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-0(D#($58 ,- ,#)5,'(+< E&8(+1&$+ )0(&) :0,2&21*1)8 ',0( +#2C(5)16(*8> &+ & +)&)1+)1@

5&* :0,5(%#0( 34154 ($%(&6,0+ ), (+)1'&)( :&0&'()(0+ ,- &$ #$%(0*81$9 %1+)012#)1,$

2&+(% ,$ )4( ,2+(06(% %1+)012#)1,$ FG(1++)(1$ HHI<

=4( 3,0J %(+5012(% 1$ )41+ )4(+1+ &$% )4( 0(+#*)+ :0(+($)(% 4(0( &0( 2&+(% ,$

:0,2&21*1)8 )4(,08> 34154 1+ 41+),015&**8 ',)16&)(% 28 )4( -0(D#($58 1$)(0:0()&)1,$

,- :0,2&21*1)8< B0,2&21*1)8 )4(,08 :0,61%(+ & -0&'(3,0J 2&+(% ,$ & -,0'&* +() ,-

)40(( &71,'+ &$% )4( 5,$+(D#($5(+ )4(0(,-< K)+ 0,,)+ 5&$ 2( -,#$% 1$ )4( &))(':)

), &$&*8A( )4( (D#1)&2*( %161+1,$ ,- +)&J(+ 1$ 9&'(+ ,- 54&$5( )4&) E*&1+( B&+5&* &$%

B1(00( %( "(0'&) '&%( )40,#94 5,00(+:,$%($5( 1$  !LM FN($()& O!I<

=4( ?0+) '&C,0 )0(&)1+( 2*($%1$9 5&*5#*#+ 31)4 :0,2&21*1)8 )4(,08 3&+  !"#$%&
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 !"#$%&'() *)+ ,-./"/&#&%0+3 4./''&" 05 6$7($8& /" 191:; <"/'/$((53 7.*0$0/(/'5 '=&>

*.5 %$/"(5 8*")/#&.&# #/)8.&'& &?&"')3 $"# /') %&'=*#) 4&.& %$/"(5 8*%0/"$'*./$(;

@?&"'!$((53 $"$(5'/8$( 8*")/#&.$'/*") 8*%7&((&# '=& /"8*.7*.$'/*" *+ 8*"'/"!*!) ?$./>

$0(&) /"'* '=& '=&*.5; A=/) 8!(%/"$'&# /" %*#&." 7.*0$0/(/'5 '=&*.5 4=*)& +*!"#$>

'/*") 4&.& ($/# 05 B*(%*C*.*? 4/'= =/) $D/*% )5)'&% +*. 7.*0$0/(/'5 '=&*.5 /" 1EFF;

A=&.&3 =& 8*%0/"&# '=& "*'/*" *+ )$%7(& )7$8&3 /"'.*#!8&# 05 ,/8=$.# ?*" G/)&)3

$"# %&$)!.& '=&*.5;  $/.(5 H!/8I(53 '=/) 0&8$%& '=& !"#/)7!'&# $D/*%$'/8 0$)/) +*.

%*#&." 7.*0$0/(/'5 '=&*.5 JK&5#& LM$N; A=& %&$)!.&>'=&*.&'/8 +*.%!($'/*" *+ '=&)&

$D/*%) /) )=*4" 0&(*4;

 !"#$%$&# '()( 1)% %2) +"34#) +4"5) 6&7)78 %2) +)% .9 "## 4.++&/#) ):)!%+; /) Ω "!*

#)% F /) %2) <.-)# σ=>)#* .9 +(/+)%+ .9 Ω +(52 %2"%

• A ∈ F &34#&)+ %2"% Ā ∈ F "!*

• Ai ∈ F 8 1 ≤ i <∞8 &34#&)+ %2"% ⋃∞
i=1 Ai ∈ F 8

%2"% &+8 F &+ " !.!=)34%$ 5.##)5%&.! .9 +(/+)%+ .9 Ω 6&!5#(*&!? Ω &%+)#9; %2"% &+ 5#.+)*
(!*)- 5.34#)3)!%"%&.! "!* 5.(!%"/#) (!&.!+ .9 &%+ 3)3/)-+7 @2)!8 %2) 4-./"/&#&%$

P &+ " +)% 9(!5%&.! .! F +"%&+9$&!? %2) 9.##.A&!? "B&.3+C

D7 P (A) ≥ 0 ∀A ∈ F 8

E7 &9 Ai ∈ F 8 1 ≤ i <∞ "!* Ai

⋂
Aj = ∅, i 6= j8 %2)! P (

⋃∞
i=1 Ai) =

∑∞
i=1 Ai8

F7 P (Ω) = 18

"!* %2) %-&4#)% (Ω, F, P ) &+ " 4-./"/&#&%$ +4"5)7

O ">#/%&")/*"$( +!"8'/*" X(ω) = {X1(ω), X2(ω), . . . , Xn(ω)} #&P"&# *" '=&

7.*0$0/(/'5 )7$8& (Ω, F, P ) ∀ ω ∈ Ω /) 8$((&# $ .$"#*% ?$./$0(& /+ '=& )&' {ω :

X(ω) ≤ x} 0&(*"C) '* F +*. &?&.5 x = {x1, x2, . . . , xn} ∈ R
n
JK&5#& LM$N; ,$"#*%

?$./$0(&) $.& 8$'&C*./Q&# $) #/)8.&'& *. 8*"'/"!*!) .$"#*% ?$./$0(&) #&7&"#/"C *"

4=&'=&. '=&/. )$%7(& )7$8&) $.& 8*!"'$0(& *. 8*"'/"!*!); <" '=/) '=&)/) 4& #&$( 4/'=

8*"'/"!*!) .$"#*% ?$./$0(&) !"(&)) )'$'&# *'=&.4/)&;



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

 !"!# $%&%'()*+, -*.)/*0%)*12 (23 4/10(0*'*)5 -,2.*)5 6%278

)*12.

314($ & 0&$%,' 4&01&2*( X5 )6(0( (71+)+ &$ &++,81&)(% %1+)012#)1,$ -#$8)1,$ FX(s)

)6&) #$19#(*: +;(81<(+ )6( ;0,2&21*1): '(&+#0( =6186 X 1$%#8(+ ,$ )6( 0(&* *1$(>

?61+ @#'#*&)14( A1+)012#)1,$ "#$8)1,$ B@A"C 1+ %($,)(% 2: FX(x) &$% %()(0'1$(+

)6( ;0,2&21*1): ,- )6( (4($) {X ≤ x} =6(0( x 1+ & 0(&* $#'2(05 )6&) 1+5

FX(x) = P (X ≤ x) x ∈ R. BD>E> C

?6( -#$8)1,$ FX(x) 1+ $,$%(80(&+1$F5 01F6) 8,$)1$#,#+5 &$% 6&+ &) ',+) & 8,#$)&2*(

+() ,- ;,1$)+ ,- %1+8,$)1$#1): GH(:%( IJ&K> ?6( %(014&)14( ,- FX(x)5 1- 1) (71+)+5 1+

8&**(% )6( L0,2&21*1): A($+1): "#$8)1,$ BLA"C ,- )6( 0&$%,' 4&01&2*( X &$% 1) 1+

%($,)(% fX(x) GL0,&M1+ IIK5 )6&) 1+5

fX(x) =
dFX(x)

dx
x, t ∈ R. BD>E>EC

N9#14&*($)*:5 )6( @A" 8&$ 2( 8&*8#*&)(% &+ )6( 8#'#*&)14( 4&*#( B1$)(F0&* -,0 &

8,$)1$#,#+ %1+)012#)1,$ ,0 +#' -,0 & %1+80()( %1+)012#)1,$C ,- )6( LA"> O$ & ',0(

-,0'&* =&:

FX(x) = P (X ≤ x) =

x∫

−∞

fX(t)dt x, t ∈ R. BD>E>DC

?6( LA" ,- & 8,$)1$#,#+ 0&$%,' 4&01&2*( X 1+ & ;0,;(0*: $,0'&*1P(% -#$8)1,$

fX(x) )6&) &++1F$+ & ;0,2&21*1): %($+1): ), (&86 ;,++12*( ,#)8,'( =1)61$ +,'( 1$Q

)(04&*> H($8(5 )6( ;0,2&21*1): ,- & 0&$%,' 4&01&2*( -&**1$F =1)61$ &$ 1$)(04&* 8&$ 2(

8&*8#*&)(% &+ )6( 1$)(F0&* ,- )6( LA" 1$ )61+ 1$)(04&*5 )6&) 1+5

P (a ≤ x ≤ b) =

b∫

a

fX(x)dx = FX(b)− FX(a) x ∈ R. BD>E>RC

S,)( )6&)5 2: %(<$1)1,$5 fX(x) ≥ 0 &$%

∞∫

−∞

fX(x)dx = 1 x ∈ R. BD>E>TC
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34&)& #&5"/'/*") 6$" 0& &7'&"#&# '* %!('/8(& .$"#*% 9$./$0(&):  *. $ )&' *+ .$"#*%

9$./$0(&) Xi i = 1, 2, . . . , n; '4& 6*..&)8*"#/"< =*/"' >? /) #&5"&# @A.*$B/) CCD $)

FX1,X2,...,Xn(x1, x2, . . . , xn) = P (X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn) =
x1∫

−∞

x2∫

−∞

. . .

xn∫

−∞

fX1,X2,...,Xn(t1, t2, . . . , tn)dt1dt2 . . . dtn

{xi, ti} ∈ R ∀i = 1, 2, . . . , n, EF:G:HI

J4&.& fX1,X2,...,Xn(x1, x2, . . . , xn) /) '4& =*/"' A? : KL!/9$(&"'(M;

fX1,X2,...,Xn(x1, x2, . . . , xn) =
δnFX1,X2,...,Xn(x1, x2, . . . , xn)

∂x1, ∂x2, . . . , ∂xn

xi ∈ R ∀i = 1, 2, . . . , n.

