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Abstract

Simultaneous Localization and Mapping: A Rapprochement of Filtering and
Optimization-Based Approaches

by
Chih-Yuan Chiu
Master of Science in Electrical Engineering and Computer Science
University of California, Berkeley

Professor S. Shankar Sastry, Chair

Simultaneous Localization and Mapping (SLAM) algorithms perform visual-inertial esti-
mation via filtering or batch optimization methods [17]. Empirical evidence suggests that
filtering algorithms are computationally more efficient, while optimization methods are more
accurate |17, [24]. This paper presents an optimization-based framework that unifies these
approaches, and allows the flexible implementation of different design choices, e.g., selecting
the number and types of variables maintained in the algorithm at each time. We mathemat-
ically prove that filtering methods, e.g., EKF SLAM and MSCKF, correspond to specific
design choices in our generalized framework. Finally, we reformulate the MSCKF using our
framework, implement the reformulation on challenging image sequences in a baseline SLAM
dataset in simulation, and use the proposed re-interpretation to contrast the performance
characteristics of the two classes of algorithms. Finally, we describe future extensions of our
work to the dynamic SLAM problem and multi-agent planning problems.
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Chapter 1

Introduction

Simultaneous Localization and Mapping (SLAM) concerns a robotic agent in an uncharted
or highly dynamic environment that seeks to compose a map of its surroundings while si-
multaneously locating itself within the constructed map. This fundamental problem appears
in a myriad of applications, such as map construction in civilian and military applications,
or search-and-rescue missions [5, 3, 6 7]. To solve a landmark-based SLAM problem, one
begins by locating identifiable landmarks, and extracting features to construct a map of the
environment. The robotic agent then uses its dynamics model, in conjunction with these
feature measurements, to pinpoint the position and orientation (pose) of the robotic agent
relative to the map. Measurements of new features from newly identified landmarks, and
new measurements of old features, can be used to iteratively update the SLAM states—that
is, landmark positions and estimates of the robot’s pose. This reduces errors in original
estimates of landmark positions and the robot pose, due to either measurement noise or
fluctuations in the environment.

A typical SLAM algorithm is composed of two components—the front end and the back
end. The front end processes raw sensor data into information that facilitates mapping and
localization. In particular, the front end performs feature extraction, data association, and
outlier rejection, to match features across feature data, filter out spurious feature matches
(outliers), process IMU data, and associate all of this information with relevant SLAM states.
The processed data values are then supplied to the SLAM back end, which searches for a lo-
cally optimal state estimate that best agrees with the processed data. Back end algorithms
are typically categorized into two groups—filtering and batch optimization. In filtering
methods, propagation and update equations are iteratively applied to refine the probability
distributions of a sliding window of recent poses, based on associated measurements |24 |18].
By contrast, batch optimization methods present the optimal pose estimate as the solution
to a nonlinear least squares problem, formed by summing the squares of IMU measure-
ment residuals and reproduction error terms. The problem is then solved via linearization
techniques, such as Gauss-Newton or Levenberg-Marquardt methods. Empirically, both fil-
tering and batch optimization algorithms have attained state-of-the-art performance, though
optimization-based methods often attain higher accuracy at the cost of higher computation
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cost [3, [17].

This thesis presents a unified optimization-based framework for the SLAM back end,
to facilitate the design of new algorithms whose computational speed and performance can
flexibly interpolate between those of existing, state-of-the-art algorithms. Although sim-
ilar results exist in the optimization literature, they do not analyze algorithmic submod-
ules unique to SLAM, e.g., feature incorporation and discarding [1]. First, we illustrate
that these algorithms all perform the same three key steps—Ilinearization, optimization, and
marginalization—and that mathematically, their only differences lie in the frequency with
which each step is performed. From the perspective of our algorithm, filtering approaches are
simply nonlinear optimization methods that iteratively optimize recent robot poses, while
periodically marginalizing away past features and poses to reduce computational complexity.
For example, the Extended Kalman Filter and iterated Extended Kalman Filter aggressively
marginalize out all past poses, except the current pose, while retaining all features in the
optimization window. [34]. Meanwhile, the Multi-State Constrained Kalman Filter and
Fixed Lag Smoother retain a sliding window of recent poses, but marginalize out features
no longer observed by the current pose. On the other hand, nonlinear optimization methods
may retain a subset of the poses arbitrarily separated across time while marginalizing out all
other poses; this is demonstrated by keyframe based methods presented in [25, 17], Alter-
natively, other batch optimization methods, such as bundle adjustment, graph SLAM, and
pose-graph SLAM, opt to maintain and repeatedly re-estimate all poses and feature posi-
tions from the past, for increased accuracy. As expected, performing more linearization and
optimization steps correspond to higher accuracy at the cost of higher computation time,
while marginalizing more often reduces computational cost while sacrificing accuracy.

More concretely:

1. Our primary contribution is the reformulation of state-of-the-art SLAM filtering algo-
rithms in the context of our unified optimization-based framework. In particular, we
present the Extended Kalman Filter (EKF) and the Multi-State Constrained Kalman
Filter (MSCKF) in terms of our algorithmic structure.

2. Our second contribution is to empirically study the performance of filtering-based
and batch optimization-based algorithms on benchmark SLAM datasets in simulation
environments. We illustrate the usefulness of this perspective by testing state-of-the-
art algorithms, such as MSCKF and sliding window filters, on different datasets.

The remaining chapters are structured as follows. In Chapter[2.1] we formulate the SLAM
problem for robotic agents on Euclidean spaces, by presenting the dynamic states and as-
sociated dynamics and measurement maps of these systems, as well as the residual costs
maintained in the problem. As an example, we pose the states, dynamics, and measurement
functions of the Extended Kalman Filter (EKF) within our framework. In Chapter , we
generalize the above results to scenarios where the dynamic states of interest are overparam-
eterized, and constrained to lie on a smooth manifold. As examples, we examine the setup
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for the Multi-State Constrained Kalman Filter (MSCKF) and Open Keyframe-Based Visual-
Inertial SLAM (OK-Vis) algorithms. Next, in Chapter , we present the three key steps of
our main algorithm—Optimization via Gauss-Newton descent, linear approximation, and
marginalization of states. For simplicity, we will first formulate these steps for the Euclidean
space formulation of the SLAM problem, before addressing their generalization to the over-
parameterized case. We formulate the EKF, MSCKF, and OK-Vis algorithms within our
framework in Chapter [4], by illustrating that the steps of these algorithms represent iterations
of our three key steps at different frequencies. Chapter [5|demonstrates the experimental use
of our novel framework. Here, we interpolate the frequency at which these three key steps
are taken in state-of-the-art SLAM algorithms to formulate novel SLAM algorithms. We
then test these novel SLAM algorithms on simulated datasets, to characterize the tradeoff
between estimation accuracy and computational efficiency as a direct consequence of varying
the relative frequency at which these three steps are taken. Finally, Chapter [6] summarizes
our work and discusses directions for future work.



Chapter 2

SLAM: Setup and Formulation

This chapter describes the mathematical formulation of the SLAM problem from the per-
spective of nonlinear optimization. The objective of SLAM is to estimate state and feature
positions that best enforce constraints posed by the given dynamics and measurement mod-
els, as well as noisy state and feature measurements collected over time. This is formally
posed as the unconstrained minimization of a sum of a collection of weighted cost terms,
which represent constraints imposed by the dynamics and measurement maps. First, in
Section we describe this approach in detail for scenarios in which all states evolve on
Euclidean spaces, e.g., for a robot constrained to move on a 2D plane. Then, in Section
2.2 we generalize this formulation to the case where the optimization variables in SLAM
lie on a smooth manifold, whose geometric properties may differ significantly from those of
Euclidean spaces. To do so, we introduce the boxplus and boxminus operators on arbitrary
smooth manifolds, which are commonly used in the SLAM literature to define cost functions
for states defined on smooth manifolds. We also note that, when the manifold in question
is a Lie group, the boxplus and boxminus operators become much more straightforward to
characterize.

2.1 SLAM: Formulation on Euclidean Spaces

In SLAM, two types of variables are estimated: states and features. The state at each time
t, denoted z; € R% encapsulates information describing the robot, e.g., camera positions
and orientations (poses). The feature positions available at time ¢ in a global frame, denoted
{fijli =1,---,p} C R¥, can be obtained by analyzing information from image measure-
ments {2 ;[j = 1,---,p} C R% and state estimates; these provide information regarding
the relative position of the robot in its environment. States and features are described by
a smooth (i.e., infinitely continuously differentiable) dynamics map ¢ : R% — R% and a
smooth measurement map h : R% x R% — R% via additive noise models:

T = g(z) +wp,  wp ~N(0,5,), (2.1)
2t = h(xy, ft,j) + Vi, Vg4 N(0,%,,
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where ¥, € R%=*d ¥ > (0 and &, € R%*% ¥ > 0.

To perform localization and mapping, SLAM algorithms maintain a full state (vector)
7; € RY, in which a number of past states and feature positions are concatenated. The
exact number and time stamps of these states and features vary with the design choice
of each SLAM algorithm. For example, sliding-window filters define the full state 7; :=
(Tpons1, s Tty frpqits s frp) € RY, with d := d,n + d;q, to be a sliding window of the
most recent n states, consisting of one pose each, and the most recent estimates, at time t,
of a collection of ¢ features. Batch optimization problems, on the other hand, maintain all
states and features ever encountered in the problem up to the current time.

The dynamics and measurement maps above do not involve overparameterized state
variables, e.g., quaternion representations for poses. Such discussions are deferred to Section
2. 21

SLAM as an Optimization Problem on Euclidean Spaces

The objective of SLAM is to estimate state and feature positions that best enforce con-
straints posed by the given dynamics and measurement models, as well as noisy state and
feature measurements collected over time. This can be formulated as the optimization prob-
lem of minimizing the sum of a collection of weighted residual terms, which represent con-
straints generated by the dynamics and measurement maps. For example, weighted resid-
uals associated with the prior distribution over Z; € R?, the dynamics constraints between
states z;, 7,41 € R%, and the reprojection error of feature f; € R% corresponding to the
state r; € R% and image measurement 2, ; € R%, may be given by %, Y 2(3:7 — 1g) € RY,
L2 (xiH—g(xi)) € R%_ and », 12 (zi,j—h(xi, ft’j)) € R% | respectively (here, 1 <i <n—1
and 1 < j < ¢). We can then define the running cost, ¢ : R%"*4r¢ — R as the sum
of weighted norm squares of these residuals. For example, for a sliding-window filtering
algorithm for SLAM, we may have:

t—1

(@) =T = po) 50+ D N — g(@)|3 (2.3)

i=t—n+1

+ Z Z [EFEIC Wl e

j=p—q+1i=t—n+1

where we have defined |[v||% := v" Av for any real vector v and real matrix A of compatible
dimension.

To formulate SLAM as a nonlinear least-squares problem, we stack all residual terms into
a single residual vector C'(7;). For example, for the sliding-window filter above, we have:

C) = | (5 (@~ o))"
(S0 (@r—ng1 — Q(xt—n)))T e (3 e — g(xt_l)))T
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T
E 1/2 Zt—n41,p—q+1 — h(xtfnJrlaft,pqurl)))

(274
(Z0 2 (znsrp — P&, ft’p))f o
(=74
(=5

-
2, 1/2 Ztp—q+1 — P(Te, frp— q+1)))

T
S0y — bl )|
e R@n—1)do+pds+ngd:

As a result, ¢(z;) = C(z7)"C(7;), and the SLAM problem is now reduced to the following
nonlinear least squares problem:

min .c(7;) = min.C (%) C(77) (2.4)

Tt Tt

Section [3|introduces the main algorithmic submodules used to find an approximate solution

to (2.4).

2.2 SLAM: Formulation on Manifolds

In this section, we generalize the SLAM problem formulation presented in Section to
situations where the dynamical states under study are defined on smooth manifolds, rather
than on Euclidean spaces. This is necessary, since SLAM problems often involve the orien-
tations of rigid bodies, which evolve on a smooth manifold embedded in an ambient space,
e.g., rotation matrices expressed as unit quaternions. In such situations, we define boxplus
(B) and borminus (B) operators, to perform composition and difference operations in the
iterative SLAM algorithm presented in Section [3, while enforcing constraints imposed by
the manifold’s geometric structure. The following subsections define HH and H on general
manifolds, and on specific types of manifolds relevant to the SLAM problem.

Box Operators on Manifolds

Suppose the full state x € M evolves on an n dimensional smooth manifold M. For
each x € M, let m, : U, — V, a homeomorphic chart from an open neighborhood U, of
xr € M to an open neighborhood V, C R"™ of 0 in R™. Without loss of generality, suppose
7z(x) = 0. The operators B : U, x V,, = U, and B : U, x U, — V,, are defined as follows:

rH6=m1,"(9)

Yy Hzx = Wx(y)
In essence, H adds a perturbation 6 € R", in local coordinates, to a state x € M, while H
extracts the perturbation § € R™, in local coordinates, between states x, 2’ € M covered by

the same chart. In subsequent sections, ¢ often describes an error or increment to a nominal
state on the manifold.
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The SLAM problem on manifolds concerns the minimization of a smooth function f :
M — R via iterative descent, starting from an initial state zo € M. Let rx € M denote the
candidate solution at iteration k, and define f,, := fo W;kl :R™ — R to be the coordinate

representation of f w.r.t the coordinate map m,, . Since fmk is smooth function between

Euclidean spaces, we can compute a direction § € R™ along which ka locally decreases the
most. The update law is then:

Tyl < Tk Ho (27)

In words, the iterative algorithm finds a direction around z; along which ﬁk locally decreases
the most, moves along it in local coordinates, and projects the result back onto M.

When M is a Lie Group, only the coordinate chart my : M — R™ on the identity element
I € M needs to be specified. This chart provides a natural choice for any other chart
7, : M — R™, by using the group multiplication operator o : M x M — M:

7.(8) = mo(x™ ! 0 4), Vee M,§eR",
=z omy(0), Ve M,§eR"

On Lie groups, H and H can then be defined by:

rB6=xom (), Vze M,§eR", (2.10)

yBar=my(z " oy), Ve M, eR" (2.11)

defined in terms of the single map my. Lie groups, e.g., SO(3), occur commonly in the study
of SLAM.

Manifold Examples

This subsection gives examples of the H, H and 7 operators for manifolds that occur widely
in SLAM: the space of unit quaternions, H,, and the space of rotation matrices, SO(3).

1. Unit Quaternions: Each ¢ € H, is expressed as ¢ = (qu,q,) where ¢, € R and
g, € R? denote the scalar part and the vector (imaginary) part, respectively, with
lall = /@ + |4,]|? = 1 (JPL convention). Here, the coordinate map = : H, — R?
is defined as the Log map on H,, and its inverse 7! is defined as the Exp map.
Specifically, we first rewrite each ¢ € H, as ¢ = (cos(6/2), sin(0/2)d) for some 6 €
0,7], & € R with ||| = 1, i.e., the quaternion ¢ implements a rotation about the
unit axis & by 6 radians counter-clockwise. Then, = : H, — R3, and its inverse
771 B,(0) — H, are defined as follows. (Here, B;(0) := {x € R?: ||z||» < 7} denotes
the image of the map 7.)

|
—~
'Q
~—
I

Log(q) = 0,
7 105) = Exp(63) = (cos(0/2), sin(0/2)a). (2.12)
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The H and H maps are then implemented via the standard quaternion product x :
H, x H, — H,:

¢, B & = q, *x Exp(&) (2.13)
7. B gy = Log(q, ' * ¢a) (2.14)

2. The Rotation Group SO(3): Definitions of B and H for SO(3) parallel those for
quaternions, i.e., the coordinate map 7 : SO(3) — R? is defined as the Log operator
on SO(3), with output restricted to B;(0). Define:

R, B & = R, * Exp(®) (2.15)
R,B R, = Log(RI' R,) (2.16)

3. Cartesian Products of Manifolds: Often, the full state maintained in the SLAM
algorithm is defined on the Cartesian product of a finite collection of manifolds, since
it contains poses and features which exist and evolve on their own manifolds. For
a product manifold M = M; x M,, with projection, increment, and difference maps

already defined on M; and M,, we can define H and H on M by:

(91,92) B (&1,62) = (91 B &1, g2 B &) (2.17)
(91, 92) B (h1,he) = (91 B h1, g2 B hy) (2.18)

SLAM on Manifolds: Dynamics and Measurement Maps

To formulate SLAM on a manifold, we must alter our definitions of the state variables, fea-
tures, image positions, dynamics map, and measurement map. Let X be a smooth manifold
of dimension d,, on which the system state are defined. Similarly, let F be a smooth man-
ifold of dimension dy, on which features are defined, and let Z be the smooth manifold of
dimension d., on which image measurements are defined (Often, F = R% and Z € R% e.g.,
with dy = 3 and d, = 2). We then have:

L1 = g(x) By, w; ~ N(0,%,),
zej = My, fi5) B o, ve; ~ N(0,%,).

where z; € X denotes the state at time ¢, g : X — X denotes the discrete-time dynamics
map, and w; € R% denotes the dynamics noise, with covariance ¥,, € Ré%*d= ¥ =~ 0.
Moreover, f;; € F denotes feature position j estimated at the camera pose at time ¢,
z; € Z denotes the image measurement of feature j measured from the camera pose at time
t, h: X x F — Z denotes the measurement map, and v; € R% denotes the measurement
noise, with covariance ¥, € R%=*%_ ¥ - 0.

