EE364a, Winter 2007-08 Prof. S. Boyd

2.1

2.2

2.5

EE364a Homework 1 solutions

Let C C R" be a convex set, with x1,..., 2, € C, and let 04, ...,60, € R satisfy §; > 0,
01+ ---+0, = 1. Show that 6121+ - -+ 0xz, € C. (The definition of convexity is that
this holds for & = 2; you must show it for arbitrary k.) Hint. Use induction on k.

Solution. This is readily shown by induction from the definition of convex set. We
illustrate the idea for k = 3, leaving the general case to the reader. Suppose that
xr1,To,x3 € C, and 0 + 6 + 03 = 1 with 6,605,035 > 0. We will show that y =
O1x1 + Orxy + 0323 € C. At least one of the 6; is not equal to one; without loss of
generality we can assume that 6, # 1. Then we can write

y =61z + (1 — 61)(paws + psxs)
where g = 05/(1 — 601) and py = 65/(1 — ;). Note that pg, uz > 0 and

Q2+‘93_1—91_1
1—6, 1—-6,

H1 + po =

Since C'is convex and w9, x3 € C, we conclude that psxs + usxs € C. Since this point
and x; are in C, y € C.

Show that a set is convex if and only if its intersection with any line is convex. Show
that a set is affine if and only if its intersection with any line is affine.

Solution. We prove the first part. The intersection of two convex sets is convex.
Therefore if S is a convex set, the intersection of S with a line is convex.

Conversely, suppose the intersection of S with any line is convex. Take any two distinct
points x; and x5 € S. The intersection of S with the line through z; and x5 is convex.
Therefore convex combinations of z; and x5 belong to the intersection, hence also to

S.

What is the distance between two parallel hyperplanes {z € R" | a’x = b;} and
{xr eR" | a"x = by}?

Solution. The distance between the two hyperplanes is |b; — bs|/[|a|l2. To see this,
consider the construction in the figure below.



2.7

2.8

y = (ba/[lal]*)a

The distance between the two hyperplanes is also the distance between the two points
x1 and xy where the hyperplane intersects the line through the origin and parallel to
the normal vector a. These points are given by

v = (bi/llall)a, @2 = (b2/llall2)a,

and the distance is
|71 — 22|l = b1 — bal/l|al|2.

Voronoi description of halfspace. Let a and b be distinct points in R". Show that the
set of all points that are closer (in Euclidean norm) to a than b, i.e., {z | ||z — al|s <
|z — bl|2}, is a halfspace. Describe it explicitly as an inequality of the form ¢’z < d.
Draw a picture.

Solution. Since a norm is always nonnegative, we have ||z — alls < ||z — b||2 if and
only if [lz — al|3 < [lz = b]f3, so

|z —al; <|lz bl <= (z—a)(z—a)<(z-0)"(z—-0b)
— 2le—2d"rx+aTa<zxTax—2072x+0'h
— 2(b—a)Tx <b'b—a’a.

Therefore, the set is indeed a halfspace. We can take ¢ = 2(b — a) and d = bT'b — a’a.

This makes good geometric sense: the points that are equidistant to a and b are given
by a hyperplane whose normal is in the direction b — a.

Which of the following sets S are polyhedra? If possible, express S in the form S =
{z | Az <b, Fx = g}.
(a) S={yia1 +ya2| —1 <1y <1, —1<y, <1}, where aj,ay € R".

M) S={zreR"|x=0 1Tz =1, ¥ xa = b, X", x;a? = by}, where
ai,...,a, € Rand by,by € R.



(c) S={rxeR" |z >0, 2Ty <1 for all y with [|y||, = 1}.
(d) S={z€R" |2 =0, 2Ty <1 forall y with Y1, [yi| = 1}.

Solution.

(a) Sis a polyhedron. It is the parallelogram with corners ay + as, a1 — as, —a; + as,
—aq — as, as shown below for an example in R>2.

C2 ai

(&1

For simplicity we assume that a; and a; are independent. We can express S as
the intersection of three sets:
e S;: the plane defined by a; and as
o So={z+wyia;+1yas | alz=al2=0,-1<y <1}. This is a slab parallel
to as and orthogonal to S

o S3={z+4wyia1 +1as|alz=alz=0,—1 <y, <1}. This is a slab parallel
to a; and orthogonal to Sy

Each of these sets can be described with linear inequalities.

e S can be described as
v,{x:O, k=1,...,n—2

where v are n — 2 independent vectors that are orthogonal to a; and as
(which form a basis for the nullspace of the matrix [a; as]?).

e Let ¢; be a vector in the plane defined by a; and as, and orthogonal to as.
For example, we can take

CL?CLQ

=01 — 7T 5
! ! ||G2H%

a9.