EF:G:NI

 *. $ </9&" .$"#*% 9$./$0(& xj /' /) 8*))/0(& '* 6*%8!'& '4& %$.</"$( #/)'./0!'/*"

fXj
(xj) +.*% '4& =*/"' #&")/'M $) +*((*J)

fXj
(xj) =

∞∫

−∞

∞∫

−∞

. . .

∞∫

−∞

fX1,X2,...,Xn(t1, t2, . . . , tn)dt1dt2 . . . dtn {xi, ti} ∈ R ∀i 6= j.

O/9&" '4& *66!..&"6& *+ '4& 9$(!& xj *+ Xj; '4& 6*"#/'/*"$( 8.*0$0/(/'M #&")/'M

+!"6'/*" *+ '4& )&' *+ .$"#*% 9$./$0(&) Xi J/'4 i 6= j 6$" 0& &78.&))&# $)

fX1,X2,...,Xn(x1, x2, . . . , xn/xj) =
fX1,X2,...,Xn(x1, x2, . . . , xn)

fXj
(xj)

xi ∈ R ∀i 6= j.

EF:G:PI

 !"!" #$%&'() $* +,'-$% .,/0,12&)

34& %*%&"') *+ $ .$"#*% 9$./$0(& 8($M $" /%8*.'$"' .*(& /" /') 64$.$6'&./Q$'/*"

$) '4&M #&)6./0& '4& "$'!.& *+ /') #/)'./0!'/*":  *.%$((M; '4& %*%&"') *+ $ .$"#*%

9$./$0(& X $.& #&5"&# $) +*((*J):

 !"#$%$&# '()(  !" X #! $ %$&'() *$%+$#,! -+". '+/"%+#0"+(& FX(x)1 23 ".! !45!6"!'
*$,0! (3 Xk

7

E[Xk] =

∞∫

−∞

xkfX(x)dx k = 1, 2, . . . x ∈ R EF:G:2I

!4+/"/7 +" +/ 6$,,!' ".! k8". )()!&" (3 X1



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

34#+5 )4( 60+) ','($)5 (78(9)(% :&*#( ,0 '(&$ ,- & 0&$%,' :&01&2*( X 1+ %(6$(%

&+

mX = E[X] =

∞∫

−∞

xfX(x)dx x ∈ R, ;<= =>!?

&$% 1) 1+ #+(% ), %(6$( )4( 9($)0&* ','($)+ ,- X &+

E[(X −mX)
k] =

∞∫

−∞

(x−mX)
kfX(x)dx k = 1, 2, . . . x ∈ R. ;<= =>>?

@4($ k = 25 )4( 9($)0&* ','($) 1+ 9&**(% )4( :&01&$9( ,- )4( 0&$%,' :&01&2*(

&$% 80,:1%(+ & '(&+#0( ,- 1)+ %1+8(0+1,$= A) 1+ #+#&**B %($,)(% &+ σ2
X &$% 9&$ 2(

9&*9#*&)(% &+

σ2
X = E[(X −mX)

2] =

∞∫

−∞

(x−mX)
2fX(x)dx x ∈ R. ;<= => ?

 !"! #$%&'()*&'&+,(-'. ,'/ 01,+,2(&+-3(-2 45'2(-$'

C$( ,- D&8*&9(E+ F0(&)(+) 9,$)012#)1,$+ -,0 80,2&21*1)B )4(,0B G&+ )4( 0(9,F$1)1,$

,- )4( '&)4('&)19&* 8,G(0 ,- )0&$+-,0'+ HI(B%( !J&K= I,G(:(05 1) G&+ 80,2&2*B

L&#94B )4( 60+) ), &88*B & $&'( ), )4( -#$9)1,$+5 #+1$F )4( "0($94 )(0'  !"#$%!"

&'(%)%&%*+= 34( )(0' 94&0&9)(01+)19 -#$9)1,$ ;,01F1$&**B  !"#$%!" #&*&#$,*%-$%.'+ &*+,

1$ "0($94? G&+ 60+) #+(% 2B M,1$9&0N 1$ 41+ G,0O /&)#') 0+- 1*!2&2%)%$,- 1$ >P> =

L#01,#+*B ($,#F45 M,1$9&0N &88*1(% )41+ )(0' ), G4&) 1+ ),%&B 9&**(% )4( ','($)Q

F($(0&)1$F -#$9)1,$ HR&:1% PSK= 3($ B(&0+ *&)(05 DN:B5 1$ 41+ 3'* )& 0+$+*4%"&$%!" 0+-

)!%- 0+ 1*!2&2%)%$, 1&* )+'*-  !"#$%!"- #&*&#$,*%-$%.'+5 +#2+)1)#)(% M,1$9&0NE+ 94&0&9Q

)(01+)19 -#$9)1,$ -,0 )4( ",#01(0 )0&$+-,0' ,- )4( %1+)012#)1,$ -#$9)1,$ &+ G( O$,G

1) $,G&%&B+ HR#F#N !JK= 34( 0(&+,$ 2(41$% 1)+ $&'( *&1% ,$ )4( -&9) )4&)5 ,$9( 1)

1+ O$,G$5 1) 1+ 8,++12*( ), %()(0'1$(% )4( %1+)012#)1,$ -#$9)1,$ &+ )4( 80,2&21*1)B

%1+)012#)1,$ ,- & 0&$%,' :&01&2*(5 )4&) 1+5 fX(x) 1+ 9,'8*()(*B %(6$(% 2B 1)+ 94&0Q

&9)(01+)19 -#$9)1,$ Ψ(ω)= T,)4 ','($)QF($(0&)1$F &$% 94&0&9)(01+)19 -#$9)1,$+ 9&$

2( %(6$(% 1$ & ',0( -,0'&* G&B &+ -,**,G+=
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 !"#$%$&# '('(  ! X "# $ %$&'() *$%"$+,- $&' s "# $ .$%$)-/-%0 %-$, (% 1().,-20

/3- !4&1/"(& (! s '-5&-' +6

MX(s) = E[exp(sX)] =

∞∫

−∞

fX(x)e
sωxdx x ∈ R $&' s ∈ C, 34515246

"# 1$,,-' /3- 7()-&/89-&-%$/"&: ;4&1/"(& <79;= !(% X>  ! s = ω0 ?3-%-  "# /3-

")$:"&$%6 4&"/0 /3- !4&1/"(& ΨX(ω) '-5&-' $#

ΨX(ω) = MX(ω) = E[exp(ωX)] =

∞∫

−∞

fX(x)e
ωxdx x, ω ∈ R. 34515276

"# 1$,,-' /3- @3$%$1/-%"#/"1 ;4&1/"(& <@A;= !(% X>

8) )'$'&# 0&+*.&9 0*': +!";'/*") $.& ;(*)&(< .&($'&# '* /"'&=.$( '.$")+*.%)> ':&

/"'&=.$( /" 34515246 ;*..&)?*"#) '* ':& @$?($;& '.$")+*.% *+ fX(x) A:&.&$) 34515276

;*..&)?*"#) '* /')  *!./&. '.$")+*.%5

B*'& ':$'9 $(':*!=: /' $(A$<) ;*"C&.=&) +*. s = 0 $) MX(0) = 19 ':& /"'&=.$(

34515246 %$< #/C&.=& +*. )*%& C$(!&) *+ s5 D:!)9 ':& EF ;$" 0& !)&# *"(< +*. $

"$..*A ;($)) *+ "*""&=$'/C& /"'&=&.GC$(!&# .$"#*% C$./$0(&) +*. A:/;: ':& /"'&=.$(

34515246 $(A$<) ;*"C&.=&)5 H" ':& ;*"'.$.<9 ':& /"'&=.$( 34515276 $(A$<) ;*"C&.=&)

