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Abstract

We review the mathematics of affine term-structure models with prin-
cipal components as state variables. Subsequently, we explore an exten-
sion of the model incorporating a stochastic market-price-of-risk in state
variables that we deem attract a risk compensation.

1 Introduction

Affine Term-Structure Models (ATSMs) are popular among researchers for struc-
tural yield curve modelling due to its analytical tractability under multi-factor
setups. Using specified variable approaches together with ATSMSs, we are able
to specify rich dynamics (through time-varying risk-neutral drifts and volatility
coefficients) and impute econometric interpretations to the state variables in
the model. The resultant closed-form expressions from ATSMs for zero-coupon-
bond prices also greatly facilitate their pricing implementations in practice. For
the reasons above (and more), ATSMs have been a mainstay in the extensive
literature on bond-pricing and interest-rate derivatives.

Principal Components Analysis (PCA) is a well-known technique for di-
mensionality reduction when working with large, multi-dimensional datasets.
Yield-curve time-series data (now widely available) typically contains spot rate
data for terms ranging from 1 to 30 years in half-year steps. As such, yield
curve modelling is a canonical example demonstrating the high dimensionality
reduction made possible with PCA. The resultant principal components lend
themselves to a seductive interpretation as ‘level’, ‘slope’ and ‘curvature’ of the
yield curve. Furthermore, these three principal components account for a re-
markable 99.9% of yield curve variation, making PCA an extremely appealing
tool in term-struture modelling.



In ATSMs, the link between the real-world measure and the risk-neutral
measure is usually established by the market-price-of-risk. We often make the
assumption that the market-price-of-risk is an affine function of the state vari-
ables. This means that the market-price-of-risk, while stochastic, remains a
deterministic function of the stochastic state variables.

In this work, we explore an extension of principal-components-based affine
term-structure model (PC-based ATSM) where we attempt to specify a stochas-
tic market-price-of-risk that is independent of the principal-component state
variables.

2 Preliminaries

In this section, we provide the basic theoretical setup for affine term-structure
models, principal components analysis as applied to yield curve modelling, and
also the market-price-of-risk specifications in affine models. We mainly follow
the terminologies in [5] and [6] and also extend some of their analysis when
specifying and solving our new model.

2.1 Notation

In expressions where ambiguity might arise, we denote a vector with a decorating
top arrow: 6. Matrices are decorated with an underscore: A.

2.2 Affine Term-Structure Models

An N-factor affine term structure model assumes an N-dimensional vector of
state variables T; = (21(t), z2(t), ..., zn(t))T with the following specifications,

1. The instantaneous short rate r; is given by an affine function of the state

variables,
N
Ty = 0o + Z d;i(t) = 60 + 07T} (1)
i=1
where 67 = (1, 02,...,0n) so that 8T 7} specifies an inner product.

2. The state variables T, follow an affine diffusion under Q,
a7 = K% (99— ) dt + Sd7°

where Z;? is an N-dimensional independent Brownian motion. The matrix

S can be decomposed as S = Y diag (, [o + BJTx_Z) where «; is a scalar,

f;j is an N-dimensional vector. K2 and ¥ are N x N matrices and diag(-)
denotes an N x N diagonal matrix .



3. The market-price-of-risk takes the form,

Aj(t) = Moy + BT

4. The state variables 7 also follow an affine diffusion under P,
— PGP _ = —P
d.’L’t :E (9 —l‘t) dt+§dzt

P

where Z¥ is an N-dimensional independent Brownian motion.

The matrix S remains exactly the same as the one under the measure
Q. The matrix KF is related to K2 by K¥ = K¥ — &, with the j-th
row of the matrix ® given by )\JﬂjT. The vector #F is given by ?P =
(&P)_l(ﬁ@?(@ + X4), with the i-th element of the vector i given by
)\jaj.

From the above, the link between the P and Q measures is established
through the market-price-of-risk A;(t), albeit through a rather complicated

looking series of vector/matrix operations. In Section 2.4.1, we will show
the full details of the derivation.

5. The price of zero coupon bonds is given by,
P R [on I ]

and with an admissable parameterization, the solution (see [3]) is given

by,
PT — AT HBDH

2.3 Principal Components in Yield Curve Modelling
The yield curve at time-t is an N x 1 vector of yields g7 = (y7*, 472, ..., yi~)7T.
Each element ytT * is the yield of the corresponding discount bond with price PtT"'.