As before, SLAM concerns an optimization problem over a collection of poses and fea-
tures, e.g., a sliding window of the most recent poses in the states {x; € X|i = t—n+1,--- |t}
and features {f;; € Flj=p—q+1,--- ,p}h

Ty = (xt—n—‘rl?"' 7It7fp—q+l7'” pr)
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e X" x F4.

We assume that z; is associated with a prior distribution with mean pp € X" x F7 and
covariance Y € R(detads)x (ndatady)

SLAM as an Optimization Problem on Manifolds

In this subsection, we interpret the SLAM problem on manifolds as the optimization of a
cost function ¢ : X" x F? — R, constructed from residual terms of the same dimension of the
minimal coordinates of T;, x; and z;. In particular, we must generalize to the case where
the states, dynamics and measurement maps are defined on and between manifolds. This
involves replacing + and - operators with HH and H operators, when necessary. For example,
the sliding-window filter window presented in Section [2.1, would be associated with the cost
c: X" x F1 — R, given by:

c(@) = 70 B poll5
t—1
+ Y Al Byl 5o (zin Ba(w))
i=t—n+1

p t
+ > > Nz Bhl, fig)la

j=p—q+1li=t—n+1

Similar to Section [2.1] we stack all residual terms into a single residual vector C(7;). For
example, for the sliding-window filter above, we have:

C(m) = | (5 (@ B )"
( (33t7n+1 = g(xtfn)))T e (Z;W(:Ut = g(mtfl)))T
(E 1/2(Zt n+1,p—q+1 B h(xt—n+1aft,p—q+1))>T T
(2 (21mnt1p B h(ﬂft—nﬂ,ft,p)))T o
(25
(

T
E 1/2 Zt,p—q+1 = h($t7ft,p—q+1)))

—T
5,2 B A, fip)]
e R@n—1)de+pds+ngd.

As a result, ¢(7;) = C(7;) " C(7;), and the SLAM problem is now reduced to the following
nonlinear least squares problem:

min .c(7;) = min.C(7;) ' C(7;) (2.19)

Tt Tt

Section [3.4]introduces the main algorithmic submodules used to find an approximate solution

to (Z19).
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To formulate optimization-based SLAM algorithms on manifolds in later sections, it is
necessary to compute the derivatives (Jacobians) of smooth functions on manifolds. This is
discussed in Section 2.2
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Chapter 3

SLAM: A Generalized Optimization
Framework

This chapter introduces a straightforward optimization-based algorithm for solving the least-
squares minimization of the SLAM cost-function introduced in Sections and 2.2 In
particular, we formulate the two key submodules of our generalized SLAM algorithm—
Gauss-Newton steps and Marginalization steps—both of which are widely used to solve the
SLAM backend inference problem in real time. Since the cost function is highly nonlinear, we
initialize the algorithm with a state estimate, typically produced by the SLAM front end [3].
Gauss-Newton steps are then applied to iteratively refine this estimate, until convergence to a
local minimum is attained. To ensure real-time operation, we periodically eliminate variables
from the cost function, and thus from the optimization problem, using the Marginalization
submodule. Finally, we generalize the above algorithmic submodules to the case where the
state space is a smooth manifold, but not necessarily an Euclidean space. In Chapter [, we
will present an example of such a system, when we describe our implementation and present
simulation results on real data.

3.1 Algorithm Overview

In this section, we describe in detail the submodules of a straightforward, general SLAM
algorithm, using the state variables and cost terms defined in Sections and As
before, we first focus on the case where the state space is Euclidean. As before, denote
the state and concatenated cost vector by 7; € R? and C : RY — R9¢, respectively. (e.g.,
the sliding window filter in Section 2.1 would correspond to d = d,n + dyq and d¢ =
(2n —1)d, + qdy + ngd.). Recall from Chapter 2.1 that the SLAM problem is equivalent to
solving the nonlinear least-squares problem (2.4), reproduced below:

min .¢(7;) = min.||C(7) 3.
Tt Tt
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Construction of the Optimization Problem

The first step of the algorithm is to construct the objective function whose minimization
defines the SLAM problem. From available visual and inertial measurements, we construct
and concatenate a collection of residual terms to form a residual vector C(Z7) of the form
introduced in Section 2.1 The SLAM problem is then equivalent to solving the nonlinear
least-squares problem ({2.4)), reproduced below with the indices considered here:

min .c¢(7;) = min.C(77) " C(7;).
Tt Tt
Recall that 7; € R%"+414 consists of the most recent n poses and position estimates of the

g most salient features, measured at the most recent pose (at time t). Recall also that
C' : Rbentdsa _y Rbantdpgtda(n—1)+d=nq g defined by:

r, p— r, T T DY T T .« .. T
O(xt) T CO(It) Cgt—nJrl CgtfnJrl C’hpfq+l,t7n+l Oht,p7q+l
T T
Chtfnﬂ,p o Cht,p

with weighted residual terms Cy : R%"tdra — Re&mtdrd and Oy, : R* — R%, (), :
Ré=+dr — R for each i € {t —n+1,--- ,t—1}and j € {p—q+1,--,p} given by:

Co(T) = By (T — o),

Cyi (T, Tig1) = EEI/Q ($i+1 - 9(%‘))7
Chij (miv fhj) = 2171/2 (zi,j - h(l‘z, ft,j))'

Gauss-Newton Descent and Linear Approximation

The next step is the recursive update of the joint state 7; € R%"+4s¢ by performing Gauss-
Newton descent steps using the cost function. More precisely, let J € R(dentdsatds(n—1)+d=q)x(dentdsq)
denote the Jacobian of C' with respect to Z;. Starting from an initial estimate 7;(©) € R=n+dsq
of 7, we recursively update iterates of our estimate {#;*|k > 0} via the Gauss-Newton al-
gorithm:

75D 7 — (T It o @), (3.4)

These Gauss-Newton steps are iteratively applied until the current iterate Z;* = 7;(*, for
some sufficiently large & € N, is believed to correspond to a sufficiently small cost ¢(z;*).
Then, it is fixed, and all or part of the original SLAM optimization problem is replaced with
the following linear least squares optimization problem ({2.4)):

min .c(z;) = min.C(z;) " C(7)
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— min. | (7 — 1) S (@ — 1) + 0@ — 77)
~min (T, — p) ' 7@ - p) (3.5)
where p € Re"td14 and ¥ € R{dentdra)x(dentdra) gre given by:
pz = (T C (@)
Y (JT)TN

Remark 3.1.1. Alternatives to the Gauss-Newton algorithm, for computing incremental
improvements to the initial guess are available, exist in abundance. These include the stan-
dard gradient descent algorithms [29], the Levenberg-Marquardt algorithm [21], or Powell’s
dog leg method (27, |20]. However, we focus on the Gauss-Newton algorithm because, as
tllustrated above, it has a meaningful interpretation in the case of filtering based SLAM al-
gorithms. Moreover, for well-conditioned problems where a good initial estimate is available,
Gauss-Newton tends to be faster than other methods [26).

Marginalization

The marginalization step reduces the number of variables present in the SLAM problem
to reduce computation time. In the context of the above setup, these variables are estimates
of the n pose positions and ¢ feature positions, encapsulated in the overall state T;, which
are selected to optimize the overall cost ¢(Z;). Intuitively, the marginalization procedure
involves the following steps to reduce the number of pose and feature position estimates in our
optimization problem. First, we partition the overall state 7; € R%"+%/9 into marginalized
and non-marginalized components. Likewise, we rewrite the overall cost ¢(7;) € R as the sum
of two cost terms, one of which depends only on the non-marginalized components, while
the other depends on both the marginalized and non-marginalized components. Finally,
the marginalization step is completed by approximating the latter cost term as an explicit
function of the non-marginalized cost term. This process is described mathematically below.

Among the n poses and p features present in the overall state 7y, let the marginalized state
T € ReMetdi My oncapsulate the M, pose positions and M s feature positions that we wish
to discard from our optimization problem, where 1 < M, <n —1and 1 < M; < g —1, and
collect the remaining pose and feature position estimates into the non-marginalized state
Txg € Reé(=Mo)+ds(a=My) — The only state components kept in the optimization problem
after marginalization, encapsulated in Tx, are poses and feature position estimates that are
sufficiently recent or informative to be considered irreplaceable in the optimization problem.

Next, we wish to approximate ¢(Z;) using a cost function that depends entirely on ZTx.
To do this, we first recall that ¢(Z;) is the sum of squared residual terms. By collecting
all terms which depend only on the non-marginalized state components Tx, we can rewrite
¢(7;) as the sum of two costs:

o(Tr) = e(Tk, Tar) = 1(Tk) + ¢2(Tx, Tar)
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= C(7x) ' C1(TK) + Co(Tx, Tar) | Co(Tx, Tar),

where ¢ : R&=(—Mo)+dr(a=My) _y R describes the sum of squared residuals in ¢(7;) with
no dependence on Ty, and O : Ré=(n=Mo)+ds(a=My) _y Rder denotes the concatenation
of such squared residual terms, i.e., ¢;(Tx) = C1(Tx)' C1(Tx), while ¢y : RErtdsa 5 R
and Oy : R%n+dra s RI2 correspond to the remaining terms. The dimensions ¢; and ¢y
depend on the specific way in which the state variables in T; and the cost terms in ¢(7;) are
partitioned. For example, consider the cost function ({2.3)):

o(Tr) = (T1 — po) " Xo (T — po) + Z (zit1 = g(2:) "2, (win — g(22))

1=t—n+1

+ Z Z (21 — h(@i, fu3)) 20 (225 = h(ws, i)

j=p—q+1li=t—n+1

Suppose we partition the full state vector by 7; := (T, Ta), with:

My ={t—n+1,--- t—n+ M.}, (poses to marginalize),
Myp={p—q+1,---,p—q+ M}, (features to marginalize),
Tk = (TomngMyt1, - ,xt,ft,p_q+Mf+17 .. ft,p) € R (n—Ma)+dg(p— Mf)7
Tar = (Tpmnt1, s Tt My Jtp—qi1s - 7ft,p—q+Mf) € RbMetdsMy,

and the cost function by ¢(7;) = ¢1(Tx) + co(Tar, Tx ), With:

Cy ( ) [Cth Mg Cth 1 C};I;—n+Mw+1,p—q+Mf+1,t T CIth—n+Mw+l,p,t
T o7 1 e Rie(n-Ma)tde(n-M)(g-y)
ht,p—q«‘erJrl,t o htp, ti| S .
CQ(H’ m) = [CO(I_t)T C; ntt Cz; Mg —1 C}—lrtfnle,pquLl,t T C];rtfnﬁ»l,p,t
T “ . T T .. T
Pt —nt My p—q+1,t Pt —nt My ,p Pt Mg+1,p—q+1,t ht7n+lwz+l,p7q+Mf,t

-
don+dq+de (Me—1)+dz (Maq+Mpn—Mg My)
Chth*qul,t T Oht,p—q+Mf,z] € R% faTel e 2\ e f wMf)

a1 (Tr) = C1(Tx) ' C1(TK) € R,
o2(Tx, Tar) = Co(Tx € R, Tap) ' Co(T, Top) € R,
where C and each Cy, and Cy,;, are given by (3.1)), (3.2), and (3.3)), respectively. Note that
in this case, the dimensions of C; and C, are given by d.; = d,(n—M,)+d.(n—M,)(q— M)

and deo = dyn+dpq + dy (M, — 1) + dy(Myq + Mpn — M, My), respectively.
The SLAM problem can now be written as:

min c(z7) = min .|y (7) TC1(75) + min Ca(Te, 7a7) " ol )|
Tt TR T M
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To complete the marginalization step, we replace the output of the inner minimization,
ming-.Cy(Tr, Tar) ' Co(Tx, Tar), with an explicit function of Zx. To do so, we apply first-
order approximation to the cost term Cy(Tx, Tar) " Co(ZTx, Tar) to obtain:

ol 77) = Co@e 75 + [ ) | 772K | b oo - T - ), (30)
M

where Ji € Re2*(de(n=Mz)+ds(a=My)) denotes the Jacobian of Cy with respect to Txr and Jy; €
Re2x(deMatdsMy) denotes the Jacobian of Cy with respect to Z3;. Using to approximate
the inner minimization in the above optimization problem, we arrive at the approximate
optimization problem below, which depends only on the non-marginalized state Tk

min () = min .|y (7) TC1(75) + min Ca(Te, 7a7) " ol )|

~min. (O (%) TC1(@x) + (7% — i) S5 (@K — ) (3.7)

where the algorithm defines the mean pux € Ré("=Me)+dr(@=Ms) and the covariance matrix
EK E R(di(n_Mm)'Fdf(q_Mf))X(d-’ﬂ(n_M27)+df(q_Mf)) Of ﬁ by assigning:

pr T — S [T — Tu(JypJar) ™' Tag] Ca(7F) (3.8)
S (JE[L =TI da) T3] k) 7 (3.9)

This paper mathematically demonstrates the optimality of the approximations in
and , and examines the implications of varying the frequency in executing the Gauss-
Newton Descent, Linear Approzimation, and Marginalization steps. In particular, in Section
[, we will interpret a selection of mainstream filtering-based SLAM algorithms as the re-
peated iteration of the above three steps at different rates. Moreover, in Section 5], we will
illustrate that, by varying the frequencies at which each of the above three steps is per-
formed, we can construct novel SLAM algorithms whose accuracy and computational time
interpolate smoothly between those of existing algorithms.

In the sections below, we consider the Gauss-Newton Descent, Linear Approximation,
and Marginalization steps in detail.

3.2 Gauss-Newton Descent

Gauss-Newton descent involves solving for the minimization of ¢(7;) via Gauss-Newton steps,
an iterative linearization method that approximates ¢(7;) about a given linearization point
7" by a linear least-squares cost term, i.e.,

min .c(7T;) = min.|7; — utHé;l + o(T¢ — T") (3.10)
Tt Tt

for some 1, € R? and ¥, € R?™?. The linearization procedure required to obtain pu, € R?
and ¥; € R¥™? as well as the approximation involved, are detailed in the theorem below.
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Theorem 3.2.1. (Gauss-Newton Step) Let 7;* € R? denote a given linearization point,
and suppose J = g—% € R4 has full column rank. Then applying a Gauss-Newton step to

the cost c(T;), about T;* € R? yields the new cost:
c(@) = |7 — el 51 + 0@ — 77,
where p; € R and ¥, € R™? are given by:

Y (JTI)T
pe T — (JT )L T C®@).

Proof. See Appendix (Section . n

Algorithm 1: Gauss-Newton Step.

Data: Objective C'TC, linearization point 7.
Result: Mean pu, covariance Y after a Gauss-Newton step.

