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Differ entials of Quaternions

Thedifficult pointin definingDifferentialsover Quaternionss

Lack
of the Conmutatve Property

PcQ=+£QoP




Adopted Definition

Following Newton’s definitionof Fluxions

Hamilton[2] definedSimultaneou®ifferentialsas

Limits of Equi-multiplesof
SimultaneousndDecreasingDifferences




What it means?

Givenasystemof connected)uaternions

q,1,S

thesymbols

AQ, Ar, AS

representheir Simultaneous Differences




What it means?

Thesums

g+ Ag, r+ Ar, s+ As

area New systemof Quaternions

satisfyingthe SamelLaws of conne&ion asthe Old system.




What it means?

Thedifferenced\q, Ar, As startatanarbitrarysize

Ag, Ar,As

O
q-+Aq,r +Ar,s+As




What it means?

Then,they aresimultaneouslylecieasedoy afactor

q-+Aq,r +Ar,s+As




What it means?

Integer multiplesof the new differencesareconsidered

2X

q-+Aq,r +Ar,s+As




What it means?

...thefactoris furtherdecreased

q-+Aq,r +Ar,s+As




What it means?

...anddecreased

q-+Aq,r +Ar,s+As




What it means?

...anddecreased

q-+Aq,r +Ar,s+As




What it means?

...andtakento the limit !

g+ Aqg,r +Ar,s+As




Definition Revisited

If all themultiplesnA convergeto thesamevalue
whenthefactorA is decreased,

ThentheLimit of A’'sexist andthey arecalled

Simultaneou®ifferentials

dq, dr, ds

Limits of Equi-multiplesof
SimultaneousandDecreadingDifferences




Consequencef this Definition

The SurfaceDifferentialsof this black Rectanglgw, h)

dS=w-dh+h-dw

dw

IS thesumof shadedectangleatthesides(h- dw) and(w- dh)




Lies my Calculus Teachertold me...

Differentialsareinfinitesimallysmall..




The Truth Is

Whatthey have to beis linearly related

dS=h-dw-+w-dh

NOT because

BUT because
dw-dh

IS NOT LINEAR with respecto afactorapplied

simultaneouslyto dh, dw anddS




Differ entials asLinear Approximations

Differentialsdon’t needto he SMALL
They areaLINEAR APPROXIMATION [1].




Differ entials asLinear Approximations

In a2D functionz= f(x,y) theLinear Approximationis a Plane




Differ entials asLinear Approximations

dz=A-dx+B-dy+C




Differ entials asLinear Approximations

The Differentials

dx dy dz

Canbeasl arge asyouwant

They have to berelatedby a Linear Equation




Differ ential of Functions of Quaternions

Let Q bea Functionof the Quaterniorvariables{ q, r,... }

Q=F(q,r,...)

dqg.dr, ...

beary Simultaneou®ifferentialsof { q, r, ... }




Differ ential of Functions of Quaternions

The Simultaneou®ifferential of functionQ is

dQ=Ilim n- [F (q+ d—r?,r+d—r]r,...) —F(q,r,...)]

N—o0

IS anintegermultiple of a particularrealvalue.




Differ entials in one Dimension

Thewell knowvn equation

df(x) . f(x+h)—f(x)
dx _rlwano h

Expressedccordingto the new definition




Example

N—o©00

df(x) = lim n <x+ %)2 - (x)2]

df(x) = lim n (x+2x 9% (&
n n

N—oo

df(x) = lim (2xdx+ (@)°

n—oo N




Differ ential of a Function of One Variable

TheDifferentialdx is like anothewvariable

df(x) = g(x,dx)

for example,given

f(x) =X

thedifferentialis afunctionof Two IndependenYariablesx anddx

df(x) =g(x,dx) = 2xdx




Differ entials of Functions of Quaternions

Quaterniongomposition(multiplication) is NOT commutatve

f(q) =g =qoQ

Thedifferential

Resultan

df(g) =qgodg+dgoq




Differ entials of Functions of Quaternions

The Quotient

D _ gt (g)ode?

dq

For the currentexamplef (q) = ¢

= g + dgoqgodgt

Whichis afunctionof g anddq




Comparisonwith Traditional Differentials

Function | Quotientof Differentials

2 df(x) _
Scalars f(X) =x # = 2X

Quaternions| f(q) = g? %}q) — q+dgogodg?

The Quotientof QuaterniorDifferentialsis a new Function
of TWO INDEPENDENTvariables

g anddq




Geometric Inter pretation of the
Differ ential of the Square Function

2

:M:1+%

g q

B A

S

avariationin g is represente@y the Differentialdq




Geometric Inter pretation of the
Differ ential of the Square Function

In orderto find the Differentialdq, thevector S correspondingo
thechordof VVectorArc sis takenandshiftedto the origin of the sphere.




