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Abstract

The electroweak symmetry breaking model of Glashow/Salam/Weinberg is presented in a pedagogic manner by
leading up to it with the simpler to understand symmetry breaking models of Goldstone and Higgs. A wholeness (overview)
chart summarizing and comparing all three models is included, as well as a separate wholeness chart for each particular
model. Key results are deduced via detailed step-by-step derivations, many of which are not found in texts.

The notation used herein parallels that of Mandl and Shaw' and Klauber?.
Caveats

Take caution that no one else has checked this material carefully for errata. So, if something doesn’t seem right to you,
there is a reasonable chance it is not and needs correcting. If you find such things, or have helpful suggestions to offer that
may make the material easier for others to understand, please let me know via the email address in the “Feedback” link on
the book website link above. Thank you.

1 Background for Electroweak Symmetry Breaking

There are a number of concepts related to symmetry breaking that one should have command of prior to delving deeply
into the subject. We review (or introduce if you haven’t seen them before) each such concept in a separate subsection below.

1.1 Mass Terms
1.1.1 Bosons

Note that in the usual Lagrangian for a free complex scalar boson field",

L=10"4"0,0 —1¢'¢ (Lagrangian for free complex scalar field) (1)

the mass x squared is the coefficient of the —¢¢ term, and we can make that a general rule for similar such terms for any
complex boson field.

For a real scalar boson field', on the other hand, the mass term looks a little different, i.e., it has an additional factor of
Y in front (and ¢ = ¢), as in

L= %B”w 9 —% ety (Lagrangian for free real scalar ﬁeld) . (2)

The additional factor of /2 comes in because we must substitute (2) into the Euler-Lagrange equation to get the boson field
equation of motion wherein derivatives there are taken with respect to ¢ and ¢,,, and said entities ¢ and ¢, are squared in
(2). In (1), to get the field equation of motion for ¢, we take derivatives with respect to ¢ and ¢5,L , and said entities are not
squared in (1). Handling it in this way leaves the same field equation for ¢, whether it is real or complex. Otherwise the two
would be off by a factor of 2.

As an example of the mass of a boson mass term we are already familiar with, the photon in QED has no term in the

Lagrangian of form 44, (comparable to the term with ¢¢ in (2)), so mass of the photon is zero.

Consequently, as a general principle, if we have a Lagrangian for any boson field, real or complex, we can simply read
off the mass of the associated bosonic particle from the mass term, as in (1) and (2).

* See Mandl and Shaw', pg. 40, equation (3.4) and Klauber?, pg. 49, equation (3-32).
T See Mandl and Shaw!, pg. 43, equation (3.22).



1.1.2 Leptons
For Dirac particles, the free Lagrangian has the form, where & =0, ,
L=y —myy . 3)
So, given the Lagrangian for any spinor field, we can simply read off the associated particle mass as the coefficient of the
—yy term.
1.2 Potential Energy Terms

In QFT, particularly in introductory courses, we don’t usually consider potential energy in the Lagrangian. To derive
classical potentials like the Coulomb potential, we consider QFT interactions via Meller scattering (without potential energy
terms in the Lagrangian) to obtain the relevant Feynman amplitudes’, and from them, the effective potential. The
characteristics of the virtual particles mediating the interaction give rise to the corresponding classical potential measured
in experiments.

However, in classical field theory, and thus in QFT, one can work with a potential energy, to be precise, a potential
energy density in the Lagrangian (density). (It is often simply called the “potential”.) This will be done when we examine
the Higgs field in symmetry breaking models. For now, simply note that we could have a scalar field Lagrangian of form
(where u= 0 in this example)

L= 0"¢'0 W=V (¢, ¢T) (massless complex scalar ﬁeld) . 4)

Note that potential energy density Vis generally a function of the field (and its complex conjugate) and not derivatives

of the field. This parallels what we know from classical particle theory', where the parallel between particles and fields, i.e.,
x(2) (particle) — ¢(z,x) (field), is commonly employed to extrapolate field theory from particle theory,

V(x) [e.g., spring-mass system = %kxz} - )/'(¢T,¢) [e.g., = ug? (real) or ug’ (complex)} . (5

And of course, just like we can have different systems in classical theory with different forms for potential energy (such as
gravity around a planet, where V' = —-GmM/r), we can have different forms for V) as a function of ¢ in field theory.

For a real field, V= V(¢).

Note that if we wished, at least mathematically, we could have considered (1) [or (2)] to represent a massless field with
potential z°¢'¢ [or % 1>¢p for areal field]. That is,

L=0"¢'0,4 ~V v=plp'g=ulg" . (6)

Note that in (6), V must be positive (for real ). Consider, on the other hand, a Lagrangian where x is imaginary. That

would make V negative. This case, with an effective imaginary mass, is a key part of electroweak symmetry breaking, as

we shall see.

1.3 Different Ways to Represent ¢

Note that we typically express a scalar field as

_ 1 ikt ek () 1
- (a(k)e ™ + b (1)) -
) =2 oy TP O

However, we will find it advantageous later on to express ¢ as a sum or its real part and its imaginary part. That is, where
@1 and ¢ are real,

b&K)e ™ +at k) . (7)

¢ = +ip,. ®)

* See Klauber?, pgs. 404-410.
 See Klauberz, Wholeness Chart 18-4, pgs. 506-507
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From the LHS of (7), where for simplicity we only examine a single k value term,

Re{g) = ¢ - 1 a(k)e ™ 1 4 (k)e™ . bT (k)e™ +b(k)eiikx
J2V oy 2 2 o)
il —igy = L[ R —aTtoe BTG —b(k)e™
NS 2 2
Thus, we can re-express ¢ and @ as
o a(k)e ™ +b(k)e™ e bt k)™ | 1 ke |ty ik
" e { 5 + . T (@(k)e™ +a' (k)™ ) o

—thx —ikx T ikx T ikx
1 {a(k)e b(k)e L )™ +b (K)e ]_ 1 (ﬂ(k)efikx_i_ﬂT(k)eikx)’

ENEZ 2 2 NN
where (k) and (k) are operators for the real and imaginary fields, respectively, whose definition in terms of a(k), b(k),

and their complex conjugates should be obvious from (10). ¢ and ¢ each thus acts much like a photon field, which is real
and has similar form to the RHS of each row of (10).

In electroweak symmetry breaking, one often refers to the fields ¢ and ¢ as real and imaginary components of ¢, but
their specific forms, as in (10), are not shown in any text I am aware of. The key thing to note is that given the usual
postulates of QFT, one can deduce that the a(k) and (k) operators are destruction operators and their complex conjugates
are construction operators. These create and destroy |¢1) and |¢2) particle states in a manner which we are used to.

1.4 Plotting V
In electroweak symmetry breaking one commonly sees plots of V vs @, as for example, for (6) using (8), where
2 . .
V=1l¢'6= 1 lof = 1 (b~ i) (dh + i) = 4 (4 + ) (11)

as a paraboloid over the complex plane.

)%
T ,
‘ i,
?,

Figure 1. Plot of V vs ¢ for Real Mass u

As a student I was perplexed by the use of such graphs in QFT where ¢ is not a simple variable, but an operator, as in

(7), or (8) with (10). That is, ¢ in QFT does not vary. It does not have greater or lesser values extending outward from ¢=0,
as shown in Figure 1.

Unable to find any text that even addressed this question, I ruminated on it for a long time, and finally found the
following resolution.

In the RHS of (6) we find V proportional to ¢'¢ . Thus, with (7),

1 a(k)b(k')e_ikx ek a(k)aT(k')e_ikx Pl
ZZ

)/=u2¢T¢— o o,
Ve Jaa +bT (K)bK )™ e +bT (k)al (k)™ ek

(12)
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v, =[vd'x, (13)
and a substantial amount of algebra” (which would take us far afield of our present objective, so I hope you can take my
word for it), we would find the effective total potential V
2 1 . . 2 1
v, = %Zk: w—k(a’ (K)a(k)+b' (K)b(K)+1) = "TER: w—k(Na(k) + N, (k) +1), (14)

where our old friends the number operators show up again. As is the usual (but yet to be fully justified by anyone) practice
in QFT, we drop the constant term “1”. This is the same as assuming (12) is normal ordered’, whereby the “1” term never
shows up in (14).

Dividing (14) by the volume V, we get an effective (representing measurable) ) operator,
2 1
L SNl CACERAC)E (15)
k k

which operates on kets so we have expectation values (expected measured values)

Y= <”k¢k M- |V|"k¢k NPy > ZVZ n (k)+”b(k)) (16)

The main point

The main point of all this is that when we plot V vs ¢ as in Figure 4, what we are really representing is }’, the
expectation value for potential energy density, vs the number of particles expected to be measured (per unit volume).

That is, in Figure 1, we really mean to plot
Vs Lz L(na (k) + n, (k)) where iz L(na (k) + n, (k)) is radial distance from center . (17)
Ve o Ve o

However, note that V in (6) is expressed as a function of the bilinear operator ¢T¢ and V' of (17), which is derived
from V. If we were to plot 2’ vs n, (and/or np), we would effectively be plotting 2 vs |4 So, if we plot V' vs ¢, as it
appears in Figure 1, then we essentially are plotting )’ vs the square root of the particle number density n,(k) /¥ (and/or
np(k)/V) [for all particles having the same K].

Bottom line of the main point

In plots of V vs ¢, the distance from the centerline is related to the particle number density. Further out, more dense.
Closer in, less dense. At the center, zero particle density.
1.5 Defining the Vacuum

We generally think of the vacuum as the state with zero real particles, i.e., zero particle density, which would make the
centerline of Figure 1 the vacuum. This is also the lowest energy state (lowest V).

When we get into electroweak symmetry breaking, however, we will find a situation where a state having finite particle
density has a lower ) than the state with zero particle density. Don’t worry about this for now, as it will become clearer as
we progress. (If you want to peek now at what is meant here see Figure 2 and Figure 3 on pg. 6.) In such cases, the “true”
vacuum is often considered to be the lowest energy state, rather than the state with zero particles.

2 Overview of Three Symmetry Breaking Models

Wholeness Chart 1 on pg. 5 is an overview of the three symmetry breaking models, Goldstone, Higgs, and
Weinberg/Salaam. Use it as a guide as you progress through the study of each separate model in subsequent sections.

* See Klauber?, pg. 53-54, for how this is done for the full Hamiltonian H = | #d"x . Equation (3-53) therein effectively parallels
(14) and (15) herein, and leads to the mass term expectation contribution of (16). The extra bilinear operator terms in (3-53) drop out
when we take expectation values, so (14) herein is really an effective potential density operator giving the same result in (16) as the
complete expression of (3-53) would have.

t See Klauber?, pgs. 60, 203, 209.
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Wholeness Chart 1. Electroweak Symmetry Breaking

Single Real

Complex Scalar Field Singlet

Complex Scalar Field Doublet

Scalar Field (Isoscalar) (Isospinor)
Goldstone Model Higgs Model [Not treated] Glashow/Salam/Weinberg
- 1 , $ +igy
Higgs Field x) = real ¢(x) =—=(¢ +ig as at left @ (x) ={ . }
g8 $(x) 7 +ids) b+ id,
Symmetry Global reflection Global U(1) Local U(1) Global Local
Transform L(¢)= L (- ¢) |(ie,nointeractions)| (i.e., interactions) |SU(2)XU(1) SUE) X U)
Type (i.e., interactions)
V One possible true vacuum
v(¢) [01‘7‘[(¢) VorHor-L L. .
| as at Similar in 5D (4 ¢,1 V)
(same : left to Goldstone. Have true
symmetry : vacuum at min V.
as L |
=Lz, +igtf®
op=iag op=ia(x)¢ SB* =—L o
Symmetry P (x) - $(x) (infinitesimal g4 =—Lo“a(x) gl' J
Transform (discrete) (or g=¢%¢ finite) | [&# — Hin £, ] W/ =—gi 0", — ey
ot =Lor ¥l +igy Y
4 (¢, ¢, 2
Degrees of ngfslslfzs 12 (1, @2, ¢#3, ¢4, 2 for
Freedom. 1 (¢ 2 (¢, i) u . massless B¥, 2 each for 3
y A” polariz states) P
False Vacuum ) massless ;")
my=m, mj <0
Uo7t U ozi i
New Bosons = BLWE W28, 4
Lin Combins Bra=Ms/2 gy=(crv)/2
of Old Still 12 DOFs, still massless
5 (g 1, 3 from 15 (1 each from
Degrees of 2 (o, 1) massive 4%) n.m,13,0, 9 from
Freedom, 1 (o) mo=0 m:>0 1 non physical massive W/, Z*, 2 from
7 o field massless 4")

True Vacuum|

2
m, =0 m;>0

3 non physical fields

Unitary

Eliminate one

Get what is observed

DOF by choosing physically by choosing 7
Gauge 7=0 =1,=m3= 0. Eliminate 3
DOFs.
1 massive Higgs o | massive Higgs o
; i zu
Result 1 massive A 3 massive W[ ,Z

4 DOFs

1 massless 4%
12 DOFs




3 Goldstone Model
3.1 Assumptions for the Goldstone Model

Note that Wholeness Chart 2 on pg. 12 summarizes the Goldstone model. That model is based on a particular form for
potential energy density (see (18)),

1) a complex scalar Higgs field ¢, and
2) no interactions (i.e., a Lagrangian density with global U(1) symmetry [See Klauber?, pg. 296]).

L= ‘g0 ¢ — PPt —Apt Complex ¢ =-L(4 +ig,) 4.0, real
u \/E 2 1272
2 2 2 18
dea) Aoaf SR +#) 44 +4) w
-V
where we are using the symbolism ¢ = ¢'¢@. In this model, 7 is negative (x is imaginary) and the potential density is
2 2
V=y2¢2+l¢4:%(¢12+¢22)+%(¢12+¢22) <0 A>0

(19)
2
= || g +agt =B (7 + )+ AR+ 82)

3.2 The True and False Vacuums

The potential of (19) is graphed in Figure 2 as what is commonly known as the “Mexican hat” potential. We have
moved the horizontal axes down from V' = 0, as it will prove convenient in subsequent graphs. Note that for small ¢; and
@2, the A term is negligible and the shape approaches an upside-down paraboloid (dependence on the squares of ¢ and ¢).
For large ¢ and ¢, the A term dominates and V) approximates a 4™ order dependence on ¢ and ¢. The ¢ = ¢ = 0 location
(where V= 0) is deemed the “false” vacuum, for reasons to be delineated.

)% False vacuum, V =0

p—

1 ¢2
¢1 |

Figure 2. Higgs Field ¢ in Goldstone Model (Mexican Hat)

In classical field theory, the false vacuum is unstable and the same is true in QFT. The universe with a field ¢ having
a potential like that shown in Figure 2 will be unstable and tend to move to lower V. In the graph, it will tend to slide down
the surface sloping away from the vertical centerline and settle somewhere in the circular trough surrounding the centerline.
Which particular location circumferentially is random. See LHS of Figure 3.

We can now see why we called the top of the Mexican hat the false vacuum. It does not represent the lowest energy
state. What we call the true vacuum (for which there are many possible locations in the trough of the hat) is the lowest
energy state. Note our definition of vacuum for this determination is the lowest energy state, not the absence of real particles,
since the true vacuum has a non-zero density of ¢ particles.

VY One possible true vacuum

—— U Convenien;\\
W 9, choice of o,

- true vacuum
9 o %

9

Figure 3. Possible and Preferred True Vacuum
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There is no loss in generality in choosing as our true vacuum the location shown in the RHS of Figure 3, since due to
symmetry, where we place our axes in the figure is arbitrary. It will turn out, in what follows, that the choice shown in the
figure makes our mathematics easiest.

3.3 Characteristics of the Minimum Potential (True Vacuum)
3.3.1 Location of the Minimum

The minimum of » for ¢ = 0 is located at a real, positive value for ¢ denoted by the symbol v. This allows us to find
an expression relating x and v, as follows.

0
o o—(-wh-d2AR ) > R =ak| —ai<o, (20)
8¢l ¢l:v ¢2=0 G=v
$,=0
Thus, the effective “mass” u of ¢ (for A positive) is imaginary. And the location of the minimum is
=y =, . 21
B, ) 21)

3.3.2 Defining New Fields at the Minimum
With an eye to future analyses, we define new fields
o=h-v n=¢ - $=0+v $=7 (22)

and substitute the RHS of (22) into the potential V in (19) to get

)/’=”72(¢12+¢22) (¢1 +¢2) (0'+v) +%2772+%((0'+v)2+772)2

(23)
2 2 2
=%(0'2 +772)+/120'v+%v2 +%(0'2 +20v+V +772) .
Using the RHS of (20) for 7, this becomes
2
)/’——’1"2 (0 +n ) o - ’12 %(02+2<7v+v2+772) (24)
Completing the square at the end of (24), we find
vio? 1}2772 v 1 4 1.2 12 2 1 22
V=2|- 5 T -vo Y +40° +50°20v +50°V +40n
1 22 2
+40 20v +4 40' Ve o+ 20'vv + 20'v77 (25)
+%o-2v2 +%20‘vv2 +%v4 +%772v2

1 2.2 1 2 ,1.2.2 1.4
+gotnT +42ovnT vt 441 j

The terms with the same numbers (e.g., 1,2,3) in boxes above them cancel. So, we are left with (26) (where the terms with
letters over them have the same form and can be combined)

[D]
-2t +rot +lov +io'p? +lohv +oV Loy’
V=2
[D]

1.4 1 .22 1 2 1.4
+4V +4O'77 +20'V77 +477 (26)

4 4 4
v O O
= Tt v +Z L iovp? + 0% +777 .

22 Dl J



Rearranging (26), we have

WA [D] X

V=21 7 +oh? + oV +ovpt +4

|

4 2 4)
o +20°n +n 27)
2

=—%/1v4 +%(2/1v2)02 +(/1v)<7(02+772) +%(02 +772) .

3.3.3 Interpretation of Terms in V in Light of the New Fields

The first term in (27) and the VEV of V

The first term in the last row of (27) is a constant, that represents a contribution to the energy density of the vacuum at
the true vacuum, i.e., after symmetry breaking, by the scalar field. Thus, the vacuum energy density remnant left in the
vacuum after symmetry breaking one would expect to measure (the vacuum expectation value, VEV) is the negative value

VEV of V' =(0

— 4 0, ) == AV (28)

true

Aside on the VEV of ¢

We can see, from (29) that v in the —L 2v* term is the VEV of the field ¢ at the true vacuum.
4

VEV of ¢ =(0

0'+v|0[me> =<0

] 0mie) = (O e V[0,) =V (29)

Typically, in QFT, fields have zero VEVs, i.e., one cannot measure the field directly. This is because a typical quantum
field contains only construction and destruction operators acting alone and no number operators [no bilinear combinations
of operators], so

true true

VEV of typical field ¢, .., = <0| Popical

0)=0. (30)

But in our case there is a constant term v in our field (along with a typical quantum field o), so the Higgs field ¢3 acquires
a VEV as a result of the symmetry breaking,.

