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The Standard Model

TheWay where we awe

The S.M. is a theory based on the symmetry group SU_(3) xSU(2) x U, (1)

Fermions Content

0
IR

€ L U_L
SU_ (3): 1. 1. 3. 3. 3.
SU((2) : 2, 1, 2, 1, 1,
SU, (1) : -1 -2 1/3 4/3 -2/3
Where a=1,2,3=N_.
The electromagnetic charge Q OCH(?CiLdeeg:sgt
Q., =T3 + Y/2 fi;:;_;:yns
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. Consider only
Lagrangian SU,(2) x Uy (1)
electroweak model &
Ilgnore Su, (3) For
the time being

L =L G. bosons t Lfermions t Ldi +L Y
Where:

—_— 1 Ly 1 ] Ly
LGI)DSDHS__IB[.[VB _IFIJF P:;

Fi, = 0,4~ GA,+ gl A A

B, - &,B,—d, B,

The symmetry invariance holds under the following transformatjons :

— —

7. A, 7. A ;
- (8 'LLU & -1 _Z a. ey e —1 ransformation
5 (0)——U10) g[ LU(0) U(8) B,
- SU(?)gijuge
U(6) = e i 2% SUQ2)
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Gives for O (x) <<1
The second term is the
1 _ _ transformation law for
_8#59% 4+ Ez’jkejﬂi a triplet under SU(2),
\ Y | sothat A, s (i=1,2,3)
carry charges.

Al = Al — p

'T__} — —1
E - FWU[Sj
Transformation
law for SU(2)
tensor

For small O (x),

F;; = F! + gen® FF

\
Y

Similarly the transformation laws For U(1) gauge field (photon)

and U(1) tensor:
1
'BP!’ + Eﬁﬁﬁ (X)

— B

!
B!,
5
B,
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Fermions part :

Le—5.i ]?”P’MD”]C

Invariant under
Uy (1): .
f s E—Lgi"f? f
SU,(2):
7 —i _}E
.Y (@), > ¢
DH:@H—zga-}l#—ngBM N
To be read as:

&x) (U
(a),
r Upg
{iR — dR
U U
2.(3), = o
L

D#L“ILR

= 0

= U
+ z'g"—BO ( )
2
WUR — zg’éBFJuR
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Spontaneous symmetry ,
breaking .

Symmetry { 4 massless gauge fields ! m)
all fermions massless !

The electroweak symmetry is spontaneously broken by Higgs scalars

cp+
D = (@ﬂ) ®:(1.,2,,1)
1 +
Ly = E(ﬂH @) (D, ®)— V(@)

i i
Du@:(ﬁu—ngu—EgT.Au)@

A
4

2
V(@)= —“; ot O+ - (@ PD)? 12 50
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The vacuum state, chosen to correspond to the vacuum expectation
value (VEV.)

0 o\ 1/2
< D>,= |<0|@|0>|= [ 2] with .= (“_)
V2 1
Verifying That SU(2) x SU, (1) > SU (1)
<d>,
Iy, < @>,= % < D>, =0

Y <@>,= Yy < P>, #0

|dea: the vacuum state

. <® >, isinvariant under
a symmetry operation exp (iaG)
QETH <@ :}D =0 corresponding to the generator G

if exp (i0G) <@ > =<®>,
exp (iaG) <@ >, =0.
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The covariant derivative in Lg,
1 4
E( D,, ‘I}) (Du .;p)
Will yields the gauge bosons masses :
For EX.: W= 1 Al AZ 2 2,2
. =77 +iAL) M3 = g*v?/4.

While The Yukawa coupling between scalars and fermions :

Ly:f{)(}’ E)@E?R ‘|‘f ( )@UH + f ( )@dﬂ + h.c.
Will produce fermions masses : d = ir,0*.

me = v/ 2,
m, = /2, mg=[f/J2.

SU(5) Grand Unified Theory



Towards
Unification

* The aim is constructing a grand unified theory of strong, weak, and
electromagnetic interactions.

* So that the different gauge couplings g, g and g’ will be unified in
one coupling: g

What is required In principle, it should be large enough to
for the new contain the SU(3) x SU(2) x U(1) group of
grand unified S.M. as a subgroup;
group ? thus it must be at least of rank 4.
Su(s)

motiVation



* Listing the Lie groups having rank 4 : Su(s)
motiVatiOn

[SU(3)]12 [SU(2)]4 0O(9), O(8), Sp(8), SU(5), F, {Exponential group}.

That a group of rank I:
SU(I + 1), O(21+1), Sp(2l), O(2l).

