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On the Shoulders of Hipparchus
A Reappraisal of Ancient Greek Combinatorics

F. ACERBI

1. Introduction

To write about combinatorics in ancient Greek mathematics srite about an empty
subject. The surviving evidence is so scanty that even the possibility th&rébks took [any]
interest in these mattersias been denied by some historians raithematics. Tranchant
judgments of this sort reveal, if not arsory scrutiny othe extant sources, at leastiefective
acquaintance with thetrong selectivity of theprocess oftextual transmissionthe ancient
mathematical corpus has been exposed to — a fact that smude,about a sparinglattested
field of research, a cautious attitude rather thariori negativeassessmenfs(Should not the
onus probandbe required also when the existence in the past of a certain domain of research is
being denied?) | suspect that, behind sucttrangly negative historiographic position, two
different moives ®uld have conspiredthe prejudice of "ancienGreek mathematicians" as
geometrically-minded and the attemptrévalue certain aspects bn-westerrmathematics by
tendentiously maintaininghat such aspects could nbave been even conceived bythe
Greeks".Combinatorics is thédeal field in this respect, since many interestingtancesof
combinatorial calculations confeom other cltures? whereas combinatorial examples in the
ancient Greek mathematical corpusave been considered, as weave seen, worse than
disappointing, and in angvent such as tpustify a very negative attitude. Th&tuation was
somewhat complicated (and the obscurity of the reference was taken as index of its unreliability)
by the fact that thenost relevant piece of evidence is the followiragtonishing passage in
PLUTARCH's De Stoicorum repugnantiis

GANG PV adTOs TAs Std Séka dELwpdTwy cupTiokds TAH0eL dnolv UTEpPAAeLY €kaToOV pupLddas
oUTe 87 auTol {nThoas émuelds oUTe BLa TOV €umelpov TAnBEs loToprioas. [...] Xploimmov 8¢
TdvTes éMéyxovolry ol dpbpeTikol, v kal “Immapxds éoTy dmodelkvimy TO SidmTwpd Tod

\oylopod Tappéyedes avTd yeyovds, elye TO pev kaTadbaTLKOV TOLEL CUUTETAEYIEVWY AELopdTwY

! BIGGS 1979, p. 114.

2 In this respect the position ofORE, who says that an attentive "depouillement des 'mathematici graeci
minores™ is needed (BME 1930, p. 104)appears more reasonable, even if higlytclearly displays a strong
skepticism about the ancients' achievements in the field.

% See e.g. BGS 1979 on this.



pupLddas 8éka Kal TPOS TaUTALS TPLoXiAla TeooapdkovTa €vvéa TO & dmodaTikov €évakooila

TEVTAKOVTA 8V0 TpOS TpLdkovTa Kal pLd puptdot. (L047C-E)

But now he [Chrysippus] says himself that the number of conjunctions produced by means of ten assertibles
exceeds a ition, though hehad neithernvestigated the matter carefully by himself nor sought out the
truth with the help of experts. [...] Chrysippus is refuted by all the arithmeticians, among tpparcHus

himself who proves that his error in calculation is enormous if in fact affirmation gives 103049 conjoined
assertibles and negation 310952.

Past attempts at explaining these numbers (which | silahenceforth HPPARCHUS first and
second numberhavebeen completely unsuccessfuind historians of snce and of logic
have generally been bound to a sceptical attitude about the SuRpeently, thexumbershave

been finally (and fortuitously) identified by experts of enumerative combinatorics: 103049 is the
tenthSchréder number, 310952 is only very slightly different from half the sum of the tenth and
the eleventh suchumber’ The effects othis observatiorare disruptive: it is absolutely plain

that the wholassue of anent Greek combinatoricewustbe reconsidered from aentirely
different perspective, taking also into account that, as we shall comparativelyefined
technigues are required to compute #imve numbers.The fact is that the problem of
identifying HPPARCHUS numbers on the sole basis of the Plutarchean passagsimplytoo
difficult to be given a solution which were more than fortuitous, consideringhessidespread
belief that, if combinatorics in "Greek mathematics" had existed, it couldawegone beyond
utterly trivial results. But this was not the case, and we are forced to conclude that the whgaries
textual traditionhave (almost) annihilated the field. The historian of iantthought is now
compelled to face two distinct problems:

(i) To explain the numbers in terms of Stoic logic.

(i) To reconstruct the calculations performed bp#ARCHUS moreover, tdry to outline the
composition of the combinatoriaimusin which such calculationsiusthavegrown out,
possibly relating it to some extra-mathematical field of research.

My interest here is to reconstruct the wapg#ARCHUS numbers were arrived, tryingen
passantto convince thereader thattime has ome for a reappraisal of ancienGreek

4 PLUTARCH 1976, p. 527. The translation is slightipworked, insofar as the logical terms agadered in
accordance with 8BZIEN 1999 (elswhere, unless otherwise specified, all transfetiare mine). The astdard
references on Stoic logic areAVES 1953 and FRREDE 1974. A verygood recent survey is@BZIEN 1999, and
see also BBZIEN 1996. The extant #igmentsand testinonies on Stoic dialectic are conveniently collected in
HULSER 1987-1988, which hasuperseded the corganding potions of VON ARNIM's Stoicorum Veterum
Fragmenta

°> BIERMANN-MAU 1958.

® See e.g. BATH 1921, vol. 2, p. 256; KUGEBAUER 1975, p. 338; KEALE-KNEALE 1971, p. 162; BGS
1979, pp. 113-114; ®ME 1930, p. 101; DOMER 1978, pp. 223-224.

" STANLEY 1997, HABSIEGERet al 1998.



combinatorics. | shall provide onlyrasuméof thestriking (to modern eyes) integiation of
the numbers in terms of Stoilogic, leaving a widerdiscussion ofthe logico-philosophical
background for a separate study.

The present work is organized as follows. The ratiohagond the identification of
103049 as the tenth Schroder number is briefly summarized in Sect. 2. Sect. 3 presents a short
discussion ofthe Plutarchean passage, Ussing onthe technical lexicon employednd an
outline of the interpretation in terms of Stoic logic. Sect. 4 containdiseussion of
combinatorial results in ancient Greek soureet) additionalevidence wittrespect to the one
usuallyadduced, the data being organized in sualayas to follow HPPARCHUS probable
calculations. Sect. 5 offers some provisional conclusions.

2. Hipparchus, Schroder, and Stanley

Schréder numbernaerefirst introduced in SHRODER 1870 in order tsolve aseries of
"bracketing problems"Suppose a string af letters to be given: it isequested to find all
possibleways to put the letters betweénackets. The bracketing of a sinddtter is always
omitted, as well as overabirackets enclosing thehole string of leters and brackets. A
bracketing of a string of ten letters looks as follows:

(XX XXX (XX).
If s(n) denotes the number of possible bracketings of a strindetters, then we ha¥e
1), 52),...,911),... =1, 1, 3, 11, 45, 197, 903, 4279, 20793, 103049, 518859,....

HIPPARCHUS first number oincidesthuswith thetenth Saréder numbes(10). This striking
observation has been published e first time in STANLEY 1997 (the discovery is due to D.
HOUGH). The Schréder numbers are of course the common solution of a semashbifatorial
problems. For instancs(n) counts in how many ways non-intersecting diagonals cairdven

inside a convex polygon wittit1 vertices, or how many trees there are with one single root and

n endpoints (with the condition that no vertex has one single further branch). The representation
of the process of bracketing as a pltiee takes into account the varidesgels ofparentheses

in a natural way, clearly showing the recursive character of the opefatioimstance, the plane

tree which corresponds to the above bracketing is

85(1) is in the list just as a matter of convention, very much in the sayeas 0! is given a sensed set
equal to 1.



An identification of HPPARCHUS second number hdseen proposed, too. Shorthjter
STANLEY's paper, MBSIEGER KAZARIAN, and LANDO pointed out thatg(10) + s(11))/2 =
310954, angroposedhe following explanation: ansiderthe "number of bracketings on the
string NO x; Xo ... X10, With thefollowing convention: take the negation efi the simple
propositions included inthe first brackets that includeNO. Since the bracketings
[NO[P4]...[Pd]] and [NO[[P4]...[Pd]]] give the same resultnost ofthe negative @mpound
propositions will be obtained in two different ways; the only case which is obtained in an unique
way is whenone only takeshe negation ofx;".° They also briefly ommented on the
discrepancybetween theiresult and the sead number reported bfPlutarch, suggéisg a
"misprint”, a mistake in the calculation, or some reason connected with Stoic logic.

3. Stoic logic and Hipparchus' numbers

3.1. Lexical features

The above Plutarchean page isrepeatedalmostverbatim inQuaestiones Convivialedglll 9,
732, the main differencéetween the tweexts being that the manuscript tradition of ker
reports 101049 as first numbegtXia instead ofrpioxiiia). The number hakeen restored to
103049 by WBERT on thesolebasis of thée Stoicorunrepugnantiispassagé’ Presumably,
HUBERT regarded the falling of the prefipLo during a transcription as molikely, in that its
undue insertion is a highly implausible mistdke a opyist: such a kind of mistake made
more likely by the fact that, in the main manuscripts of the Plutarchean treatises, the numbers are
not written with numerals. (But thdoes notentail thatduring the whole tradition theumbers
had never been written with numerals. It is plausible instead thappiesite atially occurred,
since a scribal error ihe most likely source ofthe discrepancy in the last didietween
HIPPARCHUS second number as attested and as reconstructeddsyeaERet al.)

® HABSIEGERet al 1998. The authors provide the termith unnecessaryugscript ndecesNO denotes the
negation,and is also thdirst term in the string oleventermsNO x; X2 ... X10. The Pj's denotestrings of

terms and (possibly) brackets.

% In the apparatus of the Teubner edition of @eaestionesConvivialesone finds"add. Hu. ex1047 d'

(PLUTARCH 1938, p. 296).



As we shall presentlgee, the relevarterms in the Plutarchean page conform very
precisely to the lexicon of Stoic logic; since itwell known that (following the anciemractice
of quoting from memory) IRITARCH often quotesinaccurately, this suggests that he is
actually consulting a source. It is convenient to stick to such an assumptiow#niveo accept
the received numbers as the correct onesthiose originally caldlated by HPPARCHUS (even
if, as we have seen, the last digit3ih0952 isvery likely wrong). The identification othe first
number aghe tenth Sleréder number stronglgupports such working hypothesis awell as
HUBERT's emendation, to the extent tli£11049 annot begiven areasonable combinatorial
explanation.

3.2. Stoic logic, Hipparchus' numbers

The Stoic "conjunction" dupmemheypévor d€lwpa, or, interchangeablygupmhokn)) is
definedas a non-simple assertible formed by means of theective"and": "A conjunction is

an assertiblevhich is conjoined by certaironjunctive connectives, like 'And it day and it is
light"*3. The truth values of a conjunction depend on the truth values of the conjimeisery
conjunction, if one [among the conjuncts] is false, even if the others are true, the wsdate ts

be false':* Referring to the conjunction, HERNISS observes that "[tlhese tatical Stoic
definitions should have been assumed by Hipparchus if his calculations were supposed to refute
Chrysippus (thouglthe latter mayhimself haveusedoupmiokr non-technically in the context
criticized)"!® The bracketed part of HERNISS suggestion shoulthore properly be applied to
the linguistic distinction BUTARCH himself introduces (that is to the problem whether he was
able to appreciate thgregnancy of the téaicalterms inhis source onot): whenreferring to
CHRYSIPPUShe speaks ofupmlokds, while HPPARCHUSIS said tohave calalated the total
number ofoupmemieypérvwr.t® At any rate, all that weare interested in are IBPARCHUS

12

Y Cfr. ZIEGLER 1951, especially cc. 915.15 ff. and 928.10 ff..

12 "Assertible" GElwpa) is a technical term: it is defined (see e.§X8BUS EMPIRICUS, Pyrr. Hyp. ii.104) as a
"self-complete sayable that can be stated as far as itself is concerned". Moreover, the assertiblesriges tbe ca
truth-values: "an assertible is that which is true or fals€O@ENESLAERTIUS, Vitae Phil.vii.65). It is crucial
for our interpretation to keep in mind that the formehisdefinition ofdélwpa, the latter its main property.

13 kal Apépa éoTt kal dds €oTt (DIOGENESLAERTIUS, Vitae Phil.vii.72). | have chosen to translate the
prefixedxat in such an unidiomatic and uncommon way ("both... [and]" would have been the standard choice) for
two reasons. First, the prefidkal is unidiomatic in Greek as Weas we shall see below, prefixingrpeles
was a peculiarity of "Stoic syntax" istrictly technical contexts. Second, usingpboth... and" entails
introducing a lexical differentiation between thiest conjunctive particleand the others in a conjunction, a
feature not shared by the Greek origirapression. (My choice of translation Hasen nduced by esme very
pertinent criticisms by BENK BOS).

