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1 Introduction

This report details a proof that the Hindley-Milner type inference algorithm is sound and complete with
respect to a declarative formulation of let polymorphism. Let polymorphism is a decidable type system,
which allows polymorphic types to be introduced to type contexts only in let expressions, and is the basis
of the ML and Haskell type systems.

1.1 Road map

I will show that that the both the declarative type system are sound and complete with respect to an
intermediate syntax directed system. Section 2 provides definitions for the type systems and supporting
mathematical structures. The proofs and auxiliary lemmas are located in section 3.

2 Definitions

2.1 Preliminaries
2.1.1 Sequences, sets and bar notation

I use the notation Z (“bar notation”) to denote a finite ordered sequence of objects: 12223 ... z,. Discussion
of an arbitrary element is a shorthand for quantification over all elements (e.g. P(x;) instead of Vi €
{1...n}.P(x;)). Here n is a fixed number, which is potentially different for each sequence; bar notation is
clearly not appropriate when we care about n’s value.

I freely convert between sets and sequences. For example, I use a € T as shorthand for a € {z;|j €
{1...n}}, or g =Y to make § an arbitrary sequence of the elements in Y.

The notation [7/@] is a shorthand for the substitution [11/aq] o [ra/az] o ... [T /).

2.1.2 Type convention

This report includes both quantified and unquantified types. We denote unquantified types using 7 and
potentially quantified types with . The grammar of types is

T u= al|T—oT
o = 71|Yao

Type equality is syntactic up to alpha renaming. For monotypes, equality is purely structural. Polymor-
phic equality is defined using substitution (section 2.1.3). Types Va.7 and V3.7’ are equal iff 7 = [a5/3;]7’.
This relation is obviously transitive, reflexive and symmetric.



The ftv function evaluates to the set of free type variables of its argument. Formally,

ftv(a) = {a}
ftv(r — 1) = ftv(r) Uftv(r)
ftv(Va.o) = ftv(o)\ {a}

2.1.3 Substitution

Substitution is defined as usual. Substitution over quantified types is capture avoiding. We write T replaces
« as [7/a] and the null substitution as [—]. Substitutions R and S are defined to be equal iff Va.R(x) = S(x).
As functions, substitutions can be composed and applied. I use RST as shorthand for (R o S)(7).
When @ = agas . .. ay, I use notation Sa@ to denote mapping S over @, i.e. (Sag)(Sasg)...(San).
The domain and range of a substitution are defined as follows

dom(S) = {a:a#S(a)}
range(S) = {S(a):«a € dom(S)}

These definitions allow us to prove S =S’ implies dom(S) = dom(S”) and range(S) = range(S’). Addition-
ally, we define the derived form vars(S) = dom(S) U ftv(range(S)). We say type variable « is fresh for S
when a ¢ vars(S).

I define a domain restriction operator, |-, as

_ ) B B¢X
5]-x (8) _{ S(B) otherwise

Domain restriction binds less tightly than composition, and S’ o S|_x reads as (5" 0 S)|.x. We will use the
following domain restriction properties:

e SoT|-x =So(T|-x)|-x
e SoT|-x = (S|-x) o (T|-x) where X Nrange(T) =0
o [T/a]l-fay =[]
e S|-x = S where X Ndom(S) =0
o Sl-xuy = (S|-x)|-y
2.1.4 Ordering on types
We order types with the C operator which is defined as follows:

Bi ¢ ftv(Va.T) ' =[F/alr
Ya.r C V5.7

Generally, |@| # |3|. Intuitively o C ¢/ means ¢’ is more specific than o. For example,
V3.6 — BEVa(a—a) = (a—a) E(y—7) = (vy—7)

Since there is only a single rule, this judgment is invertible. Additionally, since the rule is purely syntactic,
for all instantiations of o and ¢’, if ¢ C ¢/, we can prove it with a derivation of height one. Lastly, the C
relation is transitive.



