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Intr oduction

e Quaternion@recommonlyusedto representotations

e They wereintroducedoy William Hamilton(1805-1865)1]

e QuaternionsvereconcevedasGeometricaDperators

e A CompleteCalculusof Quaternionsvasintroducedoy Hamilton[2]




Definition of Vector

N

M

A Vector is aline sggmentwith orientation

VectorMN representgherelative position
of pointN with respecto pointM




Hamilton’ s Moti vation for Quaternions

Createa MathematicalConcepto represent

TheRELATIONSHIP betweenwo VECTORS.

In the sameway thata VVectorrepresent

The RELATIONSHIP betweertwo POINTS.




Vector applied to Point

Given:

M
°
V
PointM anda VectorV /
N
V

Theapplicationof the Vectorover
the PointResultan a

: . M
UniquePointN




Quaternion applied to Vector

In the sameway, Hamiltonwanted

thatgiven \V o]

VectorV andaQuaternionQ

Theapplicationof the Quaternion
overtheVectorResultsn a

UniqueVectorW




Quatenion Rationale

A vectoris completlydefinedby

e Length
e Orientation

In orderto defineavectorin termsof anothermnector
a Quaterniorhasto represent

e Relatve Length
e Relatve Orientaton




Definition of Scalar

A Scalar is definedas

Theratio betweernthelengthsof two PARALLEL vectorsA and B

S = Scale

It representtheRELATIVE LENGTH of onevector
with respecto the other

Notethatin programmingargon scalar hasmistalenly takenthe placeof real




Scalar- Vector Operations

S=

A Scalar Sis the Quotientbetweentwo PARALLEL vectorsA and B

— —
A=5ScB
A Scalar isanOperatorthat

e Changeshe SCALE of thevector

e Keepdts orientationunchanged

Applicationthe ScalarOperatois notedby thesymbol (o).




Definition of a VVersor

A Versor iIs definedas

Thequotientbetweenwo non-paralleiectorsof EQUAL LENGTH

It representthe RELATIVE ORIENTATION of onevector
with respecto the other




Versor - Vector Operations

V —

H
A

p—
B

A \ersor V is the GeometricQuotientbetweertwo non-paralleliectors
of EQUAL LENGTH A andB

—

N
A=V¢B

A \ersor i1s anoperatoithat
e Changethe ORIENTATION of thevector

e Keepdts lengthunchanged

Applicationof the VersorOperatoris notedby the symbol (o).




Right Versors

A Right Versor Is aVersorthatappliesa 90° rotation

- Y

Vectorlengthis left unchangedsin arny otherVersorapplication




ComposingVersors

N
V2<> B
N
V1<>C

N

VooVio C

N
V3<>C

Versorcompositions the
consecutie applicationof
two versorsoperators.

It is notedby the symbol(¢)




ComposingRight Versors

. Y,

N
A
N
—B
N
—B

—1

(—1) istheINVERSION operatotthatinvertsthedirectionof avector

Thedoubleapplicationof aright versorto a vectot inverseshe vector




Definition of Quaternion

A Quaternion is anoperatorthat
e Changethe ORIENTATION of thevector
e ChangesheLENGTH of thevector

Applicationof the QuaterniorOperatons notedby the symbol (<)




Quaternion Characteristics

e AXis(Q) = Unit Vectorperpendiculato the planeof rotation

e Angle(Q) = Angle betweerthevectorsin the quotient

e Index(Q) = In aRight Quaternions the Axis(Q) multiplied by the
lengthratio of thetwo vectorsin the quotient.




Representationof Quaternions

Quaterniorr “A set of Four”

From
e thelatin Quaternio
o theGreektetpaKktu(
Thecombinedoperationof Scalar andVersor requires4 numbers:
e 1for Scale
e 1for Angle

e 2 for Orientation(commonplane)

Quaterniorr Scalarcombinedwith Versor




Opposite Quaternions

ThequaterniomQ hasan Opposite quaterniorO(Q)




Opposite Quaternion Properties

Angle(Q) + Angle(O(Q)) =t
AXis(Q) = —AXis(O(Q))

O(Q)




Reciprocal Quaternions
=
Q==
B

The quaterniomQ hasa Reciprocal
quaterniorR(Q)

B
RQ =Q ==
(Q)

Theircomposition(onequaternion
appliedaftertheother)is

QoR(Q) =1

The (1) operatoris anldentity Operatorthatleavesvectorsunchanged.