1"In omni autem conjuncto si unum esendacium, eiimsi cetera vera sunt, totum essendacium dicitur"
(AULUS GELLIUS, Noctes Atticaexvi.8.11). Cfr. also BXTUS EMPIRICUS, Adv. Math.viii.125. Notice that
the one referring to the truth values is not dedinition of "conjunction”: the definition is purely syntactical.
Other Stoic connectives, e.g. disjunction or several forms of implication, are not even truth-functional.

* PLUTARCH 1976, p. 527 note.

8 ARISTOTLE employed both terms in the broader sense of "compound expressigobdidample of their use
is already provided by th€ategoriaeandDe interpretatione but see also &\ITz 1870, p. 718ub vocibus
(cfr. also Sect. 4.2.3 below). The restrictioncafimioxkry to a technical term for "conjunction” only was
regarded as aistinguishing feature of Stoic logic: "We say that those are followers of the Stoicshavieo
reserved the nameupmiokn to the utterance containing the conjunctive connective onlistodle, who came



calculations, so that aduing to him theuse ofthe main technical ternfor "conjunctive
assertible" is highly significant.
Two main features characterize the Stoic conjunction:

(i) Itis ann-place connective, as clearly results from e.g. the second negated conjunction in the
following Chrysippearstatement reported byLBTARCH: "[...] it is not the case that the
day is a body [and] it is not the case that and the first délyeafnonth[is] a body and the
tenth and the fifteenth and the thirtieth and the month and the summer and the autumn and
the year'®’

(i) As the preceding examples show, one of the connectives was prefixed to the first constituent
assertible: i.e., the standard form of a conjunction was "and... and... andal.". (kal...
kai..." —"et... et... et..." in Latin sources).

A similar rule heldfor disjunction. In an analogousay a negationdfrobaTikér) was
always formed byprefixingto a wholeassertible the particle 'nét.It is clear that thebove
rules were intended to avoid thambiguities which euld arise in the case of (incorrectly
formed) assertibles such as "the first dhe seond orthe third", or"not the first and the
second™’® The case of negation eted, noexplicit discussions othese prescriptions are
attested, but, in technicabmtexts andvheneverpoints are touched on imvhich ambiguities
could arise, theprescription is adhered twith remarkable consistency: assertibk® often
encountered where a negated conjunctioexessed in itsamnplete form:"It is not the case
that and it is day and it is nightdl kal Apépa €0t kal V€ €oTl)".2° Moreover, even if no
original Stoic work on logic has come to us, "formalist&sues such as forming unambiguous
expressiongire of thekind the Stoicswere criticizedfor in antiquity?* The works devoted to

before them, fobwed the custom of the ancientgho calledouvpmlokry the assemblage of several parts of
speech" (EXIPPUS In Arist. Cat, pp. 22.18 ff. (Bus9g PLUTARCH very likely intendedosvpmloky} in its
broader sense: iQuaestionesConviviales7338 both HRYSIPPUS claim and HPPARCHUS correction are
referred to in order to support the statement that, given all kinds of aliments and dribkslyhesimilates, and
given the various metabolic processes within the latter cdithe\oxkai of all these can sometimesoguce new
and unfamiliar diseases".

' De communibus notitiis adversus Stoicb884>. Translation from BPUTARCH 1976, p. 859, slightly
reworked. Cfr. also BLUS GELLIUS, Noctes Atticaevi.8.10.

8 o0k, oUxi,...; See e.g. BXTUS EMPIRICUS Adv. Math.viii.89.

¥ The Stoics used such a way of writing (non-simple) assertibles in tlesestation of a generic argument
called itsmode A modern transcription of the given examples couldeblelb [J¢ and ma b — wherea, b,

c are propositional variables —, which are notlfeemed as w#, unless further rules fanandling connectives
in a parentheses-free notation are spelled out.

% See e.g. BXTUS EMPIRICUS, Adv. Math.viii.226. There is a verymportant passage inLAXANDER (In
An. pr., pp. 401.16-405.16 (Ves)) attesting to the care with which the Stoics discussed the various
ambiguous & 116v) expressions arising from not placing the negation xg@fio thewhole sentence to be
negated. A paradox generated by playing with ambiguity in the scope of the negative @aytidke reported in
SEXTUS EMPIRICUS, Pyrr. Hyp.ii.241 (cfr. alsoPyrr. Hyp.ii.231).

% See for instance AENUS, Inst. Log.iv.6 (Kalbfleisch): "The followers of Chrygpus, fixing their attention
more to the manner of speedian to the things spoken about, use the term ‘conjunction’ for all propositions
compounded bymeans of the conjunctive connectivashether hey are coreuents ofone another or
incompatibles” (translation from ATES 1953) and cfr. UKASIEWICZ 1957, pp. 18-19; REDE 1974, pp.198-
201; BOBZIEN 1999, pp. 103-104. See als@LENUS, Inst. Log. iii.5 (Kalbfleisch) and ALEXANDER, In An.



such argumenta/erethusthe most suited to béeft out in theprocess otextual transmission,
whereas the argumertt'emselves were tHess suited to be resumedphilosophical debates
outside the ancient StoAmong CGHRYSIPPUS writings, as listed by @GENES LAERTIUS, we
find a treatise in twobooks "Onthe conjunction?? as well asseven treatisefin seventeen
books) dedicated to variofisrms of ambiguity €udLporia).?® On the othehand, as wéave
seen and shall see jubtlow, our sourcesattest to a careful effort tavoid il-formed
expressions, and the possibility that some technical treatises had contamped grescriptions
cannot be ruled outor what conernsus, the care in avoiding ambiguity in tbse of the
connectives means that both the lexicon by means of which the conneetreespressed, and
the relative position in non-simple assertibles of bdtie connectivesand the constituent
assertibles, were strictly fixed. In thigy, the logicalproperties of non-simple assertiblesre
determinable through a syntactical analysis.

Representing a sequence of assertibles as a strilgjters, a orrespondencdetween
bracketedstrings of étters and conjoined assertiblesmediately suggestsitself. On the
affirmative side, it is enough to conjoali the assertibles corresponding ttee letters contained
in each bracket, considering every nested bracket as a non-simple assertible to be euttjoined
the rest of the collection of assertibles/brackets lying at the sapiellet usstop and consider
such a prescription frorthe point ofview of first-order propositionalogic: the connective
"and" is associative (the fact of being two-maplaced isimmaterial exactlyfor this reason), so
that every conjunctidbracketing actually @lapses andjivesrise tothe sameproposition:the
logical product of the constituenfropositions. Ingeneral, the criterion by whictifferent
molecularpropositionsare distinguished is grounded aheir truth-table: sincell possible
conjunctions of the same terms have the same truth-table, irrespective of where the lmaekets
been put, thegre the same propositicii.The correct number inHRYSIPPUS statement would
then be 1. As we have seen, Stoic logic provides insteadxfay aut from such a collapsing: a
kal must beprefixedin a conjunction. Hence, "and and the first and and the second and the third
and the fourth” and "and the first and the second and and the thitHeafairth”, to which the
bracketed strings &(xX))x and xx(xx) unambiguously correspoid, count as different

pr., p. 283.28-30 (Wallies). Recall moreover that the Stoics introduced the notion of subsyllogistic argument in
order to classify those arguments not sharingetkaet Inguistic format of the corrpsnding syllogisms, but
equivalent to them. As an example, "If the first, the second. But the first. Therefore the second" (a mode of a first
indemonstrable) is a syllogism, whereas "The second follows from the first. But th&tiestfore the second”

is subsyllogistic $ee AEXANDER, In An. pr, p. 373.31-35 (Whes) and GALENUS, Inst. Log. xix.6
(Kalbfleisch)).

ZTlept Tod oupmemheypévou mpds TABvddny o’ B’ (DIOGENESLAERTIUS, Vitae Phil.vii.190).

8 DIOGENESLAERTIUS, Vitae Phil.vii.193.

2 Such a criterion underlies tmeodern result (originally proved byCERODER that the number of distinct

molecular propositions that can be formed frogiven elementary propositions is equalZI?)n (for a proof and

a discussion see e.gIUBERT-ACKERMANN, pp. 18-19).

% To be precise, the variowsshould have beerniffitrentiated, for instance using subscript indices, in the same

way as the several assertibles in the modes to which the bracketed strings correspond are represented by a suitable
numeral. But counting bracketings does not require at all that the assertibiéferbetidted, so | prefer not to

introduce unnecessary notational complications. See also the remarks in Sect. 4.3 below.



conjunctions,insofar as theyare syntactically distinguishalfi® It is easy to see thatimost
everybracketing givesise to one and only one conjoined assertible: there is in fact a residual
ambiguity left. Takefor instance thestrings &Xxx and &xXx: they would admit the same
expression: "and and the first and the second and the thirti@fairth”. Clearly, the problem

lies in the fact that the rule of prefixing the connective determines where tahepbracket, but

not where to lose it. Hence, whenever in bracketedstring anarrangement occs like this:
...X)XX..., the conjoined assertible corresponding to it ctialdebeen generated agell by the
slightly different string . xx)x...: the mapping from bracketed sequenceprtse statements as
above is surjective but not injective.

Could the Stoics have detected the problemRoes it undermine the interpretation just
sketched? Two answers can be envisaged. Firat, éiiPPARCHUS results could b&iewed as
an indirect evidence that at leasthiis milieu the ambiguity had been resolvédn fact, we are
told by R.UTARCH that "Chrysippus isefuted byall the arithmeticians”, i.e. byeople able to
recognize whether a problem is well-formulatednot. Hence,even supposing GRYSIPPUS
had employedrupmlokry in its broademeaning, a fact thatoald explainhis daim that the
conjunctions "exceed ailfion”, the "arithmeticians"had to stick to a sharplygetermined
meaning in order to set up their calculatiomsreover, without removing thembiguity pointed
out above no calculations couldvebeen carried out, andiFPARCHUS numbersattest to the
fact that at leadte (and very likely the arithmeticians together with him) did ueéthe broader
meaning andhttacked an ambiguity-freproblem. Whether sucimoves were acmmplished
either by the arithmeticians or byHRYsIPPUShimself or byhis followers weare not told nor
are we entitled to guess.

Alternatively, supposehe ambiguity had not beeafetected by the dialectician®r by the
arithmeticians. If we allow for the possibility that a sorsyibolictranslation had underlain the
real calculations (andhis could simply have onsisted in an abstractnathematical
representation; see also the discussion under point 4.3 below), it is enough that the rules of such
a translation had been establisHed a proper subset dhe less subtle ases, namely the
unambiguousones, even if the "translator” was completely unaware of the fact that the
prescription does not set up a one-to-one correspondemtliaristances. Once the flem is
represented in mathematical language, the computapooekdures can independently produce
a well-defined answer. The arithmeticians could hehaee unintentionally worked out a

% See also BBZIEN 1999, p. 105 on this point.

% Recall that GRYSIPPUSIived between280-276and 208-204 a.C.,whereas HWPPARCHUS astronomical
observations reported in tdmagestrange from147 to 127 a.C.and that the field of logievas extensively
developed by the Stoics well beyonHRYSIPPUStimes (cfr. e.g. BBZIEN 1999).

28 But strictadherence to the syntactipproach annot be reasonably aded to dialecticins much later than
CHRYSIPPUS even less to any arithmetician. The latter, or evEPARCHUShimself, couldhaveadopted the
pragmatic attitude of considering, tsfipulation and on thenalogy of the unambiguous cases, also the
seemingly — i.e. syntactically — ambiguous ones well defined (I owe this remark @B3IEBI). At any rate, to
remove theambiguity an encliticre could have been placed after each nested conjoined assertible as in the
following mixed Greek-English exampleai «ai the firstkal the seconde kai the thirdkat the fourth, which

is ungrammatical, insofar as redundant, but is unambiguous — it corresponds to the braofeting (



different problem with respect to the intended one — provided we sp@ak of “intended
problem” even ithe problem is noproperly posedMathematics is a language that requires
definiteness, and sometimésces it in problems that naturally arise as "unformalized” in
character, or, as inur @ase, "formalized" buunder another conception of “formalization".
Paradoxically, then, it makiave happened that neither ti®toics northe arithmeticians had
perceived the original ambiguity in the Stoic prescription for conjunction.

To complete the correspondence sketched above, notice that the character of the constituent
assertibles ideft undetermined, so that no permutation of themeuired. Moreover, the
conjunction being at least a binary connective, the bracketing of a single letter is forbidden, and it
is understood thaall the ©nstituent assertiblehave to be @njoined. Hence counting
conjunctions coincidesvith counting bracketings ostrings of letters,and the number of
conjoined assertibles produced by means ofat=ertibles equaishat is now called the tenth
Schréder number, i.e. 103049.