Following [5], we assume the yields have the dynamics,
— —
dys = ;Ty)dt + odw®F

with
o = diag(oy,09,...,0,) and FE [cﬁudﬁﬂ = pdt

The exact forms of ;T; corresponding to the shocks cﬁuQ’P (representing shocks
in P and Q depending on the measure we are considering) are inconsequential
for our current discussion. This is because we are mainly interested in the
covariance structure among the yields,

——
E [dydyT} =0po’ = Spkedt



Suppose we have the covariance matrix X,y of the N yields constructed
from observing historical times series of the N yields. This exogeneous market
observable can be decomposed using eigenvalue decomposition to give,

Ykt = VDVT
where

D= diag(ghf?; s 7€N)

is a diagonal matrix of eigenvalues of X,k and V is an orthogonal matrix of
eigenvectors of Yk,

T 1 T
V=I\vg v - ox
o 3
The principal components T, are given by,
n=1+VT

where U is a constant vector.

In order to satisfy the requirements of an affine model, we need the short
rate to be an affine function of the state-variables (which are the principal
components in this case),

re =260 +07 7

~—

principal components

2.3.1 Dynamics of Principal Components

With principal components explained in the previous section, we shall now spec-
ify their dynamics. We use the ATSM diffusion dynamics,

4z = K° (7@ _ x—;) dt + Sdz°

where dz;© are independent Q-Brownian increments.

In the above, the matrix K@ is the reversion speed matrix, the vector ?Q is
the reversion-level vector, and S is the diffusion matrix.

A consequence of using principal components as state variables is that the
eigenvalues of X, correspond to the variance explained by each of the principal
components. The eigenvectors are orthogonal, therefore, the matrix S has to
be a diagonal matrix of the form,

ﬁzdiag(\/a, \/5727’\/57\7)

where ; are the eigenvalues of the covariance matrix k.

When we specify S to be diagonal, one consequence is that it will be impossi-
ble for the matrix K9 to also be diagonal (see the proof in [7]). This means that
we will not be able to have intuitive mean-reversion dynamics where each z;(t)
reverts to its own reversion level 6; in the drift terms in the diffusion dynamics
for dux;(t).



2.4 (Affine) Market Price of Risk

In the usual affine setting, the market-price-of-risk is assumed to be an affine
function of the state variables,

N = ho+ 10T

where /\_0> is a constant vector.

This definition means that the market-price-of-risk is a deterministic func-
tion of the stochastic state variables (principal components). Once the stochastic
principal components take on a certain value, the market-price-of-risk assumes
the same corresponding fixed value. It is important to note that the market-
price-of-risk does not have its own separate and independent stochasticity.

For example, assuming we have N = 3 and we use the first three principal
components (of ‘level’, ‘slope’, ‘curvature’) as state variables, then II will be a
3 x 3 matrix. If the market-price-of-risk depends only on the slope of the yield
curve, then II will have the following form,

0 a O
IOI=1(0 b O
0 ¢ O
so that
0 a 0] [x1(t) azo(t)
Oz; = [0 b 0| [z2(t) | = | baa(t)
0 ¢ 0] \z3(t) cxo(t)

As we can see, each of the z;(t) in Z; will have their market-price-of-risk as
some factor times the value of the state variable x2(t) (representing the slope).

What we have specified above is that investors require compensation for
bearing ‘level’; ‘slope’ and ‘curvature’ risk (corresponding to the principal com-
ponent state variables z1(t), z2(t), x3(t) respectively). In addition, the amount
of risk compensation depends solely on the ‘slope’ (the zo(t) state variable).

If investors only require compensation for bearing ‘level’ risk, then II would
take the form,

0 a O
O=10 0 0
0 0 O
so that
0 a 0] [z1(t) azo(t)
Oz, = |0 0 0| |z2(t)] =] 0
0 0 0] \z3(t) 0

Given this, when we adjust the drifts of Z; using IIz;, only the element x1(t)
in 7} will get an adjustment related to the ‘slope’ variable zo(t). This is what
we mean when we say that investors are rewarded for ‘level’ risk depending on
the ‘slope’ of the yield curve.