2.1.5 Contexts and generalization
We define typing contexts in the usual fashion,
' == 0| z:0
The free type variables of a context are defined as the union of the free type variables in all bindings.

ftv(0) =0
ftv(T, z:0) = ftv(T) Uftv(o)

Substitution over a context is defined by

S(0)
ST, x:0)

0
S(T), z:8(0)

We also define a generalization operator which is a function from a context and a type to a new type.
Intuitively, type I'(7) is 7 with all free variables quantified. Formally,

I'(t) =Va.r where @ = ftv(r)\ ftv(T)

2.1.6 Unification

We suppose the existence of a unification algorithm, ¢/, with the following properties.
e U(r,7') =V such that V(7) = V(7') or no such substitution exists and U(7,7’) is undefined.
o vars(U(7,7")) C ftv(7) U ftv(7’)

e R(1) = R(7’) implies there exists S such that R = Sold(r,7’). That is, U(7,7’) is the the most general
unifier.

2.2 Declarative Typing Rules

z:oel
—— D-Var
I'kpax:o

Tkpe:o o Co

I'tpe:o

D-INST

F'kpe:o a ¢ ftv(T)
I'tpe:Vao

D-GEN

F'btpe:7 — 71 Lkpe 7

; D-Arp
I'kFpee:r

L,z:7kpe:7

D-ABs
Tkplre:7— 1

I'Fpe:o Iz:obpe:r

D-LET
I'pletz=eine : 7



2.3 Syntax Directed Typing Rules

z:oel cCT
SD-VAR

I'Fgax:7

FkFse:r D,z:T(r)Fge 7

—— SD-LET
I'Fgletz =eine : 7
Tkge: 7 =71 I'kFge :7
S SD-Aprp
I'kFgee : 7
Iz:7kge: 7
- SD-ABs

I'tgAze:7— 71

2.4 Algorithmic Typing Rules

The algorithmic typing rules are a bit trickier. The Hindley-Milner algorithm is based on unification, and
occasionally needs fresh type variables. To avoid the messiness that would accompany formalizing a symbol
generator, we thread a sequence, or “tape,” of type variables through the judgment.

We write typing judgments in the algorithmic system as:

IAX Fw e (S,7,A)

This means that running the Hindley-Milner algorithm on expression e in context I' with tape AX finds e : 7.
Additionally, the algorithm returns substitution S and tape prefix A. Substitution S is used to transmit the
results of unifications performed by the algorithm to the enclosing context.

rv:Varel

— — WA-VAR
LA Fw e 1 (0, [3/alT, A)

[ ABYX Fw e T (S1, 71, ABY) S1(T); ABY Fw ea T (S2,72,AB) V =U(Sem1, 72 — )
L ABYX By erea T (Vo Sa 081, V(B),A)

WA-APP

I,z:3;AX Fy e (S,7,AX)

WA-A
T;AXB Fw Ae 1 (5,908) — 7, A) o

P,AYX l_W €o T (S(),T(],AY) S()(F),iE . S()(F)(To),AY }_W €1 T (Sl,Tl,A)

WA-LET
D;AYX By letz =epiney T (S1 050,71, A)

3 Theorems

3.1 Soundness of the syntax directed declarative rules

The statement of soundness for the syntax directed system is simple: ' g e : 7 = T Fp e : 7. This
statement is strong enough to be proved by induction. However, first will need the following lemma:



3.1.1 Generalization lemma

Lemma: T'Fpe:7and 0 = T(7) implies T -p e : 0.
Proof: T will show that I' Fp e : Vay ... .7 where o; € ftv(7) \ ftv(I') by induction on the length of the
sequence of unique quantification variables. Case analysis on the number of quantification variables:

e n=0: Vai...q,.7 is identical to 7, and I' Fp e : Vo ... .7 trivially.

e n > 0: By the inductive hypothesis, I' Fp e : Vay ... ap_1.7
Recall o; € ftv(7) \ ftv(T).