$' (&$)' +*. $(( .&$( C$(!&) *+ ω ?.*C/#&# fX(x) /) $ C$(/# IJ 5 D:$' /)9

∣∣∣∣∣∣

∞∫

−∞

fX(x)e
ωxdx

∣∣∣∣∣∣
≤

∞∫

−∞

|fX(x)eωx| dx =
∞∫

−∞

fX(x)dx = 1 x, ω ∈ R. 345152K6

L&";&9 ':& ;*..&)?*"#/"= ;:$.$;'&./)'/; +!";'/*" $(A$<) &M/)') A:&" '.&$'&# $) $

+!";'/*" *+ $ .&$(GC$(!&# $.=!%&"' &C&" ':*!=: ':& %*%&"'G=&"&.$'/"= +!";'/*"

%$< "*' &M/)' N &((&. O2P5

 !"!# $%&'()*+% ,-'+('. *% /(+010*2*)3*4 ,-'+(5

D:&.& /) $ *"&G'*G*"& ;*..&)?*"#&";& 0&'A&&" ;:$.$;'&./)'/; +!";'/*") $"# #&")/'<

+!";'/*")9 ':&.&0< /) ?*))/0(& '* *0'$/" *"& +.*% ':& *':&. 0< $??(</"= ':& '.$")+*.%



  !"#$%&'#(%)* +, -%#$+& .%/0%1)'*

2%0/ 3+#*(0("('$ 14 (5' !+"/0'/ (/%#*,+/& %#$ (5' 0#6'/*' !+"/0'/ (/%#*,+/&7 85'

$'#*0(4 ,"#3(0+# fX(x) +, % /%#$+& 6%/0%1)' X 3%# 1' 3%)3")%('$ ,/+& 0(* 35%/%39

('/0*(03 ,"#3(0+# ΨX(ω) %*

fX(x) =
1

2π

∞∫

−∞

ΨX(ω)e
−ωxdω x, ω ∈ R. :;7 7<=>

?'*20(' 0( 0* %)@%4* 2+**01)' (+ +1(%0# (5' 35%/%3('/0*(03 ,"#3(0+# ,/+& (5' $'#*0(4

$0*(/01"(0+#A 0(* 3+#6'/*' 0* #+( %)@%4* (/"'

 

7 85%( 0*A 0, f 0* B'1'*C"'90#('C/%1)' 0(*

!+"/0'/ (/%#*,+/& 0* #+( #'3'**%/0)4 B'1'*C"'90#('C/%1)' (++D 0( &%4 1' +#)4 3+#$09

(0+#%))4 0#('C/%1)' /%(5'/ (5%# B'1'*C"'90#('C/%1)'A 07'7A (5' 0#('C/%) +, 0(* %1*+)"('

6%)"' &%4 1' 0#E#0('7

BF64 0# 50* @+/G  !"#$" %&' ()*+!+,",-.' :<H I> 2/'*'#('$ (5' &+*( ,%&+"* 0#9

6'/*0+# ,+/&")%A (5%( 0*A

FX(b)− FX(a) =
1

2π
lim
T→∞

∫ T

−T

eωa − e−ωb

ω
ΨX(ω) dω x ∈ R. :;7 7<J>

K(* 2/%3(03%) "*' 0* )0&0('$ (+ *+&' *2'30%) 3%*'* "#)'** (5' /%#$+& 6%/0%1)' +, 0#('/'*(

0* %)@%4* *(/03()4 2+*0(06'7 K# (50* (5'*0*A @' "*' %# %)('/#%(06' 6'/*0+# +, (5' 0#6'/*0+#

(5'+/'& ,+/&")% 2/+60$'$ 14 L0)9M')N'O PL0)9M')N'O I<Q (5%( 40')$*

FX(x) =
1

2
+

1

2π

∫ ∞

0

exωΨX(−ω)− e−xωΨX(ω)

ω
dω x ∈ R. :;7 7<R>

S0(5 (50* 'T2/'**0+#A 0( 0* 2+**01)' (+ '6%)"%(' $0/'3()4 (5' U?! +, % C06'# $0*(/09

1"(0+# +#3' 0(* UV! 0* G#+@#7 W'6'/%) 'T%&2)'* +, (5' %22)03%(0+# +, (50* ,+/&")%

3%# 1' ,+"#$ (5/+"C5+"( (5' ,+))+@0#C 35%2('/*7

 !"!# $%&'()*%+&,-*'( *) .&'/*+ 0&%-&123(

K# &%#4 2/%3(03%) 3%*'*A @' %/' 0#('/'*('$ 0# (5' 2/+1%10)0(4 $0*(/01"(0+#* +/ $'#*0(0'*

+, ,"#3(0+#* +, +#' +/ &+/' /%#$+& 6%/0%1)'*7 85%( 0*A @' 5%6' % *'( +, /%#$+&

 

 !"#$% &'(!)'#*!'+,( ")% " ,+!"#$% %-"./$% +0 !1'( "( 2% (1+2 ', (%3!'+, 456575



 !"#$%&"'$() *+ ,$"#*% -$./$0(&) 12

3$./$0(&)4 X1, X2, . . . , Xn 5/'6 $ 7"*5" 8*/"' 9.*0$0/(/': $"#;*. #&")/': +!"<'/*"

$"# 5& "&&# '* 7"*5 '6& #/)'./0!'/*" *+ )*%& +!"<'/*" *+ '6&)& .$"#*% 3$./$0(&)=

>6& <$(<!($'/*" *+ '6/) #/)'./0!'/*" <$" 0& 9&.+*.%&# '6.*!?6 '6& <6$"?& *+

3$./$0(& '6&*.&% *+ %!('/3$./$'& <$(<!(!)= @.*0$0/(/'/&) /" '6& <*"'/"!*!) <$)& $.&

/"'&?.$()4 $"# $" /"'&?.$( <$" 0& &3$(!$'&# 0: <6$"?/"? '6& 3$./$0(&) '* $ "&5 )&' *+

<**.#/"$'&) $"# !)/"? '6& <*..&)9*"#/"? A$<*0/$" '&.% BC$)D!9'$ EFG= >6/) /#&$

<$" 0& &H9.&))&# +*.%$((: $" '6& I!('/3$./$'& A$<*0/$"  *.%!($ 56/<6 +*((*5)=

J&' X = (X1, X2, . . . , Xn) 6$3& '6& 8*/"' #&")/': +!"<'/*" f(x1, x2, . . . , xn)4

)!<6 '6$' '6&.& /) $" *9&" )&' S ⊆ R
⋉
5/'6 P (X ∈ S) = 1= K!99*)& ui =

gi(x1, x2, . . . , xn)4 1 ≤ i ≤ n $.& n .&$(L3$(!&# +!"<'/*") *+ x1, x2, . . . , xn )!<6 '6$'M

• (x1, x2, . . . , xn)→ (g1(x1, x2, . . . , xn), . . . , gn(x1, x2, . . . , xn)) /) *"&L'*L*"& +!"<L

'/*" *+ (x1, x2, . . . , xn) *" S '* U = (u1, u2, . . . , un) *" T ⊆ R
n
5/'6 P (U ∈

T ) = 1N

• '6& /"3&.)& +!"<'/*") xi = hi(u1, u2, . . . , un)4 1 ≤ i ≤ n $.& <*"'/"!*!)(:

#/O&.&"'/$0(& *" T 5/'6 .&)9&<' '* &$<6 ujN $"#

• '6& A$<*0/$" #&'&.%/"$"'

J =

∣∣∣∣∣∣∣∣∣∣∣

∂x1

∂u1

∂x1

∂u2
· · · ∂x1

∂un

∂x2

∂u1

∂x2

∂u2
· · · ∂x2

∂un

=

=

=

=

=

=

=

=

=

=

=

=

∂xn

∂u1

∂xn

∂u2
· · · ∂xn

∂un

∣∣∣∣∣∣∣∣∣∣∣

P2=1=EQR

/) "*"LS&.*=

>6&" '6& 8*/"' #&")/': *+ U1, U2, . . . , Un /) ?/3&" 0:

fU1,U2,...,Un(u) = f(h1(u), h2(u), . . . , hn(u)) |J|

56&.& |J| #&"*'&) '6& $0)*(!'& 3$(!& *+ '6& A$<*0/$" #&'&.%/"$"' J4 u = u1, u2, . . . , un

$"# '6& "*'$'/*" f *" '6& ./?6'L6$"# )/#& %&$") '6& *./?/"$( 8*/"' #&")/': *+

X1, X2, . . . , Xn=



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

34( +5(6176 64,16( ,- )4( )0&$+-,0'&)1,$ 1+ %16)&)(% 28 )4( 6,$60()( 50,2*('

), 2( +,*9(%: ;$ )4( -,**,<1$= 64&5)(0+ )41+ )4(,0(' <1** 2( &55*1(%> 1$ 1)+ #$1 &$%

21?%1'($+1,$&* 9(0+1,$+> ), 6,'5#)( )4( %1+)012#)1,$+ ,- +,'( $(< 0&$%,' 9&01&2*(+:

 !"#$%&' ()# *(&+"' ", *()#"- .(!+(/01'

34( 50,%#6) %1+)012#)1,$ 1+ & 50,2&21*1)8 %1+)012#)1,$ 6,$+)0#6)(% &+ )4( %1+)012#)1,$

,- )4( 50,%#6) ,- 0&$%,' 9&01&2*(+ <4164 4&9( @$,<$ %1+)012#)1,$+: ;$ & +1'1*&0

-&+41,$> )4( 0&)1, ,0 A#,)1($) %1+)012#)1,$ 1+ )4( %1+)012#)1,$ ,- )4( 0&)1, ,- 0&$%,'

9&01&2*(+ <4164 4&9( @$,<$ %1+)012#)1,$+: 30&$+*&)(% 1$), %($+1)1(+> )4(8 6&$ 2(

%(7$(% &+ -,**,<+:

B() X &$% Y 2( 6,$)1$#,#+ 0&$%,' 9&01&2*(+ <1)4 & C,1$) %($+1)8 fX,Y (x, y):

B() U = XY &$% V = X/Y : 34($ )4( %($+1)1(+ ,- U &$% V &0( =19($ 28

fU(u) =

∫ ∞

−∞
fX,Y

(
x,

u

x

) 1

|x|dx, DE: : FG

&$%

fV (v) =

∫ ∞

−∞
fX,Y (vy, y)|y|dy, DE: : HG

I,)( )4&) 1$ 2,)4 6&+(+ <( 70+) &55*8 )4( )0&$+-,0'&)1,$ &$% )4($ 6&*6#*&)( )4(

'&0=1$&* %1+)012#)1,$:

34( 0&)1, %1+)012#)1,$ &55(&0+ 1$ +,'( 2&+16 50,2*(' 1$ +)&)1+)16+ &$% 4&+ &)?

)0&6)(% )4( 1$)(0(+) ,- +(9(0&* 0(+(&064(0+: ",0 )4,+( 6&+(+ 1$ <4164 )4( 5&10 (X, Y )

1+ & +)&$%&0% 219&01&)( $,0'&* )4( 50,2*(' 1+ -&10*8 (&+8 ), +,*9(: 34#+> )4( 0(+#*)+

&0( <(** @$,<$ JK&88& LMN &$% 4&9( &55*16&)1,$+ 1$ &55*1(% +)&)1+)16+ &$% ,5(0&)1,$+

0(+(&064 JO4&'?P1& FQN: K,<(9(0> )4( =($(0&* 6&+( 1+ & ',0( 6,'5*(R 50,2*(' &+

6&$ 2(($ +(($ 1$ JS(%1*$1@ FQN: ",0)#$&)(*8> -,0 )4( &$&*8+(+ 6&001(% ,#) 1$ )41+ )4(?

+1+> )4( 50,2*('> &*)4,#=4 1) 1+ $,) )0191&*> 1+ )0&6)&2*(: 34( S&#648 &$% )4( T)#%($)

) %1+)012#)1,$+ 50(+($)(% 1$ +(6)1,$ E:!:H &0( (R&'5*(+ ,- 0&)1, %1+)012#)1,$+:
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 !"#$% &$'(%)*$+'!,*(% *) -'(.*+ /'$,'01#%

3" '4/) )!0)&5'/*" 6& 7.*8/#& &97.&))/*") '* 5*%7!'& '4& #&")/'/&) *+ )*%& *'4&.

'.$")+*.%$'/*") *+ .$"#*% 8$./$0(&) '4$' 6& !)& ($'&.:

2$*3*%,!,*( 456575  !" X #! $ %&'"(')&)*+ ,!$- $'. '&'/'!0$"(1! ,$'.&2 1$,($#-!

3("4 $ .!'*("5 fX(x)6  !" Z = X2
6 74!' "4! .!'*("5 &8 Z (* 0(1!' #5

fZ(z) = fX
(√

z
) 1

2
√
z
, ;<:1:11=

34!,! Z (* ,!$- $'. '&'/'!0$"(1!6 98 X ∈ (−∞,∞) "4!'

fZ(z) = fX
(√

z
) 1√

z
, ;<:1:1<=

34!,! Z (* $-*& ,!$- $'. '&'/'!0$"(1!6

2$*3*%,!,*( 456565  !" X #! $ %&'"(')&)*+ ,!$- $'. '&'/'!0$"(1! ,$'.&2 1$,($#-!

3("4 $ .!'*("5 fX(x)6  !" Z =
√
X6 74!'+ "4! .!'*("5 &8 Z (* 0(1!' #5

fZ(z) = fX
(
z2
)
2z, ;<:1:1>=

34!,! Z (* ,!$- $'. '&'/'!0$"(1!6

2$*3*%,!,*( 456545  !" X #! $ %&'"(')&)* ,$'.&2 1$,($#-! 3("4 $ .!'*("5 fX(x)6
 !" Z = X−1

6 74!' "4! .!'*("5 &8 Z (* 0(1!' #5

fZ(z) = fX

(
1

z

)
1

z2
. ;<:1:12=

2$*3*%,!,*( 456585  !" X $'. Y #! %&'"(')&)* ,$'.&2 1$,($#-!* 3("4 $ :&('"

.!'*("5 fX,Y (x, y)6  !" Z = X + Y 6 74!' "4! .!'*("5 &8 Z (* 0(1!' #5

fZ(z) =

∫ ∞

−∞
fX,Y (x, z − x)dx =

∫ ∞

−∞
fX,Y (z − y, y)dy. ;<:1:1?=

98 X $'. Y $,! ('.!;!'.!'" ,$'.&2 1$,($#-!*+ "4!'

fZ(z) = fX(x) ∗ fY (y) =
∫ ∞

−∞
fX(x)fY (z− x)dx =

∫ ∞

−∞
fX(z− y)fY (y)dy, ;<:1:1@=

34!,! ∗ (* "4! %&'1&-)"(&' &;!,$"(&'6

A4& 5*"8*(!'/*" /" &B: ;<:1:1@= 5$" 0& &9'&"#&# '* $ nC#/%&")/*"$( /"'&D.$( +*.

'4& )!% *+ n /"#&7&"#&"' .$"#*% 8$./$0(&) $) +*((*6)E



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

 !"#$"% &'('  !" X = (X1, X2, . . . , Xn) #! $ %!&"'( ') *+,!-!+,!+" ($+,'. %$(*/

$#0!12 34!+5 "4! ,!+1*"6 )7+&"*'+ ') "4!*( 17. Z =
n∑

j=1

Xj *1 "4! &'+%'07"*'+ ') "4!*(

*+,*%*,7$0 ,!+1*"*!1 $+, *1 8*%!+ #6

fZ(z) = fX1(x1) ∗ fX2(x2) · · · fXn(xn). 345 5 67

34! &'((!1-'+,*+8 !9-(!11*'+ )'( "4! :;< ') Z 6*!0,1

ΨZ(ω) =
n∏

j=1

ΨXi
(ω), 345 5 87

"4$"5 *+ "4! &$1! "4! %$(*$#0!1 $(! $01' *,!+"*&$006 ,*1"(*#7"!,5 &$+ #! (!,7&!, "'

ΨZ(ω) = (ΨX(ω))
n . 345 5497

 ! "#$%%&#' #'( )*+#,*( -&%,.&/$,&0'%

:;( <&#++1&$ ,0 $,0'&* %1+)012#)1,$ =&+ 1$)0,%#>(% 2? @( A,1B0( 1$ CD44 ), &EF

E0,G1'&)( >(0)&1$ 21$,'1&* %1+)012#)1,$+ -,0 *&0H( B&*#(+ ,- );( E&0&'()(0 nI 1$ );(

>,$)(G) ,- >,'E#)1$H E0,2&21*1)1(+ ,- =1$$1$H 1$ B&01,#+ H&'(+ ,- >;&$>( J.(&% 9!K5

L&E*&>(I 1$ C6C I %(01B(% & ',0( -,0'&* &$% H($(0&* +)&)('($) ,- );1+ 0(+#*) &$% &$

(&0*? -,0' ,- );( >($)0&* *1'1) );(,0('5 <&#++I 1$ C698I &*+, ,2)&1$(% );( $,0'&*

*&= +)#%?1$H );( %1+)012#)1,$ ,- (00,0+ 1$ &+)0,$,'1>&* ,2+(0B&)1,$+ JM1+($;&0) 9!K5

N1$>( );($I 1) ;&+ 2(($ &EE*1(% ), '&$? O(*%+ &+ E;?+1>+ ,0 &+)0,$,'? =;(0( 0&$%,'