2.4.1 Moving between P and Q Measures

As mentioned earlier, the market-price-of-risk is the link that allows us to move
between the P and Q measures, while preserving the affine structure in the
dynamics of the state variables.

We begin by considering the Q-measure dynamics (as stated in the affine
model specification),

47 = K© (7@ _ 5@) dt + Sdz°

If we introduce the compensation for risk via the market-price-of-risk into
the above, we get,

dz; = KU (7@ - x—i) dt + SdZ® + Shdt

:(ICQ—SH) (@@—ﬁﬂ)_l @?@+§XS) —z | dt + Sd=P

-
= K° (7 - &) dt + Saz”
where we have the relations,

KP=K®— ST and §F= (@@ - gg)_l (g@?@ + 570) 2)

3 Extending a PC-based ATSM with Stochastic
Market-Price-of-Risk

With the theoretical foundations set in the previous section, we shall examine
how a principal-components-based ATSM can be extended to feature a stochas-
tic market-price-of-risk.

3.1 Principal-Components-based Affine Model

In our model, we choose to use N = 3 principal components as our state vari-
ables, so that

T = |xo(t)



where x1(t), 22(t), x3(t) correspond to the first three principal-components of
‘level’, ‘slope’ and ‘curvature’ respectively.
The Q dynamics for the model is,

dl‘1 (t) K11 K12 K13 9? .Z‘l(t) \/a 0 0 dWiQ(t)

dl‘g(t) = |R21 K22 K23 98 - Ig(t) dt+ 0 \/5 0 dW;Q)(t)

dlL’g (t) K31 K32 K33 9;’@ T3 (t) 0 0 \/g dWéQ(t)
KQ (?Q_x—;) S

(3)
where ; are the eigenvalues of the covariance matrix X, ;. Since the eigen-
values correspond to the variance explained in each direction of the principal
components, we can see that the matrix S above correctly produces the required
variance in each of the Brownian-motions dW2(t), dW(t), de(t).

3.2 Stochastic Market-Price-of-Risk

In Section 2.4, we showed the specification of an affine market-price-of-risk where
it is a deterministic (affine) function of the stochastic state variables.

In our new model, we choose to adopt a stochastic market-price-of-risk model
where it is driven by its own Brownian shock. To model our stochastic market-
price-of-risk, we posit that we have another latent state variable A(t) with the
dynamics,

dA(t) = ra(Bx — A(2))dt + ordBY(t)

where 0), is the reversion-level, k) is the reversion-speed, and o is the volatility
of the market-price-of-risk. The driving Brownian motion dB?(t) is independent
of the Brownian motions dW2(t) in (3).

We assume that investors do not require a risk compensation for the stochas-
ticity in the above market-price-of-risk specification. Hence, moving forward,
we should be aware that the drift term for dA(t) is the same in both the P and
Q measures.

Suppose (following results in [2]) investors are only compensated for ‘level’
risk, the stochastic market-price-of-risk should then apply only to the ‘level’
state-variable x4 (), with ‘dependence’ on the ‘slope’ state variable xzo(t). Fol-
lowing the affine market-price-of-risk approach in Section 2.4, we thus modify
the dynamics for z1(¢) in P to be,

dl‘l(t) = [/ﬁl(ﬁl — l‘l(t)) + /‘612(92 - x2(t)) + ﬁ13(93 - x3(t))]dt
FA)VEza(t)dt + /&1 dWT (L)

However, the explicit dependence on z5(t) above complicates the drift dynamics
and is undesirable (see Chapter 27 of [5]). To solve this, we change the above
term A(t)y/E z2(t)dt to A(t)\/E1dt, removing the explicit dependence on xa(t).
By doing so, we break the link between the ‘slope’ return-predicting factor and
the market-price-of-risk, which is something we do not want.



To reconcile the issue, we re-introduce the ‘dependence’ via a positive sta-
tistical correlation between the Brownian shock driving the ‘slope’ principal
component xs(t) and the Brownian shock driving A(¢). With the above adjust-
ments, the dynamics for z1(¢) in P now becomes,

dl‘l(t) = [Iiu(el — (El(t)) + 512(92 — xg(t)) + H13(93 — {I,‘d(t))]dt
) VEdt + /G dWT (t)

and the dynamics for the stochastic market-price-of-risk is modified to become,
() = ka(Ox — A(1))dt + oy (pdwg@(t) V1o p2dB@(t))

where dW(t) and dB2(t) are independent Brownian motions.