Then z € 55 if and only if

—|clay| < cfw < |clay



e Similarly, let ¢, be a vector in the plane defined by a; and as, and orthogonal
to ay, e.g.,
agal
Cy = 0ay — — 5 aq.
lasl3
Then x € S5 if and only if
—lctay| < clx < |ckay).

Putting it all together, we can describe .S as the solution set of 2n linear inequal-
ities

vir < 0, k=1,...,n—2
—vlz < 0, k=1,...,n—2
e < |clay|
'y < ||
cIr < |cLayl
—ctr < |cLay|.

S is a polyhedron, defined by linear inequalities x; > 0 and three equality con-
straints.

S is not a polyhedron. It is the intersection of the unit ball {z | ||z|2 < 1} and
the nonnegative orthant R';. This follows from the following fact, which follows
from the Cauchy-Schwarz inequality:

2Ty < 1for all y with ||ylla =1 <= |z]|. < 1.
Although in this example we define S as an intersection of halfspaces, it is not a

polyhedron, because the definition requires infinitely many halfspaces.

S is a polyhedron. S is the intersection of the set {z | |zx| <1, k=1,...,n}
and the nonnegative orthant R . This follows from the following fact:

ely <1lforalywith d |yl =1 < |z;| <1, i=1,...,n
i=1

We can prove this as follows. First suppose that |z;| <1 for all i. Then
Ty =3 ww < 3 Jmillyl < 3wl =1

if 3 |yil = 1.

Conversely, suppose that z is a nonzero vector that satisfies 7y < 1 for all y
with >; |y;| = 1. In particular we can make the following choice for y: let k be
an index for which |z;| = max; |z;|, and take yp = 1 if 2, > 0, yp, = —1 if 23 <0,
and y; = 0 for ¢ # k. With this choice of y we have

xTy = szyz = yrxy = |TK| = max |z;].
i
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Therefore we must have max; |x;| < 1.

All this implies that we can describe S by a finite number of linear inequalities:
it is the intersection of the nonnegative orthant with the set {z | —1 <2 < 1},
1.e., the solution of 2n linear inequalities

—x;, < 0, 1=1,...,n
r, < 1, 1=1,...,n.

Note that as in part (c) the set S was given as an intersection of an infinite
number of halfspaces. The difference is that here most of the linear inequalities
are redundant, and only a finite number are needed to characterize S.

None of these sets are affine sets or subspaces, except in some trivial cases. For example,
the set defined in part (a) is a subspace (hence an affine set), if a; = ay = 0; the set
defined in part (b) is an affine set if n = 1 and S = {1}; etc.

2.11 Hyperbolic sets. Show that the hyperbolic set {x € R% | zyzo > 1} is convex. As a
generalization, show that {z € R’ | [[iL, x; > 1} is convex. Hint. If a,b > 0 and
0 <6 <1, then a’*~? < fa+ (1 — 0)b; see §3.1.9.

Solution.
(a) We prove the first part without using the hint. Consider a convex combination z

of two points (x1,x2) and (y1,ys) in the set. If z = y, then z =0z + (1 —-0)y = y
and obviously 2129 > y1y2 > 1. Similar proof if y > z.

Suppose y % x and x % y, i.e., (y1 — 21)(y2 — 2) < 0. Then

(Oxy + (1 — 0)y1) (02 + (1 — 0)ys)
021175 + (1 — 0)?y1ys + 0(1 — 0)w1y2 + 0(1 — 0291
= Orimy + (1 — O)yrys — (1 — 0)(y1 — 21)(y2 — 2)
> 1.

(b) Assume that [[; z; > 1 and []; y; > 1. Using the inequality in the hint, we have

H(Q%‘ + (1= 0)y;) > Hx?y}‘e = (H %)G(H yi) > 1.

(2

2.12 Which of the following sets are convex?

(a) A slab, i.e., a set of the form {r € R" | a < o’z < §}.

(b) A rectangle, i.e., a set of the form {zr € R" | a; < z; < 3, i = 1,...,n}. A
rectangle is sometimes called a hyperrectangle when n > 2.

(c) A wedge, i.c., {v € R" | alx < by, alz < by}



()

(e)

()
(2)

The set of points closer to a given point than a given set, i.e.,
{z ||z —xoll2 < [lz — yll2 for all y € S}

where S C R".

The set of points closer to one set than another, 7.e.,
{z | dist(z,S) < dist(x,T)},
where S, T C R", and
dist(z,S) = inf{||lx — z||2 | z € S}.

The set {z | z + Sy C 51}, where S7,52 C R™ with S convex.

The set of points whose distance to a does not exceed a fixed fraction 6 of the
distance to b, i.e., the set {z | || — alls < 0|z — b||2}. You can assume a # b and
0<6<1.

Solution.

(a)

A slab is an intersection of two halfspaces, hence it is a convex set and a polyhe-
dron.

