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Summary. In every country with legislation on market abuse,
i.e. on market manipulation and insider trading, the repression of
these offences is entrusted to supervisory and judicial authorities
with powers that vary with the legislation in question. A procedure
permitting cases of market abuse to be detected in real time is a
need that is strongly felt by financial market supervisory authorities.
Such a procedure consists basically in the analysis of the transactions
carried out on the market by traders in order to detect anomalies
that could be symptomatic of market abuse. The aim of this paper
is to develop, through recourse to probability theory, a method for
identifying cases of market abuse more effectively.
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Introduction

In each country that has legislation on market abuse, i.e. market manipu-
lation and insider trading, the repression of these offences is entrusted to the
supervisory and judicial authorities. Depending on the legislation in place, the
powers of investigation and enforcement of the supervisory authority are quite
broad. For an analysis of the different legal frameworks in Europe and elsewhere
in the world, see the bibliography [Minenna, 2001].

The aim of the manipulation of a security on a financial market (so-called
market manipulation) is to change its price or market participants’ perception
of its underlying value. This can be achieved in two ways, known respectively as
market-based manipulation and information-based manipulation. The former
is carried out directly on financial markets by means of transactions, including
sham transactions, whereas the latter involves disclosing false or misleading
information about issuing companies or securities traded on financial markets.

Insider trading consists in trading on financial markets with a view to ex-
ploiting information which is not yet publicly available (privileged or inside
information) and which, if made public, would probably have a significant effect
on the prices of the securities in question.

On the basis of these definitions, the elements that distinguish the two types
of market abuse are discussed below.

A comparison of the aims of market manipulation with those of insider trad-
ing, from the perspective of profit maximization for the agents involved, reveals
the first difference: a market manipulator may have an interest in the market
knowing what he has done, whereas an insider trader seeks to hide his presence
on the market. This difference implies that an insider, unlike a manipulator,
is a price taker. Another difference is that insider trading is always based on
exploiting privileged information, whereas this is not necessarily the case for
market manipulation. A third difference is that insiders will always act in the
direction in which the information in their possession will cause the price of the
security to move, whereas for a manipulator the direction is indifferent and will
depend on the type of manipulation undertaken.

The need to define a procedure that will permit financial market abuse to
be detected is strongly felt by supervisory authorities. The question of market
abuse detection has nonetheless been largely ignored in the financial literature,
partly owing to the difficulty of accessing detailed data on trading, which is
available instead to supervisory authorities.

The aim of this paper is to construct a procedure for identifying market
abuses that can detect, for each security and on a daily basis, the possible
presence of illicit behaviour.

On the basis of the information available to market supervisory authorities,
the procedure is designed to verify, for each security, the presence of anomalies,
known as market failures. To this end, the method used identifies a reference
model for the various financial variables that make up the flow of information on
trading in a given security that makes it possible to develop an indicator based
on dynamic thresholds; the crossing of these thresholds indicates an anomalous



movement in the variable in question (known as an alert). The financial variables
analyzed on the basis of the model thus become a series of alerts that signal the
possible presence of market abuse.

The tripwires of the market abuse detection procedure were identified by
analyzing what the theory of financial markets, supervisory experience and the
empirical observation of the various cases of market abuse found by Consob sug-
gested in relation to the various variables that comprise the flow of information
on trading in securities on financial markets.

Once the tripwires have been chosen, the calibration of a market abuse de-
tection procedure consists in calibrating the corresponding reference models, i.e.
in their parametric specification for predictive purposes, and in identifying an
algorithm that will permit the joint interpretation of the various alerts.

The observation of the cases of insider trading and market manipulation
found by Consob permitted a valuable empirical verification for the calibration
of the market abuse detection procedure.

The paper is divided into two parts: the first consists of a survey of the
financial literature and of supervisory experience, in which elements useful for
the construction of the tripwires are identified (see Section 1); the second out-
lines the procedure developed and contains a detailed description of the various
tripwires and an explanation of how the procedure was calibrated (see Section
2).

1 Review of the literature and supervisory ex-
perience

Every procedure for detecting market abuses is based on an analysis of different
traders’ trades. The flows of elementary information on trades comprise: the
prices, the quantities and the names of the traders who carried them out.

This section contains an analysis of the financial literature and Consob’s
supervisory experience designed to show how these flows of elementary infor-
mation can be processed to construct the financial variables that serve to define
the tripwires of the model. In particular, the following are addressed:

1. the theory of efficient markets with information that is homogeneous
among traders (so-called classical asset-pricing theory);

2. the theory of financial markets with heterogeneous or asymmetric infor-
mation;

3. the literature on the effects of insider trading and market manipulation
on financial markets;

As regards the last of these points, three issues have been analyzed: the
information content of trades by insiders for the purpose of inferring the fu-
ture returns on securities [Minenna, 2001, Seyhun, 1998]; the estimation of the
economic value of privileged information as a proxy for the calculation of the
abnormal returns achieved by insiders [Minenna, 2002]; and the ability of the



market to read insider information and hence of prices to incorporate its val-
ue before it is made public [Meulbroek, 1992, Chackravarty, 1999, Cornell and
Sirri, 1992, Bhattacharya et al., 2000].

The bibliography contains details on the literature referred to in this section
[Barucci, 2002] and on supervisory experience [Tuccari, 1999].

1.1 Some theoretical aspects: classical asset-pricing theo-
ry

Some results of classical asset-pricing theory (in which agents have homo-
geneous information) show that the various flows of elementary information on
trading in a security can be effectively summarized in two financial variables:
the rate of return and the volume of trading. The analysis of this branch of
theory with a view to identifying a set of tripwires serving to define a procedure
for market abuse detection has therefore been carried out with reference to these
two variables.

1.1.1 The rate of return

Classical asset-pricing theory is based on hypotheses that have already been
widely applied in economic theory; those of perfectly competitive markets, which
are complete (trades can be conditioned on all futures dates and events), agents
who maximize an objective function (expected utility), and rational expecta-
tions (agents are risk neutral). When markets are in equilibrium and there are
no opportunities for arbitrage, it has been shown that there exists a measure of
equivalent probability, known as the risk-neutral probability, such that the ex-
pected conditioned single-period rates of return of securities portfolios are equal
to the rate of return on the risk-free security. With respect to this measure of
risk-neutral probability, it follows that:

e there does not exist an investment strategy capable of generating higher
expected returns than that of the market portfolio or of the buy and hold
strategy;

e the price of a security and the wealth generated by a discounted investment
strategy, or a function thereof, are Martingale diffusion processes;

e excess returns (the return on a security net of the return on the risk-free
security) are not autocorrelated and the information available at a given
time does not permit future returns to be predicted.

These characteristics are summarized in the fact that the logarithm of the
price of a security that does not distribute dividends follows a stochastic
process known as random walk.



It can easily be seen that these hypotheses (risk neutrality and agents’ pref-
erences constant over time) are unrealistic and that the results they lead to are
of little help in understanding the behaviour of the return on a security.

Dropping the hypothesis of risk-neutral agents, the implications of the theory
of asset pricing become more complex. The measure of risk-neutral probabili-
ty no longer coincides with the historical value (obtained from market data) .
Furthermore, the dynamic of the conditional expected return on a security no
longer corresponds to that of the risk-free return. This dynamic is analyzed in
the literature by comparing the return on a security with some state variables
that describe the change in investment opportunities and agents’ preferences.
In particular, in the case of complete markets, in relation to the state variable
used to describe the dynamic of the return on a security, the relevant theo-
retical models are the CCAPM (Consumption Capital Asset Pricing Model)
[Rubinstein, 1976] and the ICAPM (Investment Capital Asset Pricing Model)
[Breeden, 1979).

Thus, where agents are not risk neutral, there is no reason why the re-
turns on securities should not be autocorrelated or why some currently available
information should not be of value in forecasting future returns [Fama, 1991].

In the most recent literature it has been noted that the returns on portfolios
and stock indices are characterized by mean reversion in the long run (negative
autocorrelation of the returns) and by a trend (momentum effect) in the short
run (positive autocorrelation of returns).

Lehman and Jegadeesh confirmed the presence of autocorrelation in the
weekly returns on securities [Lehman, 1990, Jegadeesh, 1990].

Roll found evidence that the daily returns on individual securities are affect-
ed by the effects of the market’s microstructure (e.g. transaction costs), which
can lead to short-term mean reversion phenomena [Roll, 1984]. In particular,
illiquid securities, characterized by a shallow market, are marked by a high price
pressure, so that the returns may change sign in a short span of time.

Fama and French showed that an auto-regressive model based on the log of
returns captures both the mean reversion and the momentum effect components
[Fama and French, 1988].

In the light of these observations, the autocorrelation of returns, or their
examination according to a mean-reverting dynamic, can provide an interesting
indicator of the dynamic of a security. An anomaly in this dynamic signals a
change in investment opportunities, and therefore in the riskiness of a security,
the occurrence of a structural break or of a case of market abuse. Moreover, giv-
en the natural tendency for a security to be characterized by a mean-reversion
component, and for this tendency to be inversely related to the security’s lig-
uidity, it can be seen that a joint analysis of returns and trading volumes is
likely to be of help in discriminating between the different hypotheses of market
failure.



1.1.2 Transactions: Trading volumes

In the literature agents are considered to trade securities on the financial market
for the following reasons:

e risk sharing-hedging;
e speculation.

Trading that is connected with risk sharing-hedging serves to meet agents’
need to hedge against the financial risk associated with their outstanding posi-
tions.

Speculative reasons are connected instead with the possibility of making
profits, owing in part to the presence of heterogeneous information sets among
agents.

In classical asset-pricing theory these reasons find scarce treatment; indeed,
with complete markets, trading in connection with risk sharing-hedging can be
explained only in an initial state of the market generated by an exogenous shock,
which, given its nature, causes a structural break in the market. Where this
occurs, such trading is necessary to reach a Pareto optimum allocation. Once
this has been reached, under the hypothesis of rational expectations there will
be no reason for any further trading. Speculative trading is excluded a priori
given the hypothesis of agents with homogeneous information.

In this context, therefore, the literature fails to offer an effective explanation
of the high turnover observed on financial markets and the large autoregressive
component of such trading [Gallant et al., 1992].

Dropping the hypothesis of competitive markets, the absence of some mar-
kets and of specific financial instruments leads to an increase in trading volumes
since agents, unable to hedge risk completely, tend to trade more frequently in
the market.

All told, the theory of financial markets with operators possessing homoge-
nous information does not lead to a model that explains the empirical evidence
of high turnovers and their large autoregressive components. On the other hand,
it shows that a change in investment opportunities in agents’ portfolio choices
owing to a structural break will undoubtedly generate turnover with a certain
autoregressive component.

The literature examined above thus does not identify a specific reference
model that would explain the changes in trading volumes over time, although
empirically it notes the presence of autoregressive components that should sug-
gest the construction of a tripwire based on this variable.

The literature on financial markets in possession of non-homogeneous infor-
mation surveyed in the following section offers greater insights into the dynamic
of this financial variable.



1.2 Some theoretical insights: heterogeneous and asym-
metric information

The hypothesis of heterogeneous and asymmetric information complicates
the theoretical picture described above; indeed the existence of different infor-
mation sets among agents leads to trading, not only for risk sharing-hedging
reasons but also for speculative reasons.

The analysis of the behaviour of the returns on securities and trading vol-
umes depends on the structure of the market (whether or not it is perfect-
ly competitive) and on the nature of agents’ information (heterogeneous or
asymmetric).

