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ABSTRACT

By combining the 95— i method for asymptotic sum rules with tﬁ_e
P 0 method of Fubini and Furlan, we relate tfle structure functions
W2 and W1 in inelastic lepton-nucleon scattering to matrix elements of
commutators of currents at almost-equal times at inﬁnﬂl:e momentum.
We argue that the infinite momentum limit for these commutators does
not diverge but may vanish., If the limit is nonvanishing we predict
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Wl(V ’ qz) - fl (;%)

as v and q2 tend to », From a similar anal_ysis for neutrino processes,
we conclude that at high energies the total neutrino-nucleon cross sections
rise linearly with neutrino laboratory energy until nonlocality of the weak
current-current coupling sets in. The sum of vp and vp cross sections
is determined by the equal-time commutator of Cabibbo-current with

its time derivative, ta.ken‘between proton states at infinite momentum.
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I. INTRODUCTION

Inelastic lepton-nucleon scattering at high momentum transfer is a very
direct means of probing small-distance nucleon structure. Reflecting this fact
is the pfofound state of theoretical ignorance on what, even qualitatively, can
be expected in this process. 1 Some small inroads have been recently made
using the techniques of current algebra. 2 In particular, Cornwall and Nor’con3

“have written down a large class of asymptotic sum rules, valid at large qz?, for
inelastic electron scattering. Of these,' the sum rule of Callan and Gross4';
relating. an asymptotic integral over electron scatterin,c'g cross sections to a piece
of the commutator of electromagnetic current with its time derivative is of special
interest. The purpose of this paper is to discuss such sum rules in a slightly
different language — that of the infinite momentum method. We show that the
electron scattering data is related in a direct way to matrix elements of electro-

. e 5,6
magnetic current commutators at infinite nucleon momentum, ~’

In particular,
~ we find that the structure functions Wz(qz, v) and Wl(qz, v) describing inelastic

scattering7 tend to simple limits for large q2:
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where W= - 9;— . The existence of these limits (aside from the Brandt-Sucher

diseases) is guaranteed by a finite value of the integral appearing in the Callan-
Gross sum rule. Although the present data9 appears to indicate that F2 ié non-
vanishing at q° ~ 1-2 BeV’, it is still possible that F,—0 and the infinite-
momentum commutators in (I.3) and (I.4) vanish in the limit. In such a case the
content of this paper is empty.

Sum rules such as Cornwall and Norton have written down3 may be obtained
by taking the sine-transform of (I.3) and (I.4) and expanding'both sides in a

power series in 7. For example, forn =1,3,5...
2 00
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With a similar expression for Fﬂ or WZ“ However, the content of these results is
more succinctly discussed in terms of (I.1) ~ (I.4).

Although a straightforward generalization of these relations to different cur-
rents and momentum states is not difficult, what is not straightforward is the
interpretation of the almost-equal-time commutators appearing in (I.3) and (I.4).
In particular, the spectrum of intermediate "frequencies" w= '—3:2 is bounded

above, cori'esponding to at most the intermediate energy appropriate to the

single-nucleon Z-diagram (see Fig. 1). Assuming the limit (I. 1) and (1.2) is
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nontrivial (nonvanishing), it will be most interesting to construct models with the
kind of asymptotic behavior expressed in (I.1) - (I.4). This, however, is beyond
the scope of this paper,

In Section II, a simple derivation of the result is given. Section III remedies
the swindle perpetrated on the reader in Section II, by providing a more honest
derivation. In Section IV, we attempt a generalization to an arbitrary kinematical
situation. In Section V, we apply the same method to neutrino-reactions and find
that vp and v p total cross sections should rise linearly with energy. The sum of
vp and v p cross sections is determined by the equal-time commutator of th;}

Cabibbo current with its first-time derivative. Section VI summarizes our con-

clusions.

