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Remarks on the rotation of a magnetized sphere
with application to solar rotation.

By
HANNES ALFVEN.
With 2 figures in the text.

Communicated September 10th 1941 by C. W. OsEEN and BERTIL LINDBLAD.

Elementary considerations.

§ 1.

Suppose that a uniformly ‘magnetized sphere (radius = R,)
rotates with constant angular velomty w, around the axis of
magnetization. Suppose farther that the sphere is electrically
conducting and that, with respect to a rotating coordinate system
in which the sphere rests, its electrostatic potential is zero.

Transforming to a coordinate system which does not take
part in the rotation we find that — seen from the fixed system
— the potential of the sphere differs from zero except at the

poles. The potential at the latitude ¢ amounts to
E, = if(ﬁ %) T (1.1)
where ds= R,dep is the line element, v = w, I}y cos ¢ the

velocity and H the magnetic field. If « is the dipole moment
of the sphere the vertical component of H amounts to

H. — 2a sin ¢
v Bg
and we obtain
aw,
I, = cos? . 1.2
/A ¢ R G ( )
Arkiv for matematik, astronomi o. fysik. Bd 28 A. N: 6. 1
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If no electric charge is presentin the space around the sphere
the electrostatic field is zero, seen from the moving system
Consequently a charged particle (electron or ion) can remaj,
at rest in relation to the moving system (if centrifugal foree
is neglected). If the particle has a small velocity it will moye
in a circle which is subjected to drifts, mainly because of th,
inhomogeneity of the magnetic field, according to elementary
laws.! If the velocity vector is sitnated in the cquatorial plane
of the rotating sphere, the particle moves in a circle, whicl,
is subjected to a »magnetic drift>. This is very small if the
velocity of the particle is small (see the cited paper).

In the fixed system the electrostatic field differs from zero
(except on the axis of rotation) because of the potential of
the sphere. (The equipotential surfaces are obtained through
rotating the magnetic lines of force around the axis of the
sphere). Consequently, a charged particle cannot rest in rela.
tion to the fixed system. If initially at restitis accelerated by
the electric field. The combination of the magnetic and the
electrostatic fields tends to make it move with the velocity
R w,, i.e. to take part in the rotation of the sphere. This is
easily seen from the conditions in the rotating system, but of
course it can also be obtained through calculating the motion
of a particle in the electric and magnetic fields in the fixed
system. '

The consequence of the above is that if no considerable
space charge is present a charged particle in the space around
the magnetized sphere must take part in its rotation.

These elementary considerations can be applied. to the
rotation of the sun (and the earth). Suppose that the sun's
ceneral magnetic field is a dipole field, its axis coineciding with
the axis of rotation, and that the sun is electrically neutral with
respect to a system rotating with the sun (taking no account
of the non-uniform rotation). Suppose further that in the space
around the sun, the number of charged particles is so small
that they do not cause appreciable electric fields. Under these
conditions all the charged particles must take part in the solar
rotation. (We may regard them as rigidly connected with the
sun by means of the magnetic »lines of force».) This does
not only apply to the space close to the sun (for example the
solar corona) but also — more or less — to the whole plane-
tary system. ,

'The outer limit for the validity depends upon how far the
assumption is valid that no disturbing electric fields are pre-

! . ALFVEN: On the motion of a charged particle, Ark. f. Mat.,, Astr.
och Fysik, Bd 27 A, N:o 22, 1940.
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H. ALFVI'JN, ON THE ROTATION OF JMAGNETIZED SPHERE. 3

sent. Another outer limit is set by the fact that the centri-
fugal force affects the motion. An electron or ion (charge
= ¢, mass = m) moving in the equatorial plane at the distance
Ji3 from the sun is sub]ect to a centrifugal force

fe=m R w}

if it takes part in the solar rotation. This force must be much
smaller than the force
eaw,

eF=ix

due to the sun’'s electric polarisation in order not to disturb
the motion of the charged particle.
The condition for this is

R = (9 ¢ )1/‘”‘ (1.3)

cmw,

2 9.9.10~5
. 95 - 0.861 - 10°
sec™! (sun’s dipole moment and angular velocity) we obtain
for a proton (e=4.8-1071°, m=1.66-10"2 g)

R<24-10" em

: _ . 1038 3 _
Putting a = 4.2 - 10%° gauss em®, w, =

and for an electron
R<29-10" cm
(Compare: orbital radius of earth =1.5- 10'* cm).

§ 2. Electrically conducting matter in the magnetic field.

Sappose that in the magnetic field from the rotating
magnetized sphere (S) there is situated a piece of electucall)
conductmrr matter BB’, which does not take part in the rota-
tion. (Emmple a cloud of ionized gas in the sun’s magnetic
field). Suppose further that in the space around the sphele and
the conductor BB’ the density of matter is very small and
that there are plenty of charged particles (electrons and 1ons)
at the surfaces of the sphere as well as of the conductor BB'.
If ‘such particles move under the influence of the magnetic
field they spiral around the magnetic lines of force. WWe assume
that the radius of curvature of the spiral is very small com-
pared with the distance to the centre of the sphere. (This

Supplied by The British Library - "The world's knowledge"




4 ARKIV FOR MATEMATIK, ASTRONOMI 0. FYSIK. BD 28 A. N0 ¢

condition is very well satisfied in the sun’s magnetic field, gt
least for thermal energies.)