B&01&2*(+ =1); #$P$,=$ %1+)012#)1,$+ &0( ,-)($ &++#'(% ), 2( <&#++1&$5

:;( (GE0(++1,$ ,- );( E0,2&21*1)? %1+)012#)1,$ ,- & <&#++1&$ 0&$%,' B&01&2*(

?1(*%+

N (µ, σ) =
1√
2πσ2

exp

(
−(x− µ)2

2σ2

)
x ∈ R, 34545C7

=;(0( µ 1+ );( '(&$ &$% σ2
);( B&01&$>(Q -,0 µ = 0 &$% σ2 = 1 1) 1+ %($,)(% &+

+)&$%&0% $,0'&*5

MGE0(++1,$ 34545C7 >&$ 2( (G)($%(% ), ;1H;(0 %1'($+1,$+ &+

fX(x) =
1

(2π)k/2|Σ|1/2 exp
(
−1

2
(x− µ)TΣ−1(x− µ)

)
, x ∈ R

n. 34545 7
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34& n5%!('/6$./$'& #/)'./0!'/*" 7/'4 %&$" 6&8'*. µ $"# 8*6$./$"8& %$'./9 Σ /)

#&"*'&# N (µ,Σ):

 *. %!('/6$./$'& /"#&;&"#&"' <$!))/$" .$"#*% 6$./$0(&)= /' /) ;*))/0(& '* #&>"&

/') &"6&(*;& *. $%;(/'!#& #/)'./0!'/*") $) '4& "*.% *+ '4& 8*..&);*"#/"? 6&8'*.: @"

'4/) 8$)&= '4& &(&%&"') *+ '4& 6&8'*. $.& '4& !"#&.(A/"? <$!))/$" .$"#*% 6$./$0(&)

*+ '4& $%;(/'!#&: @" $ )/%/($. +$)4/*"= '4& ;*7&. #/)'./0!'/*" 8$" 0& #&>"&# $) '4&

)B!$.& *+ '4& $%;(/'!#& $"#= '4&.&+*.&= '4&A )4$.& '4& )$%& !"#&.(A/"? <$!))/$"

.$"#*% 6$./$0(&): C(*"? '4& "&9' )!0)&8'/*")= 7& /"'.*#!8& )&6&.$( &"6&(*;& $"#

;*7&. #/)'./0!'/*") '4$' 7/(( 0& !)&# /" '4& +*((*7/"? 84$;'&.) '* $"$(AD& '4& &E&8')

*+ +.&B!&"8A5#*%$/" &B!$(/D$'/*" !;*" '4& .&8&/6&# )/?"$(:

 ! !" #$%&'()* +(,-.(/0-(12

34& ,$A(&/?4 #/)'./0!'/*" /) $ ;$.'/8!($. 8$)& *+ $" $%;(/'!#& #/)'./0!'/*" '4$'

$./)&) 74&" )'!#A/"? '4& %$?"/'!#& *+ $ 8*%;(&9 "!%0&. 74*)& .&$( $"# /%$?/"$.A

;$.') 0*'4 +*((*7 $ D&.*5%&$" <$!))/$" #/)'./0!'/*":

 !"#$%$&# '()(  !" X1 #$% X2 &! "'( )#*++,#$ -#$%(. /#-,#&0!+ ',"1 2!-( .!#$

#$% /#-,#$3! σ2
#$% 0!" RRay &! "1! #.40,"*%! -#$%(. /#-,#&0! %!5$!% #+

RRay =
√
X2

1 +X2
2 . FG:G:GH

61!$ "1! #.40,"*%! -#$%(. /#-,#&0! RRay 7(00('+ # 8#90!,:1 %,+"-,&*",($ #$% ,"+

%!$+,"9 3#$ &! !;4-!++!% #+

fRRay
(x) =

x

σ2
e−

x2

2σ2 x ∈ R and x ≥ 0.  !"!"#$

%&' ()*)+','* σ -. *'/),'0 ,1 ,&' 2-0,& 13 ,&' 0'4.-,5 3647,-14 86, -, 7)441,

8' -4,'*(*','0 ). ,&' 9)*-)47' 13 ,&' :)5/'-;& *)401+ 9)*-)8/'" <4 3)7, 81,& ,&'

+')4 )40 ,&' 9)*-)47' 13 :)5/'-;& *)401+ 9)*-)8/' )*' (*1(1*,-14)/ ,1 σ .-47'

E[RRay] =
√

π
2
σ )40 var(RRay) =

(
2− π

2

)
σ2

"

<4 ,'/'71++64-7),-14.= ,&-. 0-.,*-86,-14 )*-.'. 13,'4 -4 ,&' .,605 13 414>71&'*'4,



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

3,''#$13&)1,$ +4+)('+ &$% &*+, 1$ )5( +)#%4 ,- *&$% ',21*( 3,''#$13&)1,$ 35&$6

$(*+7 85(0( )5( 95($,'($,$ :$,8$ &+ -&%1$; 1+ ,-)($ ',%(*(% #+1$; .&4*(1;5 0&$6

%,' <&01&2*(+=

 ! !" #$%& '$()*$+,)$-.

>5( .13( %1+)012#)1,$ ,0 .131&$ %1+)012#)1,$ 1+ )5( 90,2&21*1)4 %1+)012#)1,$ ,- )5(

&2+,*#)( <&*#( ,- & 21<&01&)( $,0'&* 0&$%,' <&01&2*( 81)5 9,)($)1&**4 $,$6?(0, '(&$=

 !"#$%$&# '()(  !" X1 #$% X2 &! "'( )#*++,#$ -#$%(. /#-,#&0!+ ',"1 $($23!-(

.!#$+ 40 #$% α5 #$% /#-,#$6! σ2
7  !" RRice &! "1! #.80,"*%! -#$%(. /#-,#&0!

%!9$!% #+

RRice =
√

X2
1 +X2

2 . @A=A=BC

:1!$ "1! #.80,"*%! -#$%(. /#-,#&0! RRice ;(00('+ # <,6! %,+"-,&*",($ #$% ,"+ %!$+,"=

6#$ &! !>8-!++!% #+

pRRice
(x) =

x

σ2
e−

α2+x2

2σ2 I0

(xα
σ2

)
x, α ∈ R and x ≥ 0 α ≥ 0, @A=A=DC

'1!-! Im(x) ,+ "1! .(%,9!% ?!++!0 ;*$6",($ (; "1! 9-+" @,$% ',"1 (-%!- m7

>5( '(&$ ,- & .131&$ 0&$%,' <&01&2*( 41(*%+

E[RRice] = σ

√
π

2
L 1

2

(−α2

2σ2

)
, @A=A=EC

&$% 1)+ <&01&$3(

var(RRice) = α2 + 2σ2 − 1

2
πσ2L2

1
2

[
− α2

2σ2

]
, @A=A=!C

85(0( L1/2 1+ )5( ;($(0&*1?(% F&;#(00( ,0)5,;,$&* 9,*4$,'1&* 81)5 ,0%(0 n = 1/2

GH20&',81)? DIJ= >51+ 9,*4$,'1&* 3&$ 2( (K90(++(% &*+, &+ & +#' ,- L(++(* -#$3)1,$7

)5&) 1+7

L 1
2

(
− α2

2σ2

)
=

e−
α2

4σ2

2σ2

(
α2I1

(
α2

4σ2

)
+

(
α2 + 2σ2

)
I0

(
α2

4σ2

))
. @A=A=MC

>51+ %1+)012#)1,$ 1+ ,-)($ #+(% ), ',%(* 90,9&;&)1,$ 9&)5+ 3,$+1+)1$; ,- ,$( +)0,$;

%10(3) FNO 3,'9,$($) &$% '&$4 0&$%,' 8(&:(0 3,'9,$($)+ GO1',$ PBJ= Q,)( )5&)

-,0 α = 0 )5( (K90(++1,$ @A=A=DC 2(3,'(+ )5( RS" ,- & .&4*(1;5 0&$%,' <&01&2*(=
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 ! ! "#$#%#&'(µ )'*+,'-.+'/0

34& 5$6$7$%/8µ #/)'./0!'/*" 95$6$7$%/ :;< /) '4& =.*0$0/(/'> #/)'./0!'/*" *+ '4&

$0)*(!'& ?$(!& *+ $ 2µ8#/%&")/*"$( "*.%$( .$"#*% ?$./$0(& @/'4 A&.* %&$" $"#

?$./$"B& ΩC

 !"#$%$&# '()(  !" X #! $ %!&"!'!( 2µ)(*+!&,*-&$. /$0,,*$& '$&(-+ 1!%"-' 2*"3

4!'- +!$& $&( 1$'*$&%! Ω5  !" RNaka #! "3! $+6.*"0(! +$7&*"0(! (!8&!( $, "3!

