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1. Introduction

Beginning with Hoheisel [8], many authors have found shorter and shorter
intervals [x — x’, x] that must contain a prime number. The most recent result is
6 = 0.535: see Baker and Harman [1], where the history of the problem is
discussed. In the present paper we prove:

THEOREM 1. For all x > x,, the interval [x — x09%

,x] contains prime numbers.

With enough effort, the value of x, could be determined effectively.

The paper has much in common with [1]; in particular we use the sieve method
of Harman [4, 5]. We no longer use zero density estimates, however, but rather
mean value results on Dirichlet polynomials similar to those that give rise to such
estimates. Compare, for example, work of Iwaniec and Pintz [9] and Baker,
Harman and Pintz [2]. Much of the improvement over [1] arises from the use of
Watt’s theorem [11] on a particular kind of mean value. More accurate estimates
for six-dimensional integrals are also used to good effect. There is in addition a
device which uses a two-dimensional sieve to get an asymptotic formula for a
‘one-dimensionally sieved’ set; see Lemmas 16, 17. Unfortunately, these lemmas,
which would be of great significance for 6 = 0.53, are not very numerically
significant when 6 drops to 0.525; the same applies to the °‘role reversals’
discussed below.

Let us introduce enough notation to permit an outline of the proof. When & is a
finite sequence of positive integers, counted with multiplicity, we write |&| for the
number of terms of &, and

Eg={m:dme é&}.

P(z) = H )22

p<z

Let

where the symbol p is reserved for a prime variable; and let
S(&,z2) =|{me é&: (m, P(z)) = 1}|.

Let 6 be a positive number,
0.524 < 0 < 0.535. (1.1)
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Let ¥ =logx, y, :xexp(—Sglm),y =xite
o =x—y,x)NZ and B =[x—y,x)NZ,

where € is a sufficiently small positive number.
Buchstab’s identity is the equation

S(6,2) =S(6,w)— > S(6,. p),

W= p<z

where 2<=w<z; S(;zi,xl/ 2) counts the primes we are looking for. Our
philosophy is to use Buchstab’s identity to produce parallel decompositions of

S(/, x"/?) and S(%, x'/?):

k 1
x'/2%) Zs s,
j=1 j=k+1

1/2 zk:sj* S*

Here §; =0, Sj*>0 and for j <t <k or j >k we have

T

Y o
Y1

as x — oo, Thus

k
S(ot,x"/?) =2 (S(,@,xl/z) -y Sj‘) (1+o0(1)).

Y1 j=t+1

We must thus ensure that not too many sums are discarded, that is, fall into the
category t <j<k.
Just as in [1] we use Buchstab’s identity twice to reach the decomposition

(Q{ )Cl/2> (ﬂ )C ) Z S(&/pl,xy(a]))
v(0)<a;<1/2

+ Z S(f%p1p27 p2)

r(0)<oa;<1/2
v(a)) <ap<min(a;,(1-a;)/2)

=X, —X,+L;, say. (1.2)

(Here p; =x%.) We give asymptotic formulae for I, and X,. The piecewise
linear function »(...) is larger (for given 6) than its counterpart in [1]. From this
point on, role reversals are employed. To illustrate this, note that

S(Lp,p, P2) =[{Pip2h€ A plh=p=p,}|.
If K is a region in which oy > 1 — ey — ap, we note that

Z S(t,y, p,s P2) = {hpahy € (L " loghy, £ ' logp,) €K,
(o1 az) €K plhy=p>hl"? plh=p=p,},
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leading readily to the formula (in which 7 = xP3)

1/2

X

N S(pppa) = +0() Y S<,¢hp2,<h—>)

(ar,a2) €K (1—as—B3.as) €K P2
plh=p>p,

which we term a role-reversal. The point here is that our asymptotic formulae

S @by Sl ) == (1+0(1)) Y a,b,S(Bp.x")  (13)

m~M n~N m~M n~N

require certain upper bounds on M and N; see Lemmas 12 and 13. Here m ~ M
means M <m<2M; m=M means B 'M<m< BM; B is a positive absolute
constant, which need not have the same value at each occurrence.

It will generally be beneficial to attempt as many decompositions as possible.
There are two reasons for this. First, if there are several variables, there should often
be a combination of variables which satisfy one of our criteria for obtaining an
asymptotic formula. Second, if there are many variables, the contribution is already
quite small. To see this, note that if * represents x” <p, <p,_; <...<p; < x", then

3 s<93 )

/ / /O‘"’ l—ay—...—a, \da;...da,
o =v Ja,=» oy 011...()[5

(compare [1]). Moreover,

l—oy—...— 1 "
O)< o n) <1 and / / dal B an (Og()\/l/)) )
o, nly

For 0 = 0.525 we shall have » = 0.05. Hence the contribution from p; <x
(for which one can take n = 8) is at most

v (log2)®
7 810.05

(If ‘asymptotic formula regions’, in the sense of (1.4) below, are not discarded, we
get a better estimate still.)

However, when role-reversals are used it may not always be beneficial to perform
as many decompositions as possible. The reason for this is that with role-reversals, a
sum may be replaced by the difference of two sums, each substantially larger than
the original one. If not enough combinations of variables lie in ‘asymptotic formula
regions’, we have made matters worse. For example, when decomposing in
straightforward fashion we count

1/10

(1+0(1)) <0.000002y % ~".

pi...pam, plm=p>p,.
When role-reversals are used we may have
pi---poklm,plk=p>p,, pll=p>p, plm=p>p,.

The first expression gives rise to a term

l—a)j—...—«a, 1
w 3
oy Op...0, 10y,
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while the second leads to a term

oo )(2)o () e
o, Oy ay (al cee O‘rz)aro‘xan

for certain expressions fi, f, and f3. The corresponding integral can then be larger
than the original term under consideration.

The final decomposition of X,, given in §6, arises from Lemmas 12 and 13,
together with formulae of the type

SN S(ppp) = 0(D) S S(By,ep)  (14)

(aufyees,) EK Y1 (atyyems,) EK

discussed in §5.

2. Application of Watt’s theorem

Let T=x'"%"%/2 and T, :exp($1/3). In this section we seek a result of
the type

1/2+4iT
/ |M(s)N ()K (s)] | ds| < /2.~ 2.1)
1/2+4iT,

where M(s) and N(s) are Dirichlet polynomials,
M(s) = Z a,m °, N(s)= Z b,n"",
m~M n~N
and K(s) is a ‘zeta factor’, that is,

K(s) = Z k™ or Z (logk)k™".
k~K k~K

Note the convention of the same symbol for the polynomial and its ‘length’. Of
course, 1 is a Dirichlet polynomial of length 1. We shall assume without comment
that each Dirichlet polynomial that appears has length at most x and coefficients
bounded by a power of the divisor function 7: thus, whenever a sequence
(@m)m~up is mentioned, we assume that

|| < 7(m)”.
(This property may be readily verified for the particular polynomials employed
later.) The bound (2.1), and any bound in which A appears, is intended to hold for
every positive A; the constant implied by the ‘<’ or ‘O’ notation may depend on
A, B and e.
It is not a long step from (2.1) to a ‘fundamental lemma’ of the type

3" a0 S b, S( Ay w) :yy—lu +o(1) Y an Y. 5,5 Bpw)  (22)
m~M n~N m~M n~N

with

w = exp <lof$>' (2.3)

This will be demonstrated in § 3.
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LEMMA 1. Let

Nis) =Y (prepa)”’ (2.4)
pi~ P
where u<B, P,=w and Py...P, =< x. Then, for Res = %,
IN(s)| < gi(s) +... +g,s), withr<2L", (2.5)
where each g; is of the form
h
LP T INi(s)l,  with h<B,N;...N, <x, (2.6)

i=1
and among the Dirichlet polynomials Ny,...,N, the only polynomials of length

greater than T2 are zeta factors.