Concerning the negative case, the vaefinition of dmodaTtikév entails that the particle
"not" must be prefixed to the assertible it negates, and that precisely ttresféature making it
an amodaTikov, regardless othe affirmative or negativéor non-simple) karacter of the
original assertiblé? Supposing kPPARCHUS had calolated the number of negative
conjunctions via the same techniques he employed in the affirmative case, had hefaldhed
insertion of further negative particles inside the string of conjoined assertibles andthkenhe
into account all possible cases, a number which is greater than the receivedeverdigrders
of magnitude woulchavebeen producetf. HIPPARCHUS must hencehave bllowed the Stoic
prescription of prefixingone "not". The latter cannasimply encompasthe whole subsequent
series of conjoined assertiblése resulting number afegative onjunctions would of @urse
be equal to 103049. One must therefore allow for the "not" to act also upon an initial segment of
the string (in other words, the negatiarx( must beallowed tostepover some amonghe kat
particles the conjoined assertilidegins by). Thisvay anunambiguous rule isrpvided about
which (sub)set of conjoined assertibthe negation actuallizas scop@ver. Translating it into
the language of bracketings, we gmeen aprescription similar to that by ABSIEGER et al.
quotedabove: onsiderthe number of bracketings on te&ing —xx...x, with the following

2 The best testimony in this respect is IBXSUS EMPIRICUS, Adv. Math.viii.89-90, where we are told that

“[the Stoics] say in fact that 'contradictodrtikeipeva) [assertibles] are those which egd {ricovdlel) each

other by a negation’, e.g. 'it is day' — 'it is not the case thatdays; SEXTUS proposes then an objection — a
conjunction in which the negation encompasses thendeconjunct only, being hence not contradictory of the
original conjunction but nevertheless egding it by anegation —and eports the reply of the Stoics: "Yes —
they say — but they are contradictory with tladded ondition], that the negation is predid (rpoTeTdx0al) to

one or the other: for then it has scope owepuevet) the whole assertible”. The rule of prefixing the "not" is
thus strictly functional to theeguirement that th@egation transforms one assertible into its contradictory.
Thus, ifkaTadaTikér andamodaTikéy in the Plutarchean passage are to be taken in their technical meaning,
they are assertibles which are one the contradictory of the other: they are respectively an assedtifblemvit
with the prefix "not".

% Recall, moreover, that every Stoic descripition of logical entities built up from assertibles is formulated in a
way that is mdependent of theffamative or negative character of the stituent assertiblesée on this e.g.
BOBZIEN 1996, p. 137). To call a conjmd assertible anmodaTikér would hen have been justified only
whenever the negative particle had been intended to act upon a previously formed conjunction.



convention: take the negation of the conjoined assertilstesponding tdhe first bracketthat
immediately follows -, otherwise take the negation offitst assertible irthe string. Since the
bracketings—~(...) and (=(...)) give the same result, many of timegativeassertibles will be
obtained in two different ways, ttwnly oneswhich are obtained in amiqueway beingwhen
the sign - encompasses the whole string of letters and brackets.

It is not difficult to see thatvith the above conventioone getsthe same result as
HABSIEGER et al, i.e. that the number afegative onjunctions ofn assertibles iss(n) +
s(n+1))/2. In fact, the stringxx...x hasn+1 symbols, the relatesumber of bracketings being
thus s(n+1). As explainedabove,since the negatiomaps simple assertibles onto simple
assertibles, the same negative assertitteesponds in many cases tpair of bracketings, the
exception being constituted Iayl configurations ofthe form —(...), where the bracket ctains
all n symbolsx, possibly furthetbracketed. There are exactfn) such configurations: adding
them again to the whole collection of bracketings ot -, i.e. summings(n) to s(n+1), every
negative compound will correspond to one (and only paie)of bracketings, that is

s(n+1) +s(n) = twice the number of negative conjunctions
from which the above result follows at once. As an example, 1 list the strings relativestvéine

negative onjunctions of 3 assertible$he right column contains, in the case of assertibles
obtained in two different ways, the corresponding duplicates.

(=X)xx XXX
(=X)(xx) =X(XX)
((=x)x  (=x9x
(=(xx))x (XXX

(%)
=(X(x9)
~((xx)%)

As 5(11) = 518859, we are given thwsay 310954 aghe totalnumber ofnegative onjunctions

of tenassertibles and thisaves us with thdiscrepancywith the attested310952. As far as |
know, Stoic logic does not allofer the elimination of two caseand it seemsery difficult to
accommodatdor the seond number reported byLBTARCH without radically changing the
interpretation. The hypbesis of a miscaldation is not plausible either: thercectness of the
result fors(10) entails that everg(n) with n< 10 had tchavebeen correctly calculate@ee the
beginning of the next Sectidior the details). Moreovergven if HPPARCHUS had also to
computes(11), a discrepancy of two units only is suspect insofar as it ipwodyy the very
nature of the calculatiorisvolved, an error at aectain stage is amplified exponentially by the
subsequent steps.fdllows that a would-be mistake coutdve ocarred only duringhe very
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final, trivial steps inthe calculation of5(11), computations whose exactnessvésy easy to
check. The safest attitude is perhaps, as suggested by RevietdNascribe the discrepancy to
a mistake of a copyist, who read a numaréle. 4) as a shorthand fefo. After all, it is really
surprising that such abstruse numbédegrived ofany supporting caldation, have ome to us
affected by two scribal errors only (counting also the variant readiQgaestiones Conviviales
for the thousands in the first numbgr).

4. Hipparchus' calculations

My aim is now to ingire whatkind of calculations HWPPARCHUS performed. One of the
main reasons of interest tife wholeissuelies in the mdiematical telsniqgues he employed in
order to reach a result which is impossible to obtain by direct inspection of all possible cases. In
other words, the sheer possibility of the calculatipresupposegscquaintance witsome basic
(in a modern perspective) facts of combinatodahlysis. $SANLEY suggest$? in order to
compute the number of bracketings astang ofn letters, an algorithm which isufficiently
effectiveandwhich could be regarded in sonsense asnatural”, since it explicitly takes into
account the recursive character of the process. It can be expressed by the following formula:

*) s(n) = Zs(il)...s(ik), n=2,

i+ =n

where the sum is over all ordered partitiona ofto k > 2 positive addenda. In words, one starts
by fixing the first level of brackets, i.e. the more external one (here the representation in terms of
trees is useful). The building-blocks at tlesel are single letters or brackets. To oédte the
total number of possible bracketings&zen aspecific configuration of first-level brackets one
has totake theproduct ofthe numbers of possible bracketings associatéll eachbuilding-
block. The onlynon-trivial contributions to theproduct arisewhen thebuilding-block is a
bracketedstring made ofi (2 <i < n) letters and possibly furtheborackets, so that its
contribution amounts te(i). As an example, take thacketing of 10 letters in Sect.above.
There ardive first-level building-blocks: x(xXx), X, X, (x¥), (x¥), which can beassociatedvith

the following string of digits, each arresponding tdhe number ok's in therelative building-
block: 4, 1, 1, 2, 2. With this partition of 10 fixed, the corresponding contribution wuthe(*)

is s(4)s(1)s(1)s(2)s(2) = s(4) since s(1) = 1 = 5(2). Fixing the first level of brackets
corresponds to pking up one specific ordered partition fi.e. one specific addend in the
abovesum. Summingover all possible partitions (i.eall ways of fixing thefirst level of

31 For comparison's sakeee the wealth of variangadings in the extantrfd highly corrupt) Grek text of
ARCHIMEDES Dimensio circuli

32 STANLEY 1997, p. 349.
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brackets) we get theesult. One is thusnabled to determine theumberss(n) in succession
starting from the obvioux2) = 1.

These calculations (and the combinatostabrtcutswhich are neessary in order tonake
the problem workable)oild, | think, be agood approximation ofvhat HPPARCHUS actually
did. Around them | shall organizéhe following discussion of somelirect evidence of
combinatorial results in ancient Greco-Roman sources.

4.1. Recursive arguments and proofs

The recursive character of the procedure descrébede is so patent that ibud not have
escaped HPARCHUS A comprehensive survey of recursieethods inthe ancientGreek
mathematical corpugould fall outsidethe aim of the presersttudy. Yet, a selectedseries of
examples shouldsuffice, | hope, toshow thatwhat we would nowadays ail recursive
mathematical arguments were a matterafrseover the wholgange of the corpushough no
systematic "metamathematical” thinking concerning such a kind of arguments siaombe to

have ocarred (andvery likely did not occur). Inparticular, reognizing the widespreagse of
iterative proofs is a keglement of the present reconstructisimce such proofs constitute one

of the main mathematicabbols founding any sort of ombinatorial reasoning, especially
whenever general rules and results are to be found and subsequently to be expressealcin c
form. | arrange the examples by increasing degree of linguistic explicitness; the reader may note
the recurrent presence of standard words and phralies, will eventuallyfind a synthesis in

the verbal onstruct described unddtem g). The existence of a circumscribed and stable
linguistic wording for the iteration of a well-definguoof-step shows thdlhe entireprocess of
iteration was recognised as an autonomous, meaningful unit in a proof, ready to be transferred to
other mathematical fields.

a) Many instances of recsive reasoning in philosophical contexts can be adduced. It is
enough to recall, e.g., the Aristotelian definition of the continuum as "divisible into fusthéy (
divisibles"?® or the argument of RCHYTAS on the infinity of theCosmos(reach theboundary
and then stretch outlmand)?* or paradoxical arguments such as'tBerites". A form of the
latter reads as follows: "It cannot be that if two is few, three is nbkesgise, nor that if two or
three are few, four is not so; and so on updd (UTw péxpt) ten. But two is few, therefore so
also is ten® The allusion to the paradaxade in &XTUS EMPIRICUS, Pyrr. Hyp. iii.80
contains the adveux( to express the iteration.

b) Concerning the much debated problem of the existenceoofspby ©mplete induction
in the ancient mathematical corpus, | have argued elsewhere for the survival of opeostich
PLATO, Parmenidesl4q-c, and for itsbeing in relationwith the elaboration of soritical
arguments. It suffices to our purposes talidbat RATO's text displays a series of phrases,

¥ See e.gPhysicaZ 1, 231b15-16.
% SMPLICIUS, In Phys, p. 467.26 ff. (Diels).
% DIOGENESLAERTIUS Vitae Phil.vii.82. For a full discussion of the extant sources sERNES 1982.
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adverbs, and syntactical constructs which enable him to word in a very neigetie explicitly
iterative haracter of theproof2® Yet, such arimpressive apparatus is distributed among the
various steps of the proafhich lacks therefore a formulagxpressiorable to summarize the
entire process.

c) A problem very likelyinvolving recursive calculationgnd similar to that of finding the
partitions of a number into ordered addenda, is already hinted ahibg ih Leges737=-73&;,
when hesays that "[5040] auld not bedivided into more than 60 minus #ivisions, in
succession from 1 to 10The reference here is to the fact tha@d0 (= 2-325:7) admits as
factors all inegers from 1 to 10, anithat the totalnumber of its factors (the number itself
excepted) is equal to 59. As already observed bykBR®’ PLATO's curious wording of 59 as
"60 minus 1" seems to reflect a general computational prescription, according to the fact that the
total number of factors of a number of therm p2-qP-r¢-sd is (a+1)(b+1)(c+1)(d+1), from
which one unit must be subtractedtife number itself is not to be counted as a factor. The
calculations are well in the rangepséphoiarithmetic, when the prime factors arenaistthree,
via the device ofplane andsolid representations of numbé¥sThe general result could be
reached by applying sort of reasoning by raoence, observing that every compositenber
is also some (though not univocally determined) plane or solid number, repeating the remark for
the sides of the latter and so on, so that one has only to determine the number of fatdoes of
numbers (or, if ondikes, of solid numberswith three different prime fdors). As we shall see
repeatedly in what follows, the construct of plane and solid numbers, unfavourably Upaked
in a modern perspective insofar as not providingir@xocal dassification of numbers in terms
of their parts (factors)has the surprising virtue, not shared bythe modern approach to
factorization, of being very well suited to enter into iterative procedures.

d) From the perspective of the present work, the Archimedean notation for large numbers in
the Arenariusis very relevant even though slightly disappointing. Briefly putfitisé step is to
call "first numbers" those up the myriad of myriads, to take the latter as unit of"#ezond
numbers" and to start counting these second nunibeiseir myriad of myriads is reached.
One continues in thigay, the end beingrrived at with the myriad ahyriads ofthe myriad-
myriad-th numbersThe constructiorgoes further'Let us call in factnumbers ofthe first
period those jushamed,andlet thelast number of thdirst period be alled unit of thefirst
numbers othe seond period [...] and so okdqi det ovTws)" up to the end of the myriad-
miriad-th period. The final number among those named is exceedingly larger than the number of
grains of sand which could fill the entire univers&@GNIMEDESfinds for them an upper bound
of 1063). The relevanpoint in the Archimedean notation is thahole numbersare taken as

% An analysis of the Platonic text is irC&RBI 2000.
%" BECKER 1936, p. 553.
3 From this could came a first perception of what combinations with repetitions are.
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units ofthe successivievel®® andthat such grocedure can be repeated indefinitelyen if
ARCHIMEDESdoes not expressly state tffls.