* All these possibilities are excluded, except [SU(3)] 2 & SU(5) groups.

Since they do not have complex representations. That we must have complex
representations for fermions, because in the S.M. the fermions are not equivalent

to their complex conjugates. ( €* e )

* The remaining [SU(3)] 2 is also excluded.

Since leptons will be described by quantum numbers of color and flavor, that
they really don’t have.

* The SU(5), being of rank-4, is the smallest group that can contain

SU(3) x SU(2) x U(l) without introducing any new fermions. It has complex
representations and has the right quantum numbers to fit leptons and quarks.

SU(5) is the unique theory for the simplest grand unification scheme.
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SU(5)
Generators

Gauge bosons

Fermions
content

Interactions

Proton Decay

SU(5) SsB

Doublet- triplet
problem

Conclusion

SU(5) Generators

The generators T2 =12/ 2 of SU(5) for the fundamental 5 X5 are
represented by the generalization of the Gell-Mann matrices A @
(a=1,..., 24), which are hermitian and traceless and with
normalization tr(A 2 A P) =26 2v.

To obtain the SU(3) X SU(2) subgroup structure of Su(5). We keep
SU(3) color group acts on the first 3 rows & columns and SU(2) acts
on the 4 th & 5 thgnes.

1

So: 9
20 . ASU(3) x5, = ;
[ ) O
0 0 0
Ta — ﬁ_ 1 & 0 0 (a=1,...,8) are the
2 2 0 0 SU(3) generators
g 0O 0 0 O
0 0 0 0 0 call 2 the usual 3X3

Gell- Mann matrices
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0 0 0 (J )
212223 4 ( S 00 o o ) SU(2) generators
21,22,23 _ _ .
I B 7 B 7 0 0 0 102 . 0 Su(2) o' are the usual 2x2
0 0 0 on= } pauli matrices
\ 0 0 0 /
’3 ) ) ’ 0 The factor
Ex: T+ =T, the weak isospin = 0o (5/3)V2 is to
+3 guarantee A,,

|
%[

is normalized
Did we miss some thing ?

It remains to identify the electroweak hypercharge generator, that is;

g — @ - T3 Q isknown consistently with the charges of the quarks
and leptons . So that Y/2 could be constructed.
Y 5 A 1 .
= | 2% with Ao = —— Diagonal(—2,—2,-2,3,3) Notice that Y 13
2 3 2 V15 on the diagonal
that doesn't
belong to su(2)
nor SU(3)
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[ ~1/3 \
And with Q. ~1/8
generator: Q5 = ~1/3

\ V)

Finally, the rest of the 24 matrices (12 generators Which will correspond
to new gauge bosons ) act in the off- diagonal space, and obtained by
inserting pauli matrices appropriately;

Ex:
1 0 —; 0
O 00 O 0 0
dys = 00 R VP 0 0
1 00 2 0 0 Notice the
000 © 00 0 ¢ aumber of
d"agona\



The gauge fields A,
belong 1o the 24-
dtmenS\ona\ adjoint
rep. of suU(5), written
asa b5 x> matrix

SU(5) Gauge Bosons

A”EA::T =Aﬂ—j'a
“2

2}1# = The 8 SU(3) a=1.... 24
G.B.

/ 3 (gluons) (leNeWG.B.
Prip. L il
ﬁ\/@Aﬂ \/ﬁBu AL il Joip = _

4 H ” . it T
ik A g A _ i
#id F AR N
T, £yl L4 -Lp _ !
it % L l
‘1‘ / LIS ; }
\ Yﬂ Yj Y?) W\/— Wﬂ
New G.B. / ; WQSJF

SU(2)G.B. ” \/_ /

(lepto- quarks)
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The electroweak gauge bosons are defined by:

The new gauge fields,
X¢.and X*. ,i=1,2,3

W3u= A23u
o defined by:
Bu =A it 1 _
X‘{=—-2~(A‘§+1A‘;O)
+ - 1 21 T A22 -
W* = — (A7 F A (
—7 A#6+1A -7)
So:
2 At =
1 2B* _ _
A+ —= Az —= A s Y ¥
J2 6 S0 /2
1 A% 2B* Al _ _ _
A i e : 74
V2 "2 J6 Jo V2
I 1 2B _ _
—= Al +is —= AG +i7 - %A‘;-— — 5 Y4
NZ; V2 V30
we 3B
X¥ X4 X4 —t+— WH
\/5 v 30
w 3B# i t
Y# Y4 Y4 we ____'3‘ Notice tha
\/5 \/% B, still on
the dlagona|

\
SU(5) Grand Unifie! |!eory
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SU(5) Fermions content

The standard model SU_(3) x SU/(2) x Uy (1) contains 15 left

handed fields as follows:

(Ve,e7 )10 (1,2)
(u®,d%): (3,1)
er:(1,1)
u34:(3,1)

42¢:(3,1)

— colour smglet, 150spin doublet.
— colour triplet, 150spin singlet.
— Singlet.

