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1 Introduction

In economics, the use of simulation models to analyze the impact of trade policies on trade flows is of
great importance to policymakers and researchers alike. An early way of simulating structural gravity
models in Stata was an ingenious procedure known as GEPPML due to Anderson et al. (2018), which
repurposed a Poisson pseudo-maximum-likelihood estimator to conduct general equilibrium simulations.
Zylkin (2019) later developed ge_gravity, an independent command that can be used to simulate how
trade flows and welfare respond to changes in bilateral trade costs, using the general equilibrium model
and algorithm described by Baier et al. (2019). In this paper we introduce a new command called
ge_gravity2 (Campos et al. 2024).

The ge_gravity2 command is designed to solve a more general class of models, since it applies to
economic models that have a positive aggregate supply elasticity, whereas the ge_gravity command
is restricted to models in which the aggregate supply elasticity is zero. Another way in which the new
command improves on the previous ge_gravity command is that it can be used to simulate the effects
of changes in technology parameters and trade balance parameters.

The ge_gravity2 command allows users to explore the effects of trade policy in trade models where the
aggregate supply of goods is an increasing function of output prices and, more generally, to simulate a
very wide range of economic geography models that combine aggregate demand and supply equations
with standard market clearing conditions. This new command can be used to simulate the global effects
of changes in trade frictions and supply shifters in any model that falls within the “universal gravity”
framework described by Allen et al. (2020).

A model belongs to the class of universal gravity models if an aggregate good is traded across locations
and if it satisfies six specific economic conditions or properties. A model in this class must have (1)
bilateral trade frictions of the “iceberg” type, (2) constant elasticity of substitution in aggregate demand
and (3) constant elasticity of substitution in aggregate supply, (4) market clearing, (5) exogenous trade
deficits, and (6) a choice of numeraire. These six conditions provide sufficient structure to fully describe
all general equilibrium interactions of trade flows, incomes, and real output prices in terms of the
elasticity of aggregate demand and supply.
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The universal gravity framework encompasses a wide variety of models, including those of Armington
(1969), Anderson (1979), Anderson and van Wincoop (2003), Krugman (1980), Eaton and Kortum
(2002), Melitz (2003), di Giovanni and Levchenko (2013), Allen and Arkolakis (2014), Redding (2016),
and Redding and Sturm (2008). On the other hand, many prominent models do not fall into the
category of universal gravity models. These typically include models where there are multiple factors of
production with varying intensities, or where trade deficits evolve endogenously, or where demand and
supply elasticities are not constant. In addition, models that include additional sources of revenue, such
as tariffs, generally do not fit into the universal gravity framework, except in special circumstances.

The paper is organized as follows. In Section 2, we present a prototypical trade model with positive
supply elasticity, which serves as an example of the kind of models that can be simulated using the
ge_gravity2 command. We then state the properties that characterize the universal gravity framework
and show that the prototypical trade model belongs to this class of models. Next, we show how to derive
the system of equations that can be used to compute comparative statics, and present an algorithm
that solves for general equilibrium price changes for all universal gravity models. The system of equa-
tions (slightly) generalizes the one considered by Allen et al. (2020) in that it applies to unbalanced
trade while allowing for changes in bilateral trade costs, exogenous trade costs, and parameters in the
production function. The algorithm we present is fully global in the sense that it solves the nonlinear
system of equations rather than a local approximation to that system. The algorithm uses a fixed-point
procedure a la Alvarez and Lucas (2007) that converges to the solution of the system of equations
almost instantaneously in most applications.

In Section 3 we present the syntax of the ge_gravity2 command, the options that are available to the
user, and the results stored by the command after its execution. Despite its broader scope, the usage
of the ge_gravity2 command remains very similar to that of ge_gravity, making it extremely easy
for users of the previous command to seamlessly transition to the new command. The new command
is backward compatible with ge_gravity and will produce the same results as the previous command
when the supply elasticity is set to zero. Compared to the current version of ge_gravity, ge_gravity2
allows additional inputs and outputs and stores several matrices that can be inspected by the user after
execution.

Section 4 demonstrates the use of the command through three examples. The first example demonstrates
the basic use of the command by showing how to perform an ex ante analysis of the effects of a trade
agreement. The second example demonstrates the use of the command with the by prefix by going
through an example inspired by Campos et al. (2023b) that calculates the evolution of welfare costs
associated with trade policies in Spain during the Franco regime. The third example shows how the
command can be used to simulate a scenario in which trade costs remain unchanged but a country’s
productivity increases, which in general equilibrium affects welfare and other economic variables for all
countries in the world.

We conclude in Section 5 and show how to install the command in Section 7. In the Appendix, we derive
various results that are used in the paper but are too long to include in the main text.

2 Economic theory and methods

2.1 A prototypical trade model with a positive supply elasticity

There are N locations, denoted by the subscript 7 or j. Sending goods from i to 7 incurs an iceberg trade
cost, denoted by 7;; > 1. Goods are produced by combining immobile labor with intermediate inputs.
As in the model of Eaton and Kortum (2002), the production function is a Cobb-Douglas function
with constant returns to scale, where ¢ denotes the share of labor (L;) in costs and 1 — ¢ the share of
intermediate inputs (M), and A; > 0 denotes labor productivity:

Qi = (AiL;)* M, C.
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Intermediates are assumed to be the same bundle of goods as those entering final consumption, so that
the price index for intermediates for each firm is the price index taken over all goods.! We denote this
price index by P;.

Assuming perfect competition, the price of output at location i is given by
— 1—
pi = Fl(w;/A;) P ¢,

where & > 0 is a constant and w; is the wage rate. The value of output at the origin is Y; = p;@;. Since
labor is the only factor of production and profits are zero, all output is distributed to workers. This
leads to the following macroeconomic accounting identity:

Y; = piQi = wiLy,

which means that Y; is simultaneously a measure of the value of production, labor income, and total
income at a location.

Due to arbitrage in the goods markets, the price paid at a destination j for a good that is shipped from
the origin 7 is
Pij = TijDi-

The amount of goods that reach the destination j after subtracting the iceberg cost is denoted by g;;.
The expenditure on this good, valued at prices at the destination, is

Xij = Dijdij-

Equilibrium requires that output markets clear, that is, that prices and quantities adjust so that output
Q; at each location equals the aggregate demand from all locations, including iceberg costs:

N
Qi = E Tijdij -
j=1

At each location there is a representative consumer who supplies labor inelastically and whose entire
income comes from labor income. This consumer values varieties of goods according to a constant
elasticity of substitution (CES) function that aggregates goods from all origins, as in the models of
Armington (1969), Anderson (1979), and Anderson and van Wincoop (2003). The elasticity of substi-
tution is denoted by ¢ > 1. The optimization problem of the consumer leads to the well-known result
that expenditure on goods from different origins can be expressed as
1— -6
b;; 7 o b
N 1-67 7 N -0
> k=1 Dij 7 D k=1 Dy

where expenditure Ej is defined by E; = >, X;; and § = 0 — 1 > 0. The parameter 6 is known as the
trade elasticity.