1J<—§—C
Tt |t

2 Et — JTJ
3 py < xp — (JTT)LITCO(x7)

4 return gy, >

3.3 Marginalization of States

The marginalization step reduces the state dimension in our SLAM algorithm, which helps to
reduce the computation time. First, we partition the overall state 7; € R? into a marginalized
component Ty 3 € R to be discarded from Ty, and a non-marginalized component Ty rx €
R to be kept (d = dg +djys.) Then, we partition ¢(T;) into two cost terms: ¢;(T; k), which
depends only on non-marginalized state components, and c2(Trx, Trar) which depends on
both marginalized and non-marginalized state components:

c(Ty) = (T, Tm) = a1(Tx) + (T, Tar)
= [|Cy(7x) |15 + 1C2(Tx, 7ar) 13-
Here, C,(7Tx) € R and Cy(Tx, Tar) € R:2 denote the concatenation of residuals associ-

ated with ¢;(Tx) and c3(Tx, Tar) (wWith de = de1 + doo). To remove T; 3 € R from the
optimization problem , observe that:

min ¢(7;) = min (Cl (Te.x) + c2(Te ks %r,M))
Tt Tt K Tt,M
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= min ([|C1 (@013 + min |Co (e, 7ean)l3).
Tt, K Tt, M

To remove T 7, it suffices to approximate the solution to the inner minimization problem
by a linear least-squares cost, i.e.:

min ||Co(Tew, Teaa) |2 = 170k — i kIl
Tt, M t,K

for some 71, - € R and ¥, x € R4 Since ||Co(T7x, Tuar)||3 is in general non-convex,
we obtain 7, ;- and ¥ x by minimizing the first-order Taylor expansion of ||Ca (Tt x, ZTrur) |13
about some linearization point, instead of minimizing ||Co(T7r, Trar)||3 directly. Below,
Theorem details the derivation of ek and it, K.

Theorem 3.3.1 (Marginalization Step). Let 7;* € R¢ denote a given linearization point,

and suppose J = g—% € Ré*d has full column rank. Define Jx := aith € Ricxdx gnd Jy =
ac :

0Tt M S —
Marginalization step to the cost c(T7), about the linearization point T;* = (x} ., x},,) € R?
yields:

€ Ricxdur - [f C(Ty a7, Trx) were a linear function of Tp = (Tiar, Tok ), then applying a

min ¢(Ty x, Ty pr) = Min. (cl(mtyK) + min o (T, :L't,M)>, (3.11)
Tt,M Tt, K Tt, M

where ¥y k € Réx*dx gnd e i € R are given by:

Sk = (SR [T = I (Tipdan) " I ) (3.12)
pex =2y — Serc i [1 — Ja(JypJar) 7 I Calaf). (3.13)
Proof. See Appendix (Section [7.2)). ]

Algorithm 2: Marginalization

Data: Objective f = CTC, vector of variables to marginzlie x; 5/, linearization
point ;.
Result: Mean ji; x and covariance ¥ i of :r:t*_K of non-margnalized variables.
1 C < subvector of C containing entries dependent on x ;.

J = [Jk Ju] + [ai% = o 37]-
Sore = (T[T = T (g Inn) Iy i)~
Pt i S QZ;K — EtKJI—l; [[ — JM(JJ\—ZJM)_IJJ\—Z} C(;C*)

[

1

]

[S)]

return pu g, Xt i
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3.4 Main Algorithm on Manifolds

Our SLAM framework, formulated above on Euclidean spaces, can be straightforwardly
extended to a formulation on manifolds. This involves using manifold-related concepts in
Section to modify the Euclidean-space dynamics and measurement maps in Section [2.1]
as well as the cost functions, Gauss-Newton steps, and marginalization steps in Sections [3.2]
3.3l In particular, when appropriate, plus and minus operations must be replaced with the
H and boxminus operators.

Recall the states, poses, features, dynamics and measurement maps, and costs defined in
Section In particular, the cost ¢(Z) is given by:

c(7) = C(@) ' O(7) (3.14)

Now, let z* be a chosen linearization point. Let @* .= C o2 be the coordinate represen-
tation of the function C' near z*. Recall that Cz« is simply a function from one Euclidean
space to another. We can now Taylor expand to write:

-~

C(z) = (Conz) (7 (7)) = Ca- (AX)
= C5(0) + JAY + o(AY), (3.15)
where AY = ZH7Z" and J is the Jacobian of @—3 with respect to A evaluated at zero. We
then apply a modified version of the algorithms from Section [7.2}

Gauss-Newton Descent

Gauss-Newton steps update the current linearization point z*} to a new linearization
point ztk+1},

70D 3@ @ (= (JTI)LITO@EM)) (3.16)

After Gauss-Newton steps have been taken, the linearization point =* is fixed, and all or
part of the original optimization problem, reproduced below:

min c(T) = min C(@)"C(T)
is replaced with the following linear least squares optimization problem:
min (7 5 p) ST 8 p) (3.17)
where the algorithm assigns:

peT BT C@)
Y (JTH)TN
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Marginalization

Marginalization steps remove variables T,; from the optimization problem by applying
linear approximation to C—in particular, the optimization problem:

min .c(7)
x

is approximated by:

min .(Tx B px) ' S5 (Tx B pk),
TK
where the algorithm assigns:
i o B (= S [I — Tu(Jydu) "y ] Ca(a¥))

1

Y — (J;;[I— JM(J]\—ZJM)_IJ;[} JK)_ )
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Chapter 4

Filtering as Nonlinear Optimization

This chapter presents the equivalence of filtering and batch optimization based SLAM algo-
rithms, using the Extended Kalman Filter (EKF, in Section and Multi-State Constrained
Kalman Filter (MSCKF, in Section , as examples. (For an introduction to the classical
formulation of EKF SLAM and MSCKF, please see Appendices [7.3] [f]).

First, we demonstrate how popular filtering-based SLAM algorithms can be reformulated
as the iterative minimization of a nonlinear least squares cost function for different design
choices (more precisely, marginalization schemes). We show that the Extended Kalman
Filter (EKF SLAM) is equivalent to a sliding window filter of window size 1. Although
several versions of this result exist in the literature, the presented proof lays the groundwork
for our analysis.

The main result of this section is a demonstration of the equivalence of the popular
Multi-State Constrained Kalman Filter (MSCKF) [24] to iterative nonlinear least squares
optimization with a specific marginalization scheme. This result implies that the MSCKF can
be formulated as an optimization-based algorithm with a specific marginalization scheme,
instead of using matrix operations, as in the classical formulation [24]. This, in turn, al-
lows the MSCKF and its variants to be implemented more straightforwardly, while also
allowing their empirical performance to be more directly compared with that of sliding-
window optimization algorithms. Indeed, due to the user flexibility granted by our general-
ized optimization-based framework, improvements or modification to the algorithm become
trivial to derive and implement. To summarize, we describe the classic sliding window filter,
a workhorse of optimization-based SLAM and the motivating application of marginalization
to the SLAM problem. Finally, at the end of the chapter, we list a number of popular visual
SLAM algorithms and algorithm paradigms and characterize them in terms of descent and
marginalization schemes.
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4.1 Extended Kalman Filter (EKF)

The EKF SLAM algorithm constantly maintains the EKF full state vector, Z; := (x4, fi1,-- -, fip) €
R%+Pds  consisting of the most recent state, z; € R%, and the most recent position estimates
fia,- 5 fip € RY of all features maintained in the EKF full state ;. At initialization
(t = 0), no feature has yet been detected (p = 0), and the EKF full state is simply the initial
state Ty = x9 € R%, with mean py € R% and covariance ¥y € R%*%_  Suppose that at

the current time ¢, the running cost maintained in the optimization formulation of the EKF
SLAM algorithm, cggpy o : Ré=TPdr — RdtPds g

CEkFL0 = ||Tt — ,utHQEt—l’

where %, == (x4, fi1, -+, fi,p) € R=TPU denotes the EKF full state at time ¢, with mean p; €
R%+Pds and covariance 3, € R{(&=Hpds)x(datpds) - Rirst the feature augmentation step appends
position estimates of new features f, 41, , fyrp € R¥ to the EKF full state Z;, and updates
its mean and covariance. In particular, feature measurements (211, , 2tp1p) € RP'% are
incorporated by adding measurement residual terms to the current running cost cgrry.o,
resulting in a new cost cpgpy : REe+t@+H)dr 5 R:

CEKF,t,l(fta ft,p-i—la T ft,p+p’)
p+p’
= ||z — Mt”;;l + Z |zt — h(wy, ft,k)”zzgl-
k=p+1

In effect, cpxrt,1 appends new feature positions to Z;, and constrains it using feature mea-
surements residuals.

The feature update step uses measurements of features already described by z; to update
the mean and covariance of ;. More precisely, feature measurements z; 1., := (2¢1, -+ , 2tp) €
R%?_ of the p features f1,-- -, f, included in Z;, are introduced by incorporating associated
measurement residuals to the running cost, resulting in a new cost cpxp¢3 : Ré=trds _y R:

p

cerres(@) = || T — /‘tszgl T+ Z 12 = h(as, ft:k)HQE;L
k=1

A Gauss-Newton step is then applied to construct an updated mean fi; € R%*Pds and
covariance Y; € R(de+pdp)x(datpds) for 7, rvesulting in a new cost cprpiq : RE=HP — R:

cerria(Te) = || — EH%;u

which returns the running cost to the form of cgpxpy 0.
The state propagation step propagates the EKF full state forward by one time step, via
the EKF state propagation map ¢ : R&=*rds — Rd=+rds Ty propagate 7; forward in time,
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we incorporate the dynamics residual to the running cost cgrr. o, thus creating a new cost
CEKFt5 : R2dz+pdf — R:

CEKF,t,5<I~ta Tpp1) 1= || Ty — mH%t—l + || Teg1 — 9(%)”22;1-

In effect, cpxr; 5 appends the new state 24,1 € R% to Z;, while adding new constraints posed
by the dynamics residuals. One marginalization step, with Z; x = (441, fi1, -+, frp) €
Ré%=+Pds and 7,5 := x, € R%, is then applied to remove the previous state z; € R% from
the running cost. This step produces a mean g, € R%*P4 and a covariance ¥, €
R(Fpdp)>(datpds) for the new EKF full state, 7,41 := . Accordingly, the running cost
maintained in the optimization framework is updated to cgxri41,0 : Ré=tpds _y R:

CEKF,HLO(@H) = || T — Nt+1”§:;+117

which returns the running cost to the form of cpxpy.

The theorems below establish that the feature update, and propagation steps of the EKF,
presented above in our optimization framework, correspond precisely to those presented in
the standard EKF SLAM algorithm (Algorithm [6) [34] [33].

Theorem 4.1.1. The feature augmentation step of the standard EKF SLAM algorithm (Alg.
@ is equivalent to applying a Gauss-Newton step to cprrysy : R — R, given by:

p+p’
CEKF,t,l(ft, Jepr1, o 7ft,p+p’> = [|2; — #t”%;l + Z ||Ztk — h(z, ftv’“)“%qjl'
k=p+1
Proof. See Appendix (Section @ n

Theorem 4.1.2. The feature update step of the standard EKF SLAM algorithm (Alg. @ 18
equivalent to applying a Gauss-Newton step on cpxrs @ R4 — R, given by:

p
cerrs(Te) = ||T — Mt”zztfl + Z |l zex — h(xy, ft,k)”;;l-
k=1
Proof. See Appendix (Section @ O

Theorem 4.1.3. The state propagation step of the standard EKF SLAM algorithm (Alg. @)
is equivalent to applying a Marginalization step to cprrys : R*= P4 — R, given by:

CEKF,t,5(ft, $t+1) = ||ft - ﬁt”%t—l + th+1 - g(xt)||;;1.

with JNTLK = (ZL'H_:[, ft,la s 7ft,p) € Rderpdf and jt,M =T € Rd.

Proof. See Appendix (Section @ O
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Algorithm 3: EKF SLAM, as an iterative optimization problem.

Data: Prior A (j, Xo) on zy € R% noise covariances ¥, 3, dynamics map g,
measurement map h, time horizon 7.
Result: Estimates #; € R% Vvt e {1,--- T}

fo(@) = llzo = poll3-
0

Ju

2 p<+ 0.

3 fort=0,1,---T do

4 (2e1,- -, 21p) < Measurements of existing features.

5 | costy <= costy + > h_y 2tk — My, fk)H;;1

6 fit, 2y, costy «— 1 Gauss-Newton step on costy, about gy, (Alg. .
7 fi?t — U € Rdz+pdf.

8 (Ztpt1s - Zeptp) < Measurements of new features.

o | costy < costy + Y b llzer — h(w, fk)H2;1

10 Hi = (ﬁt, (s, Zt,p-i—l)v o Uy, Zt,p+p’)) € Re&H+p)ds

11 [, 2, costy «— 1 Gauss-Newton step on costy, about ; (Alg. .
12 p—p+yp
13 if t <T then

14 costy ¢ costy + |[er1 — g(xe) |3
15 Mhi1, 211, costy <— 1 Marginalization step on cost,; with x,; = x;, about
(7, 9(7ir)) (Alg. [2).
16 costy = [T — Mt+1|@71
t+1
17 end
18 end
19 return Zg, - - , T

Remark 4.1.1. The earliest solutions to the SLAM problem were stated and solved in terms
of the EKF as the central estimator, with the seminal solution provided by Smith and Cheese-
man in 1987 [31)]. Solutions based on the EKF are favoured due to their relatively cheap
computational cost, and remain a popular choice for real-time state estimation.

Remark 4.1.2. In practice, the application of the Gauss-Newton algorithm for the feature
augmentation step can be delayed, and instead done in conjunction with the feature update
step.
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4.2 Multi-State Constrained Kalman Filter

The MSCKF algorithm constantly maintains a full state, z; € Apgu x (&,)", containing the
most recent IMU state, xpvy € Ayu and n recent poses, (1, -+, x,) € (A,)™

Ty = (xt,IMUa$1a S, xy,) € Xy X (Xp)nv

with mean y; € Xy x (&,)" and covariance %; € R(dnu+nds)x(dnutnds) = Ag new poses are
introduced, old poses are discarded, and features are marginalized to update Z;, the mean
1, covariance >, and the integer n accordingly.

At initialization (¢t = 0), no pose has yet been recorded (n = 0), and the full state Z, is
the initial IMU state Zovu € Xy, with mean pg € Xy and covariance Y € Rémuxdniu,
In other words, o = po optimizes the initial instantiation cyrscxro @ Xy — R of the
running cost in our framework:

cuscrr0(Zo) = [|Zo B /~‘0||2231'

Suppose that at the current time ¢, the running cost cyrscrpio @ Xmau X (Xp)" = Ximu X (X))
is:

cusorro(T) = || B ”tHégl’

where p; € Xy X (A,)" and X, € R(dvutndz)x (dnau+ndz) denote the mean and covariance of
the full state ; := (xy U, 21, , Tn) € Xiau X (X,)™ at time ¢, consisting of the current
IMU state and n poses. When a new image is received, the pose augmentation step adds
a new pose Z,y1 € AP (global frame) to Z;, derived from zMY € X7, the IMU position
estimate in the global frame, via the map ¢ : (Xmu)? X (X,)" = X, iLe.,

~ _IMU
Tn+1 = @/J($ta$n+1) € Xp'

The feature update step uses features measurements to update the mean and covariance
of Z;. In the MSCKEF, features are discarded if (A) they are not observed in the current
pose, or (B) n > Np.x, a specified upper bound, in which case | Nyax|/3 of the n poses are
dropped after features common to these poses are marginalized. Let S,; and S,y denote
the set of pose-feature pairs (x;, f;) described in cases (A) and (B) above, respectively, and
let Sy denote the set of all features to be marginalized. (Algorithm [I0]) These feature
constraints are then incorporated into the running cost, resulting in a new cost cyscrres :
XIMU X (Xp)n — R:

crsckres(T)

st > Nz Bl )3
(@4,f7)€82,1USz 2

=17 8
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where z;; € R denotes the feature measurement of feature j observed at pose z; € Xp.
By using Gauss-Newton linearization, we leverage constraints posed by the measurement
residuals to construct an updated mean for Z;, denoted fi; € Ay x (A&,)", and an updated
covariance for #;, denoted ¥, € R{@mwutnds)x(dmutnds) - Ag 5 result, our cost will be updated
to carscrra @ Xmu X (Ap)" — R

cmscrria(Te) = || T Em\%;l,

which assumes the form of cyrscrro-
The state propagation step propagates the full state by incorporating dynamics residuals
into the running cost cyrscrrio, resulting in a new cost cyrsorrss @ R2AMUTde 5 R:

cmsck Fs (T, Tepru)

=7, B m\l%;l + |21, B QIMU(SBt,IMU)HQEt—l-

In effect, cyprscrres appends the new IMU variable x4 mmu € Amvu to the current full
state 7, € Aimu X (X,)", and constrains this new full state via the dynamics residuals. One
marginalization step, with Z;  := (Ze41.0mu, T1, -+, Tn) € Xivu X (X)" and Ty pr := Temu €
Xivu, is then applied to remove the previous IMU state, z; vy, from the running cost. This
produces a mean ;11 € Xy X (X,)" and a covariance ¥4 € R@nutnde) x (dnutnds) for the
new MSCKF full state, #1411 := Ttk = (Tr41.0mU, 1, -+ ) € Xnvu X (&)™ Accordingly,
the running cost maintained in the optimization framework is updated to cyscxritio :
XIMU X (Xp)n — R:

crscrF+1,0(Tg1) = || T4 B Mt+1”2§;+11a

which returns the running cost to the form of cyrsckrio-

The theorems below establish that the feature update, and propagation steps of the
MSCKEF, presented above in our optimization framework, correspond precisely to those pre-
sented in the standard MSCKF (Algorithm [10)) [24].