From these, rule D-GEN gives
I'tpe:Vay...apn.7

Taking @ = ftv(7) \ ftv(T) shows I -p e : T(7).

QED

3.1.2 Proof of soundness for the syntax directed system

We will show I' Fg e : 7 = T Fp e : 7. Proof is by induction on the height of the typing judgment
I'Fg e: 7. We do case analysis on the final step of the syntax directed proof.

e SD-VAR: e ==
By the premises of SD-VAR, z: 0 € I" and ¢ C 7. In the declarative system we derive:

rz:o€el
D-VAR —M8M8M8M8
I'Fpxz:o cCT
D-INsT
I'Fpax:T

e SD-LET: e=1letz =e€pine; and 7 =7
The premises of SD-LET give I' g eg : 70 and T, @ : T'(70) Fg ey : 7

By the induction hypothesis, we know I' Fp €9 : 70 and I', # : 0 Fp e : 71. By the generalization
lemma proved in section 3.1.1, T'Fp eq : T'(79).

We can now apply D-LET

I'kFpey:o I'Nrx:obFpei:m

D-LET
I'tpletx=egine; : 7

e SD-APP and SD-ABS. These rules are identical to their declarative counterparts.

QED

3.2 Completeness of the syntax directed system

While the declarative system can assign polytypes to terms, the syntax directed one cannot. Therefore, it’s
clearly not the case that I' =p e : o implies I' Fg e : 0. We state a completeness differently, and require that
the syntax directed system can assign a type which, when generalized, is at least as general as ¢. That is,
Itge:mwith (1) Co.

Fortunately this is provable using straightforward induction and the following lemma.



3.2.1 Context generalization lemma

Lemma: c CE o’ and ',z : 0’ Fg e: 7 implies ', x : 0 5 e : 7 with a derivation no larger than the first.
Proof: By induction on the height of the first derivation. We apply case analysis of the final step this
derivation.

e SD-VAR

The premises of SD-VAR give x : ¢/ € ', z : ¢’ and ¢’ C 7. Additionally we use transitivity of C to
realize, 0 C 7. By the form of the definition of C (section 2.1.4) that sub derivation can be written
with height one.

We can write the following proof:

z:oelz:o cCT
SD-Var

'x:7
e SD-LET, SD-APP, and SD-ABs do not make specific reference to the contents of their context. Each
conclusion follows directly from the inductive hypotheses.

QED

3.2.2 Proof of completeness of the syntax directed system
We will show I' Fp e: 0 = T kg e: 7 where ['(1) C o. Proof is by induction on the height of the

declarative typing judgment and uses case analysis on its final step.

e D-INST
The premises of D-INST give I'Fp e : o’.
By the inductive hypothesis, I' -g e : 7 and T(7) C o'. By the transitivity of the type ordering relation,
we have I'(7) C o.
e D-VAR: e = z and o = Va.7 where, by alpha renaming, a; ¢ ftv(T)
The premise of D-VAR gives z: 0 € T'.
As o C 7, we can use SD-VAR to find I'Fg z : 7.

Now we want to show I'(7) C o.

ftv(T(7)) = ftv(I') N ftv(7)

Therefore o; ¢ ftv(T'(7)), and

-
Defn. of C

e D-GEN: 0 =Vf('.0 =V3, 6.7

The derivation ends with

F'kpe:o B3 ¢ ftv(T)

D-G
I'Fpe:V3.o BN

By the inductive hypothesis we know I' kg e : 7 where I'(7) = Va.7 C 0.
Inverting the definition of C we have 3; ¢ ftv(['(7)) and 7/ = [F/a]r.



As ' ¢ ftv(T'), we know 3’ ¢ ftv(T'(7)).

8,6 ¢ tv(T(r)) ' =[7/alr
YaCvg, 5.7

Defn. of C

Rewriting the final statement in the derivation gives us I'(7) C o.
e D-LET: e=1letx =¢gine;, 7 =71, and 0 = 01
Premises give ' Fp eg:0p and I', x : g Fp e1 : 07.