€) More explicit inwording the recursive character of the method employed are examples
such as the rule for approximatitite square root of a numbejiven in HERON, Metrica 1.8.**
The first step inthe approximation is described detail on thegrounds of arexample: an
approximate square root of 720 is found bykipig first the nearessquare729, whoseside is
27. Divide then720 by 27, addhe result to 27 anbalve what isobtained: it gets 26 1/2/3,
whose square 820 1/36. The prescripticierminateghus: "If wewant that thedifference be
less than 1/36, iplace of729 we put 720 1/36 jusdbund, and doinghe samehings favta
mowmoavrtes) we shall find that the difference is by far less than 1/36". Thelipestructure of
the final expression, a subordinate participial clause followed by a principal clause in which the
fulfilment is declared of what is sought, is here employed to mark one single stejieneaticn,
even if it is of the standarsbrt weshall encounter unddétiem g) below, where the entirseries
of steps is encompassed by the same kind of constructeRaN$ treatises collect a congeries
of techniques summarizingvehole tradition,one is inclined tesuspect thathe originalsource
had contained more than tfiest step ofthe iteration, with expliciindication that arbitrarily
precise approximations of the square root could be obtained.

TheElementscontain several proofs in quasi-inductive format: as a paradigm insédkece
IX.8, "If any numbers are in continuous proportion framt, thethird from the unit andevery
other one will be square, the fourth and every third one cube [...]". If the numbers aié A, B,
E, Z, theproof directly shows firstthat B is sgare. Since then B, A are in ontinuous
proportion and B isquare, alsa is square by VII.22. "Byhe verysame argumentsii Ta
avTa on) also Z is square. We shaltove similarly ¢polws 8¢ Selfopev) that alsoevery
other one is squaré® The actual repeatability of the proof is here invoked (iteiy significant
that the general level is reached in two steps), a very standard move which is by ntypiesns
of iterative proofs: here the procediras not a decontained statusThe fact is confirmed by
the presence of the two canonical clauses (in Gabeke)marking the repetition of theroof:
they belong to second-order discourswlicating that reflectioron the precedingoroof is
necessary in order to express its ragargharacter: théerative step is not embodied in the
proof as a self-contained unit.

f) The quadratures of some (rectilineal and) non-rectilifigates (e.g. in booKIl of the
Elementsand in several Archimedean treatises) are based on the biggciople, an explicitly

%9 A similar idea is Pytagorean in origin: cfr. the namésvtepwSouvpérn, Tptwdovpévn... povds for 10,
100, etc. (the notion is expressly ascribed to the Pythagoreans agBiiCHUS, In Nichom. arithm. introd

pp. 88.21 ff., 103.16 ff. (Pistelli)).

40 But recall that the notation was fully discussed in an entire book (nowatiigssed to FUXIPPUS while in
the Arenariusonly what is strictly functional to RCHIMEDES calculations is reminded. In this respect, the
useless introduction of the sed period ofnumbers could be @wed as an indication towards the indefinite
repeatability of the process. Recall also theDALONIUS returned on the subject in a lost work wiknown
title (PAPPUS1876-78, pp. 18.23-24.20).

“1 HERON 1903, pp. 18.12-20.5.

42 EUCLIDES, vol. ll, p. 195.5-7.
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recursive procedure. As igell known, ARCHIMEDES pushedthe technique up to the very
refined iterative proofs iQuadratura parabola®0-24 and irDimensiocirculi 3 (cfr. also the
determination of the center of gravity of the segment of parab8&lamorum aequilibrial).

The proof inQuadratura parabolaen differs in a desive respectinsofar ashe surface
content of thginscribed) polygons can lexactly determined at each stéjem other, similar
demonstrations: in the latter all that one can say is that the diffdvetweeen the origindigure
and the approximating polygons can be made as small as one likes, and this is eteiubg to
proof byreductiowork. InQuadratura parabolaginstead, the reference Edementsx.1 (even
if not explicit) is supported by a direct control of fhiecess of successivelgking away more
than half of the residual figure: this case one igiven asegment of paraboldsom which a
suitable triangle is subtracted; two segments of paraveleft, from each ofwhich a triangle
constructed in the same way as the one in the precstiipgssubtracted, and son. The key
point lies in the fact that the Archimedean methodrnishes arexact estimate of therror
committed in taking a partidum ofthe sucession of inscribedriangles,and this ismade
possible bythe explicitly recursive character of the latter operation, wheherates a (readily
summable) geometrical series of ratio 1/4. Thapifuef endswith the canonicateductiois of
no real significance, for summing the complete series is meaningless wigdwng proved that
it converges, and this is done nowadays by an indirect argument of the@ame encunter
in the ancient approach.

In Dimensiocirculi 3, an estimate of the ratio between circumferemoe diameter is
provided by approximating the circle by means of inscribed and circumscribed regular
polygons.Starting fromthe hexagon, successive bisections lead t®@@gon. It is abolutely
clear that the procedure can be iteratedilat providing better and better approximations of the
sought for ratio (the text of tH@imensio circuliis too corrupt tallow usany conjecture about
whether RRCHIMEDES could haveexplicitly madethis point or not)Better approximations had
in fact been calculated byREHIMEDES himself and by ROLLONIUS*® but it is worthwhile to
remark the Archimedean care in matching the requirement of a good approxiwitititime one
of having it using the lowest possible denominators in the numerical iratadged inthe upper
and in the lower bound.

The common feature of thabove sketchegbroofs, and in general ddll quadratures,
consists in subtracting in sequence portions of the figure at issue uattibia condition is met
(typically that the residual figurbas become less than a preassigned oif®).process of
subtraction is recusge, since the samé&ind of construction (bisection of an arc, etc.) is
performed at each step on the very figure resulting tirmrprecedingtep.Now, thelast move
in the proof imotthe end of theiterative procedure, in which case the latterd not been truly
recursive, but the fulfilment of a condition external to it, a sort of parameter of control which, and
this is the important point, is natpriori fixed, but is functional to thdevelopment of theroof

43 Cfr. HERON Metrica 1.<26> (HERON 1903, p. 66.13-17and EJTOCIUS, In dim. circ. 3, p. 258.16-20
(Heiberg) respectively.
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by reductiq and hence can be set arbitrarily &aay from the first step ofthe iteration. Such a
parameter of control (which caaso be construed as a preassigned bounithetoprecision
required in an explicit calculation) does not underminalldhe length of theiteration, which is
then indefinitely extendable in iteery coneption. In a well-definedensethere are infinitely
many steps in the process, and the very interesting point lies in the fact tlastethis worded
in such a way as to constitute @ieglestep in a proof, as we shall see presently.

g) A peculiar, compadinguistic tool was in fact developed sdme omparatively early
stage in order texpressthe recursive procedure of successive bisectionswbich the
quadratures — ahe successiveubtractions in advbudaipeots (Elementsvil.l, 2; X.1-3) —
aregrounded.There are two basiorms of expressior; usually compounded of twdatises,
one subordinate tthe other.When the first clause is subordinate the second, the former
employsparticipial forms (as inthe interpolationlemma to HEODOSIUS Sphaerica I11.9:
"Cutting AE in two and the half of it in two andoing this continually det), we leave
(\ei{opev) a certain magnitude less than AZ;' or a genitive absolute constructiooneersely,
éws+verbal form is used ithe seond when thefirst is a principal clause (e.g. in XIL.5). The
presence of thedverbdel in the first clause isthe rule, with the notable exception of
ARCHIMEDES De sphaera et cylindrb11, whereEfjs appears. Forms of the vedimw in the
second clause are the standard format, the sole exceptions being represEtgatehisVil.31
and by the version obook Xl contained in theBologna manuscriptwhere A\apBdvw is
regularly employed.

In our perspective, it is interesting to remark the presence of theveaba¢format (in the
genitive absolute + principal clause form) the just mentionedElementsVIl.31, where no
bisection principle is assue. It is to bg@roved that "every compositeumber is measured by
some prime number". Butvery compositenumber A is by definition measured by some
number: if thelatter is prime,end of proof. If not, it ismeasured by some numbevhich
measures also the one originally set out. If the last nufobed isprime, end of proof; ifnot,
“[t]hen, such a procedure being done, some prime numitbdyewtaken,which will measure the
one beforetself, andwhich will measure also A’ In fact, if this is notthe case, "ifinitely
many numbers will measure A", which is impossible "in numbers". This example shows that the
verbalformat we araliscussingwas not intended as specifically associatgith the bisection
principle, but was conceived as the standard worftinghoseiterative procedures otvhich the
bisection principle had to becomenalely usedand hencearadigmaticinstance. (Remark, in
the above proof, also the explicit recognition that the outcome of ssiclgla proof-stepcould

4 1n Quadratura parabola@4 the analogous step is expressed by means of two principal clauses, correlated by
&n; otherwise the manner of wording is identical.

4 HEIBERG 1927, pp. 193.20-194.9.

46 EUCLIDES, vol. II, p. 138.14-15. hdopt the wording of the Theonimeanuscripts, whicladd the last two
clauses. Theeading is confirmed by the mediaeval Latianslations from Arabic: seeUBARD 1983, p.
217.509-510and BJSARD 1984, c. 182.17-20. Cfr. alsoEHBERGS perplexities about the textriged by the
manuscript? in EUCLIDES, vol. Il, p. 138in app
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be infinitely many objects.) Thus, aldbe linguistic side displays aemarkable degree of
standardization, a fact that confirtie full extent to which therocedure had been recognised

as an independent proof-technique: noticeably, and unlike the daseneintdX.8 above,there

is no second-order (the use of the first person in the verb "we leave" can obviously be dispensed
with) discourse in the proof.

4.2. Combinatorics

Forn= 10, the sum in formul&) has 511terms; ingeneral, thevumber of ordered partitions

of a positive integein is 2-1-1" The calculation is easy: "writei as a sequence of
conveniently spacegoséphaiyou can generate an ordered partitiomddfy inserting a mark in

some of the spaces betweenlképhai There ara+1 spacedetweemn pséphai and you can
decide for each of them whether to insert the mark or not. Hence you can partitiopséghoi

into 2-2-2-...-2rf-1 factors), i.e. 21, ways.You have to subtract &ince the case iwhich no

mark at all is inserted gives rise to no partitibhl terms are not an unreasonahteoant, but

the sum (*) can be further shortened if one realizes that several ordered partitions correspond to
one and the samanorderedpartition, that every suclordered partitiongives the same
contribution to the sum, and that a general and elementary combinatorial calculation provides for
the number of ordered partitions corresponding to a single unordered one. Itificwt to

write down all unordered partitions of an integer and the list can beffectively (i.e.

recursively) and quicklyn(= 10 has 41 different unordered partitions) computed startingrirom
= 28 Given an unordered partition= n; + ny +...+ ny, containing < k different addenda, the

number of ordered partitions corresponding to iklikq!ko!--'k!, wherek,, ..., ki are the
occurrences of the different adden@a thatk; + ky, +--- + k = K). | find it incrediblethat
HIPPARCHUS had performed his caltations without noticing thepossibility that several
different conjunctions actually gave the same contribution to the sum, and that they differed only
by a rearrangement of the first-levangunctions. Their common contribution to teem is
always aproduct ofs(i)'s with i < n, operation which is of aurse ommutative Elements
VII.16), and the caldation of thenumber ofequivalent first-levelordered conjunctions is a
problem of thekind amathematician cannot but fe@mself compelled to solve. The keucal
tool needed is not, of course, the formwigiten above ints symbolicform, butsimply a clear
understanding ohow to use multiplication andlivision in order to calalate thepossible
combinations (in @eneric,extendedsense) of objects out ofgiven set. This raises general
point: the fact is thabur symbolic representation of calculatiolends to obscurthe meaning
of the operation actually carried on, makinglase ©ntact with the complex coatenation of

47 By the way, #~1-1 is the sum of the first-2 terms of the geometric progression of ratio 2; shm is
calculated for a generic ratio ElementdX.35.

“8 An introduction to the problem of partitions can berfd in FARDY-WRIGHT 1979, chap. XIXThere is no
closed formula providing the number afiordered paitions p(n) for genericn; however, a generating function
can easily be written. The valuespgh) from n=2 ton=10 are 1, 2, 4, 6, 10, 14, 21, 29, 41.
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arguments thesymbols stand forThe meaning igransferred tahe symbolic representation
itself, a fact which should be forbidden by thexy definition of "symbolic representation”, and
this hasthe natural consequence of generating the beliefthaeverdoes not possesses the
symbolism cannot thereby be able to perform tbeesponding calculationsyhich should
obviously be too complicated or even incomprehensible to him.

