Chapter 15 Special Functions

15-1 Gamma & Beta Functions

Gamma function: I'(x)= J:O e dt

Theorem T'(x+1)=xT'(x), [’ (x)= j:’ In(t)-t*" e dt
(Proof) T'(x+1)= j:t‘e‘tdt =— j:t"de-f

= ® X _ ® x-1_—t _
t:0+Le dt —x'[ot e 'dt = xI'(x)

=—t'e”’

Theorem I'(n)=(n-1)!, I'(1)=0!=1

- tx—l
Theorem I'(x)I'(1-x)=— A t
sin(mx) 0 1+¢

Theorem r[zj Jr, )= j e Intdt =y=-0.5772156...
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Proof) I'l—[1-——|=|T|— = =n=>I0(=) =+
(Prooh @( 2j Hzﬂ m Tl
sin| —
2
Stirling’s formula: I'(n+1)=n!= v 2mn"e™

F'Orw)

Beta function: f(x.y)= I; (-1 dt = T )
x+y

Eg. Evaluate jol

SRS EID
=y
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Sol.) Let =z, di=47° dz — t4 1-1)2 di==pf —,—
(Sol.) Let +=z* z _[ J j -(1-1) 4ﬁ(42
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Theorem f(m,n)= 2_[ n”"" () cos> " (6)d6

Theorem f(x.y)=p(y.x)



15-2 Bessel Functions

Bessel differential equation of order v: x’y”+xy’+(x’-v*)y=0, its general solution is
y=cJy(x)tdY(x).

Bessel differential equation of order v with parameter 1: x’y”+xy’+(A’x*-v?)y=0, its
solution is y(x)=cJ\(/x)+dY,(ix).

kX \v+2k
- D7)
Bessel function of the first kind: J,(x)= Z—
ok T(v+k+1)

Note: J.,(x)=(-1)"Ju(x), Ju(x) and J,(x) are linearly dependent, But Jy(x) and J_y(x)
are linearly independent for ve N.

Orthogonality of J,(x):

1f Au and J,(2)=Ju(u)=0, then [ xJ (Ax)J. (zex)dx = 0
0

Else if 2#u but Ju(1)#0£Ja(x), then

1 _ WL, ()= AT ()T ()
[}, (20, (o) = pep

2
Else if 2=u, Ju(A)#0, then [ xJ *(Ax)dx 1 TP+ 1= 2
o " 2 n /12 n

Bessel function of the second kind:
J,(x)cos(vmr)—J_, (x)

Vv is not an integer

sin(vr
Yi)= (vrr)
. J, (x)cos(vr)—J_, (x) ) .
lim - » v is an integer n.
von sin(vrr)
Jn(x) Ya(x)

" Jo

a5

-1

=2

H,"(x)=J,(x)+iY,(x): the st kind
H,”(x)=J,(x)—iY,(x) : the 2nd kind
Note: H,""(x) and H,®(x) are linearly independent.

Hankel functions: {



J J
Jinc function: jinc(x)zﬂ and jinc ’(x)z-ﬂ
X X

jnelx)
0. .5_-:*.‘|I

04 |

Properties of Bessel functions:

1 B0 = (B, ()= B, (]

2. [x"B,(x)] =—x"B, , (x)

3. [x7B,(x)] =—x"B,,(x)

4 B0 =B, B, ()

5. xB(x)=—-VvB,(x)+xB, (x)=VvB,(x)—xB,,,(x)

6. T4 = I, ()

m=—o0

7. Generating function g(x,?) for J,(x): g(x,f)=exp B(r —%ﬂ = iJ L(0t"
-1
g(x,0) = g(x,TJ =J_,(x)=(=D"J,(x)

8. cos(xsinf) =J,(x)+ Zi J,, (x)-cos(2m@)

m=1

sin(xsin @) = Zi gy, (x)-sin((2m —1)0)

m=1

1=J,(x)+ 2i J,, (x)=J, (x)+ 2i J 2 (x)

cos(xcos®) =J,(x)+ Zi =D"J,,(x)cos(2n0)

n=1

sin(xcos @) = 2i (-=D""J,,  (x)cos((2n—1)8)

n=1
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9. J, (x)= 1 | " cos(2n0) - cos(xsin 0)dO = (G j " cos(2n6) - cos(x cos 0)d O
0 /A

Jyy o (X) = % jo” sin((2n +1)6) - sin(x sin 6)d 6 = (_% jo” cos((2n +1)0) - sin(x cos 0)d O

Spherical Bessel functions:

sin x "% li [ sinx
nr ‘(x) =D’ \/7 (xdxj( x j’ J%fn(x) T (dej( x j

Y@= @Y 0=

n
2 2 2 2

2 . 2
J,(x)=,—sinx, J  (x)=,[—cosx
5 7IX - X

Modified Bessel functions:
I,(x)=(i)"J,(ix): the Ist kind

K, (x)= 2—()[[ ,(x)—=1,(x)]: the 2nd kind, where v is non-integer
sin
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15-3 Legendre Differential Equations and Legendre Polynomials

Legendre equation: (1-x’)y”-2xp’+n(n+1)y=0, its general solution is
Y(x)=cPr(x)+dQn(x).
Legendre polynomial of degree » of the 1st kind:

D @n -2k
P“(x)_,; 2"kl(n = 20)!(n — k)!