II. SIMPLE DERIVATION OF THE ASYMPTOTIC LIMIT
The inelastic scattering cross section from an unpolarized nucleon may be

written7 as

2
do _ o 2 2 9 2 .26
IR ; p [Wz(q » V) cos > + 2W1(q »V) sin 2jl (II. 1)
4E” sin 7
2
with
E,E' = energy of incident and scattered electron
0 = scattering angle of electron
q2 = - 4EE' s:’mzé2
v = q-P=(E-EY'M
P = momentum of target nucleon

q = momentum of virtual photon
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P.q P.qq . qgq
1 R v u 2
M2 <P“— 2 ><P"- 2 > W - <‘“’ q2v> Ml

q q
= '1V1Q > <P|3,(Ofn> (|3, (O[P> (2n)° 8% (P,-P-g (. 2)
n
P
- D gwx iq. x (PI[J ), J (0)],13)

.. |PD, an average over nucleon spin is implied. Now

In all matrix elements {P

g, | 2
consider the limit of (II.2) as PO———oo, qQy—2 p @ fixed, q fixed |w = :3— .
| | 0 =
Notice that g% — +e (timelike) in this limit.

Choosing p # 0, v # 0, we find

1mPt—1qx' Pt
——1W+5w———»——f / =T Pl <,0 J.OIP

(1. 3)
or using (I. 1) and (I.2) and the assumption that the commutator vanishes outside

~ the light cone

F (w)
2 dT -iwT
- 8i3 8j3 —_— 8 F (w) = lim ﬁ xf <Pi{J

P-—*w

ol >
]

(@< 0) | | (IL. 4)

= :;Tl- lim dsxde sin ot (P
Pz__'oo 0

Now (II.4) defines F1 and F_ for positive w as well as negative; therefore we let

2
W= j_g__l_ > 0, as appropriate for inelastic scattering Then we get

t(w) = 1(a>) ——.—P 1_1.‘11;‘/:1 XﬁT smlwlr (P{[ (X. ) dJ (0)]1 >

>0 (1L 5)
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and

Folw)
Fl(w) = —lz-)l—- - Fl(w) +———P 1-1_r>noo d xj:ir sin |w|T {P

o 7w

(@ > 0) (1.6
This is the desired result given in (I.3) and (I.4). Both Ft and Fﬁ are positive;
notice the curious sign change between the transverse and longitudinal commutators..
The reader should have noticed the swindle that has been perpetrated in letting

w—-w. There has been no justification that w < 0 can be extrapolated from

o > 0. The next section is devoted to providing such a justification.

1I. JUSTIFICATION OF THE RESULTS
In order to provide a better derivation of the preceding results, we consider

the covariant current correlation function

P-qq P-qq q4q
1 1 - v KV 2

q

I
+

iP .
0 .4, g o
i fd ) d9E gx ) (PI[J“(X), JV(O):H P + Polynomials in g

(I1I. 1)
" where, as always in this paper, an average over nucleon spin is implied.
Accordmg to the dlctum of Hararl,loT 2 satisfies an unsubfr-acféd dispersion rela-
tion in v, while T1 requires one subtraction, provided q2 < 0, i.e., spacelike.
1 ° dV'2 ImTz(V',qz)
T2= P 58 . (1. 2)
0 V- v " - e
9 2 b de'ZImTl(V,qz)
T,v,q) = T(0,q)+ — )
1 1 Fis 2, 42 2 .
v !T-r T ~ie)
0
9 ,
(g <0) (IIL, 3)



We choose to express the Ti in terms of the variables q2 and w= (-qz/ v). Using

the fact that

Lmr,dd)=w,d (IIL. 4)
we obtain 4
2 9 da)'2 Wl(a)',qz)
T,(@,q) =Ty(»,q) - 55 (01.5)
. ('"-w + i€)
v
4
o [ P wyetad
(II1. 6)

2
T (w,q)=-~@
2 w'z(w'z—wz +i€)’

0

We now take the limit q0~—ioo » q fixed and P, temporarily fixed. In this limit

2 iq
W= :.g:_.._ - —.__0_ — -~ 100
9P Py
- Pcz) ! 2 2
Tl—"’Tl(OO sqz) - l 2 f do’ Wl(&)l»q )
| %| 0
4
2
do' r 2
T2—> + f "—Tz— Wz(w saq)
0 © |

On the other hand, from (HI. 1)

By (3 . "%t Ivnomial
T‘w———_ﬁ_ d°x J dt e (Pl[J“(x), JV(O):“P) + Polynomi
0

[ % forco[ 242 0]
Mlqolfd X (P][J“(gg, 0), JV(O')]‘P>+M|°10!2 d'x P||—5— 9,0 P2 _o
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Specializing top and v # 0, and P in the z-direction, we find