4.2.1. Procedures iwhich multiplication is needednd in one case used, to compute
simple "combinations” of objects are attested in at least twerdrspurces(the Platonic
passage under point 4.1, itejrabove should be added to them).

a) In ARISTOTLES Politica special attention is devoted to arguments in which combinatorial
manipulations are decisive. At 4, 1290b25-3%he parts of astate are compared to the parts
necessarily an animal musave(mouth, ears, etc.Jevery part presentstself in many different
forms Guadopai). Hence,"the number resulting from their combinationu{evEews) will
necessarily produce many genera of anirffalsit is not possible fothe same animal tbhave
several forms of mouth, and similarly for ears), so that, whenever agbssible pairings
(ocwdvaopot) of these have been taken, they will produce species of animals, and the species of
animals will be precisely as many as the combination&e{)€c.s) of the neessary parts are".
ouvduaopés as technical term appears alsaifi5-16, 1300a31-1301at5where an extended
discussion is presented all possible systems ajovernment(but the text is here highly
corrupt) and judicialelements in a statddowever, noreference is made tany general
combinatorial prescription, the attested lists of cases being not exhaugstemetirely consistent
(further cases are introduced in the course of the argument).

b) BOETHIUS De hypotheticis syllogismi&omposed ca. 515 A.D.pitainsdetailedlists
of all types ofhypothetical syllogisms, differentiated on tgeounds ofthe character of the
constituent propositions (necessarmgntigent, affirmative, negative, eétcThemost interesting
passage fronthe combinatorial point ofiew is asimple calculation of combinationsith
repetitions.’ The problem is similar to the one we find inUPARCH: "If someone isnquiring
the number o&ll conditional propositions, he can find it fronategorical[propositions]; and
first one must inquire the [conditionalsjade up of two simple [...J* The answeruns thus:
there are five affirmative categorical propositions and five correlated negative propositions: ten in
all. An hypothetical proposition is made of two categoricapropositions: one hundred
combinations result. Considering alde propositions composed of onategoricaland one

49 swdvacuds is employed in theane meaning also, e.g., Rolitica 1294b2, 1317a3. It is clear that the
original meaning of "pairing" (i.e. with reference to oriyo objects coupledhad been akady lost in
ARISTOTLES times.

0 BOETHIUS De hypotheticis syllogismiviii,1-7 (BOETHIUS 1969, pp. 244.1-248.55). Since theeveint
variable for distinguishing the propositionsvolved is their characteand not thespecific term they contain,
real combinations with repetitions are at issue here.

51 "Sj quis igitur propositionum omnium conditionalium numergoaerat, ex cagoricis poterit invenire; ac
primum in conexis exluabus simpliddus hquirendus est [...]"[e hyp. syll.l,vii.7, see BETHIUS 1969, p.
244.69-71).
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hypothetical, or of two hypotheticaine obtains one thousand ard thousandespectively?
BOETHIUS also points out that, ithe case in which the middle term of the two hypothetical
propositions isthe same, thdéast number must be reduced to dteusand.The overall
argument is of course trivial, but the idea of taking all possible combinatiexpriesslystated,
and cannot beupported by any direct reckoning or bydiagram: an abstract and general
conception of whatambinations are is needed. MoreovegeBHIUS last remark is followed
by the confused statement that "if it is proposed this way: “if a is, b is, and, if lbeyagher c

is or is not”, two conditional propositions, i.e. fqueedicativesyesult. It results that inelation

to those thaire ®mposed of fouipredicatives, terthousands conjunctiorare produced'®?
Here it is not ear in whatsensethe terms in the sead and third propositiomre to be
considered awholly independentThis couldsuggest that BETHIUS is severelyabridging an
earlier source.

4.2.2.True calculations of combinations without repetitigims modern, telenical sense)
have been transmitted in two well-known teXts:

a) A thirteenth-century manuscript obELID's Data carries a scholiuntt, presenting the
odd feature of being unrelated to the main textwinich a diagram @responding tovhat is
nowadays termed "Pascal’s triangle" is written down as far=a40, supplemented by a series
of instructions for omputing combinations of terms taken two and three tea (called
dvadtkal ouvlvytalr andTplradikal ovluylar respectively; theesultsare arranged as the third
and fourthrow of the triangle. See tHgure, takenfrom HEIBERGS text — the emptgpot is
empty in the manuscript too).

52| report the most interesting portion of the text: "Sed cum prino@gsitio seandae popositioni quadam
consequentiaapuletur, ut una hypothetica fiat, omnes decéfimetivae ac negativae ppositiones omnibus
decem affirmativis negativisque qpositionibus applicabuntur. aljue omplexae centumomnes #iciunt
propositiones, haec quae onexae ex simplicibus camguntur. Seendum hoc vero modum potest
propositionum numerus inveniri etiam in his propositionibus quae ex categorica et hypothetica copulantur vel ex
guaeduabus onditionalibus fiunt. Nanguae ex cagorica et conditionali constant, vel e diverkagctribus
categoricis iunctae sunt. [...] Quo fit ut tertia propositio cduabus sperioribus, centum inter se modis
copulatis ajue @mplexis, iuncta gue @mmissa, mille omnes faciat complexiones. Cenhamqueduarum
propositionum modi, cum decem moditi@e propositionis complicati, mille perficiunt. [...¢uod si centum
superiorum propositionum egforicarum modi centum posteriorum eggiricarum modis complicentur, fient
decem milia complexiones" (BETHIUS, De hyp. sylll,viii.2-5, see BDETHIUS 1969, p. 244.12-246.40).

3 'si ita proponatur: “si est a, est b, et, si necesse est esse b, est vel non deste cpppositiones
conditionales, id esguatuor praedicativae fiuntQuo fit ut seandum easquae exquatuor praedicativis
conectuntur, decem milia faciunt complexiond3g yp. sylll,viii.49-51).

%4 Both the scholium and@ETHIUS remarks were brought to the attention of the scholars BIBERG, and are
translated and commented on i@NE 1930.

% EUCLIDES 1916, p. 290.
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Here is the text of the scholium, which is whortwhile to translate in its entirety: "Given any terms
whatevet® to find dyadic combinationsiadikas ovlvyias). We find them thisvay: we take
of the given 10 terms a numbe(@pLopov) a unit less and we multiply it biyie one near to it a
unit greater and wkake the half of theesulting quantity; and whavethis as finding of the
dyadic combinations of thgiven terms. Thetriadic [combinations] inthis way: we take the
number two units less thahe generic quantityt¢t mocod) among the termgiven at the
beginning and we multiply it by the quantityro¢ mooov) resulting from the dyadic
combinations of the generic quantity{ mooot) among the termgiven at thebeginning and
we take the third part of theesulting multiplication; and we have triadic combinations
(Tpradikas ovluylas). And similarly in sucession ot €Efis opolws)". A rule for
calculating triangular numbers follows, limited to some numerical examples.

The real potentialities of the scholium have been so far neglected.

(i) The scholium is late, but the fact that it reports the rules without any proofsuqpart the
assumption othe ancient agin of the rules. A superposition odeveralsources ishere
very likely: | conjecture that the accompanying diagram could have a late origin, whereas the
primary source othe text,subsequently epitomized several stages,oald date back to
very early times. It is clear that the writtémdications in the diagramtop atthe triadic
combinationsbecausethe same igdone inthe text (at least because of the gimg
denominations of the higher order combinations).

(i) The instructions are clearly intended to provide a compleseription of the procedure for
calculating combinations, as the final clause shows. Generality in the presaiptios up
at two levels. First, the final clause complet@gscribeshe genericstep ofthe procedure
exactly becausethe procedure is recursiverse is made of the combinations of the
preceding order, the-th part taken athe end orresponding tdhe n-adic combination
calculated at that stage. Second, it is of some interest to note the presence of tle derm
in the particular meaning dfvell defined, butotherwise indetermined, quantityjossibly
arising as a result of an operation on well defined, but otherwise indetermined, quantities, as
in the seond instanceabove). It is in fact to be intended tinis sense, i.e. akhe noun
corresponding to adjectives suchoa®coocotr andvariations on it (fr. alsothefirst line
of the scholium) we regularlfind e.g. inthe Elements | haveundertaken a survey of

* The text readémocaotv within a genitive absolute. Maybe a plural genitive should be required.

" The text makes here poor sense and is very likely corrupt (for instance, the object the taken number is a unit
less than is not spéied): a wording such as the one subsequeatdliypted in the case trfadic combinations

should be preferred. The numeral 10 is at all out of place, and | suspectdmamserted by a latepyist to

conform the text to the range covered by the triangBERG records a lacuna after "number".
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ancient (i.e. not later thaaMBLICHUS' treatises) sources in search of similaages of the
noun, with negative resufts.

(iii) A proof of the rules can easily be outlined fully justifying the wayltitter areexpressed?
First, dyadic combinations can be readily computieugh the device of triangular
numbers (recall the seand part of the scholium). Suppose next thathe dyadic
combinations of a certain amount of terms (eore the latter as a row @séphai are
given, and that the triadic ones are to be computed. Pick one dyadic combindiere &
triadic one, one more term is to be added. The new term camobencamong a number of
terms equal to the original omeinustwo, since two term$avealready beerused in the
dyadic combination that was fixetlence, each dyadic combination giwese to "total-
number-of-terms-minus-twdtiadic combinations. Multiplying by theumber of dyadic
combinations would lead to the resuliere it notfor the fact that the prescription is
redundant. In fact, the new term can be added to the chosen dyadic combin2itar(time
first summand comes frothe dyadic combinations at the beginning) different places — in
front, in the middle, and after the termenmgosingthe dyad —, butthe same triadic
combination actually results in each case. ft@ number of thdatter is hence arrived at
by dividing by three. And so@n. End of proof. Ishe abovedemonstration outside the
range of "ancient mathematics"? Compare theggges from RISTOTLES Analyticapriora
discussed below.

b) A rule for computing combinations of terms taken two &inae is provided in some
ancient commentaries toRASTOTLES Categoriae PORPHYRY's Isagoge(written ca.270 A.D.)
is an "exposition in few words" afhat thefive predicables, namelgenus speciesdifferentig
proprium, accidens are; in particularboth common featuresdivwriar) of and differences
(dtadopat) among them araliscussed. How many differences didRPHYRY have to
expound? He answethe question in an excursus: "It hagen said inwhat thegenus is
differing from the other four, but it happens that each [term] differs fr@other four, sdhat,
being five and each one differing from the [other] foufslitould] result fouttimesfive, twenty
differences in all. But this is not so, rather, [the terms] being reckevesg time in suaession,
and theloneswhich are rekonedas] second lacking ordifference (since ihasalready been
considered), the third two, the fourth three, the fifth fourlirien differences result, fouthree,

8 But cfr. HERON 1912, p. 388.23.

9 ROME proposes that the peculiar enunciation of the rule "np&ue-étre plus vite au résultat quealdditions
successives; et, dautre part, il est plus maniable pour un dBeede ndtre, qui amporte une longue
multiplication et surtout une divisioavec un diviseur élevé [...]" (RVE 1930, p. 99). But he misses the
recursive character of the proceduand is nisled by having eversed the relationship beten the texand the

triangle, making the content of the former a mere description of the numbers reported in the diagram, i.e. as a set
of rules for constructing a particul®ascal's triangle whose main propertghould be (to modern eyes) its

being generated by successaadditions (cfr. RME 1930, p. 99: "Il est cugux qu'on n'ait pas obsergée le

triangle arithmétique pouvait se former par de simples additions"). But in this way the connection between the
diagram and combinatorial issues should be proved anew! Such a way of reasoning is a beautiful instance of the
way anachronistic viewpoints creep into seemingly harmless arguments.
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two, one"®® He then provides the complete list of the thffierences at issuélhe argument
triggered BOETHIUS glossaein his @mmentary (written ca508 A.D.) to ®RPHYRYS
Isagoge®™ he first expands and explaimgth an example ®RPHYRYS (intentionally wrong)
statement that thdifferentiaewere twenty,and enunciates then the general rule thattdted
number of differentiae of n objects equalsn1)V2, providing a numerical example and
checking the rule in the case of four objects. He finally promises thatlig]exposition of the
predicaments, also the reason why this is the case will be explained”. In this treatise (written 510
A.D.) we only find an example (namely that there areliferentiaeof four terms¥?

As already observed by d®E>® the veryreasoning of BETHIUS suggests that the
differentiaeof n objects could easily be calculated as the triangular numisdef-1°* and it
is difficult to imagine that such esult had escapeslenthe first investigators orthe subject
(see below for a few clues iIlrRASTOTLES Analytica priorg.

4.2.3 Tothese texts othgrassages ofotnbinatorial interest could be addedich, albeit
oftenlessexplicit, arenonetheless interesting frotine point ofview of both terminology and
mathematics involved — and have been written in some cases well bipfles®EHUS times.

The first testimony is in ApPus Collectio VI1.11-12°° The author briefly reportthere on
the content of ROLLONIUS Tangenciesand setsdown one of its propositionsgiven in
position any three points, straightes, or circles, to draw a circklarough each othe given
points, if there be given any, and tangent to each of the given (straight or circular) lines. Because

% PORPHYRY, Isagoge p. 17.14-20 (Busse). | reportOBTHIUS faithful Latin translation: "Genus vero quo
aliis quattuor differat dictum est. Contingit autem etiamumquodque aliorum differre altii® quattuor, ut cum
quinque sint, unumquodque autem & ajuattuor differat, quater quinque viginti fianinnes dferentiae; sed
semper posterioribus enumeratis et secundis quidemifferrttia siperatis propterea quoniam issampta est,
tertiis vero duabus, quartis vero tribus, quintis vero quattuor, decem omnes fiunt differentiae, quattuligeres,
una" (BOETHIUS, Porphyrii Isagoge a Boethio translatp. 45.10-17 (Busse)).

