that in [12] and [4], the damping factor technique is applied, s.t., V is L1 integrable on R, but this only works for

the one dimensional case, see [5] for details.

Based on our numerical experiments and the discussions in [13] and [5], truncating Rd by Ωd = [−5
√
T ~σ, 5

√
T ~σ]

will still give us accurate results, since the most of the mass of the PDF (3.8) is inside Ωd. Then, the inverse Fourier
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transform of V becomes

F−1
{
V (t,~s)

}
(~u) = e−r(T−t)F−1

{∫
Ωd
V
(
T,~s+ ~z

)
f
(
~z
)
d~z
}

(~u)

= e−r(T−t)
∫

Ωd
ei~s·~u

(∫
Ωd
V
(
T,~s+ ~z

)
f
(
~z
)
d~z
)
d~s

= e−r(T−t)
∫

Ωd

∫
Ωd
ei(~s+~z)·~uV

(
T,~s+ ~z

)
f
(
~z
)
e−i~z·~ud~zd~s

= e−r(T−t)
∫

Ωd

∫
Ωd
ei~y·~uV

(
T, ~y

)
f
(
~z
)
e−i~z·~ud~zd~y

= e−r(T−t)
(∫

Ωd
ei~y·~uV

(
T, ~y

)
d~y
)(∫

Ωd
f
(
~z
)
e−i~z·~ud~z

)
(by Fubini theorem)

(3.12)

Therefore, the option price is computed using

V (t,~s) = F
{
F−1{V (t,~s)}

}
= e−r(T−t)F

{
F−1

{
V
(
T, ~y

)}
(~u) · φ~d(T )(−~u)

}
, (3.13)

where F and F−1 are defined on two truncated domains respectively.

3.3 Approximations of the Hedge Parameters

The approximated closed form of hedge parameters usually can be obtained easily using the FFT-based method by

using the derivative property of the Fourier transform, i.e.,

F
( ∂f
∂xj

)
= iujF(f), F−1

( ∂f
∂xj

)
= −iujF(f). (3.14)

For example, the delta can be computed by

∂V (t,~s)

∂Sj

∣∣∣
Sj(t0)

=
1

Sj(t0)

∂V (t,~s)

∂sj
(by Chain rule)

=
1

Sj(t0)
F
{
F−1

{∂V (t,~s)

∂sj

}}
=

1

Sj(t0)
F
{
− iujF−1

{
V (t,~s)

}}
(by the derivative property of the Fourier transform)

= − 1

Sj(t0)
F
{
iujF−1

{
e−r(T−t)F

{
F−1

{
V
(
T, ~y

)}
(~u) · φ~d(T )(−~u)

}}}
= − e−r(T−t)

Sj(t0)
F
{
iujF−1

{
V
(
T, ~y

)}
(~u) · φ~d(T )(−~u)

}
.

(3.15)

Remark. The closed-form of other hedge parameters, e.g., gamma, theta, can be computed in a similar way. However,

it’s time consuming to compute the hedge parameters with respect to every underlying stock price as both Fourier

and inverse Fourier transform are needed to perform for calculation of each Hedge parameter. Instead, we will use

the nonuniform finite difference method to compute the Greeks since the Conv method gives a range of option prices

which correspond to different spot prices. From Figure 3.1, the option prices are very accurate around the centre of the

log spot price domain, which allows the finite difference method to output good approximations of hedge parameters.

Although the effect of the circular convolution causes the option prices near the boundary of the log spot price domain

to be inaccurate, we found that approximations on [1/4, 3/4] of the log domain are accurate in general.
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Figure 3.1: Approximation of 1D European call option by FFT Conv method

3.4 Discretization of the Algorithm

To compute (3.13), let’s first compute F−1
{
V
(
T, ~y

)}
, which gives us

F−1
{
V
(
T, ~y

)}
(~u) = (

1

2π
)n
∫

Ωd
ei~y·~uV

(
T, ~y

)
d~y. (3.16)

We will give the detailed parameter settings in the discussion below.

Suppose we have 2n1 , 2n2 , . . . , 2nd grid points on each dimension. To simplify the notation, define ~N =

(2n1 , . . . , 2nd)T . Since the total integral length vector ~L equals 10
√
T ~σ, the grid spacing becomes

∆~s = ∆~y = ~L/ ~N = ~L/2~n =
(10σ1

√
T

2n1
, . . . ,

10σd
√
T

2nd

)T
. (3.17)

Additionally, to use FFT, the Nyquist relation has to be satisfied:

∆~y ◦∆~u = 2π/ ~N =
(

2π/2n1 , 2π/2n2 , . . . , 2π/2nd
)T

=⇒ ∆~u = 2π/~L =
( 2π

10σ1

√
T
, . . . ,

2π

10σd
√
T

)T
.

(3.18)

By our definition of Ωd, let sj,0 = yj,0 = −Lj/2, uj,0 = −N j∆uj/2. Therefore, we can write the point sj,k as

sj,0 + k∆sj , yj,k as yj,0 + k∆yj , uj,k as uj,0 + k∆uj for k ∈ {0, 1, . . . ,N j − 1}, where sj,k, yj,k represent the

k-th point in the j-th dimension of the spot price domain, uj,k represents the k-th point in the j-th dimension of the

frequency domain. Note that by (3.17), the points can be further simplified as

sj,k = yj,k = (k −N j/2)∆yj , uj,k = (k −N j/2)∆uj , k = 0, . . . ,N j − 1. (3.19)
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After the truncation, we are able to approximate (3.16) by the trapezoidal rule:

F−1
{
V
(
T, ~y

)}
(~u~j) = (

1

2π
)d
∫

Ωd
eiy~k·~u~jV

(
T, ~y

)
d~y

= (
1

2π
)ddY

N1−1∑
k1=0

· · ·
Nd−1∑
kd=0

Q~k exp(iy1,k1u1,j1 + · · ·+ iyd,kdud,jd)V (T, ~y~k)

+O(

d∑
j=1

∆y2
j ),

(3.20)

where ~k = (k1, . . . ,kd)
T , ~j = (j1, . . . , jd)

T , ~u~j = (u1,j1 , . . . ,ud,jd)T , ~y~k = (y1,k1
, . . . ,yd,kd)T , dY =∏d

j=1 ∆yj , Q~k =
∏d
j=1R(kj) and the trapezoidal weights:

R(kj) =


1
2 , kj = 0 orN j − 1

1, otherwise
(3.21)

Note that the terms exp(iym,kmum,jm) can be written as

exp(iym,kmum,jm) = exp(i(km −Nm/2)∆yj(jm −Nm/2)∆uj)

= exp(−iNm(km + jm)∆yj∆uj/2)exp(iN2
m∆yj∆uj/4)exp(ikmjm∆yj∆uj)

= exp(−πi(km + jm))exp(πiNm/2)exp(
2πikmjm
N j

) (by (3.18))

= (−1)km+jm(−1)Nm/2W
kmjm
Nm

(by Euler’s formula)

= (−1)km(−1)jmW
kmjm
Nm

(sinceNm = 2nm , assume nm > 1),

(3.22)

where WNj = exp(2πi/N j), for m = 1, . . . , d.

