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Abstract:
This article aims at reviewing thepresentstatusof the understandingof the structureand reactionsof neutron-richnuclei.The

propertiesof the low-lying soft giant dipole resonancein ~ are discussedwithin several modelsproposedfor the purpose.The
existenceof this collectivemodein heavierneutron-richnuclei is considered.Thequestionof theseparationenergyof a single neutron
and a dineutronis discussed.

ThenuclearandCoulombdissociationcrosssectionsfor Li on severaltargetsarecalculatedandcomparedto theavailabledata.
Thequestionof theneutronhalo is thenconsideredin detail.

Theelasticscatteringof “Li andotherunstablenucleion severalstabletargets(p,
208Pb,etc.)is discussedin detail.The signatureof

thehaloon theelasticcrosssectiona~is thenassessed.Proposedexperimentsarediscussedin thelight ofthetheoreticalprediction.The
effectof thebreak-upchannel(2n + 9Li in “Li) on cC, is thoroughlyanalysed.Thetotal reactioncrosssectionandtotalnuclearreaction
crosssectionisalsocalculatedusingthemicroscopictp,p

2-Glaubertheory.Theproductionof it’s is consideredandmodelcalculations
areperformed.

The low-energyfusion of neutron-richnuclei with heavytargetsis analysed.Having in mind thepossibility that thelow-lying soft
giant-dipoleresonancemaygreatlyaid thesystemto fuse evenat sub-barrierenergies,theviability ofproduingsuperheavyelementsare
studied.The astrophysicalimplicationsof exoticnucleiareassessedanddiscussed.Finally,themomentumandangulardistributionsof
fragmentsfrom “Li breakupare calculatedand comparedto theavailabledata.

* Supportedin part by theCNPq-Braziland theNSF-USA.
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1. Introduction

1.1. Generalities

Therecentinterestin drip-linenucleionly appearedafterthesenucleicouldbe studiedin nuclear
reactions,in particulardueto the seriesof experimentscarriedout at Berkeleyby Tanihataetal.
[Ta 85a,b; Ko 88,89]. Suchexperimentshavealso beenperformedat GANIL and at Michigan
State University with intermediateenergy beams [Mi 87; SL 89; An 90; Or92; le93]. In this
introductionwe shallconcentrateon themostrelevantaspectsof thedataandstudyespeciallythe
fragmentationof “Li. We shall closely follow the ideas discussedby Bertulani and Hussein
[BH 90a]. The fragmentationof other neutron-richnuclei, like 14Be, should follow the same
scheme.Among the severaldistinctive featuresof the experimentalresults, an intriguing one is
related to the momentum distribution of the 9Li fragments originating in the reaction
“Li + target -+ 9Li + X. Thesefragmentsoriginate from peripheralreactionsandgive informa-
tion about the nuclear matter distribution near the surface of the “Li isotope.
The perpendicularmomentumdistribution of the 9Li fragmentsshows a “two-peak” structure
[Ta 85a,b], with anarrowpeakon top of a wider one(seefig. 1). The widths of gaussianfits to
thesepeaksare given by Uwide = 95 ±12 MeV/c for the wider peak,andanarrow = 23 ±5 MeV/c
for thenarrowerone.Suchstructurehasalsobeenfoundin thereaction14Be + target-+ ‘2Be + X.
In thecaseof ~ it is knownthattheseparationenergyof thelast two neutronsis [Th 75; Wo 88]
S

2,, = 0.25 ±0.08 MeV, while
10Li is unboundby S,,, = 0.8 ±0.25 MeY.

HansenandJonson[HJ 87] havearguedthat it is the strengthof theneutronpairing whichis
responsiblefor the differencesin theseparationenergiesof “Li andof otherneutron-richnuclei.

3~a’ I

9Li

-~ ~ OW 2~

Pt (MeV/C)
Fig. 1. (a) Calculatedtransversemomentumdistributionof 9Li in thereaction“Li + ‘2C -+ 9Li + 2n + X. The dashed(dotted)line is
obtainedby assumingknock-outof two neutronsfrom thecore(halo) of ~ Li. The solid line representstheweightedsumof thetwo.
(b) Comparisonwith theexperimentaldata(for moredetailsseechapter4).
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This pairing makesthe bond betweenthe two loosely boundneutronsmuch strongerthanthe
respectivebondsbetweeneachof themandthe 9Li core.That is, the “Li is much like acluster
nucleuswith adineutronsystemboundto the 9Li core.In this generalintroductionweshow that
boththe widthsof themomentumdistributionsas well asthetotal crosssectionscanbeexplained
by assumingasimplecluster-likestructurefor 1’Li asadineutronboundto a9Li core.Butwe also
showthatanalogousresultscanbeobtainedby consideringtheexcitationof asoft vibrationof the
protonsagainstthe neutronsin “Li. The presentlyavailabledatado not unambiguouslydistin-
guish betweenthe two models.We also discusssomequalitative three-bodydynamical effects
in “Li.

1.2. Reactionsofexoticnuclei

Due to the low energynecessaryto remove the neutron pair, the reaction processis of
peripheralnature.The fragmentationthenoriginatesdueto the nuclearfield whenthe tails of the
nucleonicdistributionsjust touch each other, or the Coulombfield evenwhen the nuclei pass
severaltensof fermis far from eachother. ThescatteringangleU is thereforevery small,andthe
momentumtransferin the reaction,i.~p,is relatedto energytransferby

i~p=prcosO_p
1~E*/v, (1.1)

wherevis theprojectilevelocity.SincetheenergyE* transferredin peripheralprocessesis typically
of order of few MeV, it cannot be absorbedby a single nucleon. The nucleonwould carry
amomentum (2mE*)’

12 which is appreciablylargerthanthat of eq. (1.1) for v c. However,
suchenergycould be absorbedby anucleonpair, or apair of clusters,which canhavehighkinetic
energyandsmall total momentum,when the nucleonsmoveapproximatelywith oppositedirec-
tions. The relation (1.1) canalsobe satisfiedif collective excitations,like vibrationalmodes,are
excited.

Let us assumethat the energyE* depositedin the nucleuswith massnumberA leads to its
fragmentationinto two pieceswhichfly apartwith oppositemomentawith thesamemagnitudep.
If oneof the fragmentshasmassnumbera, the following relationsholds

E* — = p2/2(A— a)mN + p2/2amN, (1.2)

wheremN is thenucleonmassand~is the bindingenergybetweenthe two clusters.Themomentum

width of thefragmentsis obtained,after an averageof (1.2), as

= 2mN<K>a(A — a)/A, <K> = <E*> — <s>, (1.3)

with <K> the averagekinetic energyof thefragments.
Thisformulaisverymuchlike theoneobtainedby Goldhaber[Go 74] for themomentumwidth

of afragmentof massnumbera in the fragmentationof anucleusof massnumberA. No wonder,
becausebothapproachesrely on momentumandenergyconservation.Goidhaberassumesthat
the momentumwidth resultsfrom an averageof the net momentumobtainedby addingthe
individualmomentaof thenucleonsinsidethefragmentattheexactmomentit flies off thenuc1~us.
This procedurerelates<p2> to the Fermi momentumPF of nucleusA. The final result(which
assumes<E*> —~0) is eq. (1.3) with 2mN<K> replacedby ~
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Sincethe transferredenergydependson the specificationof thetarget,aswell ason thebeam
energy,thenby meansof avariationof theseparametersthemeasurementof <p2> yields valuable
information about <E*>. In the case of “Li —+ 9Li + 2n, the narrow peak with. width
<p2>”2 = 23 ±5MeV/c, gives <K> = 0.17±0.08 MeV, while for the wide peak with width
<p2>”2 = 95 ±12 MeV/c oneobtains<K> = 2.9 ±0.8 MeV. Sincethebindingenergyeof any
pair of neutronsin “Li cannotbelargerthansomeMeV (onecould imaginethatatleastoneof the
neutronscomesfrom theinnerpartof “Li, whereit is moretightly bound),theaboveresultsshow
thattheenergyE* transferredin theprocesscannotbe largerthansomeMeV, too.Thismeansthat
the dissociationis very soft andoccursat very large impact parameters,probing the tail of the
nuclearmatterdistribution in “Li. The averagekinetic energy<K> associatedwith the narrow
peakis of the samemagnitudeas the bindingenergyof the loosely boundneutrons.Then,it may
give information about the correlationdistancebetweenthe dineutronsystemandthe 9Li core,
within the cluster-likehypothesis.On theotherhand,the wider peakrevealsthatamore tightly
boundneutronistakenoutof’~Li. An analysisof thedissociationcrosssectionasafunctionof the
relativefinal momentumof the fragmentsconfirms the abovehypothesisaswe shownext.

Assumingthat the “Li possessesa binary cluster structure(dineutron+ 9Li), onecan make
simpleestimatesof the crosssectionsfor its dissociation.Using adeuteron-likewavefunction for
thepair of clustersandastrongabsorptionmodel,simpleexpressionswereobtainedby Bertulani
andBaur EBB88a]. The nuclearcontributionto the differential crosssection,in the limit that
q —÷0,is obtainedas

daN/dq~ RTq2/(t~2+ q2)2, (1.4)

whereq is the relativemomentumof theclustersafter thedissociation,RTis thetargetradius,and
= ~/~j~/h, with ~i equalto the reducedmassof the clusters.
The Coulomb contribution to the differential cross section (taking only the El-multipole

contribution)in the samelimit, is given by ref. EBB 88a]

dacj~~
2 (c’\

2(Z,A
2—A,Z2\

2 ~q 5 R2 v\ 15

dq T~) ~ A ) (~2~q2)4~ n(yv/ w ~ ~ (.)

wherey = (1 — v2/c2)”2 is the relativistic Lorentzfactor, 5 = 0.891andhw = h2(q2 + q2)/2,u.
A

1(Z1) refersto the mass(charge)numberof cluster i (A = A, + A2) andR = RT+ R~.
The aboveexpressionsrevealthatthespreadin q

2 is of orderof <q2> ~ ~2~Thismeansthatthe
relativekineticenergyof the clustersafter the dissociationhason the averagethe samevalue as
theirbindingenergies.This is indeedwhat weobtainedabovefor <K> associatedwith thenarrow
momentumcomponent.Therefore, the narrow momentumcomponentcan be interpretedas
originatingfrom theremovalof two neutronsweaklyboundin ~‘Li. Theroot-mean-squareradius
for “Li, supposedto be adeuteron-likesystem,is <r2>”2 = (1/\/~)~l 5.8fm. Theexperimental
value [Ta 85a,b] for the r.m.s. radiusof the 9Li core is about2.5 fm. Therefore,the dineutron
systemformsaneutronhalo aroundthe 9Li core.

As hasbeenpointedout by Tanihata[Ta 88], theamountof kineticenergyassociatedwith the
broadmomentumwidth ( 3 MeV) is relatedto thebindingenergyof neutronsin the9Li core.As
in the caseof the 9Li + 2n describedabove,apair of neutronsin the 9Li cor’e canalsoabsorbthe
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transferredenergyin the reactionwith their final relativemomentumandenergyobeyingeq. (1.1).
In this casethedecayconstantt~in eqs. (1.4) and(1.5) canbe relatedto the averagebindingenergy
of neutronsin the 9Li coreast~= \/~~/h.Taking~ 3 MeV, thisyields ar.m.s radiusof about
2.65fm, which agreeswell with the r.m.s.radiusof 9Li.

Neutronscomingout of the 9Li corecanalsooriginatefrom its collectiveexcitation.The most
effectivewayof creatingsuchexcitationsis by meansof theCoulombinteraction.It givesthe same
“kick” to all Z protonsinside 9Li, leading to their collectivemotion. Forcollisionswith impact
parameterb, this kick leadsto an energy transferwhich can easily be calculatedas EBB 87a]

= 2Z(ZTe2)2/mNb2v2,whereZT is the targetcharge.But theprotonsarenot free andthey
pull the neutronstogether.This leadsto themotionof the wholenucleus,and theCoulombrecoil
that one obtains by assuming that the nucleus with mass number A is a rigid body is
L~E

2= 2(ZZTe
2)2/AmNb2 v2. The differencebetweentheseenergiesgoesto the vibrationof the

Z protonsagainsttheN neutrons,and is

E* = AE, — L~E
2= 2(NZ/A)(ZTe

2)2/mNb2v2. (1.6)

If we assumethatonly theprotonsandneutronsin the9Li participatein thesevibrations(N = 6,
Z = 3),andfor “Li beams(0.8 GeVA) incidenton Pb,onefindsE* = 0.26 MeV in acollisionwith
b = 15 fm. This energyis fairly belowthe excitationenergyof giant dipole resonances(GDR) in
normalnuclei,whichmeansthattheexcitationcrosssectionof agiantdipolemodein the 9Li core
is small.

Indeed,assumingthat this dipole resonanceexcited on the 9Li core can be accountedfor
in the same way as a normal giant dipole resonancepositioned at EGR, and using the
Thomas—Reiche—Kuhn(TRK) sum rule, onefinds for the total Coulombcrosssection

~TGR_Z~.G~(_)E(MV)[~KOK1 _~4—(K~_K~)]mb. (1.7)

SR = 60 (NZ/A),

whereall modifiedBesselfunctions,K
5, arefunctionsof ~ = EGRR/yhv,andN, Z andA referto the

neutron,chargeandmassnumberof the
9Li core (6, 3 and9, respectively).Assumingthat the

resonancelies in the energyrangeEGR = 10—20 MeV, andfor beamswith 0.8 GeVA incidenton
Pb,one finds aGR ~ 50 mb.

Onecould think of othervibrationmodesin “Li, like all protonsvibratingagainstall neutrons,
or a9Li corevibratingagainstthe dineutronsystem(suchtypeof motionhasbeenrecentlystudied
by Suzukietal. [1k88; SI 90], which theycalledapygmyresonance).For the formercase(N = 8,
Z = 3 andA = 11) we find E* = 0.29 MeV, while for the lattercaseonemakesthesubstitutionof
Z by Z2/(A — 2) in theequationfor ~E, andobtainsE* = 0.02 MeV. From thesevaluesonesees
that it is very improbable that the latter vibration mode could be excited. It is much more
reasonableto think thatanotherpossibleway for the “Li to absorbenergyis by the excitationof
vibrationsof all protonsagainstall neutronsin it. Due to the existenceof theneutronhalo,one
might think that theprotonsmove almost freely inside the “Li and that the excitation of such
dipole vibrations will occur at very small energies(soft dipole mode). Nonetheless,thesecon-
clusionsarebasedon the ideathatthecouplingof thelasttwo neutronsin ~ andthecoreis very
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strong.In fact, dueto their low separationenergyweexpectthecontraryto be true.Therefore,the
excitation of the pigmy resonancemight be attainable.

Kobayashiet a!. [Ko 89] havemeasuredthe totalcrosssectionfor the dissociationof “Li (into
9Li + 2n)incidenton severaltargets(Pb, CuandC) with 0.8 GeVA beams.Weshall refer to their
particular resultfor Pb targetswhich hastheadvantageof havinga largeZ, andinducesa large
Coulombcrosssection.Theyobtainedthevalue~c 1.31 ±0.13 b. In the9Li + 2n clustermodel,
thetotal crosssectionfor directCoulombdissociationis obtainedby anintegrationof (1.5) which
resultsin

2
21c\

2(Z,A
2—A,Z2’\

2 1/ 2 V\aCD = ir ZTcL ~ A ) —~ in (yhv/5sR) — ~ (1.8)

For thereactioncitedaboveit gives~CD ~ 1.44 ±0.3b, wheretheuncertaintiesaredueto theerror
in the bindingenergy.

The nuclearcontributionto the direct break-upcannotbe obtainedby an integrationof (1.4)
becauseit was basedon the impulse approximation,neglectingthe interferencewith an eclipse
term. Including suchan effect the crosssectionis well describedby theGlauberformula[Gi 55]

~ND = *x(2ln2 — ~)RT/?l. (1.9)

In addition to this (diffractional)dissociationonehasto accountfor the absorptionof the 2n
systemby thetarget(stripping).Thecrosssectionfor thisprocesswasobtainedfor thedeuteronby
Serber[Se 47]. For othercluster-likea + (A — a) nuclei onehas

aNS = 41r(a/A)(RT/?1). (1.10)

For the reaction“Li + target—÷ ~Li + X oneobtainsaND = 270~~°mb and aNS= 165t~mb,
respectively.One then seesthat the Coulombdissociationaccountsfor the main part of the
measuredcross section,although the nuclearcontributionis not negligible. At this point we
observethat the Coulomb—nuclearinterferencein these reactionsmay be neglectedfor the
following reason.The nuclearcontributionto thetotalcrosssectioncanat mostcomefrom those
impactparameters(from bmjn to bmax)forwhichtheneutronhaloof’ ‘Li touchesthenuclearmatter
distribution of Pb. The contributionof the Coulombfield to the total crosssectionfrom this
intervalof impactparametersis, percentually,given by

zi = ln(bmax/bmjn)/ln(yhv/5~bmjn). (1.11)

Using typical valuesof bmjn ~ 10 fm andbma,, 13 fm, one finds 4 5%. This meansthat only
about5% of theCoulombcontributionshouldinterferewith thenuclearcontribution.Thereason
is that, althoughthe fragmentationinducedby theCoulombinteractionmaybe small in asingle
collision,the intervalof impactparameterscontributingto thetotal crosssectionis very large,up
to some hundreds of fermi. Therefore, we can write ~,otai ~ aN + a~.Adding the Coulomb
dissociation,the nucleardiffraction dissociation,andthe strippingcrosssectionsonecan repro-
ducequite well the experimentalvalueof Kobayashieta!. [Ko 89] for thetotal crosssectionsfor
two-neutronremovalfrom secondarybeamsof “Li incidenton Pb.
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If we now restrict our study to the Coulombcontribution to the dissociation,which is the
dominantpart of thecrosssections,we find that the excitationof giant resonancesasdescribed
abovecan alsolead to largevaluesof the crosssections.In fact, if we assumethat the energyof
excitation,EGR, of asoft vibrationmodein “Li is of orderof 1 MeV, and thatthecontributionof
this soft modeto the sum rule SR is of about 10%, we find (using N = 8, Z = 3 andA = 11)

~ 1.3b. Dueto its low bindingenergy,oneof themain channelsforthedecayof this resonance
mustbetheemissionof thetwo neutrons.This indicatesthat theexcitationof thissoft dipolemode
is anotherpossiblemechanismto explain the narrow momentumcomponentin the data for
“Li —‘

9Li + X, aswell as the total crosssectionfor the fragmentation.
From the presentavailabledata it seemsimpossibleto find out whetherthe fragmentation

~‘Li —÷ 9Li + X in secondarybeamreactionsproceedsvia the direct break-upof a two-cluster
systemor by theexcitationof asoft dipolemode.But note that thetwo mechanismsassumevery
distinctstructuresfor “Li. The direct breakupassumesthatthe dissociationis asimpletransition
to the freecontinuum,while the excitationof asoft dipolemodeis asequentialprocessfor which
the dissociationtime dependson the width of this state.Sincethe Coulombkick to the protons
doesnot dependon eitherhypothesis,only oneof thetwo mechanismscould beresponsibleforthe
measuredcrosssections.Due to the largeerrorsin the knowledgeof the bindingenergyof two
neutronsin “Li, andalsodueto lack of informationabout the energylocationaswell asof the
strengthof the photonuclearcrosssectionfor ~ at the energiesinvolved, precisetheoretical
calculationsbasedon either of thesemodelsare not conclusive,and the agreementwith the
experimentaldatais not unique.Certainly,moreexperimentalresultsandtheoreticaldiscussions
areneededin order to determinewhich of the nuclearmodelsare adequate.

The questionsraisedabove are just examplesof the subtle richnessof reactionsinvolving
radioactivesecondarybeams.In thenextsectionsof thischapterwemakeacloserinspectionof the
reaction mechanismsand nuclear modelsnecessaryto explain the reaction cross sectionsin
radioactivesecondarybeaminteractions.

1.3. Three-bodyconsiderationsof the structureof exoticnuclei

It is obviousfrom the discussionpresentedin section 1.2 that subtle three-bodydynamicsis
involved in generatingthehalostructureof “Li. In particular,weremindthereaderthatabound
2n systemin free spacedoesnot exist,abound9Li + n systemdoesnot exist,andyet the 9Li + 2n
systemis bound,albeit slightly. Migdal [Mi 73], back in 1973,addressedaquestionrelatedto the
above.It is of importanceto reexaminethe above,andeventuallyto understandthe mechanism
that generatesthe effective binding of the halo dineutron systemin “Li. The purposeof this
subsectionis to summarizethe recentstudy of FredericoandHussein[FH 93] concerningthe
abovequestions.

Let us for the moment,take9Li to be structureless.TheHamiltonianthatdescribes“Li thenis
given by

H = H
0 + Ufl9LI + Ufl’9L~+ v,,~., (1.12)

whereU,,9~is themeanfield felt by neutronn, andV,,~’is the nn’ interaction(wecall thetwo halo
neutronsn and n’). The backgroundHamiltonianH0 containsthekinetic-energyoperatorsof the
assumedstructurelessthreeparticles. In what follows, we use argumentsgiven by Landauand
Lifshitz [LL 75] andEfimov [Ef 70; 81].
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If thenn’ systemformsaquasiboundstate,thenthewavefunctionof thebound9Li + 2n system
is given by

cL”Lj(~Li+2n)~ ~ tp(R)~fr
2~, (1.13)

whereR is thedistancebetweenthecoreandthecenterof massof thedineutronandr is therelative
coordinateof the 2n system. cc is related to the binding energy £2n of the 2n system, vis.
cc = (mNc2fl/h

2)”2.
TheeffectiveSchrödingerequationfor ‘p ( R) is thenobtainedby multiplying the full three-body

SchrödingerequationH~i~‘Li = E~~’Li from the left by ~~2n(r) andintegratingover r,

21LN27j1.2

= (E — cc
2h2/mN)q,(R), (1.14)

1.1 = ~

Thereforean effectivedineutron—coreinteractioncan be definedfrom theaboveequationby

Ueti(R) = (cc/2~)Jd3r(e227r2)[UnA(IR + frI) + Ufl’A(IR — ~r~)] (1.15)

~ U~(R)+ (1/8cc2)U~(R)/R. (1.16)

Equation(1.16) wasobtainedby takingthe limit R/r ~ 1 andkeepingthe lowest-orderterm.No
restriction on the value of cc was assumed.In the limit cc —* 0, however,a different effective
interactionis obtained[TDA 87],

U~d(R)~.~~-~Jd3r[UflA(r) + Ufl.A(r)] (i +~<1.2> J~<1.2>2 + ~ <~i+

(1.17)
where<1.2>1/2 is the r.m.s.radiusof 9Li.

In obtainingeq. (1.17), the following stepswerefollowed (cx --÷0):

e2~’ e4~~ 1 1 2~ 2
Jdr r2 U(IR+~rI)=J8d~

4I~RI U( 2Jd~[1+~(~) + ...]u(~)

The termsodd in ~ R averageto zero.
A similar treatmentis appliedto $dr(e

2~’7r2)U(IR + frI).
The radial Schrodingerequationfor the radial componentof ‘p(R), ‘p(R), then takesthe form

[d2/dR2 + Ueri(R)]co(R)/R = (2p/h2)8
4(R)/R , (1.18)

wheres is the bindingenergyof the 2n—
9Li system,which we drop.
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With eq. (1.17) the effectivepotentialUeff(R) becomes,to leadingorder,

Ueti(R)~ —A/R2 for largeenoughR, (1.19)

A = i4mN~-_Jd3r[IUflA(r)I + IUfl,A(r)I] — 1(1 + 1), UflA = — IUflAI. (1.20)

Thesolutionto eq.(1.18)is givenin LandauandLifshitz andwegiveheretheresults.If A > ~,the
potential U~ffproducesan infinite number of bound statescondensedat zero energy. This
condition on the value of A, suppliesuswith thefollowing condition on theparametercc:

cc >W*h2~[1 + 41(1+ 1)](mNJd3r[IUflA(r)I + IUn’A(r)I]). (1.21)

Using (1.21) we can estimatethe value of the binding energyof the “Li nucleus.The volume
integralJd3rIUflA(r)I is calculatedby taking for IU,,AI = UOpA(r)/pA(O)with U

0 = 50 MeV and
p.4(r)beingthematterdensityof

9Li, which we taketo be aGaussianpA(r) = pA(O)exp(— r2/a2).
FromtheHartree—Fockcalculationof Bertschet a!. [BBS 89], wehaveverified that the Gaussian
form for PA is quite reasonable.The r.m.s. radius of 9Li is taken to be 2.224fm. This then
fixes a = ~ 2.224= 1.82 fm. The value of the volume integral thus comes out to be
U

0(ita
2)3’2 = 1667 MeVfm3.

Writing now cc = [2(mN/2)8
2fl/h

2]”2, wheremN/2 is thereducedmassof thedineutron,wehave
from eq. (1.21)

2 h2 3~2[1 + 41(1+ 1)]2

82,,> (~)(~)162[U
0(~a

2)312]2 (keY), (1.22)

or
82,, > 0.379[1 + 41(1 + 1)]2(keV) . (1.23)

Note that theorbital angularmomentum,1, refers to that of the Rydbergstate.
Notefurtherthattakingapproximatelyinto accountthehigher-ordertermsin U ~ eq.(1.17),by

replacingRwhich appearsinsidethelargeparenthesesby theradiusof thehalo( —~8 fm), resultsin
lowering the numericalfactor in eq. (1.23), from 0.379 to 0.379/1.40= 0.271.We havefinally

82n > 0.271[1 + 41(1 + 1)]2(keV) . (1.24)

It is interestingto mention at this point that the experimentallydeterminedvalue of the
dineutronpairingenergyis about870KeY. Thisfact togetherwith eqs.(1.23)and(1.24)pointsout
that the observedhalo-like structureof the ground stateof “Li may be a Rydbergstatewith
a relativeangular-momentumcontentof 0, 1,2 and3! (seetable 1).

A “normal” “Li nucleus,mainly describablewith the usualsphericalshell model,would have
thedineutronsystemoccupyingthe ‘P1/2 singleparticlelevel.Thereseemsto be actinghereavery
intriguing mechanismthatmakesthe 2n systemoccupypartiallythe id

5,2 level or eventhe if712
level (of coursewe cannotbe assuredof the valueof the total angularmomentumj).
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Table 1
Lowerboundson thedineutronenergyversus
orbital angular momentum. 4.’,,~ refers to
eq. (1.22) while e~refers to eq. (1.23). The
experimental dineutron pairing energy is

870keY

I eq,.’, (keV) e~(keV)

0 0.379 0.271
1 30.699 24.661
2 236.875 169.375
3 909.98 650.671
4 2486.62 1778.031

To recapitulate,weseefrom theabovediscussionthatjust aslight changein thebindingenergy
of thedineutronisenoughto producetheseRydbergstatesin “Li. It wouldalsoseempossiblethat
other Rydbergstateswith lower bindingenergieswould appearin the “Li nucleusdue to the
long-rangenatureof the effectivepotential.Finally, it is found that valuesof theorbital angular
momentumof up to 3h maycontributeto the structureof the groundstate.

We shouldstressthatthePauli principlebetweenthe neutronandthe coreis takeninto account
in then—coreinteractionpotential;the n—n stateis in the singlet S stateandthePauli principle is
satisfied.The only contributionfrom the Pauli principlethat wedo not includeis theonefrom the
part of the three-bodywavefunctionwherethetwo neutronsaresimultaneouslyinsidethe core.
But becausewe areconsideringweaklyboundstatesthis componentof the wavefunctionmustbe
very smallandconsequentlydoesnot give riseto major changesin our results.

Beforeending,wementionthatextensivethree-bodycalculationsfor ~ andotherlight exotic
nucleihaveappearedrecentlyin theliterature.In particularwementionthework of Esbensenand
Bertsch[EB 92], Banget al. [Ba 92], Johannsenet al. [JJH 90] andZhukov et al. [Zh 91a,b].

2. Reactioncrosssection

2.1. Cluster model

As hasbeen alreadymentioned,the fragmentationof neutron-richnuclei has led to many
unusualspeculativeideasabouttheir structure.Perhaps,the mostinterestingoneisdueto Hansen
andJonson[Hi 87], who proposedacluster-likestructurefor ~‘Li as composedof a dineutron
systemloosely boundto a 9Li core.This hypothesishashadgeneralsupportfrom severalother
authors[Mi 73; BB 88a;BH 90a;TS90; iiH 90]. It seemsthat such aclusterstructureoccursvery
oftenin light neutron-richnucleiandresultsfrom adelicatebalancebetweenthe neutron—neutron
and neutron-core interactions [Mi 73]. The Hansen—Jonsonmodel is supportedby several
facts. Firstly, the separationenergy of two neutronsfrom “Li is very low [Th 75; Wo88],
S

2,, = 250±80 KeY. Otherwise,the nucleus ‘°Li would not exist [Wi 75], having a resonant
continuum stateat 800±250 KeY. This meansthat the neutron—neutroninteractionacquires
astrongerattractivecharacterin the presenceof the

9Li core.Secondly,themeasurementsof total
reactioncrosssections[Ko 89] of neutron-richnuclei incident on severaltargetsat 0.8 GeYA
reveala r.m.s.radiusof 3.14±0.06fm for “Li, comparedto a r.m.s.radiusof 2.41 ±0.02fm for
9Li. A largeincreaseof thematterradiusfrom ‘2Be to 14Be,andpossiblyfrom ‘5B to ‘7B, is also
observed.Thelast two neutronsareresponsiblefor the unusualincreaseof the matterradiusand
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for the appearanceof a “neutronhalo” in thesenuclei. In the clustermodelthe existenceof such
ahalocanbe easilyexplainedasdueto thelow bindingenergyof thedineutronsystem.In fact, by
assumingadeuteron-likewavefunctionfor “Li andadjustingit to reproducethebindingenergy
of the dineutron system,an approximater.m.s.distanceof the dineutron to the core of 6 fm
is obtained. This would essentially explain the r.m.s. radius of “Li as roughly given by

13R~,”~~+i~R~= 2x6/il + 9x2.41/11~ 3.lfm.
Anothersupportfor the clustermodel for “Li is that the experimentallydetermined[Ko 89]

electromagneticdissociationcross sectionsfor “Lj can be well describedtheoretically [Hi87;
BB 88a; BH 90a; TS90; JJH90]. The momentumdistribution of the

9Li fragmentsalso fits well
within this model, as shown in the last section.On the other hand,conventionalshell-model
calculationsperformedby Bertschandcollaborators[BF 89; BBS89; BE 90] wereableto produce
anamountof electricdipolestrengthin “Li whichis about20% lessthanthe reportedvalueof the
electromagneticdissociationcrosssectionof 0.9b. Theaboveresultwasobtainedwith avery small
valueof the binding of the 1P,,

2 level. As concludedby BertschandFoxwell [BF 89], it maybe
essentialto take cluster aspectsinto account.The still remaining difference betweenmodel
calculationsleading to 0.7b and the reportedexperimentalvalue of 0.9b hasled Bertschet a!.
[BE 90] to questionwhetherthe experimentalvaluesof the electromagneticdissociationcross
sections[Ko 89] havebeencorrectly extractedfrom the total crosssections.