Geometric Inter pretation of the
Differ ential of the Square Function

The Quotientbetweervectors
— —
S and A istheQuaterniordqg




Geometric Inter pretation of the
Differ ential of the Square Function

qis composedvith dg—! by TheresultingVectorArc qo dg1
forming asphericakrianglewith  canbefurthercomposedvith dq
their corresponding/ectorArcs by usinganothersphericakriangle.




Geometric Inter pretation of the
Differ ential of the Square Function

Thesumof g anddgeqodg?t is performedby finding first acommon
denominatowvector thenaddingthetwo vectorin the numerator




Sum of Reciprocals(a property)




Differ ential of the Reciprocal

df(q) = lim n (CI+ d—r?)lo (q— (

df(q) = —q tedgqoq t=—-q *dqq*




Comparisonwith Traditional Differentials

Function Quotientof Differentials

Scalars | f(x) =x1 A _ _x-2

Quaternions| f(q) =q* %qq) — _glodgoqlodgt

The Quotientof QuaterniorDifferentialsis a new Function
of TWO INDEPENDENTvariables

g anddq




Quotient of Differ entials

The Quotientbetweentwo Differentialscanbe separateth
TensorandVersorparts

The Differentialsd f (q) anddq areEqui-Multiples
soscalingdq will scaledf(q) by thesamefactor

Quotientsof Differentialsarelnvariantto Scalechangesn their Tensors




Quotient of Differ entials

In theexamplef (g) = 0P

The Quotientof Differentials

df(q)

_ -1
dq g+dgeqedqg

Canbereducedo

df(q) _
g = 9+U(dd)ogou(da) '

Thatonly depend®n (dq)’s Directionrepresentetdy the VersorU (dq)




Partial Differentials

Givenafunctionof severalquaterniorvariables

Q= f(q,r,s)

Its Differentialsatisfies

eachPartial DifferentialdyQ is obtainedby differentiating
with respecto x asif theothervariableswereconstant.




Succesre Differ entials

For example,giventhe Quaterniorfunction

f(q) =d° =qoq

Thefirst Differentialis

df(g) =qgqodg+dgeq

Takingthe Differentialof this lastexpression,
whereq anddq areconsideredstwo independentariables

d?f(q) = dgodg+ god?q+d?qoq+dgeodq




Successie Differ entials

The Secondifferential of
f(a) =g
IS thenreducedo

d?f(q) = qod?q + d?goq + 2dgodq

Whichis afunctionof THREE independenQuaterniorvariables
{0,dq,d*q}

Noneof themnecessariysMALL




Taylor’'s SerieskExtendedto Quaternions

Having that

d™f(q) = d(d™f(a))

TheTaylor’'s SeriesExpansioncanbe appliedto functionsof Quaternions

df(q) d*f(q)  d3f(q) d*f(q)
w2 T Ta T

f(q+da) = f(q)+ e

Wheref (q+dq) will beafunctionof {g,dg,d?q,d3q,...} Quaternion
variablesNOT necessarilysMALL




Taylor’s SeriesApproximation

The Tensorof the Quaternionvariables
{0,dg,d?g,d°q, ...}

canbescaledoy a Scalarfactorx to producean Approximation

2 3
Fx = f(q-+xda) - (@)~ 2, df(a) - 2, d?F(q) — 5;df (@) -




Operationsin Versor Space

Compositionof Versords equialentto

sumof their Vector-Ar cson the Unit SphereSurface.

Thisis aNon-Commutatie operation




Operationsin Versor Space

Incrementof Versors Angle is equialentto Exponentiation

for example,in orderto doubletheangle
theversoris appliedtwice, whichis qoq = g°

Likein Complex numbers

€9 — coP +isind




Operationsin Versor Space

Subtractiorof VectorArcs is equvalentto

a Quotientof Versors




Versor Spherical Linear Inter polation

SpericalLinearInterpolation(Slerp)

The Quotientg producethe Quaterniorthatrelatesp with g.
Exponenta allows to regulatenow muchof this Quotientis applied




Optimization of Versor Functions

If the Spaceof Quaterniongs restrictecto Versors

Theonly valid operationsarethosethatkeepthe endof vectors
In thesurfaceof theUnit Sphere




Optimization of Versor Functions

TheVersorSpacas a2D Space

In orderto enforcethatVariationsof a VVersorresultin anotherersor
theonly valid operationsarecompositionswith Versors{e.g.u andv)




Optimization of Versor Functions

GradientDescentik e OptimizationMethod

f(ueQ)
f(ueq)+ f(veq)

a—=
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