Proof. 1t clearly suffices to prove (2.5) for
N(s)=>_ A(m)n~"*
n~N

where A is von Mangoldt’s function. We now obtain the desired result by the
identity of Heath-Brown [6].

We shall refer to polynomials N(s) ‘of type (2.4)° to indicate that the
hypothesis of Lemma 1 holds for N(s).

LEMMA 2. If K(s) is a zeta factor, 1 <U<T, K<4U and M < T, then

1/2+iU
/ |M(s)| 2| K (s)|*|ds| < UTTe(1 + M2U V2. (2.7)
1/24iU/2

Proof. For K<U /2 and M < U"? this is proved in all essentials by Watt
[11] in the course of the proof of his main theorem. For K < U2 and M>U"?
we have

1/2+iU s . ) .
[ PG sl < M1 [ 1K)l
1/2+iU/2
<<M1+8U<<M2U1/2+8.
Now suppose that U 172 c g <4uU. Using a reflection principle based on [10,

Theorem 4.13], we may replace K by a zeta factor of length K' < U'/? with
error E = O(1). Thus |K|* < |K'|* +|E|*. Since

1/24iU 1/2+iU
/ |M<s>|2|E|“|ds|<</ \M(s)|?|ds|
1/2+iU/2 1/2+iU/2

< (M +U)U®,

the general case of Lemma 2 now follows.
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LEMMA 3. Let MN|N,K = x. Suppose that M, N, and N, are of type (2.4)
and K(s) is a zeta factor, K < x3* Let M = x* and N; = xPi and suppose that

o <0, (2.3)
Bi+1iB,<i(1+6)—a' (2.9)

Here and subsequently o' = max(a, 1 — 0). Suppose further that
By =<i(1+30) — o, (2.10)
61+%Bz§71;(3+0)_0‘/' (2.11)

Then for 1 <U=<T,
U

A/z ((MN\NLK) (L +ir)| dt < x' 2974, (2.12)

Proof. Suppose first that 4U < K and write N = MN;N,. Lemma 5 of [2]
yields || M| <M'"2% A if M>x® and similar results for N, and N,. By an
application of Lemmas 4.2 and 4.8 of [11] we obtain

1/2

KI/Z
|Klle <=5 KN <=M (N Ny) 22 =

Hence the integral in (2.12) is
K U|KN||o < x'2 274,
Now suppose that K <4U. The integral in (2.12) is

(/|M|2>1/2</|N12N2\2)1/4(/ K2N2|2>1/4

<<x8/50(M+T>1/2(N12N2+T)l/4Tl/4(1+N22T71/2)l/4
& x"
by Lemma 2 and the mean value theorem [2, (3.3)]. Here
v = %a/ —l—%max(ﬂil +B,5,1-6) —l—;l‘(l —0)
+ max(0, 18, — (1 —0)) — 55e.
1

The conditions (2.8)—(2.11) guarantee that vy < % — 55 &.

LEMMA 4. The conclusion of Lemma 3 holds if the hypotheses (2.9)—(2.11) are
replaced by:

either 3; <1 (1 —0) or N, is a zeta factor; (2.13)
By <3(1+30) 3o (2.14)
Proof. 1If either K >4U, or N; >4U and N, is a zeta factor, we may proceed

as at the beginning of the proof of Lemma 3. Thus we may suppose that these
cases are excluded. The integral in (2.12) is at most

() (e foms) <
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where
d=1a'+1(1-0)— e+ 1imax(0,48, —1(1-19)).

(If By <1(1—6), the mean value theorem yields f|N1|4 < Tx®/* if Ny is a zeta

factor and N; <4 U, the same bound follows from (2.7).) The result now follows,
in view of (2.14).

LEMMA 5. Let K(s) be a zeta factor, K < x4
N = xﬁ, a<~0 and

B=min(}(30+1—4d'), L(3+0—4a")). (2.15)

. Suppose that M = x*

Suppose further that M(s) and N(s) are Dirichlet polynomials of the type (2.4). Then

T
/ (MNK)(L+it)|dr < x"/2 274, (2.16)
T

0

Proof. Let [1U, U] [Ty, T]. It suffices to get the above mean value bound
over [1U, U].
Let
a=min(20 — 2o, (1 —36 +2a')).
We may suppose that
B>1(1-19),

since otherwise the result follows from Lemma 4 with 5, = 0.
In view of Lemma 1, we may suppose that

N=N,...N,

where N; =x% 8, <...<§, and any N; with §; >3 (1 —0) is a zeta factor.
We now give two cases in which (2.16) is valid.

Case 1. There is a subproduct x® of Ny ...N, which is either a zeta factor or
has 6 <1 (1 — ). Moreover,

B—-06<a.
If o' =-5(1360 — 1), then

12
a<20-2a'<i(1+30)—1d,
while if o’ <5(130 — 1), then
a<i(1-30+2a")<§(1+360)—1a’.
Now (2.16) follows on applying Lemma 4.
Case 2. There is a subproduct x® of Nj ...N; such that
asé=f3—a.
Let 8, = min(6, 8 — 6); then 3, € [a, %B] Let 8, =8 — B,. Then
Bi+3Br=B-3Br<B—-3a<3(0+1)—d
Moreover,
Br<3(3(30+1—-4a"))=1(30+1)—a
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and
3 5 1 /
B1+3B,<38=<3;(3+0—4d).

Now (2.16) follows from Lemma 3.
We may now complete the proof of the lemma. If 6, < a, there is evidently a
subsum of 6; + ...+ 6, in [a, 2a]. Now

2a<fB—a,

since if o’ =75 (136 — 1), then
3a<60—60'<1(1-0)<8g,
while if o’ <5 (136 — 1), then
3a<i(3-90+6a')<1(1-6)<8.

Thus Case 2 holds when 6,=<a, and of course Case 2 also holds when
a<é,=f—a.

Finally suppose that 6, > —a; then we are in Case 1 with 6 =4,. This
completes the proof of Lemma 5.

3. Sieve asymptotic formulae

In this section we establish formulae of the type (2.2) and use them as a
stepping stone to formulae of type (1.3). In order to link (2.2) or (1.3) to the
behaviour of Dirichlet polynomials we use the following variant of [2, Lemma 11].

LEMMA 6. Let F(s) =Y =, cik *. If

T
/T \F(L+i)|di < x' /224, (3.1)
0

then

Z cp = > Z i +0(y2 ™. (3.2)

ke.of 1 ke

LEMMA 7. Let a and u be positive numbers, w=x"" and D = x".
Suppose that

1/a<u< (logx)' . (3.3)
Then
1
Z y < exp(loglogw + 2ua — ualogua). (3.4)
d|P(w)
d>D

The implied constant is absolute.