Kobayashiet al. [Ko 89] assumethat the nuclearcrosssectionscalesas
0N = 2ir(R~+ RT)A

which ischaracteristicof aperipheralprocessconcentratedin asmallringof width zi at thesurface
of the projectile. By adjusting the parametersof this scalling law for ‘2C targets,where the
Coulombcontributionto the total crosssectionis negligible,the “experimental”valuesof aN were
obtainedfor othertargets,andthe Coulombcontributionacto the crosssectionwas inferredby
subtraction.But since“Li hasalong tail in its matterdistribution,such aprocedureis dubious.
Assumingthatthe targetis a“black disk”, thenuclearstripingof theouternucleonsin “Li shouldbe

—~27r(Rp + RT)LIP(RT), (2.1)

whereP( RT) is the probability that the outerneutronswill be removedfrom “Li. Due to long
matter tail, this probability is not independentof RT. Actually it should be approximately
proportionalto theareaA of overlapbetweenthetargetandtheneutronhaloin “Li. Fromsimple
geometricalconsiderationsit is possibleto showthatA cc RT. That is, ~N shouldincreaselike R~,
which has also as a consequencethat ~ should be smaller than the values determinedby
Kobayashiet a!. [Ko 89], andwould comecloserto theRPA calculationsof BertschandFoxwell
[BF 89] andTeruyaet al. [Te 91] for ac.This is indeeda very relevantpoint sincetheelectromag-
neticdissociationof neutron-richnuclei revealsimportantaspectsof their intrinsic structure.

We analysethe interplay of the nuclearandthe Coulombinteractionin the reactionprocess

“Li + target—÷ 9Li + anything, (2.2)

at kinetic energiesof 800 MeY A, following the discussionsby Bertulani, Baur and Hussein
[BBH 9i]. As shownin the last sectionthe nuclear—Coulombinterferencefor the process(2.2)
shouldbe at most 5% of the total crosssection.Then, we maywrite the crosssectionas

a=a~+ar+ac, (2.3)

wherea~is theelastic(diffractive) nuclearbreakupof “Li —÷ 9Li + (2n) by thetargetanda~is
the inelastic(stripping)crosssectionarisingwhenthe(2n) systemsuffersan inelasticcollision with
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thetarget,while 9Li survivesintact.ac is theelectromagneticdissociation(Coulomb)crosssection
for “Li —÷9Li + (2n).

Nuclearperipheralprocessesin high-energycollisions involve thecalculationof eikonalphases
whicharedependenton the nucleardensitiesat thesurfaceandon thenucleon—nucleonscattering
amplitudes.For a projectilea incident on a target A, the crosssectionsfor peripherallyinduced
processesarewell describedby adjustingthe tails of the densityfunctionssoasto reproducethe
correctvaluesof theeikonalphases.Thisprocedureresultsin aneffectiveopticalpotential[Ka 75;
RC86] of the form

UaA = <tNN>7t3I2pA(0)pa(0)(a~a~/a3)e~2/52, (2.4)

wherethe nucleonparametersare given by

a = ~/a~ + a~, a? =(4R
1t + t

2)/41n5; R, = 1.07A~~3fm,t = 2.4fm, (2.5)

p
1(O) = [3A1exp(R?/a?)/8ivR?] [1 + (it

2t2/19.36R?)]—‘

Thefree nucleon—nucleonamplitude<tNN(E)> at forwarddirection(0 = 00) can be deducedfrom
the experiment.It canbe written as

<tNN(E)> = — ~hv<aNN>(<ccNN>+ i),

wherethe bracketsmeanan isospin averageof tNN(E) and ccNN over the projectile andtarget
nucleons.For 800 MeY A, onemayuse[Ra 75]

= 47.3 mb, ~ = 37.9 mb, ccpp = 0.06, ;~= — 0.2. (2.6)

Oneobservesthatat suchan energythenucleon—nucleonscatteringamplitudeis almosttotally
imaginary,meaningthat the opticalpotential(2.4) is almostcompletelyabsorptive.

The transitionmatrix elementfor the elastic (diffractive) breakupin DWBA is

Tf
1 = <X (R)~.~f(r)I[UXA(rXA)+ UbA(rbA) — UaA(RaA)]IX~7~(R)c/4~i(r)>, (2.7)

where~xb is thewavefunctionfor the relativemotionof x + b clusters(in our caseb = dineutron,
a = “Li, andx =

9Li), and~ is the distortedwave for a. In the final state~ representsthe
distortedwave in the c.m. of x + b. In the way (2.7) is written, the matrix elementof UaA is zero
because<4 ~,)f ~ ,b,j> = 0.

We usethe c.m. distortedwaves

= exp(iKi.R)exp( —~ J UaA(Z’,b)dZ’ + i~~(b))~ (2.8a)

= exp( _iKf.R)exp( —~ JUaA(Z’~b)dZ’+ i~c(b))~ (2.8b)

where4’~(b)= (ZSZAcc)(v/c)’ln(kb)is the Coulombphase,and cc = 1/137.
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For therelative-motionwavefunctions~ ~ and4’ ~ we usesimpleYukawaandplane-wave
functionsasin ref. [BB 88a]. All coordinatesarereferredto the labsystem,with the targetorigin.
ThecoordinatesrXA andrbA aredefinedby

rXA = R — (mb/ma)r, rbA = R + (mx/ma)r

Most of the integrals involved in (2.7) may be calculatedanalytically andthe details of the
calculationsare shownelsewhere[BH 9ia]. The breakupcrosssectionis obtainedby standard
integrationsover the phasespaceof the fragments.For R”L1, R9L~andR2~we use, 5.8, 2.41 and
1.6 fm, respectively.Thesevaluesarecompatiblewith theclusterwavefunctionof “Li, adjustedto
reproducethe bindingenergyof the dineutron.The three-bodycalculationsof ref. [JJH 90] have
shownthat the mostprobableseparationbetweentheseneutronsis 3.3 fm.

The “stripping” (inelasticbreakup)crosssection is given by [HM 85]

= ~Jd2bxlSx(bx)l2fd2b2fll4’~lLi(lbx — b2~l)l
2[1 — IS

2~(b2,,)I
2], (2.9)

where I S~(b
1) 2 is to be interpretedas the probability that the fragmentx (

9Li) will survive when
hitting the targetat animpactparameterb

1. Otherwise,i — S20(b2,,)
2is the probabilitythatthe2n

systemwill suffer an inelastic collision with the target, and d3r
2fll4”LI(lbl — b2~l)I

2 is the
probability that the 2n systemis found at distancelb

1 — b2,,l from
9Li. The factor in front of(2.9)

comesfrom the assumptionthat 4”Li can be describedby agaussianwavefunction, so that

løllLIl=(A/1t\,/~)exp[—A(zX—z
2fl)exp[—A(bX—b2fl). (2.10)

Equation(2.10)was obtainedafter an integrationover; andz2,,. The parameterA was chosenso
that the strippingcrosssectionsobtainedby using(2.10) do not differ appreciablyfrom what is
obtainedby usingYukawa-typewavefunctions.The propervalueof A was found to be given by
A = (11.2fm) ‘. This parametrizationallowsusto write the strippingcrosssectionin theelegant
form (SeeappendixA)

= [i — T~
2’~(A)]T~(A), (2.ila)

2(A2)1~’
T~~~(A)= j! Jb?~~’exP(—A2b?)IS~(b

1)l
2db~,i = x, b. (2.llb)

Expression(2.11b) is obtainedby meansof aseriesexpansionof the Besselfunctionwhich results
from the integrationof (2.9) over the azimuthalangle.The factors lS~(b~)l2aregiven by

lSi(bi)l2=exP(_~JlImUi(bi,zi)ldzi), (2.12)

where U, arethe opticalpotentialsfor 2n + target and 9Li + target,parametrizedby eq. (2.4).
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In addition to the nuclear fragmentationthereis an importantcontributionfrom Coulomb
dissociation,especiallyfor largeZ targets.Wecanusetheformulasobtainedby BertulaniandBàur
[BB 88a] for the Coulombdissociationof cluster nuclei, which in the limit of very low binding
energy,canbe written as

2 2/c”
2/mXZb—mbZX\2 1 / /yhv\ v2\

CE, =~itZTcc(\~)(\ ) _~~,,ln(\___)__~j~ (2.13a)
v ma 11 t56R 2c

CE2 = ~irZ~cc2(~)~‘(~4Zb + z~)2 ~2 ~ + (2 — v2 )2ln(i/~5c~)— ~

(2.13b)

= (1 — v2/c2)”2, ö = 0.891 ... , 8 = h2?12/(2/2b
1), =

Thetotal Coulombcrosssectionis givenquiteaccuratelyby (Ml doesnotcontributesignificantly)

= CE, + C~2. (2.13c)

In theaboveequations8 is thebindingenergyof theclusternucleus.Weusebmin = R’ ‘Li + RT, with
RT = 1.2A4-’

3 fm. The total nuclearreactioncrosssection is given by

= 2~Jbdb[1 — IS(b)12], (2.14)

whereIS(b)12 is given by the eq. (2.12), but with the potential ULc,A constructedin the way of
eqs. (2.4)—(2.6).To this reactioncrosssection oneshouldaddthecontributionof the Coulomb
interaction.The most importantchannelin this caseis the two-neutronemission,which can be
obtainedwithin an RPA approachas in ref. [BF 89] and [Te 91], or within the cluster-model
approach,as describedabove.

The crosssectionof the nuclearelastic breakupa~,stripping ar, electric dipole ~ and
electric quadrupolea~

2are given in table2 togetherwith the experimentaldata for the two-
neutronremovalof “Lj incidenton ‘

2C, 63Cuand208Pb.Thea~andar for e = 0.2 MeV were
multiplied by a factor 1.23 in orderthat their sumwith the Coulombcontributionwould result in
theexperimentalvaluefor ‘2C, which is 220mb.Thecrosssectionswerealsocalculatedfor several
otherbinding energies,from 0.17 MeY to 0.33 MeY.

The elastic breakup,and particularlythe total Coulombcrosssection,decreasesappreciably
with thebindingenergy,whereasthestrippingcrosssection,havingageometricalcharacter,does
not dependon 8 (if oneassumesthat the “Li radiusis fixed).

In figure 2 we plot the nuclear contribution to the two-neutron removal cross section as
comparedto the experimentaldata.Dueto theuncertaintyof the bindingenergyof thedineutron,
thecalculatedvalueslie betweenthetwo solid curves.Oneindeedobservesthatthecalculatedcross
sectionsgrowfasterthantheA”3 law,aresultthatwasalsoobtainedby Bertschetal. [BE 90] with
adifferentmethod.
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Table2
The elastic (a~j”’), inelastic (air), nuclear (eN = c~i”+ er), electric dipole (°E,), electric
quadrupole(c

52), Coulomb (cc = a51 + a52), nuclearexperimental(c~j”),and Coulomb exper-
imental (c~’~)cross sectionsin mb for the dissociationof ‘

1Li (0.8GeV/nucleon) projectiles
incident on severaltargets,as a function of the binding energyof the 9Li + dineutronsystem;

1’Li + X —~9Li + anything

C c~,, a
1,,,1 c~ a~, aE2 cc aN”

“Li +
12C

0.17 79 136 215 9.1 0.5 9.6
0.2 76 136 212 7.6 0.4 8.0 220 0
0.25 73 136 209 5.9 0.3 6.2 ±10
0.3 70 136 206 4.8 0.2 5.0
0.33 69 136 205 4.3 0.2 4.5

“Li + “3Cu

0.17 187 223 410 203 8 211
0.2 180 223 403 169 6 175 320 210
0.25 170 223 393 131 5 136 ±20 ±40
0.3 162 223 385 105 4 109
0.33 158 223 381 94 3 97

‘‘Li + 208Pb

0.17 339 315 654 1565 43 1608
0.2 324 315 639 1295 33 3128 420 890
0.25 304 315 619 996 24 1020 ±30 ±100
0.3 289 315 604 803 17 820
0.33 281 315 596 717 15 732

By choosingthe binding energy of 8 = 0.2 MeV, we find the following parametrizationof
= a~+ a~with AT:

= (aA+’3 + bA~’3+ c)mb; a = 98.7, b = 2.284, c = —25.89. (2.15a,b)

For largevaluesof AT, theaboveequationresultsin anappreciabledeviationfrom theA4/3 scaling
law.

In contrastto the aboveresults,the nuclearcontribution to the total reactioncrosssection
agreesperfectlywith theexperimentaldata,asshownin table3, for five different targets.Dataare
from Kobayashieta!. [Ko 89]. As expectedthenuclearreactioncrosssectionis givenby thesumof
thegeometricalareasof thenuclei.Due to thelow bindingenergyof “Li it alsopracticallyagrees
with the definition of [Ko 89] for the “interaction” crosssection

Cl = iE(RA + RLI)2 RA = (1.355A”3 — 0.365)fm, RI,L~= (3.14±0.06)fm.

Again, we adjust our results so that the data for a berylium target could be reproduced.This
amountedto a normalizationfactor of 1.18. Other studiesof the nuclear contributionto the
two-neutronremoval crosssectionsof “Li projectileshavebeendoneby Yabana,Ogawaand
Suzuki [YOS 92a,b] andby Riisageret al. [Ri 92].

The electromagneticdissociationexperimentalcrosssectionsobtainedin ref. [Ko 89] arewithin
the limits of the theoreticalpure cluster results,as shownin fig. 3. We observethat the scale
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I Table3
250 - - Reactionscrosssections(in barn)of ‘Li + target

Target a,,
1,(b) a,h,O,Y(b)

450 - ~ - Be 0.98±0.02 0.98
C 1.04 ±0.02 1.02

- - Al 1.41 ±0.04 1.36
250 - Cu 2.10 ±0.06 2.00

isc I Pb 3.66±0.08 3.48
U 50 icc 150 2(L) 2~) __________________________________________________

Target Mass Number

Fig. 2. Two-neutron removal cross sections of “Li
(0.8GeV/nucleon)projectilesdueto thenuclearinteractionwith
the targets, as a function of the target number. Due to the
uncertaintyof thebinding energyof “Li, thetheoreticalresults
lie betweenthe two solid curves. The experimentaldata of
Kobayashiet al. [Ko 89] arealsoshown.

I I I

~1000- I -

0 50 ‘LL) 150 2~O 250

Target Mass Number

Fig. 3. Sameas fig. 2, but for theelectromagneticdissociationof “Li.

is logarithmicandthat the Coulombcrosssection is strongly dependenton the bindingenergy
of the dineutron+

9Li. This dependenceis approximatelyproportionalto the inverseof s [see
eq. (2.13a)].The lower solid curve in fig. 3 correspondsto 8 = 0.33 MeY, while the upper curve
correspondsto 8 = 0.17 MeY. If the nuclearcontribution to the processactually scalesas in
eq. (2.15a),the experimentalvaluesof the Coulombcontribution(fig. 3) shouldbe smaller.In this
case,theclustermodelwouldnot reproducetheexperimentaldataon Coulombdissociation,being
largerby 20—30%,especiallyfor high Z targets.However, the RPA resultsof refs. [BF 89] and
[Te 91] would thenfall within the“experimental” results.

The merit of the clustermodelis thatit gives thenecessaryamountof the electromagneticdipole
strengthat low energies,so that the Coulombdissociationcrosssection of “Li turns out to be
appreciable.Thematrixelementsfor thephotodisintegrationof “Li within theclustermodelwere
firstcalculatedby BertulaniandBaur [BB 88a]. Fromtheir resultsweobtainfor theelectricdipole
strengthdistribution

dB(E1; 1) — 3h2e2(Z
1mb — ZbmX~\2 ~ — 6)3/2 2 16

d(hw) — ~ ‘~ ma ) (hw)
4 ( . )

where~b~(8) is the reducedmass (binding energy) of the cluster system.The dipole strength
functionfor “Li, assuming6 = 0.2MeY, hasapeakat hw = 0.32 MeY. In spiteof thefact thatthe
clustermodel as describedhereis strongly simplified, the aboveresultsindicatethat in order to
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obtainthecorrectamountof electricdipolestrengthof “Li atlow energies,it is necessaryeither to
makeunconventionalchangesin themeanfield as donein ref. [BF 89], or includeclusteraspectsin
the shell-modelcalculations,aswasdonein refs. [TS 90] and[JJH 90], andin theRPAcalculation
aswasdonein ref. [Te91].

From(2.16) we obtainfor the total dipolestrengthin the clustermodel, integratedoverenergy,

B(E1)= 3h2e2 (ZXmb—ZbmX~2 (2.17)
ma I

For “Li, using8 = 0.2 MeY, we obtainB(E1)/e2= 2.25 fm2 in theclustermodel,which is about
80% of theclustersum rule for dipoleexcitations[Al 82] and7% of the total nucleardipolesum
rule. Thismeansthatin order to reproducethe experimentaldataon theCoulombdissociationof
“Li, an appreciableamountof thestrengthof the dipoleresponsein “Li shouldbelocatedat the
9Li + 2n channel.The Coulombcrosssectionis given by Cc = S n(w)a~(w)dw/w,wherea

1(w) is
the photonuclearcrosssectionandn(w) is asmoothfunction of w (approximatelya logarithmof
w). Therefore,the key informationaboutthenuclearstructureis containedin $ a7(w)dw/w which
is directly proportionalto the (non-energyweighted)integratedB(Ei) values[BB 88b].

2.2. Hybrid RPA—clustermodelfor the dipole strengthfunctionof “Li

It is well known that in nucleiwith excessneutrons,low exciteddipole statesmight decouple
from thegiantdipolestatewhile maintainingtheir appreciabletransitionstrengths[HK 74; Mo 71;
S190].This implies a largerelectromagneticdissociationthan in normalstablenuclei.

A possiblemodelthat could accountfor the measurementof largeelectromagneticdissociation
of ~ is the excitation of a soft giant dipole resonance(SGR) at very low excitation energies
(~0.5 MeY) followed by its decayinto

9Li + 2n. Whereasclustermodelsthatmock up the SGR
can accountfor the data, conventionalRPA calculation producesvery little strength at the
required energies,unless a rather unrealistic value of the binding energy of the P,/2 orbit
(~0.2MeY) is used [BF 89]. The experimentallyknown value of the one-neutronseparation
energyis about 1 MeY andfor such avalueof 2~,too smallacrosssectionis obtained(~0.25 b
againsttheexperimentalvalueof 0.9 b). It isworthwhilehereto mentionthattheseparationenergy
of the 2n cluster in “Li is about0.2MeY. Thus the modified RPA calculation of Bertschand
Foxwell [BF 89] with cp = 0.2 MeY, mocks up the pairing interaction betweenthe valence
neutronsby a rathersubtlecorrectionto themeanfield [BE 91].

A morenaturaltreatment,within RPA, is to enlargethe p—h configurationspaceto accommod-
atethedineutron—dineutronholeexcitations.Thusoneendsup treating“Li ascomposedof three
speciesof particles:protons,neutronsanddineutrons(the dineutronis treatedas structureless).

Thepurposeof this sectionis to developthe abovehybrid RPA—clustermodelfor “Li in order
to verify the possibleenhancementof the low-lying dipole strength.

We choosethe Woods—Saxonpotential of BertschandFoxwell [BF 89] with parametersthat
result in a P~,2energyof 1.0MeY. The continuumRPA calculationis doneusing the complex
energymethod [Gi 87; To 87; Te88] except for the inclusion of 2n—2n hole excitations.The
dineutron potential is chosensuch as to producethe correctdineutron separationenergyof
8 = 0.2MeV. This is doneeasilyby takingan usualshell-modelWoods—Saxoninteractionwith an
effectivenucleonmassof 2MN. The single particleconfigurationsincludedin the calculationare
shownin tables4 and 5 with thecorrespondingenergies.
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Table 4 Table5
The parametersof theWoods—Saxonpotentialwell usedin the Calculatedsingle-particleenergiesin MeV and widthsin MeY
calculation of the dipole response U,,, ,,(r) = V,,

5f(r) + for neutrons,protons anddineutron, using thecode TABOO
laV,,f’(r), f(r) = { 1 + exp[(r — R)/a] } -‘ (A.F.R. de Toledo Piza, University of São Paulo, Internal

Report,unpublished)
Protons,neutrons dineutron

Orbit neutron proton dineutron
V0 = —40.99 MeV V2,, = — 8.61 MeV
V5 = —59.82MeV is,12 —17.74 —30.5
V,,= — 15.5 MeVfm V,, = 0.0 iP3/2 —5.15 —14.55

a = 0.65fm a = 0.65 fm iP,/2 —0.96 —6.95
R = 2.78fm R = 6.2fm 1d512 1.83— iO.17 —0.34

2s,/2 6.1 — 16.5 —0.14 —0.20
2d,~2 18.8 — i6.0 10.05 — i2.7

2.0—i2.0

The RPA calculationwas thendonetaking for the residualinteractionaLandau—Migdalone
(with g = = 0 andf~= 1.5), with R0 = 3.i6fm and C = 447MeVfm

3. The B(E1) strengthis
founddistributedoverexcitationenergyas shownin fig. 4. BesidestheusualGDRatE ~ 16 MeV,
not shownin thefigure,wefind astronglycollectivestate,the“soft” GDR,at E = 1.81 MeY. Since
thewidth of the2P,/2 dineutronsingleparticlestateis foundto beabout4 MeY, weconjecturethat
oursoft GDRhasasimilarwidth. TheB(E1)valueof thesoftmodeis foundto be2.38 e2 fm2 which
correspondsto ~ 85%of the dipoleclustersumrule [Al 82] and8% of the usualTKR sumrule.
Ourfindings concerningthesoftGDR arein completeaccordwith theresultsobtainedby Sagawa
andHonma[SH 90] using the sum rule approach.

Thecrosssectionsfor Coulombexcitationof electricdipolestatesin theprojectilenucleus(which
is by far thedominantexcitationmodein highly energeticCoulombcollisions)isgiven by [BB 88c]

Cc = Jn(w)aE~(w)dw/w~ (2.18)

n(w) = (2/it)Z-~cc(c/v)2[c~KoK, — (v2c~2/2c2)(K? — Kg)] , (2.19)

whereK
0 (K,) is the modifiedBesselfunction of zeroth(first) order,asfunctionsof

= wb,~/yv, b0 = RT + R”Lj . (2.20)

b0 is equalto the sumof the target,RT,andprojectile, R”LI, radii. We useRT= 1.2A.j’
3 fm and

R”L
1 = 3.2 fm. Theradiusof “Lj was obtainedfrom the weightedaverageR”Li = ~rR9Lc + ~

whereR9L~andR2n aregiven in table 4. In termsof the electricdipole reducedmatrix elements
B(E1; w) of the excitednucleusfor the excitationenergyhw, we canwrite

= ~ir
3(w/c)dB(El; o)/d(hw). (2.21)

The dB/cl(hw)valueswerecalculatedin the RPA methodasdescribedabove.
For w � 1, which is the casefor the most relevantpart (hw <40 MeY) of the RPA response

function (seefig. 4) onecan use

— (v2~2/2c2)(K~— K~)~ ~ln [(0.68l/,~)2+ 1] . (2.22)
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For stateswith energyhw = 1 MeY onefinds that the aboveexpression,eq. (2.22), resultsin the
value2.95 for “Li + 208Pbcollisions.However,for hw = 20 MeY oneobtainsthevalue0.32. That
is, B(E1, w) valueswith low energy(~1 MeY) areweightedby afactor9 timeslargerin theintegral
(2.18) than stateswith large energies(~c20 MeY). In conclusion,a small enhancementof the
B(El; w) valuesat low energiesmayincreasethecrosssection(2.18) considerably.Inserting(2.21)
and(2.22) in (2.18) we get, with E hw,

~ 1.3 x l03Z~J~~~iln[(210/Ebo)2+ 1]dE(fm2), (2.23)

which is a good approximationto determinethe Coulomb excitation cross sectionsfor ~
projectilesincidentwith 800 MeY A on a target(ZT, AT). In eq. (2.23)E is given in MeY andb

0
in fm.

For Cu andPbtargets,with the RPA responsecalculatedabove,we obtain

Cc = 130mb for “Li + Cu; C~= 682mb for “Li ±Pb. (2.24)

Thesevaluesof Cc areto becomparedto the experimentallyextractedvaluesof Cc = 210±40 mb
andCc = 890±100mb, respectively.

Thecrosssectionfor
1’Li + Pbgiven aboveis almostidenticalto thevalueobtainedby Bertsch

and Foxwell [BF 89] using a different model. The contribution to the cross section of the
excitationsat E> 10 MeY is about65 mb. We alsofind astronglinear dependenceof Cc Ofl the
width of the resonance.Allowing avariationof j’I, we obtainfor “Li + Pb,C~= a~(1 + 0.8411)
wherea~is thecrosssectionwith ~‘ = 0.

It is interestingto mentionat this point thatapureclustermodel, doesgeneratealargedipole
strengthatlow excitationenergies.In fact, theexpressionfor dB/dEoneobtainsin thiscaseisgiven
by eq. (2.16) which, for the “Li nucleus,with 6, the separationenergyof thedineutron,equalto
0.2 MeY, peaks at E = = 0.32 MeY and has a peak value of 4.1 e2fm2. Notice that the
photo—nuclearcrosssectionCE,(E) of eq. (2.21) with the aboveclustermodeldB(E1)/dE,peaksat
E = 26 = 0.4 MeV and hasa peakvalueof 1.61 fm2. The dashedcurve in fig. 4 correspondsto
eq. (2.16). With the above distribution the crosssection CC, eq. (2.18), comesout closeto our
RPA—clustercalculationif F I is takento be 5 MeY.

Finally, it is worthwhile to mentionthatthe experimentaldatafor the electromagneticdissocia-
tion of 800MeY A “Li projectileson Pbare1.72 ±0.65b for the total crossCoulombsectionand

1

~
a 050 - -

i~ ___

E(MeV)

Fig. 4. Calculateddipolestrengthdistributionin theE< 10 MeV region.Solidcurvecorrespondsto theRPA—clusterwhilethedashed
onerepresentsthepure-clustermodel eq. (2.16). See text for details.
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0.89 ±0.1 b for the 2n-removalchannel[Ko 89]. It is by no meansclear to which extenttheRPA
responsefunction includesother decaychannelsbesidesthe two-neutronemission.This fact
actually may presentan additional difficulty in relating the Coulombexcitationcrosssection
obtainedwith the RPA approachandthe experimentaltwo-neutronremovalcrosssections.

In the next section we presenta calculation of the Coulomb dissociationcross section as
a function of energyfor severalmodelsof dB(E1)/dEandcomparewith the availabledata.

2.3. Low-energybehavior of ~‘Lj dissociationcrosssection

Recently,Sustich [SU 92], haspresenteda detailedcalculation of the Coulomb dissociation
crosssection for threemodelsof dipole strengthdistribution as a function of ~ bombarding
energyfor reactionson a ‘97Au target.This type of calculationis quite importantas it clearly
showsthe sensitivityof thelow-energycrosssectionto themodelusedfor the“Li dipole response.
Sustichfound that the datapoint at 30 MeYA measuredby Anne et al. [An 90] can be best
accountedfor by the single particlemodel of Bertschand Foxwell [BF 89]. The more recent
correlated-statemodelof BertschandEsbensen[BE 91] underestimatesthecrosssectionby factor
of 2, while theclustermodel[BB 88a;BH 90a;BBH91] overestimatesthecrosssectionby afactor
of 2. The large-basisnonspuriousshell-modelcalculationby HayesandStrottman[HS 90] also
underestimatesthe crosssections.Both thesingleparticleandcorrelated-statemodelaccountwell
forthedataat 790 MeY A [Ko 89] whereastheclustermodelagainoverestimatesthecrosssection
at this energyby about15%.

TheformulausedbySustichfor theCoulombdissociationcrosssection,however,is onlyvalid at
highenergies,as pointedout by BertulaniandBaur [BB 88c]. At lower energies,amore compli-
catedexpressionfor thecrosssectionmustbe used.

The Coulombdissociationcrosssectionis given by eq. (2.18) which canbe rewritten as

= 1~ir3ccJdEnn,(E)-~~,~ (2.25)

whereE is the excitation energy,cc is the fine structureconstant,anddB(El)/dE is the dipole
responsefunction of the nucleus.

Expressionsfor ~E1 (E) appropriatefor high-energycollisionscanbefound in textbooks[ia 75].
At lower energies,WintherandAlder [WA 79] haveshownthatsuchan expressionmaybeusedto
agood approximation,if a rescalingof the impact parameterof the form

b —+ b + -~ir Z, Z
2e

2/mov2y (2.26)

is done. In fact, asshown by Aleixo andBertulani [AB 89] such an approximationyields only
a10—20%discrepancywith anexactnumericalcalculation.It wasalsoshownthattheapproxima-
tion is worse if one goesto lower excitation energies.Since the important part of the dipole
responsefunction is locatedat very low energiesfor unstablenuclei suchas ‘1Li, it is therefore
appropriateto discussthis questionmore closely.

In this sectionwe aremainly interestedin giving amore accuratedescriptionof theCoulomb
excitationof unstablenuclei,which becomesincreasinglyimportantas thebinding energyof the
excitednucleusdecreases.Wedo not want to promoteoneor the othernuclearmodelwhichenters
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eq.(2.25) throughthedipole responsedB(E1)/dE.Indeed,wefind it moreexciting whendiscrepan-
cies betweenthe modelsshow up so that one can havedeeperphysicalunderstandingof the
phenomenaunderscrutiny.

In ref. [BB 88c] it was shownthat an analyticalexpressionfor ~ (E), which is valid for all
bombardingenergies,can be obtained(we observethat the original formula for the dipole case
appearingin ref. [BB 88c] hasamisprintedsign in oneof its terms)

n~,(E)= (2/ir)Z~cce~(c/v)2( —~K~K~—

< {KIC+~K~~— K,~— ±[K
1~(~) — K1~~]})~ (2.27)

where Z, and v are the target chargeand the projectile (“Li) velocity, respectively.cc is the
fine structureconstant,e~is the eccentricity factor of the lowest allowed Coulombtrajectory,
that is

11 for 2a>R,
= 1..R/a—1 for 2a <R, (2.28)

whereR = RT + R~is the sumof thetarget-andprojectile-matterradii. Thequantities,~and~are
definedby ,~= wa/yvand~ = 8011,wherew is the excitationfrequency,a = Z,Z2e

2/2Ec.m.is half
the distanceof closestapproachfor ahead-oncollision, andy = (1 — v2/c2)”2

Thefunction K
1~is themodified Besselfunctionwith imaginaryorder.KL meansthederivative

of K1~with respectto the argument.At high energiesthe aboveexpressionfor ~~E1 reducesto
eq. (2.19) whichis theform usedby Sustich,evenatthe ratherlow energyof 30 MeV A. We should
point out, however,thatSustich[Su92] includedrecoil correctionsto (2.19) which shouldrender
his calculationaccurateto within 20%.