Conjugate Quaternion

Thegeometriaeflectionof vector
B (thedenominatorpver vector
— .

A (thenumeratorwill bevector
_>

C

] . — —>
Giventhepair of vectorsA and B
andtheir quotient

Q=

H
A

p—
B




Conjugate Quaternion

The Conjugate of QuaterniorQ is C
definedasthe quotientK (Q)

Angle(Q) = Angle(K(Q))
AXis(Q) = —Axis(K(Q))




Norm of a Quaternion

TheNormis thecompositionof a Quaterniorwith its Conjucate




Norm of a Quaternion

Therotationof the ConjucateK(Q)
compensatetherotationof the
gquaterniorQ.

TheoperatomN(Q) producea
parallelvector henceN(Q) is
alwaysa positive Scalar operator




Square of a Quaternion

The Sguare of a Quaternions definedas:

Applying thequaterniortwice




ComposingRight Quaternions

B C = E

Thesuccesie applicationof a Right Quaterniorover a VVector
resultsin a Vectorin the oppositedirection.

—>

—B
:j_l

%
C

p—
E

Thesquareof ary right quaternions aNEGATIVE scalaroperator




Versor of a Quaternion

Versor of aVector= Unit vectorparallelto thevector

A
=]

Versor of aQuaternion= Quotientof the Versorsof thevectors

so-o(3)-25

B) U (ﬁ)

It is the partof the Quaterniorthatrepresent&elative Orientation




Tensorof a Quaternion

Tensor of aVector= Lengthof thevector

T(A) =[]

Tensor of aQuaternion= Quotientof thetensorof thevectors

o-r(8)- 1

It is the partof the Quaterniorthatrepresent&elative Sscale




Tensorand Versor of a Quaternion

Versor operatorappliesVERSI ON to avector

Changewectors orientation

TensoroperatorappliesTENSI ON to avector

Stretcheghevectorandchangats length




Tensorand Versor of a Quaternion

A Vector canbedecomposeth Versor andTensorparts

— — — — 1 -~
A:T(A)oU (A) :HAHoA

A Quaternion canbedecomposeth Versor andTensorparts




Vector - Arcs

\ersors canberepresentednthe
surfaceof aunit sphere

A e

Applicationof versorV will
move point B to point A

V —

The MaximumArc joining pointsB andA is definedasVector-Arc




Sliding Vector - Arcs

In the sameway thatVectorscanbetranslatedn a plane

Vector arcs canfreely slide alongthegreatcircle
andstill representhe SAME Versor.




Composition of Biplanar Versors




Multiplication and Division of Diplanar Versor

The Spherical Triangle ABC is usedto defineversoroperations
analogouslyto how the parallelograms usedfor vectoroperations

Multiplication of Versors as
Vca =Vea - Ves

lik e the sumof vectors

Division of Vlersors as
Vea = =4

lik e the differenceof vectors




Versor Compositionis Non-Commutative

Theresultingversorsvca andVyc have thesameangle

but differentaxis (andso, differentplanes)




Composition of two Orthogonal Right Versors

Themultiplicationof two A
orthogonaRight Versorsproducea
Right VVersororthogonako them

Ve - VBa = Vca
An whentheorderis reversed

Vea-Vee = —Vea




Square of Elementary Versors

The Sguare of anoperatons the operatorappliedtwice

joi=1i

Thesquareof Right Versorgs alwaysthe (—1) Operator




Elementary Versors

Compositionof Elementaryersors

right-hand
i-j=k




Index of Right Quaternions

Thelndex of aRightQuaternions

the Axis of thequaterniorScaledby theratio of lengths




Sum of Versors
VersorsareQuotients.

They canbesummedONLY whenthey have
aCOMMON DENOMINATOR

- =

— — —
VeC = = C C+ A
B

2 0 Vec+Vea=

Vea =
BA ?