A market is perfectly competitive when agents’ behaviour does not influence
the price (that is to say they are price takers); vice versa, if they are found to
influence the price, the market is imperfectly competitive.

Information is heterogeneous when all the agents (or a large set of agents)
receive private signals correlated with the fundamental value of the security; it
is asymmetric when only a small subset of agents is in possession of privileged
information regarding the fundamental value of the security.

The following presents the principal results in the literature on financial mar-
kets with heterogeneous and asymmetric information, with a view to identifying
a set of useful tripwires for the definition of a Market Abuse Detection (M.A.D.)
procedure.

1.2.1 Financial markets with heterogeneous information

Two important results found in the literature on financial markets in the
presence of heterogeneous information are:

1. the existence of fully-revealing equilibrium prices;

2. the no-trade theorem.

The first result implies that, in the absence of noise (such as random de-
mand on the part of noise traders), equilibrium prices promptly and accurately
incorporate the value of the private information in agents’ possession. This char-
acteristic of prices was attributed by Grossman to the fact that, by trading on
the market, agents transmit the value of the information in their possession to
the others [Grossman, 1989]. In this context, the size of the exchange is an in-
creasing function of the accuracy of the information (a closed-form relationship
is established in the case of normal random variables and an exponential utility
function).

The second result shows that, by itself, heterogeneous information does not
give rise to turnover. In fact, if agents have achieved an ex ante Pareto optimal
allocation in the absence of such information, differentiation of the information
they possess will not generate trading [Milgrom and Stockey, 1982, Tirole, 1982].
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Since these results lead the analysis of financial markets with heterogeneous
information back to classical theory, they do not add anything to the analysis
of the behaviour of the returns on securities and trading volumes. (see Section
1.1).

By adding a noise component, some later models make it possible to over-
come the limitations connected with the existence of fully-revealing equilibri-
um prices and with the no-trade theorem under the hypothesis of perfectly
competitive markets.

Kim and Verrecchia analyzed a model with private information obtained at
a cost and a noise component in a two-period economy [Kim and Verrecchia,
1991]: in the first period agents trade on the basis of their heterogeneous pri-
vate information regarding the fundamental value of the security; in the second
a public announcement causes the expectations of the security’s value to be ho-
mogeneous. The authors show that volumes in the second period are positively
correlated with the absolute value of the change in price between the two peri-
ods considered and that the multiplier depends on the degree of heterogeneity
of the agents’ information. This static model highlights two important results:

1. volumes and absolute price changes are positively correlated;

2. the relationship between volumes and absolute price changes is positively
related to the degree of heterogeneity of agents’ information.

These results have also been obtained using models in which agents are
characterized by opinions differentiated ex ante (and therefore not connected
with private information) [Shalen, 1993] or by different interpretations of a
public signal [Kandel and Pearson, 1995].

He and Wang developed a dynamic model that provides for the arrival on
the market of private and public information together with a noise compo-
nent. Agents can trade either to accommodate a shock on the supply side
(non-informational trading) or to speculate on the performance of the security
(informational trading). The authors show that the autocorrelation of volumes
distinguishes private from public information. In particular, when a public an-
nouncement is made, large volumes are found only in a short interval around the
announcement; when, instead, the information is private, the volumes tend to
be autocorrelated, insofar as the information is transmitted via prices over time
through trading, including that, subsequent to the arrival of the information, of
uninformed agents who act as followers [He and Wang, 1995].

Harris and Raviv obtained a similar result by establishing a link between
large volumes and autocorrelation among them with private information present
in the market [Harris and Raviv, 1993].

Other models examine the relationship between volumes and returns, dis-
tinguishing between volumes that are information based and those that are not.
Campbell et al. verified empirically that, if volumes are large for other than
informational reasons (liquidity, preference shocks), then returns accompanied
by high volumes will be followed by returns of the opposite sign (price reversal
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or mean reversion) [Campbell et al., 1993, Conrad et al., 1994]. Llorente et
al. showed, instead, that if volumes are generated by new private information
arriving on the market (informational trading), the relationship may be of the
opposite sign, but not necessarily so [Llorente, et al., 2001].

The latter models therefore show that there will be mean reversion if the vol-
umes are based on non-informational reasons and a momentum effect (presence
of a trend and positive autocorrelation among the returns) if they are based on
private information.

Dropping the hypothesis of perfectly competitive markets, the fact that
agents’ transactions can influence the prices of securities on financial markets
invalidates the results concerning the existence of fully-revealing equilibrium
prices and the no-trade theorem.

The literature is scant, partly because imperfectly competitive markets are
generally associated with the presence of asymmetric rather than heterogeneous
information (see Section 1.2.2). An interesting study is that of Foster and
Viswanathan, which shows that agents having different perceptions of the fun-
damental value of the security will fuel a chain reaction, since they will continue
to trade owing to their different interpretations of the other agents’ trading
[Foster and Viswanathan, 1996].

The analysis of the literature on financial markets with heterogeneous infor-
mation confirms that, for the purpose of defining a tripwire based on turnover,
examining the time series according to an autocorrelated process can be of par-
ticular assistance. It also strongly suggests the desirability of defining a tripwire
that examines returns in the light of a mean-reversion model and a calibration
procedure that jointly evaluates the results of the tripwires based on volumes
and returns.

1.2.2 Financial markets with asymmetric information

The literature on financial markets with asymmetric information shows
how adverse selection phenomena due to the fear of trading with an agent in
possession of privileged information can cause individual uninformed agents to
decide not to carry out any trades and thus reduce the volume of trading on the
market.

Assuming perfectly competitive markets, Wang analyzed a model with in-
formed and uninformed agents, where the former can also trade off-market (pri-
vate investment opportunities) for reasons not connected with the value of the
security. The informed agents trade in response to private information or shocks
related to private investment opportunities. The uninformed agents therefore
face a problem of adverse selection linked to the risk of carrying out a trade
with an informed agent and may be led not to trade on the market at all.
Consequently, the volume of trading diminishes with the degree of information
asymmetry, while it increases when information is disclosed because this reduces
the problem of adverse selection. Even though the absolute effect is different
from that found in the case of heterogeneous information (see Section 1.2.1),
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the dynamic effect produced by the arrival of information in the public domain
is the same.

Dropping the hypothesis of perfectly competitive markets, the picture be-
comes more variegated because an agent in possession of privileged information
will define his behaviour taking into account the effect it will have on the price.

Kyle showed that in an imperfectly competitive market with a noise compo-
nent the information transmitted by prices is inferior to that transmitted in a
perfectly competitive market [Kyle, 1989].

In this context the financial literature presents some models that examine
the behaviour of returns and trading volumes in relation to:

1. the microstructure of the market, and in particular to whether the market
is order driven or quote driven;

2. the level of competitiveness from the point of view of dealers-market
makers;

3. the effect of adverse selection on agents in the presence of informed agents.

Some interesting results are linked to the hypothesis of a dealer who sets
bid and ask prices knowing that there are some informed and some uninformed
agents in the market. In this case the dealer, fearing the effect of adverse
selection (carrying out a transaction with an informed agent), tends to set a high
bid-ask spread and, therefore, does not contribute to increasing the liquidity of
the market. Easley and O’Hara showed that a dealer in a quote-driven market,
knowing of the existence of informed traders, tends to set a higher bid-ask spread
that produces inefficient conditions for trading [Easley and O’Hara, 1987]. In
extreme situations, Glosten and Milgrom showed that this type of behaviour on
the part of a dealer can lead to price levels that result in no transactions at all
being carried out [Glosten and Milgrom, 1985].

Kyle analyzed a model in which an insider trader operates in a market with
noise traders (whose demand is given by a random variable that does not depend
on price) and a market maker who undertakes to clear the market at a price
equal to the expected value of the dividend conditional on the flow of market
orders. In an economy with only one opportunity to trade the insider trader,
who knows the exact value of the dividend, tends to hide his information to
prevent the market maker’s price discovery process from reflecting the value of
the private information exactly. This behaviour on the part of the insider trans-
lates operationally into an elasticity of his demand for private information that
is inversely proportional to the depth of the market and directly proportional
to the noise component. In particular, the insider, in order to maximize the
profits obtained by exploiting the privileged information, may be led to trade
modest quantities, so as to prevent his trading from revealing the value of the
information to the market [Kyle, 1985].

Foster and Viswanathan, using reasoning analogous to Kyle’s, showed that
volumes are autocorrelated in an imperfectly competitive market in the presence
of market abuse phenomena [Foster and Viswanathan, 1993].
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The analysis of the literature on the financial markets in the presence of
asymmetric information confirms the usefulness of observing the time series of
volumes according to an autocorrelated process in order to construct a trip-
wire based on this financial variable. What is more, it suggests the desirability
of examining factors related to the microstructure of markets and the trading
methods used, with particular reference to the depth of the market and the
presence of dominant traders. This analysis should be carried out through the
construction of specific tripwires capable of revealing the presence of dominant
operators in the market and the evolution of market concentration. Moreover,
the consideration that market concentration should always be examined in re-
lation to volumes and the depth of the market, suggests that the calibration of
the procedure should be defined in a way that permits the joint evaluation of
the results of the volume and market concentration tripwires.

1.3 The literature on the effects of insider trading and
market manipulation.

The literature on market abuse is very limited and often connected to research
carried out by supervisory authorities in support of their own activities.

In particular, the theme of manipulation is almost completely absent, part-
ly owing to the unavailability of data on the trading of the various market
participants, whereas insider trading has attracted the attention of several
writers.

Among these, Meulbroek showed that higher volumes and abnormal returns
are found on days marked by insider trading, since some uninformed agents
“follow” the behaviour of the insiders (the so-called herd effect) and thus help
the price of the security to rise more rapidly to the level it would reach if the
information were disclosed [Meulbroek, 1992]. Similar results were obtained by
Cornell and Sirri by examining the “Campbell and Taggart” case [Cornell and
Sirri, 1992]. This analysis shows that insiders tend to hide their operations by
carrying out rather small transactions, a fact already highlighted in the analysis
of the financial literature 1.2.2.

Bhattacharya et al. showed that the disclosure of information on companies
listed on the Mexican market does not have any effect on returns, volumes
or volatility. This is due to the intense trading by insiders who anticipate
the diffusion in the market of the value of the privileged information.(so-called
pre-announcement information leakage) [Bhattacharya et al., 2000].

Chackravarty, analyzing the “Carnation” case, showed instead that a price
effect does exist upon the disclosure of information, but also that it is not pos-
sible to distinguish the price effect due to the trading of insiders from that pro-
duced by the transactions of agents not in possession of privileged information
[Chackravarty, 1999].

Bagliano et al. in an analysis of the Italian market showed that insider
trading does not bring about a change in the autocorrelation of the time series
of volumes and returns [Bagliano et al., 2001].
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With reference to research carried out by supervisory authorities, Mitchell
and Netter described the procedure adopted by the United States Securities
and Exchange Commission (SEC) to estimate the abnormal returns connected
with the disclosure of privileged information. This procedure uses the market
model and, by means of an econometric approach of the event-studies type,
estimates the abnormal return on a security in relation to the return on the
market index. The results of the estimation form the basis for determining the
value of the privileged information appropriated by the insider to the detriment
of the market. On the basis of this value the SEC determines the sanctions to
apply to the insider (so-called disgorgement) [Mitchell and Netter, 1994].