Under these assumptions an electric field in the directioy
of the magnetic field will in general produce an electric cuy.
rent in the direction of the field, whereas an electric fielg
perpendicular to the magnetic ﬁeld gives no current in th,
field direction. In other \\ords the electuc’tl conductivity i
much larger parallel to the magnetic field than perpendiculay
to it.! (We can regard the »magnetic lines of force» g5
electrically conducting wires, insulated one from the other)

Seen from a fixed coordinate system the conduectivity of
the stationary conductor BB’ will tend to equalize the electric
potentials at B and at B’. On the other hand, the rotation
of the magnetized sphere ploduces a potential difference m
between the points A and " where the magnetic lines of
force through I3 and B’ intersect the sphere. According to
(1.2) we have

aw,

Eay= T, (cos® g4 — cos®q.r) (2.

As charged particles can move along the magnetic line of
force between 4 and B and also between A’ and B the e. m. f,
given by (2.1) will produce a current in the cireuit A BB A’ 4.

The same result is of course obtained if the problem is
treated in a coordinate system rotating with the magnetized
sphere. In this case no e.m.f. is produced between A and
A’, but the conductor BB’ is polarized, due to its motion
(in relation to this system). If the conductor is situated in
the equatorial plane the difference in potential between B
and B’ is

»

n
. 1 = _—==— 1(a
1"1)’12'2—6[(HX%’)[S=;fI?‘w0R(ZIf=
B

I

(zcoo( 1 L) (2.9
A RB RB' o

which is the same as (2.1) because the equation of the magnetic
lines of force from a dipole gives

! Problems of this kind have been treated in a series of papers: H.
ALFVEN; loc. cit.; A theory of mawnetic storms, Kungl. Vet.-Ak:s Handl. II1,
Bd 18, N:o 3, 1939; Ib. Bd 18, N:o 9, 1940; Solar prominences, Ark. f Mat,
Astr. o. Fysik, Bd 27 A, N:o 20, 1940; On the solar corona, Ark. f. Mat,
Astr. o. Fysik, Bd 27 A, N:o 25, 1941.
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H. ALF\’]:)X, ON THE ROTATION OF MAGNETIZED SPHERE. 5
.
cos® 1
? = (2.3)
B, I

(The analysis has been carried out in detail beeause it is very
easy to make slips in a discussion of this kind.)

The electromotive force (2.1) or (2.2) will produce a current
in the circuit 4 BB A" A. The eftect of the magnetic field
upon this current is to speed up the conductor BB’ and slow
down AA’. Suppose that the current amounts to I e. m. u.
The force accelerating BB’ is

B

1 1
— R T ]
i IfHd; ITa (sz R};’) (2.4)
B
At the same time the force
T4 A
_f;-:IfH,,-Rodq):?RL:lfsin pdp=
1/"1, 0 g
21a

= Tg—(cos @4 — cos ) (2.5)

acts upon AA’. Tt is easily seen that the moments about the
axis of rotation of f; and of f, are equal.
§ 3. Application to the solar rotation.

The mechanism above discussed may be of some importance
in connection with the rotation of the sun, if the current I is

Fig. 1.
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large. Therefore it is interesting to try to estimate the upper In
limit to I. Introducing into (3)the values a=4.2-10% gauss cmn?, such
w, = 2.6+ 107¢ sec™, R, =T 10" cm (see 8§ 1) the factor before curret|
the parentheses becomes equal to 5.8 - 10 e.s. u. or 1.7-10° southy
volts. Consequently an e.m. £. of this order of magnitude (Fig.

A will cause something like a gaseous discharge between 4 and = Das {
| B and between A’ and B'. If the conductor BB’ is an ion . from

1 cloud of considerable density, there are enough ions and = to fin

!i clectrons at BB’ as well as at AA" (at the surface of sun) so to nu

( that probably the discharge current is not limited because of a the

*1 lack of charged particles. As particles of both signs are pre. I

| sent, space charge limitation is probably of little importance, the -

\ However a limit to the current is reached when the magnetic forc

] field produced by the current itself considerably disturbs the

) magnetic field which produces the e. m. £. This limit is set by

acco
rotay
to
= > cro
7 2777277 S e tlhe
x do
X di
or
Fig. 2.
Tinax a i
H~—~=>3 3.1
R, I 8.0 Pu
which gives -
N a 12 13
Toae ~ ~5 = 101* - e.m. u. = 10" amp.
I
el o - . Al
As it is difficult to imagine any other process limiting the =
current at a lower value it is reasonable to suppose that it
reaches this order of magnitude. Then the current density
is of the order of Jmax R;2=10"° amp ecm—2, which can be
I ax .
transported by electrons having a space density of ﬁ which o
8 i
is less than one electron per em®.  Our discussion is valid if o
the density of the ion cloud BB is much greater than this. v
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. ALFVEN, ON THE ROTATION OF MAGNETIZED SPHERE. T