&-'+ -9 X: "3$" *,:

RNaka = ‖X‖ =
√

X2
1 +X2

2 + . . .+X2
2µ. DECECFGH

;3!&: *" *, ,$*( "3$" RNaka *, $ <$=$7$+*)µ '$&(-+ 1$'*$#.! $&( *", (*,"'*#0"*-&

>*!.(,

fRNaka
(x) =

2

Γ (µ)

(µ

Ω

)µ

x2µ−1e−
x2µ
Ω x ∈ R and x ≥ 0, DECECFFH

23!'! "3! 6$'$+!"!' µ (!"!'+*&!, "3! ,3$6! 23!'!$, Ω %-&"'-., "3! ,6'!$(5

34& =$.$%&'&. Ω /) '4& )&B*"# *.#&. %*%&"' '4$' B$" 0& B$(B!($'&# $)

Ω = E[R2
Naka] =

∫ ∞

−∞
x2fRNaka

(x)dx. DECECF1H

I') %&$" $"# ?$./$"B& $.&

E[RNaka] =
Γ
(
µ+ 1

2

)

Γ(µ)

√
Ω

µ
, DECECFEH

$"#

var(RNaka) = Ω− µΩ

(
Γ
(
µ+ 1

2

)

Γ(µ+ 1)

)2

DECECFJH

5*'& '4$' '4/) #/)'./0!'/*" /"B(!#&) ,$>(&/74 #/)'./0!'/*" $) $ =$.'/B!($. B$)&

Dµ = 1H $"# /' $==.*K/%$'&) ,/B& #/)'./0!'/*" @4&" µ → ∞C I" B*%%!"/B$'/*")

)>)'&%) /' /) !)&#L +*. /")'$"B&L '* #&)B./0& '4& $%=(/'!#& *+ '4& .&B&/?&# )/7"$( $+'&.

%$K/%!% .$'/* #/?&.)/'> B*%0/"/"7C



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

 ! !" #$%&'()*+, -%./+%0)/%12

34( 5416+7#&0( %1+)012#)1,$ 81)4 k %(90((+ ,- -0((%,' 1+ )4( %1+)012#)1,$ ,- & +#'

,- )4( +7#&0(+ ,- k 1$%(:($%($) +)&$%&0% $,0'&* 0&$%,' ;&01&2*(+< 34#+= 1) 5&$ 2(

&*+, %(+5012(% &+ & +7#&0( >&?&9&'16µ %1+)012#)1,$ -,0 84154 µ = k/2<

 !"#$%$&# '()(  !" X = X1, X2, . . . , Xk #! $ k%&'(!)*'+)$, -$.**'$) /$)&+( 0!1%

"+/ 2'"3 4!/+%(!$) $)& .)'"$/5 0$/'$)1! 6'7!78 *"$)&$/& )+/($,97  !" χ2
#! "3!

*:.$/! +; "3! $(<,'".&! /$)&+( 0$/'$#,! &!=)!& $*

χ2 = X2
1 +X2

2 + . . .+X2
k . @ < <ABC

>3!) χ2
'* $ 13'%*:.$/! /$)&+( 0$/'$#,! $)& '"* &!)*'"5 ;.)1"'+) 5'!,&*

fχ2(x) = Γ

(
k

2

)
2−

k
2 e−

x
2x

k
2
−1 x ∈ R and x ≥ 0. @ < <ADC

E$ & 5416+7#&0( %1+)012#)1,$ )4( '(&$ &$% )4( ;&01&$5( %(:($% ,$ )4( $#'2(0 ,-

#$%(0*F1$9 +)&$%&0% $,0'&* 0&$%,' ;&01&2*(+ k= )4&) 1+=

E[χ2] = k,

&$%

var(χ2) = 2k.

34( :,8(0 %1+)012#)1,$ ,- &$ G"HI +19$&* )0&$+'1))(% ,;(0 & .&F*(194 -&%1$9

54&$$(* %1+)012#)1,$ -,**,8+ & 5416+7#&0( %1+)012#)1,$ 81)4 )8, %(90((+ ,- -0((%,'

J>(( !!K<

 ! !3 425,+.,&#$%&'()*+, -%./+%0)/%12

L*)4,#94 )4( 1$;(0+(65416+7#&0( %1+)012#)1,$ 1+ $,) &$ &':*1)#%( %1+)012#)1,$= 1)

1+ 5*,+(*F 0(*&)(% ), )4( 5416+7#&0( %1+)012#)1,$ %(M$(% &2,;( &$% 8( %(&* 81)4 1)

)40,#94 )4( -,**,81$9 54&:)(0+<

 !"#$%$&# '(*(  !" χ #! $ /$)&+( 0$/'$#,! 2'"3 $ 13'%*:.$/! </+#$#','"5 &!)*'"57

>3!)8 "3! &!)*'"5 1+//!*<+)&')? "+ '"* (.,"'<,'1$"'0! ')0!/*! 6/!1'</+1$,9 χ−2 1$,1.%
,$"!& 2'"3 6@7A7AB9 5'!,&*

fχ−2(x) = Γ

(
k

2

)
2−

k
2 e−

1
2xx−

k
2
−1, x ∈ R and x ≥ 0 @ < <ANC
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Stable

Distributions

Elliptical Contoured

Distributions

Elliptical 

Stable Distributions

Gaussian

Cauchy

Lévy
Student t

Pearson VII Landau

 /3!.& 1425 6/)'./0!'/*"  $%/(/&)

 !" #$ #% &!'(!  %  ! #!)*+%* ,-#.%/0 +* "#%$+#10$#'!2

7*'& '8$' '8/) #/)'./0!'/*" 8$) "* %&$" /+ k ≤ 2 )/"9& E[χ−2] =
1

k − 2
4 :" $

)/%/($. +$)8/*"; /+ k ≤ 4; /' 8$) "* <$./$"9& &/'8&. $) var(χ−2) =
1

(k − 2)2(k − 4)
4

 !" #$%&'()**+(% ,+*-.+/)-+$%*

=8& !)& *+ '8& "*.%$( #/)'./0!'/*" 9$" 0& '8&*.&'/9$((> ?!)'/@&# /" )/'!$'/*") A8&.&

%$"> )%$(( &B&9') $.& $##&# '*3&'8&. /"'* $ <$./$0(& '8$' 9$" 0& *0)&.<&#4 C*A&<&.;

'8&.& &D/)' #/)'./0!'/*") *+ *0)&.<&# #$'$ /" "$'!.& '8$' &D8/0/' '$/() #&9$> +*((*A/"3

$ E*A&. ($A '8$' 9$""*' 0& %*#&(&# 0> '8& 9($))/9$( F$!))/$" #/)'./0!'/*"4 :" %$">

*+ '8&)& 9$)&); &((/E'/9$( $"# )'$0(& #/)'./0!'/*") 9$" 0& !)&+!( +*. %*#&(/"3 '8/)

G/"# *+ #$'$ 0&9$!)& '8&> 9*"'$/" (*"3H'$/(&# $"# )8*.'H'$/(&# #/)'./0!'/*") I.&($'/<&

'* '8& "*.%$(J4 :' %!)' 0& "*'&# '8$' '8& F$!))/$" #/)'./0!'/*" /) $ E$.'/9!($.

9$)& 0&(*"3/"3 '* 0*'8 +$%/(/&)4  !.'8&.%*.&; &((/E'/9$( #/)'./0!'/*") 3&"&.$(/K& '8&

"*.%$( ($A; )* '8&> E*))&)) %$"> E.*E&.'/&) E$.$((&( '* '8*)& *+ '8/) A&(( G"*A"

#/)'./0!'/*"4 L$"> '.$#/'/*"$( %&'8*#) /" )'$'/)'/9$( #$'$ $"$(>)/) 9$" 0& #/.&9'(>

$EE(/&# '* $" &((/E'/9$( E*E!($'/*" M $"3 NOP4



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

 !"!# $%%&'(&)*% +,-(,./01 2&3(/&4.(&,-3

3**14)15&* 6,$),#0(% 71+)012#)1,$+ 8367+9 '&: 2( +(($ &+ & $&)#0&* ;($(0&*1<&)1,$

,- )=( '#*)1>&01&)( ?&#++1&$ )=&) &**,@+ =(&>1(0 )&1*+ &+ @(** &+ &+:'4),)15 )&1*

%(4($%($5( AB+&$&C&+ DEFG B=( (**14)15&* -&'1*: 1$5*#%(+H &',$; ,)=(0+H ?&#++1&$H

6&#5=:H *,;1+)15H I,)< &$% J(&0+,$ ):4( KK &$% ):4( /KK %1+)012#)1,$+G B=1+ -&'1*:

,- %1+)012#)1,$+ 1+ 5*,+(*: 0(*&)(% ), )=( +)&2*( *&@+ A.(1++ DLF &$% 1) 5,$)&1$+ )=(

+#25*&++ ,- (**14)15&**: 5,$),#0(% +)&2*( %1+)012#)1,$+ @=15= &*+, 1$5*#%(+ C$,@$ %1+M

)012#)1,$+H +#5= &+ )=( '#*)1>&01&)( $,0'&* &$% 6&#5=: %1+)012#)1,$+G B=( 0(*&)1,$+

2()@(($ )=(+(+ 5*&++(+ ,- %1+)012#)1,$+ &44(&0 %(415)(% 1$ "1;G  GNG

B=( O0+) -,0'&* 1$)0,%#5)1,$ ,- (**14)15&* %1+)012#)1,$+ 1+ )0&%1)1,$&**: &))012#)(%

), I(*C(0 AI(*C(0 LDF &*)=,#;= )=(: &44(&0(% 2(-,0( 1$ ',%(0$ ($;1$((01$; *1)(0&)#0(

8(G;GH 1$ 1$-,0'&)1,$ )=(,0: AP5?0&@ QRF9G K$ A6&'2&$1+ RNF )=(: 0(5(1>(% & O0+)

+:+)('&)15 )0(&)'($) &*)=,#;= )=( ',+) 5,'40(=($+1>( &$% 51)(% +)#%: ,$ )=('

5&$ 2( -,#$% 1$ A"&$; SD2FG K$)(0(+)(% 0(&%(0 5&$ 5,$+#*) )=( (&0*: 0(>1(@ &$%

212*1,;0&4=: 40,>1%(% 2: A6='1(*(@+C1 RNFG B, 5,'4*()( )=( =1+),015&* 4(0+4(5)1>(H

)=( 1$)0,%#5)1,$ +(5)1,$+ 1$ AB+&$&C&+ DEFH AT&*&C01+=$&$ DSF &$% A"&$; DQF &0( &*+,

0(5,''($%(%G U&+)*:H V,=$+,$ AV,=$+,$ RLH 6=GQF 40,>1%(+ )=,0,#;= +)#%1(+ ,-

)=,+( %1+)012#)1,$+G

K$ )=( 0('&1$%(0 ,- )=1+ +#2M+(5)1,$H @( 40(+($) )=( %1W(0($) %(O$1)1,$+ &$%

40,4(0)1(+ ,- )=(+( %1+)012#)1,$+G X( +4(51O5&**: %(+5012( )=( J(&0+,$ /KK -&'1*:

&$% +,'( 0(*&)(% %1+)012#)1,$+ )=&) &0( #+(% )=0,#;= )=( -,**,@1$; 5=&4)(0+G X(

5,$5*#%( )=1+ +#2M+(5)1,$ @1)= & 201(- +#''&0: ,- +,'( &44*15&)1,$+ ,- )=(+( %1+)01M

2#)1,$+ 1$ %1W(0($) O(*%+G 3**14)15&* %1+)012#)1,$+ &0( & ;($(0&*1<&)1,$ ,- )=( -&'1*:

,- +4=(015&**: +:''()015 %1+)012#)1,$+ @=,+( %(O$1)1,$ -,**,@+G

 !"#$%$&# '()(  ! n× 1 "#!$%& '()*%" x +, ,#+$ *% -#'( # ,.-("+)#//0 ,0&&(*"+)

$+,*"+12*+%! 3%" ,+&./0 # ,.-("+)#/ $+,*"+12*+%!4 +5 *-("( (6+,*, # 52!)*+%! φ %5 # ,)#/#"
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 !"#!$%& '()* +*!+

Ψ(t) = φ(tT t), 2134356

,*&"& Ψ #' +*& )*!"!)+&"#'+#) -(.)+#/. /- x0 1& ,"#+& x ∼ Sn(φ) !.2 +*& -(.)+#/. φ
,#%% $& )!%%&2 +*& )*!"!)+&"#'+#) 3&.&"!+/" /- +*& '4*&"#)!% 2#'+"#$(+#/.0

 .*% '7& $0*8& #&9"/'/*": '7& ;7$.$;'&./)'/; +!";'/*" *+ $ 8&;'*. </'7 $ )=7&./;$(

#/)'./0!'/*" /) ;*")'$"' *" )=7&.&) $"#: $) $ "$'!.$( ;*")&>!&";&: '7& ;*"'*!.) *+

&>!$( 8$(!& *+ /') =.*0$0/(/'? #&")/'? +!";'/*": =.*8/#&# /' &@/)'): 7$8& $ )=7&./;$(

)7$=&3 A&";&: '7&)& #/)'./0!'/*") $.& "$%&# )=7&./;$( #/)'./0!'/*")3 B" '7& ;$)&

*+ 0/#/%&")/*"$( )=7&./;$( #/)'./0!'/*"): '7& '&.% ;/.;!($. )?%%&'.? /) !)&#3  *.C

%$((?: $ ;*%=(&@ .$"#*% 8$./$0(& Z /) )$/# '* 0& ;/.;!($. /+ /' /) .*'$'/*" /"8$./$"'

DE((/($ FGH: '7$' /): /+ /' =.&)&.8&) /') =.*0$0/(/'? #/)'./0!'/*" <7&" /' /) %!('/=(/&#

0? eα +*. $"? I/8&" α DJ/;/"0*"* K4H3

B" '7& )$%& <$? /" <7/;7 %!('/8$./$'& "*.%$( #/)'./0!'/*" N (µ,Σ) /) $" &@'&"C

)/*" *+ '7& )'$"#$.# %!('/"*.%$( #/)'./0!'/*" N (0, In): &((/='/;$( #/)'./0!'/*") $.&

*0'$/"&# $==(?/"I $L"& '.$")+*.%$'/*") '* 8&;'*.) '7$' +*((*< )=7&./;$( #/)'./0!C

'/*") $) /) )'$'&# /" '7& +*((*</"I #&9"/'/*"3

 !"#$%$&# '()*( 5. n× 1 "!.2/6  &)+/" x *!' !. &%%#4+#)!%%7 '766&+"#) 2#'+"#$(8

+#/. 9!. &%%#4+#)!%%7 )/.+/("&2 2#'+"#$(+#/. /" '#64%7 !. &%%#4+#)!% 2#'+"#$(+#/.: ,#+*

4!"!6&+&"' µ(n× 1) !.2 Σ(n× n) #-

x =d
µ+ATy, 21343M6

,*&"& =d
6&!.' &;(!% #. 2#'+"#$(+#/.< y ∼ Sk(φ) !.2 AT : n × k< ATA = Σ ,#+*

rank(Σ) = k0

N& <./'& x ∼ ECn(µ,Σ, φ)3 O$P/"I /"'* $;;*!"' '7& =.*=&.'/&) *+ '7& ;7$.$;C

'&./)'/; +!";'/*": '7& +*((*</"I $))&.'/*" ;$" 0& &$)/(? 8&./9&#3

 !"#$%$&# '())( =- x ∼ ECn(µ,Σ, φ) ,#+* rank(Σ) = k< +*&. +*& )*!"!)+&"#'+#)

-(.)+#/. /- x #'

Ψ(t)EC = E[et
T
x] = exp(tTµ)φ(tTΣt). 2134316



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

3 0&$%,' 4(5),0 x ∼ ECn(µ,Σ, φ)6 1$ 7($(0&* %,(+ $,) $(5(++&08 9,++(++ &

%($+1)8: ;#)6 1- 1) (<1+)+ =1:(:6 rank(Σ) = n>6 1) '#+) 2( ,- )?( -,0'

fx (x;Σ) =
cn

|Σ|1/2 gn
(
(x− µ)T Σ−1 (x− µ)

)
, = :!:!>

@?(0( gn(x) 1+ & $,$A$(7&)14( -#$5)1,$6 5&**(% %($+1)8 7($(0&),06 +#5? )?&)

∞∫

0

xn/2−1gn(x)dx <∞. = :!:B>

&$% cn 1+ & 5,00(+9,$%1$7 $,0'&*1C1$7 5,$+)&$)

cn =
Γ(n/2)

(2π)n/2
∞∫
0

xn/2−1gn(x)dx

. = :!:D>

E$ )?&) 5&+( $,)&)1,$ ECn(µ,Σ, gn) 1+ #+(% 1$+)(&% ,- ECn(µ,Σ, φ):

F1)?(0 )?( 5,00(+9,$%1$7 %($+1)8 7($(0&),0 gn(x) ,0 )?( GH" -,0 +,'( ,- )?,+(

%1+)012#)1,$+ &99(&0+ 1$ I&2*(  :J @?(0(

u = (x− µ)T Σ−1 (x− µ) . = :!:K>

L,)( )?&) )?( +M#&0( 0,,) ,- u 1+ 5&**(% )?( 7($(0&)1$7 4&01&2*( ,- )?( %1+)012#)1,$ &$%

1) 1+ 4(08 1'9,0)&$) ), +1'9*1-8 ',+) ,- )?( 5&*5#*&)1,$+ 1$4,*41$7 )?(+( %1+)012#)1,$+

), & ,$(A%1'($+1,$&* 1$)(70&*:

FM#&)1,$ = :!:K> %(N$(+ )?( 5,$),#0+ ,- 5,$+)&$) %($+1)8 -,0 )?1+ -&'1*8 ,- %1+)01A

2#)1,$+ &+ (**19+,1%+ @?15? *(&%+ ), )?( $&'( (**19)15&**8 5,$),#0(% %1+)012#)1,$+ =+((