Thus, (3.20) becomes

F−1
{
V
(
T, ~y

)}
(~u~j) ≈ (

1

2π
)ddY

N1−1∑
k1=0

· · ·
Nd−1∑
kd=0

Q~k exp(iy1,k1u1,j1 + · · ·+ iyd,kdud,jd)V (T, ~y~k)

= (
1

2π
)ddY

N1−1∑
k1=0

· · ·
Nd−1∑
kd=0

Q~k V (T, ~y~k)

d∏
m=1

(−1)km(−1)jmW
kmjm
Nm

= (
1

2π
)ddY

( d∏
m=1

(−1)jm
)N1−1∑

k1=0

· · ·
Nd−1∑
kd=0

(
Q~k V (T, ~y~k)

d∏
m=1

(−1)km
)
W

kmjm
Nm

= (
1

2π
)ddY

( d∏
m=1

(−1)jm
)( d∏

m=1

Nm
)
D−1

{
Q~k V (T, ~y~k)

d∏
m=1

(−1)km
}

(~u~j)

= dH ·
( d∏
m=1

(−1)jm
)
· D−1

{
V (T, ~y~k) G(~k)

}
(~u~j),

(3.23)

where D−1 represents d-dimensional inverse discrete Fourier transform, G(~k) = Q~k ·
∏d
m=1(−1)km and dH =

( 1
2π )d · dY ·

(∏d
m=1Nm

)
.
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Similar to what we have done at the beginning of the subsection, we need to truncate Rd by Υd = [− ~N ◦∆~u/2, ~N ◦
∆~u/2]. Thus, by the left-hand rectangle rule, the option price (3.13) becomes

V (t,~s) = e−r(T−t)F
{
F−1

{
V
(
T, ~y

)}
(~u) · φ~d(T )(−~u)

}
= e−r(T−t)F

{
dH ·

( d∏
m=1

(−1)jm
)
· D−1

{
V (T, ~y~k) G(~k)

}
(~u~j) · φ~d(T )(−~u~j)

}

≈ e−r(T−t)
∫

Υd
e−i~u~j ·~s~x · dH ·

( d∏
m=1

(−1)jm
)
· D−1

{
V (T, ~y~k) G(~k)

}
(~u~j) · φ~d(T )(−~u~j)d~u

= e−r(T−t) · dU · dH
N1−1∑
j1=0

· · ·
Nd−1∑
jd=0

exp(−iu1,j1s1,x1
− · · · − iud,jdsd,xd) ·

( d∏
m=1

(−1)jm
)

· D−1
{
V (T, ~y~k) G(~k)

}
(~u~j) · φ~d(T )(−~u~j),

(3.24)

where ~s~x = (s1,x1 , . . . , sd,xd)T , ~u~j = (u1,j1 , . . . ,ud,jd)T , dU =
∏d
j=1 ∆uj =

∏d
j=1

2π
Nj∆yj

= (2π)d

dY ·
∏d
j=1 Nj

=
1
dH .

By an argument similar to (3.22), we claim that the term exp(−ium,jmsm,xm) = (−1)jm(−1)xmW
−jmxm
Nm

.

Therefore,

V (t,~s~x) = e−r(T−t)
N1−1∑
j1=0

· · ·
Nd−1∑
jd=0

( d∏
m=1

(−1)2jm(−1)xmW
−jmxm
Nm

)
· D−1

{
V (T, ~y~k) G(~k)

}
(~u~j) · φ~d(T )(−~u~j)

= e−r(T−t)
( d∏
m=1

(−1)xm
)N1−1∑

j1=0

· · ·
Nd−1∑
jd=0

W
−jmxm
Nm

· D−1
{
V (T, ~y~k) G(~k)

}
(~u~j) · φ~d(T )(−~u~j)

= e−r(T−t)
( d∏
m=1

(−1)xm
)
· D
{
D−1

{
V (T, ~y~k) G(~k)

}
(~u~j) · φ~d(T )(−~u~j)

}
(~s~x),

(3.25)

which gives us the discretization of the algorithm.

4 Deep Galerkin Method

4.1 Background

The deep Galerkin method aims to alleviate the curse of dimensionality that arises in numerical PDE problems because

it is a mesh-free method. It has been shown that not only can DGM give accurate results for the Black-Scholes equation,

but also partial integro-differential equations and Hamilton-Jacobi-Bellman equations (see [14] for details), which

regularly appear in mathematical finance. To begin with, consider a backward parabolic PDE with N spatial dimensions:

∂u(x, t)

∂t
+ Lu(x, t) = 0, (x, t) ∈ Ω× [0, T ],

u(x, t = T ) = uT (x),

u(x, t) = g(x, t), (x, t) ∈ ∂Ω× [0, T ].

(4.1)
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The most important property of the deep Galerkin method is the differentiability of the deep neural network f(x, t; θ)

where θ are the parameters to train, which allows us to optimize the following loss function:

J(f) =
∥∥∥∂f(x, t; θ)

∂t
+ Lf(x, t; θ)

∥∥∥2

Ω×[0,T ]
+
∥∥∥f(x, t; θ)− g(x, t)

∥∥∥2

∂Ω×[0,T ]
+
∥∥∥f(x, T ; θ)− uT (x)

∥∥∥2

Ω
. (4.2)

Since the N-dimensional Black-Scholes equation contains second-order and first-order derivatives of V , both the

Hessian and the gradient of f have to be computed. However, the time complexity of computing Hessian grows

exponentially as the dimension increases, and as the stochastic gradient descent will be used, ∇∂f(x,t;θ)
∂x2 will further

increase the cost. As a result, J. Sirignano et al. proposed a Monte Carlo method for the fast computation of second

derivatives in [1]. But we found that the cost of computing the Hessian is reasonable when the dimension is around

4 ∼ 7. Thus, we are going to compute the exact Hessian in our implementations, which will give us a more accurate

gradient descent direction.