Before presentingour calculation of CC based on eq. (2.27) for the different models of
dB(E1)/dE, wediscussthe behaviorof thefunctionK,~givenby theintegral[AS 64] (seeappendix
B for details)

K1~)= JexP(_~coshx)cos11xdx. (2.29)

Thesefunctionsarenot tabulated,andhaveto beobtainedby meansof thenumericalevaluationof
the integralat the r.h.s. of (2.29). The functions~ andK1,,, are not neededsince

~ = (11
2/c~2)Kj~(c~)+ K~’. (2.30)

In fig. 5 weshowthefunctionsK
1(c~)andK51(c~)versusc~.It is easyto understandthe oscillatory

behaviorofK1~)versus~ for smallvaluesof ~,by usingthestationaryphasemethod.By writing
cos~‘~x= ~(e~+ e— Dlx) andsincethe integralof eq. (2.29) is evenin x, onemaytake only thee~
branchof thecosineandextendthe lower limit of integrationto — cc. Changingx to x + ix and
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~O’~~J ~

Fig. 5. The function K
1,(~)versus ~. (a) ~ = 1, (b) ~= 5.

usingthe stationaryphasemethod,we find

Kjq(c~)~ 1e’°~’
2[4Y/(c~2—

11
2)]”4Ai(Y), (2.31a)

Y= —(11cosh’(11/~)— .,~/112 — ~2)2/3(~)2/3, q> ~ , (2.31b)

Y (c~~/1— 112/~2— 11sin’~/1— 112/c~2)2/3(~)2/3, ‘1< ~ . (2.31c)

In eq. (2.3 la) Ai( Y) is the Airy function. Thisfunctionoscillatesfor negativevaluesof its argument
(~<11) anddies out ase - ~for largepositivevaluesof Y,just as fig. lb shows.Further,the local
period of the oscillationsgoesasA~ 2x~/11.Thus,evenfor smallvaluesof~,the functionK

1~(~)
oscillatesatvery smallvaluesof c~.In fig. 5a, theseoscillationsarenot shown.A furtherstudyof the
propertiesof this function is given in appendixB.

We furtherverified that therepresentation(2.31) is alsovalid for K0(c~).Finally,weremarkthat
for our presentpurposesthe argumentof the modified Bessel function is relatedto its order
through~ = ~0t~ andsince6~� 1, ~ is equalto or largerthan11 andthusthelow-c~oscillationsare
not relevant.

Sincewewant to give adescriptionof the Coulombexcitationprocesswhichwill be usefulforthe
analysisof Coulombdissociationof unstablenucleiin general,weobservethat for collisionsof tens
of MeY per nucleonand above, R >~‘a, that is, ~ = 8011 >~ ~. In this case one may use the
approximation

K1,,(c~)~ Ko(c~)— 112 [K,(~~) — K0(c~)], (2.32)

which simplifies eq. (2.31a)enormouslysincethe K0(~)andK,(c~)functionsare much easierto
handlethan the Kjq(c~)functions.

Furthersimplificationscan be doneby noting that

= 6011 ~ hwR/yhv = EexR/YhV4 1 , (2.33)

for excitation energiesEex4 ‘yhv/R, which are the importantenergiesinvolved in the excitation
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Fig. 6. The Coulomb dissociationcross section for different Fig. 7. Dipole responseof “Li in the single-particle(solid),
modelsof dB/dE.The two data points are from ref. [Ko 89] correlated-state(dashed)andcluster(dotted)models.
(E = 790 MeV/nucleon) and ref. [An 90] (E = 30 MeV/nuc-
leon). Full curve: cluster model. Dashedcurve: independent-
particle model. Dotted curve: correlated-state model.
Dashed—dottedcurve: hybrid RPA—clustermodel. See text for
details.

processof very unstablenuclei. Using the approximation K, ~ 1/x and K0 ~ ln(ö/x), where
5=l.123...,onegets

nE,(E) ~ (2/x)Z~cce1~l(c/v)
2((l— 2772 + ;

1
2/

1~)ln(ö/c~)— ~772[1/~2 + ln2(5/c~)]

— ~(c/v)2t~2{1/~2 — ln2(5/c~)+ ,i2[(l/~2)ln2(t5/~) + 2ln2(c5/,~) + 2(c~— 1)/c~]})

(2.34)

We turn now to theresultsobtainedfor CC, eq. (2.25), usingfor the dipolestrengthdistribution
dB(El)/dE different modelsdiscussedrecentlyin the literature. In fig. 6 we showacomparison
amongthe crosssectionsobtainedwith the modified independentparticlemodel [BF 89], the
correlatedstatemodel [BE 91], the hybrid RPA—clustermodel [Te 91], andthe cluster model
[BB 88a].Our resultsdivergein animportantway from thoseof Sustich[Su92] in thatnoneof the
modelsaccountfor the low-energy data point (E15b = 30 MeY A). Whereasthe cluster model
overestimatesthe cross section,the other modelsfall short in value. The recentcalculation of
LenskeandWambach[LW 90], usingthequasiparticleRPA method,alsofall shortin value(the
crosssectionfor this caseis not shownin the figure as it almost coincideswith the independent-
particleresult).The dipole responsein thesemodelsareshownin fig. 7 (seealsofig. 4). Bertulani
andSustich[BS92a]haveshownthattheCoulombexcitationof highermultipoles(Ml, E2, ... ) in
“Li is smallandcanbe neglected.

2.4. NonperturbativecharacterofCoulombbreakupof weaklyboundnuclei

As we haveseenin the last sections,Coulomb excitation of unstablenuclei is a very useful
techniqueto accessinformationon the structureandexcitation responsefunction of such nuclei.
This is especiallytrue for the study of neutron- or proton-richnuclei with very small binding
energies.

Many of the exoticnuclei,like “Li do not haveboundstatesbesidesthegroundstate,i.e., any
excitation leads to their fragmentation.The Coulomb fragmentationcross section is roughly
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inversely proportional to theseparationenergyof thefragments[BB 88a].Therefore,it canbevery
largefor weaklyboundprojectilesincidenton large-Ztargets.

Oneshould expectthat perturbationtheory fails in describingthebreakupprocesswhen the
crosssectionsattain veryhighvalues.In fact, we showthatthebreakupprobabilitycalculatedwith
first-order perturbation theory is close to unity. This can be understood with the use of simple
arguments. The energy transferred by the Coulomb field to the excitation of a projectile nucleus,
with N neutronsandZ protons,incidentwith velocity v on atargetnucleuswith chargeeZT at an
impact parameterb is approximatelygiven by (see section 1.2) E* = 2(NZ/A) (ZT e2 ) 2/mNb2 v2,
wheremN is thenucleonmass.For “Li projectiles(N = 8, Z = 3) incidenton leadat b = 15 fm and
v ~ c, one gets E* ~ 0.3 MeV. This energyis more thansufficient to break“Li apart,since the
separationenergyof two neutronsfrom this nucleusis about0.25 MeY. This meansthatat small
impactparametersthe breakupprobabilityis of orderof unity andanonperturbativetreatmentof
thebreakupprocessshould be carriedout.

Nonperturbativetechniqueslike semiclassicalcoupled-channelscalculationscanbe usedin this
case. However, there is an insufficientamountof experimentaldatawith detailsaboutthestructure
of the unstable nuclei, to justify a complicated calculation. Sincethis is the final informationthat
one wants to obtain,aclearerunderstandingof the reactionmechanismis moreusefulat thisstage.
The cluster model seems to be very appropriate to achieve this goal. It has been used with success
for the determinationof themaincharacteristicsof reactionsinducedby “Li projectiles. Owing to
its simplicity the matrix elementsof Coulombbreakupcanbeeasily calculated.In this sectionwe
describe the semiclassical coupled-channels calculations recently developed in ref. [BC 92].

2.4.1. Coulombbreakup of loosely boundclusters
Let us consideraprojectile nucleuscomposedof two clusterswith chargeseZb and eZ~,and

massesmbandm~,respectively,incidenton atargetwith chargeeZT. Weassumethattheprojectile
follows astraight-linetrajectorywith velocity vandimpactparameterb. The interactionpotential
(neglectingmagneticinteractionsandnuclearforces)responsiblefor thebreakupof theprojectile, is
given by

2(V’ 4 Zk
V= ~ZTe ~ [(Yk — b)2 + y2(zk — Vt)2]’12 — kb.c (b2 + y202t2)1/2)’ (2.35)

wherey = (1 — v2/c2) ~/2 andYa’ Zk representthe transverseandlongitudinalcoordinatesof the
particles, respectively.

In the dipoleapproximation,expression(2.35) becomes*),

= b2 YZTe2 2 3/2 ~ Zk(byk + VtZk)
~/ v kb,c

= ,~/~~[yZTe2/(b2+ y2v2t2)3’2](Zbme/ma— Zcmb/ma)

xr{ib[Y,,(t) + Y, ,(t)] + .,,/~vtY,o(P)} , (2.36)

where r is the vector from b to c andma = mb+ m~.Thefirst (second)terminsidethecurly brackets

representsthe transverse(longitudinal)part of the interaction.

*IIt is importantto quoteherethat in factthemagneticdipoleinteraction].A = (v/c.])Vhas to be added to (2.35) so that the term

proportionalto t in (2.36) comesOut correctly.This can beachievedby using the continuityequation.
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In first-ordertime-dependentperturbationtheory,the probability amplitudefor the projectile

breakup, i.e., the transitionfrom the groundstate 0> to astate q> in thecontinuumis given by

a~= ~ J exp[—i(Eo — Eq)t’/h] <~Iv(t’)lo>dt’. (2.37)

For loosely bound projectilesthe groundstatecanbe representedby aYukawawavefunction
4’o(r) = Ne- ~r/r, whereN is the normalizationfactor, and~ = ~ with Pbc equal to the
reducedmassof the(b + c) systemandBthebindingenergy.Neglectingfinal-stateinteractions,the
states l~>are given by 4’q(r) <r I q> = ~‘~‘ — e’~/r(77+ iq), wherethe wavenumberq is relatedto
the energy Eq as Eq = h2q2/2J1~~.The secondterm of <r I q> guaranteesthe orthogonalityand
completenessof the initial andfinal states.

The dipolematrix elementsaregiven by [BB 88a]

<qIrY,m(~)l0>= i4~h~[q/(q2+ 772)2] Y,~(q). (2.38)

To first order,the breakupprobability is obtainedby integratingthe squaremodulusof (2.37)
over the densityof final states,i.e.,

C A3
P(’)’l’ #\ — .—i (1) _L (1) — 0) 2 q~ m1T mOJ a(q) (2)~’

summedoverthe beam-axiscomponentsof theangularmomentumcarriedby the Coulombfield,
m = 0, ±1.Theintegraloverq iseasilyaccomplishedif oneusesthe suddenapproximation,which
is valid for

(b/’yv)(Eq + B) 4 1 . (2.40)

Forweaklyboundnuclei,as“Li, Eq + B ~ 1 MeY, andatbombardingenergiesEIab ‘~ 1 GeV,the
abovereactionshowsthat the suddenapproximationis valid for impactparametersb <300fm.

Within the suddenapproximationwecanomit theexponentialfactor in (2.37) andtheintegrals
can be evaluatedanalytically as (cc is thefine structureconstant)

P~’~(b,t) = *[(Z/77b) (c/v)]2 [Zb(mc/ma)— Zc(mb/ma)]2

vt’b \2 1 1
X I Li + ~ + 2 I~ (2.41)

L\ ~Ji+ (yvt/b)2J 1 + (‘yvt/b) j

The first (second)terminsidethe largesquarebracketsarisesfrom the transverse(longitudinal)
part of the interactionpotential(2.36). It is clearthatonly the transversecontributionsurvivesat
t = cc. The longitudinal contributioncancelssincethecomponentof the electric field along the
beamaxis is an odd functionof time. The breakupprobability at t = cc is given by

P~’~(b,cc) = ~[(Z/
77b)(c/v)]

2 [Zb(mc/ma)— Ze(mb/ma)]2 . (2.42)
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For grazingcollisions with heavytargetsat intermediateenergiesthebreakupprobabilitiesof
eq. (2.42) arecloseto (or evenexceed)unity. Therefore,first-orderperturbationtheory cannotbe
used.However,if thesuddenapproximationholds,anonperturbativeclosedexpressioncanstill be
derived. The amplitude can then be written as [neglecting the longitudinal component of the
interactionpotential (2.36)]

a~= <~IexP(~J V(t)dt)I0> = <qIexp(—i~rsinOsin~)I0>, (2.43)

= (2ZTccc/bv)[Zb(mc/ma)— Zc(mb/ma)] . (2.44)

Using thecompletenessrelation

~o(r)~(r’) + (2)~J~(r). ~q(r’)d3q = ~(r — r’), (2.45)

one finds

p(s)(b)= $Ia~?I2~_~= 1 — ~ Jd3re
2exp(_i~2rsinOsint~)~ . (2.46)

The aboveintegralcanbe easily evaluatedand the result is

p(s)(b) = 1 — (4772/~~2)[arctan(~’/277)]
2 . (2.47)

When ~‘/2774 1 (large impact parameters)the above relation reproducesthe first-order result
(2.42). On theotherhand, if ~ is large,onegetsto lowest orderin ~

p(S)(b) = 1 —

A comparisonbetweenthe suddenapproximationandthe first-orderbreakupprobabilitiesfor
the reaction “Li + Pb —~ 9Li + 2n + Pb at 30 MeYA is shownin fig. 8, as a functionof b. The
failure of thefirst-order approximationat small impact parameteris clearly seen.

The resultsof eqs. (2.41), (2.42) and(2.47) wereobtainedon the basisof the suddenapproxima-
tion. In the exampleconsidered,the “Li breakupprobability is appreciableevenfor largerelative
energiesin the projectile frame (Eq 2 MeY), wherethe suddenapproximationstartsto break
down. In addition,the treatmentof this sectioncannotaccountfor the energydistributionof the
breakupcross section. A more powerful coupled-channelstreatmentis thereforedesirable.How-
ever,onefacesthe difficulty thatthe final statesarein thecontinuum(onewould haveto consider
acontinuouschannellabel)andthecouplingmatrixelementspresentdivergenceproblems,caused
by the nonlocalizedbehavior of the continuum wave functions. This difficulty is avoidedby
a discretization of the continuum along the lines proposed by Bar and Soff [BS 85] in their
nonperturbativecalculationsof atomic ionization by heavyions. Weshalluse the same treatment
of the continuum and develop a set of semiclassical coupled-channelsequations.
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Ill’’

11Li+208Pb
0.6 - E~,’3OMeV A -

~ 0.4- “ -

::: .

b(fm)

Fig. 8. Coulombbreakupprobabilitiesof “Li projectilesincidenton leadat 30 MeV/nucleon,asafunction oftheimpactparameterb.
The solid line correspondsto the nonperturbativesuddenapproximation.The dashedline correspondsto first-order perturbation
theory.

2.4.2. Discretizationof the continuumandsemiclassicaltreatment
of the coupled-channelsproblem

Our basis of time-dependent discrete states is defined as

I~o>= exp(—iEot/h)I0>, E
0 = —B; I

4~jim>= exp(—iE~t/h)JI)(E)IE~lm>dE~

(2.48)

where I E, Im> arecontinuumwave functionsof the projectile fragments(without the interaction
with the target), with good energy and angular-momentum quantum numbers E, 1, m. The fun-
ctions [(E) are assumedto be stronglypeakedaroundan energyE~in thecontinuum.Therefore,
thediscretecharacterof thestatesI 4j1m> (togetherwith I ~o>) allowsan easyimplementationof the
coupled-statescalculations.We assumethat the projectile hasno bound excited states. This
assumptionis often therule for very looselyboundsystems.Theorthogonalityof thediscretestates
(2.48) is guaranteedif

JdE[~(E)I,(E) = ~ (2.49)

For the continuumset I Elm> we use,for the sakeof simplicity, the planewavebasis

<rIElm> = u,,E(r)}~m(P)= ~ (2.50)

which obey the normalizationcondition(E = h2q2/2p)

<E1mIE’l’m’> = 5
7t’ömm’5(E — E’). (2.51)

These statesarise from the partial wave expansionof the plane wave exp(iq r). Writing the
time-dependentSchrödingerequationfor W(t) = ~ a~1,,,

4~jim~taking the scalarproductwith the
basisstatesandusingorthonormalityrelations,we get the equations

= ~ J’~,m;j’t’m’aj’i’m’exp[i(Ej’ — E~)t/h]. (2.52)
j’!’m’
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Weuse the index j = 0 for the ground state 10> and j = 1, 2, ... for the discretizedcontinuum
states. Vjlm; j’!’m’ are the matrix elements <

4’jlm I VI d’j’t’m’>.

For 17,(E) we consider two different sets of functions. Firstly the set F, (E), ... , FN(E);

T~(E)= 1/~/~ for (j — l)a < E <JC,

= 0, otherwise . (2.53)

This set corresponds to histograms of constant height 1/\/~ and width C. The states I~(E)trivially
satisfy the orthonormalization condition (2.49). They present the advantage of leading to simple
analytical expressions for the coupling matrix elements. On the other hand, they have discontinui-
ties at the edges,which lead to numericaldifficulties. The secondsetconsistsof the functions

x~(E)= N,
1(E/C)~exp[—n~(E/C)]. (2.54)

The normalization constant

N~.= (l/~~/~) [(2n~)2I~1/(2fl2)!] 1/2 , (2.55)

guarantees that $ x~(E)x3(E)dE= 1. The functions x.i arepeakedatE = fljC and have width ~ C.

The integer nj = K] is proportionalto theindex] andtheproportionalityconstant,asmall integer
K, is a parameter of the set which determines the overlap of two consecutivefunctionsx~and x.~+,.
ThreeconsecutivefunctionsX4, X5 andX6 areshownin fig. 9 for K = 3 andC = ~ KeY. With this
choiceX5 is peakedat themaximumof the experimentalbreakupcrosssection (E ~ 250KeY) of
“Li projectiles(seefig. 12). However,thissetfails to satisfytheorthogonalitycondition(2.49).This
shortcomingcanbe fixed by the definition of anew set T~(E)of linearcombinations

f~(E)= ~ CJkxk(E), (2.56)

with the coefficients C~,determinedso that the resultingcombinationsare orthogonal.These
coefficientscan befound by meansof an orthogonalizationprocedureas,e.g.,the Gram—Schmidt
method[BF 69]. The resultof theapplicationof thismethodto the functionsof fig. 9ais shownin
fig. 9b. Thesetof eqs. (2.56) hastheadvantagesof being continuouslyderivableandof leading to
reasonably simple coupling matrix elements.

A comparison betweenbasisstatesçbjim(r) generated with each of thesesets[through eq. (2.48)]
is made in figs. lOa, b. Wechosefor conveniencethe parametersC = 40 KeV, j = 5 for the first set
(eq.2.53)and K = 3,j = 5, C = 13.3 KeY for the secondset(eq. 2.54). With this choice oneof the
E3 is equalto 200 KeY for both sets.We take 1 = 1, m = 1, as example.One observesthat the
discrete wave functions

4j1m decreasefast enough with r, so that the matrix elements
<4)jtmIrY,~ikki’i’m’> arefinite. The useof thehistograms(2.53) for F

3(E) leadsto beatsin
4~jtm~as

displayedin fig. lOa. Thesebeatsarethe resultof thediscontinuousnatureof fl(E) andarisefrom
theinterferencefrom thebordersof the histograms.Dueto thisbehavior,thenumericalevaluation
of <4~jtmI r Yj~,,I 4’~‘I’m’> is moreinvolved thanwith thesecondsetof 1 functions(2.55). Indeed,as we
see from fig. lOb the beatsdisappearwith the use of the basisset (2.55). Although the use of
aplane-wavebasisallowsthe derivationof simpleresultswith bothsets,this fact is of relevancefor
future improvementof the calculations.
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Fig. 9. A set of functions given by the expression (2.54), Fig. 10. Radial wave functionsfor the discretizedcontinuum
(a) beforeand (b) after orthogonalization. using (a) the histogram,and (b) the continuousset.We used

E~= 200keV and) = 1.

Using (2.48) and the propertiesof the sphericalharmonicsonefinds

(_1)m .~ 2(Z mb ~ m~’\~J(21-f-1)(2l’+1)(l 1 1’

Ijm;j’t’m’ — Y T~ ~ c — b~) (b2 + y2v2t2)312 k,~ø 0 0

x{ib[(’ ~“,)+(‘ ~ i)]+~/~vt(,L ~ ,~,)}1it;i’i’~ (2.57a)

‘jl;j’l’ = Jr3drJdEFj(E)JdE~1i~’(Ef)ui*E(r)ui’E’(r). (2.57b)

From(2.57a) onededucesthatthe interactionpotentialis differentfrom zeroonly if Il — l’I = 1, as
expected.A discussionof the useof the dipole approximationis presentedlater in this section.

The useof theplane-wavebasisis especiallyusefulbecause,exploitingtherecursionandclosure
relationsof the sphericalBesselfunctions,oneobtainsthe genera!result

‘jI;j’l’ = (1~2/,j)[~(l+ 1’ + 2)F~
3. + ~ + ~ , (2.58)

~ = Jdqfl(E)1~~(E)~~ = Jdqqi~(E)~_I~(E)~ (2.59)

with E = h
2q2/2~z.Explicit formscanbe foundfor eachbasisset.

(a) Histogram. Applying this relationto thehistogramset(2.53), onecanshowthatfor],]’ � 0

— ~(1+l’±l)(~—~) if j=]’,

‘jt;j’I’ = — (
1)tJ+1_J’_t’)/2~(] +1’ — 1) if If ]‘I = 1, (2.60)

0 otherwise
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Forj = 0 orj’ = 0, only the integral with 1 or 1’ = 1 is necessary,and the result is

‘OO;jl = ‘jl;OO = (~?lC/x)[Ej~’~/(Eo+ E~)2](h2/2ji)314, E~= (j —~)C . (2.61)

(b) Continuous basis. For the setof continuousenergyfunctions(2.55) one finds, for j,]’ ~ 0

fFjj~ ~ C C NN F(n2+n’2+~)Jl 1
1 G~.f— jfl j’n’ fl’(~ + nF)n2 2+1/212flf2 — n’(2n2 + 2n’2 + 1)/(n + n’)J

(2.62)

whereF(z) is the gammafunctionandwesimplified thenotationusingn n~.Forj = 0 or]’ = 0,
onefinds

~ E~ h2 3/4 n2~ /(2n)2~2+1
‘OO:jl = ‘jl;OO = x (E

0 ±E~)
2(2~~) ~ n~ (2n2)! Cm. (2.63)

As we have seenabove, the use of the plane-wavebasis results in the elegantderivationof
I~.~ representedby eqs. (2.58) and(2.59).Nonetheless,the s-wave(1 = 0) stateof eq. (2.50) is not
orthogonalto the bound-statewavefunction. To restoreorthogonalityonehasto addanextra
piece to this function. We expect howeverthat this approximationdoes not affect our results
appreciablysinceto accessthis stateoneneedsat least two transitions:the 00 —+ j 1 followed by
1,1 —+]‘O. But thelatter transitioncompeteswith thetransitionto the groundstate,]! —‘ 00, which
is thedominantone.A moresevererestrictionis theuseof planewavesto describethecontinuum.
A realisticcalculationwouldhaveto useoutgoingwavesfor u~7~j(r) whichwould carryinformation
aboutthe final interactionsof the b + c system.

2.4.3. Resultsanddiscussions
We now usethe theory delineatedaboveto studythe breakupof “Li projectilesincidenton

heavytargetsat energiesaround30 MeY/nucleon.In fig. 11 we show the integrals‘it;i’l’ for the
continuum—continuumcoupling(j,j’ � 0). In particularwe choose1 = 0 and 1 = 1. The coupling
JO—÷j’=], 1, solid line in fig. 1 la, is a reorientationeffect in which the transition involves only
achangein the angularmomentum(1 = 0 to 1 = 1 in thiscase)of thestate.We showalsoin fig. ila
‘jO; .i” for transitionsbetweenstateswith different energies.In particular we take the transition
betweenneighboringstates,with j’ =] + 1 (dashedline). We usethe results obtainedwith the
continuous energy set, eqs.(2.62) and (2.63). One observesthat while for ]‘ = j the integral
decreaseswith energy,for]’ =] + 1 it increasessteadily.Theseresultsreproducethe trendshown
by eq. (2.60). In fig. 1 lb it is shownhow ‘~0~~ variesasafunctionof ~ for afixed E~= 0.2MeY.
One observesthat it is maximumfor neighboringenergystatesandhasan oscillatorybehavior.
This has the consequencethat thej,]’ ~‘] coupling will practically not contributeto the total
breakupprobability, ~ sinceits contributionwill be washedout.

The breakupprobability per unit energyinterval, P~,is given by

P~= ~ f(E)F,(E)Q~~,Q~ = Re( ~ ai”z’maiim). (2.64a,b)
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Fig. 11. (a) Radial matrix elements, eq. (2.57b) for the Fig. 12. Coulombbreakupprobability, per unit energy interval
transition j —+j + 1 (dashedline), and for the j —~jone (solid (MeV ~‘), of “Li projectilesincidenton leadat 30 MeV/nucleon
line). We used1 = 0 and 1’ = 1. (b) Radialmatrix elementsfor andb = 15 fm, asa function of thefinal total kinetic energyof
the transition j -sj’, keepingE, = 200keY and varyingE,-. thefragments.

In fig. 12 weshowthebreakupprobability per unit energyintervalfor thereaction“Li + Pbat
30 MeY A andb = 15 fm, calculatedfrom eq. (2.64a)by solving the coupleddifferentialequations
(2.52) for aiim. We seethat the energydistribution of the fragmentsis peakedat E 0.25 MeY.
Therefore, the most relevant momentum transfer to the “Li nucleus occurs at q =

~ /h 20 fm ‘. The validity of the dipole approximationfor the interaction potential
(2.57) to calculate the continuum-continuumcoupling can only be justified for qr 4 1. But, as
shown in fig. 10, the discretizedwave functionsextend up to 400fm. Thus, unless the matrix
elementsfor the continuum-continuumcoupling, eq. (2.57b), haveits main contributionfrom
r 4 20 fm, the dipoleapproximationis not valid. The]’ =] couplingdoessatisfythis requirement.
In thiscasethe wavefunctionshaveequalenergies,but different angularmomenta.Thiscausesan
asymptotically(r ~‘ l/q) constantphasedifference betweenthe wavefunctionsenteringin ‘ji; ji’.

This leadsto cancellationsin the integrandof eq. (2.57) for large r. The situationis differentfor
]‘ ,~j. In this casethe integrandhascontributionsfrom largervaluesof r andthesecontributions
increasewith energy. With a correct treatmentof the multipole expansionof the interaction
potential (2.35) the integrals~ ~ ~ would decreasewith E. We expect that the transitions
00 —+ j’, 1 = 1 and j’, I = 1 —p 00 dominatethe excitation process,so that the matrix elements
betweenstateswith] � j’ ~ 0 do not play an importantrole. Also, to minimize theconsequenceof
thebreakdown of thedipoleapproximationin thecontinuum-continuumcouplingfor] ~ j’, we
usein our calculationalargeparameterK (we take K = 4). This leadsto small~

In fig. 13 thesolid line represents~ the totalbreakupprobability [eq. (2.64a)integratedover
energy],asa functionof thedimensionlessparameter‘r = vt/b, for b = 15 fm. This is obtainedby
solving thecoupledchannelseqs. (2.52)for atime t andcalculatingthe sumpBu(t) = �oIajtm(t)I.
The dashedline correspondsto the first-order perturbationcalculation in the sudden limit
(eq. 2.41).The breakupprobability occursin a time scaleof At b/v. This comparisonindicates
a reductionin the breakupprobability, arisingfrom high-orderprocesses.
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Fig. 13. Coulomb breakup probabilities of “Li projectiles incident on lead at 30 MeYper nucleon,asa function oft = vt/b.

The total crosssectionis given by

CBU = 2x bdbPBU(cc). (2.65)

The value of bmjn is chosenaccordingto Winther andAlder [WA 79], as (seesection2.4)

bmin = R~+ RT + 1rZPZTe2/4El
5b, (2.66)

whereR~(RT) is theprojectile(target)radius.For “Li we useR~= 3.14fm, while for thetargetwe
useRT = 1.2 A”

3 The aboveformulaincludesarecoil correctionon the Coulombexcitationcross
section,given by the last term which dependson the bombardingenergy,EIab. Our resultsare
shownin table 6. In the first column we give the crosssectionsof our nonperturbativeapproach
and in the secondthe prediction of first-order perturbation.The experimentalvalues for the
electromagneticdissociationcrosssectionof “Li projectilesincidenton Pbat severalbombarding
energiesareshownin the third column[Bl 91; Ko 89]. It is not clearfrom theexperimentaldataof
Blanketal. [B191] whichfraction of thesecrosssectionsgoesinto the9Li + 2n channel,but dueto
its bindingenergythebreakupprobabilityinto this channelis dominantandadirect comparison
with ourresultsis possible.We seethat,while for highbombardingenergiesthe resultsof thetwo
theoreticalapproachesarepractically thesame,at low energiestheydiffer by about20%. This is
due to the largebreakupprobabilitieswhich occur for reactionsaroundsometensof MeY per
nucleon[HPB 91]. The coupled-channelscalculationresultgivesabettervalueof the crosssection
at this energy.

Table6
Comparisonamongthe crosssectionsfor the Coulombbreakupof “Li
incidenton lead,obtainedwithin thefirst-orderperturbation,~ andwith
thecoupled-channelscalculation,o~The lastcolumngivestheexperimental

valuesofrefs. [B19i; Ko89]

E,,,,, (MeY A) o1~~(b) a (b) a,,,,,, (b)

790 1.01 0.94 0.89 ±0.1

86.2 3.5 2.8 1.37 ±1.43
69.9 3.8 3.1 2.96±0.83
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Theinclusion of higher-ordereffectsin theCoulombbreakuptreatmentof “Li projectileshas
alsobeenrecentlystudiedby Baur, BertulaniandKalassa[BBK 92] andby Shyam,Banerjeeand
Baur [SBB 92], BertschandBertulani[GB 92], and by Canto, Donangelo and Schultz [CDS 92].