Back to the VEV of V

We now can see that (28) is proportional to the fourth power of the VEV of the field ¢ (i.e. of v) of (29), and linearly
dependent on the positive constant 4. One can think of this as a constant value for the false vacuum Higgs field (v here)
pervading all space. However, as we mentioned earlier, much like what is done in other parts of QFT, we ignore constant
vacuum energy, no matter how large, and no matter whether it is negative or positive (negative in this case).

The other terms in (27)

The other terms in the bottom row of (27) have been arranged so constants are on the left of each term and fields on
the right. All of these terms will end up in the Lagrangian density (18), with opposite signs. There, the 2™ term in the bottom
row of (27) acts like a mass term in the free Lagrangian for the o field, where 21v* is mass squared. The 3™ and 4th terms
are not bilinear (as free terms in the Lagrangian are), but tri and quadrilinear and thus, represent interactions between fields
(including the interaction of the o with itself via o> and o terms).

For bilinear terms of a certain field (such as chere) in £, the field equation is linear in that field (via the Euler-Lagrange
equation). For cubic or quartic terms in £, the field equation is nonlinear.

Note the mass of our new, real field o; the true vacuum Higgs field, is v24v* . The mass of the 7 field is zero, as there
is no term having form 7. We can think of the mass term as a term that is non-zero when small oscillations are made about
the zero point (o= 0 here) in the direction of the field in the Mexican hat diagram (in the ¢ axis direction here). Note that
the o field has real, not imaginary mass. Graphically, a real boson mass has an upward curvature (2™ derivative positive)
and an imaginary mass (like ¢ if we interpret the ¢ term as a mass term) has a downward curvature (2™ derivative negative).

The original field ¢ is also commonly called the Higgs field, but, more precisely, it is the false vacuum Higgs field.
(We may be getting a little ahead of ourselves, as we need a more complicated symmetry breaking model than this in order
to match reality, but the Higgs particle found at CERN in 2012 was the true vacuum Higgs, not the false vacuum Higgs.)
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For the 7 field, small oscillations in the 7 axis direction produce no change, as the curve is essentially flat in that
direction. Small oscillations are zero, and so is the 7 mass. The 7 field is known as a Goldstone boson field, or a Nambu-
Goldstone boson field (after its discoverers). In general, any massless boson that results from a broken global symmetry is
a Goldstone (or Nambu-Goldstone) boson.

3.3.4 An Aside on Vacuum Energy

Note we have two sources for large vacuum energy that we ignore, the negative (for 17 < 0) term %22‘% in (14)
and the negative term —%/1\/4 in (28). In the usual QFT treatment for scalar fields, /7 is positive, and the forn;{er term is one
part of the zero point energy Z% of the free field. (See footnote on pg. 4).
3.4 Comparing False anci( True Vacuums
3.4.1 Degeneracy

Note from Figure 2 and Figure 3 that there are many possible true vacuums, but only one false vacuum. One says the
true vacuum state is degenerate, but the false vacuum state is not.

3.4.2 Rotational Symmetry Transformation about False Vacuum (Vertical Axis in Figure 2)

With respect to false vacuum field ¢

Complex representation

The U(1) transformation for the Goldstone model can be expressed in a complex representation of ¢ as shown in the
first line of (18), i.e., where

Complex¢=%(¢l +igy) ¢, real, (31)
as (with & = constant for global symmetry)
$=U(1)p=c"¢=(1+ia+.)p — eS¢/~ (1+ia)p=¢ + 5 -
p'=UT (1) = p=(1-ia+.)p —MSL L GV < (1-ia)p =g + 54" :
So, for infinitesimal transformations
56 =iad 56" =—iag’. (33)

As an exercise (answer in Appendix A), substitute the primed quantities in (32) for their respective unprimed quantities
in the top row of (18). Do this for both the finite transformation and the infinitesimal transformation. You should get the
first row of (18) back again without primes, i.e, you should show (18) is symmetric under the transformation (32).

Note that the quantity « is known as the generator of the U(1) transformation. As an aside, for those versed in group
theory, if we were to have an SU(2) transformation, the generator would be a 2X2 matrix. For an SU(3) transformation, a
3X3 matrix. And then, we would need a doublet form of the field @ (two complex components) in SU(2) and a triplet form
(three complex components) in SU(3).

For ¢=0, there are no ¢ particles (zero expectation value for particles along the ¢ an ¢ axes as described in Section 1.4,
pg. 3), so even though @ 1is a field (and not a state), ¢ = 0 represents the zero ¢ particle state (i.e., the false vacuum) of |Ofz/se) -
Thus, we must have a¢g= 0 = 6¢. The transformation U(1) leaves ¢= 0 as ¢= 0, i.e., unchanged.

Real representation

Alternatively, we can represent the same field and the same transformation solely in terms of real entities, as follows.

Real ¢=%Bﬂ : (34)
r_| cosa sina 2 infintesimal - a 2| ~
¢ _{—sinac()sa} ¢2 ie., small 9 ~|:_a 1} ¢2 = ¢_2 ﬂ =@+ 09 (35)
2 2l e
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where the matrix on the LHS of (35) is the simple rotation matrix in 2D. Thus, both forms of the transformation are
effectively rotations about the vertical axis in Figure 2. Note,

_ 1] ag
5¢_ﬁ{—a;§1} . (36)

For a further exercise, the reader could check that the transformation (35), for both finite and infinitesimal cases, leaves
the second row of the Lagrangian of (18) invariant (£ is symmetric under (35)).
At different locations

Note that for the field ¢, from either (33) or (36),

at $=0, p=0—->U(1)¢=0 } And also, §£ =0 atall ¢ and ¢, under 57)

at $#0, 5p#0 > U(1)¢p=0 | theU (1) tranformation about false vacuum

With respect to true vacuum real fields oand 7

Real representation only shown

The above results can be expressed in terms of the true vacuum fields o and 7, instead of ¢ (or equivalently, ¢ and
#). We define the true vacuum fields by the symbol %, as in (38).

R e I

At ¢:%B} [interms ofcand 7 —> Zz%{;} %{8}] (39)

From (38), (39), and (36), we have

1 |{-v 110
atz:$ o | ¢=E ol 09p=0—> o4 =0¢, =0 —> X =0 And also, 5£ =0 at all & and 7 under the (40)
1710 1|V U (l)tranformation about false vacuum
at Z_«/E ol ¢_ﬁ ol 0p#0 — 64,00, #0 — X #0

3.4.3 Rotational Transformation about False Vacuum

Now imagine we consider a rotation about a vertical axis passing through the true vacuum of Figure 3 instead of the
false vacuum. We will not do the math, but it should be fairly apparent (hopefully) that , and hence £, will not be symmetric

under this rotation, whether we express £ in terms of ¢ and 7 or in terms of ¢ and ¢,.

Bottom line: £ is symmetric about the false vacuum, but not the true vacuum. This is true regardless of which fields we

choose to express £ in terms of.

3.5 Conclusions
False vacuum

Note that, at ¢ = 0, i) the second derivative of V with respect to gor ¢ is negative (for 7 < 0), ii) 5¢ = 0 means there is

no degeneracy of ¢, iii) symmetry is unbroken () is symmetric in ¢ and ¢ and in terms of o and 7; rotate the axes in Figure 2
and all looks just the same), and iv) the VEV of the field ¢ (= ¢ + i) is zero.

Note also that at ¢= 0, there are no particles (zero expectation value for particles along the ¢ an ¢ axes as described in

Section 1.4 , so ¢, even though a field (and not a state) ¢ = 0 represents the zero ¢ particle state (i.e., the false vacuum of [0) 4.
Thus, we must have a¢= 0. This is often, somewhat confusingly in my experience, referred to via the jargon “the generator o
destroys the vacuum”.
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True vacuum

At ¢ =%v , 1) the second derivative of V with respect to ois positive for m> >0 and with respect to 7 is zero, ii) 5¢ #

0 means there is degeneracy of ¢, iii) symmetry is broken () is unsymmetric in terms of ¢ and ¢ and in terms of o and 7), and
iv) the VEV of the field ¢ is not zero.

Since d¢ # 0, then i@ # 0, and the generator o does not destroy the vacuum.
3.6 The Goldstone Theorem

The famous theorem associated with the Goldstone model is shown below and repeated in the last row of Wholeness
Chart 2 (with explanations for some of the jargon letter referenced below and in parenthetical remarks in the chart). Note
the symmetry in the Goldstone theorem is explicitly for global, not local, symmetry transformations, and those global
transformations can be more general than what we have looked at here.

Here we have examined global U(1) symmetry, but the Goldstone theorem also hold for any other global symmetry.
For those familiar with group theory, these could be SU(2), SU(3), etc. symmetries, which would have a matrix (2X2, 3X3,
etc) instead of the scalar « as the generator of the transformation. In this Section 3, we have not examined more general
cases than U(1) symmetry, but from working through the implications of that symmetry, we should be able to accept the
Goldstone theorem implications for these other types of global symmetry, as well.

Goldstone Theorem (For general case of infinitesimal transformation & ;7; (in above, &; = i, matrix T; = the number 1)

For any global symmetry of £% which is not realized” in the spectrum of physical states®, i) there must exist a massless scalar
y g y y p

particle (Goldstone boson), ii) there must be a degeneracy of physical statesd, iii) the corresponding generator of the

transformation® does not annihilate the vacuum or more generally 7,0 # 0f for the true® vacuum.

a)ie,oL=0for® >P'=O+ D=0 + &, T; P

b) i.e. is broken

¢) i.e., range of particles we measure in our universe

d) i.e., of the vacuum

e) i.e. i for the particular infinitesimal transformation shown earlier

fie., D #0
2) i.e, realized

3.7 Summary and Issues for the Goldstone Model
3.7.1 Problems with the Goldstone model are these.

1. It predicts a massless scalar (the 7 field) particle (a Goldstone boson), which is not observed in nature. A massless
particle could not decay into other particles (as there are no lighter particles for it to decay into), so it should be
readily found, if it existed.

2. It has no interactions in it, so it can’t describe the real world.
3.7.2 Usefulness of Goldstone model

The Goldstone model has the advantages of 1) being a good lead in to more realistic symmetry breaking models because
it is easier to understand, and 2) using the same form for the potential V in more complicated models (including the one that
is part of the standard model of elementary particle physics), so the same mathematical procedure used in it can be
transferred directly to, and employed in, those other models.

3.7.3 Bottom line simplified language summary of the Goldstone model results

Any global symmetry (i.e., no interactions) in a scalar field potential that is unstable will spontaneously break and lead
to a massless scalar field (Goldstone boson) that is not observed in the real world. It will also lead to a massive scalar field.
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Wholeness Chart 2. Goldstone Model

At False Vacuum

At True Vacuum

V False vacuum
Convenient
Pictorially choice of
4,
2
9, b
Complex Rep Real Rep Complex Rep Real Rep
—p—Y =L (4 _yii
Scalar Field ¢(x)=L(¢l+i¢) #(x)=-L & I=¢ 2 ﬁ(¢1 v+ig, ) s_ 1 4 -v _1|°
(2 DOFs) 2 2 2| ¢, —L(o+in) 20 ¢, | 2{n
2
| 2 2 1 2 N 21 2
. 6ﬂ¢-r6ﬂ¢_ﬂ2|¢|2 _/1|¢|4 7(6”;4) +7(6”¢2) Real rep 2((3”(7) 2(2/1\/ )o +2(8”77) v
, , | ~more
250,220 A eg) {0 +43) filminating  _(2)o(0+r2)-A(o? +7?) | 4
2 2 2

0% s |(15|2 +/1|(I5|4 %(ﬂz +¢22)+%(¢12 +¢22) %(2&1}2)02+(ﬂv)0(02+772)+%(02 +772)
H P 0,p+Vg VetV (forni not so iITlpOI‘tant) ) for min 1

=V for min H =V for min ‘H
Note VY (H & L) sym functions of ¢, ¢ about false vac VY (H & L) not sym functs of o, 7 about true vac
Classical Interp Unstable at ¢=0 As at left Stable in oat o= 0. (Not unstable in 7)

Unstable at ¢=0 & Not unstable at o= 0. Small changes — o particles

QFT Interpret As at left

VEV .(0/¢]0)

0

false —

Created' true <0|¢|0>rrue Ztrue <0|%(a+v)|0>rru€ :%io

Particle Masses

For small ¢, coeff of ¢?
m;} =u* <0 —> myimag

For small ¢, ¢,
as at left

small o, 17, | For small o, 7, coeffs of ¢%/2, 17/2

mg=2/v>>0  m;,=0

as at right n=

Slope of V Curved downward — imaginary effective mass Curved upward — real mass. Flat — zero mass
For V (& L & 'H) stationary, a unique ¢= 0. For V (& 'H) min (£ max), many possible %, i.e.,
Degeneracy degeneracy of (true) vacuum. (But once universe

No degeneracy (of false vacuum).

settles in a vacuum state, it stays there.)

U() Global
Symmetry
Transformation
(= constant &

SL=6V=0)

L

. 4

¢'=U(1)p =€'“ ¢ (finite) 4= cosa sina || J;
| —sinacosa ||

V2

=0,U(1)¢=0 }5[_ As at left for 6L
#0,U(1)4#0 O = %{ af; }(inﬁnitesimal
5¢ = iag (infinitesimal ) o

Complex plane rotation Real plane rotation

Same transformation about false vacuum, i.e., as at
s=Ha] -l 555 )

o
n

-V

0

214, ] [0 NALARNA

e A
then &g = ia¢(: %[_ZVD 0 (but still 5.£=0)

Conclusions for
a¢p=0& oL =0

At ¢=0, 6¢= 0 means
1. 2" deriv of V wrspt gior ¢ is neg — imag “mass”
2. No degeneracy of ¢
3. Sym unbroken about false vac (V sym in ¢ & ¢)
4. VEV of field ¢is zero.
5. Generator ¢ annihilates vacuum (a¢= 0 at ¢=0)

At ¢=v/~J2 ,5¢# 0 means
1. 2™ deriv of V wrspt 7 is 0 — zero mass for 7
2. Degeneracy of ¢
3. Sym broken about true vac (V' not sym in o & 77)
4. VEV of field ¢is not zero. (Field gets a VEV.)
5. Generator « does not annihilate vacuum (¢ # 0)

Goldstone
Theorem

For general case of infinitesimal transformation

&:T: (in above, &; = iy matrix T; = numberl):

For any global symmetry of L (i.e., 0L = 0 for ® — @ + &,;T; ®) which is not realized (i.e. is broken) in the

spectrum of physical states (i.e., range of particles we measure in our universe), i) there must exist a massless
scalar particle (Goldstone Boson), ii) there must be degeneracy of physical states (i.e., of the vacuum), iii) the

corresponding generator of the transformation (i.e. i« for infinitesimal transformation above) does not

annihilate the vacuum or more generally 7;® #

0 (i.e., &D # 0) for the true (realized) vacuum.
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4 Higgs Model

The difference between the Goldstone and Higgs models is simply that the latter includes interactions, as shown in
Wholeness Chart 3 below. Note the potential V is the same.

Goldstone Model Higgs Model
Higgs fields complex scalar ¢ same as at left
Y No Yes
Interactions? (global U(1) sym of £) (local U(1) sym of £)

Wholeness Chart 3. Difference Between Goldstone and Higgs Models

2
L= |Dg|  -FFLFY - —ag! b= (d+idy) b, real
; ) 2 (41
=(D“g) (D“p)~ 4 Fu F* ~ (4 + 47 )~ 5 (47 + 43) )
-V
where D* =0* +igA” F* =0"4* —0* 4", (42)

and where we are using the symbolism ¢* = ¢'¢. The Higgs model is summarized in Wholeness Chart 4, pg. 16.

As with the Goldstone model, the minimum of » for ¢ = 0 is located at a positive value for ¢; denoted by the symbol
v. This allows us to find an expression relating x and v, as follows.

=0=(~'p - 42 + )20 )y

L o A=A =<0, (43)
#r=0 e

0¢, ?;vo
And thus, as before, for 4 > 0, the “mass” x of ¢ is imaginary.
4.1 V of L expressed via new fields oand 7
So, just as we did in the Goldstone model in (22), we define new fields
o=4—-v n=¢ - @d=0+v ¢ =n (44)

and with (44) (the same as (22)) into the potential }V of (41) (the same as in (18)), we get the same )V we had in the Goldstone
case (the same as (27)),

2
V= —%ﬂv“ +%(2ﬂv2)02 + (Zv)a(az + 772) +%(02 +772) . (45)
4.2 Kinetic terms in £ expressed via new fields cand 7

With the gauge covariant derivative definition of (42), we can calculate the derivative terms in £ of (41) in terms of ¢
and ¢.

‘Dﬂ¢‘2 =(04g+ iqAﬂqs)T (6,0 +iq4,9)=(0"¢" —iga"¢")(0,6+ig4,9)
= (aﬂqﬁ )‘W +igA, (5ﬂ¢T )¢ —igd"$'0 ¢+ q* 4" 4,4'¢ (46)
| (@ (=)0, (4 +it ) +igd, (0" (- i6s) ) (4 + i)
—iqd" (¢ —i,)0, (4 +idy) + q* 4" 4, (4 — iy ) (4 +i¢y)

2
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, .
[ (@) +(0"0,) +igd, (40 )4 —a, (0% o -+as, (0" ) +iga, ("9, ) o, .
2 ‘

—igA 40" ¢ +qA 40" ¢, —qA,$,0" $ —igA,$,0" ¢+ qu”Aﬂ(/ﬁlz + qu”Aﬂ(/ﬁ;

The terms with numbers over them cancel. The terms with letters over them are equal if ¢ and ¢ commute, and they do
because they are different fields (and also because they are real, so for any construction/destruction operator a(k) in them,

a(k)= af (k), so [a(k),aT (k)} = [a(k),a(k)} =0. This leaves us with
D, = { o"gy) +(0°0,) —2q4,(0"4)) ¢ + 204, (6", + > 4" A, +q2A”Aﬂ¢22} . @8)
With the RHS of (44), and realizing v is a constant. (48) becomes
Upsg =L(o16) (0 0) +1(0"n)(0,1) - 44, (0"0) 7 + g4, (0"n) (o +v)

2 2
+ q—A”Aﬂ (o+v) +%A”Aﬂ772

%(8" )(o“o)+ %(8 77)(8 ) 94, (64c)n +q4, (8” )o-+qvAﬂ (8”77) @)
LA 4,0° + A Ao+ S A A+ 4 4
Re-arranging so the bilinear (quadratic in fields) terms come first, we have
Ho#g" = L(04)(045) + H(en)(2,m) + qv4, (0"n) 50)
~g4,(0°0)n+ g4, (0"n) o+ L 4" 4,0° + P vd" 4,0+ L2 A A, + 5 A" 4,77
4.3 L expressed via new fields oand 7
With (45) and (50), the last row of (41) becomes
[:%(8”0)(8”0)“‘%(5”’7)(5/4’7) +qvA, (aﬂ ) };FHVF”V
—qd, (6"5)n+q4,(0"n )a+—A”A o+ gtvd Ao+ v 2444, + 4 A”Aﬂnz (51)
+%/1v4 ;(2/1\1 )0' - (/1v)0'(0' +7n ) ’1(0' +7 )2
-V
Dropping the constant term %ﬂv“ once again, and re-arranging, (51) becomes
=Yoo oro) -2 20 )o? -1 F, P 4 ‘1 i a4, +%5(0"n)(0,m)  +aqv4,(0"n)
=4 (bilinear terms, with no mixed products, represent free fields) interaction of 4, and 7 (52)

—qA4, (8”0')77+qAH (8”77)0'— (/IV)O'(O'2+ 772) —%(0'2 +772) A”A ol+q vA”A o+ A”A 77

cubic and quartic terms in the fields, represent interactions

Note that the last term in the top row of (52) couples the 4* and 7 fields, so they are no longer independent normal
fields (at lowest order). Hence, we cannot simply surmise that the 4™ term describes a field 4* of mass ¢**
4.4 Degrees of Freedom and the Unitary Gauge
4.4.1 Degrees of Freedom

Note that the photon field, which is a massless vector field, for a given k, has two degrees of freedom (DOF). Any
general photon can be considered composed of two independent fields, each with a polarization aligned at a right angle to
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the other and also at a right angle to the direction of k.” In 4 D, one might naively expect a 4D vector to have four degrees
of freedom, since there would be four independent components, but as shown in the reference just cited, the longitudinal
and time-like components for photons precisely cancel one another. As a result, neither is ever measured. The bottom line:
massless vector fields effectively have two independent components, two DOF.