1 BOETHIUS In Porphyrium Commentariorum libri Mcc. 14&-1501 (Migne). | report the relevant tex in
“[s]led hoc fiet si ad numeri referatur naturaramparationisque alternationemam si ad ipsasifterentiarum
naturas vigilans lector aspiciat, easdem saepe sumiffiaerdias nveniet. Quo enim genusffdrt a differentia,
eodem differentia idtat agenere; et quo differentidstiat a specieecodemspecies a itferentia disgegatur, et in
ceeteris eodem modo. In hac igitur differentiarum dispositione, quam supra dispaien saspiugnnumeravi.
At si differentiarum sirlitudines detahamus, decem fierdmnino dfferentise, quas ad preesentem tractatum
velut diversas atque dissimiles oportet assumEBHIUS explains why tenand not wenty, is the right result,
while in "ut tamen has secundum dissimilitudinem differentias non in quinario tantum numero, verum in caeteris
guoque notasabere pssimus, dabitur regulalts, quae plenam ifferentiarum dissiniitudinem in qualibet
numeri pluralitate reperiat. Propositarum enim numero rerumnsm dempseris, gue id quod dempto uno
relinquitur, in totam summam numeri multiplicaveris, dimidium efu®d ex miiplicatione factum est,
coaequaliter ei plufati quam popositarum rerum ifferentice contiebant” he gives the rule for calculating
combinations. RME's analysis (RME 1930, pp. 101-102) of the whoRoethian text is not siafying. He
wrongly interpreted the meaning differentiaas "des aangements oules ©ombinaisons",and miscostrued
BOETHIUS explanation of the rationaleehind thefirst statement of BRPHYRY, viewing it as a rule (by the
way, BOETHIUS givesno rule) for computing combinations of terms taken two at a time with repetitions.

82 BOETHIUS In Categorias Aristotelis libri 1Y cc. 27Z-273A (Migne). The Aristotelian passagenemented
on isCategoriaex, 12b5-16, where no combinatorial reasoning is present.

% ROME 1930, p. 103.

% ].e. as the sum of all numbers framl down to 1, a sum which can obviously beraged as thériangular
number of side+1.

% The relevance of the passage for the history of combinatorics had already been pointedONES(PAPPUS
1986, p. 388). The translations a@NES, with one slight modification.
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of the number of like and unlike givens in the hypothesis, necessarily there pregesitions
differing in part. In fact out of three unlike kinds, ten differanbrdered groups dhree result

(ék TpLOV ydp dvopolwy yevdv Tplades Siddopol dTakTol ylvovtar 1)".°° PAPPUS
mentions also another, simpler problem (it is not clear whether it was containedLunoNIUS

treatise or not) of the same kirflgiven any two pointsjines, or circles, to draj..]. Already

this contains six problems, since from three different entities one obtains six different unordered
pairs €k TOV TPLOV yap Sladopwr TwaOV duddes dTakToL Siddbopol ylvovTar TO

m\ffos 5)".°" A few remarks are in order.

(i) The very similar sentences | reported also in Greale paradigm instances of a
commentator's remarland hence in their attestéokm must be ascribed toAPPUS but
this does not entail that similar arguments were absent frofiratigencies

(i) In fact, the sentences themselves are oddly redundant, since the passages are followed by the
complete list of all possible triples (resp. pairs). It looks very much asPibBs is quoting
two cases of ageneral statemenexpressed in a thnical lexiconand presenting a
formulaic structure, where thgpots here occupied by bothplades/ovddes and the
numerals afteyivovtar were to bdilled with suitable, orresponding terms. | regard as a
further clue in this sende presence of thexpressionsivopolwr yevdv anddiddopot,
which are completely out of context heead which strongly suggest a connectiovith
investigations into thenathematicaktructures underlyinghe genus-species relationship
(i.e. thestudy of ategories: recall thelifferentiaein BOETHIUS passageabove). This
confirms the feeling that the field of logic was the idesllieu in which combinatorial
researches could grow up, 8@t | couldventure to conjecture thatAPPUS was actually
drawing on asource of this kindEven more interesting is the explicit reference to the
"unordered" baracter of the combinations:ptesupposes of course amaaintancewith
ordered combinations too, and reasons for distinguishing the two kinds (it is at all natural to
conjecture some underlying treatment here too).

(iii) It is easy and well within the range of anciemithmetical tebniques to compute thebove
numbers inthe general case: the number whorderedn-tuples of three termsvith
repetitions is 1f+2)(n+1)/2, ie. the triangular number gfde n+1. The possiblen-tuples
can in fact be arranged in a triangular array following aeakuring thagll of themhave
been taken into account (in other worttdis amounts to provide proof of the above
formula): starting from eachertex,where each of the thraetuples containing only one
kind of term isplaced, everyayer of n-tuples situated stepsawayfrom avertexhasnk
terms of the same kind #ise vertex,the side opposite tthe vertex atssue containing no
term of that kind, as follows:

% PAPPUS 1986, pp. 91.24-93.2.
5 PAPPUS 1986, pp. 93.28-95.3.
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aa aaa aaaa

ab ac aab aac aaab aaac
bb bc cc abb abc acc aabb aabc aacc
bbb bbc bcc ccc abbb abbc abcc accc

bbbb bbbc bbcc bcec cecec

(The above prescription is unambiguous arbaustive since a triangle is a simplex in the
plane. The unordered-tuples of fourterms with repetitions can be represented as
tetrahedral numbers, so that there at8J(n+2)(n+1)/6 of them.) The successive triangles
can be generated recursively: ommstructsthe n+1-th triangle by adding ana™ term to
the left of alln-tuples present ithe n-th triangle and therputting, with an"obvious"
formation rule, a further row at the bottom madef3d$'and ¢'s only.

A further passage irCollectio VII.16 is interesting. Referring to UELID's Porisms
PAPPUS claims that a certaimesult there containetiolds in greater generality’lt is not
recognised that it is true for every number put forward, if one states i thydf any number
of lines should intersect each other, not more than two through thepsamy@ndall points on
one line begiven,therest being in quantity a triangular numbtre side of thishaving each
point touching a line given in position, and no three being at the angles of a triaangaljagach
remaining point will touch a lingiven inposition"®® | haveunderscoredhe clauseelevant to
us: the problem with it is that, asv&ON already remarketf, the "rest" isalwaysin quantity a
triangular number, in that, givenmutually intersecting lines (no more than two of themssing
through any point ointersection, so that the number of intersections(iis-1)/2), if then—1
intersections lying on one line are fixed:-{)(n—2)/2 of themremain, i.e. the triangulartumber
of siden-2. | find it reasonable thanPPuswas actually drawing the more general statement(s)
abovefrom some source. He appears in fact to slightly misundergtendtatement he is
reporting!® to the extent oftransforming a side remark abotite number of residual
intersections into a further pgthesis inthe enunciation. He is directly providing an
"accidental” feature of the result, very likely connected with the manner of calculatiorthugm
inclined to onsiderthe above pesage as a beautifuddirect evidence of a welldefined
combinatorial statement, with related calculation, in ancient sources.

In general, the content gbme ofthe treatises APPUS is providing lemmador in book
VII of the Collectiois very well sited to give rise to @mbinatorial speculationg\part from
APOLLONIUS Tangenciesnd BJCLID's Porisms other works such as ti@utting off of aRatio
(and Cutting off of anArea and theDeterminate Sectiodisplay a subtle cases and subcases

® JONES translation. For the text seaiPPUS1986, p. 99.9-20.

% See RPPUS1986, p. 393.

0 A further indication in this sense is that the general form of the theorem is, ards,stalse. SeeAPPUS
1986, p. 393 on this.
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structure induced by thseveral reciprocapositions of points and/or linés.Take the latter
treatise; it dealsvith thefollowing general problemgivenfour points A, BI', A on a straight
line, to find a point E on the same straight line such that the rectagtgleenAE, BE and the
one betweehE, AE have a given raticome ofthe givenpointsare allowed to coincidesome
rectangles becoming hence squares, and one oftlablesegments is furthermomadlowed to
be replaced by a fixed oneAPPUS summarizes the content of the treatise and proves many
lemmasuseful to it’? it is clear that ROLLONIUS dealt with allpossible ases, as IBSON's
reconstruction nicelghows. The @ase structure is generated boththy reciprocaposition of
the givenpoints and bythe possible positions ofhe point Ewith respect tothem, a little
problem whose solution can be worked out by direct enumerationhieht, | strongly believe,
has raised combinatorial questions IPOALONIUS or others.

The second set of testimonies comes from some Aristotelian works.

Contrary towhat ®uld be expectediven the ommentariesliscussedibove,passages of
combinatorial interest are absent from @stegoriae

In Analytica priora A 25, 42b5-26 a long stretch of texteals with syllogisms
("deductions” in the translation below) with more than two premisseswirtbwhile toreport
the entire passage:

And when the conclusion is reached by means of prior deductions or sevenaligositmiddle terms (for
instance if premise AB is concluded dbgh terms Cand D), hen the number of terms willkkwise
exceed the premises by one (for the term inserted will be put either outside or in the middle; but in both
ways it results that the intervals are one fewer than the terms, and the premises are equal to the intervals).
However, the premisesilivnot always be everand the terms odd; rather, in alternatiavhen the
premises are even, the terms will be cgltjwhen the terms are even, the premisdk lve odd. (For a
single premise is added at the same time as a term, no matter from what side the ternaddeg, l3®
that since the premises were even and the terms odd, this will necessarily alternate whendbditiame
has been made.)

But the conclusions will never have the same arrangement either in relation to the terms or in relation
to the premises. For when one termaded, concluens will beaddedone £wer in number than the
terms which were already present: for only in relation to the last term does it fail to produce a conclusion,
while it producesone in relation to all the rest. For example, if Daddled to A, Band C, hen two
conclusions are alsadded immediately, the one in relation to @d also thene in relation to B (and
similarly in the other cases). It will also be the samay if the term is inserted into the middle (for it
will only fail to produce a deduction in relation twne term). Consequently, the conclusions will be
much greater in number than either the terms or the preffises.

1 See the analyses, containing also details on past reconstructioABPid$1986, pp. 510-569.
2 Collectio VI1.68-119.

S Translation from RISTOTLE 1989, pp. 40-41. Cfr. also the similar, although less precise, claim in
Analytica posterioraA 32, 88b3-5,where it is stated that the premissesmimot be muchefver han the
conclusions. RSSregards the claim as "a careless remarid agues that A. Pr. i. 25 must be later than the
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Scholars have seenhere the best evidence that RISTOTLE actually envisaged a
diagrammatic representation sfllogisms** to be sure, these of"interval® GLdotnpa) as a
synonymous of "premiss"” isell attested in théAnalyticaand must probably be ascribed to
cross-fertilizationwith other fields,®> but here it is supplemented by a series sphtial
determinations that make one suspect a diagrammatic counterpart is really understood.

Contrary tothe belief shared byall modern commentators, it is not smmediate to
compute the number of cdosions resulting from RISTOTLES remarks. Thetandard result
n(n-1)/2 reported in all modern commentaries is in my opiniorweatitsuited to the text of the
Analyticaand must be ascribed toritical acceptance of emark by WAITZ: "It is dear that
from threepropositions [...]Jthree conlusions result, from four six result, frofive ten: for
from propositions AB, BC, CD, DE, EF the conclusions AC, AD, AE, AF; BD, BE,dE; CF;
DF are collected. Thus, the number of dasons grows according to triangular numbers
(Trigonalzahlen) Let the number of propositions be m, the number of terms #a+1, the
number of conclusions will be(n—1)/2"/® WAITZz's calculation is performed supposing that the
new term is added on the right of the lest of the giversequence (in WTZ's instance, F is
placed after E of the sequence A, B, C, D, E). Bug is only a portion of RISTOTLES
reasoning: as he explicitly says, one must also take into account the cabehithe new term
is added in the middle, or before’ AThe latter case is actuakynough to provide foall new
conclusions (FBFC, FD, FE in theexample atissue). As it is easilgeen, than-1-th step
would contributethus with 2(m-1) conclusions tdhe total numberand thelatter would be
equal, if there are+1 terms, tan(n-1), i.e. to thedoubleof the triangular number afide n—1.
But this is true only when the series of premisses to wthiemew term iadded isone among
the possible series obtained by repeated applications — starting from a single (whioissn
turn can be either AB or BA) — of ARISTOTLESs patently recursive prescription. Takiitgo
account all possible series tigad, the finalesult is equal tall possible ordered arrangements
of n+1 objects (namely the terms) taken two &ire, i.e. ton(n+1). The same result can be
obtained in a recursive way, very much in the style RISAOTLES reasoning: thetep inwhich

present chaptervfz. An Post. i. 32] (RISTOTLE 1949, p. 603). In ®NDELL 1998, pp. 201-202 it is gued
instead in favour of the plausibility of ASTOTLES statement.