3. Elastic scattering

3.1. Optical-modelanalysis

Recentwork [Br 88; BS 88; KB 88; St89] hasestablishedthat the elastic scatteringof light
heavy-ionsystemssuchas ‘2C + 12C, 16o + ‘2Cand160 + 160 shows sufficient transparency for
the crosssectionsto be dominatedby far side scattering[HM 84; MS84]. In particular,thereis
often the appearanceof aprominent(but damped)rainbow [St 89; HM 84; MS84]. It hasbeen
speculatedthatexoticnucleilike “Li would exhibitmuchstrongerabsorptionbecauseof theweak
bindingof the excessneutronsso that therewould no longer be far side dominance.Then the
scatteringwould be morecharacteristicof the scatteringby ablackspherefor which the nearside
andfar sideamplitudesareequalat all anglesandtheir interferenceproducesmarkeddiffractive
oscillators[HM 84; MS84]. However,we shallshowherethat therearegood reasonsto believe
that this is not so,andthat thescatteringis still dominatedby refraction.

3.1.1. Constructionof the opticalpotential
Here we describethe constructionof the complex optical potential, U = V + i W. The real

potentialwas obtainedfrom the folding model, using the DDM3Y effective nucleon—nucleon
interactiondescribedelsewhere[Br 88; BS 88; KB 88], togetherwith realisticrepresentationsof the
nuclear density distributions [Sa79]. For 11Li we took the spherical Hartree—Fock densities of
Bertsch et a!. [BBS 89] which were shown to account for the interaction cross sections measured at
E/A = 790MeY, while a shell-model density [Sa 79] was used for ‘2C. The DDM3Yinteraction is
both energy- and density-dependent, and has successfully described [Br 88; BS 88; KB88] the
scatteringof stablelight heavy-ionsystemsovera rangeof energiesE/A ~ 10 to 120MeY.

TheresultingfoldedpotentialsVF(r) for “Li + ‘2C and‘2C + ‘2C at E/A = 85 MeY [SMH 91]
arecomparedin fig. 14. As expected,the “Li potentialis morediffuse thanthe ‘2C onebecauseof
the greaterradial extent of the “Li density;the “Li potential has a r.m.s. radiusof 4.38 fm
comparedto 3.99 fm for ‘2C. Also shownin fig. 14 is the resultof omitting the contributionsof the
two valenceneutronsfrom the“Li densitydistribution.Thesetwo neutronsonly giveriseto about
10% of the folded potentialat smallradii, but areresponsiblefor almostall of it at largedistances
(50% at r = 7.5 fm, wherethe potential is — 1 MeY, and 90% at r = 10 fm, for example).The
potentials for E/A = 30 MeY are similar in shape but stronger by 50 to 60%. Their other
characteristicsarevery similar to thoseshownin fig. 14.

The folding modelwas“calibrated” by usingthe ‘2C + ‘2C potentialsto fit scatteringdatafor
this system at the corresponding energies. It was found to be adequate (see fig. 1 5a) to use the folded
shapefor both real and imaginary parts of the potential at E/A = 85 MeY, with a complex
renormalizationfactorso that wehaveU(r) = (NR + iN

1) VF(r). However, this assumption was not
satisfactory at the lower energy of E/A = 30 MeY, as indicatedby thedot—dashcurvein fig. 1 Sb.
A much better fit to the dataat this energy(solid curve) was obtainedby using an imaginary
potential W(r) of Woods—Saxonshape.In bothcases,the normalizationNk requiredfor the real
potentialwas closeto unity.
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Fig. 14. Comparisonof the unrenormalized(N = 1.0) folded potentialsfor “Li + ‘

2C and ‘2C + ‘2C, using the DDM3Yeffective
nucleon—nucleoninteractionfor E/A = 85 MeY. Also is thepotential obtainedwhenthetwo “valence” neutronsareomitted from the
‘‘Li densitydistribution.
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----..0.0 5.0 10.0 15.0 20.0 0.0 10.0 20.0 30.0 40.0ecm (deg) ecm(deg)Fig. 15. Fits to themeasured[Bu 84] elasticcrosssectionsfor ‘2C + ‘2C. (a) At EtA = 85 MeV, usingthefolded potential of fig. 14timesN = 1.175 + 0.725i.Thecorrespondingreactioncrosssectionis aA = 1000mb. (b) At EtA = 30MeV. Thepotentialusedfor thefull curve had the folded potential times N = 0.814 for the real part and a woods—saxonimaginary part (W
0 = 18.2 MeV,rw = 1.158 fm,aw = 0.584fm). The dashedcurveis thebestfit obtainedusingthefolded shapefor both realandimaginaryparts,withN = 0.842+ 0.573i. The correspondingreactioncrosssectionsare 1236 and1214 mb, respectively.

Theloosestructureof “Li allowsit to be fragmentedmoreeasilythan‘
2C andthis couldresult

in some modification of the “Li + ‘2C real potential comparedto that for ‘2C + ‘2C. The
analogousbreakupof 6’7Li and 9Be hasbeenfound [SY 83; HO89; Sa89; Ya89] to contribute
a repulsiveterm to their real potentialsand to increasethe strengthof the absorptivepotentials.
The possible effects of this for “Li are exploredhereat E/A = 30 MeY. However, the explicit
calculation[Sa 89; Ya 89] for 6Li hasshownbreakupto be muchlessimportantat higherenergies
of E/A ~ 100MeV. Weassumed thisto be truealsofor the real potentialfor “Li, althoughwedid
considertheeffectsof anadditionalweakabsorptivepotentialof very longrange.Thepossibilityof
sucha term arisesbecause,althoughthe separationenergyof a single neutronfrom “Li is about
1 MeY, thepair of valenceneutronshasa separationenergyof only0.2 MeY. This impliesapairing
energyof 0.8 MeV andsuggestsaclustermodelof’ ‘Li asadineutronveryweaklyboundto a 9Li
core [HJ 87]. Such apicture is consistentwith the observation[Ko 88, 89] of a relatively sharp
peak in the perpendicularmomentumdistribution of 9Li fragmentsfrom ~1~j breakup(see
section7). Theabsorptionfrom the elasticchanneldueto this fragmentationcould be represented
in the optical potential by an imaginary term of exponential form with a range determined
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essentially[CDH 91a]by the 2n separationenergyof 0.2 MeY; thatis, at largerr wemayusethe

phenomenologicalform

AW(r) = — LJ’,exp(— r/cc), cc ~ 7.98 fm . (3.1)

We can place someconstrainton variations of the optical potential away from the simple
folding model describedaboveby requiring that the predictedreactioncrosssectionCA remain
“reasonable”.Althoughmeasurementsof CA(E) for the exoticprojectilesarenotyet availableatthe
energiesconsideredhere,someguidancecan be obtainedfrom othermeasurements.

3.1.2. Reactioncross-sectionsystematics
First, we notethat the crosssectionsreferredto here,measured[Ta 88; Ta85a;Ta85b; Ko 88;

Ko 89] at E/A —~ 1 GeV, areso-calledinteractioncrosssections;that is, part of the reactioncross
sectionCA in whichtheneutronand/orprotonnumberof theprojectile is changed.Henceinelastic
excitationsare omitted andthereforethe true reactioncross sectionis underestimated,which
shouldbe comparedto an optical-modelprediction.(Thedeficiencyhasbeenestimated[Ja 78] to
beabout5%.) Thisdoesnot seemto be aproblemat the lower energies,wherethe measuredcross
sectioncan be identified with CA(E).

The measured[Ko 87] andcalculated[PD 81; Ma 88] reactioncrosssectionsarefoundto vary
very slowly with energy above E/A —~100 MeY, so that the values measured[Ta 88] at
E/A 1 GeYprovidesomeguideas to theirvaluesatE/A = 85 MeY. For example, the interaction
crosssectionfor “Li + ‘2C at E/A = 790 MeYwas measured to be 1047±40mb.Since“Li has
no boundexcitedstates,andhenceno inelasticscattering,we mayidentify this with the reaction
crosssection.The measured[Ja 78] valuefor ‘2C + ‘2C at E/A = 870 MeY was939±40 mb; the
valueof CA maybe [Ja 78] about5% larger.Thus the measuredratio for “Li to ‘2C is 1.12 ±O;04,
andthe ratio of the reactioncrosssectionsis probably evencloserto unity. Projectilefragmenta-
tion, which is facilitated by the weak binding of “Li, contributes[Ko 88, 89] about40% of
its reaction cross section at E/A = 790 MeY. The productionof 9Li is responsiblefor about
one-halfof this [Ko 88, 89]. It is possible that fragmentationmay be somewhatmore im-
portant at E/A = 85 MeY, thus enhancingthe reaction cross section for “Lj relative to that
for ‘2C.

The CA for ‘2C + ‘2C at E/A = 83 MeVhasbeenmeasured[Ko 87] to be965 ±30 mb,whichis
almostunchangedfrom its valueat the muchhigherenergy.If this werealsotrue for “Li + ‘2C,
we would predict CA ~ 1030 to 1080mb for this systemat E/A = 85 MeV. Even if the “Li
fragmentationcross section were doubled at the lower energy, we would only anticipate
CA ~ 1500mb.

Thereis moreuncertaintyat the lower energieswherethebreakupof looselyboundprojectiles
becomes more important [SY 83; HO89; Sa 89; Ya 89]. The average cross sections for a variety of
neutron-richprojectiles,overrangesof energiesup to 60 MeY per nucleon,andon atargetof 28Si,
haveshown[Mi 87] aroughlylinear dependenceupontheir neutronexcess,N — Z. (Thishasbeen
associated[Sh 89] with the diffusenessof the neutrondensitydistribution which increaseswith
neutronexcess.)The observedbehaviorcanbe representedapproximately[Mi 87; Sh89] by the
relation (for agiven A = N + Z),

CA(N ~ Z)/CA(N= Z) ~ 1.0 + cc(N — Z), cc ~ 0.060±0.005. (3.2)
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The measured[Ko 87] cross sectionfor ‘2C + ‘2C at E/A = 30 MeY is CA = 1316 ±40mb.
Optical-modelanalyses[Br 88; BS 88; KB 88] of theelastic differentialcrosssectionsat the same
energyimply avalueabout70 mb smaller.If therelation (3.2) is assumedto hold alsofor ‘2C as
target,it predictsthe CA for “Li + 12C to be about30% larger,or about 1710mb. However,at
E/A = 790MeV, themeasuredCA for “Li on ‘2C is about200mblarger[Ta 85a,b] thanasimple
extrapolationof the valuesfor the lighter Li isotopeswould indicate; this increasehas been
attributed[BBS 89] to thelast two neutronsin “Li occupyingthemoreweaklybound°P1/2orbit.
If this incrementpersists,or is evenlarger,atthelower energy,wecouldanticipateareactioncross
sectionof asmuch as 2 b for “Li + ‘2C at E/A = 30 MeY.

3.1.3. Optical-modelpredictions
Figure iSa showsa fit to the scatteringdata [Bu 84] for ‘2C + ‘2C at 85 MeY/nucleon,using

thecorrespondingfoldedpotentialmultiplied by N = 1.175 + 0.725i.Thecalculatedreactioncross
sectionis 1000 mb,comparedto thevalue965 ±30 mb measured[Ko 87] at E/A = 83 MeY. The
samecomplexrenormalizationfactorN was thenappliedto thefolded potentialfor “Li + ~
The calculatedscatteringfor the two systems,in ratio to the correspondingRutherfordcross
sections,is compared in fig. 16. The predicted CA = 1197mb for “Li is 20% larger than for ‘2C as
the projectile.

The mostnoticeablefeatureof thecomparisonof the C/CR(O) ratios for “Li and ‘2C in fig. 16
(solid anddottedcurves,respectively)is the considerablyenhancedratio for “Li. However,this is
somewhatmisleadingbecausethe Rutherfordcrosssectionfor ‘2C + ‘2C is four timeslargerthan
thosefor “Li + ‘2C simplybecauseof the greaterchargeon ‘2C. Consequently,the crosssections
themselvesfor the two systemsaresimilar in magnitudeovermostof theangularrangeshown.In
bothcases,we see far sidedominance[HM 84; MS84] beyondabout5°.

Thescatteringof “Li at the largeranglesmaybedampedby increasingtheimaginarystrength
N

1 for example, doubling it (N1 = 1.45) gives CA = 1474 mb, which as concludedabovemight be
closeto a reasonableupper limit for the expectedvalue at this energy.The far side scattering
amplitudeis reducedmoreby the increasein absorptionthanis thenearsideone,consequentlythe
two becomecloserin magnitudeandthefar side/nearsideinterferencestructureseenin theangular
distribution(dash-dottedcurve in fig. 16) is enhanced.

Simply increasing N1 increases CA while preserving the shape of the imaginary potential.
However, it may seemmore reasonablethat “Li scatteringis characterizedby an imaginary
potentialof longerrangethanfor ‘

2C. Onesuchpossibilityis to addasurface-peaked,long-ranged

.2 ‘Kr’ - — “Li as~C ~ \

I ur~x2
00 5.0 10.0 15.0 20.0

e,,~deg)

Fig. 16. Elasticcrosssectionspredictedfor “Li + ‘2C atE/A = 85 MeY, usingthefoldedpotentialsin fig. 14 timesN = 1.175 + 0.725i
(solidcurve)andN = 1.175 + 1.45i (dashedcurve),shownin ratio to the Rutherfordcrosssectionsfor this system.Thecorresponding
reactioncrosssectionsare1197 and1474mb, respectively.Also shownfor comparison(dottedcurve)isthebestfit to the ‘2C + 12Cdata
from fig. 15a.(Note that the Rutherfordcrosssectionsfor ‘2C + ‘2C are approximatelyfour timeslargerthanthosefor ‘1Li + ‘2C,)
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absorptiveterm, which easily increasesthe reaction cross section. For example, the use of
a Woods—Saxon-derivativeimaginary term with a peakmagnitudeof 1 MeY, radius 6fm and
diffuseness 1.5 fm increasesCA by 32% to 1576 mb. However, the effect on the elastic angular
distributionis muchless marked,beingmorelike auniformreductionby about30% for 0> 5°,

with almostno changein shape.
The extremein long-rangedabsorptionis provided by the model of eq. (3.1). We found, for

example,thataddingsuch a term with astrengthof J4’, = 400 KeY to the folded potential with
N = 1.1175 + 0.725i increased CA from the “bare” valueof 1197 mb to 1859mb. This implies over
600mb of 11Li —+ ~Li + n2 breakupfrom this clusterconfiguration,whichseemsexcessive.None-
theless,the effect on the elastic angulardistribution is negligible! The reasonfor the apparent
paradoxis that this term predominantlyproducesabsorptionfrom very high partial waves,and
thus very large impact parameters,which contributeto small scatteringangles.A few percent
reductionin the ratio to Rutherfordis difficult to observeat theseangles,but cancorrespondto
a largeabsorptionbecausethe Rutherfordcrosssection is very largethere.

Weconcludethat theelasticdifferentialcrosssectionfor “Li + ‘2C atE/A = 85 MeY probably
lies betweenthetwo curvesshownin fig. 16,andexhibitsrefractivefeaturesasstrongas ‘2C + ‘2C
scatteringat the sameenergy.

Figure lSb shows fits to ‘2C + ‘2C data [Bu 84] at this energy.The bestfit obtainedby
assumingthe imaginary potentialto havethe samefolded shapeas the real one(dashedcurve)
requiresarenormalizationby N = 0.842+ 0.573iandisnot satisfactory.A superiorfit (solid curve)
is obtained with P4 = 0.814 and Woods—Saxonimaginary potential with W

0 = 18.2 MeY,
rw = 1.1158fm andaw = 0.584fm. This imaginarypotentialis less diffuse thanthe folded one.

The correspondingreal and imaginarypotentialswere constructedfor “Li + ‘
2C andtheir

radial shapesarecomparedin fig. 17. The scatteringspredictedfor “Lj and‘2C arecomparedin
fig. 18. The scatteringobtainedfor “Li when the samefolded shapefor the realandimaginary
parts(with N = 0.842+ 0.573i) is usedis alsoshownin fig. 18, and resultsin greaterabsorption
(CA = 1469mb) than when a Woods—Saxonimaginary shape with the sameparametersas
‘2C + ‘2C is used(CA = 1230mb).Again, theratio to Rutherfordfor “Li is —~4timesgreaterthan
for ‘2C at smallanglesbecauseof its smallercharge.It is evenlarger for 25°> 0> 10°whenthe
Woods—Saxonimaginarypart is used,indicating enhancedfar side dominance[HM 84; MS84]
comparedto the ‘2C + ~2C case.Also, an interestingdip appearsin theangulardistributionnear
30°in this case(solid curvein fig. 18). A nearside/farsidedecomposition[HM 84; MS84] shows
that this is an Airy minimumin thefar sidescattering.It can be mademuchmoreprominentby
increasing W

0 from 18.2 to 24 MeY. However, the minimum is removed by the very much stronger
absorptionat small radii thatoccurswith the useof thefolded shapefor the imaginarypotential.
(The latter reachesa strength of —97i MeY at r = 0 when N1 = 0.573, comparedto the

— 18.2i MeY for the Woods—Saxonone.)
It wasarguedin section3.1.2 abovethat the reactioncrosssectionfor

11Lj + ‘2C at this energy
mightbe aslargeas2b. IncreasingtheimaginaryWoods—SaxonstrengthW

0 is not anefficient way
of increasingCA; doubling W0 to 36 MeY only increasesCA by about 15%, to 1411 mb,but has
alargereffect on the angulardistribution.The ratio dC/dCR(O)is reducedconsiderablyfor 0> 10°
andoscillationsare introduced.However, it seemsmore plausible,becauseof the more diffuse
densitydistributionof “Li, that theWoods—Saxondiffuseness,rather thanits strength,shouldbe
increasedfrom thatappropriatefor ‘

2C. Using aw = 1.0fm raisesCA by 40% to 1714 mb; it also
hasan interestingeffect on the angulardistribution(seefig. 19). The crosssectionsarereduced
considerablybetween6°and22°but thenthe residualAiry minimum seenpreviouslynear30°is
removedandreplacedby asmoothfall-off.
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Fig. 17. The unrenormalized(NR = 1.0) folded potential for Fig. 18. Elastic cross sections predicted for “Li + ‘

2C at
“Li + ‘2C atE/A = 30 MeV. Also shownis thewoods—saxon EtA = 30 MeV, using the folded potential in fig. 17 times
imaginary potential for “Li + ‘2C usingtheparametervalues N = 0.8 14, plus the imaginary potential shown there (solid
obtainedfrom fitting ‘2C + ‘2C data (fig. lsb). curve),shownin ratio to theRutherfordcrosssectionsfor this

system. Also shown(dashedcurve) is the result of using the
folded shapefor bothrealandimaginaryparts,with renormaliz-
ation N = 0.842+ 0.573i.Thecorrespondingreactioncrosssec-
tions are 1230 and 1469 mb, respectively.The bestfit (dotted
curve)to the 2C + ~Cdatais alsogivenfor comparison.(Note
that theRutherfordcrosssectionsfor ‘2C + ‘2C areapproxim-
ately four times l4rger thanfor “Li + ‘2C.)

The ad hoc introductionof a very diffuse surfaceabsorptionterm (chosento havethe shape
of the derivative of a Woods—Saxonpotential) can easily increaseCA. For example,one with
apeakstrengthof WD = 2 MeY centeredat RD = 6 fm (rD = 1.33 fm) andwith aD = 1.5 fm gives
CA = 2193 mb. However, the effect on the elastic angulardistribution (fig. 19) is not dramatic,
consistingessentiallyof areductionin magnitudeof dC/dCR(O) by abouta factorof 3 for 0> 5°.

(We notethat it still hasamore“refractive” appearancethanthat for ‘2C + ‘2C anda residueof
the Airy minimum near 30° remains.)

The extremeof a long-rangedabsorptiveterm is representedby the cluster breakupform of
eq. (3.1). The incrementin CA that this producesis closelyproportional to the strength~‘J’,.The
choice J4~= 285 keYgives CA = 2 b, butjustasatE/A = 85 MeV, it hasno noticeableeffecton the
elastic angulardistribution.

It is possible that fragmentationof “Li makes the real optical potential significantly less
attractiveat this lower energy[Sa 89; Ya 89]. We exploredthe kind of effects this mighthaveby
reducingthestrengthof the foldedreal potentialby 30% (usingarenormalizationfactorNR = 0.57
insteadof theNR = 0.814obtainedfrom thefit to the ‘2C + ‘2C data).Two examplesareshownin
fig. 20,bothusingtheWoods—Saxonimaginarypotential,onewith thesameimaginaryparameters
asfor ‘2C + ~2Candtheotherwith aw increasedto 1.0fm. Thereactioncrosssectionsarealmost
unchangedfrom the valuesobtainedusing the full NR = 0.814, but therearelargeeffects on the
angulardistributions.Simply reducingthereal potentialby 30% introducesadeepminimumnear
22°as well as more interferencestructureat other angles.A nearside/farside decomposition
[HM 84; MS84] for this case shows that the sharp dip near 22°is againan Airy minimumin thefar
side scattering. Indeed, by slowly reducing P4, one can see that it is the same one that is seen near
30° with the full NR = 0.814, but the angle at which it occurs has moved forward as the real
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Fig. 19. Theeffect of increasingthe absorptionon “Li + ‘

2C Fig. 20. The effect ofreducingthestrengthof therealpotential
scatteringat E/A = 30 MeY. The solid curveis thesameasin by 30% on “Li + ‘2C scatteringat E/A = 30 MeV. Thesolid
fig. 18, while the dashedcurve hasthe imaginary diffuseness curveis thesameasin fig. 18 (N = 0.8 14)while thedashedcurve
increasedto aw = 1.0 fm. The dottedcurve showstheeffect of shows the effect of reducingN to 0.57 without changing the
addinga surfaceabsorptionterm; a woods—Saxonderivative imaginary potential. The dotted curve was obtainedby also
with W

0 = 2 MeY, RD = 6 fm andaD = 1.5 fm was used. increasingtheimaginarydiffusenessto aw = 1.0 fm.

potential strength is reduced.By chance, the choice of NR = 0.57, in conjunction with this
imaginary potential, is close to maximizing the destructive interference between the inner and outer
contributions that give rise to the Airy structure of the rainbow [HM 84; MS84]. It would be very
interestingto seewhetherthe actual scatteringof “Li + ‘

2C in this energyregion revealsany
structureslike these.

The angulardistributionresultingfrom both reducingNR by 30% andincreasingtheimaginary
diffuseness to aw = 1.0fm has a more conventional appearance (fig. 20) and no sign remains of the
Airy minimum. However, comparison with the dot-dashed curve in fig. 19 shows that use of the
smaller NR value hashad a larger effect here also. Clearly the scattering at this energy is very
sensitiveto the real potential.

In summary, we see that we can make predictions for 11Li + ‘2C scattering at this energy with
much less confidence, although our calculations help to delineate the kind of features to look for
when measurements are made. In particular, it is important to have some measure of the behavior
of the cross sections at larger angles (>15°,say), where they begin to fall into the shadow region,
and where we have seen the possibility of some distinctive rainbow features occurring.

3.1.4. Contributions from the valenceor “halo” neutrons
One is tempted to think of the excess neutrons, especially the two valence ones that occupy the

OP,/2 orbital in the Hartree—Fockdescription [BBS89], as forming a “halo” around a more
compact core nucleus. While it is true that the neutron distribution extends to much larger radii
than the proton, (see, e.g., ref. [TS 90]), so that the r.m.s. radii are 3.08 and 2.21 fm, respectively, it is
not obvious how to identify the “halo” component unambiguously. An operational definition
might be provided by the momentummeasurements [Ko 88, 89] on 9Li fragments which imply two
groups of neutrons in “Lj. It is natural to identify the group with a narrow momentum
distribution, and hence associated with the larger radial extent, with the most weakly bound
valence neutrons. Wemade this assumption and recalculated the folded potential by omitting these
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two neutronsfrom the “Li densitydistribution. Using only the (real and imaginary) potential
generatedby the remainingninenucleons,with the sameN = 1.175 + 0.7225i,haslittle effect on
the “Li + ‘2C scatteringat E/A = 85 MeV, exceptfor reducingthereactioncrosssectionby 16%
and“stretching” theangulardistributionout in angleslightly.The lattereffect reflectsthe smaller
radius(r.m.s.radius = 4.01 fm) of thefolded potentialobtainedwhenonly theninecorenucleons
are included,ascomparedto whenthe full densityis used(r.m.s.radius= 4.315 fm).

As we have seen(for example, fig. 20), the scatteringat E/A = 30 MeV is more sensitiveto
changesin the real potential.Omitting the valenceneutroncontributionsto the folded potential
producesa similar stretchingof theFraunhoferoscillationsin the angulardistributionasobserved
at thehigherenergy,but thereducedattractionalsoresultsin generallysmallercrosssectionsat the
larger angles(fig. 21). Also, the reducedattraction hasthe effect of moving the Airy minimum
forwardfrom 30°to about26°.

The calculationsshown in fig. 21 were madeusing the Woods—Saxonimaginary potential
obtainedfrom the fit to ‘2C + ‘2C scattering,but similar effects of omitting the valencecontribu-
tion to the realpotentialareseenwhateverthe choiceof imaginarypotential.On theotherhand,
the magnitudesof the reactioncrosssectionsare changedby two percentor less.

It appearsthatit is not possibleto obtainanyclearsignatureof anextendedneutronhaloby the
studyof the elasticdifferentialcrosssections.The effectsof the two valenceneutronsaresmallat
the higher energy,while their contributionto the real potentialproduceschangesat the lower
energythatarecomparableto otheruncertaintiesin our predictions.

Ourpredictionsfor thescatteringof “Li + ‘2C aresomewhatuncertain,but theyshouldhelpto
delineatethe kind of featuresto be soughtwhenmeasurementsaremade.The primarypositive
result is thatno supportwas found for speculationsthat thebreakupof light, neutron-richnuclei
would make their elastic scatteringtake on the diffractive characteristicsof strong-absorption
scattering.It wasimportant,in reachingthis conclusion,to placereasonableconstraintsupon the
allowed size of the reactioncrosssection.

The interpretationof this finding is that the additionalrefractionin the surfaceregionaccom-
panyingthe largerextentof theexcessneutronsmore thancompensatesfor theextraabsorption
that is allowed. Thus the elastic scatteringtendsto remain far side dominated[HM 84; MS84].

The scatteringat E/A = 30 MeY can be very sensitiveto the real potential strengthand its
relation to the imaginaryone. Undersomecircumstances(e.g., fig. 20), we foundadramaticAiry

0.0 10.0 20.0 30.0 40.0

e~~(deg)

Fig. 21. Theeffect on thescattering“Li + ‘2C atE/A = 30 MeV ofomitting thetwo valenceneutronsof “Li whenconstructingthe
real folded potential.
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minimumappearingin theangulardistribution.This would provideagoodprobe of the optical
potentialpresentin the actualscatteringof theseions.

The possibility of a very long-rangedabsorptivetail due to the fragmentationof a 9Li + 2n
cluster configurationwas found to be very effective in increasingthe predictedreaction cross
section.In fact, as discussedin detail in section 3.3, the inclusion of the dynamicpolarization
potentialin thecalculation,resultsin anelasticscatteringangulardistributionwhichis dampedby
a factorof 40% comparedwith thebarecalculation.

3.2. Multiple-scatteringtheoryapproach

It is by now clear that neutron-or proton-rich nuclei are intrinsically qualitatively different
many-bodysystemsfrom normalstablenuclei.Both the mean-fieldaspectsaswell asthenatureof
thecorrelationsamongthe nucleonsareapparentlyquite different in thetwo systems.Nonelastic
reactions,e.g., fragmentationand single neutronemission have beenreportedand show clear
indication of theexistenceof ahalo. Furthertestsof thehalohypothesisarecertainlyneededto
settlethe question.

The simplestprocess,elastic scattering,however,hasnot beenmeasured.This stemsbasically
from thelow currentof the secondarybeamnamely,e.g., “Li. Recently,it hasbeenreportedthat
elastic angulardistributionof “Li from hydrogenis beingaccomplishedat muchlower energies
(100 MeY/nucleon)[Ta 92]. It is thereforeof interestto do apreliminaryqualitativecalculationto
assessthe importanceof thehaloin the elasticangulardistribution.In theprevioussectionsthis
questionhasbeenposedin thecontextof heavyions,with themajorconclusionbeingthatsystems
suchas“Li + ‘2C behavein muchthesamewayas,e.g.,‘2C + ‘2C [SMH 91]. Strongerrefractive
effects werefoundfor ‘‘Li + ‘2C. Thepurposeof the presentsectionis to extendthestudy to the
muchsimplersystemsp + “Li andat + “Li. Wouldthehaloalsobringin morerefractionor does
long-rangeabsorptionratherdictatethe scenario?This is the questionwe addresshere.

Our studyis basedon the Glaubertheorywith the opticalpotentialdeterminedfrom the usual
multiple-scatteringserieswith mediumeffects takenfully into account.

3.2.1. Elastic scattering amplitude in eikonal approximation
We presentin this sectionthe pertinentformulaeusedin ourcalculationof theelasticscattering

angulardistribution. We ignorespin—orbit effects and thus write for the elastic scatteringampli-
tude,f(O),

f(O) = — ik J db bJ
0(qb)(e~~— 1), k

2 = 2~tE~,m./h2, (3.3)

where ~i is the reducedmass,J
0 is the ordinary Besselfunction of orderzero, b is the impact

parameterandq is the momentumtransfer,q = 2k sin(O/2).The phase~(b)containsanuclearand
a Coulombpieceandis given by

X(b) = xN(b) + xc(b); xN(b) = — ~ J dz VN[(b
2 + z2)]

xc(b) = (2Z,Z
2e

2/hv)[ln(kb) + ~E,(b2/r~,
5)], (3.4)
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whereE,(x) is the exponentialintegral,definedas

E,(x) = J~__dt. (3.5)

The Coulombphase[Fa 70] xc(b) is finite for b = 0, yielding

Xc = (2Z,Z2e
2/hv)[ln(krms) — C] , (3.6)

where C = 0.577... is the Euler constant.Theconstantrm.s. appearingin the aboveequationsis
equalto the root meansquareradiusof “Li, rm.s. = 3.14fm. VN is the complexnuclearpotential
andv istherelativevelocity. In section3.2.3weshallgiveadetaileddiscussionof theat—” Li optical
potentialneededfor thecalculationof XN(b). In whatfollows weproceedwith ourdiscussionof the
generalfeaturesof the eikonal amplitude(3.3).