Minenna has recently proposed, as an alternative to the market model, the
adoption of a diffusion process that infers future returns on the basis of a cali-
bration based on the returns recorded by the security in a certain period. This
innovative procedure detects the presence of abnormal returns in relation to
the disclosure of privileged information. He has also shown that, by calibrating
the diffusion process on the basis of an insider’s trading strategy (information
available to the supervisory authority), it is possible to calculate the value of
the privileged information appropriated by the insider to the detriment of the
market and hence the disgorgement [Minenna, 2001].

All told, these studies do not clarify whether the information possessed by
insiders is incorporated in the price before the information is disclosed; howev-
er, they do confirm that volumes increase, that uninformed agents account for
a substantial part of the increase, that insider traders tend to hide their pres-
ence in the market, that abnormal returns occur in the presence of privileged
information and that they can be estimated using diffusion processes [Minenna,
2002].

In defining alerts based on trading volumes and returns, these considerations
therefore confirm the need to analyze:

e the dynamic of trading volumes determined by the activity of the different
market participants according to an autocorrelated process;

e the behaviour of the return on a security with a view to identifying the
presence of abnormal returns using diffusion processes.

1.4 Consob’s supervisory experience

Consob’s supervisory experience has been acquired since 1991, the year in which
Law 157/1991 provided a specific legal framework for countering insider trading
and market manipulation. Since the law entered into force Consob has reported
140 cases of market abuse to the judicial authorities.

Consob carries out its supervisory action against market abuse by means of
operational and analytical investigations. The former include not only analysis
of intermediaries’ market operations, the positions in cash and securities of
individual clients, records of orders and transactions but also the collection of
information on issuers, the analysis of their financial statements and research
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reports, etc. These instruments permit the verification of the existence of the
fumus of abusive conduct in the market and to ascertain the elements necessary
to determine its scope.

The analytical instruments serve, instead, to evaluate the economic impact
of abusive conduct on market integrity and any losses incurred by investors. In
cases of insider trading, after identifying the privileged information, it is neces-
sary to evaluate its price sensitivity and the value of the information that the
insiders exploit at the expense of the market [Minenna, 2002]; in cases of market
manipulation, after identifying the type of manipulation, it is necessary to ex-
amine the anomaly produced in the performance of the security and to quantify
the damage caused to the market [Milia, 2001]. It needs to be remembered,
in fact, that the sanction to be imposed on manipulators has to consider the
economic and financial effects of their conduct on the market and investors.

The ex-post examination of the cases of market abuse found by Consob show
that such conduct leaves a trace in the financial markets, in terms of both the
price of the security and the volume of trading [Tuccari, 1999].

As for insider trading, considering the tendency of insiders to hide their
presence in the market, it is the value of the privileged information and the
moment of disclosure to the market, in relation among other things to the
possible advance propagation of rumours, that determine anomalous movements
in the security’s price and the volume of trading. Hence the importance of the
supervisory authority keeping a database of company information and setting
up special enforcement units to monitor continuous and periodic information on
companies.

In its experience with market manipulation Consob has found cases of both
market-based manipulation and information-based manipulation.

The cases of market-based manipulation show that prices can be altered
either with actual transactions (trade-based manipulation) or with sham trans-
actions (wash sales/matched orders) and that some prices (specifically opening
and closing prices) have a greater information value than others since they are
referred to in rules on the functioning of the microstructure of markets. For ex-
ample, manipulation of the opening price has been found in some cases because
it determines the pay-off of the derivative component of structured products
placed in the retail market.

It has also been found that market value, concentration of ownership and
liquidity are factors that affect the probability of listed securities being manipu-
lated. For example, in the case of thinly trade securities, agents may be tempted
to carry out transactions so as to create the appearance of an active market, to
drive the price above the level the market would otherwise express, and to boost
the market value of a company that is about to be disposed of, etc. Manipu-
lators are generally connected to the company’s controlling shareholders and
the organization of the market abuse requires agreements with intermediaries
and institutional investors. These interventions often resemble those undertak-
en to stabilize the price of a security or in anticipation of the announcement of
company news.

Turning to information-based manipulation, the cases found are connected
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with the fundamental role that information plays in all financial investments.
Two problems emerge in this connection: the first is the conflict of interest
typical of financial intermediaries that publish research and investment advice
and also operate directly in the market; the second is more typically Italian
and regards the lack of “pure publishers”. That having been said, one type of
manipulation found by Consob consists in the release of false information on
company events or the situation of the company with the aim of influencing the
prices of listed securities. This conduct is usually connected with the presence
of controlling shareholders, who are often in financial difficulties. In some cases
misleading or biased press reports have been found, by means of which the
company communicates the existence of restructuring projects to the market,
sometimes through channels not directly connected to the company. Another
type of manipulation consists in the publication by intermediaries of research
reports with exaggerated and/or false forecasts. In these cases the trading
for own account of the intermediaries in question has often been found to be
inconsistent with their recommendations.

The examples of market manipulation given above highlight the fact that
both the prices of securities and the related returns generally undergo sharp
changes (for example at the moment privileged information is disclosed), or
show movements that cannot be attributed to a dynamic of the mean-reverting
type (for example in the presence of manipulation). Furthermore, they show
that trade volumes vary both in absolute terms, generally conserving an auto-
regressive component, and in terms of the composition of intermediaries and
traders. With reference to the composition, it is necessary to consider two
variables in particular:

1. the level of concentration of the intermediaries, that is the number of
intermediaries and their shares of trading volumes (so-called static con-
centration);

2. the evolution of the concentration of the intermediaries, that is the change
in each intermediary’s share of the volume of trading in a given security
(so-called dynamic concentration).

These considerations, which summarize Consob’s supervisory experience,
confirm the desirability of defining a tripwire based on trading volumes by exam-
ining the time series of volumes using an autoregressive model and on returns by
calibrating a regression process of the mean-reverting type. They also suggest
defining two tripwires that examine the composition of intermediaries-traders,
distinguishing between static and dynamic concentration. Lastly, the empiri-
cal evidence shows how market abuse phenomena give rise to changes in the
behaviour of several financial variables at the same time, which implies that
the calibration of the procedure needs to be defined in a way that permits a
summary evaluation of the results of all the tripwires.
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2 The Market Abuse Detection procedure
2.1 Preamble

A M.A.D. procedure identifies, on a daily basis, the securities affected by illic-
it behaviour in the form of market manipulation or insider trading. It highlights
the possible presence of market abuse phenomena by examining the behaviour
of financial variables that correspond to the flows of elementary information on
trading available to the supervisory authority.

The examination of the behaviour of the financial variables requires the def-
inition of a reference model for each of them. The development of the reference
models is aimed at the identification of dynamic thresholds, the crossing of which
signals an anomalous movement in the variable in question (so-called alerts).

The financial variable and the related model thus become a tripwire of poten-
tial market abuse phenomena for the procedure. Having identified the tripwires,
the calibration of a M.A.D. procedure consists in calibrating their models, that
is in specifying their parameters and in identifying an algorithm permitting
several alerts to be interpreted jointly.

As mentioned in the Introduction, the identification and calibration of the
tripwires of the M.A.D. procedure have been identified and calibrated by ana-
lyzing;:

e what the theory of financial markets and Consob’s experience suggest;

e the cases of insider trading and market manipulation found by Consob.

2.2 The tripwires

The examination of the literature and supervisory experience have provided
the following indications as to how transaction prices, the quantities traded and
the names of the traders who carried out the transactions (i.e. the flows of
elementary information on trading available to the supervisory authority) must
be analyzed in order to construct financial variables whose behaviour can reveal
market abuses:

e transaction prices are analyzed in terms of returns by studying the move-
ments in the log of the price;

e returns generally undergo sharp changes (for example at the time privi-
leged information is disclosed) or follow paths that are not of the mean-
reverting type (for example in the presence of manipulative phenomena);

e the presence of abnormal returns is detected by estimating returns using
diffusion processes;

e autoregressive models can capture both the discrete mean-reversion and
momentum-effect components of returns;
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e the quantities traded by individual agents are examined in terms of daily
trading volumes according to an autocorrelated process;

e the agents are analyzed in relation to the quantities they have traded in a
day, taking into account the depth of the market, the presence of dominant
traders and the composition of the various intermediaries-traders;

e the composition of the market is evaluated using a two-stage process:

— the level of concentration of the intermediaries, that is the number
of intermediaries and their shares of trading volumes (so-called static
concentration);

— the evolution of the concentration of the intermediaries, that is the
movement in each intermediary’s share of the volume of trading in a
given security (so-called dynamic concentration).

On the basis of these indications four financial variables have been construct-
ed that represent the behaviour of:

1. the volumes of trading in the security;
2. the returns on the security;

3. the static market concentration;

4. the dynamic market concentration.

The definition of a tripwire of a M.A.D. procedure requires the examination
of these variables to be based on a reference model; appropriately calibrated, this
defines the dynamic thresholds that trigger the procedure’s alerts. In particular,
the construction of the tripwires must guarantee the detection, in real time, of
the securities that may be the subject of market abuse.

The examination of the different cases of market abuse found by Consob has
provided important support in defining the diffusion processes that describe the
behaviour of the financial variables and thus characterize the reference models.

A description follows of the construction and functioning of the tripwires
based on the four financial variables considered, with reference to the flows of
elementary information on the trading in any security listed on the share market.
To this end, P; and @); are used to denote respectively the official price and the
volume of trading observed in the financial markets for a generic security on
day t.

2.2.1 The analysis of trading volumes

The examination of the time series of trading volumes ); was conducted
according to an autocorrelated process, as suggested by the literature on finan-
cial markets and supervisory experience. It should be noted, however, that the
literature does not indicate a particular reference model for this examination.
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Considering the objective of defining a tripwire that is capable of revealing
anomalies in the movement of this financial variable with a view to detect-
ing market abuses, the analysis of the different cases found by Consob sug-
gested assuming that volumes are governed in discrete time by the following
autoregressive process, which, by construction, shows autocorrelation:

Qr = Q-1+ 072y (1)

where ¢ is a deterministic function of time, Qo = ¢o and (Zx)x>o0 is a sequence
of random variables identically independently distributed as a normal with a
zero mean and a unit variance on R'. The variability of & in relation to time
is guaranteed by the fact that it multiplies a random variable whose variance is
defined in relation to the unit of time.

For expository convenience, putting v = 1—¢, (1) can be rewritten as follows:

Qr — Qr-1= —Qr-1+ 77} (2)

A first consideration concerning (2) is that, since gqp is a constant and
Z1, ..., 2y asequence of independent random variables distributed as a normal
with a zero mean and a unit variance, the solution {Q},~, is a Markov chain
with respect to the filtration {3}, generated by the sequence Zi,..., Z,
which assumes values on R! and where k is the indicator of discrete time. The
pair (R!,B(R')) defines the measurable space of {Q},-, where B(R') is the
Borel field on R!. Every discrete Markov process defined in this way is identi-
fied by the initial distribution vo(-) and by the probability of transition IT; (-, )
defined on (R, B(R!)).!

The properties of the reference model sub (2) do not permit the behaviour of
volumes to be forecast using a number of daily observations that refer to a time
horizon of a month or less, if the statistical significance of the analysis is not to
be lost or numerous procedural complications are not to be encountered.?

In order to construct a tripwire that responds to the objectives of the proce-
dure, attention is focused on the distributive characteristics of the corresponding
continuous-time version of (2) [Nelson, 1990].

The advantage of the continuous time approach is that by referring to
a stochastic differential equation, if this has an integrated solution or if the
distributive properties of the solution are known, it is possible to construct a
confidence interval for the prediction of the variable described by the diffusion
process. This interval defines the trading volume dynamic thresholds that iden-
tify the alerts of the M.A.D. procedure. The logic underlying the indicator to be
constructed is taken over from that used by Minenna to predict the behaviour of
the return on a security and detect the presence of abnormal returns [Minenna,
2001].