A real scalar field, such as ¢ or ¢, has only one DOF. A scalar is a single number classically. (A complex scalar field
would have two DOF, the real part being one and the imaginary part being the other.)

A massive vector field, it turns out, has three degrees of freedom. As a result of having mass, it cannot travel at the
speed of light, and thus all polarization type components do not have to be perpendicular to k, as was the case for photons.
This frees up one degree of freedom compared to massless vector fields/particles. Its independent components can align
with 3 independent directions in 3D.

4.4.2 Symmetry Breaking Appears to Change the Number of Degrees of Freedom
Note that before symmetry breaking, we have four DOF: one for ¢i; one for ¢; and two for the massless 4%,

However, after symmetry breaking, we have five: one for o; one for 7; and three for the massive 4*. The symmetry
breaking seems to have added a degree of freedom. But that cannot be a physical reality. We cannot simply redefine our
fields and change the nature of reality, the total number of degrees of freedom expressed by the fields.

The answer lies at the heart of gauge theory. There are certain things we can measure, resulting from behaviors of
underlying fields, but the fields themselves are not measurable. They are gauge fields. So, as long as we develop a theory
where the measurables are unchanged, we can manipulate the underlying (unmeasurable) gauge field in any convenient
way. This is what we did in classical e/m and QED. We choose the Lorenz gauge because it made our math easiest.

In our case, we do a similar thing, keeping in mind that nature can be described with only four degrees of freedom in
its fields (using fields defined relative to the false vacuum), then any theory with five has an extra, superfluous, one.

4.4.3 The Unitary Gauge

Since, using the fields defined relative to the true vacuum, we have an extra degree of freedom, we can constrain our
DOFs in some way, with some constraint equation between them, that will simplify our work.

The simplest such gauge (constraint) choice turns out to be the constraint equation 77 = 0. This is known as the unitary
gauge. With it, (52) takes the much simpler form, with 4% no longer coupled in bilinear fashion with a non-zero field 7,

2
£=L(oro)(0v0)- 12?0 — L, v L gy, }4’0

(53)

- (e’ —%0'4+%A"Aﬂa2 +q2vA"AHO' }[,

The free field terms are in the top row of (53) and the interaction terms on the bottom row. 4* is now independent at

lowest order from other fields, so we can read its mass off directly (4™ term). From the 2™ term, m_ =~/21v* . The 4* field
now has a mass whereas it did not have one before symmetry breaking. As an aside, recall’ that if the photon had mass in

QED, we would not have symmetry of £. Thus, the 4 mass term breaks symmetry in the present Higgs model.
4.5 Summary and Issues for the Higgs Model
4.5.1 Problems with the Higgs Model

The Higgs model yields a massive photon and so cannot be correct. Further, it doesn’t include any weak force terms,
which, of course, are part of our universe.

4.5.2 Advantages of the Higgs Model

The Higgs model advances what we learned in the Goldstone model to fields with interactions, and thus helps us when
we proceed to the Weinberg/Glashow/Salam model, which does a pretty good job of describing our world.

* See Klauber?, Chap. 5, pgs. 141-144, 150-155.
t Klauber?, pg. 296
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Wholeness Chart 4. Higgs Model

At False Vacuum

At True Vacuum

Pictorially Same as Goldstone figure Same as Goldstone figure
Complex Rep Real Rep Complex Rep Real Rep
Higgs Field S=g-V—L (g i }

1228 I'1e ¢(X)=L(¢ +l¢) ( ):L ¢1 ¢ \/E \/E(¢l v l¢2) ZZL ¢l A% :L O
(same as NSO o(x 7|4 . . 7| 4 5
Goldstone) 2 :ﬁ(g +in) 2 d

For transformation to o, 77 coordinates
;
D*¢) D ¢—lF Y ) ) Real rep ) 5
. ( ) /12| |24 ﬂ| |4 %|Dﬂ¢l| +%|DH¢2 _%F;WF;W more %(6#0.) _%(21‘)2)0_2 +%(6ﬂ77) 410
—u g —Alg 2 2 |illumina- 1 vo1/ N2
e (4 +¢22)_%(¢12 +42) fing —LF, Pt (qv) 4,4
D*= o"+igA* . . .
+qvd, (6 77)+cublc & quartic terms }L}
A% Same as Goldstone modelSame as Goldstone model Same as Goldstone model
Infinitesimal form:
n 12; e;si'zl?x);rm 2D rotation in @1, ¢
ISJ(I) Local SA B o alx) space, different at each x** L true N0t symmetric function of
ymmetry S fn of 4 o, 17, Ay about true vacuum
Transformation | Lfuise sym fn of ¢ & Ay Lfaise sym fn of 1, ¢o. Au

about false vacuum

about false vacuum

Difficulties with
Form for £

Product term in 4, & 0“1 means Ay &
77 not indep normal modes & cannot
equate factors of terms in Lo with
mass. Lfaise has 4 DOF. Lyye has 5 (1
o, 1 i, 3 from masssive 4,). Change
of variable cannot alter DOF. A non-
physical field has arisen.

Fixing Up with
Unitary Gauge

Choose unitary gauge

n=0
to restore 4 DOF and make o & Ay
independent normal modes.

L Under Unitary
Gauge

%(8‘ ’0)2 —%(Uwz )02
_%F‘VUVF‘W %(qv)z A‘uA‘u
-(we’ —%04

qz U 2 2
4—2A Aﬂa +q"vA Aﬂa

For small o & A4,

Masses /
m, = 2007 m, = |qv|

At true vacuum:

Result 1 real, massive scalar field o (Higgs)
1 real, massive vector field 4, (photon)
S Global symmetry (Goldstone model) — massless Goldstone boson 77 (not observed)
ummary Local symmetry (Higgs model) — massive 4, (not what we observe) and no 7.

Conclusion Neither the Goldstone nor Higgs model matches reality.
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5 Glashow/Salam/Weinberg Model

5.1 Background

The Glashow/Weinberg/Salam (GSW) model is summarized in Wholeness Chart 6, pg. 29. It should help to follow
that as we progress through the development of the model.

5.1.1 GSW Model vs Goldstone and Higgs Models
The GSW model is based on

1) two complex scalar Higgs fields ¢, and ¢ (instead of one @), which we will find can be expressed in what is known

as a doublet (more on this below) ® (x)= %{Za} = %{ZI :IZZ } é..6,. 45,4, real (54)
() 3 T 104

2) a Lagrangian density with local SU(2) X U(1) symmetry (more on this below)

Note that we define (54) with the normalization factor L , whereas some authors, like Mandl and Shaw, leave this out

V2
at this point (and include it in later in defining the ¢ ;). I believe it is easier to follow the derivation of the theory using the
form employed here, as it parallels that used in the Goldstone and Higgs derivations.

The difference between the Goldstone, Higgs, and GSW models is shown in Wholeness Chart 5 below.

Goldstone Model Higgs Model Glashow/Salam/Weinberg Model

Complex scalar singlet ¢ Complex scalar doublet @

Higgs field , S t left
iggs fields p =%(¢1 n l¢2) ame as at i See (54)
Y No Yes Yes
Interactions? (global U(1) sym of L) (local U(1) sym of £) (local U(2) X U(1) sym of L)

Wholeness Chart 5. Difference Between Goldstone, Higgs, and Glashow/Salam/Weinberg Models

5.1.2 Higgs Potential in GSW Model

The Higgs potential in the GSW model parallels that of the Goldstone and Higgs models except the one complex scalar
field ¢ used there becomes two complex scalar fields ¢, = ¢, +i¢, and ¢, = ¢, +ig, here. So instead of (19), we gets

V(G B+ A (B ) = (f BB B) e A (F BB H<0 250 (59)

Note we can re-write (55) in a more streamlined way, using the doublet form of (54), as

H ¢l + ¢ 2
)/ _-2 [¢ l¢2 ¢3 l¢4] ¢3 +l¢j j[[¢ l¢2 ¢3 —l¢54] \ ; j ]

2
= o'+ A(ofo) 12<0, >0 .

(56)

So, we can imagine a 5D plot of (55), similar to the 3D plots of Figure 3, with V on the vertical axis plotted against

four mutually perpendicular axes for the four ¢; . Except for the number of dimensions, the behavior will be similar. The
universe will tend to “fall off” the peak and into the valley, the region of lowest potential.

5.1.3 Ignoring Quarks for Now

To keep things as simple as possible at the beginning, we will ignore quark interactions, both electroweak and with the
Higgs field. Once one has an understanding of the lepton behavior under symmetry breaking, incorporation of quarks
becomes much easier.
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5.1.4 The General Approach

Our Lagrangian at high energy (false vacuum, just after Big Bang) needs to have massless particles (needed for local
symmetry to hold and thus, for a viable interaction theory’). At the true vacuum, leptons, vector bosons, and the Higgs field
acquire mass, much like we saw for bosons in the Goldstone and Higgs models, and as we will find in the GSW model. The
key, we will see, is that these fields are not quite the same fields after symmetry breaking as they were before. Recall, the

Higgs o field in earlier models was related to, but not quite the same as, the Higgs ¢ field. £ was symmetric at the false

vacuum in terms of the ¢ field, but not at the true vacuum in terms of the o field. This general theme will be repeated in the
GSW model.

We will first investigate the free Lagrangian (subscript “0”) at the high energy of the false vacuum. Then, we will
extrapolate from methods used in QED to go from the free to the interaction Lagrangian, still at high energy. Finally, we
will explore the GSW theory for how that Lagrangian changes as we go from high to low energies. See (57).

— "
at false vacuum at false vacuum at true vacuum
(high energy) (high energy) (present epoch energy) (5 7)

Lagrangians We Will Examine (in this order)

5.2 Weak Interactions at High Energy (False Vacuum)

The weak interaction is simpler at high energy, just after the big bang, than it is at low energy (shortly thereafter up to
the present) when broken symmetry makes things messier. So, we will first briefly summarize it at high energy, as follows.

5.2.1 Chirality and Weak Interactions

By some seemingly quirky design of nature, the high energy weak interaction only affects certain types of leptons,
ones that possess what is called left hand chirality. Chirality is often confused for helicity’, but they are different. The
differences between helicity and chirality are explained in Klauber® [scroll down to link on chirality vs helicity].

While helicity can be clearly related to the right/left hand rule (thumb in direction of p, fingers in direction of spin),
there is no such clear relation in chirality, even though chirality is talked about as being left handed or right handed. The
nomenclature is unfortunate and it would probably have been better to designate the two types of chirality as black and
white, or inside and outside, or something with otherwise opposite senses.

For particles traveling at the speed of light (massless leptons, as neutrinos were once thought to be), those particles
must have either left handed or right handed helicity. It just so happens (see Klauber® ref above for details) that any such
speed-of-light particle having left hand helicity also has left hand chirality. And any such particle having right hand helicity
also has right hand chirality. For speeds less than ¢, this one-to-one correspondence between helicity and chirality does not
hold, but this limiting speed characteristic is probably the reason the left hand/right hand nomenclature was adopted for
chirality.

Chirality is defined in terms of a Dirac matrix, designated 7’ *.
y =ir'r'y’y’, (58)

In the standard (i.e., the Dirac-Pauli) representation,

0010

< (0 1\_[0001

7—(1 0)‘1000 (59)
0100

* For example, in QED, a massive photon would make £ non-symmetric. See Klauber?, pg. 295-296. As described therein, a guiding

principle in development of quantum field theories with interactions is local symmetry. Nature appears to be set up such that only
Lagrangians that are symmetric (invariant) under local transformations correctly describe real world interactions.

" See Klauber?, pgs. 96, 100, 115.
! For the # expressed in the standard (i.e., the Dirac-Pauli) representation, see Klauber2, pg. 87, equation (4-10).
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As an exercise, one can derive the following relations using (59) and the definition of /” in the reference cited.
=y == =t (60)
Left and right handed chirality leptons are defined as

v =L(1-7")y ph =L+ )y . (61)

As noted, it turns out that at high energy, only the left hand variety y* feels the weak force. The right hand y* does not. No
one knows why. We simply know that it does work this way.

As an exercise, using (61) and (60), you can show (answer in Appendix A, pg. 44)
7=yt =Li(1+5) 7=yt =L (1-77). (62)

At high energy, there are three real vector fields designated W/ (i = 1,2,3) that act as the gauge bosons transmitting

the weak force. They couple to ¥, but not . As with any interaction type, there is a type of charge associated with the
weak force, appropriately called the weak charge, or more precisely, weak isospin charge, where we elaborate on the
nomenclature chosen of “isospin” in Section 8.9, pg. 36 (though it is probably best to wait until you learn a bit more before
looking at that). All right hand chiral fields ¥*, whether they be electron, muon, tau, or their associated neutrinos, have zero
weak isospin charge. They don’t interact weakly. We remind the reader that the prior statements are made for high energy.
Things are more complicated at low energy.

We summarize the operator effect of the right and left fields below. A helpful mnemonic is the following: L and R
always refers to particle chirality, never to antiparticle chirality. No bar means particles destroyed; bar means particles
created (as in QFT in general). For a given chiral field (e.g., w %), think of what it does to a particle (in this example, destroys
LH particle). For the other effect of the same (y %) field, reverse everything (L — R; creates; antiparticle).

w! destroys LH particle, creates RH antiparticle w® destroys RH particle, creates LH antiparticle

w!' creates LH particle, destroys RH antiparticle w " creates RH particle, destroys LH antiparticle

Wholeness Chart Summary of RH/LH Chiral Fields Creation & Destruction Properties

5.2.2 Hypercharge Interactions

As noted, at high energy, things are a little different than at the low energy of our present universe. What we call the
electromagnetic field charge in our present day is really a mix of the high energy weak field and another high energy field,

similar to but different from, the electromagnetic field. This other field is a single vector field designated herein by B*.

(Some authors use other symbols, such as X*.) The charge associated with it is called the weak hypercharge, whose
fundamental unit of charge is designated by g’, parallel to the fundamental unit of electric charge being designated by e.

Whereas in QED, a particle has fundamental charge QO = eNg, (for example, an electron has N = — 1), in weak interaction
theory, a given particle has weak hypercharge g'Y, where different particles have different values for Y.

Weak hypercharge values of Y for left and right hand spinor fields are shown below where / = 1,2,3 refers to electron,
muon, tau, and v; where [ = 1,2,3 refers to electron neutrino, muon neutrino, tau neutrino.

weak hypercharge Y = —% for /| and y/VLI ~1 for y 0 for y/‘fj . (63)

It is common practice to refer to weak hypercharge as simply Y, rather than the strictly correct g'Y. And again, no one knows
why the values in (63) are what they are. It is simply that by using these, we eventually get a low energy theory that matches
experiment. (Note that many places in the literature define Y as twice that of (63). It can be confusing that different
conventions are used by different authors, but it is the unfortunate reality.)

5.2.3 Summary of Weak Isospin, Weak Hypercharge, and Electric Charge

We will discuss weak isospin charge and weak hypercharge in greater depth later on in Section 8.8, which contains a
wholeness chart of all leptons and bosons showing their weak isospin charge, weak hypercharge, and electric charge.
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5.2.4 The High Energy Theory

So, at the false vacuum, at the beginning of the universe, we have two fields, the weak high energy field and the weak
hypercharge field mediated, respectively, by vector bosons W/ and B*. We will see that these fields mix with one another
to yield somewhat different fields, the low energy weak and electromagnetic fields that we observe today.

It turns out that the math for the one B* gauge field is similar to that of the familiar photon field A*. That is, it can be

described by a theory based on U(1) type transformations (symmetry under ¢'“ gauge transformations on fields y* and y®).
In fact, it is analogous in all regards. In e/m theory, particles had e/m charges of +1, —1, and 0. In weak hypercharge theory,
they have charges as in (63) and Section 8.8, pg. 33.

The math for the three W/ is a little more complicated. It turns out there that certain combinations of spinor fields

naturally group together. In particular, it has been found that grouping the electron and electron neutrino fields together as
components in a doublet leads to meaningful symmetries (and thus relevant interactions that match experiment) as below.
(Note, as with the Higgs doublet symbolized by the capital letter @, we use capital ¥ for lepton doublets.)

L
¥y = . —
wi= { Le J Y= (gz/fe, wt ) electron doublet (64)
Ve
Thus, we will find a term in the free part of the Lagrangian like the LHS in (65) that can be more compactly expressed,
using (64), as the RHS of (65).

Uy oy Wiyt wl = Wiprto, ¥ = WA . (65)

Similarly, it turns out that the interaction terms in the Lagrangian with the W} field in the LHS of (66) take the compact
form of the RHS. (Recall the interaction term in QED had the form 7, Ay, multiplied by the coupling constant — e.)

L

_ _ 7 1 0 vy —. 11 0 —

R R _JW[ } S N L AN AT
Ve )y

Note the 73 matrix is the third Pauli matrix. It turns out that (66) can be generalized to incorporate all three W* fields into

the Lagrangian using all the Pauli matrices, as follows, where repeated i indices means summation. Although we are simply
postulating the interaction form for the fields of (67), that form has been validated empirically.

Weak interaction terms in Lagrangian of form  Wlz 7/t 7, =Paulimatrix i =1,2,3.  (67)

0 1 o -i 1o
7 o] 2T o] "7 o -1 (68)

We note now the following identities for Pauli matrices (which can be proven by simple substitution of (68) into (69)),
which will be useful in the future. gy is the Levi-Civita permutation tensor. The last row in (69) is merely a generalization
of the 2™ and 3" terms in the first row.

T =T =L =00=1 1T =i, (for i 7&])

1 1 69
t7;, =16, +igy1, [ri,r_/} =i, [ri,rj l =26,1 (foranyi,jk) (9)

(66), with 73, provided interactions between electron fields and other electron fields, and between electron type
neutrinos and other electron type neutrinos, via the 3 boson. Interactions between electron fields and electron type neutrino
fields are provided via the other two Pauli matrices in (67). For example,

L

_ N B 70 _ _ _

‘PinWi‘P#(wfe,wf)L O}W[ LJ (Tl Tl =Tyt . (0)
vl ),

We can further generalize (67) (again, this is a postulate that ends up working) to include all three lepton families as
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All lepton weak interaction terms in £ ‘Y’lLrin‘I’fl (sum over /and i) . (71)

We will of course (and we do below) have to multiply above relations such as (71) by the appropriate coupling constant
for weak interactions (at high energy).