The vanilla European option can be priced by substituting the Black-Scholes operator for the operator L and training

with the loss function 4.2. But for the American option, we need to modify the loss function due to the nature of free

boundary problems. A. Al-Aradi et al. proposed the following loss function:

J(f) =
∥∥∥(∂f(x, t; θ)

∂t
+ Lf(x, t; θ)

)
·
(
f(x, t; θ)− uT (x)

)∥∥∥2

Ω×[0,T ]
+
∥∥∥ReLU(∂f(x, t; θ)

∂t
+ Lf(x, t; θ)

)∥∥∥2

Ω×[0,T ]

+
∥∥∥ReLU(uT (x)− f(x, t; θ)

)∥∥∥2

Ω×[0,T ]
+
∥∥∥f(x, T ; θ)− uT (x)

∥∥∥2

Ω
.

(4.3)

The first three terms of 4.3 comes from the linear complementarity form of the American Black-Scholes equation 2.11,

and the last term comes from the terminal payoff function. Although this loss function is different from the one used in

[1], we will show its effectiveness in the numerical experiments.

4.2 The Deep Neural Network Architecture

J. Sirignano and K. Spiliopoulos found the following deep neural network to be effective in the N-dimensional

Black-Scholes equation:

S1 = σ(W 1~x+ b1),

Zl = σ(Uz,l~x+W z,lSl + bz,l), l = 1, . . . , L,

Gl = σ(Ug,l~x+W g,lSl + bg,l), l = 1, . . . , L,

Rl = σ(Ur,l~x+W r,lSl + br,l), l = 1, . . . , L,

H l = σ(Uh,l~x+Wh,l(Sl ◦Rl) + bh,l), l = 1, . . . , L,

Sl+1 = (1−Gl) ◦H l + Zl ◦ Sl, l = 1, . . . , L,

f(x, t; θ) = WSL+1 + b,

(4.4)

where ~x = (x, t), the number of the hidden layers is L+ 1, ◦ denotes element-wise multiplication, and σ represents

the activation function. The author found L = 3 and σ = tanh to be effective in solving PDEs. Additionally, they set

the width of each layer to be 50. For details, please refer to the chapter 4.2 in [1]. A. Al-Aradi et al. visualizes the

architecture in [14], see Figures 4.1, 4.2.
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Figure 4.1: Bird’s-eye perspective of overall DGM architecture [14]

Figure 4.2: Operations within a single DGM layer [14]

4.3 Error Bound of the Deep Galerkin Method’s Approximation of European Option Prices

J. Sirignano and K. Spiliopoulos have shown that their neural network architecture gives accurate results to various

types of problems. In this paper, we discovered another advantage of the deep Galerkin method: given the loss of

the trained model, we are able to compute an error bound of the approximation. As we derived in section 2.1, the

N-dimensional Black-Scholes equation is written as follows:

∂V

∂τ
+

1

2

N∑
i,j=1

σiσjSiSjρij
∂2V

∂Si∂Sj
+

N∑
j=1

(r − qj)Sj
∂V

∂Sj
− rV = 0, (4.5)

where

V (~Smin, τ) = Ω1(τ), V (~Smax, τ) = Ω2(τ), V (~S, T ) = Φ(~S). (4.6)
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By deep Galerkin method, we solved U that satisfies

∂U

∂τ
+

1

2

N∑
i,j=1

σiσjSiSjρij
∂2U

∂Si∂Sj
+

N∑
j=1

(r − qj)Sj
∂U

∂Sj
− rU = f(~S, τ), (4.7)

where

V (~Smin, τ) = Ω1(τ) + h1(τ), V (~Smax, τ) = Ω2(τ) + h2(τ), U(~S, T ) = Φ(~S) + g(~S). (4.8)

In other words, f(~S, τ), h1(τ), h2(τ), g(~S) represent the loss of the trained model and when the model is trained

perfectly, f(~S, τ) = h1(τ) = h2(τ) = g(~S) = 0. Before we proceed with the proof, let’s first introduce few definitions

and lemmas.

Definition 4.1 (uniformly parabolic). We say that the partial differential operator ∂
∂t + L where

L =

N∑
i,j

aij(x, t)
∂2

∂xi∂xj
+

N∑
i

bi(x, t)
∂

∂xi
(4.9)

is uniformly parabolic if there exists a constant θ > 0 such that

N∑
i,j

aij(x, t)ξiξj ≥ θ|ξ|2 (4.10)

for all (x, t) ∈ UT , ξ ∈ Rn.

Lemma 4.1 (Weak maximum principle). Assume the operator L has the nondivergence form

L =

N∑
i,j

aij(x, t)
∂2

∂xi∂xj
(4.11)

with the coefficients aij(x, t) are continuous, non-negative and aij(x, t) = aji(x, t) for i, j = 1, . . . , n. If the operator
∂
∂t + L is uniformly parabolic, then

1.

ut + Lu ≤ 0 in UT =⇒ min
ŪT

u = min
ΓT

u. (4.12)

2.

ut + Lu ≥ 0 in UT =⇒ max
ŪT

u = max
ΓT

u. (4.13)

Remark. Although this is an incomplete version of the weak maximum principle, it’s enough for our error analysis.

Now we can start the proof. Define R = U − V . By linearity of Black-Scholes equation, we have

∂R

∂τ
+

1

2

N∑
i,j=1

σiσjSiSjρij
∂2R

∂Si∂Sj
+

N∑
j=1

(r − qj)Sj
∂R

∂Sj
− rR = f0(~S, τ), (4.14)

where

R(~Smin, τ) = hl0(τ), R(~Smax, τ) = hr0(τ), R(~S, T ) = g0(~S). (4.15)

We assume that |f0(~S, τ)| < ε0, |hl0(τ)| < ε1, |hr0(τ)| < ε2, |g0(~S)| < ε3.
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We first transform the equation (4.5) into a constant variable PDE and eliminate the first derivative terms. Define

xi = lnSi − (r − qi − 1
2σ

2
i )τ , then,

Q(~x, τ) = R(exp[~x+ (r − ~q − 1

2
~σ2)τ ], τ), f1(~x, τ) = f0(exp[~x+ (r − ~q − 1

2
~σ2)τ ], τ), (4.16)

hl1(τ) = hl0(τ), hr1(τ) = hr0(τ), g1(~x) = g0(exp[~x+ (r − ~q − 1

2
~σ2)T ]). (4.17)