_(@n-D@n-3)-1 {xn _nm=l) o n=D(r=2)(=3) . +}
n! 2(2n-1) 2-4-2n-1)(2n-3)
1 d"

B 2"nl dx"

(x* =1)

Orthogonality of P,(x): rl B, (x)P, (x)dx = il 2 1 S
_ n+

Legendre polynomial of degree n of the 2" kind:

For |x|<1,
_n\2an| | I ’
2|
n!
_{Hi(—l)k(n—1)-.-(n—2k+1)(n+2)---(n+2k)x2k+1} - oven
e (2k +1)!
Qn(x): n+l 1 2
o g n=l
e K 2 ﬂ
n!
_[l+i(—1)"n(n—2).--(n—2k+2)(n+1)--.(n+2k—1)x2k} e odd
= (2k)!

2"(n+k)\(n+2k)! 2k

W(x)= if [x[>1, but Ou(x) is divergent at x==1.
() kz(; K(2n+ 2k +1)! H () 8

Pn(x)

=+

Ps

-1

-1
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Properties of Legendre polynomials:

1. (m+1DL,, (x)—2n+1)xL, (x)+nL, (x)=0,n>0
2. L (x)-2n+DL,(x)-L (x)=0

3. (x*-DL)(x)-nxL, (x)+nL, (x)=0

4. Generating functions for P,(x) and Q,(x):

1 t—x =
P (x)t", —————="cosh™' = t"
\/1 2xt +1° Z ) \/1—2xt+t2 o (\/xz —IJ n:z_an(x)

2
Associated Legendre equations and functions: (l—xz)y”—2>g/’+{n(n+1)—1m 2}y:O,
—X

its general solution is y(x)=cP," (x) +dQ," (x),

where L,"(x)=(1-x*)"? d—Ln (x).
dx™
Properties of the associated Legendre polynomials:
1. L"(xX)=Qn+D)N1-xL" " (x)-L, " (x)=0
2. xL,"(x)=L, " (x)+(m—-n-DJ1-x>L" " (x)=0

2 (n+k)!
2n+1 (n=k) ™

3. [ B @P ()dx =

15-4 Applications of Bessel and Legendre Functions
Electrostatic potentials in the cylindrical coordinate:

o’V 1oV oV a V_
+——t—

op> pop p°o’ ¢ P

o*R 1 6RJ+ 1 &’ 10°Z

In source-free region: V?°V =

Set V(p,9,2) = R(p)P($)Z(z) = R[

+— — +—
op* pop) @ p*op’ Z oz’

2 2 2
Set 0 ZZ=kZZ, 0 (12) =-n"®, p:£:>d c£)+112CI):0

oz o¢p kK d¢
= D(P) = Acos(n@) + Bsin(ng)
d’z = —k’Z=0=Zz)=ce"tde’™

Z
2 2

4 Ry 1dR l—n— R=0= x 2 4 R +xd—R+(x —n )R 0 (Bessel differential
dx’ x dx x° x

equation) = R(x) = R(kp) =eJ , (kp)+ 1Y, (kp)
(If V'is finite at p=0=>f=0)
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2

Special case I: V is independent of z, p) =0
z

d’®

2

+1°® = 0= O(g) = Acos(ng) + Bsin(ng)

2
: dd’;(f) . d;;;p) .
Special case 2: V is independent of ¢ and z
d | dR(p)
%{p dp

n*R(p)=0 (Euler's equation)= R(p)=cp”" +dp”"

}zO:V(p)=R(p)=clnp+d
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Electrostatic potentials in the spherical coordinate:
2
In source-free region: VZV:E(rza—V + ,1 'i(Sine'é—V + .12 ‘ Z:
or or sinfd 06 00 ) sin“ 0 0¢
Set V(r,0,4) = R(r)O(0)D(¢)
r*d’R 2rdR 1 d(. , do® 1 4’0
+ + sin@-— | +——; — =
Osin” 0 do

=
R dr* R dr Osinfdo

2 2
rAR AR gy
R dr* R dr
2
r

do

Set

=r

dr?

2
cjl;; =-m’® = O(¢g) = Ccos(mep) + Dsin(me)
2 2
Let x=cosf = (1—x7) d (;) — 2x@ +| 0(L+1)— m — |® =0 (Associated Legendre
dx dx 1-x

equation)
= 0=0(x)=EP" (x)+ FQ," (x) = EP," (cos®) + FQ," (cos9)

2
d (;) — 2x62—® +/({+1)® =0 (Legendre equation)
X X

Special case: m=0=> (1—x°)

= @ = EP (cosf)+ FQ,(sinb)
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15-5 Elliptic Integral Functions

If we set v=sinf, x=sing, and 0<k<1,

the 1"-kind elliptic integral: F(k,¢)= [’

do _ J«x dv
VI—k*sin?6 Ja—v*)(1—-k*v?)

l. ¢= % , complete integral, F(k,%) =F(k). 2. 0<¢g< % , Incomplete integral.

2.2
the 2"%-kind elliptic integral of: E(k,¢) = I0¢\/1—k2 sin® 0d6 = jo 1/11 k f dv.
-V

1. ¢= %, complete integral, E(k,%j =E(k). 2. 0<¢g< %, incomplete integral.

the 3"-kind elliptic integral of:
¢
T(k,n,0) = | v

do .
* (1+nsin® 6)-V1-k*sin* 0 I" (1+ nvz)\/(l —vH(A-k*v?) '

l. ¢= %, complete integral, H(k,%) =[l(k). 2. 0<¢< %, incomplete integral.

Eg. Evaluate J'O”/z V1+4sin® xdx.
(Sol.) Lﬂ/z\/ 1+4sin’ xds = J‘O”/Z\/ 5—4cos” xdx (set x= % -0)

=5 —§51n2 0d0 = \/EE(\EJ
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