Note we have transitioned into the use of a two dimensional space, with the column matrix doublet of (64) acting as a
2D vector and the 2X2 Pauli matrices acting as operators in that 2D space. We have moved into the arena of group theory,
but we won’t delve too much more deeply into it here. We do note that just as any » dimensional space (2D in this case) has
vectors (column matrices) of n components, it also has scalars of 1 component. In group theory, the equivalent of a 2D
vectors is a doublet. The scalar equivalent is a singlet. The group we will be working with is designated SU(2) for “special
unitary” in 2D space, for reasons we won’t get into here. As an aside, in strong interactions we work in SU(3) theory, where
the column vectors have components of fields with the three different color charges and are called triplets.

5.2.5 SUQ2) X U(1)

The weak interaction terms in the Lagrangian comprise fields arranged as doublets and singlets that behave as such
entities do in standard SU(2) group theory. A transformation in the associated 2D space acts like a 2X2 matrix multiplication
on doublets (like a rotation transformation in 2D Euclidean space can be represented as a 2X2 matrix that operates on a two
component column vector). The Pauli matrices, along with identity matrix, are, in fact, a basis in this space for all possible
such (“rotation-like”) transformations. (Although the identity matrix represents zero rotation.)

Note that just as a scalar in 2D Euclidean space is unchanged under a 2D rotation, so is a singlet in SU(2) under an
SU(2) transformation.

So, we have fields that are players in the SU(2) domain of weak interactions. And we have fields that are unaffected
by the weak interaction and are not players in that field. Likewise, some fields feel the hypercharge force of the U(1) domain,
and others do not.

Hence, each field can be considered as made up of combinations of different parts, somewhat like the wave function

in non-relativistic quantum mechanics (NRQM) had a spacetime related part (of form e *) and a spin related part (of forms

. . 0 . .
Lﬂ and {ﬂ ). An operator like 3-momentum ( —ZF ) only acted on the space part of the wave function, not the spin part.
X

Conversely, the spin operator acted only on the spin part of the wave function, and not the spacetime part. The two parts of
the wave function are in a sense, in different spaces, and each part behaves on its own as an entity in its particular space.
We can think of the wave function heuristically as a kind of outer product of the two parts. They don’t affect/interact with
each other, as an inner product of them would do.

In a similar way, the left hand chirality electron field WL has a part of it that responds to the SU(2) weak force, and a
part that responds to the U(1) hypercharge force. An SU(2) operator affects the SU(2) part; a U(1) operator aftects the U(1)
part. We can think of the two parts as being multiplied together in the field via a, sort of, outer product. This is where the
“X” comes from in SU(2) X U(1).

Now some fields don’t have one of these parts. For example, the right hand chirality electron field WR has no SU(2)
part, as it does not live in the SU(2) space. It doesn’t respond to the weak force. It has zero weak charge. It does however
have a hypercharge part, since it has weak hypercharge (of — /2, see (63)). It is a player in U(1) type interactions.

When we construct a Lagrangian (at high energy) below, it will reflect these characteristics.

5.2.6 Minimal Substitution

In Klauberz, pg. 297, we showed that in QED, inserting the gauge covariant derivative (where — e is the charge on the
electron, which is also the coupling constant for QED reflecting the strength of the electromagnetic interaction)

D* = 0" — jed" (72)
in place of 8# in the free Lagrangian gave rise to the correct interaction terms. QED is a U(1) theory. The QED full (free
plus interaction) Lagrangian was then also symmetric under the appropriate transformation set. (See reference just cited.)

In developing QFT, researchers postulated that the same type procedure, deemed minimal substitution, should work in
SU(2) theories, and thus SU(2) X U(1) theories, as well. And they were right.
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Thus, it turns out, as we will soon see, that substituting analogous covariant derivatives (see (73)) into the free field
Lagrangian yields the correct interactions for the high energy SU(2) X U(1) electroweak theory. Note that, from group
theory (see Ticciati'), the vector boson covariant derivatives have somewhat different form from that for fermions and
scalars. (It turns out they must be of this form to get a correct theory.) The relations shown are for high energy, where g
and g’ represent fundamental units of charge, which are also the coupling constants reflecting the strength of the high energy
weak and hypercharge interactions, like — e for electromagnetism in (72). The factor of % in front of g is conventional.
Note that some texts use a different convention without the ' factor.

0" - D" =0" +% gt W/ +ig'YB* for fermionsand scalars
S (73)
oMWY — D'WY =o"w)” —% egWiw, 0"B" —D"B" =0"B" for vector bosons

The presence of the Pauli matrices 7 in one term of (73), implies that the other terms have a 2X2 identity matrix in
them that is not shown explicitly.
5.3 Lagrangian at False Vacuum (Excluding Quarks)
5.3.1 The Free Lagrangian at High Energy

The free Lagrangian at the false vacuum, ignoring quarks for now, has a form one might intuitively expect. The leptons
look familiar from QED, the vector gauge boson terms are similar to what we saw for photons’, and the scalar Higgs has
the usual form for scalars, except for the A term, which we have seen before in earlier symmetry breaking models. We do
use the streamlined, and meaningful in terms of group theory, doublet notation for the leptons and Higgs.

GGt e g
L =i (‘i’f DY+ Byl + vy, *d vy, ) (Leptons, massless)
LP = —% WHW, ——B”"B (Gauge bosons, false vac)  (74)
4= (6”(1))T (6HCD) —foTd -2 ((I)T(I))2 (Higgs boson, false vac)

W ='W - o* WY B" =0"B" —0"B"
In (74) we use slightly different (easier to remember in my opinion) notation from Mandl and Shaw' where our whr"

equals their F*".

5.3.2 The Interaction Lagrangian at High Energy

To get electroweak interaction theory at high energy, we do two things.

1) Use minimal substitution of (73) into (74), and
2) postulate interaction (coupling) terms between the Higgs and the lepton fields.

Doing this, we find the full Lagrangian at false vacuum of (75) (where g;and g,, are coupling constants between the Higgs
and the leptons and ® is defined in (82)). (75) has a border around it because in my opinion, it is the easiest way to
remember the high energy £. We elaborate on each term in (75) further on below.

C=Cr+ 08+ ot
rl- i(\flLB/\PL +k Byt -H//VI’D/I//V[) (Leptons, massless)

ch=-1 GG, ——B"VB (Gauge bosons, false vac) (75)

ipuv
o= (D"(D) (Du(b)_ wroTo -4 (CIDT(D)2 (Higgs boson, false vac)
LM =g, (‘T’,Ly/,R(D + @'y ‘I’L) gy, (‘I’L l//vl(D + CDTI//VI‘I’fI ) (Lepton-Higgs coupled)

where G/ =0"W" —0"W" — ge;, W/ W}

* Klauber?, pg. 288, eq (11-6) and (11-7). F*" =0" 4" —0* 4" .
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For £

There are three lepton families (/= 1,2,3 for e, 4, 7). g is the weak coupling constant between each of these leptons and
the W ; g'is the hypercharge coupling constant between the leptons and B,

V/L

‘Pf{ ZJ ¥ = (v ) (76)
¥

Since the high energy right hand chirality leptons do not feel the weak force, we drop the term in /) in the second

and third lines of (77) so we will not get terms in the Lagrangian coupling ;% and y/v’i with the W/'.

BV} =y, D" =y, (0" + Lot W) +ig'vB* )W}

Byl =y, Dyl =y, (0" +igVB* Jy}! (77)
Byl =y, Dy =y, (0" +igVB* )y
weak hypercharge Y = —% for¥; —1fory 0 for y/jj (78)

For £*:
We assume the W/ and B fields are not coupled to one another.
WH = " WH — 0" W) — G
G = D'/ = DW= 3'W =5 e, WIWL — "W +5 &, W' W
=W =" W) — S ey WIW —S e WWE =W o'W S e wiWp —S e wiwy . (19)
='W — "W, — 5 ey WIWY =5y WIWY =0 W — "W, — gey WIWL .

wH

1

For DB, one might expect a similar relation in (73) as for W/, but we only have one field B, not three (as with the

W), so the last term in (73), for D“B", becomes zero. Thus,
B" >  D'B*-DMB' =0"B*-0"B" = B" . (80)

As an aside, in QED, we naively used the same minimal substitution in the free photon term of the Lagrangian as for
the free fermion term. (See Klauber?, pg. 297). It worked there because, for a U(1) field like 4# (similar to B* here ), we get
the same thing either way. That is, we got a Lagrangian photon term having a factor like (80) with A* in place of B¥.

Note that non-Abelian (non-commuting) transformation groups, such as SU(2) here for the W fields, give rise to extra
terms in the interaction Lagrangian, like that on the RHS of the bottom row of (79). Abelian groups, such as U(1) here for

the B, have only a single field associated with them, so do not give rise to these extra terms, as shown in (80).

For £*.
D*‘op:(a” +Lgr +ig'YB")¢) Y=1 for@ (81)
For L
The symbol @ used in (75) is defined as
- , 1| 5 —ids
d=-L =L : 82
ﬁ{—ﬂ] 2| ¢ +ig, e

There is nothing really to derive here from the free Lagrangian, as we are simply postulating that this term be inserted as
part of the interaction Lagrangian. The coupling in lepton-Higgs terms is sometimes called Yukawa coupling.
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5.4 Why This Form for £?

The Lagrangian takes the form (75) because that form is symmetric. Recall from QED, that if the Lagrangian is
symmetric under some set of local transformations of its fields, then the interactions that show up in that particular
Lagrangian mirror those in the real world. See Klauber?, pgs. 293-298. Further, Gerardus ‘t Hooft has shown that the

electroweak Lagrangian must be symmetric to be renormalizable. We need a symmetric L.

The transformation set under which (75) is symmetric (invariant) is shown below, where the symbol x is shorthand for
x*. Demonstrating explicitly how this invariance is so is lengthy. We do it in Appendix B, pg. 46.
5.4.1 Local Finite Transformations
SU(2

YE(x) - W =SU(2)¥F =W 2yt (1+ @, (x)7, +.. )‘P,L =l 4 opt

Yh(x) - WY =¥ (SU(2))Jr = ‘E’ILe—"“"’(X)T"/z =yl (1—%0)1- (x)z, +) =l 4 opf

R R ! R (83)
V/l&vl (X)—) V/l&vl :WI&VI
WIR&VI (X) - ;;IR&VI' = ;;IR&VI
VV/I (x)_> VV/HTi _ eiwi(x)r,v/z (Wjﬂz_j)e—iwk(x)rk/z _ (VVI'H i é‘VViﬂ)Ti (84)
B — B*' = B* (85)
q)(x)_>q)':eiwf(X)T'/z(D=(1+%a)i(x)ri+...)(D=(D+5(D
. . . . T (86)
q)(x)_>q)':e’“’f(x”'/z(b:(l+%a)i(x)ri+...)(D=(D+5(D
ua)

Wi () > ¥ =U (1)) =W = (1400 (x) +...) W) =] + %]

P (x) > =i (U(1) ) Lot — gl (1-i¥f (X)+...) =P} + 9]

v () >y =0y ="yl =1+ )+l =yl +opf (87)
— — T —iYr(x — . —_ —_

v (x) >l z//R(U(l)) =yl = gk (1—110‘(x)+....)=1//f+51//f

R L R 7

W (x) > WH = W - G”a)i(x) =W + oWt (88)
B - B =B* —éaﬂ f(x)=B"+5B" (89)
O (x) > @' =D = (1417 (x) +..) 0 = + 5D

(90)

D(x) > = VD = (1 —i¥f(x)+ ...)ci) =® + 5D
5.4.2 Local Infinitesimal Transformations

It is far easier to examine the invariance of £ for infinitesimal transformations, i.e., for the above where @; and f are

very small. One can then, in principle, integrate to obtain the finite transformation case. But, if £ is symmetric under the

infinitesimal transformation, then it should also be so under the finite transformation. So, we take the easy (most efficient)
way out, and examine the Lagrangian symmetry under the infinitesimal transformation set corresponding to the finite set
(83) through (90). The relevant relations are then as follows.
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As an exercise, derive (92) below from (84) using the first relation in the second row of (69). Answer is in Appendix
A, pg. 44.

SU2

Yi(x) >y z(1+%a)i (x)ri)‘I’lL =¥+ 5P

B () > B~ B (1-Lo, (07, )= FF + 57

S¥) = %a)i (x)z,¥f

S =~ Lo (1) P,

1)
Vi, )=y, =y Y i, =0
Vi, X - vl =i, Wl =0
Wi (x) > W = WH —ep0, DIWE =W + W SWH = —e,0;, (X)W} (92)
B* - B*' = B* SB* =0 (93)
O(x) > D'~ (1+§wl.(x)rl.)cp =@ + 5D o = Lo, (x)7,0 o4
é(x)—)é'z(1+%wl_(x)rl_)d~):d~)+5d~) @z%a)l—(x)rld) :

ul)

P =00x) > W ~ (14 (x)) 9] =¥] + 6] L =ivf (x)Wr
BE(x) > B = BE (1= (1)) = P + 5P S = —iyf (x) Pt
w0 =y = (1417 )y =y + oy Syl =if (D (95)
vl () >l =pf (1= (X)) = + 6 syt ==ivf ()
v () > v =y vh () >l =t Syl =5l =0
wH(x) - WH ~wH —éa”wi (x)=WH + W SWH = —éﬁﬂwi (x) (96)
B* - B" = B* —éaﬂ f(x)=B" +5B* SB" = —éaﬂ £(x) (97)
®(x) > @'~ (1+i¥f (x))® = ® + 50 50 =iYf (x)® ©8)
D(x) > '~ (1-i (x))D =D + 50 5D =—iYf (x)®

5.4.3 Local SU(2)XU(1) Infinitesimal Transformations

Under SU(2)XU(1) transformation combining the local, infinitesimal SU(2) and U(1) transformations, the differences
in the fields (the terms with J'in front of them) add. Thus,

R z(l%a)i(x)rﬁil/f(x))‘llf =¥l 1 o¥f Sy =éa),~(x)ri‘P,L +i¥f ()W) Yz—%

YWl ~pt (1—%@ (x)z; —in(x))z‘T’,L +oPr Pt =—%a)i (X)WEe,—ivf (x)¥Pr

v =yl =y i Dy Sy =ivf (' Y=—-1 (99
v v =yl -irf () sy ==ivf (g

vy D=y =y v D—=u" =y Sy, =6y, =0

WE W =W =g 00, (x) = gy, WS =Wl +SWE oW = L0, (x) = g0, (X)W (100)
B“ — B = B* —é@”f(x) 5B* =—é6”f(x) (101)
CD—>CD'z(1+%a)i(x)ri+i)7(x))CD=CD+5CD @z%wi(x)ricb+i)7(x)cb Yz% (102)

D + 5D

DD~ (1 +%a)l- (x)7; —i)ﬁ"(x))cf) 5D =%a)l- (x)z,® —i¥f (x) D
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5.4.4 Showing £ is Symmetric

As shown in Appendix B, pg. 46, plugging the primed fields of (99) to (102) in for the unprimed fields in (75) gives
us (75) back again in terms of unprimed fields. In other words, £ of (75) is invariant under the set of transformations (99)
to (102)

5.5 Returning to Breaking of Higgs Field Symmetry

We now turn back to our original focus (before justifying the form of £ for the false vacuum as we did in Sect. 5.4) of

breaking the Higgs field (in our present case represented by @) symmetry.
5.5.1 Higgs Fields in Terms of Other Real Fields

The Higgs field doublet @ at false vacuum is represented in (54) (and (82)) by the real fields @,¢,8;,¢, . Just as we
did earlier in the Goldstone and Higgs models, we examine only the potential part of the free @ field of (18), i.e.,

Y= toto+ (o), (103)

which is symmetric in ® (and in @,%,,é,4, ). We then, again similar to earlier procedures, designate new fields that are

functions of the old ones. That is, where 71, 72, o, and 73, are those new (real) fields, normalized by convention with a \/5

factor, and v is a real constant.

d+igy | 1| m+in
V2

@, +id, 2 (G+V)+i773i|' (104)

G =15 ¢ =m; ¢3=(G+v); 4=n > @(x):%{

It turns out that when we substitute (104) into (75),and move to the minimum of V at the true vacuum, we end up with
1) £ being not symmetric in 71, 72, 0, and 773, and 2) additional degrees of freedom (independent components of fields) in

L from what we had in £ for ¢,4,,6,4,. This parallels the Higgs model case, where we had one extra degree of freedom

at the true vacuum with the new fields versus the false vacuum with the original fields. Recall that the additional degree of
freedom in the Higgs model arose from the transformation of two massless boson at false vacuum to one massless boson
and one massive boson at the true vacuum. The change in massive bosons by one meant one additional degree of freedom.
Here we start with four real massless fields instead of two, and like in Higgs model, we end up with only one massless
boson at the true vacuum. Because here in the GSW model we have three more massive particles than originally, we pick
up three additional degrees of freedom.

We have not shown this gaining of mass by bosons behavior explicitly for the GSW model, as it is cumbersome to do
so. We can gain some confidence in our presumption of this behavior by recognizing that our presuming of it will (as we
will see) lead to a valid theory, supported by experiment.

Recall that we cannot measure fields directly, and our measurables cannot be affected by how we designate our fields.
That is, our fields are gauge fields. See Klauber?, pgs 177-178. So, our having unneeded extra degrees means we are free to
constrain those 3 extra degrees of freedom in any way we like. That is, we can designate a gauge condition for each, as is
convenient, without affecting any measurables.

So, of course, we want to pick the gauge conditions that give us the simplest way to analyze the case at hand. That
turns out to be what is called the unitary gauge (the same term as used in the Higgs model), i.e.,

n,=0 m =0 7, =0 unitary gauge . (105)
and thus,
@(x)=-L 0 _ 1) 0 in unitary gauge . (106)
V2 o, V2|o+v

5.5.2 Higgs Field at True Vacuum

To find the true vacuum (V is a minimum), we use (106) in (103) and take the derivative of (103) with respect to ¢s.
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oy 0 2 2 0 Y 4 2 3
0:@:@(;1 o'+ A(0'D) )za(%% +44, )zy ¢, +Ad; (at true vacuum)

(107)
2 2 _,U2
—> W= //{’¢3,truevac - ¢3,truevac = 1 :

The last expression in (107) is the location on the @3 axis where the Higgs field potential is a minimum.

With an eye to what comes later, we want to define o as zero at the Higgs potential minimum. Thus in (106), we take

v= (108)

Note from (108), that if v is real (which is assumed, since we took ¢ as positive at that location), then x is imaginary.
5.5.3 One More Wrinkle in the Glashow/Salam/Weinberg Model

One might now naively think (and early researchers probably did) that we simply need to plug (106) and (108) into
(75) to get our electroweak theory at the true vacuum where we reside today. Not. When one does that, the result has
different fields than we find in experiment. For one example, we get one vector field, which one might expect to be a photon,
to have mass.