X, = E.

s

Trade deficits are exogenous. Expenditure at any locations 7 is expressed as a multiple of the value of
output in the following way:

E; = 26p;iQ;,

1. The assumption that the bundle of goods used in production and consumption is the same is often called roundabout
production. It is a simple and tractable way to introduce a positive supply elasticity into a trade model. Although it
may seem unrealistic, Dhyne et al. (2021) conduct a careful empirical exercise using firm-level data from Belgium and
conclude that what ultimately matters is how much the firm ultimately sells to foreign markets, not whether these
sales are from direct or indirect exports. In an earlier version of their paper (Tintelnot et al. 2018) they show that the
quantitative results of a simple roundabout model like the one presented in this section are very close to the results
of models with more complex production linkages.
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where

=_ Zl PiQi

T ZZ &‘PiQi.
The parameter &; > 0 is location specific and the parameter = is common to all locations. This way
of specifying trade deficits ensures that the sum of exports from all locations always equals the sum of
imports from all locations. In the special case where &; = 1 for all ¢ (which also implies Z = 1), the trade
deficits of all locations are exactly zero. On the other hand, if some &; # 1, then trade is not balanced
at all locations. The trade deficit at location ¢ can then be expressed as

D;=FE; —Y; = (E§ — 1)piQs.

Summing trade deficits over all ¢, we have

N N N T piQs N N

> D;=E <Z EipiQi — ZZHQi) = $ <Z &ipiQi — Zpin) =0.

i=1 i=1 i=1 > &ipiQ i=1 i=1

In this model, output (Q;), income (Y;), and welfare (WW;) are proportional to real output prices p;/P;
raised to powers of the supply elasticity, which is defined as 1) = (1 —(¢)/¢.? The real output price p;/P;
is also a measure of terms of trade because it expresses the price obtained for exports of location 4 in
terms of prices paid for imports at location ¢ (including imports from itself). Using the notation “o”
to express proportionality, we have that:

. N\ Y
Qi x &Li o< AiL; <pl> ,

; P
pH-l/J
Y = piQi AiLiW7
1+
—e Wi - pi
Wi =E&{— < E6GAi | :
6 oczeds ()

The first of these results shows why ¢ is called a supply elasticity. Holding all other variables constant,
the elasticity of output with respect to the price p; is given by

Banl
Olnp;

=1 =0.

The prototypical model described in this section falls into the more general class of models that Allen
et al. (2020) define as the universal gravity framework. We now turn to the characterization of this
more general framework and how it can be used to solve for the price ratio p;/P;, which—together with
the supply elasticity 1)—is a sufficient statistic for real wages and ultimately welfare in the prototypical
trade model.

2.2 The universal gravity framework

Models that are part of the universal gravity framework satisfy six properties. We list them briefly and
refer the reader to the article by Allen et al. (2020) for a more detailed discussion.

2. We derive these results in the appendix. The online Appendix B of the article by Allen et al. (2020) contains the
derivations for a subset of these results. Head and Mayer (2022) derive similar results for welfare in what is essentially
the same model, but solve the model in terms of real wages instead of real output prices.



Campos, Reggio, and Timini 5

Property 1 (Arbitrage in goods markets). The bilateral price is equal to the product of the output
price and a bilateral scalar (iceberg cost):

Pij = TijDi,
where 7;; € R4 U {oo} .

Property 2 (CES aggregate demand). Expenditure at every location j can be written as

N _
i=1

=

1
where &; is real expenditure at location j and the associated price index is P; = (Zipi_je) . The

parameter 6 € R, is called the demand elasticity or trade elasticity.

Because of Shephard’s Lemma, Property 2 implies that the value of trade flows, defined as X;; = p;;4;;
(where ¢;; is the real value of goods arriving at location j and p;; is their price at location j), can be
written as a function of prices and expenditure as follows:

—0
Di;

I
Dk Py

Note that by summing this equation over i we also obtain ), X;; = Ej.

X, = E;.

Property 3 (CES aggregate supply). Output at each location can be written as

P
_ [ Pi
Qi = KC; (PZ) )
where k > 0. The so-called supply shifters are strictly postive (¢; € R4 ) and the supply elasticity 1 is

weakly positive (¢ € Ry).

Property 4 (Output market clearing). Output (supply) at each location equals demand from all
locations, including iceberg trade costs:

N
Qi = E TijQij-
=1

Property 5 (Exogenous deficits). For all i,
E; = Z6ipiQi,

where
_ Zl DiQi
> EipiQi

(1]

Property 6 (Price normalization).

N N
ZYi EZpiQi =Y >0.
i—1 i—1

This last property is stated by Allen et al. (2020) for the case with Y = 1, but it will be more convenient
for the implementation of the algorithm to use a different constant because it avoids having to re-scale
the data before and after the algorithm.
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The consumption side of the prototypical trade model described in the previous section satisfies Prop-
erty 2, and the production side satisfies Property 3 with A;L; = ¢;. Properties 1, 4, and 5 are stated
directly in the description of this model. Finally, Property 6 is a normalization that does not conflict
with the prototypical model because an equilibrium in that model determines the value of relative prices
but not the price level, which is a free parameter. This additional degree of freedom is removed by the
normalization.

Allen et al. (2020) show that various other models also satisfy the six properties of the universal gravity
framework, among them the models by Armington (1969), Anderson (1979), Anderson and van Wincoop
(2003), Krugman (1980), Eaton and Kortum (2002), Melitz (2003), di Giovanni and Levchenko (2013),
Allen and Arkolakis (2014), Redding (2016), and Redding and Sturm (2008).

2.3 Comparative statics

Allen et al. (2020) show that the response of prices to a change in the trade cost matrix can be obtained
by solving a system of equations that is the same for all models in the universal gravity framework
that have the same trade elasticity 6 and supply elasticity . In this section we present a slightly more
general version of the system of equations that allows for unbalanced trade, changes in trade deficits,
and changes in supply shifters.

We use the “hat algebra” notation introduced by Dekle et al. (2008). For each variable, its hat version is
defined as the ratio of the value of the variable in a counterfactual equilibrium relative to the value in a
baseline equilibrium; if z is the value in the baseline equilibrium and z’ is the value in the counterfactual
equilibrium, then & = 2'/x.

The comparative statics exercise we consider allows for a change in the matrix of bilateral trade costs
with elements 7;; = 7;;/7;; and also for changes in the vectors of parameters §; = ¢;/§;, which affect
trade deficits, and in the supply shifters ¢ = €, /¢;. The bilateral trade flow matrix X = [X;;]nxn IS
assumed to be known. Income and expenditure by location, and the global value of trade are obtained
from the bilateral trade flow matrix as Y; = Zj Xij, B = Zj Xji,and Y =), Zj Xij.