" See e.g. MINDELL 1998, p. 202 note 78. Cfr. the early remarksIMARSON 1936, pp. 165-169.

5 Otherloci in theAnalyticaare at 35a12,31, 38a4, 82b7, 84a35, 84b14. H&ERBON 1936 on the issue of

the borrowing of the term from proportion/musical theory.

S"Apparet autem ex tribus propositionibugjae sdtem constituant, fieri tres conclusiones, guattuor fieri

sex, ex quinque decem: colliguntur enim ex propositionibus AB, BC, CD, DE, EF conclusiones AC, AD, AE,
AF; BD, BE, BF; CE, CF; DF. Crescit igitur numerus conclusionumursgiom numeros triangulos
(Trigonalzahlen). Sit numerus ggositionum =n, numerus terminorum #A+1, erit numerus conclusionum
n(n=1)/2" (WAITZ 1844-46, vol. |, p. 441ad 42b25).

" ALEXANDER (In An. pr, p. 285.18-28 (Wallies)) suggests also the alternative interpretation RISTGYLE,

when speaking of inserting the new term externally, is actuallyrirefeto the seconénd third syllogstic
figures.

8 Actually, the series of conclusions obtained starting from AB or from BA coincide. The same result obtains if
three terms are taken as starting point.
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one @sses fromm-1 premisses ton premisses, i.e. thev1-th step,adds 2n conclusions
(resulting from combining the new temwith the m preceding ones, both dhe leftand on the
right of each of them)summing up tan premisses, i.e. to+1 terms,one getsn(n+1) again.
The summation-procedure just describgds well known since before RISTOTLES times:
starting fromthe dyad, the successiegen integerare added as gnomons, generating the so-
called heteromecimumbers: precisely those tfe form m(m+1) for some integem.”® The
only possible drawback in such an approach is that what is stated as a premessaat atage

is obtained as a conclusion at the satage,although theidentical premiss and conclusion
neverfigure in thesamesyllogism, a fact which wouldender the inference unsyllogistic (in
Peripateticsensef’ Maybe such complicationsere responsible forthe formulation of the
conclusion RISTOTLE draws fromhis argument, a conclusion which f&ses orthe single
step of adding onterm, without consideringthe possibility of calalating the totainumber of
conclusions obtained by successively adding terms up to a fixed number of them. &seny ¢
both the kind of reasoning required to prove whichever of the above results and the (conjectural)
associated diagrammatic representationvarg much likethose in BETHIUS second passage
above. In particular, it isteresting that complex syllogisms could béually constructed by
successive addition of terms, i.e. by a sort of recursive procedure, and that specific attention had
been paid to the problem (significant in this respect are the remarks abotdlévwance of the
place —outside or inthe middle — where the new term isdad). Investigations about the
structure of complex syllogisms were pursueddtgr logicians, as an interesting testimony by
ALEXANDER confirms us!

In De generatione et corruptiori2 3, 330a30-b1 the exposition of the ways the "elements
of bodies"(hot, cold, dry,and moist) combindegins thus: "Sinc¢éhe elements are four, the
combinationsdulevéLs) of four [terms] are six, and the nature of the contrat@ss notallow
for their pairing fuvdvdleabal) [...], it is clear that the ambinations of the elements will be
four". Just two remarks:

(i) The second sentence is stated in gerierals, as in RPPUS extractabove,and appears to
refer to a well-established mathematical fact.

 See e.g. NOMACHUS, Introductio aithmetica p. 108.8 (Hoche)and THEON SMYRNAEUS, Expositio
rerum mathematicarum ad legendum Platonditium, p. 26.21-22 (Hiller). KIORR convincingly agued for
the Pythagorean (late fifth century B.C.) origin of computation tegclesi based on figuredumbers, in
particularheteromecimumbers (WORR 1975, p. 142 ff.). The latter are named IAPO's Theaetetus14&-

B and in ARRISTOTLES Metaphysics986a26 (the context is arithmetic; difet. 1093b6); their generation by
means of gnomons added to the dyad is usually seen as being hintBdyas #03a11-15.

8 The very definition of syllogism inAn. pr. 24b19 expressly rules out such a patigib Cfr. also
ALEXANDER, In An. pr, pp. 18.12-19.3 (Wallies), where the author is referring to the fact that in Stoic logic
inferences of this sort are not unsyllogistic.

81n An. pr, pp. 283.3-284.18. Compare also a scholium KMMANIUS' In An. pr. (Wallies, ix-x) concerning
investigations about complex syllogismsrieal out by GLEN. The scholium is presentethd discused in
LUKASIEWICZ 1957, § 14.
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(ii) ARISTOTLES noun for "combination'o{evELs) hasthe sameaoot as that othe term we
find in the scholium to th®ata (culvyla), but at 332b3, where the sentenceeigeated,
ovlvyia is employed, so that the two terms are in fact synonyfitous.

Several other Aristotelian passages conneeiftthe abovelisplaythe latter wordwith a
clear combinatorial meanirfg. The most important of them, anary likely their common
ancestor, is the generdiscussion inTopicaB 7 of the ways the contraries combine. The
passage begins (112b27-28) by asserting that the.Jcontraries conjoino(umAékeTat) with
one another in six ways, but the conjoined onegr{Aekdpeva) give rise to contrariety ifour
ways"; then, after the six conjunctions have been enumerated, it is stated of somewathitiem
should beobject of choice andvhich of avoidance: the general conclusion thiat each
combination Kaf' ékdotnr ouvluyiar)" one is to be chosen and one todweided is finally
reached. It is interesting to see which kind of contrariRSPOTLE is actually considering, and
which kind of conjunction is introduced. There are two objdetsjs say friend<let us denote
the term with Fland enemie¢K) and twoverbs, to dogood (f) and to ddvarm (k). One can
form object-predicatepairs in four ways, and then conjoin pairwisell the resulting
combinations; theesults soundike "to do good to friends and to dwarm to enemies". The
latter is the conjunction RISTOTLE is referringto, being hence intented in the restricsmhse.
A diagrammatic representation of taBoveprocedure is nearly obvious: put tfaur pairs as
vertices of a square

Ff Fk
Kf Kk

and then draw all possible sides or diagonals. By empldimgame metonymy aPrPusin
CollectioVI1.16, one could observe that the result of six as the combinatidosrobbjects two
at a time can easily be aloted as a particular case of the general problerfinding the
triangular number of given side.

The lexical ongruences jusseerf® togetherwith the abovementioned onebetween
PAPPUS passage and those ad®PHYRY and BOETHIUS, supportthe contention that the main
technical terms were already fixed at earlstages of researchhe slight variation in the
Aristotelian wording is very likely tied to lexical fluctuations typical of initial stages.

82.SJ sub voceruCvyia) actually records the two terms as synonymous.

8 See alsdMeteorologicaA 1, 378b11De sensu et sensaito436al3De incessu animaliurii, 704b109.

8 Cfr. also EXTUS EMPIRICUS, Adv. Math.viii.175. Recall mogover thatouluyia and the related adjective
find their place in the mathematicahd atronomical lexicon in a variety of meanings. Cfr. the "agate"
diametersand sections in POLLONIUS Conica (e.g. definitiones primae 6 and pops. 1.60, 11.17), the
"conjugate terms" in MPSICLES Ascensione¢DE FALCO-KRAUSE 1966, pp. 35.40-46, 36.53, 39.147), the
standard ense of "pair”, "coupling" inAMBLICHUS, In Nichom. arithm. introd(see the index in ISTELLI'S
edition,sub vocg and of course the astronomical syzygies.
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4.3. Symbols — conjectures

The last point to betressed ighat HPPARCHUS could hardly have done without using a
diagrammatic of'symbolic" representation. Concernitige way ofrepresenting thatring of
assertibles, it is enough to think thie very oldtradition of figurednumbers stemming from
Pythagorearpséphoiarithmetic®® It could alsohavebeen useful to represetite ouplings
among theseveral representatives of thssertibles. A sort ofree dagramswere used in
antiquity in order to represent simple coupling relations among series of termaregh@aginly
attested in (and implicit isome passages dfeatises dealingvith musical theory, arithmetic
ratios theory, or Aristotelian syllogistic (which is not a surprise, dincse fields of research
werestrictly intertwined)’® The problem is that no text up to much later tharPWRCHUS
times makes any explicit reference to such representations, and many texts do not seem to
presuppose¢hem. Moreover, several aatences inlater commentators provide us with no
indications about whether the diagrams were present in the original teatedreen introduced
at a laterstage of the manuscript traditioDespite the frustrating evidence,one could be
reasonably confident that "the arithmeticians" haducedthe problem to aorm more
manageabléor them both byoperating byway of abstraction and by introducing a series of
combinatorial anddiagrammatic computing device$his is the more interesting since the
definiteness requirements in theope ofthe connectives can be construed, ashaee seen
above, asbeing correlated to (and maybe in part a consequerifethe use of a
"symbolic"/diagrammatic representation. "Symbolic" reasoning could irméetforced some
details of the translation of HRYSIPPUS claim into mathematical languagend remnants of
such a reasoning could be read behimel slightly strained interpretation of thentectives
expounded in Sect. 3.2: in particular, the idea of letting the negatioow&egome ofthe initial
kal can present itself as "natural” once a sort of "symbolic” representation is employed.

We could wonder whether we aatowed toskip the quotationmarks inthe above term
"symbolic", and regard HHPARCHUS strategyas reconstructe@bove as truly representative
of a symbolic approach. In fattis calalations entail anove ofabstraction unprecedented in
ancient Greek mathematics, siep further than those abstractions underlying e.g. the
representation of general magnitudes or of numbers bgdigments, or the geometric models
employed in mathematicalstronomy. HPPARCHUS practice of astronomical modellingust
nevertheless have played a role in his setting up what we walllehésomorphic modeobf the

% The primary reference, with analysis of the extantende, is BCKER 1936. A more recent discussion,
proposing several reconstructed theorems, iINOKR 1975, chap. V. The diagrams irlEFON SMYRNAEUS (Il
century of our erafxpositio rerum mathematicarum ad legendum Platonem ut{sem e.g. pp. 31-33, 39-40,
Hiller), represent the figured numbers as arrays of letters.

8 Cfr. e.g. HEON SMYRNAEUS, ibidem pp. 57, 58, 64, 68, 69, 87 (Hiller). Somequintance with
hierarchical structures is presupposed in the Porphgesda praedicamentaljsvhich codifies the Astotelian
doctrine of subordinations among the varigaseraand speciesgven if in RDRPHYRY's Isagogeno explicit
reference is made to diagnmatic structures. A diagram similar toose attested in HEON SMIYRNAEUS is
attached to BETHIUS passage quoted in point 4.2.2, iteyrabove.
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process of conjoining assertibles. The gisthaf model was itstrikingly syntactical character:
as its sole objects meeatia rationis— deprived of any extensional, i.e. geometrical, or linguistic
or numerical reference — remaineahd the operations on themIPHARCHUS combinatoric
calculations were in fact performed on the following "objects":

(@) representatives, very likely letters, of dliespaTa, the basic entities of the problem;

(b) operations orthe representativesnambiguously corresponding the operations on the
basic entities, i.e. some device, analogous to ourbrackets, identifying theseveral
conjunctions among thassertibles (the ambiguities time Stoicprescriptions pointed out
above were already resolved at this stage).

The presence of representatives of tgerations on the basic representatives is @lic
symbolsare best daracterized by their being anything that can kedacpon,and by the
deplacement of the focus of interéisim them to the operations on them. The latter acquire
such an "ontological” dignity as to be represented on the &atieg asthe basicsymbols. A
further step of "abstraction” is required to redlcd result: tomove to apurely arithmetical
environment, i.e. to manipulations ntimbers, forgettingsymbols. After all, a number was
sought for. The last step was routine, and has twitthothe essence oérithmetic as a science.
The step before it is of course the most important in our perspective.

To appreciate howar are HPPARCHUS representatives removdtbm the data of the
problem, considethe steps ofabstraction that are negsary as preliminaries the calculation
of the right numbers. First, the Stoics haextract the general conceptd@fiwpa, considering
it as an independent object of investigation.aRen fact thatfor the Stoicsthe déiwpara, as
particulanekTd, are incorporeagntities®” Second, thé&toicsthemselves invented the "modes"
as generic representatives of particular arguments. The assewitiieés the modes were
denoted by ordinals according to therder of apparition ithe argument. The sanmdinals
were used for assertibles appearing more than once in the same argument, dear ithat ¢he
choice of ordinals was dictated by requirements of univocal denotation, of ordemsevation,
of repeatability of the assertibles, and by the neeexpiressingthe arguments in natural
language. The stenographic character ofoiftnals inthe modes is lear from the so-called
"mode-arguments”, as e.lif Plato is alive, Plato breathes. But thérst. Therefore the
second'®® HIPPARCHUSWas thus provided by his very logical soureeéth afirst step towards
using asyntactical representation of trassertiblesinvolved in the problenf? Third, from
mathematics HWPARCHUSknew how touse letters to represegeometric entities or monads,
and he could have been inducedjiiee upthe Stoicordinals bythe simple observation that all
ten assertibles in @RYSIPPUS problem are allowed to be represented bthe same

8 DIOGENESLAERTIUS, Vitae Phil.vii.57. See alsoEXTUS EMPIRICUS, Adv. Math.x.218.

8 DIOGENESLAERTIUS, Vitae Phil.vii.77. Hence, the ordinals in the modes act both as schematic letters and
as mere abbreviations of particular assertibles (see the discussioBAER 1999, pp. 129-131).