The answer was found by Steven Weinberg, and it is this. The B# and W/ fields are really linear combinations of the

photon field 4* and intermediate vector boson (weak gauge) fields Z¥, W, , and WJ (which are associated with the weak

force particles found at CERN in the 1980s). That is, the former are transformations of the latter. The relations between the
two sets of fields are given by

. .‘— .‘—
B,u _ cc')s HW —sin HW Aﬂ VVIH _ Wﬂ + W,u Wz,u — iu s (109)
U/ sin, cos6, ||Z, V2

where Weinberg modestly calls 87 the weak mixing angle, but others call it the Weinberg mixing angle. Note that the LHS
of (109) is much like a rotation in a real 2D space. Since the determinant of the matrix there is unity, from matrix theory,
we know the “lengths” of the “vectors” on each side of the equal sign remain unchanged. Since, in quantum mechanics,
lengths of such “vectors” reflect probabilities, the total probability of measuring a component (any component at all, not a
particular given component) in either vector is unchanged. This is the hallmark of a unitary transformation.

For future reference, we note, from the second two relations in (109),

W, — Wy
w,=—t—-—. 110
f NG (110)

Note further, from the LHS of (109), that because By, and W3, are real fields, 4, and Z,, are real fields. (Recall” that
real fields create and destroy chargeless particles [particles that are their own antiparticles]; and complex fields create and
destroy charged particles [and their antiparticles].) The photon and the Z particle are thus chargeless and their own
antiparticles. The charges here include both electromagnetic charge and weak charge.

However, even though Wi, and W5 are real fields, from (110), W, is complex and thus gives rise to a charged W
particle and its antiparticle (which are the two W particles of the present day weak interaction found at CERN in the 1980s),
which we represent as W' and W . That is, in the spirit of Section 1.3, pg. 2, (110) can alternatively be expressed in terms

of destruction and creation operator terms that destroy W and create W ~; whereas W; destroys W~ and creates W'
For future reference, we also define
we =o"wH —o"w” " =0"z"-0"7" , (111)

where our notation differs from Mandl and Shaw', as their F~” equals our W*".

* Klauber?, pg. 65.
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5.5.4 Finally, the Lagrangian at True Vacuum

Now if we substitute (106), (108), and (109) into (75), we will get the present day electro-weak Lagrangian.
Some of this is done in Appendix C, pg. 55. The final result is

L=L+1
L=y (zﬁ( _& v, +v, (zﬁ( _%y ) (leptons)
_% F, F" (photons)
Ll (%vg)2 wiws (W fields)
-
miy
1 1{1_Vv8 ?
—ZZHVZ'UV +5[5 cos 0 ] ZHZ'U (Z ﬁeld)
S W/,
m3
+%(6ﬂ0)(6”0) —%(—2;12 )02 (True vac Higgs = o)
my;
[I =L 088y ot pHB L pHL (interaction terms), (112)

where we will wait to another day to write down the interaction terms. (Shown in Mandl & Shaw', pgs. 421-422.)

Note that for a complex boson field (W, here) mass is, as has always been the case before, the square root of the factor

in front of the bilinear expression in the Lagrangian of that single type of complex boson field. For a real boson field (Z#

and o here), mass is the square root of that same factor aside from a factor of 4. The photon field has no such term, meaning
its mass is zero, one indication that the methodology used by GSW does indeed give us a valid theory.

The mass of the contemporary Higgs can be expressed either in terms of z or v and A, via (108).

myy =2|u =27 . (113)

Prior to the discovery of the Higgs particle in 2012, v, g, and 6y had been determined from scattering experiments, so it was
possible to correctly predict the correct masses of the #’s and the Z particles. But A was still unknown, so it was not possible
to get a handle on my. Note that my is the tree level mass for the Higgs, but that is modified by higher order corrections
(higher order Feynman diagrams/amplitudes). See Sections 8.19 and 8.22. The masses for the # and Z particles also change
due to higher order corrections, but theorists took those into account in predicting the experimentally measured values.

Note that we started in (75) with all massless fields (because massive fields mean the Lagrangian cannot be symmetric),
and after symmetry breaking (of the @ field, as easily seen in the Mexican hat figure, but also other massless fields), we
now have fields with mass terms. The symmetry breaking bore the fruit of massive particles, corresponding to those in our
present-day universe.

The couplings shown in the last row of Wholeness Chart 6 are found from the interaction terms in (112). For example,
one of those terms is the LHS of (114), so knowing what this term must be in QED, we can deduce e as the RHS of (114).

gsinGyyy*y A, — e=gsiny, (114)

5.5.5 Notes for Deriving the True Vacuum Lagrangian of (112)

As an exercise, you can derive the following, which is needed to get (112). Or you can just find the derivation done for
you in Appendix A, pg. 44.

T, = vl 7ty (no sum on ) . (115)
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Wholeness Chart 6. Glashow/Salam/Weinberg Model

At False Vacuum

At True Vacuum

Complex Rep Real Rep [Complex Rep Real Rep
Ul ¢
4 mi_1l| ¢
. . . ] Z(x): 2 == 72
Higgs Field o(x) ZLV“} :LV‘ +1¢2} oo L|® |k 1[mrin 77 2 ¢3¢
(isospin doublet) 20 ¢,| 2|4 +ig, V2| ¢, 2| o+iny | ’ ;‘
Z ¢y=v ismin of V. v= %
For ﬁtrue:
Lo = L1+ L8 + £+ £ (massless| - 1. Subst 1I¢1§| ﬁfa_lse (tran;}lait(es ax)1$ t0 Vinin)
. L g Use algebra 24=a4 B=(c+v
£ :’(‘Pl B+ By +‘/’v,ﬂ‘/’vl) on 2. Substitute
rE—_lgmwig _lpwp L relations | Real rep B, =cosOy A, —sinbyZ,
c o | atlefito | more Wy, =sinby A, +cos6,Z,
2" =(D*®) (D,®)- 120 ®-A(0'®)] obtain |ilumina- woaw wo_wt
1 —; R L theory in tlng VVI/I :% W2/1 = l%
L =Yy q)_g‘/zly WVCDJrhC terms of 2 V2
3. Result: Complicated L with
real ¢ a) non independent normal modes

D”:6”+%gerj” +ig'YB*

b) 3 more DOF than Lfise
4. Resolve using unitary gauge below.

= a)r‘I’LHng‘I’L Y=- 2
Local Symmetry| Sy —zg'Yf w Y=-1 L rue nOt symmetric in 71, 72, 6, 773
Transformation | sy« - _éﬁﬂa)j — &0 W at true vacuum
SUQR)XU(1) 5B =-L oty (broken symmetry)
g!
o =Lz +igVfd y=1
Unitary Gauge m=m=m=0 (3 DOF less, norm modes)
Via steps 1, 2, 4 above Lyye = Lo+ L7 becomes
vy,
L=, (if -~ [ L)+, (i - ﬁ v,
L in Unitary S A Y AN (jvg) Wi
G 2
auee -+ ZWZ”V + %[% " j ZﬂZﬂ
1 1cos 6y
+7(6ﬂ0)(6”0)—7(—2y2)02
Lf]:[LBJ’_[BBJ’_[HH +[HB+[HL
Inspection of above: m; = 5L m = m —
Determining nspection of above: m; = \/E m, = \/E m, =
Masses
my, :%vg my :% et =\ 2u* =22
cos Gy,
1. Zero photon mass (m,= 0 as no 4”4, term)
Note 2. Know g, 6w, v in 1970s via exper— predict mz
3. Aonly in £#. Not predict my. Need to measure.
Determining Interaction terms: e~ with 4“ — e = gsinOy; v w A"
Couplings —0,e&VvWW— g/2\J2,WZ > g/4cosb,,
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6 Possible Changes and Differences in Mexican Hat Shape

It is possible that the Mexican hat shape shown repeatedly herein for the Higgs field potential energy density is not
static but changes over time, i.e., in (19), g = (1), or ©= 1(t) and 4 = A(f). One example, illustrated in 2D only for simplicity,
could be like that shown in Figure 4.

NV
tl tz > t] t3 > tz
Figure 4. Possible Change in Shape of Higgs Potential with Time (Only 2D shown)

In the case of Figure 4, at #1 the field would be in a stable configuration. However, at later times, the false vacuum
would be unstable.

It is also possible, that the true vacuum might be slightly, but not strongly stable, as in Figure 5. In such case, we would
expect the universe, at some point, to tunnel out of the small indention in the middle of the curve and fall into the stable true
vacuum state.

NV

Figure 5. Possible Slightly Stable False Vacuum

7 Summary of Postulates for Electroweak Theory
The basic postulates from which we derive electroweak theory are these.
Free fields are represented by terms similar in form to those in QED.
The potential in £ has form V = 1 *®'d + /I(CIDTCID)2 1> <0, 2>0 and the universe spontaneously seeks lowest V.

1
2
3. Interaction theory is obtained via minimal substitution in the free field £ plus 4 below.
4. Extra terms are added to £ to couple the Higgs field with lepton fields.

5

Fields associated with observed gauge bosons are linear combinations of the fields used in minimal substitution.

With these postulates, one finds a symmetric theory whose interactions match experiment.

8 Other Things to Note
8.1 Initiating Symmetry Breaking

In Figure 2 and Figure 3 on pg. 6, the universe would be in equilibrium at the false vacuum, but not be stable. A slight
fluctuation in the ¢ particle density would displace the universe off of the false vacuum (¢ particle density not precisely
zero) and begin the universe’s descent into the true vacuum, which is in equilibrium, but not unstable. For the case of Figure
5, larger fluctuations in the underlying particle density would be necessary to initiate symmetry breaking. Fluctuations in
the horizontal direction (i.e., in the density of ¢ particles) would need to exceed the local maxima to begin the “roll down”
into the valley.



31
8.2 Particle Creation

As the universe slides down the slope of the Mexican hat potential from the false vacuum to the true vacuum, it moves
radially outward from the central axis of Figure 2 and Figure 3. As noted in Section 1.4, this means the ¢ particle density
one would expect to measure increases. Hence, the reduction in potential energy is accompanied by an increase in particles,
i.e., an increase in mass-energy.

Typically, these |¢) particles decay (via the coupling with other particles) into other standard model particles. Thus,
the process of spontaneous symmetry breaking populates the universe with more and more particles (until it stabilizes in the
true vacuum.)

8.3 GSW Model and Unification of E/M with Weak force

Before I first saw the GSW model some decades ago, I had heard a lot of talk about unifying the two forces,
electromagnetic and weak, into a single electroweak force. This seemed so elegant and profound to me.

However, when I actually studied and learned it, I realized, with some disappointment, that there was more hype than
substance in all the talk. At the true vacuum, there are two different types of interactions, electromagnetic and weak,
mediated by two different types of gauge boson fields, the e/m photon 4* and the weak intermediate vector bosons Z, W,

and W*#" . In a true unification, we would expect these two to merge at the false vacuum (high energy) into a single field.
However, at the GSW false vacuum we still have two kinds of interactions, mediated by the two types of gauge boson fields,

the hypercharge field B and the isospin fields W*. Yes, the former (true vacuum) fields are linear combinations of the
latter (false vacuum) fields. But in both cases, we have two different kinds of fields. In other words, there is no true
unification.

In some sense, one might argue there is some unification, as we now know the two fields are related, i.e., intertwined,
so to speak. The 4 field, for instance, is a combination of what, at high energy, is the weak and hypercharge fields. Ditto
for the Z*. So, each type of low energy field is a result of combining both types of high energy fields. But, it is still two
types of fields transforming to two types of fields.

Grand unified theories (GUTs), on the other hand, actually unify the three force fields (weak, strong, e/m) into a single
type of force at high energy. The difference is that the GSW theory has been verified by experiment, and appears unique,
whereas the extant GUT theories fall short in these regards. Similarly, superstring (or M) theories appear to unite all four
forces (above plus gravity) into a single type force.

Nevertheless, the GSW theory is a giant step for mankind, as it correctly describes the current properties, and evolution,
of the electromagnetic and weak interactions.

8.4 Symmetry Breaking is Apparent, Not Real.

The Lagrangian actually never loses its symmetry. It only appears to. It is always symmetric with respect to the high
energy, false vacuum. If we express £ in terms of the ¢, instead of the 7; and o, we get the original high energy L. It is

never really lost, and it is symmetric about the false vacuum.

At the true vacuum, we merely express £ in terms of the fields 7; and o, which have zero expectation values at the true

(present day, low energy) vacuum. There, £ is not symmetric (in terms of the ¢; and also in terms of the 7; and o). But it is
only because our point of view is different that we seem to have lost symmetry.

By analogy, consider you are at a point in the middle of a huge bowl. You rotate yourself about the vertical axis through
that point and the bowl still looks the same to you. It is symmetric. Now move up the side of the bowl to another point and
again rotate yourself about the vertical axis through this point. The bowl obviously looks to you like it is oriented differently.

It does not maintain its appearance during the rotation. It appears unsymmetric. But, it really is still a symmetric bowl. It
just depends on where you rotate yourself about.

Similar logic holds for £ about two different points in our Fock space of fields. The symmetry is not really broken
(although it is commonly stated that way), it is hidden.
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8.5 Yang-Mills Fields

You will no doubt see the W fields referred to as Yang-Mills fields. They are the massless fields associated with an

SU(2) theory, whose generators (the Pauli matrices in this case) are non-Abelian (do not commute).

In early 1954, Chen Ning Yang and Robert Mills extended the concept of gauge theory for Abelian groups, e.g.
quantum electrodynamics, to non-Abelian groups to provide an explanation for strong interactions. The quanta of a Yang—
Mills field must be massless in order to maintain gauge invariance of the Lagrangian.

In general, any massless set of fields (in SU(2), the set comprises three fields W) in a non-Abelian SU(n) theory that
leaves the Lagrangian invariant under an SU(n) transformation is comprised of Yang-Mills fields. The associated theory is
called a Yang-Mills theory.

8.6 Non-Abelian Fields and Non-linearity

From (79), (80), we saw that the non-Abelian group SU(2) gives rise to extra terms in the interaction Lagrangian (see
RHS of (79)), with more than two of the same type field (the w* field) as factors in that term. That is, the terms are greater
than bilinear in the fields. Abelian groups, like U(1), do not have such terms.

When we substitute the Lagrangian £ into the Euler-Lagrange equation, we take derivatives of £ with respect to the

field and the derivatives of the field. For only bilinear terms in £, this results in a field equation that is linear in the field.
For trilinear, quadrilinear, etc terms, it results in a field equation that is non-linear in the field. In a non-linear equation, the
dependent variable (field for us) affects itself, i.e., it is self-interacting.

Quantum chromodynamics (QCD) turns out to be an SU(3) theory, with a number of (non-commuting) matrices in a
3D space as generators, parallel to the Pauli matrices in electroweak SU(2). Thus, QCD has a number of different gauge

fields comparable to the w* fields of SU(2) electroweak theory. And thus, QCD has similar extra terms arising in the QCD
L that are not bilinear in the QCD gauge fields. So, QCD is a non-Abelian, and non-linear, field theory.

The bottom line: Non-Abelian field theories are non-linear, or self-interacting, theories. Abelian field theories are linear,
and not self-interacting. Yang-Mills theories are non-linear theories. See Wholeness Chart 7 for a summary overview.

/ u(l) SU(n)
Moo i > o
Abelian 1 field, e.g., 5" in high Non-Abelian .1 field, e.g., 3 7 in
energy e/w theory high energy e/w theory
transformations transformations do not
commute in U(1) space l, commute in SU(#n) space l,
e.g., ¢“in no extra term in £ e.g. Pauli matrices 7; in extra terms in £
e/w U(1) theory e/w SU(2) theory
linear field non-linear field
equation equation
e.g., in B# e.g., in W*

Wholeness Chart 7. Non-Abelian Theories Have Non-Linear Field Equations

8.7 Being Clear on Commutation and Non-Commutation

Take care with the context in which the term “non-commutation” is used. With regard to any bosonic field in QFT, we
have non-commutation between the field (such as ¢), and its conjugate momentum (such as 7), as in,
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[¢r(x,t),7rs(y,t)]ziérsé(x—y), (116)

and this is true regardless of whether the field is of a U(1), SU(2), SU(3) or other special unitary group theory. That is, (116)
is a basic postulate of all of QFT for any boson field (See Klauber?, pg. 30.). For fermions, we have anti-commutation in
place of (116).

However, with regard to the transformations of fields in Fock space, there are some transformation types (like those in

a U(1) theory such as ¢%and &P ) that commute. There are others (like those in an SU(2) theory such as 71 and ) that do
not. U(1) theories have non-commutation of fields and their conjugate momenta, but commutation of their transformations
in U(1) space. SU(n) theories are non-commutative for both.

8.8 Charges: Weak Hypercharge, Weak Isospin, Electric
8.8.1 The Simpler View
Recall from QED, the Lagrangian interaction term (we only had one then ... how simple!) had the form
QED 4 =ewyyfyd, > T =-eyyfyd,, (117)

where the charge on the electron is — e. In other words, we could read the charge on the fermion off as the negative of the
factor in front of the Lagrangian term describing the interaction vertex between two electrons and a photon.

In high energy electroweak theory, we can do a similar thing. Consider an e/w interaction term in (75) XXX change
this ref to equation with L written out when that is incorporated XXX comparable to (117) such as (118) (see (66))

2!//:0—1 2 2

Comparing (118) to (117) we could surmise the weak isospin charge on the electron is — g/2, and on the electron
neutrino + g/2. And we would be correct. In similar fashion, we can deduce the weak isospin charges and weak hypercharges
on all particles, and thus construct Wholeness Chart 8 below.

L
_ ve 10, _ _
—S Y B, :_5[ J{ }(wfe, VoW ==20L e W+ Sty W, (118)

As one more example, consider the right handed fields y* and l//f; They have no terms of form like (118), so their
weak isospin charges are zero. So, where we generalize from the electron e and its neutrino to all 3 families with / = ¢, 1, 7,

for physical weak isospin charge g/} , = +% for t//fl —% for v 0 for w0 for t//‘fj (119)

Note that it is common, as a sort of short hand notation, to call 7" the weak isospin charge, even though the actual charge

one would measure with physical instruments would be gI!” . Note some authors use 73 or another symbol for this, though
Mandl and Shaw' use 1, as we do. The symbol I% is chosen as the “I “ represents isospin; the “W”, weak; and the “3”,
the third Paul matrix 73, which is used to determine the value in front of the respective terms in (118).

Similar to (118), we get other terms in the Lagrangian in terms of g’, like

%VZL y*wiB,, (120)

which, similar to what we did above, we can compare to (117) and deduce a charge associated with left handed electrons

mediated by the By, gauge boson of — g'/2. We call this charge the weak hypercharge, and speak of that charge on the left
hand electron as equal to — '4 , even though the actual physically measurable weak hypercharge is — g’/2. In this context, we
use the label Y to represent weak hypercharge, and for the left hand electron Y=—".

Similarly, Ng is commonly deemed the electric charge, even though the actual physically measurable electric charge
is 0 = e Ng. (Some authors use Q for what we consider Ng to be.)