In order to estimate the mechanical forces produced by
such a current, let us consider the simple case when the
current enters the sphere at the equator, flows northwards and
southwards along the meridians and leaves it at the two poles
(Fig. 2). Such a current system is produced if the ion cloud
has the shape of a disc in the equatorial plane and reaches
from the sphere to infinity. Further, the voltage drop (due
to finite conductivity) must satisfy certain conditions in order
to nullify potential differences, and consequently currents, along
the magnetic lines of force — except at the poles.

If the total current amounts to 2 I, a parallel circle at
the latitude ¢ is crossed by the current I. The mechanical
force acting upon the line element I};d ¢ amounts to

f= Ro “sin pdo (3.2)

according to (2.5). Let us assume that this force retards the
rotation of a layer of the sun reckoned from the surface down
to the depth D below the surface. The mass of a ring with
cross-section D - Ry d¢ is 27;()]{01) cos pd¢ (where o is
the density). If its velocity is changed at the rate I, cos ¢

dw
— we have

dt

. .
2zoR;D cos pdop- Ry cosrpdl(: f=—1€2a‘sin pdo
0

or
do I _a sin g
dt ~ mwo It D cos® R4

(3.3)

Putting o=1, D=0.1R, and I= 10" e. m. u. we obtain

do _y1 10080 2.

dt cos®g (8.4)

At ¢ = 30°, w is changed by 10 % of its present value (w, =
= 2.9+ 107 after
t=4-10" sec = 10” years.

As this length of time is very small in comparison to the age
of the sun, we conclude that the mechanical forces from our
currents are strong enough fto affect the solar speed of rotation
very much. In other words, an ion cloud in the neighbourhood
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of the sun is able to retard solar rotation through the electy,.
magnetic effect considered.

Of course the mass of the cloud must be so large that jt
can take up the angular momentum. From (2.4) it is easily
seen that in the case which we have discussed, half of t},
angular momentum must be taken up by that part of the clouq
which is situated between R, and 2 IR, i. e. below one solay
radius from the surface. However, as initially the cloud must
be at rest and consequently of extra-solar origin, it seems very
unlikely that it could have such a density distribution that
so much angular momentum could be taken up by a part g
close to the sun’s surface. It is more probable that most of
the momentum is taken up by parts more distant from the
sun. If so, currents must flow along magnetic lines of force
from the equatorial plane to the sphere, so that I(%) increases
with the latitude.

Equation (3.4) shows that even if I(Z)= const., the rate
of retardation increases with the latitude.! The increase is
still larger if I increases with the latitude, as it is likely to
do. Consequently we must expect this process to slow down
the solar rotation the more, the higher is the latitude. This is
very satisfactory because the sun does rotate slower at high
lutitudes than at low latitudes. Thus the non-uniform rotation
of the sun may be explained as a result of an electromagnetic
retardation. At the present time the process may go on if there
is a continuous inflow of ionized gas from interstellar space
into the neighbourhood of the sun. However, it is more prob-
able that such a phenomenon occurred a long time ago {maybe
in connection with the genesis of the planetary system), and
that the viscosity of the sun has not yet been able to equalize
the rotation.

Jupiter and Saturn also exhibit non-uniform rotations. As
it is likely that they possess magnetic fields — as the earth
and the sun do — these phenomena may also be due to electro-
magnetic retardation.

Summary.
If an electrically conducting magnetized body rotates,
electrically charged particles in its environment will have a

tendency to take part in the rotation.

. P T '
! The function becomes infinite for ¢ = > only because we have sup-

posed that the whole current is concentrated to the axis, which of course
it cannot be.

Supplied by The British Library - "The world's knowledge"

thes




26, H. ALFVEN, ON THE ROTATION OF MAGNETIZED SPHERE. 9 =
tro- If a number of charged particles, e.e. an ion cloud, is ~
initially at rest in the neighbourhood of the body, a system %
b it of currents is produced which accelerates the particles and ’ :
sily retards the rotation of the body, thus equalizing their angular ol
the velocities. -
oud It is shown that this effect may be of importance in the -
olar solar rotation. If an ion cloud invades the magnetic field of -
st the sun, a considerable part of the rotational moment of the
ery sun can be transferred to the cloud within a reasonable length i
that of time. The retardation of the sun’s rotation is strongest at
t so high latitudes. |
t of The fact that the sun does rotate more slowly at hich P
the latitudes may indicate that a process of this kind is going on ;
orce or, more likely, has once occurred, perhaps in connection with ;
ases the genesis of the planetary system. i
Stockholm, K. Tekniska Hogskolan, June 1941.
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