'In particular VI' € B(R!):

1. P(Qo € T') = vo;

2. P(Qr+1 € T'Sk) = P(Qr+1 € T'|Qk) = 1 5(Qy, T).

2For a discussion of the problems connected with the estimation of the parameters of the
model in question, see the bibliography [Greene, 1993].
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By rescaling the discrete Markov process {Qg};~, it can be shown that (2)
converges weakly to the diffusion process {Q;}, given by the following stochastic
differential equation:

th = —thdt + O'th (3)

where 6 and o are deterministic time functions and W; is a standard unidi-
mensional Brownian motion. The proof is given with reference to the generic
diffusion process {X;} in appendix A.

(3) is the continuous-time version of (2). This stochastic differential equation
is known in the literature as an Ornstein-Uhlenbeck arithmetic diffusion process,
which has the following distributive properties with reference to any constant
initial condition identified at time s, with s < ¢, equal to Q:

~ N e 0(t=s). ‘LZ 1 — e—20(t—s) 4
Qt Qb 3 2 ( ) ( )

The proof of these distributive properties is given in appendix A with refer-
ence to the generic diffusion process {X;}.

The relationship between (2) and (3) and the distributive properties of the
latter stochastic differential equation (4) define the reference model to be used
in examining the time series of trading volumes and thus uniquely define the
tripwire with reference to this financial variable.

The dynamic thresholds that make it possible to identify the alerts for trad-
ing volumes have been constructed, in fact, by exploiting the properties of the
reference model. In Section 2.3.1 the construction of these thresholds and their
calibration are described in detail.

2.2.2 The analysis of returns

The theory of financial markets and supervisory experience indicated the
desirability of using an autoregressive model to examine the time series of a
security’s returns. In particular, considering the objective of defining a tripwire
capable of revealing anomalies in the behaviour of this variable with a view to
detecting market abuses, the examination of the cases found by Consob showed
that the following model appropriately describes the behaviour of this variable
in discrete time:

Ry =a+ ARx_1+ 77 (5)

where R = In(P), a and )\ are deterministic functions of time,®> Ry = ry and
(Zk)k>0 is a sequence of random variables identically independently distributed
as a normal with a zero mean and a unit variance on R'.

For expository convenience, putting A = 1 —~ and @ = v - n, (5) can be
rewritten as follows:

3The variability of & in relation to time is guaranteed by the fact that it multiplies a
random variable whose variance is defined in relation to the unit of time.
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Ry —Ry_1=7-(n—Rp_1)+7Z (6)

As in Section 2.2.1, in order to construct a tripwire that achieves the ob-
jectives of the procedure, we focus on the distributive characteristics of the
corresponding continuous-time version of (6) [Nelson, 1990].

As already shown in the previous section, the advantage of the shift to con-
tinuous time consists in the identification a priori of the distributive properties
of the process {Ry} and thus in the possibility of easily defining a confidence
interval for the prediction of the variable described by the diffusion process; by
defining the dynamic thresholds that identify the alerts of the procedure, this
process turns a financial variable into an alert.

By time rescaling, as in Section 2.2.1, the discrete Markov process { Ry}~
and showing (6) converges weakly towards the diffusion process {R;} given by
the following stochastic differential equation:

dR, = q(p — R,) dt + odW, (7)

where ¢ and p are deterministic time functions and W; is a standard unidimen-
sional Brownian motion.*

(7) is the continuous-time version of (6). This is again an Ornstein-Uhlenbeck
arithmetic diffusion process, which has the following distributive properties with
reference to any constant initial condition identified at time s, with s < t, equal
to R :°

2
Ry~ N ((Rs — e 1) 4 \/gq (1- 6‘2‘1“‘3))> (®)

The relationship between (6) and (7) and the distributive properties of the
latter stochastic differential equation (8) define the reference model to be used
in examining the time series of returns and thus uniquely define the tripwire
with reference to this financial variable.

The dynamic thresholds that make it possible to identify the alerts for re-
turns were in fact constructed by exploiting the properties of the reference mod-
el. In Section 2.3.2 we describe the construction of these thresholds and their
calibration in detail.

2.2.3 The analysis of static concentration

Consob’s supervisory experience and the financial literature showed the desir-
ability, with a view to detecting market abuses, of examining the composition
of the intermediaries-traders present on the market. A first analysis of this kind
can be made by examining the so-called static concentration, that is the level of

4The proof is given with reference to the generic diffusion process {X;} in appendix A.
5The proof of these distributive properties is given in appendix A with reference to the
generic diffusion process {X:}.
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concentration of the intermediaries, in the sense of the number of intermediaries
and their shares of trading volumes.

The first step in constructing a tripwire on the basis of this aggregate is to
identify the related financial variable. The examination of the various cases of
market abuse found by Consob suggested that the best choice among the various
indices of market concentration put forward in the literature would be an index

of entropy, that is:
1 O Qt(i)>a
0= ( 9
(U o)

where
n; is the number of traders on the market at time ¢

Q:(i), i =1,...,n are the quantities traded by the i-th intermediary at time
t
nt ;
My = Zl:vlz?t(l)
The reference model that gives the tripwire is based on a stochastic differ-
ential equation, that is:

d@t = —C@tdt + O'th (10)

which we derived as for trading volumes, through the shift to continuous time
of the corresponding discrete process (see Section 2.2.1), i.e.:

O —Op_1=—EOk_1+7Z (11)

This model has the following distributive properties with reference to any
constant initial condition identified at time s, with s < ¢, equal to Oy:

2
Oy~ N (@Seé‘@s); \/ ;LC (1- ezms))) (12)

The reason for this choice is that in normal trading conditions, that is in
the absence of failures that could point to possible market abuse phenomena,
the index for short-time horizons should be autoregressive in discrete time and
mean-reverting in continuous time.

We examined the financial variable ©; with reference to the quantities bought,
the quantities sold and the gross turnover, i.e. the sum of purchases and sales,
of the various intermediaries-traders. Subsequently, we constructed three trip-
wires with the same mathematical formulation with reference to each of the
above aggregates.

This choice was due to the need to capture not only the movement in the
variable for the total turnover of the market but also the directions taken by in-
dividual intermediaries, and hence the market, since this could point to possible
market abuse phenomena.
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In Section 2.3.3 we give a detailed description of the calibration of the trip-
wires and of the construction of the dynamic thresholds, which, on the basis
of the distributive properties of the reference model, make it possible to iden-
tify the alerts and the algorithm that, by interpreting the results of the three
tripwires, gives the static concentration alert.

2.2.4 The analysis of dynamic concentration

Consob’s supervisory experience and the financial literature showed that analy-
sis of the composition of the market must also take into account the evolution
of the concentration of the intermediaries, that is the behaviour of each inter-
mediary’s share of the volume of trading in a given security (so-called dynamic
concentration).

This additional analysis of concentration can in fact reveal changes in the
role played by a particular intermediary-trader in determining the total daily
turnover in a security.

The first step in constructing a tripwire on the basis of this aggregate is to
identify the related financial variable. The examination of the various cases of
market abuse found by Consob suggested using an index of dissimilarity, that
is:

(13)

where

Q:(i) = Q:(4) — Qr—k (i)

Q:(i), i =1,...,n; are the quantities traded by the i-th intermediary at time
t

7 is the number of traders with a value of Q;(i) other than zero

The reference model that gives the alert is based on a stochastic differential
equation, that is:

d\I/t = —W\I/tdt + O'th (].4)

which, as in the analysis of static concentration, was obtained through the shift
to continuous time of the corresponding discrete process (see Section 2.2.3), i.e.:

U, — U, 1 =—0¥,_;+0Z, (15)

This model has the following distributive properties with reference to any
constant initial condition identified at time s, with s < ¢, equal to W,:

2
U, ~ N (\Ilse“’(ts); \/;w (1- eQw(ts))> (16)
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We examined the variable W; with reference to the quantities bought and sold
and the total quantity traded by each intermediary, in the sense of the difference
between purchases and sales (net turnover). Subsequently, three tripwires with
the same mathematical formulation were constructed with reference to each of
the above aggregates.

The decision to consider net turnover together with purchases and sales for
this alert was due to the definition of this aggregate considered in relation to
the characteristics of the variable W;. In fact, since the net turnover at a given
time ¢ is the synthesis of the operational behaviour of an intermediary-trader
on the market, examining it through the variable ¥; - which by construction
compares the quantitative trading data of the different intermediaries-traders
with the corresponding figures for an earlier period - makes it possible to detect
the changes in the operational behaviour of the different intermediaries-traders.

In Section 2.3.4 we give a detailed description of the calibration of the trip-
wires and of the construction of the dynamic thresholds, which, on the basis
of the distributive properties of the reference model, makes it possible to iden-
tify the alerts and the algorithm that, by interpreting the results of the three
tripwires, gives the dynamic concentration alert.

2.3 The calibration procedure

The calibration of a M.A.D. procedure consists in:

e deriving the prediction confidence intervals serving to identify the alerts of
the various financial variables on the basis of the properties of the tripwires
reference model;

e determining the time horizon needed for the specification of the parameters
used in the prediction confidence intervals;

e defining the forecasting horizon of the tripwires;

e specifying the algorithm that, by jointly interpreting the various alerts, sig-
nals possible market abuse phenomena to be examined by the enforcement
units (so-called warnings);

e defining the temporal validity of a warning generated by the M.A.D. pro-
cedure, that is the number of days the enforcement units must monitor
the security following the warning.

Supervisory experience and the analysis of the cases of insider trading and
market manipulation found by Consob permitted, through the ex post applica-
tion of the M.A.D. procedure, the empirical verification for its calibration. In
particular, this analysis showed that:

e the procedure must operate on a rolling basis with the daily updating
of the estimation parameters of the tripwires; in other words, for the
securities subject to monitoring, it must identify, on a daily basis, the
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economic and financial phenomena potentially attributable to a case of
market abuse;

e the calibration must be carried out, using a relatively short series of daily
data (equal to or less than one month of trading); the resulting instability
of the model makes it possible to capture the changes in the investment
opportunities of the various agents operating on the market;

e the predictive capability must be equal to one trading day; the continuous
updating of the predictions allows the model to identify promptly the cases
that deserve to be analyzed in depth by the enforcement units.

These choices give rise to a large noise component, which was carefully
evaluated in the construction of the tripwires.

The literature on financial markets and supervisory experience, corroborated
by the above-mentioned empirical verification, have provided indications on how
to construct the algorithm for the joint interpretation of the alerts produced by
the various tripwires. In particular, it was found to be desirable to examine
jointly the data on trading volumes, returns and market concentration.

2.3.1 The calibration of the volume-based tripwire’

Given the diffusion process of (3):

th = —thdt + O'th (3)

and the related distributive properties expressed with reference to an initial
condition representing a daily time horizon, i.e.:

Qi ~N [Qt_lee; ;—;(1 - 626)] (17)

a prediction confidence interval can be constructed that, on the basis of the data
on the trading volumes of the preceding days, infers the possible values for the
following day.

In fact, since for any standard normal random variable Z:

P(—z% < Zgz%) =
this last equation can be rewritten with reference to the diffusive process Qy,
ie.

P(—=z, < Qu=Qiae™’ )=

/%(178729) .