: 4
P oJ_ (%, t)
0f.3 . 2 2 2 2
M d'x <P,[—§’E—_ dJ (0]‘P>t=0= ;un iq Tl(oo,q )+ iP /dw' Wl(cu',q)
q —-x 0
(I1.8)
P, [ 3T (%, t) P 3J_(%, t)
"0 f.3 l b4 0 I x\=’
M d'x (P [ ST J (0):”P> dX<P[ 5t Jx(O)] P>t=0
2 4
. P '2
= 1im ie® “Z [ 9w .d Lo
2 MZ o2 2 .
q - - 0 ;
Hereafter, we shall assume that
11m lqzl/ 2( ',q ) = hm Zlq / WZ(V »q )< © (1I1. 10)

q—’—oo q———»—

For fixed qz, the integration in v converges, if the Harari dictumlois correct.
The qz——oo limit is that taken by Callan and Gross4; in particular (IIl. 10) is an
integral involved in their sum rules. It is unlikely the inelastic scattering is so

_ large that this Callan-Gross integral does not exist; such a circumstance would
over-saturate the sum rules for f dv W2 from current algebra. 1 More likely is
the vanishing of (III. 10). If the Callan-Gross integral exists, i.e., (III.10) holds,
we can show that almo§t~equa1—time commutators (I.3) and (I.4) necessarily exist
as well, To show this, we observe from their kinematical definitions in terms

1 _
of transverse and longitudinal cross sections, 1 that in our limit

W 2 2
'VV:L=<1+ v )< _(:2_>< v2 ’ (IML. 11)
2 % ™




which implies

' 41 dv! 21 fdv! '
ijﬁW1$|QIf—,,TW2<w (L. 12)
4 .
. ‘2 . 2 )
lim dw Wl(o) ,q ) < (1. 13)
2
q =00
2 faw® 2 |
lim |¢°] | &5 Wow'hg) < (IIL. 14)
2 w2 2 :
q -0

and because W1 and W2 are positive semidéfinite, it follows that for |w|>2,
4 : '
. de'? Wl(a)' ,q2) )
?,(@) = lim < o (II1. 15)
2

wz - c.)'z
q -
0

and ¢ therefore by analytic continuation exists throughout the cut w plane barring
extreme pathology in the behavior of W1 in the limit. Similarly, we have
dot? Wz(w', q2)

2 2 ‘
¢ (w) = lim |g < (ILI. 16)
2 0 o2 - o |

q -

0

throughout the cut o plane. These results are then sufficient to guarantee the
existence of F 1? F2’ and the almost-equal-time commutators (I.3) and (I.4).

We go back to T;';V as defined in (III. 1), (III.5) and (III. 6) and let PZ-—~°° R

. xed B e
qo'—.lm! &flxe y W= —P_"""l ‘15— fixed.
0 0
4

de® W', 4 a0t W', o)

PP.
T* —+ —L jof
i 2

2
j + 81] T1(°°9q)

cu'z(a)'2+,w 2') _

0 0

@2+ ]o?)
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In terms of F1 and F_, we find from (IIL 1)
2 4 . 4
P, P ' | " do'” F (") dw'? F "
TH — “1\’/[ 5 2 5=+ 8. |T (w,qz) S RN M
! lql J ol +|w h o HE M J o
4 0
= -lolT .
= lim d x fdr e (Pl (x, =1} J. (0) P) + Polynomial
P -+ 00 M
(IH. 18)
In the limit,
2
i%i_ s s |Fof_ B33
2 i3 33 2 |m2l :
lo*| 9o
and
Tl(oo,qz)——vPolynomial . ' (1. 19)

The existence of the commutator in (III.18) is guaranteed by the existence of an
inverse Laplace-transform of (II.18). Having taken the limit q2—>°o , etc., we

may continue (III. 18) into the cut -plane, and obtain

4 4
dot? Fz(co') dot? Fl(w’)
5.5, | —525— - 8. | 55—
B8 | o ey I w?_of e
0
= lim d xde 9T ¢ J.(x, —T-), J.(0) iP)
. P e il P0 j
oo . . (1. 20)

Upon taking the imaginary part of this relation, we reproduce (II.5) and (IL. 6).

This justifies the short derivation given in Section .