As shown in the appendix, if prices and quantities in the baseline and the counterfactual are part of
an equilibrium that satisfies the six properties of the universal gravity framework, then the changes in
price vectors (p;)nx1 and (P;)nx1 must solve the following system of 2N + 1 nonlinear equations:

"
. A2 Xij| o 0,504 2~ [ DPj )
pi TP, wci::Z[y]}(Tij) Q(Pj)apj5j0j<3> , i=1,...,N
J 7

by
. X
R R AR

[1>

Once this system is solved, other quantities can be derived from the resulting price vectors. For example,
in the case of the prototypical trade model, because of the proportionality relationships shown earlier,
the comparative statics for output and income can be obtained immediately as
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where ¢; = A;L;, and the comparative of statics for welfare are given by

o ge 2l <p>+w
P 'L \P,

Comparative statics for expenditure are determined by

and the change in bilateral trade flows trade flows can be calculated as

- A—0,—0D0 1
Xij _Ti,j D; Pj EJ.

The comparative statics derived for welfare and output are specific to the prototypical model presented
in this article. Other models may yield different results, especially for welfare. However, the comparative
statics for some of the variables are quite general in that they are common to all models in the universal
gravity framework. This holds for prices and, conditional on the price normalization, also for the value
bilateral trade flows, expenditure, and income.

2.4 Algorithm to solve for prices (universal option)

First, we present the most general version of the algorithm. This algorithm is used when the ge_gravity2
command is called with the universal option. The algorithm used to solve for prices is a fixed-point
algorithm in the style of Alvarez and Lucas (2007). Its structure and implementation is very similar to
the algorithm used by Zylkin (2019) in the ge_gravity command. There are two major differences. The
first difference is that the algorithm solves for the vector of output prices instead of wages. The reason for
this is that the universal gravity framework is agnostic about which factors of production are involved in
the production process. In fact, there may be models within the universal gravity framework for which
there is no properly defined wage rate. The second difference is that the algorithm has more inputs
than the algorithm in ge_gravity, since it takes into account exogenous changes in supply shifters and
arbitrary exogenous adjustments to trade deficits in addition to the value of the supply elasticity.

Notation. In the description of the algorithm, we use the commands rowsum, colsum, and sum, which
are defined as follows (this is how they work in Mata). The command rowsum sums the elements of
a matrix along each row and returns a column vector. The command colsum sums the elements of a
matrix along each column and returns a row vector. The command sum sums all elements of a vector
or matrix and returns a scalar. The symbol ® represents the Kronecker product. All other operations,
such as multiplication, division, and exponentiation, are performed element by element. All vectors are
N x 1 column vectors and all matrices are N x N square matrices, where N is the number of locations.
We use the notation 1 for a column vector of size N x 1 filled with ones. The operation of transposing
a vector or matrix is denoted by the superscript 7T'.

Inputs. The required inputs to the algorithm consist of a matrix of bilateral trade flows, which we will
call X, a matrix B that encodes the change in bilateral trade costs, and two scalars, one for the trade
elasticity and one for the supply elasticity.

The matrix X is a square matrix containing bilateral trade flows from locations in the rows to locations
in the columns. The order of the locations that appear in the rows and columns must match, and there
must be no missing values (although there can be zeros). This matrix is created from a user-supplied
variable containing bilateral trade flows.

The second key input is a matrix that encodes the partial equilibrium effects of changes in trade costs.
We will call this matrix B. It has the same dimensions as X and the element in row ¢ and column j
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codifies how trade costs would affect trade flows from location ¢ to location j in partial equilibrium. In
terms of the notation used in the model, the element in row 7 and column j of B corresponds to Ti;6.3

The remaining two required inputs are the trade elasticity # and the supply elasticity . In addition
to the required inputs, there are two additional input vectors that can be optionally provided to the
algorithm: the vector f , which governs the discrepancy between expenditures and revenues, and ulti-
mately trade deficits, and the vector ¢, which governs the relative changes in the supply shifters. If
these optional inputs are not provided, then they are set to be column vectors of size NV x 1 filled with
ones.

Algorithm 1 (universal option). The algorithm solves the system of equations for prices by iterating
until the vector of output prices converges. The steps involved in the iteration are as follows:

Step 0. Choose a tolerance level for convergence e > 0. Compute the vectors E = colsum(X)7,

Y = rowsum(X), and the scalar ¥ = sum(X). Initialize the vectors p = 1 and P = 1.

[

Step 1. Compute the scalar

Step 2. Update the vector p:

pY X o ap T T
- _ ~ —haltrp
Puext = < < z ) rowsum({Y(ng]B[(ch P ) ®1}>>

Step 3. Update the vector P:

X T %
Pooxt = (colsum ([ET = 1} B [f);eext ® 1T]> )

Step 4. Check convergence:

1]

||ﬁnext - f’”sup <e
If convergence was achieved, then stop. If not, then set p = Ppest and P= li’nezt and return to step 1.

Outputs. Once the algorithm has converged, the vector of output prices p, the vector of price indices
P, and the scalar Z are known.

2.5 Algorithm to solve for prices with constant trade deficits (default option)

The algorithm just described is the one used when the user runs the ge_gravity2 command with the
universal option. For many applications, it may be more convenient to assume that trade deficits
are constant. The case with constant trade deficits is the default option of the existing ge_gravity
command, and we make it the default of the newer ge_gravity2 command as well, meaning that
the algorithm for constant trade deficits is used unless the user chooses either the universal or the
multiplicative option. Constant deficits can be implemented as a special case in the universal gravity
framework by making the change in &; parameters endogenous.

To derive the algorithm, we start from the equation

E&piQi = By = D + piQ;.

3. This matrix is internal to the command and is constructed from a variable provided by the user. The examples show
how to create this variable in Stata.
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The equality on the left is given as a definition in Property 5 of the universal gravity framework, and
the equality on the right is the usual definition of trade deficits.

(1 5a) -
piQi)

where we have defined §; as the ratio of the trade deficit to income:
D;
PiQi

Solving this equation for &; leads to

(1+05),

[1]| —
(1] —

& =

The change in the endogenous variable &; is then determined by

. 11448 114606 1 & e
=14+6; = 14+6; < +1+51( )>

(11|

The last step is to derive an expression for &; in terms of price changes and supply shifters. Using the
condition that deficits remain constant, i.e., D} = D;, this can be done as follows:

gDy _ 1 1 1 P
CODi/(piQi)  piQi Qi Vi ap Y

iDj

Finally, putting the previous results together, the endogenous change of {1 required to maintain trade

deficits constant is R
5 PY
1 1 .
( 1, <éiﬁ}+¢ ))

The modifications with respect to the previous algorithm consist of initializing = to one and adding an
extra step just before step 1 that calculates the endogenous change in &; parameters that keeps trade
deficits constant.