Proof. Let p = (ulogua)/ . We use the simple inequality

exp(cy) — 1 < (exp(c) — 1)y (3.3)
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for c>0and 0 <y=<1. Now

> b Xm0

d|P(w) d|P(w pP<w
d>D
exp(Zlog (14p"h )
p<w
—1
\—exp<z P’ +Z ) (3.6)
p<w p<w

We apply (3.5) with y =1logp/ logw and ¢ = logua. The last expression in (3.6)
is at most

1 exp(logua) — 1 logp
et D DL LD O

p<w p<w

1
= —ual 1+0( — log1 O(1
exp( ua 0gua—|—ua< + <logw>> +loglogw + O( ))
by Mertens’ theorems for » ltf1 logp and pil. This completes the proof.

LEMMA 8. Let M(s)=> ,~ya,m_
N:xﬁ, with « <0 — € and

B<min($(30+1—4a'), :(3+6—4a’)) —2e. (3.7)
Suppose further that M(s) and N(s) are of type (2.4). Then (2.2) holds.

S N(@s)=>,-nbyn, M=x" and

Proof. We follow the proof of [2, Lemma 12]. We must prove (3.2) with

S Y abal

m,n d|l,d|P(w)
mnl=k

According to Lemma 15 of Heath-Brown [7],

> wa- 3 o 3 )
dll,d|P(w) d|l,d|P(w) d|l.d|P(w)
d<v«y y<d<yw

where v = x*/2. Let

cl/c: Z ambnﬂ(d)7 Cllcl: Z |ambn|'

m,n;d|P(w),d<7y m,n;d|P(w)
[=0(modd),mnl=k y<d<wy,[=0 (modd)
mnl=k
Then
Ye- Y drol ¥ o)
ke ke ke.of

Suppose for the moment that MND > x'/*

M, (s)N(s)K(s), where

Mis)= > “(’"m”;;), N(s) = z— K= > &k

n kMND = x

. We now apply Lemma 5 to
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and then sum over D =27/ ¢ (3. 37]. In each case M; has length at most Mx®

and Lemma 5 is applicable. We conclude that
Y=Y oy (3.8)
ke Ny

We reach the same conclusion with ¢; in place of c¢; by modifying M,(s) in an
obvious fashion. Finally we bound Y .., ¢/ by

b 1
<<l ZCI/{/<<yZ|anH n| Z L
Y1 ke m,n mn d|P(W)

y<d<wy

b
<<yz %% exp(—Luelogue) <y # 4,

m,n

from Lemma 7. Here w = x'/ “ so that u=1log.#. Now (3.2) follows on
assembling this together with (3.8).
Now suppose that MND<x'* so that (3.8) and its analogue for c; take

the form
Z an—l Z an<<y$7A.
nle st YU s
n<<)(]/4 n<<)cl/4

This bound is easily established, because the left-hand side is

Zan{%—i-O(l)} -2y an{yn—l+0(1)} <Y la,l < x!ire

n Y1 n~N

The proof may now be carried through as in the case MND > x4,

LEMMA 9. Let LMN = x. Let g be a natural number, g < B. Suppose that
M =x°, N=x°,

loy — 0] <20 — 1 + L&, (3.9)
8g—4)0 — (4g —3) 24g0 — (12 1
I = (0, +0,) <min 4g—2, B8 =40 Ug=3) 24e0— (12g+ 1)) 5
4g—1 4g—1
Suppose further that the Dirichlet polynomial L(s) satisfies
sup |L(L+in)| < L2y (3.11)
te[l,,T]

Then F(s) = L(s)M(s)N(s) satisfies (3.1).

Proof. This is a variant of Theorem 4 of [2]. The only modification needed to
the argument in [2] comes in Case 2(ii), where the expressions /; and /, must be
replaced by

[1/ — (TMf(Ul))l/Z—1/48(TNf(02))1/2—1/48

> <L2g—2g03)1/2gM01—1/2N02—1/2L03—1/2
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and
Ié _ (TMf(Ul))l/zf1/128(TNf(02))1/2*1/12g

% (TL4g_6ga3)l/6gMal_1/2N02_1/2L03_1/2.

Here
f(0) = min(1 — 20,4 — 60), (3.12)

a function which has the simple property

ozf(o)—&-o—%ﬁaf(%)—l—‘—l‘:‘—l‘(l—2a) (3.13)
for any « € [#, 1] Thus

Il < T1—1/2g<MN)1/8gL1/2 -1 28, 1 /8 1/2-1/8g o 1/2 gp—A
by (3.10). Similarly
< T(MN)1/24gL1/6 Ty /288 1/6-1/2g o\ 1/2 p—A

The desired result follows just as in [2].

We now require combinatorial lemmas designed to bring Lemma 9 into play
after a number of ‘Buchstab decompositions’ of the left-hand side of (2.2).

LEMMA 10. Let Osa< % + & and let h be the least positive integer with
a=1-2n0-1).

Let k=0,
2(0 —
%Zalz...zak>0, (3.14)
and suppose that
oatoy+...toa g Fig<1-0 if k>0. (3.15)
Then, writing
. 2h(1 —0) —a 2(h—1)8+ «
= .1
% max( =1 31 (3.16)
we have
ata;+...tos<a’. (3.17)

Proof.  Suppose first that k = h. Since the «; are decreasing, (3.15) yields
oz+(h—%)ak$1—0, (3.18)

oy <(1-0-a)/(h—-13), (3.19)

so that

ato+...tas1—0+1a
1—0—a 2h(1-0)—-a
2h—1  2h-—1
Now suppose that k < h. We apply (3.14) to obtain
20—a) 2(h—1)0+«
2h—1  2h—1

s1-0+

aota +...toy<at+(h—1)

This completes the proof of Lemma 10.
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Note that the function o™ of o satisfies

-0 .

l-f<5—<a <l+e. (3.20)

LeEmMmA 11. Make the hypotheses of Lemma 10, and suppose further that
ataj+...tot+ia,>1-06. (3.21)
Then the numbers
YiI=a+oap+.. o+ o
and
Yo=1—(a+a;+...+t o)
satisfy
lv1 —v2| <260 — 1. (3.22)
Proof. We have
Yi—v2=2(ax+o;+...+ o) toy g — 1
=2(1-0)—-1=—-(20-1) (3.23)
from (3.21). If k=h, then we have (3.19) from the previous proof. Since
a=1-2n(0-1),
)

D=

=20-1.

—0+2h(6 —
i1
Since the «; are decreasing,
Yi—va=2(a+o +...tog i) tap oy —1
<2(1—-6)+220—-1)—1=26—1.
If k < h, then (3.14) yields
2(0 — «)

ono1 -t

Y=y, <2a—1+2h—-1)
This completes the proof of Lemma 11.

LEMMA 12. Let € [0, 5],
0<B<min(1(30+1—4a"), L(3+06—4a")) - 2e.
Let M($) = oy @um >, N(s) =3, _ybyn *,2M =x* and N = x®, where
M(s) and N(s) are of type (2.4). Let
Iy=[3-2h(0-73), 5= 2h=2)(0 —3)),
and write

. 2 360 — 17
v(a) :mm(2h—1<0_a)’ T) (x€l,h=1).