This gives us

∂Q

∂τ
+

1

2

N∑
i,j=1

σiσjρij
∂2Q

∂xi∂xj
− rQ = f1(~x, τ) (4.18)

with boundary and terminal conditions

Q(−−→xmin(τ), τ) = hl1(τ), Q(−−−→xmax(τ), τ) = hr1(τ), Q(~x, T ) = g1(~x), (4.19)

where
−−→xmin(τ) = ln

−−−→
Smin − (r − 1

2
~σ2)τ, −−−→xmax(τ) = ln

−−−→
Smax − (r − 1

2
~σ2)τ. (4.20)

We next eliminate the source term −rR. Define

Q(~x, τ) = e−r(T−τ)Ψ(~x, τ), (4.21)

then, Ψ satisfies

∂Ψ

∂τ
+

1

2

N∑
i,j=1

σiσjρij
∂2Ψ

∂xi∂xj
= f1(~x, τ) (4.22)

with boundary and terminal conditions

Ψ(−−→xmin(τ), τ) = er(T−τ)hl1(τ), Ψ(−−−→xmax(τ), τ) = er(T−τ)hr1(τ), Ψ(~x, T ) = er(T−τ)g1(~x, T ). (4.23)

Theorem 4.1. Define L = 1
2

∑N
i,j=1 σiσjρij

∂2

∂xi∂xj
. Then, ∂

∂τ + L is uniformly parabolic.

Proof. The covariance matrixC of the N correlated assets can be represented by (~σT ~σ)◦ρ, where ◦ is the element-wise

multiplication of two matrices. Since the covariance matrix C is a real symmetric values, there is an orthogonal basis

v1, . . . , vN such that Cvi = λivi for i = 1, . . . , N . Without the loss of generality, we can let λ1 ≤ λ2 ≤ . . . λN by

reindexing the eigenvectors. Therefore, C = QDQT where Q is a matrix whose column vectors are v1, v2, . . . , vN and

D is a diagonal matrix whose diagonals are λ1, λ2, . . . , λN .

Let ξ ∈ Rn. Let θ = λ1

2 . Then,

1

2

N∑
i,j

σiσjρijξiξj =
1

2
ξTCξ =

1

2
ξT (QDQT )ξ =

1

2
(QT ξ)TD(QT ξ) =

1

2

N∑
i

λi(Q
T ξ)2

i . (4.24)

Since λ1 is the smallest eigenvalue,

1

2

N∑
i,j

σiσjρijξiξj ≥
λ1

2

N∑
i

(QT ξ)2
i =

λ1

2
‖ξ‖2 = θ‖ξ‖2. (4.25)

The second last equality holds since QT is an orthogonal matrix.
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Since all the condition of the weak maximum principle holds, we are now able to calculate the error bound using that

theorem. Define two vectors of size N

linf = ln(
−−−→
Smin)− |r − 1

2
~σ2|T, lsup = ln(

−−−→
Smax) + |r − 1

2
~σ2|T (4.26)

with linfi , lsupi denoting the i-th entry of linf and lsup, respectively. We are going to construct a function U , s.t.,

LU ≥ 0 and U > ψ.

Let c ∈ R. Define U = Ψ + c
∑N
i,j=1

(
(lsupi − linfi )(lsupj − linfj )− (xi − linfi )(xj − linfj )

)
. We have

∂U

∂τ
=
∂Ψ

∂τ
= −1

2

N∑
i,j=1

σiσjρij
∂2Ψ

∂xi∂xj
+ f1(~x, τ)

= −1

2

N∑
i,j=1

σiσjρij(
∂2U

∂xi∂xj
+ c) + f1(~x, τ),

(4.27)

which gives us
∂U

∂τ
+ LU +

1

2
c

N∑
i,j=1

σiσjρij − f1(~x, τ) = 0. (4.28)

Let c = max|f1(~x,τ)|∑N
i,j=1 σiσjρij/2

, the equation (4.28) becomes LU ≥ 0. Since the coefficient of the second derivative terms

are larger than 0, by the weak maximum principle, we know that U attains its maximum on the parabolic boundary Γ.

Thus,
U < max|Ψ(−−→xmin(τ), τ)|+max|Ψ(−−−→xmax(τ), τ)|+max|Ψ(~x, T )|

+ 3c

N∑
i,j=1

(
(lsupi − linfi )(lsupj − linfj )− (xi − linfi )(xj − linfj )

) (4.29)

To simplify our notation, let K = 4
∑N
i,j=1

(
lsupi − linfi

)(
lsupj − linfj

)
/
∑N
i,j=1(σiσjρij). By the definition of U , we

have

Ψ = U − c
N∑

i,j=1

(
(lsupi − linfi )(lsupj − linfj )− (xi − linfi )(xj − linfj )

)
< max|Ψ(−−→xmin(τ), τ)|+max|Ψ(−−−→xmax(τ), τ)|+max|Ψ(~x, T )|

+ 2c

N∑
i,j=1

(
(lsupi − linfi )(lsupj − linfj )− (xi − linfi )(xj − linfj )

)
< max|Ψ(−−→xmin(τ), τ)|+max|Ψ(−−−→xmax(τ), τ)|+max|Ψ(~x, T )|+Kmax|f1(~x, τ)|.

(4.30)

We can obtain a corresponding lower bound for Ψ in a similar way by taking c = − max|f1(~x,τ)|∑N
i,j=1 σiσjρij/2

, which gives us

|Ψ| < max|Ψ(−−→xmin(τ), τ)|+max|Ψ(−−−→xmax(τ), τ)|+max|Ψ(~x, T )|+Kmax|f1(~x, τ)|. (4.31)

By the definition of Q (4.21), we have

|Q| < max|hl1(τ)|+max|hr1(τ)|+max|g1(~x)|+Ke−r(T−τ)max|f1(~x, τ)|

≤ max|hl1(τ)|+max|hr1(τ)|+max|g1(~x)|+Kmax|f1(~x, τ)|
(4.32)

Finally, by the definition of R (4.16), we have

|R| < max|hl0(τ)|+max|hr0(τ)|+max|g0(~x)|+Kmax|f0(~S, τ)|

< Kε0 + ε1 + ε2 + ε3.
(4.33)
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4.4 Comparisons with the Deep BSDE Method

J. Han et al. proposed the deep BSDE method in [2] and used the European N-dimensional Black-Scholes equation as

an example. Y. Chen et al. extended their Han’s work to the American-style options by using a new network architecture

and a new loss function. In our paper, we analyze Chen’s method for European-style options. To start, we first transform

the PDE into a BSDE.