As in part (a), a rectangle is a convex set and a polyhedron because it is a finite
intersection of halfspaces.

A wedge is an intersection of two halfspaces, so it is convex and a polyhedron. It
is a cone if by = 0 and by = 0.

This set is convex because it can be expressed as

N{z | |z — zoll2 < [z — yll2}

yeS

i.e., an intersection of halfspaces. (Recall from exercise 2.7 that, for fixed y, the
set

{z [z = zoll2 < [l = yll2}
is a halfspace.)

In general this set is not convex, as the following example in R shows. With
S ={-1,1} and T' = {0}, we have

{z | dist(z,S) < dist(z,T)} ={z R |z < —-1/20r x> 1/2}

which clearly is not convex.



(f) This set is convex. = + S C Sy if x +y € S; for all y € Sy. Therefore

{r]z+SCSt= N{zlz+yesSi}t=)(S—vy),

YyES2 YyES2

the intersection of convex sets S; —

(g) The set is convex, in fact a ball.

{z |z —allz < 0flx — bl[2}
= {z ||z —a|3 < 6%z — 0[5}
= {z| (1 =02z —2(a—0*0)"2+ (a''a — 0*"b) <0}

If 6 = 1, this is a halfspace. If 8 < 1, it is a ball
{2 | (z —x0)" (v — m) < R?},
with center xy and radius R given by

@ 0% 62(|b2 — ||al 2 )\
e e =

g =

2.15 Some sets of probability distributions. Let x be a real-valued random variable with
prob(x = a;) = p;, i = 1,...,n, where a1 < ay < -+ < a,. Of course p € R" lies in
the standard probability simplex P = {p | 1Tp = 1, p = 0}. Which of the following
conditions are convex in p? (That is, for which of the following conditions is the set of
p € P that satisfy the condition convex?)

(a) < E f(z) < 3, where E f(z) is the expected value of f(z), i.e., E f(z) =
> pif(a;). (The function f: R — R is given.)

(b) prob(z > «a) < f.
(c) El2’| < aElz].
(d) Ex? < a.
(e) Ex® > a.
(f) var(z) < a, where var(z) = E(z — Ex)? is the variance of z.

() var(z) > a.

(h) quartile(z) > «, where quartile(x) = inf{ | prob(z < 3) > 0.25}.

(i) quartile(x) < a.
Solution. We first note that the constraints p; > 0, ¢ = 1,...,n, define halfspaces,
and YI' ; p; = 1 defines a hyperplane, so P is a polyhedron.

The first five constraints are, in fact, linear inequalities in the probabilities p;.



(a) E f(x) =X pif(a;), so the constraint is equivalent to two linear inequalities
n
a <> pif(a;) <P
i=1

(b) prob(z > a) = 3. .54 Pi, S0 the constraint is equivalent to a linear inequality

> pi<p

ita;>a

(¢) The constraint is equivalent to a linear inequality

> pi(la}] = aa]) <0.

=1

(d) The constraint is equivalent to a linear inequality

e e constraint is equivalent to a linear inequality
Th traint i ivalent t li i lit
n
Zpia? > .
i=1

The first five constraints therefore define convex sets.

(f) The constraint
var(z) = E2® — (Ex)® =) pia; — (O pia;)’ < o
i—1 i=1

is not convex in general. As a counterexample, we can taken =2, a; =0, ay = 1,
and @ = 1/5. p = (1,0) and p = (0,1) are two points that satisfy var(z) < «,
but the convex combination p = (1/2,1/2) does not.

(g) This constraint is equivalent to
doaipi+ (Y api) =b'p+p Ap<a
=1 i=1

where b; = a? and A = aa”. This defines a convex set, since the matrix aa’ is
positive semidefinite.

Let us denote quartile(x) = f(p) to emphasize it is a function of p. The figure
illustrates the definition. It shows the cumulative distribution for a distribution p with

f(p) = as.



prob(z < f3)

1 ———
p1+p2+...+pn71 000
P+ po —
025
P1 ——0
aq a2 Qp, b

h) The constraint f > « 18 equivalent to
(h) Th (p) > q 1
prob(z < ) < 0.25 for all 8 < a.

If @ < ay, this is always true. Otherwise, define kK = max{i | a; < a}. This is a
fixed integer, independent of p. The constraint f(p) > a holds if and only if

k
prob(z < a;) = Zpi < 0.25.
i=1
This is a strict linear inequality in p, which defines an open halfspace.
(i) The constraint f(p) < a is equivalent to

prob(z < ) > 0.25 for all 5 > a.

Here, let us define £ = max{i | a; < a}. Again, this is a fixed integer, independent
of p. The constraint f(p) < a holds if and only if
k
prob(z < ay) => p; > 0.25.
i=1

If o < ay, then no p satisfies f(p) < a, which means that the set is empty.