1IV. A GENERALIZATION
The preceding analysis can be generalized to arbitrary currents and momenta
of the states.As an example, we consider the case of two different SU(3) X SU(3)

currents (ql, q2) sandwiched between spin zero hadron states (pl, pz) of the
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same parity. We use the notation of Bander and Bjorken12
Py APy * Q
P=p¥p

A= pz-pl=ql—q2

Q =q,+q,
v =p.@ t=a" 8=4-Q=c -0 (IV. 1)
and take the limit
E—plz_pz——"oo’ QO__’iOOQ g=0 (IV.Z)
such that
Q 2
w=—-f,92—9— (IV.3)
0 14

remains finite. Encouraged by the reasonableness of this limit in the special case
of Sections I - III we assume it exists in this case as well.
Under these mrcumstances , the new general invariants, & and t; tend to a

finite limit:

8=Q-A — —w[(p§l+ mg) - (pil+ m?_)]

2 2 _
t=A =@y "By | (1V.4)

r
The covariant amplitude MuaB tends, in the limit to |

- .

lq *X :
wf = - am? s (4o, 02 ﬁ14xe 1'% 6(xg) <2, [[ir=), j[j(O')]lP1>_

> lQo’ |
—- @ 1(2E)ﬁ xfdt e.?  lim <P P21l[z(§,t), j‘:(oﬂ] PP, >

P——»oo

Y (2ﬂ)3fd xfd o1l m <P qu[ ( %) ﬁ(oﬂlePu)

(+ Polynomials) (IV.5)
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This latter expression is a function of Do, s pi L and « alone. Upon writing out

Mﬁf in invariants (suppressing indices af)

M, =PP A +(PQ +P Q)A+(PQ, -P,Q)A

+ \ ' -
+(PA, *P A)A T (PA ~P A)A f'(Q“AV +Q,A) Ag

+(Q4,-Q,4) Ag+ Q,Q, Ag+ AN Ag+ €, Al
' (IV. 6)
we see that A 4 A5, A6’ and A,7 would have to tend to (Qz)_l/ 2 in order tifglt the
limit be nonvanishing and finite. We consider this unlikely, but cannot exclude

it. Here we assume that in the limit these Ai do not contribute.

We write
AP 1 5B, t 6 i=1,2,3,8
i 2 71
Q
QOA‘i"‘B—*o i=4,5,6,17 (IV.7)
A"i‘ﬁ—»F‘i“B(w,t, €) : i=9,10

where we introduce the variable

_ =8 _ ( 2 2) _ ( 2 2) '
€= - =Pyt My ) - {Py, +my _ (Iv.8)
When these limits (IV.7) are inserted into (IV.6), we find in the asymptotic infinite-

momentum limit

b Gub o 6y, + 6,m) - (6,7m, 6,m) .
1% w2 1 w .2 w 3

-

(IV.9)

+ nunu FS * ApAV F9 +g;w F10

where g, = (1,1,0,0) 7, =(1,0,0,0).
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We are now free to identify various combinations of these form factors in

Y N,

nt commutators at infinite momentum.

Using i or j to indicate transverse components,

apB ap ' af
wef 1 T, pf ;. p2P wef 1 o
R 8 10 2z .2z 10
af . af
F&FP + p
af 2 3 op
My, — M —0
af__ "2 3. o op oz.B
Mzo o M — (a4, FgF - 5, FI0)
af___ B
Mo; —0 Mip —0
(V. 10)
Recall .
B__ 3 lwh‘ ) |
- 21 (2m) f x f dr e 21![ (x, j (0)]|P11>P vy

Thus all invariant functions Fi can be determined in terms of the various current
correlation-functions, which then play the central role. Similarly, an infinite set
of convergent sum rules, whose right hand side involves commutators of J v with
53 J”, can be obtained by expanding (IV.10) and (IV.11) in inverse powers of w,
;'atnd comparing coefficients as w-—«=. These are independent of the asymptotic
sum rules of Bander and Bjorken, 12 because in this case & does not tend to zero,
but rather to «. We do not know what to do with these results, and shall not

pursue them further here,
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V. NEUTRINO PROCESSES

If we write the analogue of (II. 1) for the process ;l»l + P—~u++ hadrons
13,14,1
as )

2
T do _ _Mdo _ E' G 2¢ .29 , (E+EY .20
EE' d0dE’ ~ 2.  E 2r [Wz cos g +2Wysin g + = Wgsin'g
dlq“|dv
with kinematies as in Section II, and (V.1
39 dtx 1% (Pl[j (x) jT(O):” P)= E’Eiw -g W g Sprap fw
Pt ? - B w
MJ S0 1lu v M2 M2 Cuy w1l oM2 3
+ ... (V.2)

where jp is the Cabibbo current, 15 it follows from the arguments in the preceding

section that under our assumptions

w2 v
2
MW, R\ (V.3)