Lemma 4.2. The N-dimensional second-order linear PDE
∂V

∂t
(x, t) +

1

2

d∑
i,j=1

σiσjxixjρij
∂2V

∂xi∂xj
(x, t) +

d∑
j=1

(r − qj)xj
∂V

∂xj
(x, t)− rV (x, t) = 0 (4.34)

is equivalent to the following BSDE:

dV (X, t) = rV (X, t)dt+

d∑
i=1

σiXi(t)
∂V

∂xi
(X, t)dWi(t), (4.35)

whereX satisfies the SDE (2.13).

As pointed out by Y. Chen in [15], (4.35) can be discretized as

V (Xn+1
m , tn+1) = (1 + r∆t)V (Xn

m, t
n) +

d∑
i=1

σi(Xi)
n
m

∂V

∂xi
(Xn

m, t
n)(∆Wi)

n
m (4.36)

for m = 1, . . . ,M , n = N − 1, . . . , 0. Note that m represents the index of the simulation, while n represents the

time step index. Xn
m are known for all eligible m and n since we can get the analytical solution to them by (2.15).

Therefore, by designing a neural network f(X; θ) that takes V (Xn+1
m ) as an input and returns V (Xn

m) as the output,

we are able to write the cost function as

J(f) =

M∑
m=1

R[f(V n+1)]2m, (4.37)

where

R[f(V n+1)]m = R[V n]m = (1 + r∆t)V n(Xn
m, t

n) +

d∑
i=1

σi(Xi)
n
m

∂V

∂xi
(Xn

m, t
n)(∆Wi)

n
m − V n+1(Xn+1

m , tn+1).

(4.38)

Computation of the Loss Function

In this regard, the deep BSDE method outperforms the deep Galerkin method since the BSDE method only requires the

gradients to calculate the loss function. Because the gradient operation has been efficiently implemented in Tensorflow

while the Hessian operation is much more expensive, the deep BSDE method saves lots of time by avoiding the

computation of the loss function. Even though the deep Galerkin method can use Monte Carlo methods to efficiently

compute the Hessian, some degree of accuracy is lost due to the nature of Monte Carlo methods, while the deep BSDE

method only has numerical errors to worry about.

Chen’s deep neural network architecture is formally defined as

yN (x) = f(x), n = N ;

yn(x; θn) = yn+1(x; θn+1) + ∆t · F(x; θn), n = N − 1, . . . , 0.
(4.39)

Regarding each remainder function F(x; Σn), Chen constructs it using an L-layer feedforward network with batch

normalizations and ReLU activation. Chen emphasized that the recursive architecture is critical to the accuracy of the

model, since option prices between two "neighboring" time steps should be close to each other, leading to the fact that

yn+1(x; θn+1) has already become a good approximation of the option price at the n-th time step.
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Therefore, in Chen’s model, there is one neural network at each time step which aims to compute the difference of

the option prices between "neighboring" two time steps. By the nature of the neural network, we are able to evaluate the

delta (∂V∂x ) and gamma (∂
2V
∂x2 ) of the option price at the n-th time step by computing the gradient and the Hessian of

yn(x; θn) with respect to the input x. The computation of theta (∂V∂t ) is a little different since the time is neither an

input nor a model parameter. Instead, theta at the n-th time step is given by

∂V

∂t
(x; θn) = F(x; θn) =

yn(x; θn)− yn+1(x; θn+1)

∆t
. (4.40)

Computation of the Hedge parameters

The deep Galerkin method is known for its ability to compute the Greeks on the entire domain. Chen claimed that his

method is also able to do that, while we think this is not completely true. The training data of the deep BSDE model is

simulated by (4.35), which is composed of mostly "reasonable" paths and only a few "extreme" paths. This tells us that

the training data is biased and we can expect both the option values and the Greeks are inaccurate on less sampled

paths. In spite of this fact, Chen showed that the option values and the Greeks are accurate on most of the usual paths

numerically. Overall, this cannot be seen as a drawback of the deep BSDE method, since less sampled paths rarely

happened in the real-life, although the deep Galerkin method should be preferred when a large range of option prices

and the Greeks are needed to be calculated.

Generality of the Method

It has been shown that a large class of PDEs, including linear/nonlinear/high-dimensional/free-boundary/integro-

differential equations, can be solved by the deep Galerkin method. However, the deep BSDE method aims to solve

backward stochastic differential equations and parabolic PDEs (due to the Feynman–Kac formula).

5 Numerical Experiments and Comparisons

5.1 Benchmark

Assume the stock price follows the geometric Brownian motion, we don’t have an analytical solution to the price of

most of the multi-asset options except the vanilla option with a geometric average terminal payoff function f , which is

given by

f(~S) = max
(( N∏

i=1

Si(T )
)1/N −K, 0), (5.1)

where K represents the strike price. Assume that the dividend rates q are all same for each asset, the analytical solution

to the option price is written as

V (~S(0), 0) = e−rT [FΦ(d1)−KΦ(d2)], (5.2)

where

F =
(

ΠN
i=1Si(0)

) 1
N

exp

((
r − q +

1

2n

N∑
i=1

σ2
i +

1

2
σ2
)
T

)
, σ =

1

N

√√√√ N∑
i,j=1

ρi,jσiσj ,

d1 =
ln F

K + 1
2σ

2T

σ
√
T

, d2 = d1 − σ
√
T ,

(5.3)

and Φ is the cumulative distribution function of a standard normal random variable.
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5.2 Experiments: Geometric Average Payoff European Call Option

In this experiment, we will use the parameter settings shown in Table 5.1, where the volatility, dividend rates and

correlations are same for all assets.

Table 5.1: Parameter Settings for 4-Dimensional Geometric Average Payoff Call Option

Parameters Value

Asset num 4

Spot price 40

Strike price K 40

Time to maturity T 1

Volatility σ 0.2

Interest rate r 0.06

Dividend rate q 0.04

Correlation ρ 0.25

Analytical sol 2.16524

FFT-based Convolution Method

From table 5.2, we can see that the FFT-based convolution method can give accurate approximations to both the prices

and the deltas in a short amount of time: within 1 second, an approximation to both the price and the delta with a

relative error within 0.2% can be computed. As we mentioned in section 3.3, since the FFT Conv method outputs a

range of prices, the calculation of deltas becomes cost-free by using finite difference methods. However, the CPU time

of executing the algorithm, as well as the memory consumption, grows exponentially as N increases. Nevertheless, we

will see in the next experiment that, even in 6D case, the FFT Conv method is still robust and efficient.