=

[p| =

Algorithm 2 (default option).

Step 0. Choose a tolerance level for convergence e > 0. Compute the vectors E = colsum(X)T,
Y = rowsum(X), and the scalar ¥ = sum(X). Compute the vector § = (E—Y)/Y. Initialize the vectors
P =1 and P = 1. Initialize the scalar = =

TR (I
146 \eplte '

Step 0.5. Compute the vector é:

&=

[1]>\ —

Step 1. Compute the scalar =

Step 2. Update the vector p:

1
N e pv X PR . T 1+6+y
Prnext = <.: ( é > rowsum (|:W:| B |:(£CP9—1/1p1+’¢1> ® 1:|>)
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Step 3. Update the vector P:

X T
» ~—0 T
Foe = (“IHQET@J B [p32 ©17]) )

Step 4. Check convergence:

=

”ﬁnext - f’”sup <e€
If convergence was achieved, then stop. If not, then set P = Pyeqr and P= f’nemt and return to step 0.5.

Outputs. Once the algorithm has converged, the vector of output prices p, the vector of price indices
P, and the scalar Z are known.

Running the ge_gravity2 command with a supply elasticity of zero and the default options will replicate
the results of ge_gravity with the default options.

2.6 Algorithm to solve for prices with multiplicative trade deficits (multiplicative
option)

The ge_gravity command has a multiplicative option in which trade deficits are assumed to evolve
at all locations in a way that satisfies the equation

/ !/
B=ntDi_y
Yi+ D,
In ge_gravity2 we also implement the multiplicative option to make the command backward com-
patible with ge_gravity. In order for the change in expenditure and income to coincide at all locations,
it is necessary to set fl — 1 for all i and = = 1. This means that step 1 can no longer be used in
the algorithm. However, since there is no need to solve for = in this case, it is possible to replace step

1 (which relies on properties 5 and 6) with the price normalization of property 6 directly. From this
property applied to the baseline and counterfactual economy we have that

N N N Py
SN RAES St =2t
i=1 i=1 i=1 i
The right-hand side of this equation is homogeneous of degree one in price changes, and we can use this
equation to normalize prices. We add a new step in the algorithm right after step 3 that does this.

Algorithm 3 (multiplicative option).

Step 0. Choose a tolerance level for convergence ¢ > 0. Compute the vectors E = colsum(X)T,
Y = rowsum(X), and the scalar Y = sum(X). Initialize the vectors p = 1 and P = 1. Set the vector
& =1. Set the scalar = =

Step 1. (omitted).
Step 2. Update the vector p:

N 2, 131/’ X c B0l T TFo1¢
pncxt—<-< P >I'OWSUJH(|:W:|B|:(£CP p ) ®1 >

Step 3. Update the vector P:

. X r
Poext = (colsum <{ET = 1} B [f);egxt ® 1T]> )

=
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Step 3.5. Compute the scalar p (excess world income) as:

p— sun (éf) (g)%) e

and normalize the price vectors p and P by dividing them by p.

Step 4. Check convergence:
”fjnext - Is||sup <e€

If convergence was achieved, then stop. If not, then set p = Ppert and P = P,..: and return to step 2.

Outputs. Once the algorithm has converged, the vector of normalized output prices p, the vector of
normalized price indices P are known. The scalar Z always equals one in this case.

Running the ge_gravity2 command with the multiplicative option and a supply elasticity of zero
will replicate the results obtained by ge_gravity with the multiplicative option.

Comparison with the universal option. The results obtained with the multiplicative option will
generally not match those obtained with the universal option, even for the case where é = 1, although
they will be close if the trade deficits are not too large. The difference between these two options is
that the change in nominal quantities is determined in a different way. Note that step 1 of the universal
algorithm with Z=1and é: 1 results in

o (s(2) )

whereas the normalization in the multiplicative algorithm implies that prices satisfy

p\"’ -
sum | ¢Pp (A) Y|=Y.
P
These two normalizations are equivalent if expenditures coincide with incomes, meaning that trade
deficits are zero, but are generally different when they are not.

2.7 Remaining calculations
Once price changes have been obtained, other variables follow in order. We maintain the convention

that all operations, except the Kronecker product, are performed element by element. The change in
income is obtained directly from the price changes as

a(s)

The change in expenditure then follows as

o

[

E=Z2¢Y.

Changes in bilateral trade flows are obtained as

X-B [Ef{;]e [ET@@ 1] .
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For the prototypical trade model, the change in real prices also translates directly into changes in
output, which is obtained as
L\ Y
O=¢ <Ii’> .
P

The computation for the change in welfare depends on whether the change in supply shifters is generated
by changes in productivity or the labor force. For the prototypical trade model, the vector € is the
product of A and L, and the change in welfare can be expressed as

SPINE Y N
wzég‘f(?) :égAG;) .

The syntax of the ge_gravity2 command includes options that allow the user to specify A and L, or
to specify &. Welfare is calculated only if the user specifies A or L, or both at the same time, but not
if the user specifies €.

The changes of real and nominal wages in the prototypical trade model also depend on the distinction
between A and L. They are calculated as

. L\ 149

T-A <‘3)

P P

and

2.8 Reporting comparative statics for the prototypical trade model

The normalization in Property 6 determines the scale of nominal quantities in all universal gravity
models. Since the prototypical trade model determines only real variables, we said earlier that Property 6
does not conflict with the model. However, there is a subtle point that needs to be clarified. The use
of normalization in Property 6 is harmless for equilibrium objects in the baseline economy and in the
counterfactual economy when considered in isolation. However, when doing comparative statics, using
the same normalization in both models introduces an additional assumption. In this case, the assumption
is that global nominal income is the same in the baseline and the counterfactual. This assumption may
not be consistent with the intended use of the model. Researchers should therefore be cautious when
reporting comparative static calculations for nominal quantities. For this reason, the default results
table generated by the command shows growth rates only for real variables.

The default calculation reports the vector relative changes of real (non-domestic) exports for all loca-
tions, which is calculated as

rowsum (XX (Anxn — INxN))

rowsum (X (Iyxn — Inxn))

gemp:]-oox /f)_]-NXI

Here, 1y« n denotes a square matrix of size N filled with ones and 1«1 denotes a N x 1 unitary vector.
We use the notation Iy« to refer to the identity matrix of size N. We continue using the convention
that all operations are performed element by element. Notice that multiplying a matrix by the term
(Inxn — Inxn) is equivalent to setting its diagonal elements to zero. We do this to exclude domestic
trade from the calculation. The relative change in exports is real (as opposed to nominal) because the
nominal change of exports is deflated by the change in export prices p in the equation above.
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Similarly, the vector of real relative changes of imports is calculated as

. T
colsum (XX (Anxn — INxN))

colsum (X (Inxn — Inxn))

gimp:100>< /15—le1

This expression is very similar to the expression for exports. The main differences are that matrices are
summed over columns (i.e., across rows for each column) to obtain imports instead of exports, and that
the nominal change is deflated by the change in the consumer price index P, instead of the change in
export prices p.