Theorem 4.2.1. The pose augmentation step of the standard MSCKF SLAM algorithm
(Alg. is equivalent to applying a Gauss-Newton step to cyrscrrea @ Xmo X (A,)" — R,
given by:

ersorpaa(Te Tnr) = |70 B pell5 s+ €z B (@, 2,57) (13,
and taking € — 0 in the resulting (augmented) mean p; and covariance .
Proof. See Appendix (Section [f)). ]

Theorem 4.2.2. The feature update step of the standard MSCKF algorithm (Alg. @ 15
equivalent to applying a marginalization step to cyscxres @ Xmu X (X,)" X RISrldy R,
gen by:

cuscxres(Te, fs;) = |17 B mllé;l + Z ||z ; B h(z;, fj)||;;17
l (wi,f;)€S2,1USz 2
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Algorithm 4: Multi-State Constrained Kalman Filter, as iterative optimization.

1
2
3
4
5
6
7

®

10
11
12
13
14
15
16

17
18
19
20
21
22
23
24

25

26
27
28

Data: Prior NV (0, ¥0) on 2mvuo € Ximu, noise covariances 3, ¥,, dynamics gnyu,
measurement map h, time horizon 7', Pose transform ¢ (IMU — global) ,
e > 0.

Result: Estimates #; for all desired timesteps ¢t € {1,--- , T} .

costy < ||zo B pol|%,. (Initialize objective function).
Sza S$7 Sz,la Sz,Z — Qb
(n.p) < (0,0)
fort=0,---,7T do
while new pose z,,1 € &), recorded, new IMU measurement not received do
costy — costy + € |z B (@, IMY)|13.
ft, 2t costy <— 1 Gauss-Newton cost; (Alg. , about (p, ¥(p, zhY)) with
e — 0.
{2n41,;} < Feature measurements at x,q
S, + S. U {(zns1, f;)|fj observed at n + 1}
n<n+1
if n > Nyax — 1 then
Sy ¢~ {x;ili mod 3=2, and 1 <i <n.}
Sia {(xl, fi) € SZ|$Z- € S, feature j observed at each pose in Sx}
end
Sya {(xz, fj) € S:|f; not observed at xn}
cost; < cost; + Z(xi,fj)esz,lusz,z |zi; B h(z;, fthj)”Z;l
Tiz, Xy, cost; «+ 1 Gauss-Newton step on cost,, about g, (Alg.
Ty Tir € Xy X ()"
S SA(S1 U {(ws, fi)|zi € Si})
Reindex poses and features in ascending order.
(psn) < (p— [S¢l,n — [Sal)
end
if t < T then
costy < costy + ||z 1. v B gIMU(xt,IMU)HQE;L
Hi1, Lit1, costy <— 1 Marginalization step on costy, about (fiz, g(pemmu)) (Alg.
)
end
end
return o, - - - T € Xy X ()"




CHAPTER 4. FILTERING AS NONLINEAR OPTIMIZATION 27

where fs, € RISrlds denotes the stacked vector of all feature positions in Sy (see Algorithm

Proof. See Appendix (Section . n

Theorem 4.2.3. The state propagation step of the standard MSCKF SLAM algorithm (Alg.
is equivalent to applying a Marginalization step once to cysoxrys : R2Mmvinds — R
gien by:

cmsckFas (T, Ty, mau) = ||T B thH%;l + |@ig1, 0 B gIMU(xt,IMU)H;;l-
with Ty = (Te1, 00, T15 -+ 5 Tn) € X X (X)) and Ty v = x4 v € Xivw-
Proof. See Appendix (Section . n

Remark 4.2.1. In practice, the application of the Gauss-Newton algorithm for the pose
augmentation step can be delayed, and instead done in conjunction with the feature update
step.

4.3 State-of-the-Art SLAM Algorithms

This paper aims to construct a generalized, optimization-based SLAM algorithm that bal-
ances the need for computational efficiency, estimation accuracy, and map precision. These
tradeoffs are clearly observed in the design choices of SLAM algorithms in the existing liter-
ature.

e Extended Kalman Filter (EKF) [34] [33] [36] [35] ~The EKF iteratively updates
a full state consisting of the current pose, and position estimates of all features ob-
served; all past poses are marginalized. This design favors computational speed over
localization precision. The iterated Extended Kalman Filter (iEKF), a variant of EKF,
takes multiple Gauss-Newton steps before each marginalization step, to tune the lin-
earization point about which marginalization occurs. This improves mapping and
localization accuracy but increases computation time.

e Multi-State Constrained Kalman Filter [24] [18] [19]-The MSCKF iteratively
updates a full state consisting of the current IMU state and n past poses, with n <
Nmax, a specified upper bound (features are stored separately). Here, the choice of Npax
most directly characterizes the tradeoff between accuracy and computational speed.

e Sliding Window Smoother, Fixed-Lag Smoother [22] [30] |[10]-The fixed-lag
smoother resembles the MSCKF, but performs multiple steps of Gauss-Newton descent
before the marginalization step, to tune the linearization point. This improves mapping
and localization accuracies of the MSCKF at the cost of increasing computation time.
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e Open Keyframe Visual-Inertial SLAM (OKVis) [17] [23] [25] -OKVis updates
a sliding window of “keyframe” poses, that are deemed the most informative and
may be arbitrarily spaced in time. Keyframe poses leaving the sliding window are
marginalized, while non-keyframe poses are dropped. This design choice improves
estimation accuracy by maximizing information encoded by the stored poses, without
increasing computation time.

e Graph SLAM and Bundle Adjustment [34] [13] [14] ~These algorithms solve the
full SLAM problem, with no marginalization. Their state estimation can be more
accurate than the above algorithms, but their computational times are often longer by
one to two orders of magnitude.

4.4 A Generalized Sliding Window SLAM Algorithm

The main application of marginalization to SLAM is illustrated by the classical sliding win-
dow filter [30]. As stated earlier, the SLAM cost function grows unbounded with time as
additional measurements are recorded. To enable real-time operation of optimization-based
SLAM, a sliding-window filter is proposed, which only maintains the most recent k camera
poses and landmarks visible from those poses in the cost function. This is done by marginal-
izing away the oldest pose as soon as the number of poses in the optimization problem
exceeds k. Moreover, any landmarks that are no longer visible from any of the most recent
k poses are discarded.

In this section, we use our optimization-based framework to generalize the algorithms
listed in into a unified framework. Presented in Algorithm [5| this generalized sliding-
window SLAM algorithm allows the human operator to flexibly tune critical design choices,
e.g., if and when poses and features are incorporated into and marginalized (or discarded)
from the algorithm, and how many steps of iterative optimization are performed on the
resulting running cost. These choices allow explicit fine-tuning of the tradeoff between com-
putational efficiency, localization accuracy, and map construction precision.

We can summarize the algorithm as follows. We start off with a prior (ug, Xo) over the
initial robot pose zy. The cost function at time 0 includes only the variable T = (zy), and
is co(T) = [|zo — ,u0||§al. The best estimate T}, is simply the prior pose 9. Then at the n-th

timestep, the following processing steps are performed.
1. Cost function: The current cost has the form
n—1
@) = 17— palis + S et — 9@l + 3 g — b, f)l2n
t=n—k+1 t,jE€ESn

where S, is a set of index pairs such that (¢,7) € S, if and only if a measurement of
landmark j from robot pose x; is available at timestep n.
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Algorithm 5: Generalized Sliding Window Filter, as an iterative optimization prob-
lem .

Data: Prior on zpvuo € Xp: N (po, Xo), noise covariances 3, X, dynamics gnu,
measurement map h, time horizon T, pose transformation ¢» (IMU — global).

Result: Estimates 2;, Vt € {1,--- T} .

costy < ||zo B ||, € R. (Initialize objective function).

x} < o € X,. (Initialize linearization point).

SZ7 Sz’ SZ,17 Sz,? <~ ¢

(n,p) < (0,0)

fort=0,---,7T do

ZTpy1 € & < New pose recorded in new image

costy < costy + € |z B (@, M]3 € R.

fi¢, B¢, costy < Gauss-Newton step(s) on costy, about (i, ¥(pe, zity)) (Alg. ,
with € = 0

9 (2t1,-+* , 2tptp) < Measurements of existing features.

10 | costy < costy + ST |1z — Az, fo)2o0 € R.
11 | i, Yy, costy < Gauss-Newton step(s) on costy, about py, 1 iteration (Alg. )

@ N O Ok W N -

12 Sy < {z;|x; is a pose to marginalize}
13 T, $y, cost, < Marginalization step on cost,, about s, (Alg. .
14 S. < {(4, f;)|Feature measurements to marginalize }

15 Sy {fj’Elasi € T1y st (24, fj) € SZ}

16 | costy <= costy + 30, es. 12 B (@i i)l € R

17 | &, 3, cost; < Gauss-Newton step(s) on cost; (Alg.
18 Ty [ € Xivu X (Xp)n X (Rdf)p.

19 Reindex poses and features, in ascending order .

20 | (p,n) < (p—1S¢l,n—|5:])

21 if t <T then

22 costy < costy + ||z 1. mmu B QIMU(%,IMU)HQE;1 eR.

23 Mhi1, 211, costy <— Marginalization step on cost,;, about (Mt,IMU, gIMU(Mt,IMU))
(Alg.

24 end

25 end

26 return f(), - Zr € Xyu X (Xp)n X (Rdf)p
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2. State augmentation: Add the latest pose z,.1 to the optimization problem using
the odometry measurement made at time n.

cn(T) < cn(T) + || Tny1 — g(xn)”;;l

If the best available estimate of the existing optimization variables is

Ty, = (x5, 25, fi5 -+, fr), then initialize variable ,, 11 with the guess z,,, = g(},).

3. Feature augmentation: Add new landmark measurements from the current pose
Tpi1. Let {j1, -+, Jm} be the indices of landmarks (old and new) measured from the
current pose.

() @+ D Mznsrs — h(@ng, fi)ll3

=71, ,Jm

In addition, update S, <= S, U{(n+ 1, jx)}. Additionally, initialize all newly detected
landmarks with initial guesses by adding them to the vector 7.

4. Cost propagation: if n > k, some poses must be removed. Let S; be the set of
landmark indices that are not visible from poses (z,, k12, , Tns1). Apply marginal-
ization to remove the variables Tp; = Sy U {x,_r+1}. Update s, < S, \ {(¢,7) : j €
Spt=0,-- n+1}.

5. Measurement Update: Update the best estimate of all variables currently in the
optimization problem by taking Gauss-Newton steps until convergence. Reset ¢, 11 <
Cny Ty 4= Ty, Spy1 < Sp, and proceed to the next timestep.

In other words, the sliding window filter marginalizes away the oldest pose whenever the
number of poses in the optimization problem exceeds k, marginalizes features as soon as they
are no longer visible from the last k poses, appends feature measurement cost terms from the
current timestep, and takes Gauss-Newton steps until convergence to update estimates of all
variables. Under the assumption that landmarks are more-or-less evenly distributed in the
scene, this marginalization policy ensures that the number of variables in the optimization
problem remains constant, thus ensuring constant runtime per timestep. The time to process
each frame can be tuned simply by changing the window size. The smaller k is, the less time
it will take to process each frame. Note that most of the runtime is spent in taking Gauss-
Newton steps.

The sliding window filter is a SLAM algorithm paradigm that explicitly depends on
nonlinear optimization. Sliding window filters are used as the backbone of many state of the
art SLAM systems such as |17, 25 28]. Such approaches have received renewed prominence
in online optimization recently, due to the rapid increase in the accessibility of computational
resources.
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Chapter 5

Implementation and Experimental
Results

This chapter presents the empirical performance of our optimization-based SLAM framework
on the quality of pose tracking in real-world data. We designed a general SLAM back-end
that modularly implements utilities to keep track of the current cost function, performs
Gauss-Newton descent, and marginalizes out variables. We then analyze and implement
each state-of-the-art algorithm as a particular choice of marginalization scheme in this general
back-end algorithm. Next, we implemented a sliding window filter, to examine the effect of
window size on state estimation accuracy, and contrast its performance to that of the our
optimization-based reformulation of the MSCKF.

5.1 Simulation Settings

Dataset

All experiments are performed on the EuRoC MAV dataset [2], a popular public SLAM
dataset of stereo image sequences and inertial measurement unit (IMU) measurements. The
stereo images and IMU measurements arrive at rates of 20Hz and 200Hz, respectively. The
sensor suite is mounted on board a micro aerial vehicle. Ground-truth poses, recorded using
a Vicon moion capture system and IMU biases, are also available for each sequence. Our
experiments are carried out on the Vicon Room 2 01 and 02 sequences, which contain about
2300 stereo images each and span about 2 minutes of real-time operation. The first of these
sequences is easier to analyze via our SLAM algorithms, as it corresponds to simple and slow
evolution of the camera, while the latter contains some jerky and quick motions that prove
challenging to some algorithms.
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Front-end and Back-end

Since the focus of this work is the SLAM back-end, we standardize the front-end across all
experiments, altering only the back-end used to process the abstracted data produced by
the front-end. We use keypoint features as environment landmarks, as is standard in visual
SLAM. First, BRISK features are extracted from both images of the input stereo pair.
Then, feature matching is carried out between the left and right image frames. We then
carry out brute force matching using Hamming distance on the binary BRISK descriptors,
and filter outliers via an epipolar constraint check, using the known relative pose between
the two cameras in the stereo set-up. Only keypoints for which a stereo match was found
are kept. Next, a four-way consistence check is carried out. i.e. a match between two
stereo frames S7, S5 is accepted if and only if both observations of a given feature in S; are
matched to the respective observations of the same feature in S5. Finally, outlier matches are
rejected by projecting the best estimate of the matched feature onto the best estimate of the
current camera pose, and rejecting matches that have a high reprojection error. Any stereo
matches in the current frame that were not matched with a previously seen is recorded as a
newly detected landmark, and initialized using stereo triangulation from the best estimate of
the current camera pose. The front-end maintains data structures allowing two-way access
between features and camera poses: for each feature index, it is possible to look up all camera
poses from which that feature is visible, and likewise for each camera pose it is possible to
query which features are visible in that frame.

For book-keeping the cost function in the back-end, computing Jacobians, and imple-
menting Gauss-Newton optimization, we use GTSAM in C++ [8, 9].

