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Differ entialsof Quaternions

Thedifficult point in definingDifferentialsover Quaternionsis

Lack
of theConmutative Property.

P Q Q P
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Adopted Definition

Following Newton’s definitionof Fluxions

Hamilton[2] definedSimultaneousDifferentialsas

Limitsof Equi-multiplesof

SimultaneousandDecreasingDifferences.
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What it means?

Givenasystemof connectedQuaternions

q r s

thesymbols

q r s

representtheir Simultaneous Differences
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What it means?

Thesums

q q r r s s

area Newsystemof Quaternions

satisfyingtheSameLaws of connexion astheOld system.
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What it means?

Thedifferences∆q ∆r ∆s startat anarbitrarysize
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What it means?

Then,they aresimultaneouslydecreasedby a factor

PSfragreplacements

x
y

h

w
q

p

r

s

u

v
q 1

q2

q1 2

q1 5

dh
dq

dw

dx
dy

dq 1

q dq

q dq 1

dq q dq 1

q dq q dq 1

p q

p q

u v

u v a

r α
z f x y

f x y

θ

q r s q ∆q r ∆r s ∆s

∆q ∆r ∆s

lim ∆q 0 ∆r 0 ∆s 0

dq dr ds

8



What it means?

Integermultiplesof thenew differencesareconsidered

1x

2x 3x
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What it means?

...thefactoris furtherdecreased
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What it means?

...anddecreased...
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What it means?

...anddecreased...
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What it means?

...andtaken to the limit !
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3x
2x
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Definition Revisited

If all themultiplesn∆ convergeto thesamevalue

whenthefactor∆ is decreased,

Then theLimit of ∆ ’s exist andthey arecalled

SimultaneousDifferentials

dq dr ds

Again....

Limitsof Equi-multiplesof

SimultaneousandDecreadingDifferences.
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Consequenceof this Definition

TheSurfaceDifferentialsof this blackRectanglew h
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Lies my CalculusTeachertold me...

Differentialsareinfinitesimallysmall...
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The Truth is

Whatthey have to beis linearly related

dS h dw w dh

NOT because

dw dh 0

BUT because

dw dh

is NOT LINEAR with respectto a factorapplied

simultaneouslyto dh, dw anddS
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Differ entials asLinear Approximations

Differentialsdon’t needto beSMALL

They areaLINEAR APPROXIMATION [1].
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Differ entials asLinear Approximations

In a 2D functionz f x y theLinearApproximationis a Plane.
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Differ entials asLinear Approximations

dz A dx B dy C
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Differ entials asLinear Approximations

TheDifferentials

dx dy dz

CanbeasLargeasyouwant

but

They have to berelatedby aLinearEquation
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Differ ential of Functionsof Quaternions

Let Q beaFunctionof theQuaternionvariables q, r,...

Q F q r

andlet

dq dr

beany SimultaneousDifferentialsof q, r, ...
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Differ ential of Functionsof Quaternions

TheSimultaneousDifferentialof functionQ is

dQ lim
n ∞

n F q
dq
n

r
dr
n

F q r

wheren

is anintegermultipleof a particularrealvalue.
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Differ entials in oneDimension

Thewell known equation

d f x
dx

lim
h 0

f x h f x
h

Expressedaccordingto thenew definition

d f x lim
n ∞

n f x
dx
n

f x
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Example

f x x 2

d f x lim
n ∞

n x
dx
n

2

x 2

d f x lim
n ∞

n x2 2 x
dx
n

dx 2

n2 x2

d f x lim
n ∞

2 x dx
dx 2

n
2 x dx
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Differ ential of a Function of OneVariable

TheDifferentialdx is likeanothervariable

d f x g x dx

for example,given

f x x2

thedifferentialis a functionof Two IndependentVariablesx anddx

d f x g x dx 2 x dx
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Differ entialsof Functionsof Quaternions

Quaternionscomposition(multiplication) is NOT commutative

f q q2 q q

Thedifferential

d f q lim
n ∞

n q
dq
n

2

q 2

Resultsin

d f q q dq dq q
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Differ entialsof Functionsof Quaternions

TheQuotient

d f q
dq

d f q dq 1

For thecurrentexample f q q2

d f q
dq

q dq dq 1 dq q dq 1

d f q
dq

q dq q dq 1

Which is a functionof q anddq
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Comparison with Traditional Differ entials

Function Quotientof Differentials

Scalars f x x2 d f x
dx 2x

Quaternions f q q2 d f q
dq q dq q dq 1

TheQuotientof QuaternionDifferentialsis anew Function

of TWO INDEPENDENTvariables:

q anddq

29



Geometric Inter pretation of the
Differ ential of the Square Function
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a variationin q is representedby theDifferentialdq
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Geometric Inter pretation of the
Differ ential of the Square Function

S
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In orderto find theDifferentialdq, thevector S correspondingto

thechordof Vector-Arc s is takenandshiftedto theorigin of thesphere.
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Geometric Inter pretation of the
Differ ential of the Square Function
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Geometric Inter pretation of the
Differ ential of the Square Function
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q is composedwith dq 1 by

forminga sphericaltrianglewith

their correspondingVector-Arcs

TheresultingVector-Arc q dq 1

canbefurthercomposedwith dq

by usinganothersphericaltriangle.
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Geometric Inter pretation of the
Differ ential of the Square Function