Then (1.3) holds for every v < v(a).

This result sharpens Lemmas 5 and 6 of [1]. It is clear that »(o) =260 — 1. The
upper bound on 8 never falls below 1 (36 — 1) — 2e.
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Proof of Lemma 12. The summation conditions m ~M and n~ N will be
omitted. Let
1 if (I,P(z) =1,
0 otherwise.

.o = {
From Buchstab’s identity,

V(o) =v(lw)— D Y(hp). (3.24)

Here w is given by (2.3).
We must prove that, taking z = x”,

Ck(O) = Z ambn¢(l’ Z)

mnl=k

satisfies (3.2). From (3.24),
cr(0) = c(0) — ¢{(0) — ¢, (1)
where

ci(0) = 3 anb, (i w).

mnl=k

CZ(O) = Z ambn\[/(hl’ pl)’
mnphy =k
wsp;<z

mpll/2>x179

(1) = Z ayby(hi, pr).

mnp h, =k
wsp <z
mpl]/sz]’o

We continue the process by applying (3.24) to ¢,(1). In general, let

cl(j) = > by (hy, p));

mpy...pjhj=k
WSp;<..<p;<z

mpy..pj_yp}’?=x'"
then (3.24) gives
alj) =alj) —a'(j) —alj+1)
where ¢;(j) is obtained from c(j) by replacing ¥(h;, p;) by ¥(h;, w), and

cr(j) = Z anby ¥ (hjy 1, pjs)-

mpy..pipj+1hj 1=k
WSPpji1<.<pi<z

/2 1-6 1/2
mleijle/ Ssx <mP1~»P;P.,»4{|

For j= &% /logw = log &, the sum c;(j) is empty and decomposition ceases.
Each c(j) satisfies (3.2). To see this, we write p; = x*. Then since m < x%,

where « € I, we have _
mpy...p;<x* (3.25)

in the sum c;(j), by Lemma 10. We now obtain (3.2) by an appeal to Lemmas 6
and 8, taking

-5

M(s) = Z a,(mpy...p;)

1/2 1-0
mpy..pj_1p;’ T Sx

wSpj<.4.<p|<z



THE DIFFERENCE BETWEEN CONSECUTIVE PRIMES 545

Each cj(j) satisfies (3.2). For in c}(j), we may write
hj+1 :Pl1 P;
where u <log Z. It suffices to prove (3.2) for the portion c(j, u) of ci(j)
arising from a fixed value of u.

As in the proof of Lemma 1 of [3], we may remove the conditions of
summation, x' % <mp, ...pjpjlff, pj+1<p; and p;i, <p}, by the use of
Perron’s formula, which modifies the coefficients of the Dirichlet polynomials in
an acceptable way. (The same process is implicit several times in the rest of the
paper.) We apply Lemmas 6 and 9 with g =5, with M(s) produced by grouping
m, py,...,p;» L(s) corresponding to p;., and N(s) produced by grouping the
remaining variables. The restriction to dyadic ranges presents no problem, and we
have only to verify (3.9)—(3.11). For (3.9) we appeal to Lemma 11; the condition
(3.21) derives from one of the summation conditions for cZ( J). For (3.10) we
note that

1 —(0) +03) s v(a),
and »(«) is defined in such a way that (3.10) holds. We complete the proof of
(3.2) for cj(j) by noting that (3.11) follows from [2, Lemma 5]. We now obtain
(3.4) for ¢, (0) on combining the results for the O(log #) expressions into which
we have decomposed it.

LEMMA 13. Let M = x% Ny =x" and N, = x", where M(s), N;(s) and N,(s)
are of type (2.4) and suppose that o <% and either

(i) 284 y<1+0—2a" — 2,
'y<i(1—|—30)—01*—8,
28+3y<1(3+40) —2a" —2¢,

or
(ii) B=<3(1-06), v<3(1+30—4a")—e.
Let
by= Y. A.B,,.
nin;=n

ny~Ny,n,~N,

Then (1.3) holds whenever v < v(a).

Proof. We follow the proof of Lemma 12, altering only the discussion of
ci(j), where N(s) no longer satisfies the requirements of Lemma 8. However,
N(s) = N;(s)N,(s), and at the point in the proof of Lemma 8 where we appeal to
Lemma 5, we may substitute an appeal to Lemma 3 in Case (i), or to Lemma 4
in Case (ii). Modified in this way, the proof of the necessary variant of Lemma 8
goes through, and we obtain the desired result.

4. The two-dimensional sieve

For a given positive integer m let us write, suppressing dependence on R,
" ={rl: mrl€ o/, r ~R}
and define # " similarly with .o/ replaced by 4.
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LemMa 14. Let x'/* <M <x'? and MN*R <x'~%°, and suppose M(s) is of
type (2.4). Then

S S abs@E™ Wy =2 3 S a,b,S(F M w) +0(y 2 M. (4.1)

m~M n~N Y1 m~M n~N

Proof. As in the proof of Lemma 8, the left-hand side of (4.1) is

Sty S w614 0( X lant 3

d|P(w) m,n y<d<yw
d<v

2
Eq" |>. (4.2)

Let L = x/MN?R. For given d | P(w),

LD MDD
eh=d ~R I=L

elr hll
(rsh)=1 mn*riec.o

DS (znm) > o

eh=d r'~R/e \ f|h I'=<Lh!
flr’ mn’er'hl’ € o/
= whH > >t (43)
efg=d r"~R/ef I'<L/fg

anefzgr”l/ c.of

Thus, given any coefficients \,;, with [Ny <1,

S anb, S0 NJEMT=Y ¢ (4.4)

d<yw ke
d|P(w)
with
0= Y ) Y ah Y Y
efg<yw , r~R/ef I=L/fg
efg|P(w) mn-ef gri=k

Let E=1,F=1,G=1, EFG<yw, R, =R/EF, L, = L/FG,

M(s)= > aum™ D Negn(f)(ef?0) ",

e~E f~F
g~G
Li(s)= Y _1"° and R(s)= > r "
=L, r=R,

Lemma 2 and the mean value theorem yield, for Ty <U<T and
max(R;, L) <4U,

/U(/12|MR1L1(%+it)|d;< (/|M|2>1/2</|R1|4>1/4</|L1|4>1/4

<<xl/4+(170)/2+£ <<xl/278g7/4.