Involiing the the inductive hypothesis we have I' Fg eq : 79 and I', x : 0g g e1 : 71, where T(To) C og
and I'(my) C o07.

Applying the context generalization lemma (3.2.1), yields ', x : T'(79) -5 ey : 7. Putting this together:

T'tgeg:To Iyz:T(rg)Fser:T

I'kgletz=¢pine; :my

! SD-LET

e Rules D-APP and D-ABS are identical to their syntax directed counterparts. These cases are trivial.

QED

3.3 Soundness of the algorithmic relation

As for the syntax directed system, soundness of the algorithmic relation is easy to state: I'; A by e T (S, 7, A')
implies ST Fg 7. We will perform induction directly on this statement, and find the following two lemmas
helpful.

3.3.1 Renaming trick lemma

Lemma: VI, S, 7.35".ST(S o S'7) C ST(7) and S'(T") =T.
Proof: By constructing S’.
Let 7 = ftv(7) \ ftv(T)
Pick disjoint sets of fresh variables ¢ and ¢ such that &;,¢; ¢ vars(S) U ftv(7) U ftv(I') and &; # ¢;.
By the definition of generalization:

ST (1) = SVy.T = SYC.[C/F]T = V(.S o [(/7]T
Defining S’ = [6/7] and applying the definition of generalization:
ST(So0S8't)=V6B.S08'r

where 3; # 6;. 3
Because ftv(ST(S5'7)) C 0 Urange(S) U ftv(7),

¢ ¢ ftv(ST(S o0 S'7))

nd
’ G ¢ fv(ST(So ') Solt/Alr = (/80 S o6/l
ST(S o S'7) C ST(r)

As vars(S") N ftv(I") = 0, we also conclude S'(T") =T.

Defn. of C

QED



3.3.2 Substitution Lemma

Lemma: I' g e: 7 implies ST' kg e : ST
Proof: By induction on the height of the judgment.

e SD-VAR

z:0€el cCT

SD-VAR
I'btgz:T

Noting So € ST and So C ST, we use SD-VAR to conclude ST Fg = : ST.

e SD-LET

IF'kge:T D,z:T(1)Fse 7

/

SD-LET
g letz=eine : 7

By the induction hypothesis: B
ST, x: ST(7) kg e : ST’

However, we need a judgment of the form ST, x : ST(7;) g 7/
Picking S’ as the existential witness to lemma 3.3.1 gives ST'(S 0 S'7) C ST(7) and S’(I') =T.

Thus, by the context generalization lemma (3.2.1),

ST, ST(So08'7) s ST/

By the induction hypothesis and T' = S'T":
SSThkge:So08'r
ST'Fse:SoS'r
Applying SD-LET gives ST kg letx =eine’ : S7/

e SD-AprpP and SD-ABS: These cases are trivial. The conclusions follow directly from the induction
hypotheses.

QED

3.3.3 Proof of soundness of the algorithmic relation

We will show T;A Fy e 1 (S,7,A’) implies ST Fg 7. Proof is by induction on the derivation of the
algorithmic judgment. Case analysis on the final rule used:

e WA-VAR: e =z, 7 = [3/a]7y and S = [-].
By the premise of WA-VAR, we find z : Va.7g € T
Va.rp €T [iﬁa]ro;[éﬁ//?‘]m Dt of £
: .To € .
X Qa.To _ CiTO |- a|To SD-VaR
r "S [ﬂ/()&]’]’o

As T’ = [—]T, this case is concluded.