So that the desired prediction confidence interval can be defined as follows:

e
2

—z ‘27—; (1—e20)4Qy 1e7? <

2
2

P <@ <

= Zs %Z (1—e20) + Qi1e7®

6The intermediate steps of the mathematical proofs described in this section are available
from the author upon request.

(18)

|
N
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The extremes of the interval are the dynamic thresholds that define the
alerts for the behaviour of trading volumes. Every time the observed behaviour
of trading volumes falls outside the interval, there is an alert.

Having formally defined the fluctuation band, in order to calibrate the trad-
ing volume tripwire it is necessary to estimate the parameters of the stochastic
differential equation (3) using the data observed in discrete time.

One effective way to do this, which makes it possible to arrive at an explicit
formulation of the parameters and thus to avoid the use of numerical procedures,
is to rewrite the discrete-time version of the diffusion process (3), i.e.:

Qr — Qr—1 = —1Qr—1+07Z (2)

so that it has the same characteristics as (3) in terms of conditional mean and
variance.”
With reference to the conditional mean, the following must hold:

E(QklQk—1) = Qr—1 — 7Qr-1 = Q1"
Hence we can rewrite the parameter « of (2) in terms of the parameter 6 of
(3), i.e.
y=1—e"? (19)

For the standard deviation of (2) to be equal to that of (3), it is sufficient
to impose the following equality:

o2
260
We can therefore rewrite (2), using (19) and (20), as:

2
Qu—Qr—1=(e?=1)Qp_1 + Wzk (21)

(21) becomes the discrete process that, on the basis of the daily observations
of trading volumes, makes it possible to estimate the parameters of (3).
In fact a regression analysis based on the following model:

(1—e2) (20)

o=

Qr — Q1= bQr_1 + ey (22)

where b is the regression coefficient and e and & are respectively the related
error of fit and the mean squared error, i.e.:

2

5= Znel“Q (23)

k

"For more details on this aspect, see the bibliography [Dixit and Pindyck, 1994].
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makes it possible to determine the parameter 6 of (3) by resolving the following
equation, which compares (21) with (22) :

B:—(l—e_e):>

Some simple mathematical manipulations give the value of the desired pa-
rameter:

0 =In(b+1)" (24)

For the estimation of o, using (20) and (24) and simplifying, we obtain the
following equation:

o~

In(b + 1)2
b2 +2b

As mentioned earlier, the empirical verification of the tripwire was carried
out by examining the various cases of market abuse found by Consob. This
made it possible to identify the time horizon for estimating the regression of the
data in discrete time, which we found to be 15 trading days. The value of the
standardized normal random variable z, which defines the prediction confidence
interval, is equal to 2.33 and therefore includes 99% of the possible forecasting
scenarios of the financial variable.

c=o0

(25)

2.3.2 The calibration of the return-based tripwire®

Given the diffusion process of (7):

dR; = q(p — Ry)dt 4+ odW, q,0 >0 (7)

and the related distributive properties expressed with reference to an initial
condition representing a daily time horizon, i.e.:

Ry~ N ((Rt—1 — e+ g(j (1- e—2q)> (26)

we can construct, in the same way as in Section 2.3.1, a prediction confidence
interval that, on the basis of the data on the returns of the preceding days,
infers the possible values for the following day, i.e.:

—2, /51— 20) + (Riy — p)e +pu <
<z /5(1—e2) + (Riy —ple T+ p

e
2

8The intermediate steps of the mathematical proofs described in this section are available
from the author upon request.
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The extremes of the interval are the dynamic thresholds that define the alerts
for the behaviour of returns. Every time the observed behaviour of returns falls
outside the interval, there is an alert.

The estimation of the parameters follows similar steps to those described in
Section 2.3.1, which makes it possible to arrive at a closed-form expression of
the parameters and thus to avoid the use of numerical procedures.’

Thus, starting from (6), we obtain:

Ry, —Ry_1=7v-(n—Rk_1) +7Z (6)

a discrete process that has the distributive characteristics of the stochastic
differential equation (7) indicated in (26).

>From the equality of the conditional expected values we obtain the follow-
ing relationships between the parameters of (6) and (7), i.e.:

n=p (28)
y=1-¢1 (29)

>From the equality of the conditional variances we obtain:

=1/ (1-e2) (30)

We can therefore rewrite (6), using (28), (29) and (30), as:

[ 2
Ry =Ry 1= (1—-e) p+(e?=1)Re 1 + %q(l — e )7}, (31)

(31) becomes the discrete process that, on the basis of the daily observations
of returns, makes it possible to estimate the parameters of (7).
As in Section (2.3.1) a regression analysis on the basis of the following model:

Ri— Rj—1 =a+bR_1 +ex (32)

where @ and b are the regression coefficients and e and & are respectively the
related error of fit and the mean squared error, i.e.:

2

6= E:an (33)

k

makes it possible to determine the parameters ¢ and p of (7) by resolving the
following set of equations, obtained by comparing (31) with (32):

{a:(l—e_q)-u

b=(e"7—1) ~

9For more details on this aspect, see the bibliography [Dixit and Pindyck, 1994].
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Some simple mathematical manipulations give the value of the desired pa-
rameter:

a
= —= 34

g=Inb+1)" (35)

For the estimation of o, using (33) and simplifying, we obtain the following

equation:
In(b + 1)2
o =5y BOTL® (36)
b2 +2b

As mentioned earlier, the empirical verification of the tripwire was carried
out by examining the various cases of market abuse found by Consob. This
made it possible to identify the time horizon for estimating the regression of the
data in discrete time, which was found to be 15 trading days. The value of the
standardized normal random variable z, which defines the prediction confidence
interval, is equal to 2.33 and therefore includes 99% of the possible forecasting
scenarios of the financial variable.

2.3.3 The calibration of the static market-concentration tripwire

The static concentration tripwire uses an entropy index as the financial variable
to represent the level of concentration of the intermediaries-traders present on

the market, i.e.
1 Qt(i)>a
O, = — _— 9
' Tt ; ( My ©)

and a stochastic differential equation as the reference model, i.e.:
d@t = _C@tdt + O'th (].0)
the continuous-time version of the discrete-time process given below:
Or — 01 =—E€Ok_1+ A (11)

In calibrating this variable on a daily basis with a view to determining the
dynamic thresholds that define the alerts, it should be noted that:

e by construction, as « increases, the expression (9) becomes more sensi-
tive to the intermediaries that handle a large percentage of the trading
volumes;

e intermediaries-traders do not necessarily carry out transactions involving
a given security every day (so-called discontinuous trading). This implies
that the use of daily data on the quantities traded by the i-th intermediary-
trader to construct the index and hence the financial variable that defines
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the tripwire risks introducing a large noise component that would make it
difficult to interpret the values of the variable;

o the reference model is defined by the stochastic differential equation (10),
the continuous-time version of the discrete-time autoregressive process

(11).

Consequently, the same logical and computational approach was used as for
the volume-based tripwire. In fact:

e the prediction confidence interval, i.e.:

—2, 4/ g—z (1—e2)+0;1e7¢ <
2

P <6<
<z % (1—e20)+0;_1e7¢

e
2

|
N

was determined by exploiting the distributive properties of (10), expressed
with reference to an initial condition representing a daily time horizon, i.e.:

o2

®t ~ N @t_le_q; 2C(1 — 6_24)] (12)

e the estimation of the parameters of the stochastic differential equation

(10), i.e.:
¢ = In(b+1)"
_In(b+1)?
g = 0 —— =
b2 + 2b
involved:

— a regression analysis applied to the following discrete process, rede-
fined starting from (11) so as to have the same distributive charac-
teristics as (10), i.e.:

o2
— _ p—2C
2<(1 (& )Zk

Or —Op_1= (e —1) 01 +
— some algebraic manipulations (see Section 2.3.1).

The analysis of the various cases of market abuse found by Consob, fil-
tered through the characteristics of this tripwire, provided an effective empirical
verification for the latter’s calibration; in particular, it suggested:
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e analyzing the quantities traded by each intermediary over a time horizon of
5 trading days, which overcomes the problem of the discontinuous trading
of some intermediaries-traders;

e a value of 5 for the parameter «, which allows high concentrations to be
highlighted;

e a reference window of 15 trading days for estimating the regression on the
discrete data ;

e that the value of the standardized normal random variable z, which defines
the prediction confidence interval, was equal to 2.33 and therefore included
99% of the possible forecasting scenarios of the financial variable.

The indicator was therefore specified as follows:

ne A 5
o= 1y <M> (37)

el o

where

Qi) = E?Zl Q:—5(i) is the total quantity traded in the last 5 days by the i-th
trader.
py = T 0
As indicated in Section 2.2.3, three tripwires are calculated for the static
concentration (with reference to respectively the gross turnover, purchases and
sales of the intermediaries-traders), since this is considered to represent the
evolution of the static concentration, including with reference to the directions
in which the market moves. The alert of this financial variable is triggered when
at least one of the tripwires exceeds the corresponding threshold given by the
prediction confidence interval.

2.3.4 The calibration of the dynamic market-concentration tripwire

The dynamic concentration tripwire uses an index of dissimilarity as the fi-
nancial variable to represent the evolution of the trading of the intermediaries-
traders present on the market, i.e.

and a stochastic differential equation as the reference model, i.e.:
d\I/t == *M\Iftdt + O'th (14)
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the continuous-time version of the discrete-time autoregressive process given
below:
W, — U, 1 =—0¥,_; +07, (15)

In calibrating this variable on a daily basis with a view to determining
the dynamic thresholds that define the alerts, given the characteristics of the
construction of the tripwire, that is to say that:

e the variable @t(z) compares a quantity at time ¢ with the corresponding
value at an earlier time, i.e. Q:(¢) — Qi—k(7),

e the reference model is defined by the stochastic differential equation (14),
the continuous version of the discrete autoregressive process (15),

it is necessary to define the lag of Q;(i) and the reference window of the
estimation of the regression on the discrete data needed for the parametric
specification of (14).

The same logical and computational approach was therefore used as for the
static market-concentration tripwire. In fact:

e the prediction confidence interval, i.e.:

—z, L (l—e2) + Ty 1e¥ <
2
P S \I/t S =X
<z % (1—e29)+ Uy _qe ¢

was determined by exploiting the distributive properties of (13) expressed
with reference to an initial condition representing a daily time horizon,
ie.:

2

\I/t ~ N \I’t,le_“’; 0-7(]. — €2w)‘| (16)

2w

e the estimation of the parameters of the stochastic differential equation

(13), i.e.
w = In(b+1)7"
_In(b+1)?
g = (o) —_— =
b2 + 2b
involved:
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— a regression analysis applied to the following discrete process, rede-
fined starting from (15) so as to have the same distributive charac-
teristics as (13), i.e.:

2
W= Wy = (7 = 1) Wy + ([ o= (1— 0%,

— some algebraic manipulations (see Section 2.3.3).

The analysis of the various cases of market abuse found by Consob, fil-
tered through the characteristics of this tripwire, provided an effective empirical
verification for the latter’s calibration; in particular, it suggested:

e constructing the variable @t(z) by comparing the quantities traded by each
intermediary at time ¢ with the corresponding value observed at time ¢t —5
(in other words the lag is equal to the trading week);

e a reference window of 15 trading days for estimating the regression on the
discrete data.

The indicator was therefore specified as follows:

v, — né 3 1Qu(0) - Qus () (38)

As explained in Section 2.2.4, three tripwires are calculated for the dynamic
concentration (with reference to respectively the net turnover, purchases and
sales of the intermediaries-traders), since this is considered to represent the evo-
lution of the dynamic concentration, including with reference to the directions
in which the market moves. The alert of this financial variable is triggered when
at least one of the tripwires exceeds the corresponding threshold given by the
prediction confidence interval.