THE DIFFERENCE BETWEEN CONSECUTIVE PRIMES 547
If R or L, is greater than 4U, we get the bound
U
/ IMR\Ly (L +it)|dr < x"/2 =4
U/2
by arguing as at the start of the proof of Lemma 3. Consequently,

P = Y ek ™ = MR, ()L1(5) Y 2
k=x

n

satisfies
/T|F(1+ )| dt < 1/2372AZ |b,|
Ly x 1%7nl
To g n n
< x/2gp-a
and (3.2) holds. In particular, the first summand in (4.2) is
y mn? _
- Zambn Z /"L(d)|97d |—|—0(yg A) (45)
Y1 mn d|P(w)
di'y

and the second is

y /"n’lnz —_
o(y—IZ|am||bn| Y |7 |)+o<y$ ), (46)

'yi d< yw
Moreover,
2
Slawbal Y NFINY awb,) >0 >0
m,n y<d<yw m,n r~R/ef I=L/fg
mn’ef’gric #
Y1
< lanbal > Y
m,n y<efg<yw r~R/ef mn*ef “gr
Consider, for example, the part of the last sum with ¢ = 71/ 3; this is

1
<<y1.$B Z E<<y1$_A

v <e<yw
e| P(w)

by Lemma 7. It is now easy to complete the proof on combining this estimate
with the formulas (4.5) and (4.6).

LEMMA 15. Let M = x® with f<a<1; let R< x"272¢ Suppose that M(s)
is of type (2.4). Then

Z a,S(E", x") =2 Z anS(F", x") +0(y L)

m~M Y1 m~M
for all v <v(a).

Proof. We must show that

c(0) = Z a, Z Z Y(rl, 2)
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satisfies (3.2), where z = x”. Imitating the proof of Lemma 12, we find that this
reduces to proving (3.2) for c;(j), ci(j), where

= a, > xb( r! ,W>,

mrl=k WS p;i<..<p;<zZ Pr-.-Dj
pi-pjlrl
ml’ln-l’jflﬂj]/zgxlie
rl
mri=k WS p;j<..<p;<z Pr---Pj+1
Piepjlrl

1/2 1-6 1/2
”U’]“'pj—lpj/ Sx <mm---p,-p,+/1

(with obvious modifications when j = 0).

Let >y denote a sum over all subsets H of {1,...,j}; write u(H) = [[icu P
and v(H) = [[;¢u.i<;pi- For p;... p; counted in c(j) there is an H such that
u(H)|r and (r, v(H)) = 1. Thus, writing ' = r/u(H) and I' = 1/v(H), we have

Z Z ap Z Z Z\b(r/l’, W).
PirsPj r'~R/u(H),(r',v(H)=1 I
mrpl.‘.pjl':k

( ,Inse(:rti;l)g the factor > xn H:@(—l)lK | > uk)» 1 in place of the condition
r,v(H)) =1, we arrive at

DD INCILD A >y

KNnH=0 m PisePj r" ~R/u(H)u(K
mr”u(K)pl...p,l':k

:Z Z (—1)|K‘ZA ) Z Z Z\[/ ("1, w).

H KnH=0

/ 2 //Z/ k
Here
Aw=> > au b= > L (4.7)
m p; (i¢K) pi (i€K)
m Higk pi=m' u(K)=n
Note that, recalling (3.25),
mn<x? nr'" <R<x'/?7, (4.8)
1/2 12 —2&

hence m' <x and m'n’r"” < x! in the last expression for cj(j). Since
there are fewer than 22/ < #? possibilities for H and K, Lemma 14 yields (3.2)

for ci(j).
We may proceed similarly to obtain

ci(j—1) Z Z ‘K‘

KNnH=0

2. 2. 2 D T p),

m wspi<.<p;<z r"~R/u(H)u(K)

mpy.. p1/2<x1 9<mp1...pjl/2

mr"u(K)py...p;l" =k
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We approximate this expression by the contribution from K = 0,

mr'" pl pjl =k

where the summation conditions for m, py,..., p;, r", I' are as in the preceding
sum. We have

- —al=> > Z|Am|2b > szW Cr
H K?I; 0 m' o r" ~R/u(H)u(

say. Here A,,; and b, are as in (4.7) and we see that

Ya=2Y a+ore™

ket i kes

while, for some H and K,

Saene? S S LS S e

ke# I'<x n>w

Obviously, then, it suffices to prove (3.2) for c¢; in place of cj(j—1). The
argument is now essentially the same as the discussion of ¢ (j) at the end of the
proof of Lemma 12 and we omit it. This completes the proof of Lemma 15.

In the next lemma we use Lemma 15 to obtain a formula of the shape

Z ZS(‘Q/PIM’ Z Z Bpipy X' )+ O L™ ) (4.9)

p1~M p,~R yl pP1~M p,~R

that would be inaccessible by the method of § 3.

LEMMA 16. Suppose that M = x°,
R<M and M’R<nx.

Then (4.9) holds for v =26 — 1.

Proof. In view of Lemma 12 we may suppose that R = x(39=1/2-22 [ emma
15 yields
3 s ) =2 YO S(FPL) 0y L.
pi~M 1 pi~m
Here

P ={rl: r~R, pirie€ o/}

and Z "' is defined similarly with 4 in place of .o/.
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We have
> S@E"x") = > Kpi-opulipho pu~Ropipy .. pul € o,

pi~M pi~M v / / v
xspi=<...<p, (LPKx")) =1}

= Z Z S(ﬂpm P X)

Pi~M y<pl<..<pl,

phepu~R
=D 2 S
P1~M p\ ~R
v
+ E E S(&il’ll"lﬂ/zmﬂﬂ’x ) (4.]0)
pi~M p’ipéi...SpL

v ’ 1/2 lr 7 ’
x"<p;<(2R) PaPu~R/P\
The second sum in the last expression is

y , B
§=- > > S By )+ O(L )

Y1 p1~M pllép/zimépru
x"=pi=(R)'? pi.p,~R/p

by an application of Lemma 12. For this it suffices to note that MR'? < x"/ 2,
and

R/p, <<x1/3p1_1 < x!/3-@6-1) o (B0-1)/2-2¢

since 6 > 0.524. (Removal of the condition p| < p) is covered in [3], as pointed
out earlier.) Now

Z Z Ay X —l{ZS(F/”‘,x”)—S}—!—O(y%‘A)

~M p| ~R 1 ~M
_ )
3 > Z By,pp ") +0(y L)
pi~M p~R
by an obvious variant of (4.10). This completes the proof of Lemma 16.

LEMMA 17. Let M| <=M, < M3, M1M2M32 = x and M, =x¥"1 and suppose
M, (s) and M5(s) are of type (2.4). Then, for 0 <v <20 — 1,

Z Z Z amlbm3S(t%mlﬁzm3’xlj)
ny

~M; py~M, m3~M;

y Z Z Z a’"l m1P2m3’xV) + O(ygiA)'

yl my~M; py~My m3~M;

Proof. We have
MMy < (MMM 2 <x'2 M3 <xM < x> %
IfM, = xB30-17 272¢ the result follows from Lemma 12. Suppose now that

M, > LB30-1)/2-2¢
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Then M{M; > M, > x4 Lemma 15 yields an asymptotic formula for
D D ambuSE™™).
my~M, m3;~Ms;
(Here R =M,.)
In analogy with (4.10),

Z Ay by, S(E™™, x7)

my,ms
— E E v
- am]bm3 S(’Q{Wl]mzpau-[’;’x )
my,ms <pi<..<p)
I i
Pi-Pu~M,
= E amlbm3 E S<Q/mlm3p’] X)
my,ms py~M;

2 > S Lmmpprto ¥

- m‘";3M 12 P:lgp/’zg...spf;
X' <py<(2M») prPu~My/ph

The second sum in the last expression is

y , B
v, Z Z S(Bomymsp,..p» X Y+ 0(yL ™).