PSfragreplacements

x
y

h

w

qq

p

r

s

u

v
q 1

q2

q1 2

q1 5

dh
dq

dw

dx
dy

dq 1

q dq

q dq 1

dq
q

dq
1

dq q dq
1

q dq q dq 1

p q

p q

u v

u v a

r α
z f x y

f x y

θ
q r s

q ∆q r ∆r s ∆s

∆q ∆r ∆s

lim ∆q 0 ∆r 0 ∆s 0

dq dr ds
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Sum of Reciprocals(a property)
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Differ ential of the Reciprocal

f q R q q 1

d f q lim
n ∞

n q
dq
n

1

q 1

d f q lim
n ∞

n q
dq
n

1

q q
dq
n

q 1

d f q q 1 dq q 1 q 1 dq q 1
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Comparison with Traditional Differ entials

Function Quotientof Differentials

Scalars f x x 1 d f x
dx x 2

Quaternions f q q 1 d f q
dq q 1 dq q 1 dq 1

TheQuotientof QuaternionDifferentialsis anew Function

of TWO INDEPENDENTvariables:

q anddq
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Quotient of Differ entials

TheQuotientbetweentwo Differentialscanbeseparatedin

TensorandVersorparts

d f q
dq

T d f q
T dq

U d f q
U dq

TheDifferentialsd f q anddq areEqui-Multiples,

soscalingdq will scaled f q by thesamefactor.

Quotientsof DifferentialsareInvariantto Scalechangesin theirTensors
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Quotient of Differ entials

In theexample f q q2

TheQuotientof Differentials

d f q
dq

q dq q dq 1

Canbereducedto

d f q
dq

q U dq q U dq 1

Thatonly dependson dq ’sDirectionrepresentedby theVersorU dq
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Partial Differ entials

Givena functionof severalquaternionvariables

Q f q r s

Its Differentialsatisfies

dQ dqQ drQ dsQ

eachPartialDifferentialdxQ is obtainedby differentiating

with respectto x asif theothervariableswereconstant.
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Succesive Differ entials

For example,giventheQuaternionfunction

f q q2 q q

Thefirst Differentialis

d f q q dq dq q

TakingtheDifferentialof this lastexpression,

whereq anddq areconsideredastwo independentvariables

d2 f q dq dq q d2q d2q q dq dq
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Successive Differ entials

TheSecondDifferentialof

f q q2

is thenreducedto

d2 f q q d2q d2q q 2dq dq

Which is a functionof THREE independentQuaternionvariables

q dq d2q

Noneof themnecessarilySMALL
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Taylor’ s SeriesExtendedto Quaternions

Having that

dm f q d dm 1 f q

TheTaylor’s SeriesExpansioncanbeappliedto functionsof Quaternions

f q dq f q
d f q

1!
d2 f q

2!
d3 f q

3!
d4 f q

4!

Where f q dq will bea functionof q dq d2q d3q Quaternion

variablesNOT necessarilySMALL
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Taylor’ s SeriesApproximation

TheTensorof theQuaternionVariables

q dq d2q d3q

canbescaledby a Scalarfactorx to produceanApproximation

Fx f q xdq f q
x
1!

d f q
x2

2!
d2 f q

x3

3!
d3 f q
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Operations in Versor Space

Compositionof Versorsis equivalentto
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sumof their Vector-Ar cson theUnit SphereSurface.

This is aNon-Commutative operation
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Operations in Versor Space

Incrementsof Versor’s Angle is equivalentto Exponentiation

for example,in orderto doubletheangle
theversoris appliedtwice,which is q q q2
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Like in Complex numbers

eiθ cosθ isinθ
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Operations in Versor Space

Subtractionof Vector-Arcs is equivalentto

aQuotientof Versors
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Versor Spherical Linear Inter polation

SpericalLinearInterpolation(Slerp)

PSfragreplacements

x
y

h

w

q
p

r

s

u

v

q 1

q2

q1 2

q1 5

dh
dq

dw

dx
dy

dq 1

q dq

q dq 1

dq q dq 1

q dq q dq 1

p q

p q

u v

u v a

r α

z f x y

f x y

θ
q r s

q ∆q r ∆r s ∆s

∆q ∆r ∆s

lim ∆q 0 ∆r 0 ∆s 0

dq dr ds

r α
p
q

α
q

r 0 q

r 1 p

α 0 1

TheQuotient p
q producetheQuaternionthatrelatesp with q.

Exponentα allows to regulatehow muchof this Quotientis applied
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Optimization of Versor Functions

If theSpaceof Quaternionsis restrictedto Versors
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Theonly valid operationsarethosethatkeeptheendof vectors

in thesurfaceof theUnit Sphere
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Optimization of Versor Functions

TheVersorSpaceis a2D Space
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In orderto enforcethatVariationsof a Versorresultin anotherversor,

theonly valid operationsarecompositionswith Versors,(e.g.u andv )
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Optimization of Versor Functions

GradientDescent-like OptimizationMethod

v/u (v/u)^a (v/u)^a
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