Table 5.2: Rel error and execution time of the Conv method (4D geometric average call option)

4D geometric average call option (price ≈ 2.16524, delta ≈ 0.13125)

FFT-based Convolution Method

N Approx Rel err Order Delta Rel err Order CPU Time

84 2.116 2.3e-02 NA 0.122 7.0e-02 NA 0.01

164 2.155 4.6e-03 2.3 0.130 7.8e-03 3.2 0.06

324 2.163 1.1e-03 2.0 0.131 1.8e-03 2.1 0.88

644 2.165 2.9e-04 2.0 0.131 4.7e-04 1.9 15.18

1284 2.165 8.3e-05 1.8 0.131 1.5e-04 1.7 284.66

Monte Carlo Methods

We first look at the non-quasi-Monte Carlo methods. From table 5.3, we made the following observations:

• Given a roughly same amount of time, the method of antithetic variates can sample twice as many as the vanilla

MC does since it gets N/2 samples for free. Although one can’t see a significant improvement of accuracy by

using the method of antithetic variates, we showed that it indeed reduces the variance in the next experiment.
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• The control variates method outputs much more accurate results compared with the other two methods. Once

N is larger or equal to 216, the relative errors are always within 0.01%. From this, we can deduce that its

variance reduction effect is better than the other methods. Generally speaking, it takes around 1 second to give

an approximation with a relative error less than 0.01%, and this result is slightly better than the one given by

the FFT Conv method. However, it requires another two Monte Carlo simulations to compute the deltas, while

minimum delta computations are needed for the FFT Conv method.

As for the quasi-Monte Carlo methods, we observed the following phenomena:

• The accuracy of the approximations is much better than the one outputted by non-quasi-Monte Carlo methods.

For example, the relative errors of both the Sobol sequence and the Sobol sequence with control variates

are less oscillating than the relative errors of other three methods. Thus, we claim that the low-discrepancy

methods are more robust in general.

• It takes roughly 3 times the length of time to sample one point from Sobol sequence compared with the regular

random number generator. Nevertheless, even if we consider the accuracy versus the time, the low-discrepancy

methods still outperform the regular Monte Carlo methods. Even more, our implementation of the Sobol

sequence is not as optimized as the regular random number generator.

In conclusion, the methods using the Sobol sequence are significantly more accurate than the ones without that.

The control variates method is the best technique introduced in this paper since the use of it doesn’t increase much

computation time and as we will show in the next experiment, it has the best variance reduction effect.

Table 5.3: Rel error and execution time of vanilla MC, antithetic variates and control variates (4D geom. avg call option)

4D geometric average call option (price ≈ 2.16524)

Vanilla Antithetic Variates Control Variates

N Approx Rel err Order Time Approx Rel err Order Time Approx Rel err Order Time

214 2.158 3.5e-03 NA 0.29 2.147 8.6e-03 NA 0.18 2.144 9.9e-03 NA 0.34

215 2.187 9.9e-03 -1.5 0.50 2.142 1.1e-02 -0.3 0.30 2.161 2.2e-03 2.2 0.58

216 2.153 5.6e-03 0.8 0.99 2.172 2.9e-03 1.9 0.60 2.165 2.6e-04 3.0 1.06

217 2.164 5.4e-04 3.4 2.01 2.160 2.4e-03 0.3 1.21 2.164 4.8e-04 -0.9 2.13

218 2.156 4.4e-03 -3.0 4.02 2.164 7.0e-04 1.8 2.44 2.161 2.0e-03 -2.0 4.27

219 2.169 1.8e-03 1.3 8.12 2.161 1.8e-03 -1.3 4.90 2.166 5.6e-04 1.8 8.56
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Table 5.4: Rel error and execution time of Sobol seq and Sobol seq with control variates (4D geom. avg call option)

4D geometric average call option (price ≈ 2.16524)

Sobol Sequence Control Variates + Sobol Sequence

N Approx Rel err Order Time Approx Rel err Order Time

214 2.163 1.1e-03 NA 0.81 2.164 6.8e-04 NA 0.80

215 2.164 6.0e-04 0.9 1.59 2.164 3.5e-04 1.0 1.58

216 2.165 1.7e-04 1.8 3.19 2.165 3.5e-05 3.3 3.17

217 2.165 1.1e-04 0.6 6.46 2.165 3.8e-05 -0.1 6.36

218 2.165 3.3e-05 1.7 13.05 2.165 4.2e-06 3.2 12.99

219 2.165 3.8e-05 -0.2 26.53 2.165 1.9e-05 -2.2 26.31

Comparisons

Admittedly, the Conv method and Monte Carlo methods can achieve the same degree of relative error (0.02%) in

roughly same amount of time (1 sec), but the FFT-based Conv method should be preferred in the 4 dimensional case due

to its determinism and ability of computing the Greeks efficiently and accurately. As for the memory complexity, the

Monte Carlo method outperforms the Conv method, for example, in this experiment it requires around 134 megabytes

memory to execute the Conv method when 324 grid points are used, while the Monte Carlo method will only consume

4 megabyte when 4 · 217 paths are simulated. In the other words, the memory consumption increases exponentially for

Conv method and linearly for Monte Carlo methods. Nevertheless, 134 megabytes are negligible nowadays, so the

memory consumption is not a big issue in a 4 dimensional problem.

5.3 Experiments: Basket European Put Option

In this subsection, we will demonstrate the effectiveness of improvements introduced in section 2.3, along with the

disadvantage of Monte Carlo methods. Since the basket option is more common in the market, we also like to test the

efficiency of the FFT-based convolution method in basket options.

The parameter settings are shown in Table 5.5, and same as the last experiment, the volatility, dividend rates and

correlations are same for all assets. Note that our selection of the correlation matrix ρ guarantees that all entries in ρ’s

Cholesky decomposition L are positive, thus, as we pointed out at the end of 2.3.2, the method of antithetic variates will

always reduce the variance in this setting.
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Table 5.5: Parameter Settings for 6-Dimensional Basket Put Option

Parameters Value

Asset num 4

Spot price 40

Strike price K 40

Time to maturity T 1

Volatility σ 0.2

Interest rate r 0.06

Dividend rate q 0.04

Correlation ρ 0.25

MC approx 1.50600

Monte Carlo Methods

We first numerically prove that the variance reduction techniques introduced in section 2.3 are indeed effective. In

this experiment, we use 500 different random seeds to conduct the vanilla MC, the method of antithetic variates and

the control variates methods 500 times, and compute the standard deviation of the output option price. The standard

deviations of the three methods are shown in Table 5.6 and visualized in Figure 5.1. Since the low-discrepancy sequence

is deterministic, we are not able to calculate the standard deviation of the methods that involve the Sobol sequence.