So A(t) is now a correlated diffusion process with x2(t) - the ‘slope’ principal
component - and we are able to generate a positive ‘dependence’ between the
slope of the yield curve and the market price of risk on average.

3.3 The Combined Model

Combining the PC-based Affine Model in Section 3.1 with the Stochastic Market-
Price-of-Risk in Section 3.2, we have an Affine Ag(4) model (see [1] for affine
model classification). The dynamics of the model in P is given below,

dz1(t) K11 K12 K13 —V&l 914—% [21(t)
dua(t)| _ |Ke1 Koz Kas 0 0 C{z2() it
dxs(t) k31 Ks2 K3z 0 03 x3(t)
dA(t) 0 0 0 K 0, | A(2)
B (7 7)
V& 00 0 1 [awF)
L0 Ve o 0 dWE(t)
0 0 V& 0 dWE(t)
0 oaxp 0 ox/1—p2| [dBE(t)
S dzi?

Using the relations in (2) we have,

KF=K%-sn
K11 Kiz K1z —V& k11 K12 K13 O
K21 K22 K23 0 _ |F21 kK22 Koz O
K31 K32 K33 0 K31 K32 k33 O
0 0 0 K 0 0 0 ki
V&L 0 0 0 0 0 0 1
o V& o 0 0000
0 0 V& 0 000 0
0 ox\p 0 oxy/1—p2[ [0 0 0 O



where we specified the reversion-speed matrix K¥ to have the nice form,

k11 K12 K13 O
KQ _ |K21 K22 Kos 0
k31 k32 K3z O

0 0 0 kx

_>
The other relation in (2) provides a specification for ¢ @,

ki1 ki ks 0] ki ke ks —VE] [0+ %
_ |21 K22 K23 0 K21 Koo Ko3 0 0,
K31 K32 k33 O K31 K32 K33 0 05
0 0 0 & 0 0 0  ry o

Combining everything, we can specify the Q dynamics for our model as,

d.%‘l(t) K11 K12 K13 0 X1 (f)
dll?g(t) _ | k21 Koo K23 0 ?Q _ Ig(t) dt
deg (t) o K31 K32 K33 0 T3 (t)
dAA(t) 0 0 0 &y A(t)

A
©

(7@,
3 0 0
0 0 0
0 V& 0
0 oxp 0 oa/1-p?]| [dBYt)

oﬁo
S \
]

[tn
9
&

I=)

3.3.1 Solving the Combined Model

To solve the combined model in Section 3.3, we use the general framework for
solving affine models in [5].

In our setup, our state variable is z; = (x1(t), z2(t), 23(t), A(t))T where we
have a vector of N = 3 key maturity yields plus a ‘dummy’ yield correspond-
ing to the market-price-of-risk latent state variable A(t). As such, we have @) =
(i, yl2, 4l y})T. This is basically the class of semi-observable affine factor models
Ap(4) described in [7].

The affine yields for our combined model are given by,

Ui =7+Ux; (4)



where ¢ is a constant vector and U is a 4 x 4 matrix given by

vip vz vz 0 oo

oo |V ove v O \5b 3wl
vz vzz v3z O 1 L 1o

0 0 0 1 0 0 0 1

with fu—f, @, @ as the first three eigenvectors in the matrix V' from the eigen-
decomposition of the market observable covariance matrix Xy = VDV,

Expanded out in full, the yields are given by,

yit c vir viz vz O [x1(t)
y? _ |e2| o |V V22 vas 0] [z2(t)
yle | e v w32 w3z 0| |x3(t)
A e Loo0 0 1] [

If we only consider the key maturity yields 7.5 = (yfl,yfz,y;ﬂ‘)T, they
satisfy,

Y c1 vit vz viz| |x1(t)
y? = |ca| + |v21 v wasz| |z2(t) 5
yle 3 v31 vz v33| |w3(t) (5)

= 71.4.3 =713+ VT 3

and we are back to the same setup as a principal-components-only model. All
the consistency contraints on V' mentioned in [7] similarly apply.