The relative change in total trade is obtained as the weighted average of the relative changes of exports
and imports, where the weights are given by exports and imports in the baseline economy. The change
in domestic trade is calculated from the diagonal elements of the bilateral trade matrix X as follows:

g dom = 100 x (diagonal (X) /lA3 — 1N><1) .

This implies that domestic trade is also deflated by the consumer price index P.

Finally, the relative change of real output and welfare are computed as

gQZIOOX (Q—]_le)
and A
gw = 100 x <W— 1NX1) .

All these relative changes are expressed in percentage points. Thay are to be interpreted as the impact
of moving from the baseline situation to the counterfactual situation, not as growth rates of variables
over time.

3 The ge gravity2 command
3.1 Syntax

ge_gravity2 exp-id imp_id flows partial [zf] [m] , theta() [psi() gen_options

other_options ]

Required variables

e exp_id specifies the variable that identifies the location of origin, for example ISO codes or names
of countries. This variable can be a string variable or numeric. This variable cannot contain missing
values.

e imp_id specifies the variable that identifies the location of destination, for example ISO codes
or names of countries. This variable a string variable or numeric. This variable cannot contain
missing values.

e flows contains bilateral trade flows. This variable contains the flow from the location identified
as exp_id to the location identified as imp_id. This variable cannot contain missing values, but
can contain zeros.

e partial contains the “partial” estimate of the effect, typically obtained as a coefficient from a
prior gravity estimation. This variable cannot contain missing values.
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Elasticities

e theta(#) sets the trade elasticity, which must be strictly positive.

e psi(#) sets the aggregate supply elasticity, which must be nonnegative. If the option psi() is
not specified, then the default is psi(0). With a supply elasticity of zero, the command solves
essentially the same model as ge_gravity.

3.2 Options

New variables (universal gravity)

gen_X(varname) generates counterfactual trade flows (X’ in the model) and places the result in a
new variable called varname, or overwrites this variable if it already exists.

e gen_rp(varname) generates the change in real prices (p/P in the model) and places the result in
a new variable called varname, or overwrites this variable if it already exists.

gen_y(varname) generates the change in income (? in the model) and places the result in a new
variable called varname, or overwrites this variable if it already exists.

gen_x(varname) generates the change in trade flows (X in the model) and places the result in a
new variable called varname, or overwrites this variable if it already exists.

e gen p(varname) generates the change in output prices (p in the model) and places the result in
a new variable called varname, or overwrites this variable if it already exists.

gen_P(varname) generates the change in price indices (15 in the model) and places the result in a
new variable called varname, or overwrites this variable if it already exists.

New variables (prototypical model)

gen_w(varname) generates the change in welfare (W in the model) and places the result in a new
variable called varname, or overwrites this variable if it already exists.

gen_q(varname) generates the change in real output (Q in the model) and places the result in a
new variable called varname, or overwrites this variable if it already exists.

e gen_rw(varname) generates the change in real wages (W /P in the model) and places the result in
a new variable called varname, or overwrites this variable if it already exists.

e gen nw(varname) generates the change in nominal wages (W in the model) and places the result
in a new variable called varname, or overwrites this variable if it already exists.

Other options

e results prints a table with percent changes for exports, imports, total trade, domestic trade, real
output, and welfare.

e universal solves the model with universal trade deficits and allows the user to set the option
xi_hat.

e multiplicative solves the model for trade deficits that imply E=Y (for backward compatibility
with the multiplicative option of the ge_gravity command).
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3.3

c_hat (matrix) changes supply shifters (€ in the model). Welfare will not be calculated if this
option is used. This option may not be combined with the options a_hat or 1_hat. The default
behavior is that all elements of c_hat are set to one.

a_hat (matrix) changes productivity (A in the prototypical trade model). This option may not
be combined with the option c_hat. The default behavior is that all elements of a_hat are set to
one.

1 hat (matrix) changes the labor force (I: in the prototypical trade model). This option may not
be combined with the option c_hat. The default behavior is that all elements of 1_hat are set to
one.

xi hat (matrix) changes trade deficits ({C in the model). This option must be used in combination
with the universal option. If the universal option is selected and the xi_hat option is not used,
then the command defaults to setting all elements of xi_hat to one.

tol(#) sets the tolerance level to verify convergence of the vector of output price changes. The
tolerance level must be a strictly positive real number. The default is tol(1le-12).

max_iter (#) sets the maximum number of iterations to solve for the vector of output price changes.
The maximum number of iterations must be a positive integer. The default is max_iter (1000000).

Stored results

Scalars

e(theta): trade elasticity

e(psi): supply elasticity

e () : number of locations

e(crit): convergence criterion achieved
e(n_iter): number of iterations performed

e(Xi_hat): scalar to ensure that trade deficits sum to zero

Macros

e (names): identifiers of locations

Matrices

e(results): N x 6 matrix of relative changes for key variables
e(X): N x N matrix containing baseline trade flows X

e(X_hat): N x N matrix containing X = X'/X

e(X_prime): N x N matrix containing counterfactual trade flows X’
e(E): N x 1 matrix containing baseline expenditure E

e(Y): N x 1 matrix containing baseline income Y
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e e(rp): N X 1 matrix containing f)/15

e e(p_hat): N x 1 matrix of the change in output prices (p)

e e(P_hat): N x 1 matrix of the change in price indices (P)

e e(E_hat): N x 1 matrix containing E = E'/E

e e(Y_hat): N x 1 matrix containing Y = Y’/Y

e e(What): N x 1 matrix containing W = W’ /W

e e(Q.hat): N x 1 matrix containing Q = Q'/Q

e e(Eprime): N X 1 matrix containing counterfactual expenditure E’

e e(Y_prime): N x 1 matrix containing counterfactual income Y’

4 Examples

All three examples use the data set GE_gravity2_example data.dta, which is available online.? In this
data set the string variable iso_o, identifies the country of origin and the string variable iso_d, identifies
the country of destination. The variable flow contains bilateral trade flows from iso_o to iso_d and
the variable year identifies years (in ten year increments).

4.1 A simulation of the ex-ante effect of a trade agreement

In a first example we simulate the effect of a free trade agreement. Suppose that we want to compute the
expected effects of the North American Free Trade Agreement (NAFTA), a trade agreement signed by
Canada, Mexico, and the United States, that entered into force in 1994. Also suppose that we expect the
partial equilibrium effect of this trade agreement to be 0.5, meaning that countries that are part of this
trade agreement are expected to increase their trade flows with other members by exp(0.5) — 1 ~ 65%,
if nothing else changes. The general equilibrium impact of this agreement can then be computed issuing
the following commands in Stata.