Y1 S PISPyS..<p,
Spi=CM)E pL pl~M, /P,

To see this we divide it into two subsums defined by

) mym;ph <x'/?,
(i) mymsp' >x!/2,
If condition (i) holds, then

2-20)/3—(20—1) (30-1)/2-2¢

p/z...p;<<M2x_<20_l)<<x( <x

since 0 >0.524. We now get the desired result from Lemma 12, with variables
regrouped as m = mymsp} and n = ph... pl,.
If condition (ii) holds, then we regroup the variables differently, taking

-1/2 1/2

m=msph...pL KmsM,/p|\ < mim Msx <Lx
and

—5(30—1)/4+6¢ (30—1)/2—-2¢

n—m1pl<<mlM1/2<<xM275/2<<xl <x

Once again, the desired result follows from Lemma 12. We may now complete
the proof in exactly the same way as the previous lemma.

5. Further asymptotic formulae

Let Ly...L;=x, =3, L;=x% and o;=e. We shall find a region of
(e, ..., ;) in which

T
/T ILy(3 i) Ly (A4 in)|"dr < X" 24 (5.1)

0

for every A>0. Here h =1 or 2. The case h =2 is needed for application to
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primes in almost all short intervals, which we shall consider in another paper. For
h =1, (5.1) permits us to evaluate

S Y S( Ay Pim1)

p1~Ly pi-1~L

This is essentially an application of Lemma 6. We have already discussed the
removal of the condition (b;, P(p;_;)) = 1 in counting p, ... p,_ b, in the last sum.
In order to prove (5.1) we need only prove

Z ILy(3 i) . LA i) | < 2 A (5.2)

for any set & = {t,t,,... } in [Ty, T] with |1, —t;|=1 (i#j). By a simple
dyadic decomposition we may assume that

1/2 1/2

Ly~

P in|=2L)”

where 1 <0, <1+ and the left-hand inequality is  to be deleted when o, =1.
We recall that the Dirichlet polynomials L; have L]’ < % For j =3 we need
to hypothesize the stronger inequality

L <ot (5.3)
for every A > 0.
Now (5.2) will follow if we show that

A | E A (5.4)
J

(the product []; runs over j=1,...,I unless otherwise stated). We have at our
disposal the bounds (f as in (3.12)):

(2-20)), k;j(2—203)

|y|$—3 < max(ij L3./’ - , TL]gff(Gj)L];jf(03))

where k| and k, are 0 or 1, and k; is O for j > 2. To see this, apply Lemma 1 of
[2] to LZ’/L We write (/); as an abbrev1at10n for

k(2-203)

<2_20j>L3j

(7| P <Ly
and (I1); for
|5p‘g73 < Tijf(aj)L];jf(US).

LeEmmaA 18.  With the above notation, suppose that

h . h ky k2> h . hv
—+—=1, v:zl—(——l—— >0, +—>1. 5.5
281 28 g1 &2 ; 281 283 53

Let u=1->,.3h/2g; and suppose that

Let by, cy,a,,cs,bs,c3,aq4,ca,as, bs, cs,ag, bg, cq be non-negative numbers,
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€[h/6g\,h/28 ], b;€h/6g,,h/2g,],

h h
+cp=— +b3+C3

h
M:—+b1+C1 —612+
28,

28y 28,
h

=ay+ +C4:ar+br+cr (I'?S),
28,

hk hk
%(—2g3cl+h—g—l)$k2b1$%< 283C1+h—g—1>,
1 1

hk,

hk
%( 2g3C2+h——2)$k132$%< 2g3C2+h——>,
82 82

hk hk,
<h——1> <k,b3+g3c;3 \—<h——>,
81 81
hk hk
<h——2> Skla4+g3c4$%<h——2),
82

%(—28305 +h)<kjas+kybs g%(—2836‘5 + h),

%hSk1a6+k2b6+g3c6<%h.
Then (5.1) holds whenever a;=g; ' (1 —0) (j>3),

hk
az(ih +%g2b1) +043<— 58301 +%h — é‘#%kzbl) = (by +&)(1-0), (5.6)

( h+2g1a2 +O(';< 2g3cz—|— h—Zﬁ—l- k1a2>>(a2+8)(1—0), (5.7)
oy (3h+1g,b3) +a3<;g3c3+ h—h];+ kob > (u—+s> 1-9),
(5.8)

o (th+1gay) +a3(%g3c4+ hf@+ k1a4> <ur£’2+8> 1-9),
(5.9)

011(ih +%g1f15) =+ Olz(zlth +%g2b5) + 0‘3(‘%8305 +%h +%klas +%k2b5)
=(as+bs+¢)(1—0), (5.10)
ar(fh+igias) +ar(3h+382b6) +a3(383¢6 +3h+3kiag+31kobg)

=u+¢e)(1-0) (5.11)
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Proof. Since o; = gfl(l —0) for j >3, we have (I); for j> 3. There are thus
eight cases to consider.

Case (I), (I);, (I)3. Define N by

h h v 1
—+——|—)\(—+ —> =1
281 28 283 ; 2g;

so that 0 <\ < & from (5.5). Then

2
S< H (L_zé’/—28./"/L§k./—2k/‘73)h/2gj(L§gs—28303))\v/2g3
j 3 2
j=1

31 RO Ra] | PF
j>3 J

—1 . . .
Every L;’ in the above product has non-negative exponent: the exponent is 0

for j <2;
ki k
h(——'——2+1) —No=(h—Nv

for j=3; and h — \ for j > 3. Since (h —N)v >0, (5.4) now follows from (5.3).
Case (I)y, (II),, (I)3. Since by +c¢; =u—h/2g,, we have

S < (L?gl(l_01>L§k1(1_03))h/2g' (Tngf(Uz)ngf(Os))bl

« (L§g3_2g30'3)cl H (Lj_zgj*2gf‘7j)h/2g,- H L;l(ajfl)_
Jj>3 J

The monomials in L;’_l (j#2, j#3) have product 1 and can be omitted; the

corresponding step will be implicit in subsequent cases. Thus S < S(0,, 03), where

h(o,—1 2, b o —2g3c1+h—hky/g)(o3—1)+kyb,f(0
51(02,03):Tb1L2(2 )+gaby f( 2)Lg gsci+ 1/81)(o3—1)+kybyf(03)

<83, 3).
For the last inequality, we appeal to (3.13), using

th<gyby <1ih (5.13)
and
hk hk
%(—2g3c1+h——1>sk2b1$%<—2g3cl+h——l> (514)
&1 81

In subsequent cases, we leave the appeal to (3.13) implicit but mention the
inequalities corresponding to (5.13) and (5.14).
Finally, (5.6) yields

51( i %) _ Tb1L27h/4782b1/2L§361/2—h/4+hk1/4g1—k2b1/2<<$7A.