We now specify that the first element of y; is the short rate r;. This is to
say that,

T
Yt =1

where we let 77 — 0 and assume an overnight deposit rate (such as the Fed
Funds rate or the EONIA index) is a suitable proxy for the short rate (which is
strictly speaking unobservable).
Given the above assumption, we have,
ry = ?{ﬂg

—eTe+2Tuzm

wo wT

where & = (1,0,...,0)T. This is the same form as required by (1) except that
we used w instead of ¢ in the naming of variables.

10



The 1 x 4 vector E?P{ is given by,

K
ﬁ{: €1 U
~—
1x4 4x4

= [v11, V12, V13, 0]

V11

0

With the definition of the short rate specified above, we know from no-arbitrage
that the price of the discount bond must be given by,

Pl =E® [e_ ) Tsds}

B [ (oo T T .

— EQ

T
exp (/ wo + v1171(t) + vigw2(t) + vizws(t) ds)]
t

This shows our setup correctly produces a price formula which does not involve
the latent state variable A(t).

In what follows, all mentions of IC and 6 refer to the QQ measure reversion-
speed matrix and reversion-level vector.
From [1], the general solution to (7) is given by,

pr — oxp T H(BT) 7

with the vector ﬁf (which we abbreviate ?T) and the scalar AT (abbreviated
A;) satisfying the ODEs (with 7 =T — t) below,

dA; T —
dr = —wp + (ﬁr) Ee +
dBT = _wl - ETBT
dr

?(T =0)=0, A(r=0)=0 (boundary conditions)

T
The solution for §T (and hence (§T> ) is given by,

§T = (e_&TT — In> (ET)_I W
L (B) =W

11



T
The detailed expansions for 37 and (37) for our setup is shown below,

K11 ko1 k31 O V11
ﬁT _ (e_gTT _ In) K12 K22 Kz 0 V12
K13 k23 K3z O V13
0 0 0 ki 0

K11 K12 K13

0
T Kol Koo K 0 _Kr
(?T) = [Ull V12 V13 0} lizi sz Kiz 0 (6 Kr_ In)

0 0 0 kKx

KT

T . S . . .
where e™£7 and e 7 are matrix exponentials involving the matrix K and its

transpose.

T
To simplify the above expressions for ?T and (gf) , we assume that [C is

diagonalizable, i.e. it has N = 4 distinct and real eigenvalues {l;}. With that,
we can diagonalize the reversion-speed matrix C to obtain,

K=aAa™"
=K"= (@) Ad" = (@) A o —pAL

with
A = diag(ly,12,13,14)

(Note : To ensure stability, we require all the eigenvalues /; to be positive.)
Using this assumption that K can be written as a Aa~—', we can write the

matrix exponential e~K'T as,

eK'T = bt
_ —bATb
=be 27p~!  (by up-and-down theorem)
=b (eAT)_l bt

e hr 9 i 0 0
R
0 0 0 el
= bdiag(e ") b7
—KTr

Substituting the above expression for e into the expression for §T, we

12



)
3
Il
_
m‘
g
N
3
|
~—
—
1>
!
SN—
L
gl
_

= (bdiag(e )07 — 1) (bALTY) T W,

= b(diag(e ") bt = b7 1,) (BATDTY) Wy (since (bALT)T
= b (diag(e ") — b~ ' I,b) b DA 0T,

=b(diag(e™"7) = I,) A7,

Zbdiag[e li;_ 1}b1ﬁ

With this, we finally see that ?T takes the following form,

_ 7l]‘7'
B, — —bdiag [1;] b1,
j

Once the vector ﬁr has been computed, the scalar A, can be obtained by
integration. The full derivation for A, is given in Appendix A and the final

expression is as follows,

A, = /OT {—wo + (Eﬁ)Tgﬁ + % (§S>TSST§$} ds

= —woT
1— —U;T
+ ﬁ? (adiag {;] gflﬁ — 77’)
1
+ iw{ﬁflngAil T

13



4 Concise Summary of our Combined Model

To recap the results for our combined model, the following is a concise one-page
summary,