Becauseof the logarithmicdivergenceof x~(b)with increasingb, it is convenientto writef(O) as

f(6) = —ik JdbbJo(~b){exP[ixc(b)]— exp[ix(b)]} +fc(O) fN(0) +fc(O), (3.7)

wheref~(O)is given by theusual expression

fc(9) = —(~i/2ksin2-~O)exp{i[2Co— ~ln(sin2-~0)]} , (3.8)

whereC
0 = argF(l + i~)and~ = Z,Z2e

2/hv.We useeq. (3.7) in our numericalcalculation.
It hasbeenprovenuseful[HM 84] to decomposef(O)into its nearandfar sidecomponents.This

is accomplishedby first writing the Besselfunction in termsof H~2~(qb),the Hankel functionof
orderzeroandfirst (second)type. Asymptotically,thesefunctionsbehaveasrunningwaves.With
that the amplitudef(O) canbe written asf(0) = fnear(0) + J’tar(0), wherefnear(O) [ffar(°)] is given by
(3.3) with J

0(qb)replacedby ~H~(qb)[~H~’~(qb)].
In the limit when~~(qb)is negligibleandxN(qb) is pureimaginary(no refraction)it is easyto see

that thefollowing relationholds [HM 84; CIH 85]:

fnear(0) = f~1(O). (3.9)

The aboveresultsin an angulardistributionthatexhibitssimpleblack-diskFraunhoferdiffrac-
tion patternssincethenearandfar amplitudesareequalin magnitude.In ourcaseof at + “Li one
expectsstrong refractive effects arising both from the Coulomb and nuclear interactions. In
particular, the elastic scatteringof cc particles from several targetshas clearly establishedthe
phenomenonof nuclear rainbow; a situation characterizedby the dominanceof the far side
componentover thenearside.At very smallanglesonealwaysencounterstheoppositesituation,
namely,fnear/ftar >~ 1, owing to theinfluence,on theangularregion,of Coulombrepulsionwhich
affects mostlyfnear.

To betterunderstandtheabovefeatures,it is usefulto rely on thestationaryphasemethod,more
commonlyappliedto thepartial waveexpansionoff(O). Herewesummarizethemajor findings of
ref. [HM 84] involving the stationaryphaseevaluationof the eikonal amplitude,eq. (3.3).
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Wheneverthe phase~(b)is large,whichis expectedto be the casein oursystem,the stationary-
phasemethodbecomesapplicable.We obtain for thenearandfar contributions

fnear(0) ~ — -~ ikbN [2lri/Ix”(bN)I]”2exp[iX(bN)] ~ [q(b~)b~] , (3.10)

ftar(0) ~ — ~ ikbF[2lri/Ix”(bF)I]”2 exp[iX(bF)] H~’~[q(bF)bF], (3.11)

wherebN(F) are determinedfrom the stationaryphaseconditions

±q = (d/db)x(b)IbNF), (3.12)

which, when eq. (3.4) is used,gives

+ — 1 ~ d b dVN[(b2 + z2)’12] 2Z,Z
2e

21 3 13~ Z(b22)1/2 d(b2+z2)”2 + hv ~ ( .

wherewe haveneglectedthe term insidethe squarebracketsof eq. (3.4) for x~(b).
Noticethat the Coulombterm representsthe high-energylimit of the usualformula2 tan(n/kb).

Theeasiestwayto appreciatetheaboveequationis to consider,in theapplicationof thestationary
phasemethod,only the real part of the nuclear phaseXN(b), andaccordingly,the integrandin
eq. (3.13)is real andpositiveat the energiesconsideredhere.Thisallowsreal solutionsof the above
equationsto correspondto scatteringin the illuminatedregion.Complexsolutionswould thenbe
associatedwith the classicallyforbiddenregion.

A simple analytical evaluationof eq. (3.13) is normally not possible whena Woods—Saxon
potentialis usedfor VN. Approximateformulae,however,canbe obtainedin theacceptablelimit of
smalldiffuseness(comparedto the radius).We obtain

±q = (k/E),,,/~ [(Vo/~y/~r)g’(x)] , x = (b — R)/ar, (3.14)

whereV
0 is the strength(positive)of theassumedWoods—Saxonreal potential,a~is its diffuseness

andg(x) is a functionevaluatedin ref. [HM 84] and is given by

g(x) = — (jt/2v) {1 — exp[ — 2~
2/(j~+ 1)] } + (e~2/i~/~) erfc [~/~7~] \/~7~, (3.15)

= exp{[(b — R)/a
1]i~

2}, (3.16)

where i~is the solutionof the equation

(3.17)

For — x >~‘ 1, ~ ~[i~ andoneobtains,for small b,

x —x/2(1—x) —

g(x)=~—~+~,, _x)1
2[H —x)]’

12. (3.18)
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On theother hand,for largeb, x > 0 andone finds here~ ~ 1/~/~and

g(x) ~ ~ . (3.19)

Therefore,asimpleformula which canbe usedto obtain bN is

q = ~ exp[ —(bN — R)/a~]+ 2~/bN. (3.20)

The aboveequationclearly gives two solutions for bN. One correspondsto predominantly
Coulomb, and the other to nuclear scattering.The limiting value of q above, with no real
solution for bN, representsthe rainbowmomentumtransferand is obtainedfrom the condition
dq/db~= 0 or

q~= [ ar/bk + 1] 2~1/b~4. (3.21)

At Elab ~ 100 MeY for cc scattering,onehasasmall~andavalueofb~whichis equalto or larger
thanRI1LI in p + “Li or the sum of the radii R~+ R”L, in at + “Li. This showsthatq~is rather
small. In fact, ourdetailednumericalcalculationto bepresentedbelowdemonstratesthatq,, isclose
to zero.This indicatesthat the q > q. scatteringregion is predominantlyfar sidedanddominated
by thenuclearattractionatsmallervaluesof b. Further,oneanticipatesto seegreatersensitivityto
the details of the nuclearpotential in f(0) and accordinglycorrectionsto the doubleor single
folding potentialsarising from higher-ordereffects (correlations) can be tested. We turn to
a detaileddiscussionof VN for at + “Li.

3.2.2. Elastic scattering of p + “Li, p +
9Li andp+ ‘2C

In this section,weapply the formalismdevelopedin theprevioussectionto the elasticscattering,
of p + “Li andcompareit to thatof p + 9Li andp + ‘2C. We choosethe laboratoryenergyto be
100 MeY. Ouraim hereis to assessthequalitativeeffectof theneutronhaloin “Li on theangular
distribution. To further understand the phenomenon,we also make the comparison at
Elab = 800MeY.

In fig. 22 we show the calculatedproton and neutrondensitiesfor 9Li, “Li and ‘2C. These
resultsweretakenfrom theHartree—Fockcalculationof Bertschetal. [BBS 89]. To exhibitclearly
the spatialextentof the two valenceneutrons(in the 1P

312level) in “Li we show in fig. 23 the
difference~ ~,‘Li — ~,Li It is clearthat the two valenceneutronscontributeto the densityin
theregion2 fm <r < 5 fm. Noticethatatr < 2 fm thecontributionis negative.Further,thematter
radiusof

9Li is about2.5 fm. We nextconstructthep + A opticalpotential.Thiswedo usingthe tp
approximation with medium corrections.At Elab = 100MeY, the average,medium modified
nucleon—nucleonoptical potentialis given by [HRB 91]

UN(r) = <tpn>pn(r) + <t~~>p~(r), (3.22)

tpN = —(E/k)ã~N(c~~N+ i), N = p or n, c~,= 1.87, ~, = 1.00. (3.23)
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Fig. 22. TheHartree-Fockdensitiesof neutronsandprotons for (a)
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Fig. 23. The difference~~‘Li — ~Li versus r.

The Pauli-correctednucleon—nucleontotal crosssectionis given by [HRB 91]

apN = CPN(E)P(EF/E), (3.24)

P(x)—{’”’
x�-~., (3.25)

— 1—~x+~x(2—1/x)512,x�~,

~ = (h2/2m~)(k~)2, kr = [3h2pN(r)]”3 , C~= 33.2mb, Cpn = 72.7mb.

(3.26)
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Fig. 24. The tp optical potential for p +

9Li (dotted),p + “Li (solid) andp + ‘2C (dashed)at E,,,,,= 100 MeV. (a) real,(b) imaginary.
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Fig. 25. The elastic scatteringdifferential cross section(solid line) versus center-of-massangie for (a) p + 9Li, (b) p + 1’Li and
(c) p + ‘2C at E,,,b= 100 MeY. Also shownare thenear(dotted)and far (dashed)contributions.

In fig. 24 we show the resultingoptical potential for the threesystemsp + 9Li, p + “Li and
p + ‘2C. Theylook very similar exceptfor thestrengthwhich is largerthe heavierthe targetis, as
expectedfrom eq. (3.22) and fig. 22. However, the p + “Li has a much larger diffusenessas
anticipatedowing to the presenceof the halo.In all cases,the real part is attractive.Absorptionis
alsostrongowing to the strongcouplingto the single nucleonknockoutchannel.

The elastic scatteringangulardistributionscalculatedfrom eq. (3.7) are shownin fig. 25. The
nearcontributionandthefar contributionto dC/dQarealsoshownindividually.In all threecases,
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5

b (fm)
Fig. 26. The momentumtransferfunctionq(bId)) for thethreesystemsstudied.Thesolidline is for “Li, thedottedline is for

9Li, andthe
dashedline is for ‘2C.

thefar sidecomponentdominatesoverthenearside one,at leastin the0> 10°region.However,
avery importantqualitativechangedueto the relativelylargesize of “Li (the halo)is the fact that
theposition of the minimumoccursat 0 = 30°in 9Li, 0 = 28°in “Li and0 = 31°in ‘2C, clearly
showingtheinfluenceof thegreaterextentionof thematterdistributionin “Li. Thisfeatureshould
be easily testedexperimentally.

To further understandthe nature of the scattering,we have also calculatedthe momentum
transferfunctionq(b(0))of eq. (3.13)for the threesystems.Thisfunction,in theGlaubertheory,has
asimilar role as the classicaldeflectionfunctionextensivelystudiedin thesemiclassicaltreatment
of scattering,e.g., of heavy ions. In fig. 26 we showthe real part of q(b(0)) versusb for the three
systemsunderstudy.Again, whereasthe region0 < b < 3 fm is asexpectedfrom generalnuclear
systematics,the region b > 3 fm exhibits clearly the effect of the halo.Appreciablylargerimpact
parametersseemto contributeto the scatteringof p + “Li thanto the scatteringof p + 9Li and
p + ‘2C for agiven value of the momentumtransfer(angle).

To complete the comparisonamongthe three systems,we performedthe elastic scattering
calculationatElab = 800MeY A. Althoughthe experimentat this energyis very difficult, owing to
the very low current of the ‘1Li secondarybeam,we felt that sucha comparisonwould further
elucidatethequestionof theneutronhalo.Thusin figs. 27,28 and29 wepresentthecorresponding
tp opticalpotential,the elasticscatteringangulardistributionwith its near—fardecompositionand
the momentumtransferfunction, respectively.The nucleon—nucleontotal crosssectionsand the
parameters~ used in the calculation were takenfrom the literatureand are ~ = 47.3mb,

= 37.9 mb, ~, = 0.06 and ~pn = — 0.2.
At Elab = 800MeY A, thereal part of thetp opticalpotentialis repulsiveandtheimaginarypart

is quite strong(fig. 27). The momentumtransferfunction emphasizesthis point in fig. 29. This
favors a situation of almost equality betweenthe nearand far contributions to dC/dQ. The
resultingFraunhoferpatternis clearly seenin fig. 28 for the three systems.Unfortunately, at
this higherenergy,the changein the oscillatorypatternof dC/dQ arisingfrom theneutronhalo
is very small,making its studyat this energyquitedifficult. Finally, to completethe comparison
betweenthe threesystems,we presentthe values of the total reaction crosssection CR at the
two energiesconsideredin table 7. Although, CR for p + “Li is considerablylarger thanthat
of p + 9Li andp + ‘2C at both energies,the trend with energy,namely CR(EIab= 800 MeV) <

CR(Elab = 100 MeY), is fully understoodfrom thegeneralbehaviourof CNN andnucleartranspar-
ency [HRB 91].
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Fig. 27. Sameas fig. 24 at E,,,,,= 800 MeY.
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Fig. 28. Sameasfig. 25 at E
1,,,, = 800 MeY.

3.2.3. Theoptical potentialfor the cc + “Li system
In this section,we extendour study(seealsoref. [ABH 91]) of p + “Li to thecaseof cc + “Li

[ABH 92]. Thetightly boundcc-particleshouldprovean interestingprobeas it represents,at low
energies,aheaviercharged“nucleon”.To what extendthehaloof “Li is sensitiveto thesizeof the
impinging particle, is a questionthat can be partly answeredby comparingthe two systems
p + “Li andat + “Li at relativelylow energies.We takethisto beEIab = 26 MeYA,sinceprecise
data[P171] on the elasticscatteringof p from at existandcanbe usedto extractthe p—cc optical
potential.This potentialis thenusedto calculatetheat—” Li singlefolding opticalpotential.Since
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0.20 I I I I Table7
Total reaction cross section for the

0.15 EL~= - system p + X
I X E (MeV) 0~ (mb)

0.10 ‘.,, - ‘2C 100 357.64
800 344.68

0.05 “Li 100 597.20

0.OOo 3 5 9Li 100 339.25

b (fm) 800 288.58

Fig. 29. Sameas fig. 26 at E
1,,,, = 800MeY.

the energyis too low for the usual [HRB 91] single folding approximationto the potentialto
be valid, we also calculate the second-ordercontributionwhich carriesimportant information
aboutnucleon—nucleonshort-rangecorrelationsin the nucleus.We thenwrite, for the first-order
potential

V~(r)= Jd3r’ V,,~(r— r’)pLj(r’). (3.27)

The potentialextractedfrom the elastic scatteringof protons from cc particlesat 26 MeY A
laboratoryenergyis shownin fig. 30. Theelasticscatteringdataof [P171] areshownin fig. 31. The
core neutronsand protons in “Li certainly fee! a potential which is slightly different from
~ becauseof mediumeffects.On theotherhand,thehaloneutronsin the

1P3/2 levels,beingvery
looselybound,shouldbehavealmostas free neutrons.So, the“experimental” ~ of fig. 30 should
be quite adequatein describingtheir interactionwith at.

In principle, abettertreatmentfor the at + “Li interactionwould be takinga doublefolding
potentialfor the 9Li + at interaction,andasingle folding onefor the interactionof the halo,

= <t~>Jd3r’Pa(r’)POLI(r — r’) + $d3r’ V~(r— r’)p
2n(r’), (3.28)

IC. I I I I 10 I I I I I
p+a

_60o 1 2 3 4 5 0 10 20 30 40 50 60

r(fm) 8c.mdeg)

Fig. 30. Imaginary part (dashedcurve) and real part (solid Fig. 31. Elasticscatteringcrosssectionfor thesystemp + a at
curve) of theoptical potentialfor p + a scattering. 26 MeY/nucleon.Data are from ref. [P171]. Solid curve is

- a calculation usingthepotential of fig. 30 (seetext for details).
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r(fm) r(fm)
Fig. 32. Realpartof thesecond-ordercorrectionfor thea—’ ‘Li Fig. 33. Sameasfig. 32,but for theimaginarypartofthepoten-
opticalpotential (dashedline). The solid line is the sumof the tials.
first- andsecond-orderpotentials[eqs.(3.27) and(3.29)].

where<tNN> is the medium-modifiednucleon—nucleont-matrixcalculatedin the forwarddirection.
We havecomparedeqs. (3.27)and(3.28)andfoundthedifferencein thereal andimaginarypartsto
be lessthan 10%. Thus,for simplicity we shall in the following useeq. (3.27) for V~(r).

In ref. [HRB 91] a detailed discussion of second-orderpotential which contains the
nucleon—nucleonshort-rangeeffects has beengiven. Within a single folding framework, this
potential,which we denoteby V~(r)is given by

V~ = — ~Rcorr J[Vpoc(r — r’)]2pL,(r’)d3r’ , (3.29)

whereR~
01~.is thecorrelationlengthandis generallytakento be — 0.411fm and ka(Ea)is thewave

number(energy)of the cc particle.In figs. 32 and 33 we showthe real andthe imaginarypartsof
V~(r)andthe sum V~(r)+ V~(r).The effect of V~(r)is quite noticeable.

3.2.4. Theelastic scattering of cc + “Li
Before we show our resultsfor the angulardistribution of the elastic scatteringof the system

at + “Li atEia~,= 26 MeY A, wefirst discussthenatureof therefractionin this system,exemplified
by themomentumtransferfunctionq(b)of eq. (3.13)(theright-handsideof thisequation).In fig. 34
weshowq(b) for at + “Li (solid line) calculatedwith ~ andwith V~’~+ ~ Yery little changeis
seenwhenthe second-orderpotentialis added.However,theabsorptioncontentof V~+ V~N

2~is
quite differentfrom ~ aswill be seennext.Forcomparisonwe alsoexhibit (dashedcurve)q(b)
for cc + ‘2C at the sameenergy(Elab = 26 MeY A). Again asmalleffect is seento arisefrom ~
Noticethat thenuclearrainbow(thedip at negativeq) is atalargernegativeq in ‘2C thanin “Li.
The large-b behaviorof q(b) is slightly different in the two systems.

Thecrosssectionfor at + “Li calculatedwith V~and V~+ ~ is shownin fig. 35. We see
here a drastic changein behaviorat larger angles (0> 10°),which arises from the different
absorptioncontentin thetwo potentials.Figure36is theresultof thesamecalculations,but for the
systemcc + ‘2C. Againforcomparison,weshowin fig. 37 thecc + ‘2C ascomparedtothecc + ~‘Li
results.This figure implies strongerrefractionseenin at + “Li, whichcorroboratesthefindings of
section 3.1 on the “Lj + ‘2C systems.
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I I I I I I I I I I I

2 ‘ a+”Li
I E ,=26MeV/nucleon

~:F:2~/vTJIT __

b (fm) ®,~m~~deg)
Fig. 34. Classicalmomentumtransfer(eq. 3.13)asafunctionof Fig. 35. Elastic cross section for the system a + ‘‘Li at
impact parameterfor the reactionsa+ “Li (solid line) and 26 MeY/nucleon.Thedashedline wascalculatedwith thefirst-
a + ‘

2Li (dashedline), orderoptical potential.Thesolid line includesthecontribution
of thesecond-orderpotential.

I I I I ‘Id I I I I I

~2 a +“Li(Sc4id Line)

1J11’ 1d102030:5oW
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Fig. 36. Same as fig. 35, but for the system a + ‘2C at Fig. 37. Comparisonbetweentheelastic crosssectionfor the
26 MeV/nucleon. systemsa + “Li anda + ‘2C at 26 MeY/nucleon.Both calcu-

lationsincludethe contributionof thesecond-orderpotential.

To betterunderstandthe natureof theangulardistribution,we showin fig. 38 thenearandfar
contributionsto dC/dQboth for V1N’~and V~’~+ V~.It is clearthat, in both cases,theangular
distributionis far sidedominated,indicating greatsensitivity to the nuclearpotentialat shorter
distances.However, the oscillations (Airy) in the far side amplitude, are washedout when
VtN’~+ V~is used.This showsthat V~contributesbasically to absorptionin sucha way as to
dampthe contributionto fiar(0) arising from the inner stationaryphasepoint. This feature is
commonto both cc + “Lj andat + “C.

3.3. Polarization potentials

3.3.1. Derivation
Themeaneffect of thecouplingbetweentheelasticchannelandexcitedstatesis expressedby the

optical potential [Fe 62]. Insteadof deriving this potential from first principles,one frequently
adoptsa phenomenologicalapproach,expressingit in termsof a few parameters.Thesepara-
meters,which may have a weak energyand/or mass dependence,are then fitted to a set of
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Fig. 38. Near(dottedcurve)andfar side(dashedcurve)contributionto theelasticscatteringcrosssection(solid)for thesystema + “Li
at 26 MeV/nucleon.

scatteringdata.When,however,afew channelshavestronginfluenceon the elasticscattering,it is
necessaryto handlethe coupling with thesechannelsseparately.One possibleapproachis to
expresssucheffectsasacorrectionto theopticalpotential.If oneis ableto obtain thiscorrection,
usually known as a polarizationpotential, the calculation of the elastic and the reactioncross
sectionsreducesto the simpletask of solvingaone-channelSchrödingerequation.Thisapproach
hasbeenusedin severalsituations(for areviewseeref. [HBC 84]), includingthecasesof rotational
[LTS 77; BKG 78; DCH 79a]andvibrational[DCH 79b] excitationsandthatof transferchannels
[BPW 81; SB 82; FH 80].

In this sectionwediscussthederivationof thepolarizationpotentialresultingfrom thecoupling
to statescorrespondingto the removalof aneutronpair from “Li projectiles.This potentialhas
beencalculatedby Cantoet al. [CDH 91a] for high-energycollisions with light targets.These
authorsneglectthe effects of the Coulombfield andusethe eikonal approximation.In amore
recentpaper[CDH 91b], thecalculationhasbeenextendedto lower energiesandCoulombeffects
have beenincluded. This sectiondescribesthe polarizationpotentialsobtainedwith the more
generaltreatmentof the latter,andits applications.

Following the procedureintroducedby Feshbach[Fe 62] for the derivation of the optical
potential,onedefinesthe projectionoperators

P=ii140><401’ Q=1—P,

where 40(x) 40(x) representstheboundstateof the 2n +
9Li systemwhile Q is the projector

ontostatesof the 2n pair in the continuum.The polarizationpotentialcanthenbe written

V(r, r’) = Kr; ~olvQG~’I~QvIcbo;r’> , (3.30)

wherev is the couplinginteractionandG~‘I~ is the opticalGreen’soperator.In orderto evaluate

eq. (3.30),we write the projectorQ in its spectralform

Q = $I~q><~qId1~~ (3.31)

with q standingfor the setof quantumnumbersthat characterizethe continuumstates.
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With the introductionof representationsin thespaceof therelativecoordinater andwith the
assumptionthat the interactionv is local, the polarizationpotentialcanbe put in the form

V(r, r’) = ~(r)G(+)(r, r’)~(r’), (3.32)

with the scalarform factor

1/2

~(r) = U(r)(Jcb~(x)u2(x)dx) . (3.33)

In the derivationof eq. (3.33), the following assumptionshavebeenmade:
• theenergiesof therelevantstates4q ~ eq. (3.31) aresmallascomparedto thecollisionenergy,
• the matrix element<~

0~v~~0>is negligible,
• thecouplingpotentialis separablein theform: v(r,x) ~ U(r) u(x),whereU (r) isthe realpartof

the “Li-target opticalpotentialandu(x) is aninternalexcitationform factor [BH 91a; BCH 92].
Performingthepartial-wavesexpansionof thepolarizationpotentialandwriting the 1-projected

Green’sfunctionexplicitly, onegetsthe i-componentsof thepolarizationpotential

V1(r, r’) = ,~(r)[— (2,u/h
2k)f,(kr< )h~~~(kr>)].~(r’) . (3.34)

Above,J (kr<) andh~+ (kr>) are,respectively,the regularandtheoutgoingsolutionsof the radial
equationwith the optical potential.

For practicalapplications,it is convenientto usethe trivially equivalentlocalpotential,defined
as [LTS 77]

Vr01(r) f(kr) J V
1(r, r’)f,(kr’)dr’ , (3.35)

andadopt the on-shellapproximationfor the Green’s function [LTS 77]. This approximation
amountsto replacing~ —+ if1 and its validity has beendiscussedin details in ref. [PC 90].
It leads to a separableGreen’sfunction and the trivially equivalentlocal potential takes the
form

Vr’(r) = — ~h
2k r)1~’~1J~(r’)F?(kr’)dr’~ (3.36)

whereS~’~is the i-componentof the opticalS-matrix andF,(kr) is the regularCoulombfunction
[AS 64]. To get eq. (3.36), the authors have approximatedthe radial wave function as

f
1(kr) ~ IS~l)IlI

2Fl(kr).
In the r-regionof interestfor the 2n-removalprocess,only the tail of U(r) is relevant.Therefore,

the form factorcanbe written

~(r) = ~oe”~, ,~= Ce’~°~. (3.37a,b)



CA, Bertu!ani et a!., Structureandreactionsofneutron-richnuclei 335

In eq. (3.37b),C is aconstantwhich canbe obtainedfrom eq. (3.33),R0 = R”LI + Rtargct,andcc is
the diffusivity associatedto the opticalpotential U(r). Substitutingeq. (3.37a)into eq. (3.36), one
gets

= —iW0(l,E)e_t~. (3.38)

The strengthW0(1, E) is given by

W0(l, E) = (IS~’0l
2/E)IS~’~II,(~,s) , (3.39)

in termsof the radial integral

I,(q, s)= Je~Fi2(p)dP. s = 1/kcc, (3.40)

wherei~is the Sommerfeldparameter.
Using the asymptoticWKB approximationfor F,(p) [AW 75],

F,(p) (1 — — 1(1±1))1/4 sin[*~ + J(1 — — .~2 1))”~p], (3.41)

wherep kr andPo is the valueof p calculatedat the turningpoint of the Rutherfordtrajectory,
oneobtains

I,(’i, s)= (e~/2s) [iisK
0(X) + XK,(X)] . (3.42)

In eq. (3.42), K0(X) andK,(X) aremodified Besselfunctionswith the argument

X = iis[1 + 1(1 + l)/~
2]1/2. (3.43)

ThevariableX measuresthe distanceof closestapproachin aRutherfordtrajectory,in units of cc.
To agood approximation,the radial integralI~(~,s) canbe parametrizedas

I,(,~,s)~ (0.75/s)e_O53X. (3.44)

The useof this parametrizationin eq. (3.44) leadsto avery useful formulafor the strengthof the
polarizationpotential.

For a comparisonwith the resultsof ref. [CDH 91a], the high-energyand large-i limit was
investigated.In this limit the polarizationpotentialof eq. (3.38) wasshownto be identicalto that
obtainedwithin the eikonalapproximation[CDH 91a].

3.3.2. Nuclear 2n-removalcrosssection
Using theabovedescribedpolarizationpotential,oneobtainsanexpressionfor the “Li nuclear

2n-removalcrosssection.
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The startingpoint is the formal definition of the nuclearbreak-upcrosssection

C2” = (k/E)<W~I— Im(VP0I)l!t1~4’)> , (3.45)

whereI ~t~+)> is the exactelasticscatteringwavefunctionandV”~is the 2n-removalpolarization
potential,which accountsfor the effect of thebreakupprocesson the elasticscattering.If thetotal
optical potential that generates ~ is denotedby U~‘ thenthe bareinteraction taking into
accountotherchannel-couplingeffectsis UdI~t UeI —

Performingapartial-wavesexpansion,onemaywrite eq. (3.45) as

C2” = ~ (2! + 1)T~’, (3.46)

= ~ JdrlfP(kr)12[ —Im(Vr’)]. (3.47)

In the aboveequationf,~’(kr)is theoptical radialwavefunction,whichis theregularsolutionof the
elastic-channelSchrödingerequationwith the potentialUeI•

One now employs the same kind of approximation used in eq. (3.34), namely
fP (kr) ~ ~(0) ~‘2j’,(kr), where~(0) is the nuclearelastic S-matrix calculatedwith Uopt andJ (kr)
representsthe scatteringwave functiongeneratedby the potential Vc0~~I+ ~ Approximating
f,(kr) by the properly normalizedanalyticextensionof eq. (3.41), we obtain

f
1(p) N[1 — 2~— 1(1±1) + ~Im(V~0’)(p/k)]

1/4

~ + — — i(l+ 1) + . Im(Vr01)(P/k))llI2d] (3.48)

wherethe normalizationfactorN is given by

cr1

N2 = Jdr 13(kr)12 = exp( — JdP[1 — 2fl/p_1(l±1)/p2]h/2) I~I. (3.49)

If we now expandI !t(p) 2 to lowestorder in Im (V?01)/E, substituteit in eq. (3.47) andperformthe
integration,we obtain

Tt” = — 2~/P_l(i+1)/P2]1I2)

= [i — exp( _2Jdp [~— ~ = (1— I~,I2)IS~0)l.

(3.50)
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Using the explicit form of V’~[eqs. (3.44)—(3.48)] it is easyto showthat S,~canbe written as

I~tI= exp[ — (2 /E2)IS~°~JI?(,i,s)]. (3.51)

At high energiesit is safeto set~ = 0 and for thedistantcollisions underconsiderationwemay
set 5(0)1 iS~’~i 1. Under theseconditionsthe nuclearbreakupcrosssection agreeswith that
foundusing the eikonalapproximation(ref. [CDH 91a]).

3.3.3. Applications
Thepolarizationpotentialdiscussedin theprevioussectionwasappliedto collisionswith a ‘2C

target.In this casethe Coulombfield is weak and the 2n-removalprocessis dominatedby the
nuclearinteraction.A typical strongabsorptionopticalpotentialwasusedto determine~~1)and
the value.F~= 2.7 MeY wasadoptedfor theform-factorstrength.Thisvalueresultedfrom a fit of
thetheoretical reactioncrosssectionat Ejab = 50 MeY A to the experimentalvalueof Shimoura
et al. [Sh 91]. In this fit, the reaction cross section was approximatedby the sum of the
contributions from the 2n-removalprocessandfrom the absorptionarising from the optical
potential.

The strengthsof the polarization potential at the bombardingenergiesEIab = 20, 50 and
100 MeV A areshownin fig. 39, as functionsof theangularmomentum.

The accuracyof the approximationsinvolved in the derivationof eq. (3.50) can be testedin
acomparisonwith theexactexpressionof eq. (3.47).This comparisonis shownin fig. 40, for three

:: ~
E~50MeV.A

1.60 I I I I

1.20 - 100.A rvlev - 0 I

E__ __0 50 100 150 200 250 300 0 laO 200 300 400

1

Fig. 39. The strengthsof theimaginarypart of thepolarization Fig. 40. The transmissioncoefficient asa function of I for three
potentialasa functionof I for differentcollision energies. different energies.The solid lines representthe resultsof the

calculationusingeq. (3.47) andthedashedlines thoseusingthe
approximationof eq. (3.50).
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Fig. 41. The “Li 2n-removalcrosssection in collisions with Fig. 42. The angulardistribution in the elastic scattering of
a ‘

2C target, asa function of thelaboratoryenergy. “Li + 12C, normalizedto the Rutherford crosssection. The
solid (dashed)line is the resultof anoptical-modelcalculation
without (with) theinclusion of thepolarizationpotential.

differentcollisionenergies.For thecalculationof thetransmissioncoefficientof eq. (3.47),thewave
functionfV (kr) wasobtainedby solving the radial Schrödingerequationwith the full interaction
potentialUei.

Figure41 showstheenergydependenceof thepredicted2n-removalcrosssectionasafunctionof
the collision energy.It showsasignificantincreasefor low energies.Figure42 showsthe effectsof
the polarization potential on the angulardistribution of the “Li + ‘2C elastic scattering,at
Eiab = 85 MeY A. Thedashedline correspondsto the optical-modelcalculationof Satchieret al.
[SMH 91] while the solid line wasobtainedwith the additionof the polarizationpotentialto the
samecalculation.In this casethepotential VP0I was calculatedwithin the eikonalapproximation
(seeref. [CDII 91a]).Thecomparisonindicatesthat theabsorptionresultingfrom the 2n-removal
processleadsto an averageincreaseof 40% in the damping.