3
4
Case (II),, (I),, (I);. This is similar to the previous case, with L; and L,
interchanged.
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Case (I)y, (II),, (II)3. Since b3 +c3 =u—h/2g,, we have
) 2k (1—03))h/2g1(Tngf(Uz)ngf(Gz))bg(Tngf(Oz))

S< ( 281(1—51 ;
H 2g] 2895 h/28 o;—1)
X IHL
j>3

Thus S < S,(0,, 03) where
T h/ZEIL ( 2*1)+82b3f(02)Lgh*hkl/81)(03*1)+(k2b3+&3ﬂ3)f( )

Sy(07,03) =
sSZ(%’ %)’

since
h,

D=

h$g2b3 =

SN

h— =t

hk hk,
< 1><k2b3—|—g3c3<%(h——)
81 81

Finally, (5.8) yields
52(3 3) _ - h/ZgIL—h/4 g2b3 /2L3—h/4+hk /481~ kabs/2-g503/2 o p-A

This is similar to the previous case, with L; and L,

Case (1)1, (I)2, (1)
interchanged.
Since a5 + b5 4+ c5 = u, we have

Case (I1), (IT),, (I)s.
S < (TL(%lf(m)L;lf(ﬂ))% (TL§2f(02>L32f(03>)b5

% (L§g3*28303>65 H (Lj?gj*Zé’j”j)h/Zgj H L;l(a,
J

j>3

Thus S < S5(0y, 05, 03), where
T“5+b5Lh(01—1)+g1115f(171)Lh(62—1)+82b5f(02)

S3(01, 02, 03) = 2
h—=2g3cs5)(03—1)+(kyas+kybs) f(o3)

Here we use
1 1
I’l, ghggzbS $§h,

sh<gias<;
<j(h—2gscs).

L(h—2g5c5) <k as+kybs

Finally, (5.10) yields
T“5+bSL h/4 gl05/2L2*h/4*gzb5/2L3*h/4+g3C5/2 klaﬁ/z kobs/2

53( > ") =
<y
Case (II)y, (II),, (II);. Since ag + bg + ¢ = u, we have
S< (TLglf(Ul)Lklf(o'3))a6(TLng(UZ)LkZ.f(US))hﬁ(TL§3f(o'3))

XH 23/ 28j9; h/ZA,HL

Jj>3
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Thus § < S4(0y, 0,, 03), Where

54(0]’ 0y, 03) _ TuLfll(Ul*1)+glasf(01)Lg(02*1)+g2bﬁf(02)

XL:(M* D)+ (kjag+kabs+gsce)f(o3)

3 3 3
<8433 1)
Here we use

h§g|a6§ h, hggszs h,

N~
ST
N~
1=

%hSk1a6—|—k2b6 +g3C6 s%h

Finally, (5.11) yields
S4<%, %’ %) _ TuLl—h/4—g1a6/2L2—h/4—g2b6/2L;h/47(k|a6+k2h6+g3c6)/2
<P
Case (I);, (I)s, (Il)3. Let c=u—h/2g, —h/2g,. Then

2812 2k, —2k 2 28,2 2k, —2k 2
S« (ngl 8101L3 1 103)’!/ gl(ngZ 8202L3 2 203)h/ g2

X (TL§3f(03))C H L;l<0j_ 1)‘
J

Thus S < S5(03), where

55(0.3) _ TC'L2”<U3*1)+583]C(03) < SS(

).

Bl

Here we use

Finally, (5.12) yields
SS(%) _ TCL_hv/4_Cg3/2<<$_A.

This completes the proof of Lemma 18.

The cases that are helpful in the present paper, where h =1, are
(g1, 82-83-84) = (1,2,3,d) where d =4 or 5. We take k| = k, = 0. Thus

—1__L —_1_ 1 1 1 < <1
u=1-—55. bytci=53-35 =5 nSbh=z

This is satisfied for (by,c)) = (3—55, L), Similarly (as,c2) = (5 -5, &)
Next,

This is satisfied for (b3, ¢3) equal to either (4 — or (1, 3 —55) (it is obvious

1
2d
that b5 or c; should be chosen as an endpoint of its permitted interval). Next,

is satisfied for (a4, c4) equal to either (3,
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is satisfied for (as, bs) equal to either (3, 3 —5) or (5 —45, 1). Finally,
_ 1 1 11 1
ag+betce=1-1L, l<ag<l, L<bo<l, L<co<l.
This is satisfied for (ag, bg, ce) equal to (3,3, 3—5;) or (H—55. 5. &) or

(35720 5)-

The region of (ay, ay, a3, ay) for which (5.1) holds via Lemma 18 is thus a
union of polytopes obtained from various choices of (b3, c3), (a4, c4), (as, bs)
and (Clﬁ, bé, Cﬁ).

6. The final decomposition

In what follows, we ignore the presence of & for brevity. Let 6 = 0.525. We
begin with some further notation needed to describe the further decomposition of
Y5 in (1.2). Write

U,={(a,- - ra,): 0<a,<a,_|<...<ap20,<1—o;—... —a,_1}.
Let
= U G
n=2
where
G, ={(ay,...,a,) € R":an asymptotic formula can be obtained for
pr---Pur €, p;~x%, (r, P(p,)) = 1}.

(The means of obtaining the asymptotic formula is, of course, Lemma 9 or
Lemma 18.) Put

Dy={(a,B):0<a=<10<B=min(J(30+1—4a"), 1(3+6—4a"))}

with o* as in §3,

Dy ={(a,B,7): 0<a<jz,y<y(1+30) —a’,
B+ %vS%( 10—, B+iy<1(3+0)—a"},
={(, B,7): 0= S%B L1 -0),y<1(1+30)—Lla},
= {(a, B,7,9): (a, B,7v,9,0) can be partitioned into

(n, )GDO or (n,{,N\) €Dy UD,},
={(a, B,7): (o, B,7) €D, WD, (a, B, y) cannot be partitioned into
(77’ g_) € DO}

In case the language is unclear, (o, (,7,6,6) can be partitioned into
(n, §) € Dy if, for example, (o + 26,8+ 7) or (a +6+v,B+6) is in Dy,.

Note that D, D; and D, correspond to conditions on variables which allow a
further decomposition via Lemma 12 or 13; while D* allows two further
decompositions. In regions corresponding to R, role-reversals will be needed to
perform further decompositions.
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Presented with a sum such as
Z S(‘Mpqv q)v
pq

we may be able to give an asymptotic formula for some of the almost-primes
counted. We can make these visible by writing, for example,

;S(%pq,q)—ZS@pq, (p%)l/Z)Jr > S(A )

p.q 7d
g<r<(x/pg)'’?

(the Buchstab identity in reverse). We define a new function to take into account
the possible savings introduced by this technique.

Given «a € U,, write
l—oy—...—a,
u= .
al’l

Then u =1 by definition of U,, and S(.«Z, , , p,) counts numbers with up to u
prime factors. Now write

w(a, 1) = where o, 1 =1 — ) — ... — .