2
M -
W™ &3 (7)

2
Introducing the variables w= :%— and x = M‘% , the total cross section coming

2
as q —‘—*-OO’V —0,

from (V. 1) becomes (for E > M)

2 1
. 2 i
o ﬁiw f dx (———G 21;4}3) [(l—x) Fo(w) + %xzwgl(w) +2(1- 2o 53@)]
0 0

2 2 '
U oo e+ o) S v

Therefore the cross section is predicted to rise linearly with laboratory neutrino

energy. The coefficient is controlled again by the behavior of the current
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commutators at almost equal time and at infinite momentum. To determine this,
we take various components of (V.2) in the qys P limit, in parallel with the
discussion leading to (II. 5)

lim dxfd ¢ it <p][ (o 2 ) ](0) ) =F ()

P-——»oo

_ F_(w)
11m fd x dT e 1T <PL1Z< 1) 1‘(0) P) =_[ F.(w) -!_fo(_w_] (V.5)

) 27

o A
. 3 -iwT P T\ . - i
lim d’x fdr e (PI Jx(gg, -E—), Jy(O)_ P) =- bl 53(0))
PZ——’OO S0 2T L

Substituting (V. 5) into (V.4) we find, upon extending the w -integration to «

"'tot“’g‘zaMg J :‘“ “’_!o‘;;‘_:_r e ¢(r) (V.6)
where | , : |
- g fie ol oot -l to] - e Bl

(V.7
An interesting result is obtained upon taking the sum of antineutrino and

neutrino cross sections. By crossing symmetry,

. 2
Vp+ vp =GMEfwdwdee1 TC(’T)"GME(-) ngT'r)

tOt tOt % %027 T =0

2 j (x,t) 3j,_(x,1)
9_4.1@_ tim (-1>f“x ¢p | [B i1 ] [———-——- a ,j;‘(oﬂ
S | (V.8)

[al (%, 1) . T
+ = 3 St Jy(O) P A




Therefore, we predict not only that vp and v p total cross sections depend
linearly on energj, but that the sum of the total cross sections is determined
by the equal-time commutator of the Cabibbo current with its time-derivative '
at infinite momentum.

The linear rise of cross sections predicted here would be cut off, were

M2
there an intermediate boson W exchanged, with the cutoff at E ~ —MW . Data
16, P

. . . . 7 . .
from the deep-mine cosmic-ray neutrino experiments are as yet inconclusive;

however, a linear rise of neutrino cross sections up to 10-100 BeV is not incon~

sistent with the data. 18

VI. CONCLUSIONS
By combining the 95— i asymptotic limit with the infinite-momentum
method, we have shown that in a certain limit, inelastic electron scattering

structure functions

2

i 2 = :(i.
_lim MWl(v,q) = Ft( ” ) (VI.1})
P
2

L = o fixed
2 2 2 (—qz)
lim  (-q) W, - Wy0vr,a’) = Fp{=-) (VI.2)
M

q — 0
w fixed

are directly related to Fourier transforms of almost-equal-time commutators at
infinite nucleon momentum, given in (II.5) and (II. 6). Provided the Calla.n—Gross4

integral is finite :
o0 | -7
lim | [ 2w v,q% < = (VI.3)
9 } v 2 o
Jat—ee
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we have shown that these commutators are not infinite, but may be zero (or
ambiguous). The hypothesis that these commutators are indeed {finite is equiv-

alent to the prediction

2
-_q_)
MW, 2 Fl(y | (VI.4)
q“—0
'VW2 . /_q2\ ‘ o
) | .9
q"—c0

Under similar assumptions, total vp and v p cross sections are predicted to rise:i“
linearly with laboratory neutrino energy. Of particular interest is the behavior
. of the sum of cross sections, dependent, according to (V.8), only on the equal-
time commutatoi‘ of Cabibbo current with its time derivative, evaluated between
nucleon states at infinite momentum.

An extension of this technique to more general ‘kinematical conditions, pre-
sented in Section IV, is possible, but by itself does not seem to lead further
insight into the nature of this limit. A more physical approach into what is going

~on is,without question, needed.
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