The extensionof the calculationsto othertargetsis straightforward.It is sufficientto scalethe
strengthof theform factor in termsof theradiusRT of thenew target.Accordingto eq. (3.37b),we
have

,~o(AT)= FO(’2C)exp[(RT — R~)/cc)], (3.52)

whereR~standsfor theradiusof the‘2C target.Theresulting2n-removalcrosssectionsareshown
in fig. 43 for thethreeenergiesconsideredin thepreviousfigures,asa functionof the targetmass.

So far in our discussion,we haveignoredcompletelythe realpart of the breakuppolarization
potential.In order to completeour discussionin the chapterwe givebelowabriefaccountof this
question.

We calculatethe realpart of J’,
01 using the dispersionrelation, which reads

R V~—~ 1ImJ/~.~O1(E’)~~, 353e ~ E—E’ ‘ .

where P standsfor the principal value of the integral. The aboveformula assumesa similar
r-dependencefor Re V andIm V~1.Usingthe Im V~,0,calculatedin this chapterwe obtainareal
partwhichis dominantlyrepulsiveandreaches,at most, thevalueof 0.5 MeV. Thisvaluecould,to
someextent,affect the valueof the elasticangulardistribution and the sub-barrierfusion cross
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Fig. 43. Targetmassdependenceofthe ‘‘Li nuclei2n-removalcrosssection.For simplicity a sharp-cutoffmodel for I S~°
1I (eq. 3.50) is

used. -

sectiondiscussedin chapter5. For lack of spacewe leavethe detaileddiscussionof the aboveto
anotherpublication[Hu 92].

Finally,we pointout that severalworkshavealso treatedtheelasticscatteringproblemsof “Li,
andotherneutron-richnuclei,on nucleartargets.We cite, e.g.,the worksof Yabana,Ogawaand
Suzuki [YOS 92a,b] andTakigawaet al. [TUK 92].

4. Pion productionwith radioactivenuclei

In this chapterwe will investigatethe possibility to further determinethe coordinateand
momentum,spacedistributionof neutronsinsideweaklyboundisotopesvia pion productionwith
radioactivebeams.

In thenextsection,wediscussthe inclusive ~+ andit — productioncrosssectionin reactionsof
radioactivebeamsin the contextof aGlauber-typemultiple-collision model, andwe focuson the
possibilityof probingthe differencebetweenprotonandneutrondensitiesby studyingtheratio of
it~ and ic productioncrosssections.Section4.2 containsour resultsregardingthe pion energy
spectrastudiedwithin amodified Fermi gasmodel.

4.1. Inclusive ir” and ir productioncrosssection

In principle, pion production in nucleus—nucleuscollisions can be describedwith nuclear
transportmodelsdevelopedduringthelast decade[LB 91; Ba89; Ca90]. Thesemodelshavebeen
successfulto describeparticleproductionin heavyion collisions.However,theyaresemiclassicalin
natureandthereforelack the capability to properlytakeinto accountthe specialnuclearstructure
featuresof weaklyboundnuclei nearthedrip line. It is thereforenecessaryto constructamore
phenomenologicalmodel.The modelwe presentin the following [LHB 91] is not ableto provide
acompletetime-dependentdescriptionof heavy-ionreactions,as the above-mentionedtransport
modelscan. But the model is moreprecise as far as utilizing nuclear-structureinformation is
concerned.In the following, we performa calculationsimilar to the onepresentedby Lombard
andMaillet [LM 88; TLM 87], but using the shell-modeldensitiesand energy-dependentcross
sections.
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Within aGlauber-typemultiple-collisionmodel,the total numberof nucleon—nucleoncollisions

in the reactionof A + B at an impact parameterb is

N(b) = ~(E)JdxdY Jdzi dz2pA(x
2+ y2 + z?)”2p

8(x
2 + (y — b)2 + z~)”2, (4.1)

where D is the overlap region of nuclei A andB, ando~(E)is the momentum-averagedtotal
nucleon—nucleoncrosssection.For “Lj, sincethe corenucleonandhaloneutronhavedifferent
momentumdistributions,it may be written as

~(E) = ~ ~core(E) + i~j ti~~
1O(E). (4.2)

Sincewe wish to analyticallycarryout the bulk of ourcalculations,following Karol [Ka 75] we
assumethat the nucleondensitydistributionis aGaussianfunction

p(r) = p(O)exp(—r
2/a2) . (4.3)

The integrationin eq. (4.1) can thenbe performedanalyticallyto yield the result

N(b) = ö(E)1r2pA(0)pB(0)a~a~exp [ —b2/(a~+ ad)]. (4.4)

Similar forms for the proton—protonandneutron—neutroncollision numberscanbe obtainedin
termsof their density-distributionparameters.

Undertheassumptionthatpionsareproducedthroughi~iresonances,andneglectingtheit + and
It - producedin neutron—protoncollisions, the inclusive it + and it - crosssectioncan thenbe
written as [LM 88]

dC~~— 2 lrpzA(O)pzB(O)azAazB
T~j~ç—IfnA(q)IZAZB 2 I 2

azA ~1~azB

I [ b2 ö(E)(AB—1)pA(0)pB(0)a~a~( b2 \1
x 2it bdbexp — 2 2 — 2 2 exp — 2 2 1 I~

J L azA — azn aA + aB \ aA + aBJ _J
0

(4.5)

~ — 2 lrpNA(O)pNB(O)aNAaNB
ç”—IfnA(q)I NANB 2 2aNA ,- aNB

I [ b2 ã(E)(AB — 1)pA(0)pB(O)a~a~( b2 \1x2ir i bdbexpl — _______— expi — I,
J [ aNA—aNB aA+aB \ aA+aBJJ

(4.6)

wherePNi andp~arethe neutronandproton coordinate-spacedensitiesof nucleusi, andf”~~,(q)is

the amplitudefor the processN + N —* N + ~
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At beamenergiessmallerthan1 GeV/nucleon,availableexperimentaldata[VA 80; Ki 86] show
thatpionsaremainly producedthroughA resonances,direct processesaccountfor lessthan20%
and higher resonanceshave negligible cross sections. From the experimentaldata of n + p
collisions [VA 80] andthe calculatedratio of the isospin-spacematrix elements[TLM 87], it is
shownthattheintensitiesof it + andit - producedin n + p collisionsaresmallerthanin p + p and
n + n collisions, respectively,by an order of magnitude.We thereforeexpect that the above
equationsaregood approximationsfor the presentpurposeof ourcalculation.

Sinceweareinterestedin theratio of theinclusiveit + andit - production,themain ingredientsin
themodelcalculationarethenthedensityparametersandthemomentum-averagedcrosssections.

Westartout by obtainingrealisticdensitydistributionsfor protonsandneutronsfor all isotopes
underconsideration.This is accomplishedby usingabinding-energyadjustedshell-modelprogram
[BBS 89]. As examplesfor thecalculateddensitydistributions,wedisplayin fig. 44 theneutronand
protondensitiesfor ‘2C (upperpart)and “Li (lower part)by the solid lines (seealsofig. 22).

The results of the Gaussianfit to the calculateddensity distributionsare representedby the
dottedlines. In table8, we list the obtainedvaluesfor p(O) anda for protonandneutrondensity
distributions for all Li isotopesusedin the subsequentcalculationsas well as thecorresponding
valuesfor 2C.

For calculating the momentum-averagednucleon—nucleoncross sections, we choose our
momentum-spacedistributionfunctionssuchthatour resultsagreewith knownexperimentaldata.

Onesuch comparisonis performedin fig. 1 (seesection 2.1). In the upperpart,we useaFermi
gas model for the momentumdistribution of the neutronsin “Li. We assumedifferent Fermi
momenta for core and halo neutrons. The fitted values are PF(core)= 158MeV/c and
PF(halo)= 38 MeV/c which coincidewith thoseinferredfrom theexperimentaldataby usingthe
Goldhabermodel. By randomlypicking two neutronmomentafrom within theseFermi spheres
andadding their momenta,one obtainsa recoil spectrumfor 9Li in the projectile rest frame,
employing the assumptionsentering the Goldhabermodel [Go 74]. By picking two neutrons
from the halo, oneobtains thedottedcurvein fig. 1. The dashedcurveis the resultof usingthe
sameprocedureon two coreneutrons.The solid curve is the result of an addition of the two
contributionswith theproperweightsasmeasuredin the experimentof Kobayashiet al. [Ko 88].

O~O~T~Th

r(fm)
Fig. 44. Densitydistributionsfor ‘2C and “Li. The solidlines arecalculatedwith thebinding-energyadjustedshellmodel.The dotted
lines aretheGaussianfits to thedensityprofiles.
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Table 8
Parametersof theGaussianfits to thenucleondensitydistributionin Li-isotopesand‘

2C ascalculatedby Bertsch,Brown
and Sagawa[BBS 89]

p~(O)(fm”3) a,, (fm) p,,(O) (fm”3) a,, (fm) p(O) (fm”3) a (fm)

0.1148 2.110 0.1120 2.128 0.2268 2.120
7Li 0.1051 1.897 0.1121 1.688 0.2168 1.797
8Li 0.1151 1.984 0.0996 1.755 0.2134 1.885

9Li 0.1215 2.071 0.0989 1.760 0.2178 1.952
“Li 0.1115 2.346 0.0851 1.851 0.1922 2.175

For purposesof comparison,all curvesin the upper part of fig. 1 were normalizedto the same
value.In the lower part of this figure,wecomparethesimulated9Li transversemomentumspectra
to thedataof Kobayashiet al. [Ko 88]. Onecan see that we are able to reliably reproducethe
experimentalobservables.

We obtainthemomentumdistributionaveragednucleon—nucleoncrosssectionsby integrating
C(~/~)weightedwith the momentumdistributionsof target andprojectile,

~(Ebeam)JfA(PA)fB(PB Pbeam)C(\/~(PA,PB))d~PAd~PB. (4.7)

Here,J (p) arethe momentumdistributionsof target i = A andprojectile i = B.
For the purposeof this calculation, we use the well known parametrizationsof Cugnon

[CMV 81] for the free-spaceelasticandinelasticnucleon—nucleoncrosssectionsas afunctionof
the availablecenterof massenergy,~ in anucleon—nucleoncollision,

Cei(~) = 1 + 100(s— 1.8993)+ 20, \/~>1.8993, (4.8)

r — 2O(~~/~_2.015)2 rCinel(V s) — V ~>
0.015+ (~/‘~— 2.015)2

In this parametrization,\/1~is measuredin GeV andC lfl mb.
In fig. 45, we displaythe resultsfor öineI(Ebeam)andö’total(Ebeam)for threedifferentcases.The

solid lines are for free nucleons. In this case, the distribution functionsf are i-functions,
and we have ö(Ebeam) = CNN. The threshold energy for pion production is in this case
E~am/nucleon= 290MeY.

Thedashedanddottedlines representthecasethatthe targetis acarbonnucleus.fA(p) is then
a Fermi gas distribution function with Fermi momentum of 221 MeY/c determinedfrom the
carbonfragmentationexperiment[Ko 89]. Thedashedlinesareobtainedby usingthemomentum
distribution of “Li coreneutronsfor fB, and the dotted line representsthe casethat the halo
neutronmomentumdistributionis used.In thesecases,thethresholdenergiesfor pion production
are 70 MeV and120MeY, respectively.

Onecan seefrom fig. 45 that thedistribution-averagedvalueof the totalnucleon—nucleoncross
sectionis largely unaffectedby the momentumdistribution of nucleonsin target andprojectile.
However,the averagedinelasticcrosssectionshowsavery largeeffect closeto the threshold.
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~
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Fig. 45. Nucleon momentum-average nucleon—nucleon cross sections in the reaction ‘
1Li + ‘2C Solid lines are the free-space

nucleon—nucleoncrosssections.Dotted lines are for carbonnucleonscolliding with halo neutronsand dashedlines arefor carbon
nucleonscolliding with thecorenucleonsof “Li.

Table9
Comparisonof thecomputednormalizedcrosssectiondifferencesbetweennegative-
andpositive-pionproduction,E, for two different valuesof a andthesamequantity
obtainedfrom simplecountingof nucleons,E

0, for reactionsof different Li isotopes
with ‘

2C

E (mb) 7Li + ‘2C 8Li + ‘2C 9Li + ‘2C “Li + 12C

40 0.1153 0.2221 0.2955 0.3951
25 0.1143 0.2210 0.2939 0.3927
E

0 0.1429 0.2500 0.3333 0.4545

In table 9, we presentthe resultsof ourcalculationfor the ratio

— ( It” — It~~/( It” 1t~

— ‘, inc incJ/~inc V mc)

for the systemsALj + ‘
2C (A = 7, 8, 9, 11) with ö~= 40mb and25mb.Thesetwo valuesfor ~

are chosento representthe casefor nucleus—nucleusinteractionsaround the pion production
threshold(Ebeam~ 200MeV/nucleon—~ ~ 25 mb) and for reactionsat higher beamenergies
(Ebeam~ 800MeY/nucleon—+ ~ 40mb).Forcomparison,wealsopresenttheratio E

0 for thetwo
crosssections,which results from simple countingargumentsof neutronsand protons,or by
assumingthat protonsandneutronshavethe samedensitydistributionin eq. (4.5),

E0 = (NANB — ZAZB)/(NANB + ZAZB). (4.11)

Ourcalculationsconfirm the finding of ref. [LM 88] thattheratio E is sensitiveto thedifference
betweenprotonandneutrondensitydistributionandthereforethepionproductionis ausefultool
for determiningthesize of the neutron-richnuclei.However,in ourresultsthe effect is not quiteas
dramaticasclaimedto be. We attributethis to the more realisticdensitydistributionsusedin our
calculations.
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4.2. Pion energyspectra

In this section we study anotheraspectof exotic nuclei via pion energyspectra,namely the
momentumdistribution of nucleonsinside thesenuclei.

In thepresentexploratorystudyof pionspectrawith exoticnuclei,we useamodified Fermigas
model. It was first used by Bertsch in the study of thresholdpion production [Be77]. The
assumptionis madethatonly the first collision of anucleonpair can createapion, andwefurther
assumethatpion reabsorptionandthefinal-statePauli blocking for thetwo colliding nucleonscan
beneglected.For theindividualnuclei,weassumethatthephase-spacedistributionfunctioncanbe
separatedinto coordinateand momentumparts.For the momentumspacedistribution of the
colliding nucleiwe useasimplifiedform of two homogeneouslyfilled Fermi spheres,thecentersof
which areseparatedby the beammomentum

fAB(~) = O(PFA — I~I) A + O(PFB — IP — PbearnI) B , (4.12)

wherePFA and PFB are the Fermi momentaof the projectile of mass A and target of mass B,
respectively.We will usethe Fermi momentafor carbonand“Li extractedfrom the experimental
data,as we havediscussedin the previoussection.

Pionenergyspectrain the reactionA + B canthenbe calculatedas asumof the pion energy
distributionin eachnucleon—nucleoncollisionwith all possiblemomentawithin theFermi spheres

CIt C~ 3 3
~—.~-~-j =C1~—~-~-j(s)fA(pA)fB(pB)dpAdpB, (4.13)\U

1.JAB ,) \Ui1/~

whereC is aconstantcoming from the integrationover theimpactparameter,which is irrelevant
for the following discussions.s is the center-of-massenergysquaredof the two colliding nucleons.

To calculatethe pion energydistribution (dC~/dE)NNin eachnucleon—nucleoncollision, we
assumethat pion productionis proceedingvia the A resonance.The massdistribution of the
A resonanceis takenfrom Kitazoeet al. [Ki 86] andis given by

P(M~)= 0.2512(q)/[(M~— M
0)

2 + 0.2512(q)] (4.14)

whereM
0 = 1232 MeY, and the width 1(q) of the resonanceis parametrizedas

1(q) = 0.47q
3/[1 + 0.6(q/m

5)
2]m~. (4.15)

q is themomentumof the pion in the A restframe.
TheA is assumedto beproducedisotropicallyin thenucleon—nucleoncenter-of-massframe,and

we alsoassumethat thedecayof the resonancehasan isotropicangulardistributionin the A rest
frame. Thedecayof the resonanceis thencalculatedusinga MonteCarlo integrationtechnique.
This leadsto apion energyspectrumin the A restframewhichis finally Lorentz-transformedinto
thelaboratoryframe.

The integrationin eq. (4.13) for calculatingthepion spectrain the reactionA + B is performed
with the Monte Carlo integrationmethod.Our calculationthereforegeneratespairsof colliding
nucleonsfrom the projectile and the target, isospin quantumnumbersare assignedto these
nucleonsaccordingto theN/Z ratiosof theprojectileandthetarget.We useavailableexperimental
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data [VA 80; LM 70] for pion production cross sectionsin nucleon—nucleoncollisions in all
possibleisospinchannels.

One such calculationis performedfor the reaction“Li + “C at various beamenergies.To
show the sensitivity of the pion energyspectraon the nucleonmomentumdistribution of the
radioactivenuclei,weshowin fig. 46 theit - spectracalculatedby usingthecoreFermi momentum
andhaloFermi momentumfor the “Lj projectile,respectively.The solid histogramsare calcu-
lated with PFA = PF(halo)= 38 MeV/c and the dotted histograms are calculated with
PFA = pF(core)= 158 MeY/c. Thesetwo calculationssimulatethe situationsthat nucleonscoming
from ‘2C collide with the haloandcorenucleonsof the “Li, respectively.

A strongsensitivity of the pion spectraon the nucleonmomentumdistribution can be seen,
especiallyatbeamenergiessmallerthanabout300MeY/nucleon.Moreover,thedifferentslopesof
thetwo curvessignallingthedifferentmomentumdistributionof theneutronhalofrom thatof core
nucleons can be seen experimentally.The presently available radioactivebeam facilities can
producehigh quality “Li and9Li beams,the differentneutronmomentumdistributionsof core
andhalo neutronsin “Li would thenshow up as contributionsto the pion energyspectrawith
differentslopesin “Li and9Li inducedreactions.Weestimatethat a beamof i0~“Li persecond
at a beamenergyof 300MeV/nucleonwould produceabout iO~pions per second.With this
productionrate,ahigh quality experimentusingapion spectrometercould be performed.

As can be seenfrom fig. 46, the differencein the slope of the pion spectrais not so obviousat
beamenergiesabove600MeY/nucleon.Thiscan be understoodby looking at thedistribution of
the center-of-massenergysquareds of the two colliding nucleonsin the reactionA + B,

F(s) = JfA(PA)fB(PB Pbeam)i(s — 2m~— 2EAEB+ 2pA~pB)d3pAd3pB,

wherewe takeon-shellnucleonsso that E~= (p,~+ m~)”2for i = A, B.
In fig. 47 we presentthe distribution of ~1/2 — (2mg+ m

5),which is the maximumof the pion
kinetic energyin the centerof massof thetwo colliding nucleons.The calculationis donefor the

10~ ‘‘I’’’I’’l’’’I’
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Fig. 46. Pionkinetic energyspectrain thereaction“Li + ‘
2C Fig. 47. Distribution of thecenter-of-massenergyabovepion-

atbeamenergiesof 600, 300 and 150 MeV/nucleon.The solid productionthresholdfor pairsof colliding nucleonsin thereac-
linesarecalculatedwith PFA = PF (halo) andthedottedlinesare tion “Li + ‘2C. Thesolidanddottedlines arecalculatedunder
calculatedwith PFA = p,, (core), the sameconditionsasin fig. 46.
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reaction“Li + “C at beamenergiesof 200MeY/nucleonand800MeV/nucleon.Again thesolid
histogramsaretheresultsusingPFA = pF(halo)andthedottedonesusingPFA = pF(core).The effect
of different internalmomentumdistributionsis obviousatlower energies;as thebeamenergygets
muchlargerthanthe Fermi energy,the effect gets lessobvious.

In summary,wehavestudiedboth thecoordinateandmomentumspacestructureof the exotic
nucleivia pion production.ThroughaGlauber-typemultiple-collision modelcalculationfor the
inclusive it’~ and it productioncross sections,implementedwith the shell-modelcalculated
densitiesfor neutronsandprotonsaswell as the nucleonmomentum-averagednucleon—nucleon
crosssections,it is shownthatthe ratio of theit + andit — productioncrosssectionissensitiveto the
difference betweenthe proton and neutron densities.This ratio would be a useful tool for
determiningthe size of theexotic nuclei.

Within amodified Fermigasmodelfor the momentumdistributionandassumingthat the pion
productionproceedsvia A resonanceas well as using the availableexperimentaldatafor pion
productionsin nucleon—nucleoncollisions,we find thatpion energyspectraarestronglysensitive
to the internal momentumdistribution of the exotic nuclei. We further discusseda possible
experimentto determinethemomentumdistributionof the neutronhalovia pion energyspectra.

Pion productionwith radioactivenucleiprovidesacomplementaryway for furtherdetermining
the propertiesof the exotic nuclei. Similar effects can be obtainedthrough the study of hard
photons.Here,final-stateinteractionsarecompletelynegligible in contrastto the pionproduction
case.This makesthe ‘y potentially “clearer” to study than the it.

5. Near-barrierfusion of exotic nuclei

Recently,the low-energyfusion of radioactivebeams,suchas“Li, with heavy-targetnucleihas
beendiscussed[IMC 89; Hu91a,b; DD92]. The principal motivationis twofold: (i) theenhance-
mentof thefusioncrosssectionCf thatarisesfrom theexistenceof the haloneutronscanbe usedto
further understandtheseexotic nuclei, and (ii) the relevanceof such studies to the potential
productionof superheavycold compoundnuclei,usingheavierexoticnucleisuchas60Caor 70Fe,
with reasonablymeasurablecrosssections.

In thecalculationsmadeso far, two featuresof the haloaretakeninto account:thelowering of
the staticCoulombbarrier and the couplingof the entrancechannelto the low-lying soft giant
dipole resonance(SGD) (the pygmyresonance).Both of theseeffectslead to an enhancedfusion
crosssection.

In this chapterwe discussthe near-barrierfusion of exotic nuclei with heavy sphericaland
deformedtarget.We discussthe effect of the couplingto the pygmy resonanceas well as to the
breakupchannel.

The existenceof the pygmy resonanceat about1.2 MeY hasrecentlybeenfirmly established
throughthestudyof thedoublechargeexchangereaction“B (it, it ‘i’) “Li [Ko 91]. Oneanticip-
ates,on generalgrounds,thatthis statehasalargewidth dueto thevery low bindingenergyof the
dineutron(_1 0.2MeY). Thusit is of greatimportancein anyfusioncalculationto considerthefinite
lifetime of the pygmy resonance.This tends to hinder the fusion process,in oppositionto the
enhancementfactorsalreadyreported.Thepurposeof this chapteris to calculatethe fusion cross
sectionwhichtakesinto accounttheaboveeffectby couplingthe pygmyresonanceto thebreakup
channel.As fig. 48 shows, whena neutron-richprojectile approachesa heavy deformedtarget
nucleus,thenwithin the soft giant dipolepicture of section1.2, the interactioninducesadipole
oscillationof the excessneutronswith respectto the projectilecore.This allows aclosernuclear
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Fig. 48. whena neutron-richprojectileapproachesa heavydeformednucleus,theinteractionsetsin a dipole oscillationof theexcess
neutronwith respectto thecore,allowing a closer nuclearcontactwith target.

contactwith the target,increasingthe fusion probability. On the otherhand,within the cluster
picture, also discussedin section 1.2, the greaterprobability of breakupcould easily result in
a lowering of thefusioncrosssection.Thereforethethrust of this chapteris to takeinto account
both clusterandSGDfeaturesof neutron-richnuclei in the calculationof the near-barrierfusion
crosssection.

5.1. Effectsof the coupling to the pygmyresonance

In a coupledchannel descriptionof a heavy-ion reaction, the fusion cross section can be

calculatedfrom the total reactioncrosssectionas [HRB 91]

CICR—CD, (5.1)

whereCD is the direct reactioncrosssectionand CR is given by

CR = (k/E)<W~~1I —Im V~!P~’~>, (5.2)

where Kr I ~ is the wave function that describesthe elastic scatteringand V is the optical
potentialthat generatesit. It canbe shown[Hu 84; HRB91] that thecrosssectionCf (eq. 5.1) can
be written in the fnrm

k ~ ~ (+)
Cf = ~ <~“k~ I —Im V, I Wk

1 > , (5.3)

whereV~°is thebareopticalpotentialin channeli (no channelcoupling)and I !I’~> is the exact
scatteringstatein that channel.Equation (5.3) hasbeenused by severalauthorsto calculate
Cf using coupled-channelscodes[DLW 83]. Othermodelsbasedon this equationbut with the
furtherassumptionof infinite absorptiononcethebarrier is penetratedhavealsobeendeveloped
[LR 84]. Herewe generalizethe secondclassof modelsby incorporatingthe effect of thebreakup
channel(included in I
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To be more specific,we deal herewith acaseinvolving the coupling of the elastic channelto
a resonantstatein the projectile. If this resonantstateis approximatedby an excitedstatewhose
width is very small, thenC~canbe written as(ignoring the excitationenergyof the state)[LR 84]

Cf = if Cf (E + F) + C~°(E— F)], (5.4)

whereCf°is the one-channelfusion crosssection,F is the channelcouplingpotentialevaluatedat
the barrier radius,andE is the collision energyin the c.m. frame. Onepossibleway to take into
accountthe effect of the nonzerowidth of the resonanceis to considerF in eq. (5.4) to be the
maximumvalue of a Lorentzianstrengthwhoseform is

~“ =-~12S~/[(Q— 1.2)2 +~F2] . (5.5)

Thus,effectively, the effect of the couplingis reduced.

5.2. Effectsof the coupling to the breakupchannel

To includethe breakupchannelcouplingeffect, in eq. (5.4), namelythe nonzerowidth of the
excitated state, it is convenient first to expressthe cross section as a sum of partial wave
contributions

Cf0 =j~~(2l + 1) T(, T
1~(E)= {i + exP[~( VB + h

21(l±1)— E)]} . (5.6)

Above,RBand VB aretheCoulombbarrierradiusandheight,respectively.Whenincorporatingthe
breakupchannelcoupling effect, the partial fusion probability, T

1
t’, has to be multiplied by the

breakupsurvival probability, 1 — T
1

1”. Thus

C~’= ~ l~0(2! + 1)(1 — T
1~”)T1~. (5.7)

And finally,

Cf = ((2! + 1)(1 — T,~)T~(E+ F) + (2! + 1)(1 — T~”) T,
t(E — F))

(5.8)

Herethe Coulombbreakupdoesnot contributesinceit is significantonly at I largerthanthosefor
which fusion is relevant. The nuclear breakuptransmissionfactor, T,”, hasbeenrecentlycal-
culatedfor severalradioactivesystems[CI~H 91a,b]. Themajorconclusionof thesestudiesis that
the dynamicpolarizationpotentialwhich entersin the evaluationof T,”’, via

- bu ( ImJ’~,
01/ET, = 1 — exp — 2 ~ [1 — (2t~/p)— l(1 + 1)/p

2]’12 dp (5.9)
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is very sensitiveto the binding energyof the breakupcluster. In eq. (5.9) ~ is the Sommerfeld
parameterand Po is the distance of closest approach,multiplied by the wave number k,
obtainedfrom 1 —

2’l/po — 1(1 + 1)/p
0

2 = 0. A closed-formexpressionfor T/3U was derived in
ref. [CDH 91b] and it reads

T,bu= 1 ~ , (5.10)

where ~ is a coupling strength factor of eq. (3.37b), which was found to be 4.859eY for
“Li + 208Pb, S~~’~Iis the modulusof the optical S-matrixin the breakupchannelandI,(~,s)is
a Coulomb radial integral evaluatedand discussedin ref. [CDH 91b] (see section 3.3). The
sensitivityof V~

01andT1
1” to the bindingenergyof thedineutronin “Li residesin thei-dependence

of I~(~i,s).
In ref. [Fi 91], thebreakupeffect on near-barrierfusion of severallight heavy-ionsystemshas

beenextensivelystudied.In particularthedataon thesystems9Be + 29Si,“B + 27Al, ‘2C + 24Mg
and‘9F + ‘9F havebeeninvestigated.Thegreaterbreakupprobability of severalof theparticipat-
ing nuclei was found to be responsiblefor the correspondinglysmaller fusion cross section,
calculatedaccordingto eq. (5.7). This comparisonsupportsthe validity of the abovediscussed
model.

5.3. Application to the fusion of “Li with 208Pband 228U at near-barrier energies

In thefollowing, weapply theresultsof theprevioussectionto the fusionof “Li with very heavy
ions [Hu 92]. We usethe fusion calculationof TakigawaandSagawa[TS 91] as a backgroundfor
thestudyof the effect of the couplingto thebreakupchannel.We takethe heightof theCoulomb
barrier (VB = 26 MeY) its radius (RB = 11.1 fm) and curvature (hw = 3 MeV) from fig. 1 of
ref. [TS 91] andusetheseparametersin theHill—Wheeler transmissioncoefficientsof eq. (5.6).The
strengthF wasadjustedto reproducethe valuesof C

1 of ref. [TS 91]. We foundF + 3.0 MeV.
Thebreakupeffectwastheninvestigatedthroughthemodifiedfusion crosssectionof eqs.(5.8) and
(5.10), taking I S!’~I = [1 — T1

1(E —0.2)] 1/2~Theresultof ourcalculationis shownin fig. 49. It is
clear that the inclusion of the breakupcoupling and thus the lifetime of the pygmy resonance,
reducesCf by asmuchasa factorof 100 at energiesslightly belowthe barrier. More importantis
the fact that the breakupof the projectile rendersthe fusion cross section lower than the one-
dimensionalcalculationat energiesextendingfromslightly belowthebarrier to energiesabovethe
barrier (24MeV <E <45 MeV). At energiesless than 24 MeY the enhancementsets in. The
increaseof the enhancementwith increasingE-‘ is, however,much slowerthanthecasewithout
breakup,eq. (5.4).Only at energiesE� 10 MeV, doesthebreakupeffectsubsidecompletely,letting
the pygmy resonanceact asa completevibrationalenhancer.

Figure50 exhibitsmoreclearly the abovefeaturesthroughthe behaviourof the enhancement
factor~,definedas theratioof thefusion crosssectionto theone-dimensionalcrosssectionC~°.The
breakupeffect is containedin theinterval 10 MeY <E <45 MeV. Further,thereis a sharpdip at
the barrier. This dip is easily understood.At energiesabove the barrier, the nuclear breakup
processinhibits fusion. This inhibition becomeslesseffectiveas theenergyapproachesthebarrier,
which acts as anatural threshold.At sub-barrierenergies,the increasein the distanceof closest
approachleadsto a furtherreductionin thebreakupeffects.Thesestrikingfeaturesarisingfrom the
haloshould be easyto verify experimentally.The saturationvalue of i~is 250 and it represents
simplythevalueof~exp(2ir/hwF) [eq. (5.6) at theenergyE — F], whichis attainedat muchlower
energies(_1 10MeV) thanpredictedby TakigawaandSagawa[TS 91].
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Fig. 49. Excitation function for the fusion cross section of Fig. 50. The enhancementfactor e versus E,,,,, for ‘Li + Pb.
“Li +

208Pb. The dotted curve is the one-dimensional The dashedcurveis eq. (5.4)/eq. (5.6)whilethefull curverepres-
Hill—Wheeler cross section(eq. 5.6), the dashedcurve is the entseq. (5.8)/eq.(5.6).
pygmy resonanceenhancedcrosssection(eq. 5.4) and thefull
curverepresentstheresult with inclusionof thebreakupcoup-
ling (eq. 5.8) (seetext for details).