2.3.5 The algorithm for reading the alerts

In order to complete the calibration of the M.A.D. procedure, it is necessary:

e to specify the algorithm that, by jointly interpreting the various alerts,
signals possible phenomena of market abuse to be examined by the
enforcement units (so-called warnings);

e to define the temporal validity of a warning generated by the M.A.D.
procedure; known as the critical period, this is the number of days the
enforcement units must monitor the security following the warning.
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To this end, we list the working mechanism of a generic tripwire and the
dynamic thresholds that, for each of the tripwires constructed, define anomalous
behaviour on the part of the various financial variables considered.

The tripwire identifies the dynamic thresholds and thus the anomalies in the
behaviour of the financial variable analyzed, on a daily basis, with reference to a
rolling set of observations. In particular, the dynamic thresholds that define the
prediction confidence interval for the financial variable at time t are calculated
with reference to the interval [t — k, t] where k = 15. The system for identifying
the alerts is thus of the rolling type with a reference window of 15 trading
days. The crossing of the dynamic thresholds corresponding to the extremes
of the prediction confidence interval defined by the generic tripwire signals an
anomaly in the behaviour of the financial variable in question; the extremes
of the prediction confidence intervals that define the alerts for each financial
variable are listed below:

1. Qt §é (Qinf; qup)

Qint =~z %; (1—e20) +Q_re?

qup = +Z% % (1 - 6_20) + Qt—leie
2. Rt ¢ (Rinf; Rsup)

Rinf =M — Z% ;%(1 - 6—2(]) + (Rt—l - /-L)e_q
21— e720) 4 (Ri—y — p)e

‘ Q

[\

Rewp = p + Zy

3. 6, ¢ (@inf;@sup)w
Ot = —2 % (1—e %)+ 61e7¢

P
2

o2 — —
G)sup :—I—Z% f(l—e 2<)+®t,16 ¢

4. ‘Ijt ¢ (\I/inf; \Ijsup)ll

Uing = —2 % (1—e29)+ U, _qe v

%
2

Woup = +2,, Z(1—e2)+ Uy qe v

The analysis of the literature and supervisory experience showed that the
data on trading volumes, the behaviour of returns and the evolution of market
concentration needed to be analyzed jointly. In this sense the examination of

10This expression refers to the generic tripwire of the static concentration. It should be
remembered that three tripwires are calculated for this financial variable with reference to
respectively the gross turnover, purchases and sales of the intermediaries-traders. The alert
is triggered when at least one of the tripwires crosses one of the thresholds indicated by the
predictive confidence interval.

' This expression refers to the generic tripwire of the dynamic concentration. It should be
remembered that three tripwires are calculated for this financial variable with reference to
respectively the net turnover, purchases and sales of the intermediaries-traders. The alert is
triggered when at least one of the tripwires crosses one of the thresholds indicated by the
predictive confidence interval.
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the various cases of market abuse found by Consob, filtered by means of the ex
post application of the procedure, has shown that an effective algorithm for the
joint reading of the various alerts produced by the tripwires aimed at identifying
a warning for a security is to consider a trading day to be anomalous if at least
three of the four tripwires have signaled an alert.

The decision to require at least three tripwires to signal an alert to have
a warning for a security was therefore taken with the help of the empirical
verification carried out on the basis of the cases of market abuse analyzed by
Consob, but also with a view to selecting the most important phenomena.

The critical period (i.e. the period of validity of the warning) was taken to
be the five subsequent trading days. In the event of more than three alerts on
successive days, the critical period starts from the last day on which there was
a warning.

The specification of the algorithm that produces warnings for the joint in-
terpretation of the alerts produced by the various financial variables completes
the description of the M.A.D. procedure developed in this paper.

3 Conclusions

The definition of a Market Abuse Detection procedure is a need strongly felt
by supervisory authorities, for which it is an effective instrument for preventing
and repressing criminal behaviour in the forms of market manipulation and
insider trading.

This paper presents a M.A.D. procedure that detects, for each security and
on a daily basis, the presence of market abuse phenomena by means of a set
of tripwires that analyzes the flows of elementary information on trading in
securities on financial markets available to supervisory authorities. These flows
have been transformed, on the basis of the literature, supervisory experience
and the cases of market abuse found by Consob into four diffusion processes
that represent the behaviour of:

1. the trading volumes of the security;
2. the returns on the security;
3. the static concentration of the market;

4. the dynamic concentration of the market.

In a M.A.D. procedure a tripwire produces an alert every time the observed
behaviour of a financial variable is not consistent with the predictive hypotheses
of the underlying reference model, hypotheses identified by means of dynamic
thresholds. The tripwires were constructed with a view to ensuring the pro-
cedure will permit the detection in real time of securities possibly subject to
market abuse.
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The reference models that define the tripwires were specified by calibrating
a number of stochastic differential equations.

After identifying the individual tripwires, the algorithm that permitted the
joint interpretation of the various alerts was calibrated to generate warnings
about securities, i.e. to signal securities possibly subject to market abuse for
investigation by the competent enforcement authorities.

The M.A.D. procedure is a first step in a quantity-based approach to the
supervision of financial markets. The procedure developed can undoubtedly
be improved by introducing new tripwires on other financial variables, such
as volatility, and examining data on intra-day trading, such as the inter-arrival
time. This is a task that is left for future research, in the belief that quantitative
analysis is an effective way to enhance the ability of supervisory authorities to
carry out the tasks entrusted to them.
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Appendix A

A.1 The theorem of convergence on R!

Let (©2,S) and (R!, B(R')) be measurable spaces where B(R!) is the Borel field
on R'. A function mapping 2 into R, X : O — R!, i.e. that assigns Vw € Q
a value X (w) of R, is called (3, B(R')) measurable, and is also defined as a
random variable on (€, <S) if the pre-images'? of the measurable sets on R! are
measurable sets on ), that is if VI' € B(R!) :

{weX(W)eT}=X"1 eSS

Taking a measure P such that P(Q2) = 1, we call the triple (2,S, P) the
probability space and the function Py defined on B(R!) such that VI € B(R!):

Pr(l) = P(X7I(T)) = P{we QX (w) €T}

(IS) the probability distribution of X.

For a given X, as defined above, we can always choose a probability space
(Q,3,P) = (RL,B(R!Y), Pr) where X }(T') = w and Pr is the measure of
probability for X.

Given the triple (2,3, P), let {Xi},~, be a discrete Markov process (or
chain) with respect to the filtration {3y}, -, generated by the sequence of
random variables X, X1,...., X, for & € N where X : Q@ — R'. According-
ly, {Xk},>o takes values on R! where k is an indicator of discrete time. As
previously stated with reference to the generic random variable X, the pair
(R', B(R')) defines the measurable space of {Xj},+,. Every discrete Markov
process defined in this way is identified by the initial distribution vy (-) and the
transition probability 1Ty x(-,-)'® defined on (R, B(R!)),!* i.e.:

o P(Xp€eTl) =uwp;

o P(Xps1 €TS%) = P(Xis1 € D Xg) = Iy 4 (X4, T).

This implies that IIy 4 (-, -) is such that:

e II; ;(z,-) is a measure of probability on (R!, B(R')) for every z € RY;
o II; ;(-,T) is B(R!) measurable for all T' € B(R?).

We then rescale the discrete Markov process { Xy}, by defining for every
h > 0 a new discrete Markov process {Xyp},;,~o with respect to the filtration
{%kh}k>07 generated by the sequence of random variables Xo,Xn, Xop.ooo; Xin
for k € N which assumes values on R', where kh is the new indicator of discrete
time. In other words, we divide the k time intervals into % subintervals with
length h.

12By pre-images is meant the inverse of the function: X ~1(T).

13The subscripts of IT means that the movement is from k with a time interval equal to 1.
Y14 g (-,-) is such that:

1. TIy (z,-) is a measure of probability on (R, B(R!)) for every z € R1;

2. I (-, T') is B(R!) measurable for all the I' € B(R!).
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It follows evidently that for A | O the k time intervals are subdivided into
an infinite number of subintervals of the same size.

This process is also identified by an initial probability vo(-) and a probability
of transition IIj, x4 (-, ), !> both defined on (R!, B(R')).1¢ It follows that:

o P(X(] S F) = Vg vI' € B(Rl),

o P(Xp1yn € T[Skn) = P(X g1y € U Xkn) = I kn (Xen, T).

Let D([0,00), RY) “ {f:[0;00) — R : V, f(t+) = f(t) and f(t~) = exists}
be the Skorokhod space, i.e. the space that goes from [0;00) to R! with
continuous paths to the right and finite paths to the left.

Let {Xth} be a continuous process generated on the basis of {Xgn}.),~ for
kh <t < (k+ 1)h where t is the indicator of continuous time. By construction
{X['} assumes values on D and the pair (R',B(R')) defines the measurable
space of {Xth} A7 In particular, it is evident that {th} is a jump chain defined
by the moment of the jump time, which occurs at the times Jy;, = kh V k > 0,
ie.:

Jo =0, J(k+1)h = inf(t > Jun : XZL # th) Y k> 0!8
or:

Jo =0, (k+1)h =inf(t > kh : X' # Xip) Vk>0
or:

Jo =0, (k+1)h=sup(k < £: X} # Xpp) vV k>0
or, defining [%] def sup(k < }% S XP A X))

Jo =0, Jesyn = [£] VE>0
and by the holding time with a length of (kK + 1)h — kh for k& > 0 in which
{X{’} = {Xpp} for kh <t < (k+ 1)h.

By construction {Xth} for kh <t < (k+1)h is a continuous Markov function
(or chain) with respect to the filtration {%f} >0 With an initial distribution
P? and probability of transition P, defined on (R, B(R')).

It follows that:

e P(X=y)=P) Vy € RY;

o P(X]'=y|S!) = P(X} = y|XI = 2) = Py(z,y)  Va,y € B(R') and
t=s-+h

Moreover, by construction, the following relationships exist between {X/'}
and {th} :

15The subscripts of II means that the movement is from kh with a time interval equal to h.

mﬂh,kh(-, -) is such that:

1. IIj, kr (=, -) is a measure of probability on (R!,B(R!)) for every = € RY;

2. Ip kr (-, T) is B(RY) measurable for all the I' € B(R?).

171t should be remembered that this measurable space hypothesis is a sufficient condition
for the existence of a measure of probability.