1. The dynamics of the model in Q is as follows,

dIEl(t) K11 K12 Ki3 0 l’l(t)
d.’bQ(t) _ | R21 K22 K23 0 ?_ l’g(t) dt
dl‘g(t) o K31 K32 K33 0 .%‘3(15)
() 0 0 0 #y A)
K Tz
O

Va 0 0 0 AW (t)

L0 V& 0 0 AW2(t)

0 0 V& 0 AW2(t)

0 oxp 0 oxy/1-p*] [dBO2)

S dz;Q

with the assumption that K admits an eigen-decomposition as,

-1

K=aha =K"= ()" Ad”= (") A a” =bAL
—_—— =
b bt

and A = diag(ly,l2,13,14) where l; are the eigenvalues.

2. The solution to the combined model is given by,

T T —
PtT = eprt +<§t ) T
where the vector ﬁtT = ?T and the scalar AT = A, (with 7 =T —1t)
are given by,

_ —le
B, = —bdiag [1f] b i@
7

1—ebm

A = —woT + E?lT (adiag [ 7

1
} Qq? — 77) + §TU>1TE—1QFTA—1Q_1E’1

_ =it _
- %ﬁlTE*ngdiag [1;} A a7, + %ﬁ{ﬁflc (KT) ' WiT

1 1— el -
— 5 WK adiag {;} a'C (KT @,

with wo and W7 defined in (6). C is defined as C = S ST. The matrix
F, is given by F, = UOT e 23q71Cae~2ds].

14



5 Calibration of the Combined Model

Having presented the solution for our combined model, we proceed to discuss
how to calibrate our new model. To obtain the data needed for calibration, we
can use the US Treasury and Fed Funds rate data available for download in [4].

5.1 Choosing Eigenvalues for the Reversion-Speed Matrix

The analysis for choosing eigenvalues of the reversion-speed matrix is the same
as that in [6].

We recall from the Q dynamics of our model in (9) that there is no interac-
tion/dependence between the parameters driving the principal-component state
variables (z1(¢), z2(t), z3(t)) and the parameters driving A(t).

If we drop the A(¢) from consideration for now, we end up with exactly the
same setup as in [6], which is,

dx(t) ki Kz kas| [ w1 (t) V& 0 0 AW (t)
dro (t) = |Ko1 Koo Ko3 0 pc — J]Q(t) dt + 0 Vs 0 d/W;@(t)
dz3(t) K31 K32 K33 z3() 0 0 V&]| Ldwl(t)
———
Kpe (?Pc_l—-;) Spc dz;©

where in the above, we abbreviated the symbols in the system with ‘PC’ to
avoid confusion. (Note : the values for \/&1, /&2, v/€3 will come from PCA, and
are the variances captured in each of the principal-component directions).

We also recall from (5) that the key maturity yields are given by,

Yy c1 v vz viz| [21(t)
yth = |co| + |v21 ve2 was| |z2(t)
Y/ 3 v31 vz vsz] |T3(t)

= ¥pc = Cpc + VZpc

This put us exactly in the same setup as [6], and we proceed with the cali-
bration of our model to obtain the entries of Kp in the same way as described
in the paper.

To summarize, the problem setup is such that the only choice we need to
make in the calibration of our model is to choose the eigenvalues {l;} of the
matrix Kpe. Assuming that KCpo is diagonalizable to Kpo = QAKPCQA with
Ag,. the diagonal matrix of eigenvalues {l;}, then it is shown in [6] that Kpc
is given by,

Kpe =VIF 'Ag, FV

with F' the 3 x 3 matrix with elements [F];; given by,

11—elm

F; =
7 Tj lz

15



The 3-factor principal component setup can exactly recover three key matu-
rity yields which are exogeneous market observables. However, the non-reference
yields will not be exactly recovered, and the choice of our eigenvalues {l;} will
be to minimize the discrepancy of the covariance matrix and yield curve that is
recovered for these non-key maturity yields.

5.2 Calibrating the Stochastic Market-Price-of-Risk

Recall that our stochastic market-price-of-risk state variable has the following
dynamics,

(1) = kx(0x — A(£))dL + 0 (deZ;Q(t) +/1- p2dB@(t))

Our calibration process involves finding values for ky, 0,0 and p. We follow
closely the analysis in Chapter 8 of [5], whereby the market-price-of-risk is
inferred from the excess returns from the strategy of being consistently long a
T-maturity bond, and funding it with a very-short-maturity bond.