WA-ABs: e = Ax.eg and 7 = S(8) — 70
By the premise of WA-ABS,

D, z:0;AX by Ax.ep 1 (S, 70,A)
By the induction hypothesis and definition of substitution,

ST, x:SBFseq: 1o

Applying SD-ABS to the above judgment, we derive:

ST kg Azx.eq : S(B) — 1o

WA-LET: e =letz =¢epine;, S=5705;

The algorithmic derivation ends with

IAYX By eg T (So, 70, AY) So(T), 2 : So(I')(70); AY Fw er T (S1,71,A)

WA-LET
D;AYX By letz =¢giney T (S1 050,71, A)

We want to show:
S1SoT' g letx =egine; 17

This requires the following two judgments (for some 73):
S1S5T Fgeg:m
S$150T,  : S150T (1) Fs €1 : 71
Observe that the inductive hypothesis gives
Sol' g eg : 1o

and o
SlSOF, xT Slsor(To) l_S €1 :T1

By lemma 3.3.1 we can pick S¢ such that
S5150L(515°70) E S1.50I(70)
and S°(SpI') = ST

By the substitution lemma (lemma 3.3.2) and the first invocation of the induction hypothesis:
518°SoT ks o : 515°70

and
SlSOF |_S €p - 51507'0

Applying context generalization (lemma 3.2.1) to the induction hypothesis’s second claim gives
Slsor, €T SlSoF(Slsoro) I—S €T

Putting this all together gives

SlSOI‘ "5’ €p - 51507'0 SlSoF, xT . SlSOF(SlSOTO) I—S €T

SD-LET
S1S)I' Fg letx =eginein




e WA-APP: e = e1e9, S=V 05505 and 7 = V(5)

From the premises of WA-APP we have
F7 A/@YX l_W €1 T (Sla T1, AﬁY)

Slr7 A5Y7'_W €2 T (5237_27Aﬁ)
and
V =U(S2(m1), 72 — )
Applying the induction hypothesis to the first two premises gives S1I'Fg ey : 71 and S951' Fg es : 7

Using the substitution lemma (3.3.2) on the above judgments yields: VS35:T Fg e; : VSam and
V5251F "S €9 VT2

From the definition of unification and the third WA-APP premise:

VSay(m) =V(re — B) = V(ra) — V(B)

Hence
VSQSlF }_S €1 - V(Tg) — V(ﬂ)

and

VS SiT kg e : V() — V(B) VS2S1T Fg ex: V(m)

SD-App
VoS08 T Fgeies: V()

QED

3.4 Completeness of the algorithmic system

We want to show that the algorithmic system is complete with respect to the syntax directed type system.
Completeness here does not mean that we can algorithmically find any type valid in the syntax directed
system. As the syntax directed system can assign many types to an expression and the algorithmic system
can only assign one, this is clearly not possible. Instead, I claim that the Hindley-Milner algorithm assigns
principal types; that is, any type given by the syntax directed system is a substitution of the type found
algorithmically.

The claim above is too weak to use directly for induction, so I will prove that, given some I' and e, for
all substitutions @,

QT Fge: 7 = JRVAX.AXN (fov(T) Uftv(7) Uvars(Q)) =0 implies
(i) T;AXFwetl (5,1, A4)
(i) (RoS)lx =Q
(i) 7' =R(7)

Although this statement is complicated, it makes sense. Given QTI' Fg e : 7, we expect (but do not prove
directly) ' Fg e : 7, as I' C QT'. Thus claim (i) is reasonable. Claim (ii) is a technical detail required for the
SD-LET case, and claim (iii) is the statement we actually want.

Additionally the main proof will require new lemmas. Lemmas 3.4.1 and 3.4.4 are used directly, while
3.4.2 and 3.4.3 needed to prove 3.4.4.

10



3.4.1 Algorithmic substitution variables lemma

Lemma: I'; AX By e T (S, 7, A) implies ftv(7r) Uvars(S) C ftv(T) UX
Proof: By induction on the height of the algorithmic derivation.

e WA-VAR:
z:Varel WAVA
DABFwel 0B/anA)
vars([—]) U ftv([B/a]7) = (ftv(T) \ @) U B = ftv(Va.T) U B C ftv(T) U B
o WA-APpp:

IABYX Fw e T (S1, 71, ABY) S1(T); ABY Fw ex T (S2,72,AB) V =U(Sem1, 72 — )