18i.e. the smallest value of t for kh <t < (k + 1)h such that X} # X},

ie. the largest value of k for 1 < k < £ such that X' # X},
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o By(XteT)=v, VI eBR

o Po(X} =X, VER<t<(k+1)h)=1

® Po(Xeriyn € TISen) = Pu(Xp1yn € T Xkn) = P(X(eryn € T Xkn) =
Iy n (Xkn, T) almost certainly under Py, Vk > 0, VI' € B(R!).

o Pu(X] = XepnlX$ = Xpn) = Pa(X] = Xl X3 = Xpp,) =

Hh’[%]h(X[ | s X(k+1)h ) where t = s + 120

t
h

Lastly, we define {X;} as the diffusion process characterized by the following
stochastic differential equation:

dX, = b(x, t)dt + oz, t)dW,

In what follows we identify the conditions under which it is true that for

h|O:
(x5 {0}

where the symbol < indicates weak convergence.
The conditional first moment of the discrete process { Xy}, is defined as:

BE(Xg1 € DXy =) = 3 (Xpq1 — Xp)Il g (2, 1)
%

It follows that the conditional first moment of the discrete process { Xy},
expressed in terms of the process {Xgp ;50 i5:2!
E(X]H_l c F‘Xk = :L') = %E(X(k-&-l)h c F|th = x)
=3 Z( b+ 0)h — Xin)Hp pn (2, T)
and, thus, expressed in terms of the continuous process {Xth} 222

E(Xpi1 €T|Xp=2) = +tB(X}=y|X]! =2)

=+ Jo(y — ) Pp(z, dy)

% fR(y - x)th[%]h(m, dy)

>From now we focus on the conditional moments of the discrete process
{Xk}p>o expressed in terms of {Xth} In particular, the conditional first mo-
ment just defined becomes:

20Tn less formal terms the first equality, by exploiting the Markov property of the XZ‘, only
states that of all the values of the holding time the one taken is that which is closest to the
jump. This is so because at the jump time, denoted by Jixy1)n = [%] , Xth # Xgp and
therefore X = X[ t ]h

21 The multiplication by + 5 1s necessary given the construction of the process {Xkn}

22The last equality is guaranteed by the relationship [4] existing between {Xh}and{th} .
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bulant) = 3 [ =), [y, (o) (39)

the conditional second moment is therefore defined as:

on(w.t) = 1 [ =M, (o) (40)

The higher moments of the absolute value VY6 > 0 are defined analogously:??

enslat) = 1 [ 1= 1, [, o d) (41)

It is not certain that the Lebesgue integrals®® of (39) and (40) are finite;
consequently, since the integrating function is always limited on finite intervals,
it follows that the related truncated moments, Ve > 0:

e =5 [ e ) (42)

=5 [ ) (13)

will certainly be finite.
In other words, (39) and (40) are integrated on |y — x| < € instead of R. Tt
is evident that where:

1
Ape(z,t) = — Hh,[%]h(x,dy) =0 Ve>0 (44)

h ly—z|>e
i.e. the probability of a shift on R of the Markov chain {Xth} greater than ¢ is
null, the truncated and untruncated moments will coincide.
In the light of the above we prove the following theorem:

Theorem 1 Given the conditions 1-3, or 1a—3, presented below, the se-
quence {Xth} converges weakly for h | 0 to the process {X:}; it has a unique
distribution and is characterized by the following stochastic differential equation:

dX; = b(x, t)dt + o(z,t)dW; (45)

where Wy 1s a standard unidimesional Brownian motion. The distribution is
independent from the choice of o(x,t) and {X:} remains finite within finite
time intervals Vt € [0,T], i.e.:

231t is not necessary that § € N. If § ¢ N, the expression does not represent a higher order
absolute conditional moment.

241t should be remembered that the the Lebesgue and Riemann integrals coincide when
they exist.
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Condition 1 There exists a(z,t), a continuous measure mapping from R x
[0,00)% into the space RT25 and there exists b(z,t), a continuous measure
mapping from R x [0,00) on R such that Vo € R, VT > 0,Vt € [0,T]:

lim a7 (2,1) ~ afz, 1) =0 (47)
limd<(2,1) =0 (1)

In less formal terms (46) requires the truncated conditional first moment
to converge, for h | 0, to a function b(z,t) that will therefore become the
conditional first moment of the process {X;}. A similar requirement is imposed
by (47). (48) is nothing but the limit of the convergence condition (44) of the
truncated moments.

In what follows we show that condition 1 implies condition la, which is
computationally simpler:

Condition 1a If there exists a 6 > 0 such that Yo € R, VT > 0,Vt € [0,T):

i = 4
ﬁrgch’g(x, t)=0 (49)

then there exists a(z,t), a continuous measure mapping from R x [0, 00) into
the space RT and there exists b(z,t), a continuous measure mapping from R x
[0,00) on R such that Yz € R, VT > 0,Vt € [0,T):

li - -
i |bn(x,t) — b(x,t)] =0

i — =
hl% lap(z,t) — a(z,t)] =0

Proof:
To verify that condition 1 is equivalent to condition la, it is sufficient to show
that:

1. the convergence to zero of hypothesis (49) causes the convergence to zero
of hypothesis (48) of condition 1, i.e.:

%?&Ch,ti(x’ t) =0= E?&Ah,s(xv t) =0

2. the conditional first and second moments, by (x,t) and ay(x,t), indicated
in (39) and (40) exist and are finite.

25The real-valued interval [0, c0).
261t should be remembered that the space RT characterizes the second moments of any
random variable.
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As regards the first point, in the first place we note the Markov inequality,
which holds if X takes on non-negative values,?” i.e.:

E(X)

a

P(X >a) <

Since |y — z| is a variable with values that are always positive, the Markov
inequality can be specified for a = ¢ and with reference to (44). The left-hand
term becomes:

1
P(ly—az|>¢e)=+ I, [1)n (@ dy) = Ape ()

h ly—z|>e

while the expected value is:

1 o0
Blly—al) = [ ly=alll, ..
Hence, it follows from Markov’s inequality that:

1 L
E ‘/yI|>E Hh,[%}h(x7 dy) S EE: / ‘y — I|Hh,[%]h(l‘7 dy) (50)

— 00

|2+6

A similar procedure is followed for the stochastic function |y — , giving:

1 1 o0
— < = —(2+9) 2+
h/| I 4]u (@ dy) < pe [y — a1, (1), (2 dy) (5D)

— 00

The right-hand term can be seen to be the conditional n-th moment, ¢, 5(, ),
referred to in (41), up to a factor e~ (3¥9). Hence, using (51) we obtain:

1 _
h/l [2+6>g2+6 Hh,[%]h(xa dy) <e (2+5)Ch75($a t) (52)
y—x €

and since the left-hand terms of (50) and (51) are equal, i.e.:

= I, 1210 (@, dy) = . I 1210 (@,dy) = Ape(z,t)  (53)

b Jjy—ajzroeats b Jy—a|>e

combining (52) and (53) gives the following inequality:

Ape(z,t) < 67(2”)0;%5(1:,25) (54)

2TIn fact, if X is a positive stochastic variable (X > 0) and ¢(z) is its probability density,
then, for every a,the expected value of X is:

E(X) = [ z¢(x)dr + [° zp(x)de > [° ad(z)dz > [7° ap(x)ds = aP(X > a)

which implies:P(X > a) < %

Q.E.D.
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Since e~ (19) is a positive constant, if, under hypothesis (49) of condition
la:

li t)=0 49
limen o (2, 1) (49)
then:
—(2-‘1—5)1' =0
€ hl?(}ch75(l', )
and, therefore, using (54):
1}3%%,5(9«”7 t)=0= E%Ah,e(x, t)=0

This is equivalent to saying that the convergence to zero under hypothesis
(49) of condition la causes hypothesis (48) of condition 1 to converge to zero.
Q.E.D.

As regards the second point, for expository convenience, we introduce the
following expression:

7 L=, ) (55)

which, for k = 1, is equivalent to by (xz,t) and, for k = 2, is equivalent to ap,(z,t).
It is sufficient to verify for £ = 1,2 that:

1 k s finite:
a) lhulrr(}ﬁ Jy—lcon @ — @) Hh7[%]h(m,dy) is finite;

s 1 o k —
D) iy Jy—oi>1 (W = 2)"I, (214 (2, dy) = 0.

Recalling what was stated earlier with reference to the existence of truncated
moments Ve > 0, (expressions (42) and (43)), setting e = 1, the fact that the
limit referred to in point a) is finite is immediately verified.

As regards the convergence to zero of the limit referred to in point b), for
k =1,2 and for (y — x) > 1 the following inequality is always satisfied:

)
(= )", o, (2, dy) < Jy = 2l 0L, 1, (2, dy)

It follows that:

1/ k 1 2+6
1 -2, ued) < 5 [ = el g, (o dy)
h Jly—ai>1 Lk h Jly—ai>1 gy

and thus that:
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1 k 1 246
— — < — —
%{%h w I|>1(y .’E) Hh7[£],L(ZL',dy) 1’%{101}1 y—z[>1 |y £U| Hh,[i]h(x,dy)

since under hypothesis (49) of condition la the right-hand limit is null, the
left-hand limit is also certainly null.
Q.E.D.

Condition 2 For h | 0 the initial probability of the process {X;} is identical
to that of the process {Xﬁ}

%i%Ph(X{} €el)=wvy ie P(Xoel)=uv VI e€BR

Condition 2 is evidently satisfied by construction.

Conditions 1 and 2 do not necessarily guarantee that the process {X;} exists.
Hence the need for an additional assumption:

Condition 3 vy, a(z,t) and b(x,t) uniquely specify the distribution of the
process {Xi}, characterized by an initial distribution vg, a conditional second
moment a(x,t) and a conditional first moment b(x,t).

The conditions for verifying the latter statement are many and belong to
the standard results of stochastic theory. See the bibliography for more details
[Ethier and Kurtz, 1986, Stroock and Varadhan, 1979).

Since (45) is a generic Ito unidimensional process with parameters b(z,t)
and o(z,t),2® from what has been said above, the theorem is proved.

A.2 An application: the convergence of an AR(1) process

The proof given below can easily be extended to the following processes: (2),
(6) (11) and (15).%°

In particular, we will show, by applying the theorem referred to in Section
A1, that the following AR(1) process

Xy —Xp 1 =a—7Xp1+0Z (56)

converges weakly to the diffusion process {X;} characterized by the following
stochastic differential equation:

dXt = (Oé — GXt) dt + O'th (57)

where o and 0 are deterministic functions of time and W; is a standard unidi-
mensional Brownian motion.

281t should be noted that given the characteristics of the process no further assumptions
are needed to be able to affirm that a function o(z,t) always exists such that the following
equality is always satisfied:

a(z,t) = \/o(z,t)

29The intermediate steps of the mathematical proofs described in this section are available
from the author upon request.

49



A first consideration regarding (56) is that since z is a constant and Z1, . .., Zj
a sequence of independent random variables distributed normally with a zero
mean and a unit variance, the solution {Xj},-, is a Markov chain with re-
spect to the filtration {3y}, -, generated by the sequence Z1,...,Z; that as-
sumes values on R!' and where k is the indicator of discrete time. The pair
(R', B(R")) defines the measurable space of {Xj},~, where B(R') is the Borel
field on R'. Every discrete Markov process defined in this way is identified by
the initial distribution vo(-) and the probability of transition ITy (-,-) defined
on (R, B(RY))3°.

We rescale the discrete Markov process { Xy}, by defining for every h >
0 a new discrete Markov process {Xgn}y,>o, With respect to the filtration
{Skn}rsg, generated by the sequence of random variables Zo Zy, Zop...., Zin,
which are identically independently distributed as a normal with zero mean and
variance equal to h, for k € N, that assumes values on R!, where kh is the new
indicator of discrete time. In other words, the & time intervals are divided into

% subintervals with a length h, i.e.

Xin — X(e—1yn = an — 1 Xs—1yn + 6VhZ),
or
Xin — Xk—1)n = an — 7, X(k—1)n + 0 Zkn

where, by construction, ap = a - h and 7, must be chosen to guarantee the

following equivalence:3!
1

h
X — X1 = Y0 Xe—1)4jh — X(k—1)4jh—h
j=1

1
h
o — ’ka—l + aZk = Z a-h— ’YhX(k—l)-i-jh—h + 8Zkh
j=1

where Zy, ~ N(0,v/h)

It is evident that for A | 0 the k£ time intervals are divided into infinite
subintervals of the same size.