With foresight, and for our choice of factors in the minimal substitution of (73), it turns out we find a consistent theory,
where local symmetries hold and we get the correct interactions, if

Y=N,-1I . (121)
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Be aware that authors using a different convention for the factors in minimal substitution define Y=2(Ng — 1, ).

Thus, by using (119) and our knowledge of Q = e N for the elementary particles, we can construct the lepton parts
for the high energy part of Wholeness Chart 8. The quark values are beyond the scope of this chapter, but as a little hint, I
note that the up and down quarks form an SU(2) doublet like the electron neutrino and electron do. Similar parallels exist
for the other families. So, the quark weak isospin charges parallel those of the leptons.

As an exercise, from the Higgs part of the high energy Lagrangian (81) and (54) along with the unitary gauge (106),
deduce the weak isospin charge and the weak hypercharge for the Higgs particle. Note that because the Higgs is real, it has
zero electric charge. The solution to this exercise is shown in Appendix A, pg. 44.

Note that the right-handed neutrinos have no charge of any kind and so do not interact at high energy via the weak
isospin or weak hypercharge interactions. Being leptons, they also do not interact via the QCD color force and have zero
color charge. Hence, we do not even know if such particles exist, as there is no way to detect them.

We can find the relations for the weak isospin and weak hypercharge boson mediators by considering interaction terms
in the Lagrangian and assuming charge conservation. For example, consider the terms in the high energy interaction
Lagrangian (75) of form (70) for w}* and also for w;".

L
25 g(—r —1\|0 1 ¥y
ISVl wl=iZ(v, vl W= g(t//ver//e v W, )
2 2 ) ) P
¢ (122)

L
_ a0 =i (wi ) e _
EARN A TR 7 t//i) Y AR =l§(—u//fe%t//i+u//i%wf)
2 2 0 vi| 2 e

If we add these (which they are in the Lagrangian), we get

w, —iW. W, +iW.
_ . 8| =L u ( lu 2!’) — 1 ( Ly 2!’) Lol_y g —1L AT ,uW L (123)
\/E [l//ve \/5 l//vey yl//e \/5 l//e 7/ Ve

i—= + -~
\/E l// l//e 7/ \/5 l//ve

In the spirit of Section 1.3, pg. 2, the field W, destroys a W particle (which we label as ") and creates a I antiparticle
(which we label as ). The complex conjugate field W; does the reverse. It destroys a W~ and creates a W' .

A Feynman diagram for the last term in (123) looks like Figure 6, where an incoming left hand neutrino and an
incoming W are destroyed, with a left handed electron created.

T

Figure 6. Weak Interaction Feynman Diagram for LH Neutrino and LH Electron

The total incoming charges (on the neutrino) must equal the total outgoing charges on the other two particles. The
superscript W refers to the W particle, of course.

Electric charge - 0+Ng,-=-1 —> Ng,-=-1
Weak isospin charge — % + I;W = —% - I3W =-1 (124)
Weak hypercharge - —% +Y" = —% - Y =o.
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In similar fashion, we can find the electric and weak isospin charges for the W', W3, and B particles shown in the
wholeness chart.

For the Higgs as the ¢ field in the unitary gauge, as an exercise, use the lepton-Higgs coupling term of (75)
g Flyfo (125)
to show is weak isospin charge is — Y4, as shown in Wholeness Chart 8. (Answer in Appendix A, pg. 44.)
For low energy particles:

Though the way the leptons interact changes in degree and manner as energy falls, they do not change their identity,
so the charges they carry do not change. However, the gauge bosons we work with at low energy are different particles than
those we considered at high energy. The W, field is a combination of the 1 and W> fields as in (110) and the photon and

Z fields are combinations of the /3 and B fields as in the LH part of (109). The deductions above related to the W, field
and its associated W particle hold at high or low energy. In passing we note that since the #,, and W, fields are each a

linear combination of the ¥, and W; fields, whose associated particles have different charges, the particles of the #,, and

w,, fields are not in charge eigenstates.

The 4* and the Z* fields are linear combinations of B and W, so if the particles associated with the latter have zero
electric and weak isospin charges, then so will those of the former.

Weak Weak
Left- Electric | Weak Hyper- Right- Electric | Weak Hyper-
Fermion chiral Charge Isos;)ln charge chiral Charge Isos;)ln charge
Family Fermions No I3 Y Fermions No I; Y
VeL’VyL’VrL 0 + 1/2 - 1/2 VeR’V,uR’VrR 0 0 0
Leptons
e M. T, -1 -1/2 -1/2 e My, Tk -1 0 -1
u, cr, tr +2/3 +1/2 +1/6 u, ¢t +2/3 0 +2/3
Quarks
di, si, br —1/3 —1/2 +1/3 d, s, b —1/3 0 —1/3
. Weak Weak
Original Electric | Weak Hyper- Contemporary Electric | Weak Hyper-
L Gauge Charge ISOSVFin charge L Gauge Charge Isos;)in charge
Fields Boson No I3 Y Fields Boson No I; Y
114 Not in electric or 0 w +1 +1 0
weak isospin
Weak W charge eigenstates 0 Weak /8 -1 -1 0
W3 0 0 0 VA 0 0 0
Hypercharge B 0 0 0 E/m 1% 0 0 0
Higgs & 0 -1/2 +1/2 Higgs o 0 -1/2 +1/2

Wholeness Chart 8. Various Charges for Elementary Particles (Y =Ng— 1)

We can now see the reason for the letter designations of the weak fields. ¥ is obviously for “weak”. W is the positively

charged (both electric and weak isospin) weak force carrier; W, its negatively charged antiparticle. Z stands for “zero”
charge.
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8.8.2 The More Sophisticated, but More Complicated, View

Actually, there is a more elegant (but perhaps less easy to grok) method for determining charge on all particles similar
to what we did in QED". That is, we find the conserved, weak 4 current operators (often just called “4-currents™) for the
relevant fields. Then we integrate the 1= 0 component over all space to get the charge operator. We then operate on a given
ket (representing a given particle) with the charge operator and get the eigenvalue, which is the charge of that particle. This
is a relatively involved process that we will not do here, though someday I would like to include it. Hopefully, the simple
analogy presented here between (118) and (117) will suffice to give us some confidence in how we could obtain Wholeness
Chart 8. The more sophisticated method with conserved 4 currents also proves conservation of charge for weak interactions.

8.8.3 Plotting Charges

From Figure 7 one can note that in QED only the antiparticles had opposite electric charge from particles, but for the
weak interaction, we have particles (neutrinos, specifically) that have opposite weak charge of other particles (electrons).

— . . =L R=R L
V et —e— antiparticles —» V. eV, ¢"
- : _L _R_R VL
e V, <-— particles —® e e, e
| | | | | |
| | | |1 | |1
_ + _1
electric charge weak isospin charge

Figure 7. Electric and Weak Isospin Charges

8.9 Reason for Nomenclature “Weak Isospin”

Note that we can write the left chiral electron doublet as

(V/fg]: (V/fg}{ oL] ’ e
vi ) Lo ) vt

where the first term after the equal sign in (126) represents the electron neutrino field and the second term the electron field.

Note further that the operation of the third Pauli matrix, divided by two, on a doublet having only one component gives
us the weak isospin charge 1) for that component.

L L
l 1 0 !//Ve _ l !//Ve l 1 0 0 _ _l 0 (127)
210 -1 2 210 —1llyt |- 22|yt
0 == 0 Y, ——\V,
n n

The third Pauli matrix acting on a one component doublet gives us the eigenvalue 17 .

Recall from non-relativistic quantum mechanics (NRQM) that our spin operator was ¥ times the 3™ Pauli matrix. That

1t o)1 1 bt oo 1 (0 NRQM (128)
2l0 -1]lo) Z.1o 2o -1j{1) 2.1 ‘
spin Spin

The weak charge associated with the lepton field doublet components in weak interaction theory behaves like the spin
associated with spinor components of the wave function in NRQM. So, the word “isospin”, where the prefix “iso” means
equal, is used to describe a system that behaves mathematically much like spin in NRQM. The adjective “weak” is added
to “isospin” in the present case to pin down the particular system that parallels NRQM spin. Another example of isospin is

is

* See Klauber?, pgs. 112-113, 173-176.
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nucleon isospin (often called isotopic spin), which is used in a particular theory with a doublet comprising components of a
proton and a neutron.

So, the 3™ Pauli matix multiplied by ' is the weak isospin operator. The top component of a doublets will have
eigenvalues %; the bottom component, — %2 . Given that and (54) in the unitary gauge, deduce the eigenvalue for the Higgs
particle ¢s. (Answer is in Appendix A, pg. 44.)

In mathematical terminology, any spin or isospin system is a manifestation in nature of SU(2) group theory.
8.10 Phenomenology and Terminology: “The Vacuum Eats Charge”

Although weak charge is conserved in interactions like those of Figure 6, which is one Feynman diagram associated
with (123), an interesting effect arises due to the mass term for chiral fields, in which weak charge is not actually conserved.

The low energy Lagrangian (112) has the term, due to symmetry breaking of the Higgs field, (see (145) for the relation
after the equal sign)

myy, =my -yt +mytyt (nosumone). (129)
Consider the second term after the equal sign. It can be represented by a Feynman diagram like Figure 8, where a left

hand electron is destroyed and a right hand electron is created. Since a left hand electron has weak isospin charge of — 2
and a right hand electron has zero, a half unit of negative charge has been lost.

_L R
e e
- X—————
time
—>

Figure 8. Weak Isospin Charge is “Eaten” (Not Conserved)

This is sometimes referred to as the vacuum eating (weak) charge. It is due to the mass term and only occurs there.
Note that from the 1% term after the equal sign in (129), we get the opposite effect. An additional — % unit of weak isospin
charge is added. The net effect of many such interactions sums to zero overall charge created or destroyed.

In reality, if we were to consider things from the point of view of the false vacuum, instead of the X in Figure 8 (which
represents the mass that came from the constant v in ¢ when symmetry broke), we would have the Higgs particle from the
field ¢3 being created. And that carries off the — 4 unit of weak isospin charge. In other words, it is only an illusion from
the point of view of the true vacuum that charge is not conserved. From the point of view of the false vacuum, it is conserved.

There are, of course, similar terms to (129), and similar behavior, for muons and taus.
8.11 Symmetry and “Rotations” in SU(2) Space

Our symmetry transformation set of Section 5.4 included SU(2) transformations on doublets like those in the first two
rows of (83) [finite transformation] and the first two rows of (91) [infinitesimal form of the same transformation]. Looking
more closely at the finite case (because we can make our point more easily with that), we can express it in more detail as

=¥/ =SU(2)¥/ = W gl (1 +%a)i (x)7, +)‘PZL = (1+%a)lz'1 +%a)2r2 +%a)3z'3 +)‘PZL

1 o] . fo1] , Jo—] . [1 o0 v,
- +L +Lw +Ltw + ... € 130
Ho 1} 2‘0‘{1 0} 2 ZL o} 2 {o —1} ][V/LJ (130)
[4 B,
e pllyt)
where 4, B, C, and D are complex numbers equal to the sum of the contributions of their respective matrix position values

from all of the matrices in the second row of (130). So, the column matrix in the last row is transformed by the 2X2 matrix
in front of it to the primed quantities column matrix at the very beginning of (130). The degree of transformation depends
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on the three w;(x). The Pauli matrices 7; plus the identity matrix form a basis for the 2X2 transformation matrix. Note that
we have earlier referred to the Pauli matrices as generators of SU(2) group theory. So, the generators plus the identity matrix
comprise a basis for the transformations in the space.

This transformation parallels that of a rotation in 2D Euclidean space,
[x'}_{cos@ sin@}[x]
3/ —sin@ cos@ |\ y ’
1 0ffx 0 Offx ) 0 I|fx ) 0 0f|fx
=cos@ +cos @ + sin@ —siné ,
0 Of\y 0 1T|\y 0 O|\y I Oj\y

where the degree of transformation (rotation) depends on 6. In the second row, we show the four basis matrices for the
transformation.

(131)

So, we can think heuristically of the SU(2) transformations as a sort of rotation in the SU(2) space of the elementary
particle fields. The 2D position vector in Euclidean space corresponds to the fermion doublet in SU(2) space.

A scalar in 2D Euclidean space is not changed under a rotation. Similarly, a singlet such as either of the right hand
fields in the 3™ and 4™ rows of (83) does not change under an SU(2) transformation. That is,
v =yl v =yl singlets under SU(2) tranformation . (132)
Note that just as the 2D Euclidean rotations rotate a given vector, but do not change its length (maintains its inner
product), so too do 2D SU(2) space “rotations” maintain the “length” (inner product) of SU(2) doublets. In Euclidean space

we call such transformations orthogonal; in SU(2) space, we call them unitary transformations. (See Klauber?, pg. 27.) See
Wholeness Chart 9.

One might wonder why the Pauli matrices are chosen as bases matrices for the SU(2) “rotations” rather than some
simpler form like the matrices shown in the last row of (131). The shortest answer is that one could indeed have done that,
but the theory comes out in simplest form (simplest representation of the gauge bosons, etc) using the Pauli matrices.

2D Cartesian Space SU(2) Space
(Real) (Complex)
Orthogonal Unitary
Magnitude (rotation matrix) (any Pauli matrix)
conserving cos® sin@ 0 —i
transformation A= T, = .
—sin@ cos6 i 0
Inverse ATA=1 5> A 1=AT e, =1 > ;' =1}
L L
' _ _\| ¥ ;-\ .+ | ¥
N s [x ( L L') Ve |_ (=L L\ _ Ve
Inner product (x y)[ 'J—(x y)A A[y] Yve Ve o (‘//ve V. )Z'zfz "
invariant under Y ¢ ¢
transformation [ x X N 1//VLQ . y/fe
=(x »)4 A[ ]=(x y)[ ] (7, vl = (L wt)
d 4 Ve Ve
Effect . .
traflzfo(i't;llation rotates 2D vector in real space “rotates” doublet in SU(2) space

Wholeness Chart 9. Unitary vs Orthogonal Transformations

Note from matrix theory, when the LHS of (133) is true for the column matrix vector V, the square matrix M, and the
transformed vector V', then the absolute values of those quantities are related by the RHS, where Def means determinant.
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Vi=My - |V'|=|DetM||V]| (133)

Thus, the magnitude (or the inner product of the column matrix with itself) is unchanged by any matrix transformation

whose determinant has an absolute value of 1. This is true for the matrices 4 and z; of Wholeness Chart 9. In other words,
they rotate the vector in the given space without changing its length.

8.12 SU(2) and U(1) Symmetries Hold Independently

Note that because each of the f(x), @ (x) in transformations (99) to (102) can be varied independently, each of the
SU(2) and U(1) transformation sets acting alone leaves the Lagrangian invariant. For example, consider f = 0. The

Lagrangian is still symmetric under the SU(2) transformation provided by non-zero values for the ;. That is, it is invariant
under just the SU(2) transformation part of (99) to (102), ignoring the U(1) part. The same logic works in reverse. L is

symmetric for those transformations of the fields where /' # 0 and @; = 0. So, L is invariant under just the U(1) transformation
without the SU(2) transformation.

8.13 Insight into the Term “Gauge Symmetry”

Note what we get when we transform (“rotate”) a doublet such as that of (130).
L' L L L L
v, : v, 4 Bllv, Ay, +By,
e | _ ez(u,(x)r,/Z e | _ |: :| e | _ , e (134)
. wve ) L€ Pllyl ) (Cwy, +Dy.

Our new (primed) fields t//fe' and "' are linear combinations or our original (unprimed) fields z//fe and w" . If we did this

throughout our Lagrangian, as part of a set of transformations on the fields in the Lagrangian, we would get a theory in
terms of these new fields, not the original ones. And this theory would work because it would still give us correct measurable
quantities in experiments (like cross sections, etc). The theory with the new fields would be a whole lot more complicated,
but ultimately would make the same predictions.

Recall the fields themselves are not measurable. They are behind the scenes, as it were. So, the things we can measure
remain unchanged, but things we cannot (like the fields themselves) change. This is a characteristic of a gauge theory. The
gauge (i.e., field) changes, but the experiments do not. This is what is meant when people talk of QFT as being a gauge
symmetric theory.

As an aside, note that the primed fields do not create and destroy particles in eigenstates of electric charge since each
is a linear combination of fields with zero (neutrino) and -1 (electron) charges on their respective particles. You can begin
to imagine how complicated using the primed fields would make our theory. So, we choose to build our theory on fields
that create and destroy particles in charge eigenstates. If you think QFT is hard as it is, imagine what it would be like learning
it if we used the primed fields in (134) instead of the unprimed ones.

8.14 Gauge Boson Fields Don’t Actually Change with Energy Level

We commonly talk of the B“ and W/ as the high energy (or false vacuum) fields, and the 4*, W*, and Z* fields as the

low energy (or true vacuum) fields. However, this is not really true, as via (109), each set of fields is really a set of linear
combinations of the fields in the other set, and this is true at any energy level. Our theory is a gauge theory, and the fields
are gauge fields, which are unmeasurable directly and can be different, yet predict the same measured results. So, we could
actually work with either set at high energy, or either set at low energy.

However, analysis is much simpler if we use the B* and W/* set at high energy (to deduce the form of £, and show its

invariance, for examples), and the 4, W#, and Z* set at low energy (as they reflect the properties of particles we envision
intuitively as interacting at low energies.) As we’ve noted before, don’t confuse the form of the theory with the
phenomenology it predicts. Different forms of the former can yield the same for the latter.

8.15 Right Chiral Particles Can Have Weak Interactions at Low Energy

As we have seen, the photon and Z particles seen at contemporary energy levels are really linear combinations of the
B and W3 particles at high energy. That is, from the inverse of (109),
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{Aﬂ}:{ cothW Sin&W} B, ‘ (135)
Z,| |=sin6y cosGy | W,

We know the W3 serves as a gauge boson mediating part of the weak force between left chiral fermions (but not right
chiral ones). But since, from (135),

Z,==sinGyB, +cosOyW;, , (136)

then the Z field is partly composed of the W3 field, and some of the W3 interaction properties must be carried by the Z. And
they are. In fact, in the low energy interaction Lagrangian, we have a term

—etan@, Xy Z ﬂt//eR (term in low energy Lagrangian) , (137)

that couples the weak force carrying Z to the right chiral electron. In a Feynman diagram, this looks like Figure 9.

time

Figure 9. Right Chiral Electron Feels the Weak Z Force

Bottom line: Even though one hears everywhere that the weak force only couples to left chiral fermions, and not to right

chiral ones, that is only true at high energy for the weak force mediated by the W; gauge bosons. It is not true at low energy
for the weak force mediated by the Z boson.

This was the reason why we earlier cautioned that certain statements made were only true for the high energy fields.
8.16 Any Candidate Higgs-like Particle Can Only Be a Real Scalar

As noted in Appendix B, Section 10.2.3, pgs. 50-54, in the extensive derivation showing the invariance of the
Lagrangian kinetic term for the Higgs boson, the Lagrangian is only symmetric if the Higgs field is real. Renormalization
depends on this symmetry. Further, our guiding principle from QED, that only a Lagrangian symmetric under local
transformations possesses terms reflecting interactions found in the real world, extrapolates to the rest of QFT, as well. So,
we need this symmetry, and thus we need a real Higgs field. (Recall from QED, a real field creates and destroys particles
of zero electric charge, so this means the Higgs particle has zero electric charge.)

