Return to VCA Home Page
View Mathematical PDF Extracts of VCA

NOTE: Each segment of blue text is a clickable link

Preface

Theories of the known, which are described by different physical ideas, may be equivalent
in all their predictions and hence scientifically indistinguishable. However, they are not
psychologically identical when trying to move from that base into the unknown. For dif-
ferent views suggest different kinds of modifications which might be made and hence are
not equivalent in the hypotheses one generates from them in one’s attempt to understand
what is not yet understood.

R. P. Feynman [1966]

A Parable

Imagine asociey in which the citizens are encouragedindeal compellel up to
acertan age to read (and sometimes write) musica scoresAll quite admirable.
However, this sociey also has avery curious—Bw remembehow it all started—
ard disturbirg law: Music mug never be listened to or performed!

Thoudhitsimportan@is universaly ackrowledged for sonme reasm musc is
nat widely appreciatd in this sociey. To be sure professaos still excitedly pore
over the gred works of Bach Wagne, ard the rest and they do their utmosg to
communicat to their studens the beautifu meanirg of what they find there but
they still becone tongue-tiel when brashy askel the question “What's the point
of all this?!”

In this parable it was patenty unfair and irrationd to have alaw forbidding
would-be muskc studens from experiencirg and understandigthe subjec directly
throuch “sonic intuition.” But in our sociey of mathematiciaswe hawe sut a
law. It is not a written law, ard those who flout it may yet prospe, but it says,
Mathematis mug not be visualized!

More likely than not, when one opers arandan moden mathematis text
on arandanm subject one is confrontal by abstrat symbolc reasonig tha is
divorced from onés sensoy experiene of the world, despie the fact that the very
phenomeaonreis studyirg were often discovered by appealilg to geometre (and
perhap physica) intuition.

This reflecs the fact that steadiy over the lag hundrel yeass the honou of
visud reasonig in mathematis has been besmirchedAlthough the grea mathe-
maticiars have always been oblivious to sud fashionsit is only recenty tha the
“mathematicia in the street has picked up the gauntlé on behaf of geomety.

Thepresethbodk openly challengsthe currert dominane of purely symbolic
logicd reasonig by using new, visually accessil# argumensto explain the truths
of elementay compkx analysis.
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Compute rs

Inpart theresugeneof interes in geomety can betraced to the massavailability
of computesto draw mathematicbhobjects ard perha also to the related some-
what breathlesspopula interes in chastheor and in fractals Thisbodk instead
advocates the more sobe use of computes as an aid to geometrt reasoning

| havetriedto encouragthereadetothink of thecompute as aphysicig would
his laboratory—i may be used to ched existing ideas abou the constructio of
the world, or as atod for discovering new phenomea which then demam new
ideas for their explanation Throughou the text | have suggestd sut uses of the
compute, but | have deliberatey awided giving detailed instructions Thereason
is simple wherea amathematichidea is atimeless thing, few things are more
ephemerithan compute hardwae and software.

Having sad this, the progran “ f(z)” is currently the beg tod for visually
exploring the ideas in this book a free demonstratin versian can be downloaded
directly from Lascax Graphics[http://www.primenet.comlascauxj. Onoccasion
it would also be helpfu if one had acces to an all-purpo® mathematichengine
suc as Maple® or Mathematic&. However, | would like to stres that nore of the
alove softwae is essentialthe entire bodk can be fully understod without any
use of a compute.

Finally, some reades may be interesté in knowing how computes were
usa to produe this book Perhap five of the 501 diagrans were drawn us-
ing output from Mathematic&; the remainde | drew by hard (or rathe “by
mouse) using CorelDRAW™, occasionalf guided by output from “ f(z)”. |
typesé the bodk in IATEX using the wonderfd Y&Y TpX Systen for Windows
[http://mvw.Yandy.com], the figures being included as EPS files. The text is
Times with Helvetica heads and the mathematis is principally MathTime™,
though nine othe mathematickfonts make came appearancesAll of these
Adobe Type 1fontswere obtainel from Y& Y, Inc., with the exceptian of Adobées
MathematicalPi-Si font, which | usel to represehquaternionsHaving typeset
the book | used the DVIPSONE™ componenof the Y&Y TgX Systen for Win-
dowstogenerat afully page-independerSC-complianPostScrip? file, which
| transmittel to Oxford via the Interne (using FTP) in the form of a single ZIP
file. Finally, OUP printed the bodk directly from this PostScrig? file.