From Table 5.6 and Figure 5.1, we see that the control variates method > the method of antithetic variates > vanilla

Monte Carlo methods in variation reduction.

Table 5.6: Std dev of vanilla MC, antithetic variates and control variates (6D basket put option)

6D basket put option

Standard Deviation of Monte Carlo Approx

N Vanilla MC Antithetic Var Control Var

210 7.31e-02 5.45e-02 4.41e-02

211 5.17e-02 3.88e-02 3.10e-02

212 3.66e-02 2.76e-02 2.17e-02

213 2.45e-02 1.95e-02 1.52e-02

214 1.78e-02 1.35e-02 1.07e-02

215 1.12e-02 9.44e-03 7.64e-03

216 8.69e-03 6.82e-03 5.28e-03

217 6.42e-03 4.64e-03 3.71e-03

218 4.46e-03 3.28e-03 2.59e-03

28



Figure 5.1: Visualization of the Std dev of vanilla MC, antithetic variates and control variates (6D basket put option)

Table 5.7: Rel error and execution time of vanilla MC, antithetic variates and control variates (6D basket put option)

6D basket put option (price ≈ 1.50600)

Vanilla MC Antithetic Variates Control Variates

N Approx Rel err Order Time Approx Rel err Order Time Approx Rel err Order Time

214 1.495 7.2e-03 NA 0.33 1.520 9.6e-03 NA 0.21 1.505 8.3e-04 NA 0.27

215 1.517 7.0e-03 0.0 0.67 1.499 4.5e-03 1.1 0.37 1.517 7.6e-03 -3.2 0.57

216 1.490 1.1e-02 -0.6 1.33 1.513 4.7e-03 -0.1 0.65 1.492 9.4e-03 -0.3 1.00

217 1.498 5.4e-03 1.0 2.72 1.495 7.6e-03 -0.7 1.31 1.496 6.3e-03 0.6 2.01

218 1.510 2.4e-03 1.2 5.52 1.498 5.1e-03 0.6 2.63 1.507 4.1e-04 3.9 4.01

219 1.501 3.1e-03 -0.4 11.11 1.506 1.6e-04 5.0 5.31 1.502 2.9e-03 -2.8 8.18

220 1.505 7.7e-04 2.0 22.17 1.502 2.9e-03 -4.2 10.65 1.505 4.6e-04 2.6 16.25
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Table 5.8: Rel error and execution time of Sobol seq and Sobol seq with control variates (6D basket put option)

6D basket put option (price ≈ 1.50600)

Sobol Sequence Control Variates + Sobol Sequence

N Approx Rel err Order Time Approx Rel err Order Time

214 1.506 2.7e-04 NA 0.76 1.506 1.8e-04 NA 0.86

215 1.505 5.9e-04 -1.2 1.49 1.505 8.5e-04 -2.2 1.52

216 1.505 8.3e-04 -0.5 2.96 1.505 9.6e-04 -0.2 3.06

217 1.506 2.2e-04 1.9 5.97 1.506 2.9e-04 1.7 6.09

218 1.506 5.9e-05 1.9 11.94 1.506 1.9e-05 3.9 12.31

219 1.506 4.6e-06 3.7 24.08 1.506 2.4e-05 -0.3 24.73

220 1.506 3.2e-05 -2.8 48.29 1.506 4.3e-05 -0.8 49.45

FFT-based Convolution Method

From Table 5.9, we can see that the Conv method still works very well when the number of risk factors is 6. An

approximation of the option price whose relative error is within 0.4% is outputted within 0.2 second. A more accurate

approximation can be retrieved within 17 seconds by discretizing each axis into 16 intervals. Although we don’t have

analytical solutions to the hedge parameters, it’s reasonable to believe that the approximation of hedge parameters will

also be accurate, as we have shown in the last experiment.

Notice that when one discretize each axis into 32 intervals, both the execution time and memory consumption are no

longer affordable. By our observation, for a N -dimensional option pricing problem, the algorithm can be completed

within 20 seconds by discretizing each axis into 210−N intervals. Based on our experience, one can get a reasonable

estimation when N is smaller than 8 by using this formula to determine the grid size.

We plotted the relative error of Conv method versus number of grid points used in Figure 5.2. One can observe that

the order of convergence is larger than 2. This may be caused by some properties of the basket option since we observed

the same behaviour when we compute the 4-d basket option price. Thus, we surmised that the basket option pricing is

highly compatible with the Conv method.

Table 5.9: Rel error in prices and deltas and execution time of the Conv method (6D basket put option)

6D basket put option (price ≈ 1.50600)

FFT-based Convolution Method

N Approx Rel err Order CPU Time

46 1.704 1.3e-01 NA 0.03

86 1.511 3.5e-03 5.2 0.19

166 1.507 3.4e-04 3.4 16.40

326 1.506 1.7e-05 4.3 1159.92
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Figure 5.2: FFT Conv method’s accuracy versus number of grid points (6D basket put option)

5.4 Experiments: American Put Option

In this experiment, we will show the advantage of the deep Galerkin method in American option pricing and compare

it with Monte Carlo methods. Recall that as the number of underlying assets increase, the execution time of LSMC

grows exponentially, while the training time of the deep Galerkin method grows linearly if the Monte Carlo method for

computing second derivatives is used. Therefore, we can claim that the deep Galerkin method will always outperform

the least square Monte Carlo method in computational efficiency if the deep Galerkin method performs better even

when there is only one risk factor.