Wehaverepeatedtheabovecalculationforthedeformednucleus238U. Heretheenhancementof
C~arisesfrom boththe couplingto the pygmy resonanceof the projectileandthecoupling to the
states of the targetrotor. Taking only the0+ and2+ statesof 238U into consideration,the fusion
formula reads[Hu9lb] (the suddenlimit is assumed)

Cf = ~{0.562[C~(E + F + 0.7313
2f(R8))+ C1

0(E — F + 0.73f3
2f(R8))] (5 11)

+ 0.438[C~°(E + F — 1.37 132f(RB)) + C1
0(E — F — 1.37132 f(RB))]},

wheref(RB) is the rotationalcouplingform factor given approximatelyby

f(R
8) = (1/,~/~)V8 (R2/RB)(1 — ~(R2/RB)) . (5.12)

In eqs. (5.11) and (5.12) R2 is the radius of
238U (7.4fm), 1i2 is the deformation parameter

(132 ~ 0.27),we estimateVB to be about29 MeV. Onethusgetsf(RB)= 3.3 MeV.
In fig. 51 we presentthefusion crosssectionscalculatedaccordingto eq.(5.9) (one-dimensional

barrier penetrationmodel, dashedline), to eq. (5.11) (pygmy resonancevibration and target
rotationcouplingmodel,dottedline) andwith the inclusionof thebreakupsurvival probabilityin
eq. (5.11), obtainedby replacingCf°by Cf°” (full curve).We find herea fusion behavioursimilar to
that of the “Li + 208Pbsystemexceptthat the enhancementis larger by a factor of 11. The
correspondingenhancementfactorsareshownin fig. 52, which showsvery similar behaviourto
fig. 50. Thesaturationvalueof ~is 1000,whichis attainedat aboutE = 13 MeV. Againoneseesthe
sharpdip of ~at the barrierenergy(29 MeV).

In this section,wehavecalculatedtheinfluenceof thenonzerowidth of thepygmy resonanceon
the fusion of “Li with heavysphericalanddeformednuclei at close-to-barrierenergies.This is
accomplishedby taking into accountin themulti-dimensionalfusion calculation,the effect of the
breakup channel “Li —* 9Li + 2n. The usual vibrational and vibrational + target rotational
enhancementof thesub-barrierfusion crosssectionis appreciablyreduced.Further, theenhance-
ment factors is foundto exhibit nontrivial structurearoundthe barrier.This is clearlyrelatedto
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Fig. 51. Sameas fig. 49 for “Li +
238U (dottedcurve). The Fig. 52. TheenhancementfactorsversusE,,,m, for “Li + 238U.

dashedcurve is the pygmy resonance+ target rotation en- The dashedcurve is eq. (5.8)/eq.(5.6) while the full curvein-
hancedcrosssection(eq. 5.11).The full curveincludestheeffect cludesthebreakupeffect. Seetext for details.
of the “Li breakupon eq. (5.11).

thehalo neutronsin “Li andshould be easily verified experimentally.Similar effects should be
presentin exotic B- and Be-inducedfusion reaction.

Beforeending,weshouldmentionthatthe abovefindings are quite relevantto thediscussionof
using radioactivebeamsto producesuperheavyelements.In ref. [Hu 91b] the sub-barrierfusion
crosssectionfor 70Fe + 208Pbwascalculatedincluding only the effects of the pygmy oscillation,
and it was found that the enhancementwas quite great. Similar conclusionswere reachedby
ref. [DD 92] for the system54Ca+ ‘44Sm. It is obviousthat thesecalculatedenhancementsare
greatoverestimatesin view of the easilybreakablenatureof theselooselyboundnuclei. Further,
considerationsof extra—extrapushlimitationsof fusion,recentlytakeninto accountby ref. [Ag 92]
clearlypoints to amuchmoremodestenhancement.

6. Nuclear astrophysicsand exotic nuclei

6.1. Coulombdissociationexperiments

It is well known [Fo 84], that avariety of stellarenvironmentsareso hot and densethat the
nuclearreactionratesarecomparablewith naturaldecayprocesses.Theseconditionscharacterize
nuclearburning in, for example,cataclysmicbinaries,accretingneutronstars,andsupernovae,
all of which are important nucleosyntheticsources.Of special interest in this context is the
radiative capture reaction which is one of the most important in the formation of various
elementsin the universe(for a review see, e.g., ref. [RB 90]). An exampleof such reaction is
7Be(p, y) 8B, thedecayof which is believedto yield about70—80%of theneutrinosof oursunthat
are detectableusing the 37C1(v, e”)37Ar reaction.Although there are some experimentson
proton-capturereactionson 7Be, which hasa half-life of 54 days,disagreementamongthe results
are found [Ba 80; Ba 83; BS 86]. Thus,an independentmeasurement,basedon alternativetech-
niques,would be useful.Suchstatementis valid for otherradiativecapturereactionsof interestin
astrophysics.

For example,recently,an alternativemechanismfor the primordial nucleosynthesisof inter-
mediate-massnuclei (12 � A � 28) hasbeenproposed[Ap 87; MF 88; Ma 90]. In this scheme,
heaviernucleiareformedvia neutroncaptureor protonandalphachains.Theimportantreactions
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in this scenarioconsistof the following:

‘H(n, -y)2H(n, y)3H(d,n)4He(3H,‘y)’Li(n, ‘y)8Li(cL, n)”B(n, ‘i’) “B

‘2B(~,~)‘2C(n, y) ‘3C(n,’y) ‘4C(n,’y) ‘5C ... (6.1)

In addition, there is an important branchwhich turns the reactionflow back to the lighter
elements,

8Li(n, y)9Li(~”,v)9Be(p,ct)6Li . (6.2)

Of theabovereactions,it is importantto determinethe following neutron-capturecrosssections:

7Li(n,-y)8Li(n,y)9Li ; ‘2C(n,y)’3C and ‘4C(n,T)’5C . (6.3a,b)

The 8Li(n, y) 9Li reactionis important becauseit may competestrongly with the cc-capture
reaction8Li(ct, n)’ ‘B, thusreducingthepredictedyields of A � 12 isotopes.In fact, therecould be
asmuchasa 50%reductionin A � 12 isotopes,dependingon thecrosssectionfor the 8Li(n, ‘y)9Li
reaction[WSK 89]. It maybeimpossibleto everhavea 8Li targetdueto its short half-life (838ms)
so the crosssectionfor the capturereactionmay neverbe measured.

Likewise, the subsequentreactionsin the above chain involving ‘4C and ‘5C provide an
alternativerouteto theproductionof heavy elements.For example,Kajino et al. [KMF 90] have
found that, dependingon the value of the crosssection usedfor the reaction ‘4C(n, ,y)~5C, the
sequenceof carbon-capturereactionsand 13 decayscan providethe main route to the synthesis
of heavy elements.This contradicts other nucleosynthesiscalculations,where the reaction
‘4C(cL, ‘y)’8O is consideredthe primary meansthrough which heavy elementsare synthesized.
However,estimatesof the ‘4C capturecrosssectionvary significantly.Only an upper limit to the
measuredthermalneutron-capturecrosssectioncurrentlyexists,andextrapolatingthis to aneu-
tron energyof 30keY with the 1/,,,/.~law implies an upperlimit of � 1 nb. Calculationswhich
consideronly ‘4C neutroncapturefollowed by E2 transitionsto the 5/2~’stateof ‘5C agreewith
this value.However,Kajino etal. alsoincludethe El transitionsto the ‘5C groundstate,andthey
calculatea crosssectionof 0.1mb,an increaseby afactor of i0~.If the crosssectionis indeedthis
high, thenthisreactioncould competewith the ‘4C(cc, -y)’ 5C reactionastheprimarypathto heavy
elementsynthesis[KMF 90]. Consideringthe largediscrepancyin theoreticalestimatesfor this
cross section (5 orders of magnitude),a measurementis warranted.As with the 8Li(n, ‘y)9Li
reaction,to measurethe ‘4C(n, -y)’5C reactionin the forwarddirection would be very difficult, if
not impossible.

As wehaveseenin previoussections,reactionswith radioactivesecondarybeamshaveprovided
uniqueopportunitiesto study the nuclearstructureof exotic nuclei, far from the stability line.
Reactionsof nucleiwith haif-lifes of theorderof millisecondsarenow possibleto studyexperi-
mentally. In this sectionis shownthat, besidesthe possibilitiy to studyentirelynew phenomena,
unobservablewith currentmethods,radioactivebeamscan give direct informationon the astro-
physicalS-factorsfor radiativecapturereactionsleadingto theformationof unstablenuclei.This
possibilityarisesbecauseof thehugeCoulombdissociationcrosssectionsof radioactiveprojectiles,
dueto their low bindingenergy.
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The Coulomb dissociationmethodwas proposedandshown by Baur, Bertulani andRebel
[BBR 86] asan importanttool to extractusefulinformationon radiativecapturecrosssectionsof
interestin astrophysics.The first experimentsdoneto test this methodfor the reactionscc(t, y)7Li,
cc(d,‘y)6Li andp(’ 3N, ‘y)’4O have beenencouraging[Ut 90a; Ki 89,91; Mo 91]. Reactionswith
high-energyrelease,like ‘2C(cc, y)’60, canalsobestudiedin this way. Nonetheless,onehasto rely
on precisecoincidencemeasurementsof theangularandenergydistributionsof fragmentsb and c.
Anotherdisadvantageof this methodis that onehasno control on the final-stateinteractionsof,
e.g.,the influenceof the Coulombandnuclearfields of the target after the breakup.

The Coulombdissociationmethodworksas follows. TheCoulombdissociationcrosssectionfor
the reactiona + A —~ b + c + A is given by [BB 88c]

CCD = ~ JflItA(~)C~(S)~ (6.4)

whereC~(~)is thephoto-disintegrationcrosssectiony + a—~ b + c, with thephotonenergy~,and
multipolarity it = E (electric)or M (magnetic),andA = 1, 2, ... (order).The photo-disintegration
crosssectionis relatedto the radiativecapturecrosssectionthroughthe detailedbalancetheorem

C(y+a~b+c)=~C(y+a~b+c)=(b
2(2](;) ~C(b+c~a+?), (6.5)

wherek
2 = 2pE/h2,E is the center-of-massenergyof the relativemotion of theb + c system,p is

the reducedmassof b + c, k~= ~/hc= (E + Q)/hc, and Q is the energyreleasein the radiative
capture.The radiativecapturecrosssectionis usuallywritten in termsof theastrophysicalS-factor
as

C(B + c —+ a+ y) = [S(E)/E] exp[ —2ir~(E)], ~ = ZbZ~e2/hv, (6.6)

where v = ~ This definition factors out the steepincreaseof the radiativecapturecross
sectionsat low relativeenergies[RB 90].

As indicatedin eq. (6.5), the radiativecapturecrosssectionis asum overall multipolarities.
In most cases,a multipolarity of one (or two) dominatesthe process.This also occurswith the
Coulomb-inducedbreakupcrosssectiongiven by eq. (6.4),dependingon thefunction nIt,,(c). These
functionsareinterpretedas the numberof equivalent(virtual) photons,providedby the Coulomb
field of nucleusA, incidenton nucleusa. They canbe calculatedfor all bombardingenergieswith
good accuracy,as was shown in ref. [AB 89]. In very high-energycollisions, simple analytical
formulaswereobtained[BB 88c]. Also, for all multipolarities,flIt~) decreasesrapidly with e, thus
enhancingthe lower-energypart of the photo-disintegrationcrosssection,which enterseq. (6.4).

Formula(6.4) hasthe samestructureif onemeasuresdifferentialcrosssections,insteadof total
ones.Only thequantitiesnIt,, arereplacedby similarones,whichdependon differentiatedvariable
(e.g.,°c.m., s, etc.). Therefore,adirect relationshipalwaysexistsbetweenthe measurementandthe
photo-disintegration,or the radiativecapturecrosssection,respectively.

Thesimplestmeasurementstakeadvantageof resonancesthatmayexist for a particularenergy
E. In this case,the aim is to obtainthetotal strengthbelowthe resonance,its width, etc. Thefirst
successfulexperimentalongtheselineswasdoneby Motobayashiet al. [Mo 91]. In thisexperiment
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thecrosssectionof the Coulombdissociationreaction208Pb(’4O,‘3Np)208Pbwas measuredat
Elab = 87.5MeV/nucleon.Theaim wasto determinetheradiativewidth F~of the1’ statein ‘~Oat

= 5.17MeY, which dominatesthe radiativecaptureprocess‘3N(p, y)’4O, a key reactionin the
hotCNO cycle of hydrogenburningin stars.In fact, this reactioncompeteswith the 13 + decayof
‘3N anddeterminesthe conditionsfor startingthe hot CNO cycle rather thanthe regularCNO
cycle. This transition is expectedto take place in variousastrophysicalcircumstances,such as
supermassivestars,novae, supernovaeoutburst [WW 81] or at the surfaceof neutron stars
[FHM 81].

The resultof this experimentis shownin fig. 53 wherethe angulardistributionof ‘~oexcitedto
its 1 - stateis shown.Thisstatewas identifiedby its decayproductsp + ‘3N. Sincecouplingeffects
or multi-stepcontributionsare negligible,a one-stepexcitation model (see,e.g., ref. [AB 91]) is
enoughto describethe scatteringdata.In this modelthe only parameterneededto reproducethe
data is a deformation parameterPN,C which determinesthe strength of the excitation. The
contributionfrom thenuclearbreakupcan beestimatedby assumingasimplecollective vibration
modewith fiN = I3c, wherefiN andfl~denotethe nuclearandCoulombdeformationparameters,
respectively.At forwardanglesof U � 5°, acoherentsumof the nuclearandCoulombamplitudesis
only differentby 5%on averagefrom thepureCoulombdissociationcrosssections.The bestfit to
the experimentaldatawas obtainedwith adeformationparameter13c = 0.046,correspondingto
aradiativewidth f’~= 3.1 ±0.6eV. Thiserror is thesmallestof the threeexistingmeasurements,
indicating high experimentalefficiency of the Coulombdissociationmethod.The otherexperi-
mentsaretheresultsof branching-ratiomeasurementsof Fernandezet al. (2.7 ±1.3eV) [FAG 89]
andthe oneof Agueret at. (7.6±3.8eY) [Ag 89].

Nonresonantreactionsaremore difficult to analysevia the Coulombdissociationmethod.In
orderto determinetheradiativecapturecrosssection(6.6) anaccuratemeasurementof therelative
energyE of thefragmentshasto bemadeafter the breakup.But “post-acceleration”effects(i.e., the
additionalaccelerationof thefragmentsby the Coulombfield of the target)may preventadirect
associationbetweenthe measuredenergyandthatoriginatedfrom the direct breakupmechanism.
Nonetheless,for certaincasesthe methodhasbeenshownto work [BH 91a].

E
1, 87.5M~.//u

0.01— ~

0

ecm

Fig. 53. Experimentalandcalculatedangulardistributionscor thereactions
208Pb(”O,‘3Np)’°8Pbexcitingthe 1 stateof ‘JO.The

solidcurvesareobtainedby thecoherentsumof thenuclearandCoulombexcitationamplitudesassumingF~,= 3.1 eV for ‘~o(l ). The
dashedand dottedcurvesrepresentthe nuclearand Coulombbreakupcontributions,respectively,to the 208Pb(’40, ‘3Np)208Pb
reaction. -
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Fig. 54. Crosssectionfor thed(a, y)6Li capturereaction.The low-energydata(opencircles)wereobtainedby meansof theCoulomb
dissociationmethod [Ki 91] andaddedto the graphof ref. [Ro 81].

Successfulexperimentsfor thestudyof cc(d, y)6Li and cx(t, y)7Li by the Coulombdissociation
methodhasbeenperformed(see,e.g., refs. [Ut9Oa; Ki91]).

The reaction of the Coulomb breaking-upof 6Li into cc-particle and deuteronfragmentsis
especiallysuitedfor theuseof themethod,sincethe identicalcharge-to-massratio of thefragments
minimizesthe post-accelerationeffects. The productionof Li isotopesthrough4He(t, y)7Li and
4He(d,‘y)6Li fusion reactionsat temperaturescorrespondingto energiesof about 300keY is an
importantclue of the nucleosynthesisin the primordial fireball [Sc85; SW77]. The 4He(d, y)6Li
crosssectionis unknownat theseenergies,andthe presentconclusionthat 7Li is producedin the
big-bangnucleosynthesis,but that 6Li, however,is producedpredominantly in spallationreac-
tions, is basedon apurely theoreticalextrapolationof the crosssection [Au 81].

In the experimentof Kiener [Ki 91] a very elaboratemeasurementof the triple-differential
laboratory cross sections d3C/dIISdQddEItd was done. Analogous to the ideas behind
eqs.(6.4)—(6.6) thismeasurementcanberelatedto theradiativecapturecrosssection4He(d, ‘y)6Li.
In orderto displaythe experimentalprogressdueto the useof the Coulombdissociationmethod,
their data (with E� 100keY) are plotted (open circles) in fig. 54 together with the previous
(higher-energy)results of the standardexperimentalapproach [Ro 81]. These results can be
consideredas an experimentalconfirmationof theoreticalconclusionson thecapturecrosssection
at astrophysicalenergies.

The examplesdisplayedin figs. 53 and 54, with their applications,give strongsupport to the
Coulombdissociationmethodasan alternativetool to accessinformationon theradiativecapture
crosssectionof astrophysicalinterest.While someof thesereactionscanbe studiedin a standard
captureexperiment,theonesinvolving radioactivetargets,like thoseof eqs.(6.3a,b) couldbebetter
studiedby usingthe Coulombdissociationmethod.The most promisingcasesare the reactions
proceedingthroughresonances,andfor whichno availabledataexistdueto thedifficulty of using
radioactivetargets.

6.2. Direct measurements

Most nuclideswith A~ 70 aresynthesizedby neutroncapture.The s-processdescribesneutron
captureoverslow time scalecomparedwith typicalbeta-decaylifetimes nearthe line of stability,
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andthusleadsto the formationof a continuouschainof stableheavyelementsfrom the iron group
to 209Bi Ther-process,on the otherhand,correspondsto neutroncaptureon a time scalewhichis
rapidcomparedwith 13-decaylifetimes.

In an explosive astrophysicalenvironment the neutron densitiescan becomeso high that
successiveneutroncapturescan occurout to nuclei far from stability. Furthermore,the temper-
aturesbecomesohigh(T ‘~ 3 x 108K) that the Boltzmannpopulationof nuclearexcitedstatescan
leadto dramaticchangesof theneutron-captureand13-decayrates.In thiscontextthereis aclassof
reactionswhich onethinks[Ma 86] areimportantquantitiesto improvetheregimeof input to the
s-processin such environments.Important unstablenuclei for which theneutron-capturecross
sectionhasnot beenmeasuredare,e.g.,79Se,85Kr, ‘°7pd,‘47Pm, 15~5~,‘66Ho, ‘86Re, ‘921r and

Theastrophysicalsitefor the r-processis still not known.Therearetwo fundamentaltime scales
which are basicinput data to this process.Oneis just how high the neutrondensitymustbe to
reproducethe r-processabundances.The otheris that theneutrondensitymust remainhigh in
orderto producetheactinides(whichcannotbeproducedby thes-processdueto cc-decayat 2~OBi).
Thisquantitydependson thesumof the neutron-captureand13-decaylifetimes asonemovesaway
from stability. Ther-processmustlive enoughfor nucleito capturefar from stability, andthenfor
betato decayup to themassnumbersof theactinides.Beforetheastrophysicalsitefor ther-process
can be determined,more refined determinationsof neutron-capturecross sectionsand 13-decay
ratesaredesirable.

Anytime thereis thermonuclearhydrogenburning,thereis a possibility for protonreactionson
unstablenuclei.A well knownexampleis the reaction7Be(p,‘y)8B in the sun.Otherexamplesare
the 22Na(p, y) 23Mg reactionin the Ne—Nacycle,and the reactionsof 26A1 in the Mg—Al cycle.
Whenthe temperaturesarehigh,otherreactionratesalsobecomeimportant.For T>~2 x 108K the
waiting point for thenormalhydrogen-burningCNO-cycleshifts [MD 84] from ‘4N to ‘3N, and
then,via the ‘3N(p, ‘y)’4O reaction,it shifts to theproductionof ‘~Oand ‘so. This is the hot
(beta-limited) CNO cycle, which is particularly significant in the evolution of supermassive
(M> iO~Msun) stars. This hot hydrogen-burningscenariocan be studiedvia the Coulomb
dissociationmethod,as discussedin section6.1, or by producingabeamof radioactiveheavyions
to be focussedontoa target of hydrogenor 4He.

The reaction8Li (cc, n)”B is critical in predictingtheabundancesof “B andheaviernucleiin the
standard(homogeneous)model(SM) [WFF 67; SW77; Wa84] or in the inhomogeneousmodels
(IM) [AHS 87,88; AFM 87; Ma 90; KB 90], as “B is the nuclide through which most heavier
nuclidesmustpass,andthat reactionapparentlyregulatesthe dominantpathwayby which “B is
made[KB 90]. Observationof this reaction,however,is complicatedby the 840.3ms half-life
[Sa90] of 8Li. A recent measurement[Pa90] of the inverse reaction “B(n, ct)8Li gives the
ground-state—ground-statecrosssectionfor 8Li(cc, n)’ ‘B. However, several“B excitedstatescan
be populatedin 8Li(cc, n)”B, so inferenceof thecrosssectionof interestfrom measurementof the
inversereactionmayunderestimatethe actualvalueby alargefactor. Thisstatementalsoapplies
for the Coulombdissociationmethod.The useof inverse(or nondirect)measurementshasto be
analysedcarefully caseby case.

Ofcourse,the bestpossiblemeasurementis thedirectone.For the reaction8Li(tx, n)’ ‘B adirect
measurementhasbeenrecentlyreportedusinga 8Li radioactivebeam[Bo 92]. Their resultsare
shownin fig. 55. Also indicatedin thatfigure is theground-state—ground-stateexcitationfunction
inferredfrom the studyof the inversereaction[Pa 90]; it canbe seenthat the crosssectionto all
possible“B statesexceedsthatto justthegroundstateby afairly constantfactorof about5 for the
datashown.Sinceall the nuclidesheavierthan 11 amupassthrough “B on their way to higher
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Fig. 55. Totalcrosssectionfor the
8Li(a,n)’ ‘B reaction asa function ofthe center-of-massenergy.Thepointswith errorbarsarefrom

ref. [Bo 92]. The opencircles area samplingof thedata of ref. [Pa90] for thecrosssectionto just “B (ga.).

masses,the heavier-elementabundancesmight thusbe expectedto increasewith this reactionrate,
provided 13-decayof 8Li is the dominant 8Li destructionmechanism.

7. Momentum and angular distributions in exotic beam induced reactions

7.1. Momentumdistribution

Fragmentationreactionswith secondarybeamsof radioactivenucleihaveshownthat thetotal
reactioncrosssectionandthe transversemomentumdistributionof the fragmentsaresensitiveto
the separationenergyof the last neutronsandto the size of the densityprofile in thesenuclei
[Ko 88]. Thesetwo quantitiesarelinked sincethe “size” of the nucleusis roughly proportionalto
the inverseof the squareroot of the separationenergy. Using the Goldhabermodel for soft
fragmentation,the authorsof ref. [Ko 88] wereableto relatethe widths of thenarrowpeaksin the
momentumdistributionswith theseparationenergiesandsizesof theradioactivenuclei.However,
this approachis not free of bias. The interactionof the fragmentswith the target broadensthe
narrowpeakandmakestheextractionof quantitativeinformationaboutthesequantitiesstrongly
model-dependentandpotentially inaccurate.

We show here that a better measureof the interactionsize of the radioactiveprojectile is
obtainedby the longitudinal momentumdistribution of its fragments.It is also shownthat the
Coulombandnuclearfragmentationamplitudeshavelongitudinalmomentumdistributionswith
very nearly equal widths. This fact has indeed beenverified in a recent experimentat the
NSCL/MSU [Or 92]. Ontheotherhand,thetransversemomentumdistributionsaresubstantially
broadenedby thesize anddiffusenessof the interactionwith thetargetandcontainCoulomband
nuclear contributions with different widths. The interpretation of the “wide” (core-neutron)
componentof the transversemomentumdistributionsis thereforelessstraightforwardthanthatof
the longitudinal ones.

We follow below the recentwork of Bertulani and McVoy [BM 92], usinga simple cluster
descriptionof theradioactivenuclei.The conclusionsdrawnarehoweverof generalvalidity. The
clustermodel only servesas aguideto obtain an analyticalinsight into the results.The systems
studiedexperimentallyinvolve reactionsof the form

a+A-~.b+x +A* mb+X. (7.1)
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According to ref. [HM 85], a spectatormodel of a b + x gives the singles spectraof the
particleb as

C — ~, ~ x ~ .~ ~‘ i. ‘, 2ri ç’ j~ \ 21

~1c~ ..1E’ —P~’-”bJ
5 ~ ~ U5 (JJ5~q,U~)L’ ~

3xA~,L’xJ J,U5~bUL.b flV,,I~~)

2

kI’a(q, bjI2 = j d3rbexp(iq~.rb)SbA(bb)~
5(r~— r5) . (7.3)

Thequantity S~A(b~)is the S-matrix for the scatteringof cluster i (i = b, x) from the target A. We
obtainit from acomplexopticalpotentialby meansof theeikonal approximation.For the optical
potentialwe usethe tpp formalism (see, e.g., ref. [HRB 91]), which is obtainedby folding the
nuclear densitiesof the participant nuclei weighted by the nucleon—nucleonscatteringcross
section,with medium correctioneffects. We shall hereconcentrateon reactionsinvolving “Li,
“Be, and

6He, andcompareour resultswith the measurementsof themomentumdistributionsof
the 9Li, ‘°Be,and4He fragments,respectively.The Hartree—Fockdensitiesfor thesenuclei were
taken from ref. [BBS 89], exceptfor the 6He, which was taken from ref. [Su91]. The density
distributions of the knocked-outneutronswere taken as the difference betweenthe neutron
distributionsof the original nucleiandof the observedfragments.

In eq. (7.3), ~ representsthe clusterwavefunctionfor the incominga = b + x projectile.If one
assumesthat the fragmentb doesnot interactwith the target,i.e., SbA(b) 1, one finds

dC/dQbdEb= p(E~)C~AI4~(q,jI2, (7.4)

where C~A is the total reactioncrosssectionof fragmentx with the target A, and c6a(q~,)is the
Fouriertransformof 4a(rb — r

5) with respectto q~,.The aboveresultis knownas the Serbermodel
limit [Se 47]. It tells us that in this approximationthe breakupmechanismmeasuresthe mo-
mentum-spaceinternal wave function of the projectile, so that the singlesspectrumof fragment
b providesimportantinformationabout theinternal structureof the projectile. This is especially
usefulfor the study of extremelyshort-livednuclei in secondarybeamreactions.

Unfortunately,the Serbermodelis only a roughapproximationfor mostcasesandthe elastic
scattering(includingabsorption)of the fragmentb on the targethasto be included,leadingto an
unavoidablebroadeningof the momentumdistributions [Ut 90a,b]. The physicalorigin of this
broadeningis simplediffraction (i.e., the uncertaintyprinciple),asan examinationof eq. (7.3)makes
clear. For instance,if SbA 1, theFouriertransformgiven by this equationwould be exactlythe
Fraunhoferdiffraction pattern (as a function of q~,)of the “source distribution” 45(rb — r5).
Including the factor SbA(bb),with I SbA(bb) I � 1, effectively decreasesthe transversewidth of the
sourceby eliminating the part thatoverlapswith the targetA, andthis will of coursebroadenthe
transversediffraction pattern.

This broadeningmakesit harderto extracttheinternal momentumstructureof the projectile.
However, sincefor high-energycollisions the S-matrix

5bA doesnot dependon the longitudinal
coordinate,the longitudinal momentumdistributionis expectedto be much less alteredby the
5bA absorption. In particular, a gaussianshape is quite appropriatefor the light projectiles
consideredhere,and in this casethe longitudinaland transversepartsof the integralof eq. (7.3)
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factorizecompletely.Thatis, if onetakesfor theprojectileclusterwavefunctionthe approximation

& cx exp[(—bb — bj
2z12] , (7.5)

onefinds

dC/dq~= (2it)2 (Ex/hVakx)(C~/A2)exp[_ (q~b))2/~~2]

x Jd2b
5b5 exp( — 2A

2b~)[1 — I SXA(bX)I2] (7.6)

xJdbbbbexp(_2A2b~2)Io(4bXbbA2)ISbA(bb)I2,

wherethe CA is a normalizationconstantand1o aBesselfunction.Thatis, thedependenceon q~
1

1’1is
given by a Gaussianfunction multiplied by a geometricalfactor. Therefore, the longitudinal
momentumdistributionmeasurestheinternalmomentumfunctionof theprojectileandis insensi-
tive to the detailsof the nuclearinteraction.This factwaspointedout by Friedmanin the general
contextof nuclearfragmentationreactions[Fr 83].

Due to their low separationenergies,the projectilesnearthe 13-instability line are also easily
Coulombexcited/fragmented.It is well knownthat the electromagneticexcitation crosssections
inducedin nuclearcollisions are directly relatedto the crosssectionsinducedby real photons
[BB 88c].The proportionalityfactor is theso-callednumberof virtual photons,which is aslowly
varyingfunctionof thephotonenergy.Therefore,themomentumdistributionof thefragmentswill
be determinedby amatrix elementof the form (in the dipoleapproximation)

= JrY,mQ~)cbf*(r)cbi(r)d3r. (7.7)

We againassumethat the initial wavefunction4~hasagaussianform, anduseplanewavesfor the
final state.Thisneglectsthefinal-stateinteractionof b with A, anapproximationappropriateto the
Coulombfragmentation,which takesplacefarther from A thandoesthenuclearfragmentation.
With theseassumptions,one finds that the momentumdistributionof the fragmentsdue to the
Coulombinteractionhasagaussianshapein all threecomponentsof q~,

d2C/dq~ = constxqbexp(—q~/2A2). (7.8)

Integratingover one gets to a good approximationanothergaussiandistribution for the
longitudinal momentumdistribution, this timefrom the electromagneticfragmentationprocess.