Additionally, for reasons we won’t get into deeply here, because they are fairly complicated, only a scalar field of type
(104) in a potential of form (103) leads to a realistic, renormalizable symmetry breaking theory. Scalar field terms to other
powers, as well as spinor and vector fields, and will not work.

Other possible terms in V can be shown, via more involved arguments, to give rise to an invalid theory. For more on
this see http://edu.itp.phys.ethz.ch/hs12/qft1/Chapter07.pdf .

8.17 Right Chiral Neutrinos May Not Exist

Note from Wholeness Chart 8, pg. 35, that chiral RH neutrinos (not helicity RH neutrinos) have no electric, weak, or
hyper charge. Since they are leptons, we know they do not interact via the strong force, so have zero strong force charge.
Hence, they simply do not interact with other particles via any of the three standard model forces. Neutrino masses are so
small, and gravitational coupling is so weak, that it is virtually impossible to detect whether they interact gravitationally.
Since we have no way to detect them, we really don’t know if they even exist. We show them throughout our development
of the theory, in order to be complete, but it is certainly possible there are no such animals.
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8.18 Flavor and Generation at a Vertex

8.18.1 No Generation Changing at a Vertex

Interaction terms such as (123) for electrons and electron neutrinos arise for each of the three generations (families) of
leptons. Generalizing the last term in (123), as an example, we get

8 glom Ly ;8 ZLow Ly’ 8 ZLow Loyt o 8 sl Loyt
l\/El//l e V/VIW/I _l\/El//e}/ l//veW,u +l\/§l///17 V/VﬂW/j +l\/§l//r}/ V/V,[W/l . (138)

The first term after the equal sign in (138), the term for the electron generation, has one of its associated Feynman
diagram shown in Figure 7, pg. 36. For the second term, each e symbol in that figure would be a 4 That is, an incoming
muon neutrino would absorb a '™, and turn into an outgoing muon. Similar behavior occurs for the tau, via the third term
in (138).

The important thing to note is than no mixing of generations occurs. We never get an incoming electron absorbing a
W~ and then turning into an outgoing muon. One might think it possible, since the charges would still balance (total charge
would still be conserved). But the theory tells us that it does not occur.

time

Ve

7

Figure 10. No Generation (Family) Changing at a Vertex

As an exercise, generalize (137) and Figure 9, pg. 40, for the Z boson interaction with electrons to all three lepton
families. Then justify to yourself, at least for right hand electrons, muons, and taus, that no generation mixing can occur at
a vertex having a (neutral) Z boson.

With more than one vertex, we can, however, have mixing of generations, as evidenced by the very first figure in
Klauber? (pg. 2 therein). An incoming electron and positron annihilate at a vertex with a gauge boson (photon in the cited
figure, but it could be a Z), and that boson subsequently creates an outgoing muon and anti-muon at a second vertex.

8.18.2 Flavor Changing at a Vertex Only with Charged IVBs

From Figure 7, pg. 36, we see that we can have flavor changing at a vertex within the same family. That is, an electron
neutrino changes into an electron by absorbing a W . The flavor changes, but not the generation/family.

Z boson interactions cannot even change flavor within a generation. For example, see the Z interaction term (137) and
an associated Feynman diagram of Figure 9, pg. 40. The Z is neutral for all types of charges, so it cannot change, for
example, an electron into a neutrino at a vertex. In £, we only have terms coupling the Z* field with a single type of lepton,
similar to the term (137), so, as we said, Z boson interactions do not change flavor. We need a charged intermediate vector
boson, like W " or W~ to do that, and then it is only within the same family.

8.18.3 Summary of Flavor and Generation Changes at a Vertex

We just covered first two lines of the summary below. As an exercise, use the photon interaction terms in £ to justify
the last.

Vertices with a Z — No flavor changing of any kind
Vertices with a W — Flavor changing inside a generation, but not from one generation to another.
Vertices with a y — No flavor changing of any kind
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8.18.4 Four-Currents and Flavor Changing

Recall from QED (see Klauberz, pg. 112), that the electron four-current (to be strictly precise, the four-current
operator) had form j* =y, 7"y, and the interaction term in the Lagrangian could be expressed in terms of it, as in

_el/7e}/'ul//e 7] :—eijﬂ‘ (139)
In similar fashion, we can consider terms with the Z* field to have
For j** =yfy*y® > —etan&wlff;/”l//fZﬂ =—etan9Wje”RZﬂ. (140)

You will often see the Lagrangian terms written with four-currents as factors, as in the RHS of (139) and (140). In those
cases, because no changes in charge are involved, the four currents are called neutral currents. They couple with neutral
gauge bosons and have a neutral effect on charges.

In a similar spirit, terms like the first after the equal sign of (138) can be written as

-8 L p Lyt _ . 8 ul ul  —L_ u L
l\/El//e}/ l//veW,u _l\/EjevVeWﬂ where .]e‘Ve =,V l//ve ’ (141)
and ]e”VLe considered a four current, as well. However, from the form of that four current, plus Figure 6 of pg. 34, we can

see that it does not keep charges the same. It changes a neutrino (electron type) with zero electric charge and + 42 weak
charge into an electron with — 1 electric charge and — > weak charge. (It can only do this with the help of an incoming W~

or an outgoing W, of course.) So ]e”VLe is not designated a neutral current, but a charged current.

This nomenclature is often used to restate our conclusions from Section 8.18.3 above as follows.

There are no flavor changing neutral currents.
There are no generation changing currents, charged or neutral.

8.18.5 Note on Derivation of Weak Four-Currents

Four-currents for weak interactions can be derived from the symmetry of £, and Noether’s theorem. (See Klauber?,

Chapters 6 and 11, where it was done for QED.) We will not delve further into this at this time. Hopefully, at some point in
the future I can present the derivations for weak currents and discuss relevant conservation laws.

8.19 Running Coupling Constant

The interaction terms in £ of the Glashow/Salam/Weinberg model (112) give rise to radiative type corrections to the

effective Higgs field coupling, via adding up relevant Feynman diagram sub-amplitudes, which vary as the energy level
changes. This is similar to QED (see Klauber?, pgs 304-317) where the QED coupling constant varies with energy level,
due to the contributions of Feynman diagrams beyond tree level. Thus, we find our SU(2) and U(1) coupling constants g
and g’ become functions of energy level (represented by p)

g=2¢(p) g'=2'(p). (142)
We will not delve more deeply into this issue here. It is quite complex.
8.20 Renormalization

Renormalization of electroweak theory was long an intractable problem, but was brilliantly solved in the 1970s by
Gerardus ‘t Hooft and Martinus Veltman, and in 1999, they received a Nobel Prize for their work. We do not consider what
they did in depth, but simply note, very briefly, the approach they took.

‘t Hooft and Veltman realized that renormalization is easier to prove by choosing a different gauge, other than the
unitary gauge, in which 71, 772, and 773 # 0. This results in unphysical (ghost) fields we don’t observe. Ghost fields are linear
combinations of the 12 degrees of freedom of the other fields of the unitary gauge [1 massive Higgs o (1 DOF), 3 massive
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W and Z (9 DOF), and 1 massless photon (2 DOF)]. Conceptually, and practically for calculating cross sections, that
approach is more complicated. However, it provides advantages that facilitate proof of the renormalizabilty of the theory.

For more on this subject, see, for examples, Peskin & Schroeder’ and Itzykson and Zuber®.
8.21 Gauge Hierarchy

Radiative corrections also affect the Higgs couplings and thus, particle masses. It turns out that when they are
calculated, one gets a Higgs mass that is enormously larger (on the order of the grand unified scale of 10'® GeV or higher)
than what it must be via experiment (~125 GeV as determined at CERN in 2012).

The two leading candidate theories to solve this problem are 1) supersymmetry and 2) extra dimensions. SUSY,
however, is not finding much experimental support these days at CERN. Without a natural solution like these, one ends up
with a need for some very unnatural, very fine-tuned cancellation of sub-amplitudes (plus and minus amplitude values on
the order 10'® GeV cancelling to leave a term on order 10 GeV.)

The immense difference in hierarchical levels of energy in a gauge theory of particles leads to the designation “gauge
hierarchy problem” for this issue.

At some point in the future, I may expand on this section and show Feynman diagrams and amplitudes responsible for
the expected huge mass of the Higgs.

8.22 Mass of the Higgs

Hopefully, I will elaborate on the following some day. The first two paragraphs are lifted, word-for-word from
https://www.theorie.physik.uni-muenchen.de/lsfrey/teaching/archiv/sose_09/rng/higgs mechanism.pdf (2009). Note that
greater Higgs coupling for a particle means greater mass at low energy. So, the heaviest elementary particles (top quark is
heaviest) contribute the most to the radiative correction that modify the effective Higgs mass

“If we were to compute radiative corrections (e.g. to the Weinberg angle), we would discover that heavy quarks give
rise to large corrections. This result is a direct consequence of a gauge theory with SSB. In a renormalizable gauge theory
without SBB, heavy quarks would decouple at energy scales much smaller than their masses. However, in the GSW
(Glashow/Salam/Weinberg) model, the longitudinal components of the W and Z bosons are generated by the Higgs
mechanism, and their coupling increases with the masses. Thus, heavy quarks do not decouple in the SM.

The top quark, due to its large mass, plays an essential role both in and beyond the SM. Precision measurements of m;
set contraints on the masses of particles to which the top quark makes radiative corrections, including the unobserved Higgs
boson and new particles that might contribute additional radiative corrections. The precision electroweak measurements

indicate that my, < 163 GeV (one-sided 95% confidence level), and according to the LEP Higgs Working Group my, must be
heavier than 114.4 GeV (95% confidence level).”

Of course, we know now, from the CERN discovery, that the Higgs mass is about 125 GeV.
8.23 Why is the Higgs Particle Called the “God Particle”?

You may have heard the Higgs particle referred to as the “God particle”. It is called this, at least in part, for the following
reason.

Prior to symmetry breaking, no particles had mass. So, all traveled at the speed of light. But particles traveling at the
speed of light are not going to coalesce into nuclei and atoms, as they are simply moving too fast. So, nothing we know of
as our world could ever form. Once the particles gain mass, via the coupling to the Higgs field, they no longer travel at the
speed of light, so they effectively slow down enough to join together to form the building blocks of our universe. Without
the Higgs, we would have no universe as we know it. It is the foundation of all, the source of all. Hence, the allusion to God,
the source of everything according to the world’s major religions.

Additionally, when a (massless) particle travels at the speed of light, time does not progress on that particle. In effect,
time is frozen and nothing happens. From this perspective, the Higgs gives rise to time itself. Without any mass, no particles
would experience the passage of time. The “God particle”, by bestowing mass, bestows time on the participants in the
evolution of the universe, something for which many would credit God.
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9 Appendix A. Answers to Some Exercises

Derivation of (62)
Using (60) and (61), we have

vi=2(-)vi vt =30 FT=r == A=
vt =y’ 2w L1=)7 = 21-27)0" = S (1) =7, S (14 77) (143)
7t =yl = S 7) =0 (1) =0 S (1) = 3 (1-7)
Derivation of (92)
Starting with (84)

Wi”'zﬂ _ (W” n 5Wi”)ri _ eiwi(x)ri/z (W_/”z'j )e—iwk(x)rk/z

1+z—z' T e (A S =W/, +l—z'W” za)—r Wit (84)
J J ) k 2 2 k

u
“r.+L W (a),z',z'/ a)kr_/rk).

Then, using the first relation in the second row of (69),

=10, +iey, part of (69)
u_ _ Lyyu
VI/I z-l _VI/i z-l +7W1 ( (5 +lgl/kz-k) a)k(é‘/k +lg/kmz-m))
— i u u
=Wir, + LW} (a) +i0,6,T, — @; — 1O 4, T m) Whr +L W (za)lgl/krk za)lgﬂmrm)
_H 1 u 1
- VI/I 7 _7W (a)gl/krk + a)lgl/mz-m) VI/I 7 _7W/ ( l/kz-k + a)gl/krk) (144)

_H Ho _T7H _ _
=Wtr, - W2a)gl/krk Whe, -Wloeut, =W, —-Wfweyt,

=(W — e Wl )t — W =gy,
Derivation of (115)

From (60), (61), and (62) (with no sum on /),

—L R

Vi :%‘/71 (1“‘75)%(1"‘7 )‘//1 %‘/7 ‘/’1"‘% a7 +%‘//1 VYV
i

‘/71R‘//1L :%‘/71 (1_75)%(1_7 )‘//1:%‘/7 ‘//1_% YaZ +%_1 7575‘//1 (145)
1

I (no sumon1).

Derivation of Higgs Isospin of Wholeness Chart 8, pg. 35.

To deduce the Higgs isospin charge, start with the first lepton-Higgs coupling term of (75) for electrons/positrons,
\PL _ (—L —L) R 1 0 __ 1, =L R¢3 (146)
V/e ge V/Ve V/e V/e \/E ¢3 \/E geV/e V/e .
In the spirit of the Feynman diagram of Figure 6, pg. 34, (146) represents an incoming right hand electron and an incoming

Higgs both destroyed at a vertex with a left hand electron created. The weak isospin charges incoming are zero for the RH
electron and the charge on the Higgs. The outgoing charge is — Y4, so the Higgs charge must be — '4.

Derivation of Higgs Isospin a Different Way

From (54) in the unitary gauge, use the weak isospin operator 73/2 to find the weak isospin charge on the Higgs field

.
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Showing the first and last terms of the last row in (168) cancel

Substituting the values for the variations found in (99) into the first and last terms of the last row of (167), we find

gBik (6 )+ g B (5wf Yui = g B (78 (~irwl ) +(ir7F Jwik )= ¢ B (~irwfw il +ifgfyR) =0, (149)
i.e., they cancel.

Derivation of the result of (188) starting with a 3D vector identity

From
as((bxa)=0 — a(&ub;4,)=eub,a,4 (150)
note the first term in the second line of (188)
%5,-]-,(ij,va,-” G,ﬂvgyka)jG,f‘V for a>G b-ow (151)
%G-(wxG)zO

Showing the part of (212) we ignored is also zero
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In the first row of (154) the first and third terms cancel. So, do the second and last terms. The same thing is true for the
second row. So,

5(@@;//5&”&)*;/75\115]):oa‘(@fly/jjdﬂq)%qﬂ) 0. (155)
Showing (203)
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10 Appendix B. Showing the Symmetry of the High Energy Lagrangian

10.1 Expanded Form of High Energy Lagrangian

To show the invariance of the high energy Lagrangian under the transformations of Section 5.4, we need to first show
the expanded version of the Lagrangian of (75). We do this by substituting (76) through (82) into (75).

10.1.1 For £ (from (75), (77), and (78)
VLDV =iV (P Lgr ) LB )W =i - S v SR

iy Byl =ig (F-igB)w| =iv Byl + vl Byl Vo

il Byl =ipl fv! (157)
Lh =1 Y iy By i, By, Sl S VLBV + g Byl
10.1.2 For £8 (from (75))
= _%BHVBW _%G[WGW (158)
B* ="B* —9“B" GHY =" WH — 0" W, — ge, W/ W}
10.1.3 For £ (from (75) and (81)
£ =(p*o) (D,0)- Lo'® - (@t0) 1
D,® = (aﬂ +lenm, +i%Bﬂ)® (1>
10.1.4 For £ (from (75))
oM =g (Plyf 0o+ OG0T ) - g, (Bl d+ DT ) (160)
Using the above (157) to (160),
L=Lr+ 08+ 0w ot (161)

10.2 Showing the Symmetry of Each Term in the High Energy Lagrangian

It is easiest showing invariance under an infinitesimal form of a transformation set rather than the finite form, so we
will use (99) to (102) in (157) to (161) above. Note that under any such transformation of the underlying fields, we have

L'=L+60, (162)

where OL is the variation in in the Lagrangian due to the variation in the underlying fields. If 6L = 0, then £ ' = £, and the

transformation is symmetric (leaves £ invariant). So, all we need to do is show O£ = 0 using (161). We will separately
examine each of the terms in (161) to demonstrate that this does, indeed, happen.

Note the general procedure for a term with two hypothetical fields 4 and B as factors, where a prime denotes the
transformed term, and two infinitesimal quantities multiplied together are effectively zero.

Transformation of AB = (4B) =(A+5A4)(B+6B)=AB+ A(5B)+(54) B +(54)(5B)

0 (163)
~ AB+A(6B)+(54)B~ AB+5(4B) .
So, for infinitesimal variations in the fields,
é'(AB) :A(§B)+(§A)B (: 0 for symmetric transformation). (164)

For three fields, we have
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é'(ABC) =(54)BC +A(§B)C + AB(é'C) (: 0 for symmetric transformation) s (165)

which can be readily extrapolated to any number of fields. At any time, we (or other authors) may use either the full
transformation of form like (163) or just the variation part as in (164) and (165). In both approaches, we will ultimately
want to show 0(ABC...) = 0, and you should get comfortable seeing it done either way.

10.2.1 For £*
From the last row of (157),
Lt= ot st
=i(®f+ 0%} ) 2 (Wh+ 0¥ )+ilif + o)) 2wt + 0wl )+ i) + o0k ) B (v + 0w
LoVl +0¥] ), (W) + W )(W) + 0%} )+ S (P] +6F] ) (B + 5 B) (] +o¥])
v gl + o ) (B + B ) vl +opl),

(166)

where for part of our chosen transformation set, Sy = 67 = 0. Because the variation Jis infinitesimal, we can ignore all
orders in & higher than the first. Thus,

5L =iW (o) +i(0%)) AvE +ighd (sul) +i(swk) Byt
—%‘?IL:[W?(&P,L) g\},l (5}4/)‘}'1 __(é\?lL)fjW/‘PlL
v &G B (0¥ )+ S B (5B) W+ 5 (%)) B!
+ gt B(owl)+gwl (6B)wik +g'(owf) Byl .

Let’s start with one of the easier parts of (167), the first and last terms of the next to last row of (167). It turns out, they
cancel. That is, using (99),

LB (ovt)+ 5 (%)) Bt =S VB (Log vt + 5ot )+ S (-LoPle -5 ot Bt

‘{’L(z o7 -5 1) BV +—‘{’L( Loz +Lr) B =0

(167)

(168)

Showing the first and last terms of the last row in (168) cancel is even easier, so we leave it to you as an exercise. The
answer can be found in Appendix A, pg. 44.