This process is also defined by an initial probability vg(-) and the probability
of transition is I, xn (-, -), both defined on (R, B(R')).32

Defining the Skorokhod space (i.e. the space mapping [0;00) into R! with
continuous paths to the right and finite paths to the left) as D([0, o), RY),

30vT € B(R!):

1. P(Xo €T) = wo;

2. P(Xk+1 S F‘%k) = P(Xk+1 € Fle) = Hl,k(Xk,F).

31Tt is well known that the temporal rescaling of a random variable in % parts measuring h
takes place by means of the following transformation:

VhZ —VhE(Z) + E(Z)

3280 that:

1. P(Xo €T) =v9 VI € B(RY);

2. P(X(g+1)n € TISkR) = P(X(k+1)n € T1Xkn) = Hp kn (Xin, ).
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let {Xth} be a continuous process generated on the basis of {Xip};,~o for
kh <t < (k+ 1)h where t is the indicator of continuous time:*3

X=Xy = an = Xpy +0 20 (58)
By construction {X}'} for kh <t < (k+1)h is a continuous Markov process
(or chain) with respect to the filtration {S}},_,

P? equal by construction to vy, and a probability of transition P, defined on
(R1, B(R!)).

with an initial distribution

Given the construction of process (58), with respect to process (56), to prove
the weak convergence of the latter to (57), it is sufficient to verify the conver-
gence of (58) to (57). It can then be shown, by applying the theorem referred
to in A1, that (58) converges weakly to (57), i.e.:

dXt = (Oé — QXt) dt + O'th (57)

In what follows we verify the conditions required for the application of the
theorem.

To verify condition la, the first step is to examine the convergence to zero
of the conditional moment of the absolute value of a moment higher than the
second for h | 0; to simplify the calculations, it is better to consider a conditional
even-order moment, so as to avoid the computational problems connected with
the absolute value.

We define the conditional fourth moment of the discrete process { Xy}~

expressed in terms of the process {XZL}, as:

4
enale,t) = FB [(XP, - xP)' (91 =

Given (58):
~ 4
— 4B [(an = XP +5200)" 1] =
by means of some mathematical manipulations and using the properties of the
expected value and those of the sequence Z{}, Zh 7Zh ... ZF 3% we obtain:

33By construction {XJ'} assumes values on D and the pair (R!, B(R!)) defines the measur-
able space of {Xth} In particular, it is evident that {Xth} is a jump chain defined by the
jump time, which occurs at times Jip = kh V k > 0, and by the holding time, which measures
(k +1)h — kh for k > 0 in which {X}'} = {Xgs} for kh <t < (k+ 1)h.

In view of the above, the deterministic functions a and = remain unchanged.

3480 that:

L. P(Xh=y)=P) VyeRY

2. P(X} =y|S") = P(X} = y| X! =2) = Py(z,y) Va,y €BRY) and t =s+h

On the relationships between {Xth} and {Xkn}, see section Al.

35Since the sequence Z(’)‘, Z{L, Z;L, RN Zt", consists of random variables identically indepen-

dently distributed as a normal with zero mean and unit variance, the first moment is equal to
zero, the odd moments are null, the second moment is equal to h and the fourth to 3h2.
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= 35'h + 602h%6% — 12ahy, X]'5> + 643 (Xh) G2 + a*h? — 4ahPy, X} +
2 X
Gr302 (XP)° h - darf (x1)° + RO
We calculate the limit for h | O :
li t) =
;if%ch’l(x’ )

’Yh (Xh)
h

To satisfy condition la and ensure the existence of a(x,t) and b(z,t), the
limit (59) must be equal to 0. This is equivalent to saying that the function -,
must be defined in a way to ensure that result.

Once the first and second moments have also been calculated, the function
v, will be defined so as to guarantee, by applying theorem 1, that (58) converges
weakly (57).

hm6’yh (X152 — dar} (X1)° + (59)

We calculate the conditional first moment, by, (z, ):

bu(z,t) = FE[XP — XIS} =
Given (58):

= 1E [ap — v, X+ 02, |S7] =

proceeding in the same way as for the conditional fourth moment, after some
mathematical manipulations , we obtain the following result:

= (- 3X1)
We calculate the limit for A | 0:
lﬁrolbh(x,t) =
limor — l}fxth (60)

h10

To satisfy condition la, the function <, must be chosen so that the limit
(60) is equal to o — 6X;.

We calculate the conditional second moment, ay,(z,t):

an(w,t) = +B [ (Xp, - XF)*ISY] =
Given (58):

Z%E[( — X[ +520,)° I“”}z

proceeding in the same way as for the conditional fourth moment, after some
mathematical manipulations, the following result is obtained:
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= a2h+ 2 (X])° = 20, X} + 52
We calculate the limit for h | O:
li t) =
ﬁ%ah(x, )

2
lim 2 (X})° - 207, X} +5° (61)

To satisfy condition la, the function v, must be chosen so as to guarantee
that the limit (61) is equal to o2.36

To satisfy condition 1a, it is necessary to find the function , for which the
limits (59), (60) and (61) converge to the values previously indicated and listed
below, i.e.:

. xh) L
lﬂrol(oz—%hXt) =a—0X,
lgfr(}vf (XM — 207, X} +5° = 0?

Let us adopt the definition v, “ 9. hand verify the system by calculating
the limits:

lim6o°h? (X1)?5% — 46°h3a (XI)? + 0*R3 (x1)" =0
I}HI& (= 0X]) = a— 06X,

lim6*h (X})* — 2000 X} + 0% = o”

h|0

It follows that the limits (59), (60) and (61) converge to the quantities
required to satisfy condition la. In particular, it is found that:

b(z,t) =a— 60X, (62)

a(z,t) = o? (63)
Condition 2 is evidently satisfied by the construction of the process {Xth} ,
so that condition 3 is also satisfied. Theorem 1 can therefore be applied and,
using the results (62) and (63), we can conclude that (58) converges weakly to
57.
Q.E.D.

36Tt should be noted that the construction of the process Xth means that on finding the
value of v, T =o.
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A.3 The distributive properties of an Ornstein-Uhlenbeck
diffusion process
The proof given below can easily be extended to the following processes: (3),
(7), (10) and (14).%7

Given the process:

d_Xt = —thdt + O'th q,0 > 0 (64)

where dW; = edt and e ~ N(0,1) is white noise.
It will be shown that:

X, ~ N (e Xy, U2ﬂ
L ) 2q

The stochastic differential equation is linear since the coefficients of dt and
dW are linear functions of X. It is also autonomous since the coefficients are
independent from ¢. A theorem concerning stochastic differential equations
states that such an equation with the characteristics described above has a
solution and that this solution is unique, given an initial condition Xy = x with
x independent from dWV.

The solution of the stochastic differential equation (64) corresponds to the
search for the solution of the following Cauchy problem:

dX; = —gXidt+ odW; q,0>0 (64)
X() = X

Defining ¥; = X;e?t and applying ITO’s lemma to (64):

A(Xpet) = L (Xpet)dt + & (Xpet)d X, + 32 (Xet)dX?
so that:

d(Xett) = qXpettdt + e?td X,
and using (64):

d(Xe?) = gXetdt + et (—q X dt + ocdWy)
simplifying and integrating, we obtain:

t
X, = / oe 1) dW, + Xpe 7 (65)
0

(65) is the strong solution of (64).

37The intermediate steps of the mathematical demonstrations described in this section are
available upon request.
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The aim now is to derive, with reference to (65), the distribution of X;, and
the related conditional expected value and variance: E(X|S) and Var(X:|S),
by means of the derivation of the moment generating function of X;, Mx, (y) =
E(eXT).

To this end we adopt the following definition Q; = e*®X+=8() and derive
the related stochastic differential equation starting from (64) by means of ITO’s
formula:

d(e*MXe=1)) = [i (a(t) Xy — ﬂ(tm (exMXe=B1))qt 4 a(t)(ea(t)xt—ﬁ(t))dxt+
+302(t) (WX =PI x7
Putting La(t) = o/(t), £8(t) = B'(t), in order to derive Mx,(7), it is
necessary to identify the functional forms of «(t) and 5(¢) such that the following
expression is null:

[of () X;eOXe=B1) _ g (t) X,ex®Xe=B) 4 %UQQZ(t)ea(t)Xt—ﬂ(t) —B'(t)-
.ea(t)thﬁ(t)]dt = O
The values of these functions are found to be:

a(t) = ye 10 (66)

1 e—2a(T—1)
£ = —g2~2
B(t) = 507y 2

So that:

d(ea(t)xt_ﬁ(t)) — a(t)(ea(t)xt_ﬁ(t))o'dwt
and, using (66) and (67) and integrating, we obtain:

—q(T—t) v 1,2, 2e=20(T—t) —q(T—t) vy, 12, 2e=2d(T—t)
eve Xi—50"y 3q :f,yefq(Tft)(e’ye Xi—507y 55 )O’th
. —q(T—t)y, 1.2, 2e-2¢(T—t) .
The expression e7¢ Xi—z0%y 2q is a Martingale, hence at the
generic time ¢:
—q(T—t 1.2, 2e-24(T—t) —q(T—0 12, 2e-24(T-0)
E (e "Xt ey )|90] O O i 7
and at time 7" :
— - —2q(T—-T) — — —2q(T—0)
E (676 (T T)XT_%G_Z,YQe 5 )|C50 _ (676 a(T O)XO_%0272e —

simplifying and exploiting the properties of the exponential function and the
expected value and specifying the expression for T' = t, we obtain:

—qt 1 2 21— 24t
E [€7Xt|%0] — e " Xotgoly -

In order to obtain the moment generating function of X;, E(e?X7T), the

expected value operator is applied again and, exploiting the related properties,
it follows that:

%)



21— 29t

My, (7) = B (1) = 1 "o (68)

(68) can be seen to have the form of the moment generating function of a
normal distribution.*® So that:

X, ~N | e Xy Uzﬂ
) 2q

Q.E.D.

381n fact, given Xy ~ N(p,02)
Mx,(v) = E (e7X®) = et 3oy’
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competenze istituzionali.

Tutte le pubblicazioni Consob sono naturalmente disponibili anche in formato cartaceo. I canoni
annuali di abbonamento ed i prezzi dei singoli fascicoli (ove previsti) per I’anno 2002 sono i seguenti:
O RELAZIONE ANNUALE: € 20,66, estero: € 28,41.

O BOLLETTINO (abbonamento 24 numeri quindicinali + le varie Edizioni Speciali): € 180,76, estero:

€ 196,25; singoli numeri: € 9,30, estero: € 10,33.

O NEWSLETTER SETTIMANALE « CONSOB INFORMA» (abbonamento 50 numeri settimanali): via Postel:

€ 61,97, estero: € 80,05; via fax: € 98,13, estero: € 129,11.

O RACCOLTA NORMATIVA: € 87,80.
CD-ROM contenente gli Albi: € 103,29.
O QUADERNIDI FINANZA (abbonamento 6 numeri): € 61,97, estero: € 80,57; singoli numeri: € 12,91,

estero: € 15,49.

o

Gli abbonamenti si sottoscrivono facendo pervenire I’importo esatto con assegno bancario sbarrato
intestato a Istituto Poligrafico e Zecca dello Stato - Piazza Verdi, 10 - 00198 ROMA, oppure con
versamento sul ¢/c p. n. 387001 sempre intestato a Istituto Poligrafico e Zecca dello Stato - Piazza Verdi,
10 - 00198 ROMA.

Ulteriori informazioni su condizioni e modalita di abbonamento:
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