Dynamics and Image Measurement Models

We use an on-board IMU to collect odometry measurements, i.e., body-frame angular ve-
locity and linear acceleration, and apply the IMU pre-integration scheme detailed in [11],
as summarized below. The objective of IMU preintegration is to establish a discrete-time
dynamics map z;.; = g(z;) that allows us to predict the pose of the robot at time x;,1 given
the pose at time ¢t and the IMU measurement at time ¢. Here, each timestep corresponds
to a new image measurement. Since IMU measurements arrive at a faster rate than image
measurements, to compute this map, we must stack several IMU measurements into a rel-
ative state measurement, which can then be concatenated with the state at time x; to get
the predicted state at time ;4.

The robot state x; consists of the orientation, position, and velocity of the body frame
relative to the world frame, and the IMU biases, so that z; = (Ry, py, vy, b;), where (R, p;) €
SE(3), v; € R® and b, = (b],b7) € R? x R3 ~ R® are the IMU biases in the gyroscope and
accelerometer respectively. The IMU biases are slowly varying and generally unknown, so
they are included in the robot state and are also jointly estimated.

The IMU measures angular velocity and accelerations. The measurements are denoted
pa and gy . Here, B refers to the robot’s body frame and W the world frame. The prefix



CHAPTER 5. IMPLEMENTATION AND EXPERIMENTAL RESULTS 33

B means that the quantity is expressed in the B frame, and the suffix W B denotes that
the quantity represents the motion of the B frame relative to W. So the pose of the robot
is (Rwp,wp) € SE(3). The measurements are affected by additive white noise 1 and the
slowly varying IMU biases:

BCI)WB(t) = BQJWB(t) —+ bg(t) -+ ﬁg(t)
Ba(t) = Ryyp(t)(walt) — wg) +b7(t) + 7 (t)

where wwwp is the true angular velocity, ywa the true acceleration, and g the gravity
acceleration vector in the world frame. Assume that between timestep ¢ and t + 1, we
received m IMU measurements, at constant time increments At. [11] provides expressions
for (w441 B g(xy)) directly in terms of the IMU measurements. Additionally, expressions for
noise propagation are also provided, which allows us to compute the covariance X, over the
error (4411 Hg(x;)) in terms of the measurement noise 7, which is what we need to compute
the required cost function ||z, B g(x,g)||22,1 and Jacobians.

Given a camera pose x; = (R, p;) and a 3D feature location fi = (fF, f], f7), the camera
measurement model h(xy, f;) predicts the projected pixel location of the point in both stereo
images. We assume the stereo camera pair is calibrated and rectified, so that both cameras
have the same pinhole camera matrix K, and the epilines are horizontal. As such, the two
measurements of a point in the two cameras will share the same v-coordinate in (u,v) image
space. Therefore, an image measurement will be stored as a 3-vector (up,ug,v), where the
coordinates of the measurement in the left and right image are (ur, v) and (ug, v) respectively.
The measurement map h predicts the image location (ur,ug,v) by projecting the point f;
onto both image frames (with the standard pinhole projection), using the known poses of
the two cameras in the robot’s body-frame. Due to noise, the actual measurement will
not have the exact same v coordinate, so the image measurement is collected by averaging
the two v-coordinates of the two keypoints. This measurement z;; is then compared to
the predicted coordinates by a Mahalanobis distance in R?® space to get the cost function
12t — h(x, fj)||%-1. The covariance %, is the expected noise in image space, which is a
design parameterfv In our experiments we choose ¥, = ol3 where I3 is the 3 x 3 identity
matrix and ¢ = 0.05 pixels, which was found to work well in practice.

5.2 Results and Discussion

The localization results for a sliding window filter with filter sizes 5, 10, 30, and 50 on the
Vicon room 2 01 dataset (easy) are shown in Figure along with an MSCKF with window
size 10. Recall that the images arrive at 20Hz, so a window size of 20 corresponds to 1 second
of real-time. Simulation results indicate that most algorithms do well on this sequence. More
surprising is the fact that the MSCKF', despite its lack of multiple nonlinear Gauss-Newton
updates at each iteration, performs approximately as well the large sliding window filters
which are much more computationally intensive. The results for the Vicon room 2 02 dataset
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—— groundtruth (x)
room1_swf_w50 (x)
—— room1_swf w30 (x)
—— room1_swf w10 (x)
—— room1_swf w5 (x)
—— room1_msckf w10 (x)

—— groundtruth (y)
room1_swf_w50 (y)
—— room1_swf w30 (y)
—— room1_swf_w10 (y)
- —— room1_swf w5 (y)
—— room1_msckf w10 (y)

—— groundtruth (z)
room1_swf_w50 (z)
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—— room1_swf w5 (z)

\, —— room1_msckf w10 (z)
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Figure 5.1: Localization results for various sliding window filters and the MSCKF on the
Vicon room 2 01 (easy) dataset.

(medium) are shown in figure ((5.2]). Note that on this dataset, sliding window filters of size
smaller than 30 fail completely, since there are parts of the sequence where the front-end
loses tracking; as a result, filters are unable to recover previously collected data. Results for
the sliding window filter (window size 30) and the MSCKF (window size 10) indicate that
the MSCKF outperforms the larger sliding window filter on this more challenging dataset.

A few observations can be made immediately. First, on the easy dataset, there is not
much improvement in the performance of the sliding window filter when the window size
is increased past 10. This indicates a critical limit past which point features and poses
are maximally “matured,” and can be safely marginalized away. However, on the harder
dataset, a small window size can be fatal, where losing tracking for any significant chunk of
the duration of the window size can prove fatal for the algorithm’s performance.

Second, despite the fact that the MSCKF does not perform any costly multiple nonlinear
Gauss-Newton updates, its performance is comparable to even sliding window filters with a
much larger window size. On the harder dataset, the MSCKF is able to recover from lost
tracking whereas sliding window filters of comparable sizes are not. This can be attributed to
a few factors. First of all, the MSCKF employs a marginalization scheme wherein poses that
are evenly spaced in the optimization window are dropped. As such, at any point in time,



CHAPTER 5. IMPLEMENTATION AND EXPERIMENTAL RESULTS 35

—— groundtruth (x)

/ / room2_med_msckf_w10 (x)
O | / —— room2_med_swf_w30 (x)
W

0 20 40 60 80 100 120

—— groundtruth (y)
room2_med_msckf w10 (y)
—— room2_med_swf_w30 (y)

y (m)

0 20 40 60 80 100 120

351 — groundtruth (2
: room2_med_msckf w10 (z)
3.0 1 —— room2_med_swf_w30 ()

z(m)
T
S h o5 oo

- z\

c

¢

5

N/
3
£
AN
N
/)
g\\

60 80 100 120
time (s)

Figure 5.2: Localization results for various sliding window filters and the MSCKF on the
Vicon room 2 02 (medium) dataset.

the optimization window contains poses from arbitrarily far in the past, with the density
of included poses being highest near the current time. This is significant, since older poses
generally represent higher baselines with respect to more recent poses, and hence features
common to more recent poses and these older poses contain better localization information
. This also allows the MSCKEF to recover from losing track, since the older poses in
the optimization window can give it the localization information it needs. Further, features
are only included into the optimization window once they have “matured” i.e. they have
been viewed from multiple camera poses and are no longer in view. This also allows us to
maximally utilize their localization information with fewer updates.

In summary, the MSCKF can be seen as a sliding window filter with a special marginal-
ization scheme where localization “updates” are carried out by introducing and then immedi-
ately marginalizing away features. This way, we only use first-order localization information
from the features to perform updates. When running the MSCKF, dropping evenly spaced
poses from the optimization window and only incorporating matured features makes up for
the absence of costly nonlinear updates through multiple iterations of Gauss-Newton. More-
over, by only incorporating matured features, we ensure that the feature is always initialized
through multiple-view triangulation instead of just stereo triangulation; this minimizes the
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linearization error when the feature is marginalized away. All of this means that through the
choice of a clever marginalization scheme, the MSCKF is able to compete with large slid-
ing window filters, despite the fact that the latter employ multiple nonlinear Gauss-Newton
updates for each feature before marginalization.
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Chapter 6

Conclusion and Future Work

In this thesis, we presented a nonlinear optimization-based framework for analyzing and
implementing SLAM algorithms. Using this framework, we demonstrated the equivalence
between popular filtering based techniques, such as EKF-SLAM or MSCKF, and nonlin-
ear optimization-based formulations, such as OK-Vis. In particular, we recast the MSCKF
algorithm as an iterative optimization solver is presented, and contrasted the empirical per-
formance of this reformulated MSCKEF' algorithm against explicitly optimization-based slid-
ing window filters on a benchmark SLAM dataset in simulation. The results indicate that
MSCKF with a design choice of smaller optimization windows is able to outperform a sliding
window filter with large window size, despite the fact that the MSCKF does not perform
multiple nonlinear feature measurement updates through Gauss-Newton steps. Further, we
verified that the MSCKF recovers more efficiently from lost tracking, compared to the slid-
ing window filter. By interpreting the MSCKF' as iterative optimization with a specific
marginalization scheme, the characteristics of this marginalization scheme are used to ex-
plain the observed performance characteristics. We believe that the presented approach and
analysis serves as a basis for visual odometry algorithm design, specifically for filter design.
Indeed, by simply tweaking marginalization policies, we can see that new performance char-
acteristics can be extracted from the same implementation, as we see from the comparison
between implementations of the sliding window filter and the MSCKF' that are identical up
to the marginalization scheme.

An immediate and natural direction for future work is to validate the generalized algo-
rithm proposed in this work in real-life scenarios, by validating its performance on hardware
experiments. Future work will also study the dynamic SLAM problem using the general-
ized optimization-based framework proposed in this thesis. In the dynamic SLAM problem,
landmarks (and thus their associated features), are assumed to be mobile [15] [3]. Thus,
rather than performing tracking estimation while simultaneously mapping a static environ-
ment, a dynamic SLAM algorithm must perform tracking while simultaneously updating a
potentially highly dynamic environment. This problem is of growing interest in the SLAM
community, due to the natural occurrence of moving features in practical multi-agent ap-
plications, such as real-life traffic scenarios, and due to the difficulty of solving SLAM in
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rapidly evolving surroundings [4] [12] [16]. We anticipate that the generalized SLAM algo-
rithm introduced in this thesis will be useful in tackling the dynamic SLAM problem, due
to the great flexibility offered by the user-selected design choices in its optimization-based
framework.
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Chapter 7

Appendix

7.1 Appendix for Chapter

Jacobians Under Box Operators

In subsequent proofs, we require the following results regarding the behavior of Jacobian
matrices under the H and B operators. In particular, we will focus on the case where the
box operator acts on elements of SO(3), since SO(3) is the non-Euclidean-space Lie group
that appears most often in this paper.

Definition 7.1.1 (Jacobian on SO(3)). We say that f : SO(3) — SO(3) is differentiable
at R € SO(3), with Jacobian denoted by:

i R3X3

55/ () € R,

if the following equality holds:

|| f(RBO)B f(R) — o), _

lim

500 11002

Theorem 7.1.2. Suppose f : SO(3) — SO(3) is differentiable. Then, for any fived y €
SO(3):

S WBIR) = -2+ 0B S(R).

Proof. Using the definition of the B operator for SO(3), we have, for any 66 € R3:

yBf(REY) =y B (f(R) i %59) + o(56)
=y B ( F(R)Exp (%59)) + o(66)
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= Log (Exp (—%59) f(R)Ty> + 0(66)

= Log (Exp (—%59) Exp(y B f(R))) + 0(66)

=yBfR)+J,  (yBf(R)) - <—%60) + 0(00).

Here, we have defined J, ' : R3\{0} — SO(3) by:
_ 1 1 1+ cos [|0]]
JNO) =T — 0" + ( - _ (6™)?,
‘ 2 101> 20| - sin [|6]
in accordance with [32]. Here, A : R® — R3*3 denotes the wedge operator. Thus, we have:

S WEAR) = I (B F(R) -

The theorem statement now follows. O

Theorem 7.1.3. Suppose f : SO(3) — SO(3) is differentiable. Then for any fixed y €
SO(3):

(B =% v ogmay.
Proof. Using the definition of the B operator for SO(3), we have, for any 60 € R3:
F(RB6O)By = (f(R) i g—£59> By + o(30)
- ( F(R) Exp (%59)) By + o(56)
= Log (;ﬂ f(R)Exp (g—*gae)) + 0(66)
~ Log (Exp( F(R) B y)Exp (g—gae)) + o(60)

0
~ JRBy+ 5 (R By) - (5500) +olo0),
which implies:
9 ) of
%(f(R) E?/) =J; 1<f(R) Ey) 90
Here, we have defined J 1 : R3\{0} — SO(3) by:
N 1 1 1+ cos ||0]] >
Jr10:1+—9A+( - . oM,
=145 o~ 2pey-sim oy )

in accordance with [32]. The theorem statement now follows. O
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In subsequent discussions, when we consider dynamics and measurement models of the
form y = f(R) B n, where n € R? denotes small-magnitude, zero-sum noise, terms of order
O(y B8 f(R)) and O(f(R) By) are often ignored.

7.2 Appendix for Chapter
Proof of Theorem (Gauss-Newton Steps)

Here, we present the proof of Theorem [3.2.1] reproduced below.

Theorem 7.2.1. (Gauss-Newton Step) Let T, € R? denote a given linearization point,
and suppose J := g—% € R4 has full column rank. Then applying a Gauss-Newton step to
the cost c(T7), about T;* € RY yields the new cost:

(@) = 17 — pulfis + o — 7).
where 1, € R and 3, € R™? are given by:
S (JTI)
py T — (JT )T C(T).
Proof. We have:
o(7) = C(m) " O(77)
— [C@) + J(@ — 7)) [C@) + J (@ — 7] + o(T — T¥)
= (Tt — ) ' 571 (@ — o) + co(@) + o(Te — T,

where ¢(77*) € R denotes a scalar-valued function of Z;* that is independent of the variable
7;. This concludes the proof. O]

Proof of Theorem (Maringalization Steps)

Theorem 7.2.2 (Marginalization Step). Let 7;* € R denote a given linearization point,

and suppose J = g—% € R4 has full column rank. Define Jx := agtCK € Ricxdx gnd Jy, =
ac :

o= € Rdexdur - [f Co(Tyar, Trx) were a linear function of Ty = (Tyar, Tix ), then applying

a Marginalization step to the cost c(Ty), about the linearization point Tt* = (¥} rc, T} ) € R?
yields:

min CQ($t7K7 =Tt,M) = ||xt,K - Ht,KHé—l ’
Te, M LK

where 3y x € REXUK and p, i € R are given by:
Sk = (S [T = I (Tipdan) " I i) ™
pe i =05 e = e [T — Tne( Ty Iar) ™I C (7).



CHAPTER 7. APPENDIX 45

Proof. 1t suffices to show that:

min o3 (T k. Trar) = (Tor — pr) Y (Tx — k) + (7).
t,M

To do so, we first note that since Cy(7y) is linear in 7y

e (T7) = |Co(@) |5 = [ Ca(xf) + J2AT|3
= [|Co(x}) + Ik ATy i + ATz |f3-

By the method of least-squares, the optimal A%, ;7 is given by the normal equation:
Axt,M = —(J]—\;JM)iljj—\E[ (Cg(ﬁ) + JKAxtyK)
Substituting back into our expression for ¢(7;), we have:

min.ex(T) = | (1~ Jar (T3 Jar) " I37) (Co(F) + T AT ) |

Tt,M

= (Ca(a7) + JKAW)T [ = T (Japdan) " ) (Co(f) + Tk AT k)

=(@0x — i) " T[T = (T Tan) ™ ] T (@ — 77 )

::;?}1
+ 2Tk — 4y ) T [1 = T (T Jan) " Ty Cala)
+ Co(af) " [ — T (JagJar) Ty | o)
= (Tox —i g + ST [T — (T3 Tar) I Co(@f) ]) S5

S/

-~

=THK
(Tex =i g + ST [ = T (i Ta) " T3] Ca(aF))
=
+ Co(x) (I = T (Jipdae) " )

+ c(x7)
=(Tix — pbx) Sx (Tor — px) + ¢ ().

with Yx and ug as defined in the theorem statement, and ¢/(z} € R as a term independent
of 7.