For example, we can look at the strategy of being long a 10-yr bond and
funding it with a 1-yr bond. Using this setup, we will show that the market-
price-of-risk is closely related to the Sharpe Ratio of the above strategy.

We begin the analysis by assuming that we have the following bond price
dynamics,

dPT

P = pFdt + oFdWr(t)
t

We know from (7) that our bond price is a function of the state variables
x1(t), z2(t), x3(t). However, since we only assign a market-price-of-risk to the
state variable x1(t) by construction, we will only consider the drift terms in-
volving z1(t) in the workings below, where we analyse the difference in drifts
of the bond between the P and Q measures. As the state variables x5(¢) and
x3(t) do not have a market-price-of-risk, their drifts would be the same in both
measures and would cancel.

Using Ito’s Lemma on the bond price function (and only considering terms
involving z1(t)), we have,

dpPl = 855 dt + %IZ day () + ;a;ZT (1)
- 855 dt + %ZZT [t dt + 00 dWT ()] + %051 a;i:%T s
= [855 + fay %};T + %ail a;fg] dt + oy, %}Zdwf(t)
d}fg - ng T o, %f;’{ il a;fﬂ ron s %1;’{ —
uF oF

(10)
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We also know that the market-price-of-risk is given by,

uo—r

)\:

oP
:>/,LP—7"+)\JP
1 oPF

P t
= = — pYo

w T+PtT8x Oz,

This implies the drift of the bond in the P measure is given by (note that the

stochastic term in (10) drops out on taking expectation below),

apr 1 oPF
E{ T }:Tat)‘%
Pt Pt 61‘1
1 [oPT oPr 1 , 9P 1 opPF
T + fhgy ———— + S0 > | =7+ S5 Ao,
P; ot Ox; 2 "' Oxy Pl o
uP
If we absorb the %%Aam term into the left hand side, we get,
t
1 3PtT 3PtT 1 5 82PtT
E— —_ A _— S =
PT { gt + Gay o T Ae) + 500

@

(12)

which is nothing but an expression for the drift of the bond in the Q measure

(which has to be equal to 7).

In summary, what we have worked out in (11) and (12) above are expressions
for the drifts (u¥ and pu@ ) of the bond in the P and Q measures respectively.
Next, we consider the Sharpe Ratio of our bond strategy, which is given by,

P
wo—=r
SR=—%
o
P
I
oP
dpPr apr
PtT 32?1
dPT 9PT
0'1;1 PtT (9I1

=

A0y,

where in the above, we used all the relations in (10), (11) and (12).
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Ultimately, we see that the market-price-of-risk equals the Sharpe Ratio of
our bond strategy. This means that from the historical time-series of Sharpe
Ratio values, we can back out the reversion-level, volatility and reversion-speed
of A(t). This gives us the means of calibrating the parameters ky, 0y, 0.

The last parameter we have to calibrate is the value for p. Recall that p
is the correlation of the shocks driving A(t) with the shocks driving xs(t), the
‘slope’ principal-component.

Following [2], we can regress the excess returns of our bond strategy against
the term-structure slope (where slope of the term structure is measured, for ex-
ample, by the difference between five-year and three-month zero-coupon yields).
From the regression, we will be able to get the R? value.

It is well-known that R? equals the squared Pearson correlation coefficient
of the dependent and explanatory variable in a univariate linear least squares
regression. Therefore, we will choose p = R in the dynamics of our stochastic
market-price-of-risk, and this completes its full calibration.

5.3 Calibrating the Reversion-Level Vector

%
To calibrate the reversion-level vector § @, we follow (again) the same strategy
in [6], which is to,

1. Estimate time averages of yields or principal components using a very-
long-term historical record.

%
2. Equate these quantities to the reversion levels #F (in the P measure).

%
3. Translate this vector 6 to the Q measure using equation (2).

To reiterate, the relation in (2) linking T and GF is,
— -1 — 9
77 = (k- sm) (K974 5K

= 70— (k9) 7 (k- sm) 77

For brevity, we would exclude the lengthy discussion of this calibration and
refer the reader to the details in [6].
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6 Conclusion and Future Work

We have given a concise review of the theoretical underpinnings of affine term-
structure models, principal components analysis and market-price-of-risk as ap-
plied to bonds.