WA-A
T ABYX Fuy erea 1 (V 082051, V(3),A) o

By the induction hypothesis,
ftv(rm) Uvars(Sy) C ftv(T) U X

ftv(me) Uvars(Sz) C ftv(SiI)UY C ftv(I") UXY
Hence ftv(S2(m1)) C ftv(T') UXY.
By the definition of unification, vars(V) C ftv(Ss(m)) U ftv(r2) U {G}.
Therefore ftv(V(8)) Uvars(V o Sy 0.57) C ftv(T") UXYS.
e WA-ABs:

[,z:08;AX Fw e (S, 7,AX)

-A
T AXA oy dwe 1 (5, 8(3) 7, Ay "D

By the induction hypothesis,

vars(S) U ftv(r) C ftv(T, z : f)UX C ftv(T) UXp

Therefore
vars(S) U ftv(S(B8) — 1) C ftv(T) U XS
e WA-LET:
T3 AYX Fweo T (So,70,AY)  So(D), 2 : So(T)(10); AY Fw eq T (S1,71,A)
D;AYX By letz =¢giney T (S1 050,71, A)
By the induction hypothesis,

WA-LET

ftv (7o) Uvars(Sy) C ftv(T) UX
ftv(r) Uvars(Sy) C ftv(SoT, = : SoI'(79)) UXY C ftv(I') U vars(Sp) U ftv (7o) UXY C ftv(I') UXY

Therefore
vars(Sp 0 S1) U ftv(ry) C ftv(I) UXY

QED

11



3.4.2 Lemma: Substitution of renamed variables

Lemma: Assume § is contains fresh, pairwise-disjoint type variables—that is §; ¢ vars(S)Uftv(r) and &; = §;
only when ¢ = j. Then

St =[S(@)/3] 0 S o [3/a]r.

Proof: Proof is by induction on structure of 7.

e CaseTt =1
— Subcase z = o; €@

ST = Sa;

16; as elements § disjoint
] 0 S0, as 0; ¢ vars(S)
]

— Subcase x ¢ @

ST =Sx
= [S(@)/d] o S by freshness of §
= [S(@)/d] o S o[é/alx asx ¢

e Case =7 — 7

Immediate from the induction hypotheses.
QED

3.4.3 Lemma: Free variables of an applied substitution

Lemma: ftv(S7) = U{ftv(Sz) | = € ftv(r)}.
Proof: Proof is by induction on the structure of 7.

e Case =y

ftv(ST) = ftv(Sy) = U{ttv(Sy) } = U{ftv(Sz) | = € {y}} = U{ftv(Sz) | = € ftv(7)}

e Case =71 — 7

ftv(S(m — 1)) = ftv(ST — ST2)
= ftv(ST1) — ftv(ST2)
= (U{ftv(Sz) | = € ftv(m)}) U (U{ftv(Sz) | = € ftv(r2)}) by the induction hypothesis
= U{ftv(Sz) | = € ftv(m) U ftv(ma)}
= U{ftv(Sz) | = € ftv(m — 72)}

QED

12



3.4.4 Lemma: Substitution through generalization

Lemma: ST(7) C ST(ST)
Proof: Begin by rewriting the above types.

ST(r) = S(Va.r)

@
V.S

o/alr

[¢]

ST(ST) =VB.S71

where @ = ftv(7) \ ftv(T') and 3 = ftv(S7) \ ftv(ST). The § are defined to be fresh and pairwise disjoint—
d; ¢ ftv(7) U vars(S) U ftv(I") and 6; = d; only when ¢ = j.
By the definition of C it suffices to show the following.

(i) B; ¢ ftv(V6.S o [§/alT), for every 3; € B
(i) St =[77/8] o S o[§/a]r, for some sequence, 7.

Proposition (ii) is immediate from Lemma 3.4.2.

We now demonstrate (i).