Recently,thelongitudinalmomentumdistribution of 9Li hasbeenobtainedfrom the fragmen-
tation of “Li projectileswith 70 MeY A has beenmeasuredat the NSCL/MSU using several
targets[Or 92]. The datawas takenusinglight andheavytargets,thusprobingthe effects of the
nuclearandthe Coulomb interaction on the breakup.As shown in fig. 56, this width can be
explainedby usingeq. (7.5) and a calculationfor the electromagneticbreakupof the projectile
[BB 88c] with the valueA = 20 MeY/c, for all targets.A recentdetailedcalculationby Esbensen
andBertsch for the electromagneticdissociationof “Li on tantalum [EB 91], accountingfor
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Fig. 56. Longitudinalmomentumdistributionsof
9Li from the Fig. 57. Transversemomentumdistributions of (a) 9Li frag-

breakup of “Li incident on (a) Be, (b) Nb and (c) Ta, at ments from thebreakupof “Li, (b) ‘°Befragmentsfrom the
70 MeV A. The data arefrom [Or 92] andthecurvesarefrom breakupof ~ and(c) 4Hefragmentsfromthebreakupof 6He
eqs.(7.2) and(7.6), normalizedto thedata. projectiles incident on C at 800 MeV A. The data are from

ref. [Ko88]. The dottedand dashedcurvesdescribehaloneu-
tron only, thedottedcurveneglectingfinal-stateneutroninter-
actionswith thetarget,andthedashedcurveincluding them via
eqs.(7.6) and(7.9). Thesolid curvesaretwo-Gaussianfits to the
data,using a width determinedby the binding of thecoreand
haloneutronsof the projectile.

initial- andfinal-statecorrelationsbetweenthe valenceneutronsin “Li, hasalsoobtainedthis
value for the momentumwidth. This momentumwidth can be approximatelyrelated to the
separationenergyof the “Li by EB A 2/Pbs = 0.26MeV, which agreeswell with the experimental
valuein directmeasurements.Althoughapproximate,thisrelationshowsthatin fact theseparation
energycan be obtainedfrom the measurementsof the widths of the longitudinal momentum
distributions.

Usingthegaussianshapefor ~ andintegratingeq. (7.2) overq~b),oneobtainsfor the transverse
momentumdistribution

d2C = ~/~E
5CA Jd2bxbxexp(2A2b~)[l — ISXA(bX)I

2] (7.9)

qT(b) Va x A

m10 2

x Jdbi~bbexp(—~ 2)5bA(bb)~

where.1,, and ‘m are Besselfunctions.In contrastto eq. (7.5), the aboverelation showsthat the
transversemomentumdistribution dependson the targetsize parameters.

Figure57 showsthe transversemomentumdistributionsof 9Li, ‘°Beand4He from thebreak-
up of “Li, “Be and6He projectiles,respectively,incidenton carbonat 800 MeVA. For this target
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only the nuclear contribution to the breakup needs to be considered.The data are from
ref. [Ko 88]. The dottedcurvesarethe result of the Serbermodelcalculationfollowing eq. (7.3).
ThemomentumparametersA weredeterminedby theseparationenergiesof thefragmentswith the
approximateformula A = \/~~ which give the values0.25 MeY, 0.5 MeV and0.97 MeY for
“Li, “Be and 6He, respectively.The dashedcurves were obtainedusing the more correct
approachof eq. (7.2).

In the caseof “Li the result of the Serbermodel agreeswith the one obtained for the
longitudinalmomentumdistributiondataof NSCL/MSU,sincethemomentumdistributiongiven
by this modelis isotropic.The interactionof the fragmentswith thetargetbroadensthepeak,and
this is displayedby thedashedcurvesin this figure. However,it is alsoseenthat the wingsof the
momentumdistributionscannotbe reproducedby usingasinglegaussianparametrizationfor the
ground-statewavefunction. This is dueto the simplecluster-modelpicturethat wehaveadopted.
More realisticmodelsare able to describethesewings (wide component)[Zh 91a,b], but our
analysisis consistentwith theideathat thenarrowpeakmeasurestheseparationenergyof thehalo
fragments.

An attemptto explainthewings of themomentumdistributionsdisplayedin fig. 57 (solid lines),
canbe madeby assumingthatalsoneutronsfrom the coreof the projectilecould be removedwith
appreciableprobability [Ko 88]. Onecan assumethat the crosssectionsfor the removal of the
looselyboundvalenceneutronsandthemoretightly boundfrom the coreaddincoherently.The
resultsareshownby the solid linesin fig. 57. In this calculationwe addedtwo resultsof eq. (7.8):
the resultswhich yield the dashedlinesin fig. 57, with otherresultswith the internal momentum
widths A

2 = 55 MeV/c, 92 MeY/c and 79 MeY/c, for “Li, “Be and
6He, respectively.The

Hartree—Fockdensitiesfor the corenucleonsweretakenfrom refs. [BBS 89; Su91]. Thesemo-
mentumwidthsaremuchwider thantheonecitedbefore,andarerelatedto theseparationenergies
of the coreneutrons.The contributionsof the two gaussiansimulationsfor the internal wave
functionswerechosenso as to reproduceas well aspossiblethe experimentaldata.Theexcellent
agreementwith the experimentaldata(solid lines in fig. 57) shouldthereforebe approachedwith
somecaution,sinceanytwo gaussianfits canreproducethe transversemomentumdata[Ko 88].
Nonetheless,theratio betweenthetwo contributionsgivesroughlythespectroscopicfactorsfor the
removal of neutronsfrom the coreand from the halo, respectively.This ratio, Cwide/Cnarrow,~5

howeverlarge,being about0.4 for the fragmentationof “Li. It is hard to believethat so many
eventscould beoriginatedby theremovalof tightly boundneutrons.Wearemoreinclinedto think
that the observedwings are the results of three-bodyeffects, as claimed by Zhukov et al.
[Zh9la,b].

Anotherinterestingfeatureshownin fig. 57 is asmallshift of thepeakswith respectto thecentral
position (qT = 0). This shift arisesfrom the phaseof the Sb-matricesoriginatingin the real partof
the potential,but is smallandhasbeenneglectedin our calculations.

In orderto testthedependenceof theseresultson the “Li wavefunction,wehaveusedYukawa
wavefunctionsinsteadof gaussians.No appreciabledeviationfrom the previousresultswasfound,
as long as appropriatevaluesfor the size parameterwerechosen.

Theaboveanalysisshowsthat the longitudinalmomentumdistributionwhich resultsfrom the
fragmentationof weakly bound light projectilesis insensitiveto the interaction,andprovides
a reliableprobeof theinternal momentumwavefunctionof the projectile.On theotherhand,the
transversemomentumdistribution dependson the reaction mechanism,andthe extractionof
definiteinformationaboutthehalosizeis not freeof bias.Oneinterestingproblemto bestudiedis
the extensionof the experimentalmeasurementsto look for the possibleexistenceof wings in
the longitudinalmomentumdistributions,which do not appearin the dataof ref. [Or 92]. The
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Fig. 58. The angular distribution of the neutrons in the Be(’ ‘Li, ‘Li + n)x at 30 MeV/nucleon. Data points are from ref. [An 90] and
the solid curve,the resultof the calculationaccordingto section7.2.

existenceof suchwingswouldprovidea moredefinitive measureof thecontributionof moretightly
boundnucleons,from thecoreof the projectiles,which havebeenassumedto explainthewings of
the transversemomentumdistribution [Ko 88].

7.2. Angular distribution of neutrons

The spectatormodel above discussed[HM 85] can also be used to describethe angular
distributionsof emittedneutronsin the fragmentationof “Li at lower energies.In particular we
discussherethedataof Anneet al. [An 90] andtakethereactionBe(“Li, 9Li + n)X at 30 MeY A,
as an example.We avoid thecomplicationsof eqs.(7.6) and(7.9) observingthat (seeappendixA)
the yield of dineutronswithin theclustermodelis given by (ignoring theCoulombcontribution)

1~
- Y

2n = ~ [1 — f~
20(o.)]t9Li(a) , (7.10)

C j=0

wherethequantitiesCandt~(C) aredefinedin theappendix.Sincethereactionisinclusive,wetake
Y

2~to beanangle-integratedincoherentcrosssectionandconsiderjasanangularmomentum.We
thenhavefor the two-neutronangulardistribution [BH 92]

= —~-~ ~ [1 — t2n(C)]tLi(C)[p(cosO)]2 . (7.11)
dQ2n C j=o

Taking C = 0.136fm’ = 24 MeY/c, which is the value associatedwith the correct separation
energyof the two neutronsin “Li, weobtain theexcellentagreementwith thedataof Anneet al.
[An 90], shownin fig. 58.

Of coursefor “Li interactionwith heaviertargets,the Coulombcontributionbecomesdomi-
nant.We refer the readerto the discussionof Esbensen[Es91].

8. Conclusions

In this report the severalfacetsof neutron-rich-nucleiarediscussedandanalysed.In particular,
thereactionsof nucleisuchas “Li with light andheavytargetsareexhaustivelydescribedbothat
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low andintermediateenergies.The signatureof theneutronhalo is soughtin elastic scattering,
pion production,sub-barrierfusionandbreakupreactions.Themajorconclusionsof this report
arethefollowing. Fromsimplethree-bodyconsiderations,thedineutronin “Li isweaklyboundto
the core 9Li through an effective 1/r2-like interaction.This fact allows the introductionof the
appropriatenamefor theseexoticsystems:Rydbergnuclei.It is difficult to distinguishbetweenthe
simpleclustermodelandthe excitationof the low-lying “soft” giant dipole resonance(the pygmy
resonance)through an analysisof the ‘~ 1 GeYA fragmentationreactions.Both modelsgive
similar Coulombdissociationcrosssections.Detailedcalculationwithin the clustermodelin fact
give a very good accountfor the fragmentationcross section both at intermediateand high
energies.

In so far as the dipole strengthdistribution is concerned,we haveshownherethat a hybrid
RPA—clustercalculationcanbe formulatedin a reasonablyconsistentway. In suchacalculation
threespeciesof particlesareconsidered:protons,neutronsanddineutrons.This way, a special,
clearlyneeded,attentionto two-bodycorrelations(pairing) is given. Theresultingdipolestrength
distribution in ~~Li was found adequatewhen usedto calculatethe Coulombdissociationcross
section.

Theelasticscatteringof ~~Li on “C, p andcc was thenconsideredwithin the opticalmodeland
a more detailedmultiple-scatteringframework. The existenceof the halo was found to be
intimately relatedto conspicuouschangesin therefractiveaspectsof theangulardistribution. The
effect of two-nucleoncorrelationsis also assessed.

A detailedstudyof the effect of thebreakupchannelon theelasticscatteringof “Li wasmade.
The correspondingdynamicpolarizationpotentialwas found to be predominantlyabsorptive

andof along-rangenature.Theinclusion of this potentialin the calculationof dC/dCRwas then
doneandan important40%,almostangle-independent,dampingof theangulardistributionwas
predicted.The realpart of thepolarizationpotentialwascalculatedwith the aid of adispersion
relationandwas found to be repulsiveandsmall.

The problem of pion production that accompaniesthe interaction of “Li with, e.g., “C,
was then discussedand the halo effect considered.The fact that pions producedfrom the
interaction of halo neutronswith the target have different spectralshapesfrom thosecoming
from the interaction of core nucleons, is emphasized.The sub-barrier fusion of “Li on
heavy sphericaland deformed targetsis thencalculatedtaking into accountboth the pygmy
resonanceand cluster aspects.Important conspicuousstructurein 5F was found around the
Coulombbarrier.

Finally, the astrophysicalapplicationof the nuclear physicsof theseexotic systems,and the
majorcharacteristicsof thelow-energymomentumandangulardistributionsof theejectilesin the
fragmentationof “Li werediscussedin greatdetail.
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AppendixA. Theoryof the primary yield

Fragmentemission in heavy-ionreactionsat intermediateand higher energiesis a common
occurrence[Si 90]. Severalmodelshavebeendevisedto calculatethecrosssection.Theserange
from statistical[Ha 85], microscopicMonteCarlo [Mo 88; Fr83] andothers.A fully quantum
mechanicaltreatmentbasedon generalreactiontheoryconceptsis still lacking. Recently [HM 85,
89], ageneralreactiontheory of nuclearfragmentationhasbeendevelopedandappliedsuccess-
fully to severalreactionsinvolving apartialfusion of theprojectile(incompletefusion,IF). In these
calculations,theinclusivespectatorparticleangularandenergydistributionsareusuallypresented.
It is thepurposeof this appendixto presenta theory of the yield of spectatorparticlesin these
reactions.Theexpressionfor the inclusive inelasticbreakupcrosssectionderivedhereis usedin
section2.1.

To be specificwe considerthe following process

a+A~(b+x)+A—~b+ ~ (x+A). (A.1)
all states

In the spectator—DWBAtreatmentof HusseinandMcVoy [HM 85], the yield of b is given by

2 2

Pb = ~ d C dQbdEb, d C = — -~--p(Eb)<~4~IWXAI~4~~>, (A.2a,b)
j dQi,dE~, dQbdEb hVa

wherep(Eb) is the density of statesof b and is equal to pbkb/(21r)’h2,Va is the velocity of the
projectile andt/4~is given by

IhI4’~>= (X I4~aX~>. (A.3)

In (A.3) thex refer to distortedwaves,and& is the intrinsic wave functionof a. The symbol(I>
implies that theb coordinatesareintegratedover. Finally — WXAis theimaginarypart of thex—A
opticalpotential.Notethateq. (A.2b) describestheinclusiveinelasticbreakup.The elasticbreakup
piece of d2a/dQbdEb is known to contributeless than 10% at moderateand higher energies
[Ba 84].

EmployingtheGlauberapproximationfor thedistortedwavesallowswriting thematrixelement
<~‘Y I W

5~I i/4~~> asa functionof themomentumtransferqb = kb — k,, wherekb (k’b) is the wave
numberof b in the incident(final) channel.Thus transformingthe energyandangleintegral in
eq. (A. 1) into a momentum-transferintegralallows thereductionto thefollowing transparentform
of Pb:

Pb = ~ Jdb 41 (I” — b5I)I
2[l — I5

5(b5)1
2] , (A.4)

whereb refers to theimpactparameter,and5(b) the elasticelementof the S-matrix. In obtaining
(A.4) a normalisedGaussianis usedfor 41a(rb — r

5) which, whencylindrical coordinatesr = z~+ bii
areused,canbe expressedas

Irb — r5 I) = (C

3/lr \/~)~/2 exp[ — ~ C2(Zb — z
5)

2] exp[—~ C2(bb — b,,)2] . (A.5)
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The Zb andz,, integralsin the original formulaseqs. (A.!) and (A.2a) havealreadybeenperformed
in (A.4).

A furtherreductionof eq. (A.4) canbe madeby integratingover thepolar anglesof bb andb,,,
which resultsin the following simpleformula,after writing E,,/hk,, = v,, = Va,

10 10

Pb = JbbdbbIsb(bb)I2exp(_C2b~)Jb5db5[1 — IS,,(b,,)1

2]

x exp(— C2b,,2)[4ir2J
0(—2iC

2bbbX)] , (A.6)

where J
0 is the cylinder Bessel function. The factor 4ir

2Jo(—2iC2bbb,,)was obtainedfrom the
relation[AS 64]

2a fdflexp[2C2b
5bxcos(fl —41)] = 4it

2Jo(—2iC2bXbb).

To proceedfurther we usethe following expansionof J
0 [AS 64]:

J0(z) = j=0 JZ
2~(2)2J(j~2. (A.7)

With (A.7), eq. (A.6) canbe finally written in the following simpleform:

~ [1—t)’(a)]t~(C), (A.8)
C

wherewe haveintroducedthe symbol f to representthefollowing dimensionlessintegral:

= [(C2)~~’/j!] Jb?idb?exp(_C2b~)Ti(bI), (A.9)

whereTL(bL) is thetransmissioncoefficient 1 — IS~(b~)I2andi is eitherb or x. It is importantto note
that T,eq. (A.9) becomesunity in the limit ISI = 1.

Equation(A.8) is an importantresultof this appendix.It expressesthe projectile-likeprimary
fragmentyield in aconventionaltotal reactioncross-sectionform, with thewidth C2 playing the
role of thesquaredwavenumber,andthelabeljplayingtherole of angularmomentum.It is easyto
verify that eq. (A.8) reducesto the knownlimiting cases.To seethis we first notethatthe integral
T~(C)as a function of j looks very much like T(b) 1 — IS(b)12 versus b. Therefore
[1 — T~(cr)]T~(C)shouldbe a localized(window)in j. The valueofj at which the“peaking”occurs
canbe estimatedas follows. The function b2~exp(— C2b2) peaksat b2 = f/C2 andthe b integralin
Tcountsthispeakaslongasb <hg = [(E — E

8)/E]”
2 R,whereEB is theheightandRtheposition
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of theCoulombbarriercharacterizingT(b).Thus thecritical valueofj which definestheboundary
of the function T is

= C2 [(E — EB)/E]R2 . (A.10)

The function 1 — t behavesin exactlythe oppositeway to t and thus(1 — t~)t~hasawindow
shapein j. Thedetailedform of this windowdependsuponthephysicalparametersthat specifythe
functionsT~’(C)andT~(C).

An interesting casewhich receivedseveral considerationsin the pastis the Serber model
[Se47], ~b = 1. This limit correspondsto setting1 — T~(C)= 1 in our formulaeq. (A.9). Approxi-
mating T~(C)by a sharpcutoff from O(f~—j), we obtainimmediatelyfor theyield,

riSerber 2 E,, — EB 122 — 122 E,, — EB —
~ b — C ~, i’~~ — 1t1~x ~, — ~7reaction

C x

which is just the total reactioncrosssectionof the participantparticle(x).
Themorerealisticexpressionfor Pb, eq. (A.8), gives,in thesharp-cutofflimit, the following sum

rule:

~b _~~(JeX j~)~ n[(i ~)R~ — (i EbB)R
2] = C~eaction— 0~eaction, (A.12)

whichcanbeordersof magnitudesmallerthanp~erberOf coursetheenergiesE,, andEb correspond
to the incident channel, E,, = (mx/ma)Ea and Eb = (mb/ma)Ea, and in the above equation
C~eaction> C~action.Clearly whenx is the light particleandb, the heavyone,theaboveapproxima-
tion is not valid andonehasto calculateeq. (A.8) exactly.

Appendix B. Uniform approximation for K1,,(~)

The modified Bessel function of imaginary order ~ is discussedin most books and
handbooksof specialfunctions[AS 64; Gr 80]. No tables,howeveraregiven. Numericalintegra-
tion of the integral that representsthis function is necessary.This procedure,however, could
generatelargeerrors, dependingon the value of t~and ~. It is the purposeof this appendix to
perform a uniformapproximationanalysisthatpermitswriting the functionin termsof tabulated
Airy functionand its first derivative.In particular,we discoveredthatK1~(~)representsbasically
a rainbowscatteringproblem.Theuniform approximationformulaeareusedfor theevaluationof
the low-energyCD crosssectionin section2.3.

Theintegralrepresentationof K1,,(c~)is givenby in,e.g.,AbramowitzandStegun[AS 64] (p. 376),

K~~)= JexP(_~cosht)cos~tdt, Ia-rg~~<ix. (B.!)
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Now sincethe integrandis evenin t, we may rewrite(B.1) in the following form

K~~)= ~ J exp(—~cosht)exp(i~t)dt. (B.2)

We now change t -+ t + ~ut and perform the integration along the line defined by
— cc + it < t < + cc + ~it. This leavesthe result unchangedsincethe integrandin an analytic
function. Using the relationcosh(t+ -~it) = + i sinht we have

K~~)= ~exp(—~t~) J exp[—i(~sinht— ~t)]dt. (B.3)

Equation(B.3) is our starting point for applying the uniform approximation.According to the
usualprocedureof Chester,Friedmanand Ursell [CFU 57], we mapthe function ~sinhx —

into

çcsinht~~t=~p3+xp, (B.4)

thus

K~~)= ~ J exp[i(~p3+ xP)](~)dP. (B.5)

Before we proceed,we remark that the phase of the integrand in (B.2) is stationarywhen
~cosh( ±t) = ~, or

t= ±cosh’(i/~), ~>~ t= ±icos(’i/~), ~ (B.6)

Thesituationcanbeeasilyunderstoodfrom fig. 59 where~ cosht is plottedversust. Theminimum
of ~cosht is at t = 0 and represents~ = ,~, whichis the“rainbow” ~. For ~ > ~ oneis on thebright
side of the rainbow whereas~ ~ representsthe dark side exemplifiedby two pure-imaginary
stationarypoints(complex-conjugateof eachother).Whenlookedat from thecubicmap,eq. (B.4),
thestationarypointsaregiven by

p= ±-~~/i~. (B.7)

The functiondt/dp is expandedasusual,

dt 10

= ~ a
5(p

2 + x)”. (B.8)
“p n0
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Fig. 59. The order “deflection function” ~cosh t versust for severalvaluesof ~.

The coefficientsin (B.8) are to be found by repeateddifferentiation of (B.4) at the stationary
points (B.7). Thus, for a0, a, and a2, we need, a0 = (dt/dp)5.~.,a,2p= (d

2t/dp2)
5.~.and

2a, + 8p
2a

2= (d
3t/dp3),.~..Accordingly,

(~cosht—i~)dt/dp=p+x, (B.9a)

~sinh t (dt/dp)2 + ~ cosht — ~)d2t/dp2 = 2p, (B.9b)

~cosht(~-) + 3i~sinht ~—4+ (~cosht— ‘i)~_—~= 2, (B.9c)

dt dt 2 d2t d2t 2

~sinht(~_) + 6~cosht(~_)~ + 3~sinht(~_-~)

dt d3t d4t
+ 4i~sinht — —i + (c~cosht — ,~)—i = 0. (B.9d)

dpdp dp

At the stationarypoints ~cosh t — = 0 andp2 = — x, andthus eq. (B.9b) gives

(dt\~2 2p — 2p — 2p — 2~f111i~ ( —4x \1/2

\,dp) — c~sinht— ~Jcosh2t_ 1 Jq2/~2 —1 \/‘~2 — ~2 — \~2 — x2)

or

(dt/dp)
5.~= [—4x/0i

2 — ~2)]~/4 a
0 . (B.10)
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Equations(B.9c, d) give

1 [d2t12 — 2— 4[—4x/(~2— ~2)]3/4 — [d3t/dp3]
8.~.— 2a

a, = ~ — 6\/’~2— ~ [ 4x/(~
2— I~2)]1/4(.....x)h/2’ a

2 — 8(— x)

(B.!!)

[d
3t/dp3]

5.~. -

— — — ~2 [dt/dp]~.~. — 6l~[dt/dp]~.~. [d
2t/dp2]~.~.— 3.J~2— ~2 [d2t/dp2]~.~.

— 4~,/~2— ~2 [dt/dp]~.~.

(B.12)

Fromeq. (B.4) wehavefor thex thatappear,in (B.!0), (B.! 1) and(B.!2), in theilluminatedregion,
‘1 > ~e,

~ +~(—x)312. (B.13)

In the forbiddenregion,~

— ,~2— ~sin’ ..,/i — ,12/~2= ~ x312 . (B.14)

Inserting(B.8) (keepingup to second-orderterms)into (B.5), wehavefinally thedesiredformula, in
termsof Airy’s functionAi(x) andits first derivativeAi’(x),

K
1~(~)= [a0Ai(x) — 2a2Ai’(x)]e~’

2t, Ai(x) = ~ J e1313~dp, (B.15)

wherea
0 anda2 aregivenby eqs. (B.10)and(B.12)respectively.Notice thatthe a, termgiveszero

sinceit is odd. Higher-ordercorrectionscanbe easily generated.
Thediscussionabovecanbe mademoretransparentwhencomparedwith ascatteringproblem

[FW 59]. Hereonespeaksaboutthe scatteringatagiven angle,whichis the conjugatevariableto
the integrationvariable, the orbital angularmomentum.The representationeq. (B.1) of ~
identifiestheorderi~with the “angle”. For agivenvalueof ~ two valuesof t contribute,whichare
thetwo stationarypointsdeterminedfrom theequation~cosh(±t) = ~,wherethefunction~cosht
representsa deflectionfunction.Theanalogywith ascatteringproblemis abit ill-basedsinceboth
positiveaswell asnegativet contribute.In a scatteringsituationonly positivevaluesof theangular
momentumenterin thediscussion.In anycase~ for a fixed valueof ~ exhibitsadouble-rainbow
form asa functionof i~.The rainbow~ isjust ~j = ~. For ~ ~ oneis theshadowof the rainbow,
whereasii’> ~ representstheilluminatedregion(oscillatorybehaviour).Bothpositiveandnegative
valuesof ti canbe considered.

In fig. 60 we present~ for ~ = 0.1,0.5,1.0, 5.0 and10.0versus~. Therainbowin theorderof
K,~(~)is clearly exhibited.

Theanalogywith scatteringbecomesmoresoundwhendiscussingthebehaviourof K1,,(~)with
respectto ~ for fixed ~. To makefull use of this analogyit is more convenientto useanother
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Fig. 60. Plot of exp(in~/2)K,(~)versus q for (a) K,(0.1), (b) K
1,(l), (c) K1,(5) and(d) K,(10).

representationfor the function.This new representationis obtainedfrom eq. (B.1) by achangeof
variablesinht = A. Then

= exp(i~sinh - ‘A — iA~), (B. 16)K,~) J dA

which when integratedby parts,yields

K1~)= ~ Jdxexp(blsinh_’A— iA~). (B.17)

The stationarypointsaredeterminedfrom the condition

1(d/dx)sinh’A = = ~ (B.18)

which isjusteq. (B.6) rewrittenin termsof thenewvariableA. Thedeflectionfunction~/~/Ti~1~is
plottedin fig. 6!. Againthe rainbowvalueof ~ is ~ = ~. In fig. 62 we showK,0, ~ K1,(~),K~5(~)
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Fig. 61. Theargument“deflection function” ~ = ,i(1/~/T~~),for severalvaluesof ~.
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Fig. 62. (a) K,0.,(~),(b) K,,(~),(c) K,,(~)and (d) K,10(~)for very small valuesof ~.

andK,,0(~)which clearly showtheAiry patternthat characterizesthe rainbow in the argument.
In this appendixthe uniform approximationis usedto expressthe functionKjq(~)in termsof

Airy’s functionandits first derivative.It is foundthatK1~)represents,asa functionof order~and
argument~, a rainbowscatteringsituation.Further,weverified that the uniformseries,eq. (B.15) is
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rapidly convergent.In fact a2/a, is almostalwaysless than 1%. At therainbow, ,~‘= ~,wefind the
relationa2/a, = 1/(22/3x 70 x p4/3) [or 1/(22/3x 70 x ~413)], andthus,aslong as~(~)is not very
small,thesecondtermin (B.15)wouldcontributeby, atmost,a few percent.Thisappendixispartly
basedon recentwork of Husseinand Pato [HP 92].
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Note added in proof

Noteto section2.4.3. Recently,leki et al. [Ie 93] haveperformedelaboratetriple coincidence
measurementsof theCoulombdissociationof “Li. As predictedin thetheoreticalpapersquotedin
section2.4.3,the experimentindicatesthathigherorderelectromagneticprocesses(reacceleration
effect) are relevant.In fact, the semiclassicalmethoddescribedin this sectionhasbeenapplied
[CDS 92] to obtain theoreticalpredictionsfor the fragmentenergyspectrumand longitudinal
velocitydistribution,whichwereobtainedby leki etal. [le 93]. Theoryandexperimentarein good
agreement.
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The resultsof leki et al. [le 93] on thereaccelerationeffect seemto indicatethat thebreakupof
“Li is morelikely to occur via adirect breakupmechanismthanvia theexcitationof a resonant
statein the continuum;i.e., the peakin the dipole responsefunctiondB/dE(see,e.g.,fig. 4) should
beinterpretedasathresholdeffect ratherthana resonance.Thiswasindeedsuggestedby Bertulani
andBaur [BB 88a]. However,theconclusionsof leki etal. [le 93] arebasedon classicalconsider-
ations.

Recently,Bertsch and Bertulani [GB 92] have addressedthis problem by solving the time
dependentSchrOdingerequationnonperturbatively.For simplicity, aone-dimensionalmodelfor
the reactionwasused.The conclusionwas thatevenwhenthe breakupproceedsvia theexcitation
of a resonance,the reaccelerationeffect is larger thanexpectedfrom the naive classicalmodel. In
view of the potentialimportanceof reaccelerationbothasa measuringtool andasan obscuring
agentfor the measurementsof Coulombbreakup,moreexperimentalandtheoreticalstudiesare
clearly necessary.

As a final remark,we quote the work of Bertulani and Sagawa[BS 92b] on the nuclear
excitationof multipole statesin neutron-richnuclei.Theypredictcrosssectionsfor soft multipole
excitation of order of 100 mb/sr at forward angles in reactionsat beamenergiesin the range
30—70 MeV/nucleon. It might be possibleto distinguishthe multipolesexperimentallyby the
angulardependenceat very forwardangles.

Note to section3.1.4. We endthis sectionwith few remarksconcerningthe recentdataon the
elastic scatteringof “Li + ‘2C and“C + ‘2C at 60 MeV A publishedby Kolata et al. [Ko 92].
Theseauthorsconfirmed,to a largeextent,thepredictionsof Satchleretal. [SMH 9!]. Theratio of
the crosssectionto Rutherford,wasfound to be threetimeslargerin “Li + ‘~Cascomparedto
thatof 1’C + ‘2C. If the crosssectionsthemselveswerecompared(not their ratio to Rutherford)
the enhancementin “Li + ‘2C is found to be about 1.4. Both angulardistributions are, as
anticipated,far-sidedominatedandmayexhibit anuclearrainbow effect.

The Airy minimumpredictedby Satchleret al. at 0 ~ 14°was,howevernot found.Theanalysis
performedby Kolata et al. also confirmed the needto include a weak, long-range,absorptive
potential, to accountfor the measuredreactioncrosssection.

Similar conclusionswere reachedby the GANIL group [Le 92]. Theseauthorsmeasuredthe
angulardistributionsof 7Li and “Li elastic scatteringfrom 28Si at EIab = 29 MeV A. The “Li
crosssectionwasfoundto befar-sidedominatedandtheneedfor along-rangebreakupabsorptive
potentialwasclearlypointedout whenthe reactioncrosssectionwasextracted.

Note to section3.2.2. Recently,theproton elasticscatteringfrom the neutron-richnuclei, 9Li
and~ at EIab = 60 and62 MeV A undertheinversekinematicalconditionshasbeenreportedby
theRIKEN group [Mo 92].

In contrastto theheavy-ionexperimentof Kolataetal. [Ko 92], the protonscatteringwasfound
to be basically influenced by absorption.In fact, Moon et al. [Mo 92] reportedan appreciable
reductionof thep + “Li crosssectionascomparedto thatof p + 9Li. Our calculationabovedoes
not give such a reduction. The reasonis the importanceof the breakupchannel in the 1~~i
scattering,which we did not take into account.