We also showed how a principal-component-based ATSM can be extended
to include a new latent state variable which models a stochastic market-price-
of-risk. Details on the calibration of the model were also presented.

For future work, it would be good to perform an analysis of the calibrated
model and compare it against other existing models in pricing and fore-casting.

A Derivation of Solution for A,
For completeness, we provide a concise recap (following the derivations in [5])
of the closed-form solution for A, using our current symbols.

It is assumed that K can be written as K = a Aa~!. The integral expression
for A, is,

AT:/T {—wo—k(?S)TIC?—&-; ?S)Tg Tﬁs} ds

0
:—/OTwods—i-/OT (ﬁs)TK7d8+/OT;(ﬁS)TSSTﬁst
=L+1+13

We consider each of I, Is and I3 in turn.

Evaluating I;.
Il = 7/ ’U.)ods = —wWoT
0
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Evaluating I5.

= ﬁ?&fl / ge*AngllCﬁds — 3?77 (by up-and-down theorem)
0
=u] (aAiafl)_lg/ e 251 (aha™V) Tds — WT O 7
0
= wWiar'a "a / e85~ (gha™") Tds — wWT 07
0

= m{@_l / e AN 0 ds — E%T 0r
0

— BTap! [ / e%] AT BT
0

=Wia [/ e_Ast} A_1M_17 - wfﬁr (commutativity)
0

_@Ta [/O (ed) ™! ds} e

1 _ 717;7'
= Wi adiag {f ] a V0 —wTYr

(2

P
= U{ (adiag [1;} g_17 — ?T)
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Evaluating Is.

13_/T% (E?) SST§ ds

/ “wWTK L] C K 1, | (KT) 7 Whds

/0 5 (BT e W) [ce™ (K7) 7 Wy — O (K7) | ds
= /OT %B{glefﬁscefﬁ“ (KT) "' @ds

- /0 ST 0™ (k7)™ s

- /OT %a\%—le—&sc (K™Y @ds

+/OT %w{g—lc (KT) ™ Wds
— LA+ L+ +1

Consider 1y,

Idz/ %w{gflc(ﬁ)‘lﬁlds
0
- %W{g—lc(ﬁ’)‘lm/o ds

_ %ﬁ{g—lc (KT) " @yr
Consider I,
[t crowy o
_ _%1—3{@—1 /OT Koo (KT) 7 whds
= —%E?f&_lg {/OT eAsds] a”'C (KT)_l )

1—ebm

li

= —%W{E_lgdiag { } a'C(K") W
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Consider I,

I, = _/ %wm—lce—&“ (KT) " @ 1ds
0
= 7%E?1T£710 {/ eKTSds] (ET)_l W
0

1 T _
= —§E?1T£710Q {/ eASds} a” ! (ET) ! W, (since KT = K, and up-and-down theorem)
0

1 1—ebm
= —57{£_1ngiag {le} alaA T a1,
1 1—elim

= —gﬁ?ﬁflcgdiag {;} A e,

Consider 1,
"1 Ty —1_—Ks —-KTs T\~ 1
I, = §ﬁlﬁ e =Ce = (E) E%ds
0
1 T - -
= 5?{&*1/ e~ahsa™ pp—ahsa lﬂflg_lﬁlds
0

1 T
= iﬁ?ﬁflg/ e g1 Cae 25 oA a1 ds
O \w—/
M

= %ﬁ{&flg [/ eASMeASds] A ta W,
0

—+ij)r
FT:|:mij 1=e El i|
ij

ey
1
= iﬁ?ﬁ_lgﬂé_lg_lﬁl

Finally, we assemble all the various integrals we’ve computed to get A, as,

A, = /OT {—wo + (E’S)TE? + % (§S>TSST§S} ds

= —WoT
1— It
+W1 (adlag[ ; ] a- ? — ?T)
1
+ iﬁfﬁ_lngA_la”Eﬁ
R TEd o e Tl L
—5 1 K~ Cadiag 7 A la 7,
Lop 1 —e T 7\ ~1
—5@>1/< adiag | — C(K")
1
+ WK (KT) T W
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