The first and last terms of the second row in (167) become, where we use (69) in the last line of (169),
—%‘T’ff-W- (0%} ) -5 (o%f )r p e
-5V W (Lor¥l —L v ) -5 (-Lo ¥+ L] ) ]

l—a)‘PLr ST gf‘P AR +iza)l.‘P,Lrl.er’j‘PlL —i%‘f’fer’j‘PlL (169)
-
cancels cancels
= —i%wﬁ’f ()7, —w0, ) W ¥r = —%‘PIL (euti ) YT
The middle term of the second row in (167), using (100), is

_%@’LT./@W/‘)TIL :_g@fr‘(_law‘ oM, )‘PL 1‘f’L (5“’./‘)‘PIL +%‘¥'1L5kz/f/wk% ¥y (170)
= 1%t (fo) ) ¥+ 5 ¥l epm 0l ¥

the last term of which cancels with the final result in (169), leaving us with the first term in the second row of (170) equal
to the entire second row of (167)

Assimilating all of the results from (168) to (170) into (167), we have



48

524 =T (V) {1 ) 2] + 2 oy + Aot ) P
B (171)
+1Wl (fo))¥E + SR (SE)YE + g (6B ).
Let’s look at terms |1 | and [2] .
1WA (ov])+i(o¥]) W] =¥ B Lor )+ 9L Ai(-L) 1t -9 Lo pv) - i9li(-L) 1Y)
:—%\Tff (Po,) ¥} —%‘f’fwiriﬁklff +%‘T’,L (o)} +%‘T’ffﬁ‘l’f + %‘I’,La)iriﬁ‘{’f —%‘T’ffﬁ‘l’f (172)
cancels with 5t term cancels with last term  cancels with 2nd term cancels with 4th term
—%‘T’f (Po,) ¥} +%‘T’,L (7)¥r .
Now the |5| and @ terms.
(6]
L0l (20,) ¥t + &P (5B)VE=1%lr,(do,) ¥l +4 ‘Tff(—éﬁf)‘{’f . (173)
(173) cancels (172), and leaves us with
st =+igl oyl ) +ilow!) dvi + vl (6B, (174)
which becomes
oot =ighd iyl ) viliw!) vl + 'l (~g 4 v
= AW TR -wravE TE( =0. (a7

———— >
cancels with last term =0 cancels with 1st term

Result of this section: We have just shown that the £ part of £ is symmetric under the transformation of Section 5.4.3.
J p Y

10.2.2 For £?

Re-stating (158) for convenience,

[9]
1 v 1 v
£8P =~ B"B,, ~4G"G,, (158)
B*" =8"B" —0"B" G =" W) — "W} — ge, WY W

For the @ term in (158), we find from (101) that B only transforms under the U(1) part of the transformation, so the
transformation parallels the symmetric transformation of the QED Lagrangian term for the free part of the photon field 4%,

as shown in Klauber? (11-36), pg. 294. So, from that, we recognize the @ term contributes zero to S£® and only need to
examine term |10 .

5L "% = term [10] variation = —%((5@”")@” +GH (5quv )) (sum on all indices)  (176)
We need to find 6G*" to evaluate (176). We know G/" from (158) and from that

5G!" =0 (ow) -0 (W, ) - gey (W) )WL - gey v} (W) (177)

With (101), (177) becomes
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5G* =¢" (_éaﬂ“)i - gi/k“)_/Wkﬂ) - (_éava)i - g?/"w-/ka)

- ggt_‘/‘k (_éava)j /mna)mWn )Wkﬂ - ggj/‘kW/y (_éaﬂa)k - gkmna)mWnﬂ)
(178)
= —é&"&” ;= &30 (a) W”)+ 040" @, + £5,0" (a)_/Wk")
| — %f_/
cancels cancels
+ gg‘/k (ava)_/ )Wkﬂ + gg{/kg/mn mW Wk + gt/k (a 2 ) W + ggt/kgkmna) 1WnﬂW}/
=—&; (ava)_,)W,;‘ — &3 O; (GVW”) + & (G”a)_/)Wk" +&,0; (G”Wk")
- | S ——
cancels cancels
with with
+ g ijk (a [() )Wﬂ + ggj/‘kg/mn mW Wk +gj/‘k (aﬂa)k )W/V + ggj/‘kgkmna)mWnﬂW/y (179)
-
—ey{ 040y WY
= _gj/‘ka)_/ (akaﬂ - aﬂWkV) +g¢ /kg/mn mW Wk +ggj/‘kgkmna)mWnﬂW/y .
105)
So, slightly re-arranged,
6G/" =—¢y0, (akaﬂ - 8“ka) +8&y ( & jun O,y )Wkﬂ +geulV; (gkmna)mWnﬂ ) : (180)
106

We will re-express the terms labeled and in (180), but to do this, we first need to deduce a particular
mathematical relationship we will employ to do so.

Digression to deduce a needed math relationship

A well know relation between cross products of three 3D vectors a, b, and ¢ is
ax(bxc)+bx(cxa)+ex(axb)=0, (181)
which can be re-arranged as
(axb)xc+bx(axc)=ax(bxc). (182)
Now re-write (182) in terms of vector indices as
Eit (€ by ) € + b (Eumn@nCy ) = Ei3 8 (EubC, ) - (183)
Then, make the substitutions
a—>o bo>w" cH>wH (184)

in (183), to get the relationship we seek to use in (180)

& ( ]mna’mWnV )Wkﬂ +g8ijkVVjV (gkmna)mWnﬂ) =8¢, 0; (gkmnWﬂ‘l/Wnﬂ) . (185)
106

End of digression

Thus, from (185), (180) becomes

5G!" = —¢,0 (aka" —G”Wk'/) + 86,0, (gkmnW,,';Wn”) =—£,,0; (aka" —-o'wy! —g(gkmnW,,',/Wn” )) . (186)

or from (158),
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6G!" =—g0,Gf". (187)

Thus, (176) becomes

6L = _l((_gﬁkij/ﬁw )Giﬂv + Giﬂv (_gﬁkijkﬂv )) - %((gﬁkij/ﬁw)Giﬂv + Giﬂv (gijkij/fw ))

4
| | 1y S
_ Hv _ Hv _ uv uv
=760, Gf" G = 30,4 0" O =3 2, 'le(Gk Giyw = Gl Gy ) (188)
k=1 j=
1 3 3
=13 > 0,(6"G ~ G, G ) =0

b
I

i Jj=1
Exercise

In a manner similar to what we did in the digression above, derive the result of (188) starting with the 3D vector identity
a-(b x a) =0 expressed in index notation. Answer is in Appendix A, pg. 44.

Result of this section: We have shown £ 2 is invariant under the transformation of Section 5.4.3.

10.2.3 For £ 1B

Re-stating (159) here for convenience,

. , (159)
D,®= (aﬂ +Ler,,, +ig7Bﬂ)(D

We first show the invariance of ®'® .

(d'd) ~ (D + 501 ) (D + D)~ D'+ (507D + dF (5D) (189)
So,
s(o'®) ~(s0")d + o (50). (190)
From (102),
5(@'0)x (Lo’ -L oo+ (Lord+L o where 7,7 =7,

(o' 40 )oa (Lo o) .

=—Loo'r, 0-Lfo'0+Luo'ro+Lfo'o=0,
and ®'® is unchanged under the transformation, so we can ignore the last two terms in (159). Thus,
5L = 5((Dﬂq>)T (Dﬂ(D)) = (5(D”(D)T)(Dﬂ(l))+ (D"0) (5(D,®)). (192)

We need to show (192), the variation of the kinetic Higgs term in the Lagrangian under the given transformation set,
is zero. | have been unable to find this derivation anywhere in other texts, and it is almost invariably simply ignored. The
only text where I have seen it even mentioned simply shrugs it off by saying the kinetic Higgs term “obviously shares this
property [of invariance with other terms in the Lagrangian]”. As you will see in the following, this is anything but obvious.
In fact, it is the most lengthy and involved proof of invariance of any term in the electroweak Lagrangian.

We start by finding §(D,®).
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(D,@) =(6,®+ L gr, @+ LgB,0)

=0,(®+80)+Lgr (W, + W, ) (®+50)+i5 (B, +5B,)(®+50)

=0,0+0, (&D)+égrkaﬂ(D +%grkaﬂ (&D)+%grk (é‘Wkﬂ)(D +égrk (5Wkﬂ)(é‘(b) (193)
=0
+%g'BH(D +%g'Bﬂ (5D) +ég'(53ﬂ)(1) +%g'(5BH)(&D) .
| —
~0

Re-arranging, and using, (102), we have

D,®

(D,@) =0, +Lgr, W, ®+Lg'BO+08,(5®)+Ler,, (50)+LgB,(5D)
_— - - Y~

Ler (0w, )0+Lg'(6B,)0

—_— —_

(194)
=D,0+0,(foro+iro)+Ler,, (ford+Lro)+ieB, (foro+Lro)
+%grk( l a gkmna)mWn,u)(D +ég'(_éaﬂf)(b
=D,®+0,forw+o,(Lro)+Ler, (Loro)+ Ler (4 o)
2 280 ku\7 @it 280 ku
%/_/
126 14b

(195)

15b)

=D,0+i7 (0"0, )0 +Lar, (0,0)+4(0,/)0+Lf(0,0) -2 oW, rz0 £ 11,

U

12a-1 12a-2 12b-1

12b-1 14b
cancels cancels
g'
[l)lBﬂTl(D T fBﬂ(D
17b
i i i
_7 (6 a)k)q)_zggkmna)mWn,u 7(6ﬂf)(1)

15h
cancels cancels

(196)

=D,®+Lo7(0,0)+Lf(0,0) -S oW, 100 -5 fr, W,

12a—2 126-1 145

. (197)
a)tB,uTI(D _TJ(B/;(D _%ggkmna)nW

' nu
17b

15h
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= —%a)l-karkrl—CD = a)ka (é'kl +2ig;T ])CD a)leCD ggkl-ja)l-kaerD
jok k->n i—om (198)
= _% oW,,® _%ggnmka)mWn,urkCD = _% oW,,® +éggkmna)mWn,uz—kCD

above cancels with of (197), leaving us with

5(Du)
(D,@) =D,® +Lwgz,(0,0)+Lf(0,0) ~SaW,o -8 frW,,0 -8 0B,0 -£ B,0.(199)
12a-2 12b-1 14b 17b

Thus, we also have

5(D, )
I i
(D,@)" =(D,®) Lo (0,07 ~Ls0,0" ~Lom, o ~LgrW, 07 & 0B,0 £ 3,0 (200)
[1124-2] [1126-2] 120) 117b
Now with (199) and (200)
T
SLHB :(5(1)#@) )(Dp) (p*®)' ( (D cD))
=[-La(0,0")r; -L 0,00 Lm0 -LgfW, o' -&0B,0"r, -5 B0 |x
[1124-2] [1126-2] 120 117b
0,0 +Lgr, W, @ +5g'B,® (201)
——
131 132 133
+(0,0" —LeW, 07, —5g'B, " |x
Lr,0,0+ 2f6 o -Lom,o -5 /oW, 0 - a)lByz',(D ——fB )
%,_/
[124-2] m 145 175

As (201) has 36 terms in it, we need to deduce some generalizations that can help us simplify it. To this end, consider
the following terms in (201).

(——a)lWlH(DT)(é g, @) +(~L g, @' )(—%a)iWw(D)
120 132 (202)

—z—a)W W, @7, @ +i % "ol W, @'rd=0.

(MEV7} iip

As an exercise (answer in Appendix A, pg. ), show that

1124 - 2] x[131] +[31]x[124 =2]= 0 (203)

From these examples, we can conclude that any terms with an 7 factor multiplied by any term without an i factor will
cancel with a similar term. Thus (201) becomes

S =112a -2|x[132] + [112a—-2|x[133] + [1126-2|x[132] + [1126-2|x[133]
+[120]x[131] + [114b]x[131] + [t174]x[131] +
[B2]x[12a—2] + [32x[t26-1] + [33|x[12a—2] + [33]x[126-1
+>< + ><l4b + 31]x[17a +

(204)
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We will need to examine these terms separately, or at least in particular groups of terms.

For the first terms in each of the four rows of (204), using (201):

[112a - 2]x[132] + [120]x[131] + [32]x[12a=2] + [31]x[20]

=L w(0,0) 7L g, W, @ a)lecD*a o —Lgm, o', za)lz'layCD + 0 CDT(—%a)l .ycp) (205)
%f_z%f—J
132 I
=tgo, (0,07 )00 S0, 00,0 +1lgoW 010,00 -5 0,0
4ga)1 kpu\“~u TiTk @; iu +4ga)[ ku Tk T u° @; l,u

Using the Pauli matrix multiplication identity of (69), (205) becomes

=Lgam,, (0,07) (6, +igy,r,)® +Lga W, O (6, +is,,7,)0,® S0, ,y( ©'0,0+(0,0")0 )

[112a-2)132] [32x[12a-2] [3120] + [112a—2]132]
=Lgom, (0,070 +Lgey,r,0M,,(0,07)0 +1eoW, 00,0 +1gs,, 0, 07,00
T T
~Lo,(0'0,0+(2,0")0)
_ (206)
=L u, ((a o' )0+, cp) I gepol,,(0,0)r,® ~Lge, 0, 07,00
cancels with last term
T T
£ op,(0'0,0+(0,0")0)
cancels with first term
=L geyol,((0,07)7,0-0',0,0 ) =0 if O real
The second terms in each of the four rows of (204), using (201):
[112a—2]x[133] + [114b]|x[131] + [32]x[126=1] + [31]x[148]
=—Lo(0,0")LgBo & fW,, 050,06 ~Lgh, o' 2f(a cD) +0,0" (- fr,7,,0)
%/—J%/—J —_— —
133 131 14b
=£08,(0,0")0 -£ 1w, 00,0 +£ W, 00,0 —% fWkﬂ(aﬂqﬂ)rch (207)
[1124-2]<[133] [1146]x[131] [321125-1] [31)<14p]
= £ 08,(0,0) 0 -£m,, (0,050 .
[1124-2]<[133] [31]145]
The third terms in each of the four rows of (204), using (201):
1126 -2|x[132] + [117ax[131] + [3|x[12a-2] + [31x[17d]
~1f(0,0")igr o £ oBoc0,0 ~LgB o loro,e +(0,00)(-5 08,0
112b—2 132 m 12a-2
= w,,(0,07)00 ~&0B,0700,0 +58 0B,0'0,0 -8 0B,(0,0)r0 (208)
[1125-2}x132] [117a]131] [33]124-2] 31/4174]
~& (0,050 ~£ 0B, (0,00
[1125-2]132] 311174

Note, at this point, that (207) and (208) cancel.
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The fourth terms in each of the four rows of (204), using (201):

[1126—2]x[133] + [1176]x[131] + [33|x[126—1] + [31]x[178]

H0)ne Emo'se Lenoiion (o0) o)

133 31 176 (200)
_g t g t g t t
=& m, (0,00 -£moo0 +&rp00,0 -5 3, (aﬂcp Jo
-
=0.
Adding (206), (207), (208), and (209) gives us
5L =4 gey,0W,,((0,0")r,0-0'7,0,0). (210)
Note that if @ is real, then
(0,0")z,0=0'z,0,0, (211)

and (210) is zero.

Result of this section

We have shown that if @ is real, then £/ is invariant under the transformation of Section 5.4.3. That @ is real has thus
become a necessary criterion for a symmetric electroweak theory. We comment more on this in Section 8.16, pg. 40.

10.2.4 For £LLH

We repeat (160) below for convenience.
oM =g (Plyl D +@lgf ) ) - g, (Phyld+ D] ) (160)

5L =g 6 (Pl o+ 0] )-g, 5( VL wld+ DTSV ) (212)

ignore for now
5(‘?1 ‘//zR(D-I-(Dt‘//J ) (é\?lL)l//lR(D_l—@lL(é‘l//lR)(D_l—\?lLl//lR(&D)
+(so")gfwt + o (sF )W + o'l (o¥))

o _ (213)
(-Lo ¥l +L V] yto+ ¥ (<} ) o+ Pyl (Loro+ L ro)

+(-Lao's-Lrot )t vl o' (ifi] ) el + o'yt (Loz el -4 1))
Writing out (213), where the underbrackets in (214) reflect the fact that a singlet is not a two component object in
SU(2) space like a doublet, so it commutes (like any scalar in Euclidean space) with the 2X2 Pauli matrices.
:_%a)i\?lLTil//qu)_l'%f@lLl//qu)_lf@l IR(D+ 0¥y T(D"'%f\?lL‘//qu)

%,—/

to¥iryfo
i t =Ryl 1 t—Ryl | :rmt—=R i il l-r—R L | t—R\yL (214)
—50@ Ty Y =5 fOy Y+ Oy Y+ 500y Y -5 fOy Y

-
Lo ryfer

In the first row of (214), the first and fourth terms cancel. So do the 2™, 3™, and last terms. The same thing is true for
the second row. So, in (212),

S(Pryto+o'piel)=0 (215)
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As an exercise, you can show the part of (212) we ignored above is also zero. (Answer in Appendix A, pg. 44.)

Result of this section: £ £ is invariant under the transformation of Section 5.4.3.

10.2.5 Final Conclusion

We have shown that the high energy Lagrangian £ is symmetric under the transformation of Section 5.4.3 provided ©
is real. The latter criterion arises from the Higgs-vector bosons interaction part of the Lagrangian.

11 Appendix C. Transforming the Lagrangian to the True Vacuum

I regret that at the present time, for the derivation of the Lagrangian at the true vacuum, only the Higgs part of the
Lagrangian is treated below. When time permits, I will do more.

11.1 £HH at True Vacuum
From (75), at false vacuum,
i 2
2" =(p*0) (D,@)- 2o'o - i(0'e). (216)

With (54),

: ] 2
V=120 + (o) =y72[¢1 —ig, & —i¢4]{2 :Z'ZZ}%{M —ig, & 4@1{2 :IZZD . (217)
19, 19y

which, with the unitary gauge of (106), becomes

2
Vz%z[o a+v]{0_iv}+%[[0 O-+V]L'(‘)H’D 2%2(0'+v)2+%(0'+v)4_ (218)
From (108),
Py (219)

Expanding (218) with (219), we get

2 2 2

)/:%(0-4_1;)2 —#—2(0'+v)4 :%(0'2 +20'v+vz)—#—2(0'2 +20'v+v2)(0'2 +20'v+v2)
4y 4y

2

2
= %(0'2 +20v+?) —#—2(0'4 +20°v+ 02 20+ 40 + 207 + 01 + 2000 +0*) (220)
4v
) 2
=%(0'2 +20'v+v2)—#—2(0'4 +40%v + 6064 +400° +v4) .
4y
Or
- 5 A et 2 3let 122
V= +uov + - - - -y ov - . (221)
2 2 4y? v 2 4
Combining terms with the same letters over them in (221),we get (where we use (219) to get the RHS)
2 2 uHoptet o’ VA 2 4
V=-u"c" + - - =—= - +45Ac + o, (222)
4 e v 2 2 4 4
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Note that the |C [term is a constant, the energy density left in the vacuum from the Higgs symmetry breaking. This term
is often considered to represent a condensate of the Higgs field, since a phase transition as temperature lowers, such as
liquification of water vapor, generally entails a condensation of the substance making the transition.

. . !
Higgs condensate energy density = —% . (223)

As noted before, this constant term is generally just ignored, for no real valid theoretical reason.

Thus, from (222), the term representing the non-kinetic contribution of the Higgs field to the Lagrangian is

2
Vo :—%[%]62 —%/10'4—/11)0'3 , (224)
—
miy

where we have noted the factor representing the square of the Higgs mass my. The other two terms represent higher order
(nonlinear, self-interacting) terms in the Higgs field.
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