. use ge_gravity2_example_data.dta
. local beta = 0.500

. ** Generate an indicator of NAFTA
. gen nafta = 0

. replace nafta = 1 if iso_o == "CAN" & (iso_d == "MEX" | iso_d == "USA")
(12 real changes made)
. replace nafta = 1 if iso_o == "MEX" & (iso_d == "CAN" | iso_d == "USA")
(12 real changes made)
. replace nafta = 1 if iso_o == "USA" & (iso_d == "CAN" | iso_d == "MEX")

(12 real changes made)

. **% Generate the partial equilibrium effect of NAFTA
. gen partial_effect = “beta” * nafta

. xx Obtain general equilibrium effects of NAFTA using data for the year 1990.
. **x Report a table with results, and generate variables with counterfactual flows and W_hat.
. ** We use a trade elasticity of 5.03 and a supply elasticity of 1.24.

4. https://github.com/rolf-campos/ge_gravity2/raw/main/examples/ge_gravity2_example_data.dta
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.ge_gravity2 iso_o iso_d flow partial_effect if year==1990, theta(5.03) psi(1.24) results
gen_X(flow_nafta) gen_w(welfare)

sorting...

solving...

solved!

After running this code, the command will print out a table that exhibits the change in trade flows,
output, and welfare for all countries in the sample. Below, we show an excerpt from the table showing
the first three lines and the countries involved in the trade agreement.

Results for the prototypical trade model (percent changes)

Exports Imports IntlTrade Domestic Output Welfare
ARG 0.066 -0.312 -0.020 -0.012 -0.002 -0.021
AUS -0.121 -0.127 -0.124 0.010 -0.005 -0.009
AUT -0.042 -0.008 -0.024 0.011 -0.001 0.006
(output omitted)
‘ CAN ‘ 38.065 42.002 40.006 -5.476 2.544 4.662 ‘
(output omitted)
‘ MEX ‘ 37.509 48.714 42.518 -3.632 1.698 3.182 ‘
(output omitted)
‘ USA ‘ 16.074 13.065 14.397 -0.644 0.286 0.516 ‘

(output omitted)

L 1 |

Because we have used the option gen_w(Welfare), the command will also have generated a new variable
called Welfare that contains the comparative statics for welfare W; = W///W; for every country i (i
in this case refers to the country that is listed in the variable iso_o). This new variable will have
non-missing values only in the year 1990, because the command was issued specifying the condition if
year==1990. Because the trade model is static, a researcher will want to use data only from a particular
year, as we did in this example, except in rare cases.

In this example, we have used a trade elasticity of 5.03, taken from the handbook chapter by Head
and Mayer (2014). Values of 4 or 5 are common in policy studies quantifying the effects of free trade
agreements. There is less consensus on the value of supply elasticity. Alvarez and Lucas (2007) suggest
using a supply elasticity of one and the work of Eaton and Kortum (2002) suggests a value of 3.76. In
this example, we have taken the value of 1.24 from a calculation by Campos et al. (2023a), who choose
the supply elasticity as the midpoint of the supply elasticities implied by the 10th and 90th percentiles
of the distribution of the range of intermediate goods shares for the sample of countries in the KLEMS
database, as reported by Huo et al. (2024).

The command in this example was run using the default algorithm. This means that the trade deficits
in the counterfactual are assumed to be the same (in nominal terms) as in the baseline economy. This
is not the only option. The universal option simulates the counterfactual assuming that the ratio
of expenditure to income changes in the same way for all countries. The user may want to use the
universal option together with the xi_hat option to break this homogeneity and allow expenditure
to increase more in some countries than in others. Another alternative is to use the multiplicative
option. In this case, expenditure and income grow at the same rate in all countries, resulting in a
constant ratio of expenditure to income.

4.2 A quantification of the impact of time-varying border effects on welfare

We now turn to a more complicated example using several years of data. In this example, we use
estimates of Spain’s “border thickness” by Campos et al. (2023b). In their article, they measure the
border thickness (a measure of how difficult it is to trade internationally) of Spain during the Franco
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regime and compare it to the border thickness of a synthetic control for Spain that is calculated as
an average of other countries. They report estimates of the welfare loss implied by Spain’s differential
border thickness and interpret this welfare loss as the effect of the economic policies pursued by Spain
in the postwar period until 1975.

In this example, we use the same database as before and calculate the welfare gain that Spain would
have experienced if it had the border thickness of its synthetically constructed counterfactual. We do the
calculation for several years. We use a trade elasticity of 4 and three different supply elasticity values:
0, 1, and 2. A trade elasticity of 4 and a supply elasticity of zero correspond to the original simulations
of Campos et al. (2023b).

To avoid having to use a loop to simulate the model for each year, we take advantage of the fact
that the ge_gravity2 command can be used with the by prefix. Although the identity and number of
exporters/importers may vary across years, it is important that the data in each year are square (i.e.,
there are the same exporters and importers, and no missing values).

. use GE_gravity2_example_data.dta

. keep if year <= 1980

(12,500 observations deleted)

. %% Use the estimates of the partial equilibrium effect of Spain’s border thickness
. // Source: Campos, R. G., Reggio, I., and Timini, J.,

./ "Autarky in Franco’s Spain: The costs of a closed economy",
./ Economic History Review, 76 (2023), pp. 1259-1280.

./ https://doi.org/10.1111/ehr.13243

./ Taken from the replication materials for Figure 5.

. gen beta_Spain = .
(23,263 missing values generated)

. replace beta_Spain = -1.254 if year == 1950
(5,476 real changes made)

. replace beta_Spain = -0.937 if year == 1960
(5,929 real changes made)

. replace beta_Spain = -0.604 if year == 1970
(5,929 real changes made)

. replace beta_Spain = -0.694 if year == 1980
(5,929 real changes made)

. gen beta_Synthetic_Spain = .
(23,263 missing values generated)

. replace beta_Synthetic_Spain = -0.665 if year == 1950
(5,476 real changes made)

. replace beta_Synthetic_Spain = -0.438 if year == 1960
(5,929 real changes made)

. replace beta_Synthetic_Spain = -0.428 if year == 1970
(5,929 real changes made)

. replace beta_Synthetic_Spain = -0.653 if year == 1980
(5,929 real changes made)

. **% Generate an indicator of Spain’s borders
. gen border = (iso_o != iso_d)

. gen border_Spain = border * (iso_o == "ESP" | iso_d == "ESP")

. ** Generate the partial equilibrium effect of the difference of Spain’s actual border thickness relative to that of

. gen partial_effect = (beta_Synthetic_Spain - beta_Spain) * (border_Spain)

. %% Obtain the general equilibrium effect for different values of the supply elasticity
. **x Campos, Reggio, and Timini (2023) use a trade elasticity of 4.