The parameter settings are shown in Table 5.10. Since we don’t have an analytical solution to the American option

price, we will use the finite difference method to approximate the exact solution. We picked the domain of the stock

price to be [0, 300] and discretized it into 1500 uniform intervals. The time domain was discretized into 600 uniform

intervals. Although the finite difference method outputs the option prices on the whole domain, in the Monte Carlo

method’s experiment, we will only examine the case when the spot price is 50 and the time to maturity is 1. On the

contrary, since the deep Galerkin method also outputs all the option prices, we will contrast its approximation with the

finite difference method’s approximation.
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Table 5.10: Parameter Settings for 1-Dimensional American Put Option

Parameters Value

Asset num 1

Spot price 50

Strike price K 50

Time to maturity T 1

Volatility σ 0.5

Interest rate r 0.05

Dividend rate q 0

FD approx 8.72334

Monte Carlo Methods

We approximate the American option using a Bermudan option that allows exercise every day, i.e., the Monte Carlo

simulation has 365 equidistant time steps. By contrasting Table 5.4 with Table 5.3 and 5.7, we see that it takes much

longer time to price an American option than a European option. More importantly, by comparing Table 5.12 with

Table 5.6, one can observe that although more time has been put in, the approximations of the American option price

have larger standard deviations, i.e., larger errors. Therefore, the pricing of American options is much more difficult

than the pricing of European options by Monte Carlo methods.

Table 5.11: Rel error and execution time of vanilla MC (1D American put option)

1D American put option (price ≈ 8.72334)

Vanilla LSMC

N Approx Rel err Order Time

210 8.598 1.4e-02 NA 62.07

211 8.645 9.0e-03 0.7 119.89

212 8.808 9.7e-03 -0.1 232.97

213 8.765 4.8e-03 1.0 468.11

214 8.701 2.6e-03 0.9 896.49

215 8.699 2.8e-03 -0.1 1631.96
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Table 5.12: Std dev of vanilla LSMC (1D American put option) (for each N , 50 experiments are conducted)

1D American put option

Standard Deviation of Approx

N LSMC

210 2.91e-01

211 2.20e-01

212 1.63e-01

213 1.22e-01

214 9.48e-02

215 6.05e-02

Deep Galerkin Method

In this experiment, for each batch we sample 2000 interior points and 100 terminal points. Since our batch size is not

too small, we train the model 10 times using a same batch during one iteration to save the sampling time. We plot the

loss versus iterations graph in Figure 5.3 where L1 represents the first loss term in 4.3, and so on. One can observe that

L1 and L4 contribute the most to the total loss. Recall that L4 loss represent the approximation of the terminal payoff

function, which is not smooth at the at-the-money point. Due to our design of the neural network architecture, it’s

difficult to "learn" the non-smoothness. However, we can see that the error at the terminal time does not propagate too

far from Figure 5.4 and 5.5. More importantly, the average absolute error at time 0 is around 0.043, which is regarded

as a good approximation.

Figure 5.3: Visualization of the loss versus training iterations (1D American put option)
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Figure 5.4: DGM’s approximation versus FDM’s approximation at different times (1D American put option)

Figure 5.5: DGM’s approximation’s absolute error on the whole domain (1D American put option)
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Comparisons

Computational Efficiency in One Dimension

For the LSMC method, it takes around 500 seconds for one to get an approximation with the absolute error

within 0.04. For the deep Galerkin method, it takes 1742 seconds to train the neural network, and the neural

network’s average absolute error at time 0 is around 0.043. If one also needs to calculate the hedge parameters,

1500 seconds of computation will be needed in total by the LSMC method. However, the neural network has

already given an accurate range of approximations, which allows us to compute the hedge parameters and

option prices with respect to other spot prices both efficiently and accurately. Hence, the DGM outperforms

the LSMC method in computational efficiency when a range of option prices are needed.

Computational Complexity

For the LSMC method, as the number of risk factors increases, the number of the monomial basis used in the

least square regression increases exponentially. Thus, it is unrealistic to apply LSMC to high-dimensional

option pricing problems. On the contrary, the training time of the deep Galerkin method grows linearly if the

Monte Carlo method for computing second derivatives is used. According to [1], the DGM can output accurate

American option prices even when the number of risk factors is equal to 200. Therefore, we claim that the

deep Galerkin method is better than Monte Carlo methods in high-dimensional option pricing problems.

6 Conclusions and Future Work

Admittedly, vanilla/quasi-Monte Carlo methods with variation reduction techniques are good choices for pricing

multi-asset European options since they do not suffer from the curse of dimensionality and are easy to implement. But

in certain cases, the Monte Carlo method is not the optimal choice. Therefore, in this paper, we present two different

algorithms that are better than Monte Carlo methods in different aspects:

• For the FFT-based convolution method, although it suffers from the dimensionality issues, we observe that

it gives more accurate approximations in a shorter amount of time compared with the Monte Carlo methods

when the number of risk factors is less than 8. Notably, it outputs a range of option prices, which facilitate

the calculation of hedge parameters and the curve building. However, it only allows for pricing under models

with a characteristic function while Monte Carlo methods do not have such a restriction. Therefore, the Conv

method outperforms Monte Carlo methods for multi-asset European option pricing under Lévy processes

when the number of risk factors is less than 8.

• For the deep Galerkin method, the computational cost always grows linearly as the number of risk factors

increases as long as one uses the Monte Carlo method to approximate the Hessian. On the contrary, we have

shown in 2.2 that the computational complexity of LSMC is O(NMd2χ), which is worse than quadratic in the

dimensionality. Thus, the deep Galerkin method is asymptotically more efficient than the least square Monte

Carlo method in American option pricing. The deep Galerkin method also outputs the approximation on the

whole stock price and time domains as the regular PDE method does, which is useful in building curves and

calculating hedge parameters. More importantly, DGM produces considerably accurate approximations in the
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numerical experiments. Thus, the deep Galerkin method outperforms the least square Monte Carlo method for

multi-asset American option pricing.

We also proved an error bound of the deep Galerkin method’s approximation of the solution to the Black-Scholes

equation by means of the maximum principle. This alleviates the uncertainty of the deep Galerkin method compared

with Monte Carlo methods since we can only use a confidence interval to approximate the error of Monte Carlo methods

while the deep Galerkin method’s absolute error bound can be calculated based on our work. There are several possible

extension to this bound:

1. The error bound we derived is not too tight. One can attempt to derive a better bound by some more advanced

techniques.

2. We only considered the Dirichlet boundary condition, while the Neumann and Robin boundary conditions also

frequently appear in the high dimensional problems. Thus, it will be valuable to consider error bound where

the PDE has a different boundary condition.

3. For exotic derivatives, e.g., American options, path-dependent options, the resulting PDEs are usually nonlinear

and difficult to tackle. An error bound for these problems will also be very useful.

Apart from these, other numerical methods for pricing American options that will not suffer from dimensionality issues

are worth looking into.
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