Suppose 3 = (). Then (i) is vacuously true and we're done. Otherwise consider an arbitrary 3; € 3. We
can conservatively approximate the free variables of V4.5 o [§/a]r as follows.

ftv(V0.S o [§/a)T) = ftv(S o [§/a)T) \ &
— tev(S(B/alr) \ 3
= U{ftv(Sz) | = € ftv([o/a]r)} \ & by Lemma 3.4.3
C U{ftv(Sx) | z € (ftv(r) \@)Ud} \ &
= (U{ftv(Sz) | z € (ftv(r) \ @)}) U (U{ftv(Sz) | z € §})\ 0
= U{ftv(Sz) | z € (ftv(r) \ @)} Ud\ o as d fresh from S
C U{ftv(Sz) | z € (ftv(r) \ @)}

It suffices to show §; ¢ U{ftv(Sx) | « € (ftv(r) \ @)}.
For a contradiction, assume ; is in the set. Then, for some z, §; € ftv(Sz) and = € (ftv(r) \ @).

Expanding the definition of @ gives = € ftv(7) \ (ftv(7) \ ftv(I')). So x € ftv(I'), and ftv(Sx) C ftv(ST). As
B; € ftv(Sx), we see §; € ftv(ST). This is a contradiction with the definition of 3.

QED

3.4.5 Proof of completeness for the algorithmic system

VIeVQ.QT Fge: 7 = FRVAXAXN (ftv(T) Uftv(r") Uvars(Q)) = 0 implies
i) T;AXFw el (S,7,A)
(i) (RoS)x=Q
(iii) 7' =R(7)

Proof will be by induction on the height of the syntax directed judgment. We proceed with case analysis
on the final step of the proof tree.

e SD-VAR Given e =z, S =[] and ' = T'g, z : Vo' .7
The syntax directed judgment looks like

13



x: QVal .7 € QT Qv i ET

SD-VAR
Ql gz :7

Let Va.mg = Vo' .7} where «; ¢ vars(Q). Therefore Va.Qm = QVa’ and
z:Va.Qry € QT
Va.QTO E T/

(i) Algorithm succeeds
z:VYam el

T AG Fw o 1 () pala)

(i) IR.Ro S|_5=0Q
We need to find a substitution R, to fulfill both the above condition and requirement (iii).
Inverting the proof that Va.Qry C 7/ gives 7/ = [T/a]7o.
Propose R = [7/8] o Q
Noting 3; ¢ vars(Q):

RoS| 5=[F/BloQo[-]l.3=Qc[7/8ll.3=0Q

(iii) Want to show R[3/a]m = 7/

R[B/a) BIQIB /o

plQ|
BlB/a]Qo
alQo

[/
7/
[/

/

e SD-ABs
The syntax directed judgment ends in

Ql,z:7hge: 7
QU Fs A ze:7— T

7 SD-ABS

(i) We want to show the algorithm succeeds for term Az.e in context T
Pick a tape satisfying the assumptions, AX3, and let Q' = [7/8] 0 Q. As 3 ¢ range(Q), we know
QT,z:68)=T,z:7 and
QT z:B)krse:7
with a derivation identical to that in the premise of the given instance of SD-ABs.
Apply the induction hypothesis to find:

T, z:B8; AX by (S, 7"V, A)

as well as AR.Ro S|_x and 7" = Rr'".
Hence, by WA-ABs,
[ AXB Fw Aze 1 (S, S(8) — 7, A)
(if) Want to show IR.Ro S|.x3 = Q. Let R be a witness to the existential statement in (i).
By the I.H. we have
RoS|l-x=Q =I[r/f]oQ
Therefore

RoS|l-xp=0Q
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(iii) Want to show R(S(8) - 7)) =7 — 1’
From Ro S|-x = Q’, wesee RS(B) =Q'(B8) =71
By the inductive hypothesis, R(7"") = 7/
Therefore R(S(B) = 7V) =7 — 1/

e SD-LET: The syntax directed judgment ends with:

QI Fseg: 1o QT, z: QT (1) Fs er : 7
QI'Fg letx =egine; : 7y

SD-LET

(i) Algorithm succeeds
Applying the inductive hypothesis to the left hand premise gives

F,AXY l_W €0 T (So,TaN,AY)
where R o Sp|-y = Q and 79 = R(7).
We want to use WA-LET:
Ty AXY Fwoeo T (So, 757, AY) Sol, 2 : SoT; AX by er T (S1, 7%, A)

WA-L
T AXY Fu let 7 = ¢o iner | (510 80,77, A) e

While the left premise followed directly from our induction hypothesis, the right premise will
require a little more work.