. ** They (implicitly) use a supply elasticity of zero.

. ** We use the by prefix to calculate welfare for all years.

. bys year: ge_gravity2 iso_o iso_d flow partial_effect, theta(4) psi(0) gen_w(W0)

«
t
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. bys year: ge_gravity2 iso_o iso_d flow partial_effect, theta(4) psi(1) gen_w(W1)
. bys year: ge_gravity2 iso_o iso_d flow partial_effect, theta(4) psi(2) gen_w(W2)

. ** Collapse and re-express in percentage points
. collapse (first) WO W1 W2, by(iso_o year)

. replace WO = 100 * (WO - 1)

(305 real changes made)

. replace W1 = 100 * (W1 - 1)
(305 real changes made)

. replace W2 = 100 * (W2 - 1)
(305 real changes made)

. ** List welfare losses for Spain

. list if iso_o == "ESP"

iso_o  year WO w1 w2
92. ESP 1950 -.7740736 -1.535153  -2.283889
93. ESP 1960 -.6785989  -1.330477 -1.974016
94. ESP 1970 -.3882885 -.6982863 -.9990215
95. ESP 1980 -.1280367 -.2352655  -.3385067

The results in this last listing show how the welfare calculations depend on different values of the supply
elasticity. Because we used the command with the by prefix, it is not possible to generate a results table.
The values for variables other than welfare can be obtained using the options that begin with the gen_
prefix.

4.3 A simulation of a change in productivity

The command ge_gravity2 can also be used to run simulations in which a country’s productivity
changes while its trade costs do not. In this last example, we simulate the impact that raising China’s
productivity by 10% has on trade flows, output, and welfare of all countries in the world. We do this
using the a_hat option of the command.

. use GE_gravity2_example_data.dta

. ** Perform a dry run to see how in what position China is ordered
. gen partial_effect = 0

. ge_gravity2 iso_o iso_d flow partial_effect if year == 1990, theta(5.03) psi(1.24)
sorting...

solving...

solved!

. matrix list e(W_hat) // China is in position 11

. ** Generate the matrix with the productivity increase
. matrix A_hat = JCe(N)", 1, 1) // Matrix of size N x 1 filled with ones

. matrix A_hat[11, 1] = 1.1 // China’s productivity increases by 10%

. %% Run the command with the a_hat option

. ge_gravity2 iso_o iso_d flow partial_effect if year == 1990, theta(5.03) psi(1.24) a_hat(A_hat) results
sorting. ..

solving...

Using custom a_hat.

solved!

Below, we show an excerpt from the resulting table showing the first three lines and the line for China.
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Results for the prototypical trade model (percent changes)

Exports Imports IntlTrade Domestic Output Welfare

ARG 0.109 0.029 0.091 -0.011 0.000 -0.010

AUS 0.130 0.134 0.132 -0.011 0.005 0.009

AUT 0.021 0.041 0.031 -0.001 0.003 0.011
(output omitted)

CHN 4.609 7.269 5.575 11.439 9.838 10.776

(output omitted)

5 Conclusion

This paper introduces the command ge_gravity2, which can be used in academic research and for policy
analysis. By extending the capabilities of the original ge_gravity command to models with positive
aggregate supply elasticity, researchers and policymakers now have a powerful tool for analyzing the
effects of trade policies on trade flows and welfare in the class of universal gravity models. The ease
of use and seamless transition from ge_gravity to ge_gravity2 make it straightforward to add this
command to the toolkit of those working in general equilibrium trade modeling.

We show how to derive the system of equations to compute comparative statics in a universal gravity
model. We describe the algorithm that solves this nonlinear system of equations. We also present a
prototypical trade model with positive supply elasticity, and show how it falls in the class of universal
gravity models, and how the outputs of the command can be interpreted in the context of this model.

We provide a detailed overview of the command’s features, options, and potential applications, by going
over three examples. The command’s features allow to solve a wide range of economic geography models
within the universal gravity framework.
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7 Programs and supplemental material

To install the software files as they existed at the time of publication of this article type

. ssc install ge_gravity2
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A Appendix: detailed derivations of results

A.1 Output in the prototypical trade model

Gross production at each location i is a Cobb-Douglas function. We specify this function in a more
general form, by including an additional productivity term Z;:

Qi = Zi(AiLi)CIil_C,

where ¢ € (0, 1] is the labor share, Z; is something akin to total factor productivity (taking intermediates
to be a factor of production that is reproducible), A; is labor productivity, and I; is an intermediate input
which is a constant elasticity of substitution (CES) aggregate of all varieties with the same elasticity of
substitution as the bundle of consumption:

o
1 oo1 o—1
o oo
I; = gaijxij ,
i

where the parameters «;; > 0 are proportional to the trade costs 7;;.

The problem is separable and the cost function for intermediate goods can be derived as a first step
before considering the cost-minimizing choice between labor and the bundle of intermediate goods. The
cost-minimization problem for intermediate goods at the destination j is:

min g PDiiTis
;5 >0 T
1

subject to

o

1 oo1 o—1
E :aijxij > 1
i

For the well-known CES production function, cost minimization implies a cost function of the form

1
i—0o

o) - (z p) L=P,

with price index

oyl
Py=Y (aypi; 7).

i

The second stage of cost minimization (taking into account that intermediates have been chosen opti-
mally) is:
min = wjﬁj —+ PjIja

AR
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subject to
1—
Zi(Aj) T > Q,

The first order condition for £ is: -

i\

w; = Ap; Z; AS (;) :

J

The first order condition for I; is:

7\ ¢
Py =M1 - )p;Z; AS </)
J

Taking the ratio of these two equations, the optimal ratio of intermediates to labor is

I 1-Cuw;

¢ ¢ P
This equation equates the marginal rate of transformation (MRT) to the input price ratio.

We now use this result in the production function to solve for ¢ as a function of @:

Qj = Z;(Ajl)°1; ¢

¢ P
¢-1
—c(l1-Cuw Q;
Y A6 < J) =7
= (E) 7
Using the equation that equates the MRT to the input price ratio one more time, we can also solve for
I
¢
_ef1-Cw;\" Q;
I = (A€ ( J) &i

The cost function can be obtained by substituting the conditional factor demands that we obtained into
the expenditure on labor input and the intermediate input:

Cj = wjfj + PjIj

1—cw.\10. 1—cw.:\¢ 0.,
)< (FER) Zenw (RR) G
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Because of constant returns to scale, the cost function is linear in output, and quantities would be zero
or infinity unless the output price p; at which the good produced is sold at each location ¢ is exactly

pi = (B(C)/Z:)(wi/A;) P},

where w; is the wage and P; is the CES price index (this also implies that profits will be zero, as is
usual in the case with constant returns to scale). Solving for w;/p;, in equilibrium, the ratio of wages
to output prices is a function of the “real price” p;/P;, with elasticity ¥ = %:

wi_ ) Zz %&%
pi‘&(B«J (B)

Evaluating the equation of the MRT at ¢; = L; and substituting into this relation the result for w;/p;:

1 — ¢ ws
=1ty

1=C, (4N (mY T op,
=77 A’(B(O) (P) Bl

-ttt () (5)

Substituting this expression and ¢; = L; into the production function:

=

Qi = Zi(Az‘Lz‘)qil_g

s () (3) )
0 1-¢
#( (%)) e (B

)
— K(QALZY (f;) :

W

where 1 is the supply elasticity.