— colour triplet (antiparticles), isospin singlet.

— colour triplet(antiparticles), isospin singlet.



The SU(5) theory unify both quarks and leptons (leading to baryon number and
lepton number violation) in 5 and 10 dim. irreducible representation.

[ d

dc
B _ g
b =) = d;

H )

)

-

SU(3)c

- e
i

€
\_y / SuU (2)

L

3) 10 = (Xij).[r =

/0
—’IL%
U5

’L:Zi

\

The assignment of quarks and leptons to multiplets
of the grand unified group SU(5) explaining (-1/3)
quark charges (not explained by QCD nor EW. ),

that (for 5 rep.):
_3Qd+Qe=0 de

Charge quantization

_Qe/3'

ug  —ug —ul —d! \
0 wf -t —d?

—u¢ 0 —ud -d°

ut ol 0 —et

d° u° el () /

Taking the charge
conjugation of 5
K 1({#) \

- h

Vr=| dip




Notice that we will have the following vertices:

Y
u
Vertices changing a quark into a lepton.
X Y
. p Baryon
u " number
violation!

Vertices with two quarks annihilating.
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Interactions

L_Lagp+ Ly+ Le + Ly
Considering the fermion part of the Lagrangian :
Ly = iapf}/”Dﬂl/’p + XTIV Dy Xpg

24
- ACL Fo) .
D, =9, —iga E 7/4@ = 0, —iga A,

a—1

Du wp - [aﬂ‘sg ~ 1o (Au)pqwq - aul/}p — g (Au)pqwq



D oo = Oy = 196 (A Yrg = 196 () Xps = 0o = 206 (A Yo,

S0, The fermions Lagrangian becomes;

Ly = ﬂp’}’paﬂwzﬁ gG JP’YM (Ap):oqqur XY OuXpg— 29 ypq(‘q#)w%?q
\/ N - —
Y

K.T. Interaction T.

2
aG apﬁfp(ﬂ#)pqwq — 2g9a Xpqg (Ap)w%rq

1



From (1) we can get terms like:
Proton decay

Yé
\ L= 2 (& M X dg +he)
And From (2) we can get terms like:
I.o= EE (apr Uy M XZ ut +h.c.)

V2

Leading to a proton decay:

The amplitude of the process o« g2./ M? .
Squaring the amplitude to get the decay rate.
Then the life time of the proton 7, oc M%,/ g%;.
As predict from the G.U.T. scale : m is of
order 10'* Gey, giving 71, of order 10°° years !

>
d

While exp. show that proton is stable and

. . . 37 Diagram for p—ne™.
having live time 7, > 6 x 10 years |



SU(5) SSB.

SU(5)

Generators SU(S) —> SUC(3) X SUL(Z) X U( 1) - SUC(3) X UQ( 1)

Gauge bosons d 10 2
- different
Fermions
content I\/IX & I\/IY MW & Mz masses
G.UT. scales
of order of order
Interactions scale
104Gey > 100 Gev 5o we need'
Proton Decay Swta-ble 2 multiplets
choice ]
of Higgs
SU(5) ssB SU(5) —> SU, (3) x SU, (2) x U, (1) SU. (3) x SU (2) x Uy (1) = SU. (3) x U (1) scalars with
Doublet- triplet 24 /21 very diff
problem _ Fro vacuum
(D = Z ¢a Ta F — FZ expectation
Conclusion a=1 —+ values
w \yalues- )
o

Corresponding to
the adjoint rep. Corresponding to

the fundamental rep.
SU(5) Grand Unified Theory



SU(S) — SU(3) x SU{(2) x U(L)
24

The Lagrangian for the Higgs scalars @ :
L=Tr(D,®)* — miTr®? + \Tr(P%)° + X Trd*
With the effective potential:

Ve — m3Tr®? + \Tr(®?)?2 + \oTrd?