The Book’'s Newtonia n Genesis

In the summae of 1982 having been inspired by Westfalls[198( excellert biog-
raphy, | macean intense study of Newton's[1687] masterpiecgPhilosophia Nat-
uralisPrincipia MathematicaWhilethe Nobd physicig S. Chandrasekhd1995]
has sougtht to lay bare the remarkabé natue of Newton'sresulsin the Principia,
the presehbodk insteal aros out of a fascinatio with Newton's methods

It is fairly well known tha Newton's origind 1666 versian of the calculus
was differert from the one we leam today. its essene was the manipulation of
power series which Newton likened to the manipulation of decima expansions
in arithmetic The symbolic calculus—tle one in every standad textbook and
the one now associate with the name of Leibniz—was also perfecty familiar to
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Newton, but apparently it was of only incidental interest to him. After all, armed

with his power series, Newton could evaluate an integral ﬁb@@xz dx just as
easily asf sinx dx. Let Leibniz trythat!

Itis less well known that around 1680 Newton became disenchanted with both
these approaches, whereupon he proceeded to deviid &ersion of calculus,
based orgeometry This “geometric calculus” is the mathematical engine that
propels the brilliant physics of NewtornRrincipia.

Having grasped Newton’s method, | immediately tried my own hand at using it
to simplify my teaching of introductory calculus. An example will help to explain
what | mean by this. Let us show thatf = tano, thenfi—g =14 T2 If we
increase by a small amount/6é thenT will increase by the amountT in the
figure below. To obtain the result, we need only observe that in the liri#t &ands
to zero, the black triangle is ultimately similar [exercise] to the shaded triangle.
Thus, in this limit,

}dr

ar L ar

== L2=1+T2

Ldo 1 do
Only gradually did | come to realize how naturally this mode of thought could
be applied—almost exactly 300 years later'—to the geometry of the complex
plane.

Reading This Book

In the hope of making the book fun to read, | have attempted to write as though |
were explaining the ideas directly to a friend. Correspondingly, | have tried to make
you, the reader, into an active participant in developing the ideas. For example, as
an argument progresses, | have frequently and deliberately placed a pair of logical
stepping stones sufficiently far apart that you may need to pause and stretch slightly
to pass from one to the next. Such places are marked “[exercise]”; they often require
nothing more than a simple calculation or a moment of reflection.

This brings me to the exercises proper, which may be found at the end of each
chapter. In the belief that the essential prerequisite for finding the answer to a
question is thelesireto find it, | have made every effort to provide exercises that
provoke curiosity. They are considerably more wide-ranging than is common, and
they often establish important facts which are then used freely in the text itself.
While problems whose be all and end all is routine calculation are thereby avoided,
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| believe tha reades will automaticaly develop considerald computationbskill
in the proces of seekimg solutiors to thee problems On the othe hand my
intention in alarge numbe of the exercisesisto illustrate how geometrt thinking
can often replace lengtty calculation.

Any patt of thebodk marked with asta (“*” ) may be omitted on afirst reading.
If you do eled to read astarral section you may intum choo®to omit any starred
sutsections Pleag note however, tha a patt of the bodk tha is starrel is not
necessanl any more difficult, nor any lessinterestirg or important than any other
pat of the book.

Teachin g from this Book

The entire bodk can probaby be covered in ayea, but in asingle semestecourse
one mug first decice wha kind of cours to teach then choo® a corresponding
pah through the book Here | offer just three such possibe paths:

e Traditional Course Chaptes 1to 9, omitting all stared materid (e.g, the
whole of Chapte 6).

e Vecta Field Course In orde to take advantag of the Pélya vecta field ap-
proatto visualizing compkx integrals one could foll ow the“ Traditiond Course”
above, omitting Chapte 9, and addirg the unstarre parts of Chaptes 10 ard 11.

e Non-Euclidean Course At the expeng of teachimg any integration one could
give acours focusel on Mobius transformatios and non-Euclidea geomety.
Thes two related parts of complex analyss are probaby the mog importart ones
for contemporay mathematis and physics and yet they are also the onestha are
almog entirely neglectad inundegraduatedvel texts. Ontheothe hand graduate-
level works terd to assune that you have already encounteré the main ideas as
an undegraduateCatd 22!