A.2 Welfare in the prototypical trade model

The utility function is
70T

1 o-1
Uj= (Z 5457 )
i

The parameter ¢ > 1 in the utility function is the elasticity of substitution between varieties ¢;; > 0.
The parameters a;; > 0 are demand shifters that are proportional to the bilateral trade costs 7;;. The
budget constraint is given by
ZpijQij = E;,
i

where p;; is the price paid at location j for the good ¢;; and E; total expenditure at location j.
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Utility maximization with CES preferences is well-known and details are available in many textbooks.
We directly state the results for this class of preferences. Utility maximization in this case implies an
optimal demand function of the form
o o (Pu) T Ei
Qij = %Yij \ p. P’

J
with the price index P; defined by

_ 1
Py=Y (aypi; 7).
i
This price index is the same as the price index for intermediate goods used in production.
By substituting optimal demand functions in the utility function, we obtain the per-capita indirect
utility function:

U;({a;;}) 1 pij\ *Ej
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Welfare in this model is given by the real wage (in terms of the price index P;, not the producer price
p;). Using the results from the production side of the model, this real wage can be expressed as

g (L) (2) - @mera () - (%) = @mota, (Z)

Ifp = (1—)/¢, then 1/{ =1+ 1), so this last expression can be written as:

Wz, mya, ()
P ! T\P '
A.3 Summary of results for the prototypical trade model

The real wage in terms or the output price (w/p), the real wage in terms of the consumption price
(w/P), output (Q), income (V') and welfare (W) satisfy the following proportionality relations:
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We notice that output per capita (Q;/L;) and the real wage in terms of the output price are also
proportional to each other. In terms of the notation used for the universal gravity framework, we have
¢; = A;L;. Finally, if L; and Z; are constant, as in the prototypical trade model, then the proportionality
relations stated in the main text are obtained.

A.4 Derivation of the system of equations for equilibrium prices with unbalanced
trade

We start out by inserting the international arbitrage condition stated as Property 1 in the equation for
trade flows implied by Property 2 (CES demand). This yields

Xij = (Tijpi)iepjeEj.
Next, we use Property 4 (output market clearing), and multiply both sides by p; to obtain:
Y =piQi = pi Y Tijdij
J

= sz'j%‘j
J

=2 X
J

=Y (7pi) "] E;
J

= (7pi) " P{E¢p,Q;
i

The steps involved in the equations above are as follows. The second line uses Property 1. The third
line uses the definition of X;;. The fourth line uses the equation we have derived before. The fifth line
uses Property 5.

Now, we can substitute output using Property 3:

pi | K Di ' :Z(T" N TOPIZEp; | ke 2] '
i 4 PL‘ : ijDi j = iDj 7 Pj ’

J

1+6 Pi v 0 o pj v
= ¢ — - =¢.n. |7 [ £L
(o (5) ) == (o (3) )

This equation holds for all 7.

or

Combining the price index with Property 1 delivers:
-0 -0, -0
i

This equation holds for all 7.

There are a total of 2N equations for 2N prices. Because these equations are homogeneous of degree
zero, they determine prices only up to scale. Property 6 normalizes the scale.
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A.5 Comparative statics for prices

To derive comparative statics for prices, we start by taking the ratio of the first equation in the system
of equations that determines prices evaluated in the counterfactual and in the baseline:

0k <cg) 225(mi) (P EEp; ( (i)w>
D; i -] =
) X7 P (Cj (113)10

J g

The denominator of the expression on the right hand side can be simplified as follows:

P
- - _ (P
Z Pe €jp] < j ( ) ) =D; Z Tz]pz f:fjpj (Cj (]DJJ) >
=D; Z Tupz 9 nggjijj
= sz

The first equality above follows from multiplying and dividing by p?, the second is obtained by replacing
[ (%d)) with p;@;, and the last equality follows from the equation Y; = Zj(njpi)*eroEfjijj that
J

was shown in the derivation of the system of equations for prices.

Now we substitute this expression for the denominator into the original equation:

oo (7) - B )

pZ'Yi

The next step is to convert the variables with the apostrophe in the numerator of the expression on the
right hand side to “hat” variables, i.e., using the replacement ' = Zx whenever possible. This leads to

25(m) (B R Gp, ( (P>w) 35 (Fimig) (P PP EEE €585 (%)w (%>w
plY; a plY;
5,0 8 2ty (8) |t pzem (o (8)")]
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_Z{ } (7:) "0 (P))02E; ;¢ (?j)w

J

Combining the left hand side with the right hand side we obtain the final version of the first equation
that can be used to solve for comparative statics in prices:

P
AN ~ X . A D.;
~ ] — A = 1, ~ — A A P
sz_ +¢PZ_ ¢ci == E |: Y.J] (Tij) G(Pj)efjpjcj (Pj> .
j ’ J
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To obtain the next equation, we take the ratio of the definition of the price index in the counterfactual
and in the baseline (after switching ¢ and j in the notation):

sg  (PH)T0 (7))~
: p pY

7 3

On the right hand side of this expression we perform the “hat” variable substitutions, as before:

_0 —0 ~—0~—0_—0_—0
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By combining the left hand side and the right hand side, we get the final version of the second equation
that can be used to solve for comparative statics in prices:

. X
-0 __ Ji| ~—0A—0
P _2 {EJTjipj.
J

The only endogenous element needed for the computation of prices that still needs to be solved for is
=. We start from the following equalities:

N N N
?:21@’:213; ZSY’—~Z£1 26 Zj

The first equality follows from Property 6 applied to the counterfactual equilibrium. The second equality
follows from aggregate consistency in the counterfactual equilibrium, which is implied by Property 5.
The third equality follows from the definition of = given in Proposition 5 when it is applied to the coun-
terfactual equilibrium. The fourth equality uses the definition of “hat variables” and the last equality
uses Proposition 5, this time applied to the baseline equilibrium. Taking the first and the last expression
in the previous chain of equalities yields the following expression for =

[I]>

_Y

This expression depends on the endogenous variable Y;. By Property 3 we have

[1]>

Multiplying both sides by p; we obtain
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can be expressed in terms of price changes and known quantities as follows

Therefore, =

_ Y _ 1

- 1+w - 1+w

Zz 1 52 C; Pw El Zz 1 é-z Z *_w (E /Y)

[1]>
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