Taking ® in the 7* direction

1
~/ 15

P — p2r7=t — P24 Diagonal(—2, —2,—2,3,3)



This choice will fulfill our target, which is :
*Breaking SU(5) generators . (so that: X, Y gauge bosons . will acquire masses )

* Keeping S.M. generators unbroken. ( S.M. gauge bosons still massless)

But

The condition of symmetry invariance :

[@,T]=0 symmetry invariant

Where T is a generator of a symmetry transformation U = exp( -i a.T).
With a transformation property of ® under U:

¢ — UdU*

Easily you can check that <®> commutes with SU_(3) x SU_ (2) x U, (1)
generators, leaving S.M. symmetry unbroken. Will it doesn’t commute with

the remaining 12 G.B. of SU(5) (SU(5) symmetry has broken )



Taking the minimum of the potential gives the form of expectation value
corresponding to this symmetry breaking:

(¥
e d>— 2 | Diagonal(—2, —2, —2, 3, 3)

V15

At the minimum:

i
2 g Wi TS 7
U= = ith the condition: As > O, Al > -2 Ao
i 4/\1—|——%§}.g 30

Gauge Bosons
masses

The covariant derivative term in L
D, =0,P 1+ iga|A., P

Produces gauge > >
fields masses terms: Liass = _QG'TT([AM:: (I)] )



By calculating :

A2
Tr[A,, @2 = — 2

3
~H 2 S My 2
) 25(XG X+ YY)

We can see that only X and Y Lepto-quarks acquire masses

20 Z ‘ i

That all the 3 colors have the same mass

So that the vey for

, , 20 , the adjoint of Higgses
My — My — —4aUVUsp Is of order 1015 Gev



| SU(3) x SUL(2) x U(1) > SUB3) x Uy(D). '
5

The general Lagrangian for the 5 of Higgs scalars H

A

Z2(HS Hs)?

4 Manage
as in the S.M.

2
(1a!
Ly = 72HQLH5 +

To break SU.(3) x SUL(2) x Uy (1) to SU.(3) x Ug(1) we must take the vev in
the neutral, SU1(2) doublet, colour singlet component of H.

( A

Remember:

T 3<H>#0 Broken
T,,cY <H>#0 Broken
Q<H>=0 Unbroken




With the effective potential:

This vev give masses to W* and Z° bosons as in S.M. :

As we write V(®) & V ( H ). Now considering the coupling between two sectors
and write down the general SU(5)-invariant fourth-order potential:

A3
VIO, H) = mTrd? + \Tr(0%)? + ATrdt + —H;H T

= (HF Hy)?

2 4

L oHYHTr®? + BHY2H




The underlined coupling terms will yields coupling terms between h; & h, (h;
are the triplet higgs scalars and h, the two higgs duplets)

So the total Higgs masses:

4 g
2a+— B vl HHs+ 2a+ — B)viHS Hy

15 — 15 ;
Y
As it should be ( as we ‘Il see Not right because m |,
later) m ,, = G.U.T. scale of order 100 Gev

Duplet —triplet
splitting problem

Making the second term equal to zero, requires fine tuning of parameters, that:

O:’_: —%6 [3<0



Fermions masses & Yukawa Interactions in SU(5)

In the minimal SU(5) theory the fermion masses may originate only through the

coupling to the 5-dim. Higgs rep. H: .
While @,, decouples from the fermions, for it ‘d give them masses of order Gut

scale.

Writing the Yukawa couplings of fermions with the H. Higgs :

_ 1
EY :fdwRX(I)Jr—FfuiXTCX(I)—FhC

When gets its vacuum expectation value<H>T=(0000 v,, ), we
get for the fermionic masses:

L, = —[fovw(dd + &e) — [,owau

Fermions must
not pick mass Before E.W.
symmetry breaking




Notice ?
.~ Asinthe Standard Model m; = f v. But we predict the electron

and down quark masses being equal.

This prediction appears very bad (we know that m; = 10MeV , m_ = 0.5MeV ), but we
must recall that it is valid only at the large scale M, where the whoIe SU(5) symmetry

becomes operative. -

Higgs scalars hg (. =r, g, b) interactions with fermions:

L= falriX' “hd + quijkla(XT)ijCXklhai




Like the situation before for the X and Y bosons, we have the possible
exchanges of h, which leads to the proton decay.

Of course, the amplitude is proportional to the small
Yukawa coupling and the corresponding limit on m,
is somewhat less strict. From (tp)exp = 1032 yr, the

following lower limit on m, > 10%°GeV .
u

Another channel for p decay
mediated by h,,

This is the famous doublet-triplet splitting phenomenon: m,, > m,, .




Conclusion

SU(5) is a smart theory

But it may be needs many modifications to solve
some problems within it