Oyt
Define w(e, k) inductively by
* dp; ...dB;
wla,k+1) =w(a, k —|—/
( ) =wla-k) B1Ba...Bx

(1 =By — ... —By)

where * denotes the region

o, <P <Br<..<B<%i(ays1—Bi—...—Br_1)s

(atgyenesty, Brse--5Br) €G.
Finally we write
w(a) = w(a, u).
We then have
w(an+1/0‘iz)
an

w(a) <

and, for 1 <k<u,

- C oo =B~ =B d_131 dﬁk—1d_5k
w(oz)\w(oz,k)+/ w( 5 >B1 B B (6.1)

This is a translation into integrals of the following fact. If we apply the Buchstab
identity in reverse u times to

the loss from regions for which we cannot give an asymptotic formula is less
than the corresponding loss, if we only apply the identity k times and discard
all py...paqy .. qihyy 1 with (b, P(gy)) = 1 for which an asymptotic formula
cannot be given. We use (6.1) in some numerical calculations with k = 2 or 3. We
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shall also use
( 1/u forl<u<?2,
u) =
(1 +log(u—1))/u for2<u<3,
w(u) <t(1+1log2) if u>3.

We require a development of the above notation to take into account role-
reversals. Let a3 € Us. Put ay = (ay, ay, a3, oy) with » < ay < 1o, We write

/ ) — Oy
u = |——1.
Qy

Define w*(aty, j) and Y(ay, j) by

w (a47 1) = w(a3) > W (0{4,]) = w(a3)Y(oz4,]),
o1 — Oy
. . T dvyy...dv;
w'ay, j+1)=w(a (Ya, +/ : >
( 4>/ ) ( 3) ( 4 J) 7]’)/1(051—&4—’)/1——7])

Here the last expression is to be interpreted as a sum of multiple integrals
(including those counted by w(a3)) with the integration condition T dependent on
which multiple integral from w(e3) is multiplying it. If, for example, one takes
the term

dB,...dg;
BBl —oy —ag—az =B —... = B)
from w(as), then the conditions on vy,...,y; are
<y <..<y; <3 o —as—yi—...—vj_1)
(Olz,O(3,(14,’]/1,...,’)//,61,...,6](,l—al—az—a3—51—...—6k)¢G.

Let
w(oy) = w*(ay, u').
Of course, we have

w(as)w((a —ay)/ay4)

B

w(ay) <

Oy

and various other upper bounds could be derived using small numbers of
integration variables.

Now define non-overlapping polygons A, B, C, D, E, F, whose union is
{(ay, @) € Uy: v(0) <oy <1, v(a;) <y}, by the following sets of inequalities:

A:

1
4
B: 13-30)<a <1,
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E: %(30—1)$a1S%(3—39), %(30—1)$a2$mln(a1,1—20{1),
Fr i1<a;<2-30, max(1 -2, $(30-1)) <o, <1(1-a).
Note that

(Oll,Olz)eA < (1—Ol1—0l2,0(2)€B

and a similar relation holds between E and F. Moreover, in AU BUE U F only
products of three primes are counted. So

Z S(Mplpz’pZ) = Z S(Mp]pz’ pZ),

(aj,a2)€B (g, 0p) €A
Z S(“%Plpz’lh) = Z S('Q{plpy pZ)’
(ap,00) €F (ay,00) EE
and
L3=2 Z S(p,pys P2) +2 Z S(y p,s P2)
(o, 0) €A (a,ay)EE
+ E S(&{Pll)z’pz)_F Z S(*Q{plpy p2)'
(ay,a2)€C (e, @2) €D

Now we consider A in more detail. If we discarded the sum over A, our ‘loss’
would be =0.1971. In fact we shall make only a small saving when the exponent
is 0.525; we would have much greater success when 0 = 0.53. We apply
Buchstab’s identity to get

Z S(%Plpz’pQ) = Z S(‘Q{Plﬂz’x"(al))_ Z S('Q{P]sz’s’pS)'
(ay,00) EA (aj,00) €A (ap,0p,a3) € A

We can give an asymptotic formula for the first sum on the right-hand side. If
(0(1, Ao, (X3) € D1 UD2 or (0(1 + a3, 0[2) S Do, or (Olz + a3, Oll) € Do, then a
further straightforward decomposition of the final sum is possible. In the
remaining part of A" we note that oy + oy = % Writing 4 for a number counted
by S(.,, p,ps» P3)» We have b~ x** with

O(4+O(3$%, O(2$%(30—1)

A role-reversal yields

1/2
X
Z S(LQ{P1P2P3’p3): Z S<%hp2p3’<%> )

P1>P2:P3 h,pa, p3
_ v(og+as)
= § : S(Lpp,ps X )~ § : S(Lnprpya> D-
h,p2,p3 h,p2.P3,q

We omit the conditions of summation for brevity. On the left-hand side we had to
count numbers hp,p3p;, and in the last sum on the right we count numbers
hp, p3qr, so we speak of this step as ‘decomposition of p,’. Further decompositions
may be possible in either the straightforward decomposition or the decomposition
of Pi-

Altogether we get a ‘loss’ from region A of

1 1 1
/ mln< . (11+12)+—I3> dO{ldOlz
(ar,az)€A ajor(l—ap —ay) aja; &%)
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with
w(a
11 :/ Mdogdou,
a3 €U;\R Q30
as €D UG
1 ) w(a
I, = / min (w(a4), / M dos da6> dosday,
a3 €U;\R X304 ag€lUg Q50
as €D \G ag¢G
1 l—a;—ar)—« /2 (o
13:/ —(JJ< ! 2 3)/ Mdoudo@.
az;eR O3 a3 v Oy

a, 4G

Here, for the sake of clarity, we have omitted further decompositions after a role-
reversal, and not considered the six-dimensional region where two further
decompositions are possible. In this way we obtain a loss less than 0.15, and so
a loss from regions A and B less than 0.3.

For region E we perform two further decompositions; Lemma 16 covers

Z S(ty s X").
P1:P2

There may now be a role-reversal preceding the next decomposition; whether or
not this is the case, it is easy to see that Lemma 17 covers

Z S<£{hP2P3 > xV>

h,pa,p3

where h runs either over primes or over integers coprime to P(p3). The loss from
this region is less than 0.03 (and so less than 0.06 from E U F). Without using
the two-dimensional sieve we would have had to discard all of this region with a
loss from E U F of =0.0864, so the saving with 8 = 0.525 is quite small.

For region C it is only necessary to reverse the roles of variables for a small
part of the sum

Z S(p,p,py» P3)-

(ay,p)€C
azeU;

For example, we can perform a further decomposition in a straightforward manner
whenever «; < 0.2875 since

oz2+oz3 S%(al +a2+2a3)S%.
Again, if o) + a3 <1, we have (a; + a3, ay) € Dy. Otherwise,
(1—0(1—012—013)4-012<%

and we can reverse roles to decompose «;. Altogether, the loss from region C is
less than 0.21, while if C were discarded, we would lose

/w(41—“1—°‘2)@d;';2>1.
c oy o a;

Finally, region D can be tackled by analysing when straightforward decomposi-
tions are possible and when a role-reversal is essential. In this region p; is often
the largest variable. The loss from region D is less than 0.34, again a great saving
on the trivial estimate.
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Combining all our estimates we conclude that, for all large x,

x0.525

r(x+x"%) — 7 (x) = (1 —0.3—0.06—0.21—0.34)

log x
9 0525

~ 100 logx

As the exponent decreases further, the savings over the trivial bounds from
regions A, B, E and F become negligible and the contributions from regions C
and D rise fairly rapidly, leading to a trivial lower bound.

o 90
Z WEZo U U 00 ®

11.

=
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