8 Recall also that the Stoics put syntactical features at the very heart of their systematization of dialectics.
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representative repeated 10 timaesce problems of ordering and whivocal identification of

the assertiblesre irrelevanthere. To be sure, he codidvemadeuse ofnatural language, by
taking "the first", "the second"”, ... and the conjunction "and" as a sort of abstract representatives
of themselves, but a better choice was dictated byhdiere of the problem and bylaeng-
standing mathematicgiractice. Thequestion is:were the representatives intended as true
symbols? or better said, could they have been intended a8’such?

Clearly, the preserdiscussion isstrictly related to theone concerning the "algebraic”
character ofsome pieces of ammt mathematicse.g. the Old Babylonian orpus or
DIOPHANTUS Arithmetica It is useful to resume the terms of the debate, also becauserdf rec
renewed interest in the isstid.take as reference a number dfetia proposed by MHONEY,
and recently resumed and supplemented byRiP, in order to assedbe algebraic character
of Old Babylonianmathematics. MHONEY's criteria}® with HaYRUP's supplementfor atruly
algebraic approactlare as follows:

(i) the use of "a symbolism fdhe purpose ofabstracting the structure of a problé&mm its
non-essential content"; for instance, the symbolism must be unambiguous;
(i) the search for "the relationships (usually combinatory operations) that characterize or define
that structure or link it to other structures”;
(iii) being "totally abstract and free of any ontological commitments";
(iv) moreover, the approach should be analytical{RUPs supplement}

The abovaliscussion shoultaveshown hatany syntactical representationP#ARCHUS had
adopted refining Stoic ordinals completely fulfils requirements (i) @)gd for instance, the
representation was clearly free of ambiguitisd the representativagere removed several
steps ofabstractiorawayfrom the "objets" theywere inended to represent. Asr (iv), it is
apparent that the iddsehind formula(*) is purely analytical, namely toepresent the solution,
considered as alreadjone, as a combination of previous, factually well-defisegps. An
analytical approach is made easier by the recursive character of the problem, and bythitae fact
the recursive chaigoing back froms(i), with n > 2 fixed, tos(2) is finite. HPPARCHUS own
conceptualization of what (*) expresses in modern symbolic form hawstoeen of this kind.
The related synthesis consists in performing the steps of calculating the sucg@ssigen, in
succession. Concernir(d), observe that thprocedure solves at least ockass of problems,
namelythose obtained by replacirtge 10assertibles in BRYSIPPUS claim with a generic
number of assertibles. Moreover, the combinatorial procedures underlying,haseseen, the

% This question is of course connected with the use of the so-called "argumentpdsgibility" in history of
science. Negative, and in my opinion definitive, assessments of arguments of this kindaardbhe HIYRUP
(forthcoming) and in BTZ (forthcoming).

%1 See HYRUP 2002, Ch. VII.

92 MAHONEY 1971, p. 372.

% HgYRUP 2002, p. 279.
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calculations are applicabte, and indeedwvere used tosolve, severaproblems coming from
disparate fields, in particular from dialectics.

The crucial point with (i), and thigrings us back to our il question, is the meaning of
the term "symbolism"”. NESSELMANN proposed in 1842 dlistinction between rhetorical,
syncopated, and symbolalgebra, aaarding to the nature of the abbreviations employed (if
any)’* Rethorical algebranas noabbreviations,syncopated algebrhas them, but they are
merely stenograms that can be (and actually must be fanpleteunderstanding) expanded in
natural language expressions. Symbolic algebra employs, as modern algebra does, abbreviations
enjoying a completely independent ontologisghtus andwhich are well-defined once the
operations to be performed on them are specified — i.e. it déhlsobjects such ashose
described undetems (a) andb) above. If we accept this, it is difficutiot to conclude that a
truly symbolic approach wageveloped by HPARCHUStO solve GIRYSIPPUS problem. But
we cannot suppose thatFRARCHUSwasaware of the extent dfis move if such arapproach
was circumscribed to theolution of one single "combinatorial” problem. It is necesdaay
such an habit of reasoning had been applied to solve other problems, and possibly transferred to
different fields of research (in case creating those fields).

HIPPARCHUS is recorded by thd-ihrist to have written a mysterious workOn the
Subivision oNumbers(could thistreatisehave dealt with partitions of integers?). The same
source ascribes tom "On theart of algebra known by thetitle of theRule$.%> Could these
works have contained the calculations leading tontivabers? could thelyave contmed more
general combinatorial prescriptions, or applications to other fidltiszbe. | suspect that a
general symbolic approach, conflatihgs high-level refinements of combinatorial techniques
with Mesopotamian "algebraic" procedures, could have been deployaddnRgHUSIn those
and possibly other treatises. The conceptions and the mathematical techniques neéu®e: to ac
the combinatorial calculations explained above seem to be more conducive to the elaboration of a
general symbolic perspective than tkend of quasi-algebraic proofs, characterised by
suggesting rules by means mfimerical examples, typical @ld Babylonian mathematics.

On the othehand, theproblems constitutinghe bulk of the Mesopotamian tradition are the
ideal field where aymbolic approach to mathematics ¢eml its applications. A crual point

% NESSELMANN 1842, p. 302quoted e.g. in KEIN 1968, p. 146, HATH 1921, vol. 2, pp. 455-456, and
H@YRUP 2002, p. 298.

% |BN AN-NADIM 1871-72 p. 269. Both treatises were commented at the end of the X centuBUhyWAFA'
AL-BUZJANI (see BN AN-NADIM 1871-72 p. 283 andBU'L-WAFA' 1971, p. 126). The text of tHéhrist is in

a bad status at that point, and it has been suggested that those treatises shoubdeoaBIPHANTUS who
follows HIPPARCHUSIN the catalogue (cfr. note 97 on pp. 54-55 WER 1892). In view of the astence of
the above commentarieand considering the gumentsdeveloped in the presepiper, it is in my opinion
unreasonable tdeny the Hboparchian authorship of the treatises. EBBNO 1998 it is suggested that some
Mesopotamian techgiles for solving problems algebraic in character could have beeduted in Greek
mathematics by WPARCHUS "algebraic" treises. HPPARCHUS borrowings from Babylonian astronomical
data are well known (see e. @ @OMER 1978)

% Reservations on the use of a true symbolism in Babylonian mathematis@ssed in @YRUP 2002, pp.
281, 298-299 (. also the very sharp — negative —sjiimn on the subject of Ol@abylonian "algebra" in
MAHONEY 1971).
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must have been, as waveseen,using symbols to represent alk® operations performed on
the basic objects of interest, allowing second-order concepts to creep into mathematical practice.
Combinatorics would henckave been only a facet of a generpioject, though an
important facetnsofar asproviding afounding habit of reasoning fothe whole project. That
facet was apparently not developed by latethematicians, antrary towhat happened to the
cognate field which took its canonized form iroBHANTUS Arithmetica®” The real conceptual
revolution underlying HPPARCHUS strategy, namely the truly symbolic character of his
representation, was lost in the subsequent developneaislg asonly residues EDPHANTUS
stenogram&® It must be stressed that this is a far cry from asserting tir®aRCHUS had
developed dorm of symbolicalgebra, that left ntraces other than shadows of @njectured
existence.What | think can be reasonably maintained is thaith the general strategy
underlying HPPARCHUS calculations, theggerms of anew approachwere allthere but that,
maybe, he was placed too high, sitting on the shoulders of himself: he wadytteneallowed
to catch dim glimpses of the new continent.

5. Conclusions

| am inclined to regard agery likely that HPPARCHUS calculationshave notbeen merely
an episodical performance of a great mathematician. Jihggestnstead the existence in his
times of a reasonably large supply of combinatorial techniques. To be sure, | am not maintaining
that specific written expositions had existed devoted to the latter; rather, such techniques are very
likely to havebeen included in the general kgmound amathematiciarhad to mastemith
complete ease. The evidence presented above supports at least the plausibiligssiirtigion
that HPPARCHUS had graspedhe recursive character of the calculations, and that he was
absolutely confidentvith the "conept" of calculating combinations of objeasd with the
related computing techniques (possibly employing plane and solid numbers as working tools in
thefirst steps and subsequently lettitig machine of recursivergofs turn, as wehave seen
above).Assuming such a backgroutite numbers reported byLBTARCH are not difficult to
calculate, even ithe case in which no combinatorsdiortcut is set up in order to reduce the
number of terms in the summati¢t) from 511 to 41 (but | am stronglyorvinced that
combinatorial factors have actually bagsed). | calalated withpaper and pencd(2), 5(3), ...
up tos(11), using ombinatorial factors tpass from unorderephartitions to ordered ones, but
otherwise doing computations the dullestpossibleway: it took half an afternoon, checking

% General principles underlying the process of selection in the transmission of ancient mathematical practices are
proposed in [KTZ (forthcoming).

% But recall that the Arabic text of th&rithmeticacontains no abbreviations (it is rhetoricaledra), even if

this is usually taken to be a translator's choice, and that it is at all unclear the extent of the use of abbreviations
in the original redaction of thérithmetica It is interesting to observe thatLEIN, on the basis of
NEUGEBAUERs findings on Old Babylonian mathematics,eafty conjectured that[tlhe Arithmetic of
Diophantus may [...] itself refer back to a praad nonGreek, perhaps even aylsbolic", technjue of
counting” (KLEIN 1968, p. 147).
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included.Evenwithout using @mbinatorial factors, | estimate the calculations ctialdebeen
worked out in a few days. Of course, the real problem lies in the time needed to undenstand
one has to do, but my contention is precisely thelkRCHUSknew it, since combinatorics had
been developed to some extent before him, and thaeah@ointhad been to formulate vaell-
defined problem out of @RYSIPPUS claim.

A very interesting picture ishus energing of the interactions between dialecticians and
mathematiciansgxponents of fields of research considevadely separated and substantially
uncommunicating. Such a picture is confirmed lhyTARCH's words:"Chrysippus isrefuted
by all the arithmeticiansamong them Hipparchus himselho proves thathis error in
calculation isenormous [...]". My interpretation dhe sentence is that different arithmeticians
had given the problem different solutions, in any case grounded on some combinatorial analysis,
presumably tied to thseveralinterpretations/extensionsHRYSIPPUS words can be provided
with. Such a quick and plenary ansveeiggests @rotracted interaction between arithmeticians
and dialecticians about the subjectsatue?® In fact, although nomathematically enlightening,
the Aristotelian texts presented above attest to the fact that combinaasahingvas a matter
of course in his times, and suggdsttthefirst steps inthe field of combinatorics, stemming
from problems which naturally arise in a logicahtext, can be traced backHhts times. After
this, the Stoicswith their general conception of logiend, most notably, theirattention to
syntactical problems and to ambiguities of expressiomeated the ideahumus where
combinatorics could spontaneously grayw. Moreover, | conjecture that distinguished
mathematician @uld havebeen interested in the subject, thergjying it a powerfulimpulse.
We have ermuntered the name of POLLONIUS at several placeand seen hoveome of his
minor works atually attest to theirauthor as being interested in researcheswinch
combinatorial manipulationsave a relevarpart. | could add to theboveitems the treatise on
Unordered Irrationals in which problems of classificatiorwere very likely atissue!®
HiPPARCHUScould then have constituted a pointsyhthesis of twandependent mainstreams
interested in combinatorial results, the geometistdé stemming from POLLONIUS refined
researches antthe dialectical sidegoing back to RISTOTLES logicalworks but reeiving a
decisivespur fromthe Stoics.After that, rainhas begunthe selection in theourse oftextual
tradition has been so strong as to convince some of us that "the Greeks took no interest in these
matters".

% Contrathis picture, Reviel ETZ suggested me that the expression "all the arithmeticians" bauilbeen a
rethorical expedient by LIBTARCH in order to denote "the science ofittametics”. Such a view could be
supported by the fact that the reference to "all the arithmeticians” is absent in the versionpabstge
contained inQuaestiones Conviviales

10 See e.g. UNGETHOMSON 1930, p. 119. Investigations of a combinatorial kindaaheocated by WRAC
(EUCLIDE 1998, see especially pp. 51-68d 64-67 ) asinderlying the classificatory effort ihook X of the
Elements
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