By the premises o
Qlyz : QT (7o) Fser: 1
Using the inductive hypothesis, we substitute R o Sy for ) and Rty for g

RoSoI',x: RoSoT (R ) Fser : 7
By lemma 3.4.4, RSoI'(1y’) CE Ro SoI'(R7y’) and by context generalization (lemma 3.2.1) we have
RoSoT,x: RSoL (1)) Fs e : 1
Applying the inductive hypothesis (with context SoT" and substitution R) gives
Sol', 2 : SoT' (79" ); AX by eq T (S1,7", A)

and R’ such that R’ o S1|-x = Rand 1y = R'7)"
Immediately we use WA-Let to conclude

[ AXY by let o =egine; T (S1 080,77, A)

(ii) Picking R’ as our existential witness, want to show R’ o (S o Sp)|-xy = Q.
Note that by lemma 3.4.1, vars(Sp) C ftv(T) UY, so ((R' 0 S1) 0 Sp)|-x = (R 0 S1)|-x © Sp.

(R'o(S1080))-xy = ((R'o8S1)o0S0)|-xy
= ((R'051)]-x0S0)|-y
(ROSO)FY

iii) 71 = R/(7¥) by the inductive hypothesis.
1
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e SD-ApPP

Ql'kgey:mo— T QU s ex:m

SD-App
QF "S €1€a I T

(i) Want to show that the algorithm succeeds
Applying the induction hypothesis to left premise gives

CYABYX By er T (S1, 717, ABY)
with Ry 0 S1]-x = Q and o — 7 = Ry7y".

Now we can rewrite the right premise as Ry 511" g e2 : 75 and use the inductive hypothesis to
find

SiITABY bw ea T (52,737, AB)
with R2 o 52|—\Y = R1 and T2 = RQT;V.
If we can unify Sp7y" and 737 — 3, we will be able to use WA-APP. Note that (by lemma 3.4.1),
ftv(r") N BY =0 and S ¢ ftv(ry").
As Ry 0 Ss]|-y 0S1|-x(8) = Q(B) = S and B ¢ XUY U vars(Sy) U vars(Sz), we know Rs(3) = 0.
Using the above, we derive:

[T/BIR2Somy” = [7/BlRam" = [7/Bl(12 = T) =72 — 7
and
[T/B]Ra(13" — B) = [1/B|Rery — [1/B|R2f = [7/B]r2 — [7/B]B=T2 = T
Therefore these types can be unified. As unification returns a most general unifier, V.= U (ST, 73" —
() implies there exists R* such that [7/8]Re = R* o V.
Finally, we conclude
[ ABYX Fw erea T (S1,V(8),A)

(ii) Picking R* as the existential witness for claims (i) and (ii), we want to show R*oV 055051 |-sxy =

Q.

R*oV oS08 |pxy =

] o Ry 0 S5 081|-pxy

] o (Rz0S2)|-y o Si|-xp
]o Ry 0S1|-xp
]

(iii) We want to show R* o V(8) = 7.
R*oV(B) = [r/B] o Ry (B) = [7/B)(8) = 7

4 Conclusion

Combining our proofs of soundness gives

MAFwe?l (S,1,A)=TFpe:r
Likewise, chaining completeness yields

Iibpe:o=T;AFwe? (S,7,A")

where I'(7) C 0. Hence, up to type generalization, the Hindley-Milner and algorithmic systems are equivalent.
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