O

7.3 Appendix for Chapter

Continuous to Discrete Time Formulation

The robotic systems analyzed by most mainstream SLAM algorithms are described using
continuous-time dynamics models. The implementation of these algorithms thus involves
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discrete-time propagation. We sketch this process below, in a manner which is both mathe-
matically aligned with the existing literature and convenient for illustrating our optimization
algorithm, which operates using a discrete-time dynamics model.

To begin, let H and H,, denote the space of quaternions and the space of unit quaternions,
respectively. Recall that the time derivative of a smooth curve on H,, e.g., ¢ € H,, can be
expressed as an element of H; in particular, there exists some w € R? such that:

§=q* m € H. (7.1)

Let X be the d,-dimensional Lie group inhabited by the robot state x € X, given by
the finite Cartesian product of Euclidean spaces and unit quaternions. In other words, X
can be written as X = A&} X --- Xy,, where X} is either H, or an Fuclidean space, for
each k € {1,--- ,N}. Inspired by (7.1), we define X’ := X x --- X}, where, for each
ke{l,---,N}, we have ] = H if X}, = H,,, and X} = &}, otherwise.

The fundamental question underlying the time discretization process is as follows. Sup-
pose the continuous-time dynamics model for the robot state is given by:

i(s) = g (2(s), we(s)), Vs e R, (7.2)

with g : & x R% — X’ smooth, and with w.(s) € R% as zero-mean white noise with
autocorrelation E[w,(s)w.(s")] = K -6(s — s) for each s € R, where K € R4 K = 0, and
d(+) denotes the Dirac delta function. Suppose w.(s) and deviations in z(s) are treated as
first-order perturbations. Can we straightforwardly construct an approximate discrete-time
additive noise model, of the form:

Te1 = g(xe) Buw(t), (7.3)

where x;, := x(ty) € X, g : X — X smooth, and z,,; := x(t;) € X and w(t) € R%, whose
evolution agrees with that of up to first-order perturbations?

We answer the above question in the affirmative, by detailing below the time discretiza-
tion process used throughout the remainder of this section. With a slight abuse of notation,
we write the discrete-time states as x; 1= z(ty) € X and x41 := x(t;) € X for some ty,t; € R,
with ty < t;. The main idea is to first perform non-linear integration on a set of nominal
dynamics, which ignores error in the initial state and the dynamics noise. We then correct
for these perturbations by assuming that they evolve as a linear dynamical system.

e Nominal state dynamics:
We define the nominal state dynamics as:
Z(s) = gu(2(s),0) Vs eR.

This is the set of dynamics that would be obeyed in the absence of the white noise w,(s).
If the solution Z(s) uniquely exists, we can construct a smooth function g : X — X
that maps Z(to) to z(¢;), i.e.:

2(t) = g(2(to)), (7.4)
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which describes the discrete-time propagation of the nominal state z(t).

e Error state dynamics:

To characterize the drift of the true state x(s) away from the nominal state z(s), we
define the error state dz(s) := z(s) B §2(s) € R%, and characterize the corresponding
error-state dynamics as:

0a(s) = geu(2(s), we(s)) B ger(92(5), 0)

= g—i(i(S),O) ~ox(s) + 8856 (2(5),0) - we(s) + 0(6z(s) - we(s)),

By approximating the dynamics of the error state dz(s) € R% as a linear, time-varying
system, we can write, for each s € (g, t1):

dx(s) = ®(s,t0)0x(to) + /S O(s,7) - of (2(7),0) - we(7)dr, (7.5)

to 0w,

where ®(s,ty) € R%*% is the state transition matrix satisfying:

d of

T (s, ) = S ((s),0) - B(s, o).

e True State dynamics—Discrete-time propagation of mean and covariance:

From the discrete-time propagation of the nominal and error dynamics, i.e., (7.4)
and ([7.5)), we have:

2(t) = &(t) B oz (ty)

= g(z(ty)) B (@(tl,to )ox(to) —|—/ O(ty,7) 8w ( (1),0) - we(T) d’i‘)

(

g

(Zi‘( )) Eﬂq)(tl,to (SZL‘ to EE ( tl,

+ o(dz(to), we(-)),

where we have used the fact that the B operator, which operates through:

(#(7).0) - w.lr)r)

Ow,

Exp(06 + 0¢) = Exp(d6) - Exp(d¢) + 0(66 - §¢)

for any x € H and 66, 6¢ € R3.
Finally, by identifying:

Tpy1 < I’(tl) € X,
g(l‘t) < i‘(tl) H @(tl,to)(sx(to) € X,
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t1 af
b .
Wy <— \/t\o (t17 7—) 8(&)6

we obtain our discrete-time dynamics model:

(2(7),0) - wo(r) dr € R%,

Tip1 = g(zy) Bwy.

Notice that w; € R%*% ig a zero-mean random variable, with covariance ¥,, € R%*d=

given by:
| [ [ 200 gL 6.0 eyt

(3850(( >0>) O(ty, 7’ deT]

:/t0t1q>(t1,7)§f (2(7),0) - K - (a% >T<I>(t1, )" dr

C

Yw = wtwt =

where we have used the fact that E[w.(7)w.(7')"] = K - §(7 — 7’), with §(-) denoting
the Dirac delta function.

EKF, Setup

The Extended Kalman Filter (EKF), whose standard formulation is presented in Algorithm
@, is an iterative algorithm for updating estimates of the current pose z; (i.e. n = 1) and
positions of all observed features at the current time, f; := (fi1,---, fip) € RPY. This
corresponds to the sliding window filter in our formulation, with n = 1 and ¢ = p. Below,
as an application of our optimization-based SLAM framework, we present the dynamics and
measurement maps of the EKF algorithm in R?, as well as the associated cost functions.
Dimension-wise, in its standard formulation, the 2D EKF is an instantiation of Algorithm
|§| with d, = 3, dy = 2, and d, = 2. To unify our notation, we will suppose that d,,dy,d.
assume these values throughout the rest of this section.

Let z; := (z},22,60;) € R% denote the robot pose, comprising its position and angle in
R, let f, ) := (fqu, ftk) € R% denote the position of each feature fy € {f1, -, f,} visible
at time ¢, and let z; := (2}, 27;) € R% denote the measurement of feature f; at time ¢.

The dynamics map g : R% — R with @, = g(x;) is obtained by performing numerical
integration on the continuous-time dynamics:

iy = veosf + w;,
i = vsinf + w?,

) 3
Qt:w—}—wt,
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where w; == (w},w?, w}) € R% denotes additive zero-mean Gaussian noise on the (x,y,0)

coordinates of the state variable, respectively, with joint covariance w; ~ N (0, %,,) for some
covariance matrix 3, € R%*4 %, 0. For more details regarding the numerical integration
process, see Section in the Appendix.

The measurement map h : R% x R% — R% is given by:

1 q1 1 1
Rtk = ft,k: —xy + g,
2 2 2 .2
Rtk — ft,k —xp + vy,
where v; := (v}, v?) € R% denotes additive zero-mean Gaussian noise on the measurements
2} i 22 ; € R, respectively, with joint covariance v; ~ N(0,%,) for some covariance matrix
Y, € Ré=xd= 33 "« (). The measurement vector z; € RPY is then given by concatenatin
Y
each of the ¢ residual measurements obtained at time ¢, i.e. z; := (201, , 2p) € RP%.

Algorithm 6: Extended Kalman Filter SLAM, Standard Formulation.
Data: Prior distribution on zy € R%: N/ (o, Xo), dynamics and measurement noise
covariances Y, € R%*d= ¥ € R4-*%  (discrete-time) dynamics map
g : R% — R% measurement map h : R% x RP% — R%_ time horizon T' € N.
Result: Estimates Z; for all desired timesteps t < T..

fort=0,---,7T do

=

2 if detect new feature measurements z; , 1.1y = (Zept1, 5 Zepirp) € R'd=
then
3 ‘ e, g, p < Alg. , EKF feature augmentation (i, 3¢, p, 2t pr1p+p5 1(+))
4 end
5 Zetp = (201, 2tp) € RPd= « New measurements of existing features.
6 7z, 2, + Alg. |8 EKF feature update (m, 4, 2t 1) h())
if t <T then
‘ Ity Dpr1 < Alg. @ EKF state propagation (,ut, Et,g(-))
9 end
10 end
11 return Zg, - - &p € R%.

Proofs from Section 4.1]

Theorem 7.3.1. The feature augmentation step of the standard EKF SLAM algorithm (Alg.
@ is equivalent to applying a Gauss-Newton step to cpxrs1 : R — R, given by:

p+p’

cerFi (T, frprt, s fopp) = | — Nt“;;l + Z [2t0 — Az, ftv’f)Hzi;l'
k=p+1
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Algorithm 7: Extended Kalman Filter, Feature Augmentation Sub-block.

Data: Current EKF state &; € R%*P% with mean u; € R%*P% and covariance
¥, € Rlatrdp)x(detpds)  cyrrent number of features p, observations of new
features at current pose 2y pi1.p4p = (Zept1, - 5 Zepip) € Rp/dZ,
measurement map h : R% x R% — R% inverse measurement map
0:R% x R% — RY.

Result: Updated number of features p, updated EKF state mean j; € Ré%+pds

covariance 3, € R(+pdp)x(detrds) (with p already updated)

(:ut,;w Mt,f,l:p) e € RdZerdf’ with ot € Rdz7 Mt f1:p € def-

(:R% x R%* — R% < Inverse measurement map, satisfying z, = h(z, (x4, 21))

=

2
for each x; € R, 2, € RE Vk=p+1,--- ,p+7.
8 Ui, Zepe1, o Zpap) 4 (Cpts 2t pi1)s -+ s (P, Zepiy)) € RP DX (datpld)
4 [y < (:uh g(:ut,l‘? Btp+ly ztap-i-p')) € Rd$+(p+p s
Zt,m Et,xf — Y, € R(dz+pdf)><(dz+pdf)7 with 3, .. € Rdedz’
o Ltff ’
Siaf = 5/, € REXPY T, pp € RPP
ol 'd s X dy
6 Lo Gl SRV
e 'dxp'd,
7 L, 5. (es2]) € Rpasxp
8 2, + diag{%,,--- ,%,} € RFd=xr'd
Zt,ma} Et,:vf Et,ﬂ?l’L;Er
9 Xy | Yige X gt X foI € R+ p+p)ds)x(dzt(p+p")ds)
LxEt,xx LwEt,xf L$Et,szI + LzZvL;r
10 pp+p

11 return g, € Réetrds ¥, ¢ Rldetpdp)x(detpds) 4y > ()

Proof. To simplify the analysis below, we assume all degrees of freedom of new features
are observed. More specifically, we assume the existence of an inverse observation map
(: R%& x R% — R | satisfying h(xy, £(xy, 2;)) = 2, for each x, € R% 2, € R% which directly
generates position estimates of new features from their feature measurements and the current
pose, by effectively “inverting” the measurement map h : R% x R% — R% [33]. When full
observations are unattainable, the missing degrees of freedom are introduced as a prior to
the system [33]; in this case, similar results follow.
First, to simplify notation, define:

Ztpripty = (Zept1s s Zpip) € RV,
feprrpry = (frpr1s o fepip) € RV,
B<xta feptipip) = (h(xta fepr)s - b, ft,p+p’)) € Rp/dza
¥, = diag{>,,--- ,X,} € RP'd=xP'dz
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Algorithm 8: Extended Kalman Filter, Feature Update Sub-block.

Data: Current EKF state &; € R%*P% | with mean u; € R%*P% and covariance
¥, € Rldetpdp)x(detpds) new measurements of existing features
Ziap = (201, 2tp) € RPY measurement map h : R% x R% — R%
Result: Updated EKF state mean p; € R%*P4 and covariance
Y, € R{datpds)x(detpdy)

fuap 4 (fexs = fo) € RV

[y

2 h(ze, frp) < (W, foa), - D@, fiy)) € RPE
3 H, + 8(a:t8—£1;p) Jacobian of b : R% x Rrdr — RP% evaluated at p; € R%+Pds,

e

5, < diag{Z,, - ,5,} € Rpd=xpd=_

e < U + ZthT(HtZtH? + sz)—l (Zt,lzp _ h(ﬂt, ft,l:p)) € Re+pds
¥ 8 - S HE(HS HEY + X,) 7 H Y, € Retpds)x(datpds)
return 7z, € R% 74 5, ¢ Rldatpds)x(dotpdy)

b B =TS L BN

Algorithm 9: Extended Kalman Filter, State Propagation Sub-block.

Data: Current EKF state 7, € R%*P% with mean 7z; € R%*P% and covariance
¥, € RUatpdp)x(detrds) - (discrete-time) dynamics map g : R% — R
Result: Propagated EKF state mean p,1, € R%*P4s and covariance
Y1 € R (datpdy)x (detpdy)
(ﬁt,x?ﬁt,f_,l:p) <~ m7 with ﬁt,x S Rdw7 ﬁt,f,l:p S def‘
by b = = = =T

2 B;x itt;; ] — 2y € REXd with 35, ,, € R 5, p =5, 5, € RB7Pd7

I T I

itff € Rpdsxpdy

9g
Gt <— %‘

[y

w

P
Hey1 < (g(m)7ﬁt7f,l:p) € Rdr+pdf’
b} T+3 b}
Sy {Gt Ec:cGt T‘_i‘ w GL taf
Xt 12Gy Siss
return i, € R&rds ¥, | € R(datpds)x(dotpdy)

I

c R(dw +pdyf) X (det+pdy) .

9]

=]
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We can now rewrite the cost CEKF¢,1 as:
CEKF,t,l(‘%ta ft,p-i-l:p—l—p’) = [|7; — /Lt”;t—l + ||zt,p+1:p+p’ - B(xtv ft,p+1:p+p’)|l2§;1-

To apply a Gauss-Newton step, our first task is to find a vector C1(Zy, fipt1:p+p) Of an ap-

propriate dimension such that cgxpe1(Zt, fipripip) = Ch (ftl, fepsiprp) C1(Ze, frpriprp)-
A natural choice is furnished by Ci(Z¢, fipr1:p4p) € Ré=+rds+r'dz a5 defined below:

@ — )
Ci(Ze, frptiprr) = | oo co :
1( t ft,p+l.p+p> N 1/2 (Zt,p+1;p+p/ . h(ﬂft,ft,p+1;p+p/))

Thus, our parameters for the Gauss-Newton algorithm submodule are:

i: = (.CE:, f;:l:p? f;p—i—l:p-‘rp/)

= (:lTh E(I:’ Zt1p+1>’ e 76(‘%:7 Zt,P-i-P')) S Rdx+(p+p')df’
where 2} € R%, fr 1 e RV fr . € RP'4r
i, 2@ — )
Ci(z7) = ~ —1/2 .
L~V (Zt,p+1;p+p’ - h<xt ) ft,p+1:p+p’))
o 9,
5 PH, [T 0] -5,YPH,,

0

N |:0:| € Rdz_ﬂ?df_i_p/dza

dz~+pd 'd2)x (de d
€ R(etpds+v'dz)x(dat(p+p')dy)

where H, := [ﬁ[m I:It, f} € RP'd=x(d=+7'ds) ig defined as the Jacobian of i : R% x RP'dr — RP'd=
at (&}, fr ... /)€ Rd”p/df, with ]:Im € RP'd=xdz g f{t e RP'4=xpds By Algorithm 1, the

trJtp+lptp ; of y Alg
Gauss-Newton update is thus given by:

S (JT)7!
_ Il ~+ ~_ _ -1
s - {o ars,? ;12 0
- 172 4 S A D o) [ sy £
O —3, “Hy v T v f
(-1 (1] gTs-17 I mrs-1/25 B
_ B0 || HooXs  Hee [T O] | )| H X0 Hy g
I ﬁgfiglﬁt,x 1 O] ﬁgfiglﬁtf
_ S a1~ P -1
Qoo+ H, X Hew oy HLY, Hyg
=  Dipe Qpr O : (7.6)
Htszngt,x 0] HtTfZ;lHtf
M & — (J )T T CuE)
= (mv f(lﬁ Zt,p-i-l)v to ’g(‘rzv Zt,p-i-p’))‘
Here, we have defined € ,, € R%=>*% Q, = Qfo € R%&>rds and Q, ;; € RPAr=Pds by

|:Qt,:1:x Qt,xf:| - [Zt,xm Zt,acf:| - (7 7)
Qt,fm Qt,ff ‘ Et,fyc Et,ff .
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To conclude the proof, we must show that (7.6]) is identical to the update equations for
covariance matrix in the standard formulation of the Extended Kalman Filter algorithm,
i.e., we must show that:

Et,:px Et,xf Et,azxL;gr Qt,a:x + HthZU Ht,ﬂf Qt,xf Ht IZ’U lHt,f
2t,fm Z:t,ff 2t,me;gl— : 5 Qt,fx 5 Qt,ff 5 ~O 5
LmZt,m Lzzt@f LzZtmLI + LZE@LZ HtszlletJ O Htszgl Htf

equals the (d, + (p + p')ds) % (dy + (p + p')dy) identity matrix. This follows by applying
(7.7), as well as the matrix equalities resulting from taking the derivative of the equation
2z := h(x¢, ((z¢, 7)) with respect to 2, € R% and z, € R%, respectively:

[=H L.,
O — ]:It,x + Ht,fLar
O

Theorem 7.3.2. The feature update step of the standard EKF SLAM algorithm (Alg. @ 1
equivalent to applying a Gauss-Newton step on cpiry : R4 — R, given by:

p
cores(@) = [T — |5 + > Nzek = hlae, for)llgo1-
k=1
Proof. First, to simplify notation, define:
Zt1p = (Ztla"' th) edez
Jeip = (fi, -,ftp)ERdf
(l‘bftlp . ( xt,ftl Ty ($t7ft7p)> c dez’
Z =di ag{E,l” .. 7211} c deszdz.