—
B

A CommonDenominatoicanAL WAYS befound
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Getting a Common Denominator

Slide bothversorsalongtheir greatcircles
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Until their originscoincide

H
ThevectorB’ in theintersectioris thecommondenominator




Geometrical Inter pretation of the Sum

As with Vectors first SLIDE both
\ector-Arcs to acommonorigin

< ‘)

In orderto getacommondenominator




Geometrical Inter pretation of the Sum

Add thetwo vectorsin thenumerator

SO TN
Y&

Finally getthe new Quotient




Sum of two Right Versors

It is alwaysaright quaternion

Its planeBISECTS thoseof the original two versors

andhasa Scalar characteristic> 1




Sum of two Right Versors

Thelndex of theresultingVersor

IS equalto the sum of indicesof thetwo versors




Multiplying a Right Versor by a Scalar

Multiplication by a Scalaraffects
only the Scalampartof the Right Versor

It modifiesthelengthrationof thevectorsin the Quotient




Right Versor in terms of Orthogonal Right Versor

If thethreeOrthogonalRightVersord, |, k aremultiplied by Scalarsx,y, z

Q=xi +yj +zk X +y+7=1

Theirsumwill beaRight Versorwhoseaxishas(x,y,z) ascomponets.




Scalarand Right Parts of Quaternions

A Quaternioroperatorappliedto avector B
H
performsanoperationthatproducesanothervector A

A

Q

Q=




Scalarand Right Parts of Quaternions

A

Thenew vector A canbe
expressedsa sumof two
orthogonalectors

— = —
A=Bs+ Bpr

N
Oneparallelto B and
anotherorthogonato B




Scalarand Right Parts of Quaternions

Br A

B O B

§>S IS obtainedby applying §R IS obtainedby applying
anScalarOperatorto B a Right Quaterniorto B




Tensorand Versor Part of a Quaternion

Thesameoperationcanbedecomposeth
a TensorOperatoranda VersorOperator




Scalarand Right versusTensorand Versor

SCALAR andRIGHT partsarea
Representatiom RECTANGULAR coordinates

TENSOR andVERSOR partsarea

Representatiom POLAR coordinates




Quaternions asFour Coefficients

Let L betheRatio of Ienghtsbetween/ectorsﬂ> and B is L

The Scalarfactor

=
B

-
8]

S=

shouldbe equalto

L cosb




Quaternions asFour Coefficients

Let L betheRatio of Ienghtsbetween/ectorsﬂ> and B is L

TheTensorof heRight part

.
Br

-
8|

shouldbe equalto

L sin®




Quaternions asFour Coefficients

TheQuaternion Q canthenbewritten as

Q=xi +y] +zk+w

w = LcosO
VX+y2+72 = Lsin®

e Therealnumbermw representshe Scalar part,

e Thesum(xi +Yyj + zk) representgheRight part.




Product of Quaternions

Two quaternion®); andQ. arecomposedy

Q10Q2=T(Q1)U (Q1)oT(Q2)U (Q2)

Thatis equvalentto

Q1oQ2=T(Q1)T(Q2)-U (Q1)oU (Q2)




Product of Quaternions

Givena QuaterniorQ resultingfrom the composition

Q=010Q

Its Tensons

Its Versoris




Representationby four coefficients

Let P andQ betwo Quaternionsrepresentely four coeficients

Q = Xqi+ygl+zgk+w

Their compositionP ¢ Q canbe expressedy




Representationby four coefficients

Let P andQ betwo Quaternionsrepresentely four coeficients

Q = Xqi+ygl+zgk+w

Their compositionP ¢ Q canbe expressedy

—Yq Xq
Xq

Wog 4

—Zq Wq




Rotating a Vector (Finally !!)

A Quaterniorg = (X, Y,z w) rotatesa Vectorv by usingthe product

vV =qgovoq t

Which canbereducedo a Matrix-VectormultiplicationL (q)R (q~1) v

| (W2 +x% —y? — 7%) (2xy — 2wz) (2xz+ 2wy) 0
(2xy+ 2wz) (W2 —x2 4 y? — 22) (2yz— 2wx) 0
(2xz— 2wy) (2yz+ 2wix) (W2 —x% —y? +7%) 0

0 0 0 (W2 + X2 +y? + 2%)




References

[1] W.R.Hamilton. Elements of Quaternions, volumel. Chelsea
PublishingCompaly, third edition,1969. Theoriginal waspublished

in 1866.

[2] C.J.Joly. AManual of Quaternions. MacMillan andCo., Limited,
1905.