Sud a course might go as follows: All of Chapte 1; the unstarre part of
Chapte 2; all of Chapte 3, including the starrel sectiors but (possibly omitting
the starrel sulsections all of Chapte 4; all of Chapte 6, including the starred
sectiors but (possibly omitting the starrel sulsections.

Omission s and Apologies

If one believes in the ultimate unity of mathematis and physics as | do, then
a very strorg ca% for the necessit of compkx numbes can be built on their
apparentl fundamenthrole in the quantum mechanichlaws governing matte .
Also, the work of Sir Roge Penros has shown (with increasit force) tha com-
plex numbes play an equally centra role in the relatvistic laws governing the
structue of space—timelndeed if the laws of matte and of space—tine are ever
to be reconciled then it seens vely likely that it will be throudh the auspics of
the complkex numbers This bodk canna explore thes matters instead we refer
the interestd reade to Feynman [1963 1985] to Penrog [1989, 1994] ard to
Penrogs ard Rindler [1984].

A moreseriotsomissimisthelack of discussio of Riemam surfaceswhich |
had originally intendel to trea in afinal chapte. This plan wasabortel onceit be-
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canmeclea tha aseriowstreatmenwould ental expandirg thebodk beyond reason.
By this time, however, | had already erectel mud of the necessar scdfolding,

ard this materid remairs in the finished book In particula, | hope that the inter-

estal reade will find the lag three chaptes helpfu in understandig Riemanns

origind physicainsights asexpounde by Klein [1881]. Seeals Springe [1957,

Chap 1], which essentiall reproducs Klein’s monographbut with additional
helpfu commentay.

| conside the histoly of mathematis to be avital tod in understandig both
thecurren stae of mathematicsanditstrajectoy into thefuture Sady, however, |
can do no more than touch on historicd mattesin the presehwork; insteal | refer
youtotheremarkabébook Mathematisand ItsHistory, by Jom Stillwell [1989].
Indeed | strongly encourag you to think of his bodk as a companiom to mine:
not only doesit trace ard explain the developmet of compkex analysisbut it also
explores and illuminates the connectios with othe area of mathematics.

To the expett reade | would like to apologiz for having invented the word
“amplitwist” [Chapte 4] asasynamym (more or les9 for “derivative”, aswell the
componehterms“amplification’” and “twist” . | canonly say tha the neal for some
suc terminolog was forced on mein the classroomif you try teachimg the ideas
in this bodk without using sud language! think you will quickly discover what
I mean Incidentall, aprecedeneargumern in defene of “amplitwist’ might be
tha a similar term was coinead by the older German schod of Klein, Bieberbach,
etal. They spoleof “eine Drehstreckungfrom “dreherf (totwist) and “strecken”
(to stretch).

A significart proportian of the geometré obsewatiors and argumensg con-
tained in thisbodk are to the beg of my knowledge new. | have not drawn atten-
tion to thisin the text itself asthis would have seved no usefu purposestudents
dorit neal to know, and experts will know without being told. However, in cases
where an idea is clearly unusuabut | am aware of it having been publishel by
someoe elseg | havetried to give credt where credt isdue.

In attemptirg to rethink so mud classichmathematicsl have no doult made
mistakesthe blamefor thesisminealone Correctiorswil | begratefully receved,
ard then posted at http://www.usfca.edu/vca

My bodk will no douht beflawed in many waysof which | amnot yet aware but
therisone“sin” that | haveintentionally committed and for which | shal not re-
pent many of theargumensgarenot rigorous at leag asthey stand Thisis aserious
crime if one believes tha our mathematicktheories are merely elabora¢ mental
constructsprecarioust hoisted aloft. Then rigour becomsthe newve-rackirg bal-
ancirg ad tha prevent the entire structue from crashirg down arourd us But
suppos onre believes as | do, that our mathematichtheories are attemptimg to
captue aspecs of arobug Platont world tha is nat of our making | would then
conterd tha an initial lack of rigour is asmal priceto pay if it allowsthereade to
seeinto thisworld moredirectly and pleasuraly than would otherwis be possible.

San Franciscq California T.N.
June 1996
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