We can then rewrite the cost as:
cerr1(Te) = ||} — Mt||§;1 + Iz — H(ED) 131

To apply a Gauss-Newton step, our first task is to find a vector Cy(Z;) of an appropriate
dimension such that cprrs1(7;) = Co(7;) " Ca(;). A natural choice is furnished by Cy(7;) €
R +Pds+pd: a5 defined below:

iy | B )
Calr) = [ivlm(zt,l:p - h(xt))] |

Thus, our parameters for the Gauss-Newton algorithm submodule are:

~k dy+pd
xt_MtERT pf?
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3 - ) { 0
Co(z) = | ~ t t = |~ _ e Rdz—i-pdf—‘,-de’
2(2) S o — 0(@)) | S0 — )
2—1/2
J=1 ') € R(atpdy+pd=)x(datpds)

where H, € RP% x R%tP%s is defined as the Jacobian of h : R% x RPY — RP4= at 77 € Ré=+7dr,
By Algorithm [T, the Gauss-Newton update is thus given by:

Y (JT)T!
= (3 + H S Hy) !
=%, - H (S + HEPHT) T H Y,
T iy — (JT )T T Co(a)
0
— g — (27 gTy 1 [ -1/2 T —1/2] - .
pe— (B0 Hy 2 ) (5 Hy Dy 1/2(zt,1:p — h(pt))
= e+ (57 + H S H) T H S (21 — b)),
=+ 3 H (S + H S H) T (Zt,lzp - h(ﬂt))7
which are identical to the feature update equations for the mean and covariance matrix in

the Extended Kalman Filter algorithm, i.e. and respectively. Note that, in the final
step, we have used a variant of the Woodbury Matrix Identity. ]

Theorem 7.3.3. The state propagation step of the standard EKF SLAM algorithm (Alg. @)
is equivalent to applying a Marginalization step to cpxrys : R*=Pl — R given by:

CEKF,t,5(ft, 1?t+1) = Hjt - EtH%;l + ||$t+1 - 9<It)||22;1'

Proof. Intuitively, the state propagation step marginalizes out 7, € R% and retain z,,, €
R% . In other words, in the notation of our Marginalization algorithm submodule, we have:

- dptpd
Ty = Teyq € RTPY

T = T € RBTPY

To apply a marginalization step, our first task is to find vectors Ck(rx) = Ck(Z:) and

Cu(zx, xar) = Cor(F4, 2441) of appropriate dimensions such that cprpy 5(Ts, i11) = Cr(@iy1) T Cr(2e41)+
Cr (T, 2e41) "Crr (T4, 7441). A natural choice is furnished by Cx (w,41) € R and Cyy (T4, 2411) €

R%  as defined below:

CK(SUtH) =0

ear(, we41) = |8 = alZo1 + e — gl |31
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where we have identified the following parameters, in the language of a Marginalization step

(Section [2.1)):
CK(it,K) =0eR
S, (@ - )

B € R¥d=tpdy
Ewl/Q ($t+1 - 9(%))

Cuv( Tk, Tom) = [

For convenience, we will define the pose and feature track components of the mean u, €
RY=HPd by 1y = (pep, pie.y) € R&=HPU ) with iy, € R% and p; ; € RP% | respectively. This
mirrors our definition of z;, € R% and f, 1., € RP% as the components of the full state Z; :=

(24, fr1p) € RE=FP4r In addition, we will define the components of 3, 12 ¢ Rido-tpdy)x(datpdy)
and ©;1 € R(+pdp)x(detpdp) fyy:

Qi Qigy t ’

|:At790x Atﬂ»‘f} — 2;1/2 c R(d1+pdf)><(dz+l7df)

where Zt,mxaAt,mx € Rdedz7 2t,a:faAt,:z:f € Rdzxpdf: Zt,fa:;At,f:v € defde7 and Et,ff;At,ff S
Rrisxpds - Using the above definitions, we can reorder the residuals in Cx € R and Cy, €
R2d=+rds - and thus redefine them by:

CK(it,K) =0eR
Ao (e — i) + N (frap — teg)
Ciut (Fr e, Frvr) = Su (@ — g(21) € R,
At,fac(xt - ,ut,m) + At,ff(fhl:p - /lLt,f)

Our state variables and cost functions for the Gauss-Newton algorithm submodule are:

T = T} = i € R4,

Tie = g(7;) = g(fm) € R,
Cr(Tik) =0 €R,
Ol i ) = || € R,
C 0 Ay
Jy = |52V 0 | e RCAtpdp)x(datpds)

Axx

Jg = —2;1/2Gt c R@dx—i-pdf)xdx’
Ayy
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where we have defined G; to be the Jacobian of g : R*™ — R% at 1;, € R% i.e.:

Gt = ag

' 81',5
Tt=Ht,x

Applying the Marginalization equations, we thus have:

prr = T — S g [T = Ta(Jagdan) ™ | O (T, @)
= g(Fu),

S (TR = Tl T T i) ™
— (JE T = T T (i Ian) " T k) 7

21—01 @) _Z;IGt 2 Ty—1,v -1
- < [ O AfovaLAch - [AfmAerAffAfz] (Afy + AapApe + G 2, GY)

-1
=GN Agalap + Mgy )

-1
¥l 0 -G _ _
(5 8] (57 0 rarmor pase n)

To show that this is indeed identical to the propagation equation for the covariance matrix
in the Extended Kalman Filter algorithm, i.e. Algorithm [6] Line [, we must show that:

-1
.l 0 -2 1G _ _
([5 &) -[ 50 onrersear pos o)

) {Gtiwa: £%, G f}
Y1 Gy D

This follows by brute-force expanding the above block matrix components, and applying
Woodbury’s Matrix Identity, along with the definitions of ¥; ;o, Ay g, Xt ar, Arars 2t fas Mt fas
Et,ffa and At’ff. ]

MSCKF, Setup

The Multi-State Constrained Kalman Filter (MSCKF') algorithm iteratively refines the mean
and covariance of a MSCKF full state, consisting of the most recent IMU state and a sliding
window of n poses. (Algorithm In particular, when a set of new IMU measurements is
obtained, the MSCKF full state is propagated forward in time. When a new image mea-
surement arrives, the current pose is appended to the MSCKF full state vector. Features
not observed in the current pose are marginalized. If the number of poses maintained in
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the MSCKF full state, denoted n, exceeds a pre-specified upper bound Ny,.., then features
common to every third currently maintained pose, starting from the second oldest pose, are
marginalized. Below, we discuss the key components of the MSCKF algorithm—the IMU
state, poses, MSCKF full states, features, image measurements, dynamics, pose augmenta-
tion and measurement maps—in more detail.

The IMU state z; v takes the form:

T = (qws, Vs, by, ba, rws) (t) € R* x H, x R, (7.8)

where we use S and W to represent the sensor frame and world frame, respectively. Here,
rws € R? denotes the position of the IMU sensor frame represented in the world frame,
qws € H, denotes the unit quaternion of axis rotation from world frame to IMU sensor
frame, and R(qws) € SO(3) denotes the rotation matrix associated with gy g. Moreover,
vg € R? denotes the linear velocity of the IMU sensor frame relative to the world frame, as
represented in the world frame, while b, € R?* and b, € R? denote the sensor biases of the
gyroscope and accelerometer, respectively. Finally, ©g € R3 and ag € R? denote gyroscope
and accelerometer measurements, respectively.

For convenience, define Xy := R x H, x R? and X/y;; := R* x H x R?. The continuous-
time IMU dynamics map gmvu.e @ Xivu — Afyp 1s given by:

. 1 0
aws = qws * = )

2 @S—bg—wg
bg:wbg,
. T/~
vs = R(qws) ' (as — ba + wa) + gw,
ba:wbav
f’WSIUS.

where x denotes quaternion multiplication, and wg, w,, wy,, ws, € R? denote zero-mean stan-
dard Gaussian noise.

Each pose zy € {z1,--- ,z,} currently maintained in the sliding window of poses takes
the form =y = (qwe,, rwo,) € Hy, x R3 where ryyc, € R? denotes the position of the
camera at pose xj in the world frame, while ¢y, € H, denotes the quaternion associated
with the axis rotation from the world frame to the camera frame at pose z;, € H x R3. For
convenience, we define X, := H, x R?.

The MSCKF full state maintained throughout the operation of the MSCKF algorithm
contains the IMU state at the current time, as well as a collection of n poses, where n is
constrained to remain below a pre-specified, fixed upper bound N,ay:

i’t = (*rt,IMU;xl) cee ,ZL‘n) - XIMU X (Xp)n (79)

The state space is thus X' := Xy x (&)™
When a new image measurement arrives, the estimate of the current camera pose in
the IMU frame, denoted xfﬁﬁj € Amu, is transformed to the global frame, and appended
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Algorithm 10: Multi-State Constrained Kalman Filter, Standard Formulation.

B W N =

10
11
12
13
14
15
16
17
18

19
20
21
22

23
24
25
26

27
28
29

Data: Prior distribution on zmvu,o € Ap: N (1o, Xo), dynamics and measurement noise

covariances ¥, € R%>d % ¢ R%*d: discrete-time dynamics map
gnviu : RIMU x RIMU - measurement map b : Xp X R — R% time horizon T, pose
transformation ¢ : Xy x (Ap)" X &p — &, (IMU — global).

Result: Estimates 2; € Apu x (&))" for all desired timesteps ¢ < T', where n := number

of poses in Z; at time t.

Sz7 SJ}7 SZ,l? Sz,2 — ¢

(n,p) < (0,0)
fort=0,---,7T do

while new image Z with new pose z,,11 € &), recorded, next IMU measurement not
yet received do

pe € Xpvu X ()", 3 € R(dnautnde)x (divutnds) ¢ Alg, (Zt, oty B¢, Tpgi, %Ill\ffv
¥(-))
{#n+1,5| feature j is observed at z,1} < Feature measurements at z,;
{f7] Feature j is observed at z,11} « Feature position estimates at zp1.
Record new estimates of existing features and first estimate of new features at
Tpa1 € Xp.
S, « S, U {(aan, fj)| Feature j observed at n + 1}
n+<n+1
if n > Npax — 1 then
Sy« {zili mod 3=2, and 1 <i<n.}
Sa1 {(wl, fj) € Sz‘a:i € S;, feature j observed at each pose in Sx}
end
Sio {(a:z-, fj) € S:|zi € x1.y,feature j observed at z; but not at xn}
Sf — {fjlﬂxi € T1.y S.1. (.xi, f]) S Sz,l U SZ’Q}
if Sy # ¢ then
Tz € Ximu % (A,)", 5y € Rldmvtnde)x(diwutnds) o Alg (12) (34, pi, St, Tnp1,
S.1U 5272, Sf, h())
Ty + g € Xmvu X (Xp)n

end
Sy = S \(Szn U{(ws, f5)|zi € Si})
Reindex poses and features, in ascending order of index, i.e., {z1,--- y T | Szl} and
{1, fomisy -
(p.n) « (p— [Splin = [S])
end
if t <T then
vt € Xivqu X ()", Byyq € Rldmutnde)x(divutnds) ¢ Alg 13) MSCKF State
Propagation (Zy, g, X¢)
end
end

return o, - 7 € Xy X (&)

n
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to the MSCKF full state z;. This coordinate transformation is realized by the map v :
Xovu X (&,)" — &, defined by:

¢(QWS> Vs, bgv ba7 TWS,qWC1s TWCrs """ 5 QW Chy TWC s AW Tpny1s TWIn_H)
= (QIC * QW1 "Wy T C(C_IWIn+1)7“IC)

= (QWC'n+1 y TWChia )7

where ¢;c denotes the quaternion encoding the (fixed) transformation from the IMU frame
to the camera frame. In summary, the MSCKF algorithm defines the new pose z,.; and
updates the MSCKF full state z; as follows:

~ IMU
Tn+1 <~ 1/1(93t>55n+1) € XP’

jt A (jtaxn-i-l) = (jta@b(jtax}zhf-?)) € XIMU X (Xp)n+17

with the map v as defined above.

When new feature position estimates are detected from a new image measurement, the
new camera pose corresponding to this image measurement is appended to Z;, and n is
incremented by 1. If n = Np.. the upper limit N,.., a third of all old poses in Z; is
discarded, starting from the second oldest pose. Then, feature measurements, corresponding
to features unobserved at the current pose, are marginalized and used to update the mean
and covariance of the new MSCKF full state z;.

As is the case with the EKF algorithm, we assume that the image measurement space and
feature space are given by R% and R%, respectively, with d, = 2 and d; = 3. Throughout
the duration of the MSCKF algorithm, poses and features are added into, dropped from, and
marginalized from the MSCKF full state. Suppose at a given time, the MSCKF maintains
n poses in the MSCKF full state Z;, and retains measurements of p features. For each pose
i €{l,---,n} and feature j € {1,---,p} currently maintained in the SLAM algorithm, if
feature j were detected at pose i, let z; ; € R% denote the associated feature measurement.
For the MSCKF, the measurement map h : Xpyuy x R¥ — R% is given by:

_ _ 1 (B(awe, ) fi = rwey)a
s = Ml i) = (Rlqwe,) fi — rwey)- (Blawe)fi — rwey)y (8) vy

where R(qwc,) € SO(3) denotes the rotation matrix associated with the quaternion gwc,,
f; € R? denotes the position of feature j in the world frame, while the subscript indices
“r,y, 2" refer to the respective coordinates of the vector R(qws)f; — rws € X,. Meanwhile,
v;; € R% denotes zero-mean standard Gaussian noise in the measurement at time ¢, with
covariance matrix X, € R%>% 3~ (.

When a new image measurement is received, the MSCKF algorithm performs marginal-
ization, described in Section [3.3] using two sets of feature measurements—the set of all
feature measurements common to old poses z; to be dropped, denoted S, ;, as well as the set
of all feature measurements of features f; not seen in the current pose, denoted S, 5. These
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are more precisely defined in Section The measurement vector used for marginaliza-
tion, denoted Z € RIS=1Y9:21¢= is then given by concatenating the ¢ residual measurements
obtained at times ¢t —n +1,--- ¢, i.e.:

Z = {2i|(zi, f;) € S21 U S.p} € RIF105=2ld=,

Algorithm 11: Multi-State Constrained Kalman Filter, Pose Augmentation Sub-

block.

Data: MSCKF state 7, € Ay x (A&,)", with mean p, € Ay X (X,)™ and
covariance %; € R(mwtnds)x(dnu+nds) New pose a,41 € &, measurement of
new pose in IMU frame z}M{ € X, Transformation of poses from IMU frame
to global frame ¢ : R(muvtnds) 5o 7 x)

Result: Updated MSCKF state mean 1, € Xy % (&),)" and covariance

¥, € Ridmutnde)x(dmutnds) ypdated number of poses n.

