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Subsets and Proper Subsets

1 Subsets �

A set A is a subset of a set B if every element in set A is also an element in set B.

Example 1 Given that A D f1; 5; 7; 11g and B D f1; 3; 4; 5; 7; 9; 11; 13g; is A is a subset of B?

Since every element of set A is also an element of set B we say that A is a subset of B:

Or in symbolic form A � B:

An English interpretation of a subset would be that all of A is "inside" of B

Example 2 Given that A D fx�N jx < 10g and B D f2; 3; 4; 5; 6; 7; 8; 9; 10g; are either sets a subset of the
other?

Here neither all the elements of A are in B or visa versa. So what can we say? Well they both have a cardinal number
of 9, so they are equivalent.

Notice that the symbol for subset looks like the symbol for "less than or equal" � : .�/ A subset has to be smaller or
equal to the other set.

2 Proper Subsets �

Now if A � B and A 6D B then we say that A is a Proper Subset of B. (every element of A is in B but they are not
equal)

Example 3 Given that A D fa; e; i; o; ug (could this also be A D fx 2 let tersjx is a vowelg???)

and B D fx 2 alphabet jx is any letterg. What can be said about the relationship between the two sets?

Since every element is A is also an element of B, then A � B. Because they are not equal, they become Proper
Subsets A � B. Notice that if two sets are Proper Subsets that they are �rst Subsets.

Example 4 Given that A D f x 2 Nj x is a prime # and x < 13g and B D f2; 3; 5; 7; 9g

1. Is A � B? If so is A � B?

2. Is B � A? If so is B � A?
State your reasonings for each.

1. (a) i. There is an element in A that is not in B; namely 11; so A 6� B. To be proper subset you must �rst
be a subset, so A 6� B

ii. All the elements of B are also in A; thus B � A and since B 6D A, we get also that B � A: (Both
subset and proper-subset)
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3 Subsets and the Empty Set:

Prove: The empty set is a Subset of ALL sets.

To prove this we are going to use what is called an indirect proof, where we assume the opposite of what we are trying
to prove, come up with a contradiction, and then determine since what we assumed was true is false, that means that
the opposite of what we assumed must be True.

Sounds confusing doesn't it.

Assume: The empty set is not a Subset of any set. .? 6� A/ : Thus there must be an element in ? that is not in A:
But there are no elements in ?; so our assumption that ? 6� A must be wrong and its opposite true.

Thus: ? � A for any set A In English, "The empty set is a subset of all sets"

4 Number of Subsets

Making a table that lists out the number of subsets a given set has we �nd by increasing the number of elements that:

# elements Set Subsets #subsets
0 fg fg 1
1 fag fg; fag 2
2 fa; bg fg; fag; fbg; fa; bg 4
3 fa; b; cg fg; fag; fbg; fcg; fa; bg; fa; cg; fb; cg; fa; bg 8
4 fa; b; c; dg Follow the pattern and the next would have: 16

There is a nice pattern here, to get to the next number of subsets we multiply the last answer by 2. Another way to
achieve this would be to see that:

1 2 4 8 16
D 20 21 22 23 24 which is 2 raised to the power of the Cardinal Number of the set:

#subsets D 2n.A/

Example 5 How many subsets does the set A D f1; 2; 3; 4; 5; 6; 7; 8; 9; 10g have?

Well its cardinal Number is 10 so: 2n.A/ D 210 D 1024 subsets!

On a calculator this can be found using ^ on most TI calculators or x y or yx buttons:

2 ^ 10 or 2 x y 10 or 2 yx 10
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Example: True or False:

1. f1; 2; 3; 4g � fx�N jx < 5g

2. f1; 2; 3; 4g � fx�N jx < 5g

3. f?g � f g

4. f5g 2 f1; 2; 3; 4; 5g

5. 6 � f3; 6; 9; 12g

6. fg � f1g
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Answers:

1. True, every element of the �rst set is also an element of the second set.

2. False, the sets are equal

3. False, there is an element in the �rst, namely �, that is not in the second set.

4. False, the set of 5 f5g is not an element of the second set

5. False, 6 is not even a set, so it can't be a subset

6. True, the empty set is a subset of all sets and it is not equal to the second set.
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