Ty < (T4, Tpy1) € RIMUHHDde " where 1, € A, is the new pose vector.

{zn+1,;| Feature j is observed at pose n + 1} <— Feature measurements at pose 1

{ fJ*| Feature j is observed at pose x,,1} < Feature position estimates at pose Z;,1.

pe < (e, (pe, 2MY)) € Rdut(dDds “where g1y iy € R%MY .= IMU component of

pe, Tty € X, := pose estimate of x,,1 from the IMU frame.

W N =

2t

9]

L+ (nt1)dy
Et <_ [ IMU 8’5[}” )

O(Ze,747)

n

L

IdIMU+(n+1)dw

o
A(Tr,p45 )

6 return i, € Xy x (&,)", 3 € Rmvtndz)x(dnytndz) - > ()

Proofs from Section

Theorem 7.3.4. The pose augmentation step of the standard MSCKF SLAM algorithm
(Alg. is equivalent to applying a Gauss-Newton step to cyrscrrin @ Xmo X (X,)" — R,
given by:

emscr (T, Tnyr) = ||2: B ,ut||2t—1 + € Mzt BY(@, 2ty )3,

and taking € — 0 in the resulting (augmented) mean p; and covariance .

Proof. We claim that from an optimization perspective, the state augmentation step is
equivalent to applying one Gauss-Newton step to the cost function cyscrre(Tt, Tnt1),
specified above, and then taking the limit € — 0 in the resulting augmented mean g, (€) €
Xivu % (&)™) and augmented covariance () € R{(dmu+ntl)de)x(diy+(n+1)da),

To apply a Gauss-Newton step, our first task is to find a vector C(Z;,x,41) of an ap-
propriate dimension such that cyrsorrei (T, Tni1) = Ci(Th, ¥ny1) Ci(T, Tpyr). A natural
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Algorithm 12: Multi-State Constrained Kalman Filter, Feature Update Sub-block.

Data: MSCKF state #; € Ay % (&))", with mean p, € Xnyu % (X,)" and
covariance Y, € R(dmu+ndz)x(dnutndz) Get of image measurements for
marginalization S, ; U S, 2, Set of features to marginalize Sy, measurement
map h : X, x RY — R%.

Result: Updated MSCKF state mean fi; € Xy % (A),)" and covariance

E € RUvu+ndz)x (dvu+nds)

1 fs; € RI%7l4r < Concatenation of all features in Sy

2 f§, € RISslds «+— Concatenation of position estimate of all features in S;

3 ﬁ(i‘t, fs;) € RI9=1U8=20d= « Concatenation of measurement map outputs
{h(zi, f3)|(i, f5) € S21 U S0}

4 7 € RIS=1US=2ld: « Concatenation of feature measurements
{ 2|z, f;) € S2n U S22},

5 ﬁt,x — %(Ntvf@) € RIS=1USz 2]z x (divu+nds)

0 Hip o g f3,) € RIS1US-ald-nlS 10,

7 {ay, - ,G|Szylusz’2|dz_|5f|df} C RIS=1U8:20d= « Orthonormal basis for N(lf]tTf).

8 A <— |:a1 T a/|Sz,1USz,2|dZ_‘Sf|df:| ,.,E R|Sz’1USZ72|dZX(lszyluszgldz_‘s‘f‘df).

9 QT + QR Decomposition of AT H; ,, with
Q E R(‘Sz,luszﬂldz_‘sf‘df)x(lsz,lusz,2‘dz_|sf|df), T E R(‘Szylusz’ﬂdz—lsjt‘df)X(dIMU—H’de).

10 it—l . 2;1 + TT(QTATRAQ)—IT c ]R(dII\/IU—’—nd]:)X(dIMU—i_ndI)'

1 e B (S TTQTATRAQ)IT) 'TT(QTATRAQ) (3B h(#,)) €
XIMU X (Xp)n

12 T < iy € Xvu X (Xp)n. o

13 return 7i; € Xy X (X,)", 3y € Rldnvtnde)x(dngytndz)

Algorithm 13: Multi-State Constrained Kalman Filter, State Propagation Sub-
block.

Data: MSCKF state 7, € Ay X (&))", with mean p, € Ay X (X,)" and
covariance ¥, € R{@mutnde)x(dnu+nds) - (discrete-time) dynamics map
qg: Rému _y RéMuU

Result: Updated MSCKF state mean ji;41 € Xy X (X,)" and covariance

Y1 € R (divu+ndz) x (divu+ndz)
(T ni0s Bt e1om) < T, With T, o € R, i zim € R"
Gy < Jacobian of gpyy : R™U — RIMU evaluated at [z, € ROMY.

Htt1 < (gIMU(ﬂt,IMU)vﬁt,x,lzn) € Xvu x (Ap)".

G, O]l<[G] 071 [2 O i :
D1 [Ot Indx:| hI {Ot ]ndj + {O O} € Rldmutnde)x (divu+nda)

return p;,, € Xy ¥ (Xp)ﬂ Y1 € R (dmvv+nds) X (dmy+nds)

w N =

I

9]
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choice is furnished by O} (¢, 2,,41) € RiMu+ntlds - aq defined below:

~ L Et_l/z(l't = [I,t)
Cul@s @) = [1/ 2(2nar Bo(@, 22MY)) |

Thus, our parameters for the Gauss-Newton algorithm submodule are:

(T, @5 0) = (s (s 27)) € Ko X (X)),
N s, 2 G — ) 0 d 1)d
o e/? (37n+1 ¢(xt ) x%_{f)) 0

—1/2
J = > / ) € RUmu+(n+1)de)x (divu+(n+1)ds)
—6_1/2\11 6—1/2[dz )

where U € Ré>(dmutnds) ig defined as the Jacobian of ¥ : Ay X (X,)" — &, with respect
to Z; at (i}, xIMY) € Rdut(m)d= | By Algorlthml 1} the Gauss-Newton update is thus:

52 0 |22 sieT
) JTN) = |t A
t(€) « ( ) @23/2 El/QIdz O 61/2[dz
e PNl
Uy, U 4l
pule) « @y — (J' )T Co(@, a0 4a)
=0.
Taking € — 0 concludes the proof. O]

Theorem 7.3.5. The feature update step of the standard MSCKF algorithm (Alg. 15
equivalent to applying a marginalization step to cyscxres @ Ximu X (Xp)" X RISslds — R,
given by:

cuscorres(Te, fs;) = |7 B Mt‘@:;l + Z |z & h(zi, fj)H;;l,
(€i,f7)€82,1USz 2

where fs, € RI%slds denotes the stacked vector of all feature positions in Sy (see Alg. @
Proof. First, we rewrite cyscxres as:
crsorFes (Tt fsf) = |7, & Nt||2t—1 + 28 il(i‘ta fsf)||2g;1;

where 7 € RI%=198:204: ] - X x (A,)" x RISrdr — RIS=1US=20d=: are defined as follows—
Z denotes the stacked measurement vectors in {2 ;|(z;, f;) € S.1 U S.o} € RISzaUSzzlds
(i, fs;) denotes the stacked outputs of the measurement map in {h(z;, f;)|(zi, f;) € Sz1 U

S.a} € RIS=1USz21d=  and 3, = diag{%,, -+ ,X,} € RIS=1d=x|Sz]d=
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Essentially, by marginalizing the feature position estimates, this step utilizes information
from feature measurements to constrain our state estimates. To accomplish this, we choose
our algorithm variables as follows:

~, [~ d +ndz+|Sr|d
Ty =Ty = (T vy, T1, -, Ty) € ROMUTT ISilds

5 R Srld
T M = fo € R| 9 fa

— .~ ~ d +ndg+|Sr|d
T = (Tt ., Ty ) € ROMUTNE 571 !,

[ S (58 )

- 2 6 Rd[MU+ndz+‘Sz,1USz,2|dz.
2y i (Z = h(l‘h fo))

Cum(Zepe, Te) i=

The Marginalization algorithm block then implies that:

9Cwy = (diniu+nda+]Ss 1USs 2]ds) x (dingu +nde)
= 0%y 5z, P fo) [_ivl/Qﬁt,x € R¥mMu U922 IMU 7
aCM O
Jy = , ~ ~ c ]R(dIMU-l-ndac-i-ISZJUSZ,g|ch)><|Sf\df7

where we have defined:

fs ;€ RISs1s « Stacked position estimates of features in S t,

. oh -
= |S2,1US> 2|d X (divu+nds)
Ht,z = a 7 (/Lt,fsf) € RIP=1 2 IMU :
~ oh
H, ;= —— (g, f% ) € RI%=1USz2ld=x|Srlds
t,f afsf (722 fsf)

Recall that the marginalization equations (3.8)) and (3.9) in our formulation read:

px < pr — Si g [—7 — JM(J]\T/[JM)_lJJ\T/[] Cu (jt,Kyjt,M)a
Si e (TR = Ina(Tipdan) I Jie) ™

Substituting in the above expressions for Jg, Jy, and Chy (m, fgf), we have:

1

Sy (T = Ju( Ty ) i) I)
I o)
_ -1/2 T 1/2] B B .
([Zt /.2, {0 [— 5,V 8, (H S5 ) 1Hgf2;1/2}
= (S + Hszv V2157 1/2Htf(Hinth,f)ﬂHtszgl/ﬂi;l/zﬁt,x)‘l

T pic — S [1 = I (TagIn) ™ ) Ona (2 15,)
=+ (57 + HL SV = S0V H, p(H S Hy )7 H S0V?) - S0 H, )

1/2 -1
_Zgl/QHt,:v

-1
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t,x v

CH SV - S0P H, p(HT S )™ HY S0P S0 (2 = by, fs,)).
Comparing with the update step in MSCKF, i.e., and @, reproduced below:
S e S TT(QTATE,AQ)TT,
fii o+ (57 + TTQTATS,AQ)™'T) " TT(QTATS,AQ) ™ (2 = h(@, fs,)),
we find that it suffices to show:

THQTATS,AQ)™" = H SV [1 — SV H, (H, S Hy p) 7 H 2] - 5012

t,x—v

=H,,5, Hy — H S Hy p(H S Hy )7 H S0

t,x—v

To see this, recall that A is defined as a full-rank matrix whose columns span N (]thT 7). Thus:
(512 )" - 23/2AQ = HpAQ = O.

In other words, the columns of 3, Y Qﬁt ¢ and of f]},/ 2AQ form bases of orthogonal subspaces
whose direct sum equals R, We thus have:

S VR, (S Hy )™ H 502+ 52 AQ(QTATS, AQ) MQTATS A = 1,
which in turn implies that:
THQRTATS,AQ)™ =H,,AQ(QTATE, AQ) QT AT
_HT - 1/2(21/2AQ)(QTAT{21/2 . iql}/QAQ)—l(QTATiqu/Z)igl/Q
=0 SV (1 =S H, p (1] S0 Hy p) 7 H 2—1/2)2-1/2

t,x—v

—H, % H, , — 0 z-lﬁtf(Htfz 'H, ) H fz

as claimed.
O]

Theorem 7.3.6. The state propagation step of the standard MSCKF SLAM algorithm (Alg.
is equivalent to applying a Marginalization step once to cyrscxrss @ R¥Mmvtnds 5 R
given by:

crvscrres (T T y) = || B EH%Zl + ||ze41, 00 B gIMU(xt,IMU)”;t—l-

Proof. We claim that from an optimization perspective, the update step is equivalent to ap-
plying one marginalization step to the cost function cyrsok e s(Ze, 2i1,mu) specified above.
In particular, we wish to marginalize out z; vy € Xy and retain x4 vy € Xnvu; in other
words, in the notation of our Marginalization algorithm submodule, we have:

Tox = (Te1mU, T1, -+, Tn) € Ay X (A)",
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Ty = Tmu € Xvu-

To apply a marginalization step, our first task is to find vectors Ck(zx) = Ck(Z;) and
Cu(zg,xp) = Cor(Z4, £e41 mvu) of appropriate dimensions such that cyrsoxpes (T, Terrmmu) =
Cr(zr1,m0) " Cr (Tes1.au) + Car(Z, Temvv) T Cur (T, Tev1mu). - A natural choice is fur-
nished by Cx(%14+1,mu) € R and Cu(Zy, Te11,mu) € &), as defined below:

CK(:it,K) - O € R

L 5,12 n
Cur (xt,KW xt,M) = -1/2 ( Mt) € RQdIMU+ dm.
Y ($t+1,IMU — gIMU(JCt,IMU))

For convenience, we will define the IMU state and pose components of the mean u; €
Xvu X (&)™ by e == (pe,ivus peviv) € Xivu X ()™, with gy € &, and piy, € (X},)",
respectively. This mirrors our definition of z; € X, and z,41 € (&,)" as the components of
the full state Z; := (x4, xp11) € Ximu X (A,)". In addition, we will define the components of
it_l/z € R@mu+ndz)x(divu+ndz) g11d it_l € R(@mu+ndz)x (divu+ndz) by:

Y

Qt,IMU,IMU Qt,IMU,IE = it—l 6 R(dH\/IU"Fndz)X(dIMUJ'—ndz)
Qt,x,IMU Qt,m,:c

At,IMU,IMU At,IMU,x L i— 1/2 R(dIMU +ndz) X (dIMU +nd1)
A A T € 9
t,z,IMU t,x,T

with the dimensions of the above block matrices given by % vy v, Aoy € REmuxdniu
SemUes Avue € RIMUXM 55 0, Apeay € RPEXIMU and By, 0 Ay, € RMeX
Using the above definitions, we can reorder the residuals in Cx € R and C); € R2¥mu+ndsz
and thus redefine them by:

CK(jt,K) - 0 6 R

Arvu o (Zeau — peau) + Aeivu e (T — Hes)
CM(v%t,K; ft,M) = E;l/z(xtJrl,IMU - gIMU(xt,IMU))
Ay ivu(Temau — peau) + Mg p (10 — )

c R2d1MU +ndy

Y

where 1., == (21, -+ ,2,) € (A,)™
Our state variables and cost functions for the Gauss-Newton algorithm submodule are:

Ty =T € Xwu x ()",
% = g(ffft) = g(mm) € Xy x (X,)",
0¢e

Cusa e i) = [g] € R
[ O AIMU,LE
Jy = 2;1/2 O ER(2dIMU+ndI)X(dIMU+ndz)
O Age
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Ao vu
Ty = _21;1/2(;1f € Rdvu-+nds)xds

Az ivmu
where we have defined G, to be the Jacobian of gy @ Xivu = Xivu at o € X, 1.e.:

dg

Gt =
Oz mu

Zt,IMU=Ht,IMU

Applying the Marginalization update equations, we thus have:

peer = T — e [T = Ia( Ty dn) ™ ag| O (@, )
= g(f),
Sipr — (JE[L =TI da) " I Tk) 7
— (T di — T T (Tl Ian) " T k) ™
_ ( [E:ﬁ 0 } B [ 3,16, } |
N O AnvivAmue + Aiz Az v Ao o + Aze Az ivu
- (Afunau + A e Ao + G 251G T

1
. [—G:E;l AnviuvuAnvu z + Az,IMUAzm] >

-1
b0 —-y-1G o
= ( [ (’L)U Qm} _ [ szIuMUt] (Qrvu, v + Gthlet) 1 [—Gthful QIMU,x] )

To show that this is indeed identical to the propagation equation for the covariance matrix
in the Extended Kalman Filter algorithm, i.e. Algorithm [6] Line [, we must show that:

-1
-1 0 —>-1a _ _ _
(15 2] [0 e i cine 0un)
_ |:Gtit,IA/IU,IMUG: + Xy Gt;t,IMU,x:|

z]1‘,,IMU,:ECTY;/|— Et,a:,m

This follows by brute-force expanding the above block matrix components, and applying
Woodbury’s Matrix Identlty, along with the definitions of Et,IMU,IMU7 At,IMU,IMU7 Zt,IMU,xa At,IMU,am
Zt,:p,IMUa At,m,IMUa Et,x,:va and At,a:,m-

O
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