(<&'9*(+ 1$ "17+:  :O( &$%  :O->: P?($ n = 16 )?( 5*&++ ,- (**19)15&* %1+)012#)1,$+

5,1$51%(+ @1)? )?( 5*&++ ,- ,$(A%1'($+1,$&* +8''()015 %1+)012#)1,$+: L,)( )?&) 1-

)?( 5,'9,$($)+ ,- & 0&$%,' 4(5),0 -,**,@1$7 &$ (**19)15&* %1+)012#)1,$ &0( #$5,0A

0(*&)(%6 )?($ )?( %1+)012#)1,$ 2(5,'(+ +9?(015&*: Q,0(,4(06 )?(+( 5,'9,$($)+ &0(

1$%(9($%($) ,$*8 1-6 1$ &%%1)1,$ ,- 2(1$7 #$5,00(*&)(%6 )?(8 &0( $,0'&**8 %1+)012#)(%

&+ &99(&0+ 1$ "17:  :O%:

FGR+ ?&4( '&$8 1$)(0(+)1$7 90,9(0)1(+: ",0 1$+)&$5(6 &** '&071$&* %1+)012#)1,$+

,- &$ (**19)15&* %1+)012#)(% 0&$%,' 4(5),0 &0( (**19)15&* &$% ?&4( )?( +&'( 7($(0&),0S
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3$0(& 1456 7*%& )!089($))&) *+ n8#/%&")/*"$( :;<)

7!089($)) <&")/'= >&"&.$'*. gn(u) *. ;? Ψ(t)

@*'A gn(u) = um−1 exp (−r us) r, s > 0, 2p+ n > 2

B!('/"*.%$( gn(u) = exp(−u/2)

C&$.)*" -DD gn(u) = (1 + u/s)−m ,m > n/2, s > 0

7'!#&"' ' gn(u) = (1 + u/s)−(n+m)/2 ,m > 0 an integer

;$!9E= gn(u) = (1 + u/s)−(n+1)/2, s > 0

C&$.)*" DD gn(u) = (1− u)−m,m > 0

F*>/)'/9 gn(u) =
exp(−u)

(1 + exp(−u))2

F$G($9& gn(u) = exp(− |u|)

7'$0(& ($H) Ψ(t) = exp(r(tT t)α) r > 0, 0 < α ≤ 2

79$(& B/I'!.& Ψ(t) =

∫ ∞

0

t−p/2N (µ, σ2t)f (t) dt

*+ J*.%$() HE&.& f(t) /) $ C< 4

$(( 'E& 9*"#/'/*"$( #/)'./0!'/*") $.& $()* &((/G'/9$( $"# $"= (/"&$. 9*%0/"$'/*" *+

K&9'*.) +*((*H/"> &((/G'/9$( #/)'./0!'/*" /) $ K&9'*. 'E$' /) $()* /"9(!#&# /" 'E/) 9($))

*+ #/)'./0!'/*")4 L) $ G$.'/9!($. 9$)& *+ 'E/) ($)' G.*G&.'=M 'E& 9*"K*(!'/*") *+

)GE&./9$( #/)'./0!'/*") $.& $()* )GE&./9$(4 D" $ )/%/($. +$)E/*"M 'E& .$'/* *+ )GE&./9$(

.$"#*% K$./$0(&) /) $()* $ )GE&./9$( .$"#*% K$./$0(& N $"> OPQ4

 !"#$%& '()! *++ ,-$'#-./'-%&$

3E& C&$.)*" '=G& -DD +$%/(= *+ #/)'./0!'/*")M HE/9E H$) *./>/"$((= /"'.*#!9&# 0=

C&$.)*" /" NC&$.)*" 5PQM /) G$.' *+ 'E& %*.& >&"&.$( +$%/(= *+ &((/G'/9$( #/)'./0!'/*")4



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

 !" ρ = 0  #" ρ = 0.4  $" ρ = −0.9

0.05
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y

 !" ρ = 0

0.05

0.1

0.15

0.2

0.25

0.3

-1.0 -0.5 0.0 0.5 1.0
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 #" ρ = 0.4

0.1

0.2

0.3

0.4

0.5

0.6

0.7

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

x

y

 $" ρ = −0.9

 !"#$% &'() *!$+#,-$ -./ %,,!01!+-, 2!3-$!-1% 4-0,-+% /!51$!2#1!6.5 7!18 /!9%$%.1 +6$:

$%,-1!6. 3-,#% ρ

;8% 2!3-$!-1% <%-$56. 1=0% >?? /!51$!2#1!6. !5 - 5%+6./:6$/%$ /!51$!2#1!6. 7865%

+6.16#$5 6@ 0$62-2!,!1= /%.5!1!%5 -$% %,,!05%5 7!18 +6.51-.1 %++%.1$!+!1=' ;8% "%.%$-,

%A0$%55!6. @6$ 18!5 @-B!,= 6@ /!51$!2#1!6.5 -55#B!." - +6$$%,-1!6. +6%C+!%.1 6@ ρD !5

"!3%. 2=

ppearsonVII (x, y) =
Γ(m)

Γ(m− 1)

a2

π
√
1− ρ2

(
1− a2 (x2 − 2xyρ+ y2)

ρ2 − 1

)−m
E&'F'GH

78%$% a ≥ 0 !5 18% .6$B-,!I!." +6.51-.1 /%J.%/ !. E&'F'KHD m ≥ 1/2 -./ Γ(m) !5

18% L#,%$ M-BB- @#.+1!6. NO2$-B67!1I KFP'

;8% -256,#1% 3-,#% 6@ 18% +6$$%,-1!6. +6%C+!%.1 ρ +6!.+!/%5 7!18 18% %++%.1$!+!1=

3-,#% @6$ 18% +6$$%506./!." +6.16#$ 78!+8 !5 -. %,,!05%'  6$ -. !.+$%-5!." ,!.%-$

$%,-1!6.58!0 6$ /%+$%-5!." ,!.%-$ $%,-1!6.58!0 2%17%%. 18% 3-$!-2,%5D 18% +6.16#$

2%+6B%5 - ,!.% 7!18 5,60% ρ = 1 6$ ρ = −1' ?. 18% 50%+!J+ +-5% !. 78!+8 3-$!-2,%5
-$% #.+6$$%,-1%/D !'%'D ρ = 0 !. %Q' E&'F'GHD 18%$% !5 .6 ,!.%-$ /%0%./%.+= 2%17%%. 18%

3-$!-2,%5D 18% R6!.1 <S !5 +!$+#,-$,= 5=BB%1$!+ -./ 0$62-2!,!1= 3-,#%5 /%0%./ 6.,=
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*" '3& .$#/!) *+ '3& 4/.4(& *" 53/43 '3&6 (/& 78!0"&. 9:;< =3$">) '* '3/) ?.*?&.'6@

/') %$.A/"$( BC ) $.& #&)4./0&# 06 '3& )$%& &D&" +!"4'/*"

ppearsonVII (x) =
Γ
(
m− 1

2

)

Γ(m− 1)

a√
π

(
1 + a2x2

)−(m− 1
2
)
. E1<F<GH

=3& A&"&.$( &I?.&))/*" +*. $ !"/D$./$'& B&$.)*" '6?& -JJ #/)'./0!'/*" ?.&)&"'&# /" &K<

E1<F<GH /"4(!#&) L$!436 $"# M'!#&"' ' #/)'./0!'/*") $) ?$.'/4!($. 4$)&) 7 $"A 9:;<

J+ m ≤ 2@ '3& #/)'./0!'/*" 3$) "* N"/'& D$./$"4& *. 3/A3&. *.#&. )'$'/)'/4) $"#@

'3&.&+*.&@ /' #*&) "*' 3$D& $" O8 < P*"&'3&(&))@ $ A&"&.$( &I?.&))/*" +*. /') LQ 

/) #&./D&# /" R??&"#/I R<S

Ψ(ω) =
1

2m−2Γ(m− 1)

( |ω|
a

)m−1
Km−1

( |ω|
a

)
E1<F<S9H

53&.& |ω| /) '3& $0)*(!'& D$(!& *+ ω $"# Km /) '3& %*#/N&# mT'3 *.#&. U&))&(

+!"4'/*" *+ '3& )&4*"# >/"# 7U*43&. GV;<

 !"#$%! ! &'(!)'*"!'+%(

J" '3/) )&4'/*"@ 5& +*4!) *" '3& %!('/D$./$'& M'!#&"' ' #/)'./0!'/*" '3$' 5/(( $()*

$??&$. /" '3& +*((*5/"A 43$?'&.)< R .$"#*% D&4'*. t = (t1, . . . , tn)
T
+*((*5) $ nT

#/%&")/*"$( M'!#&"' ' #/)'./0!'/*" 5/'3 $ n× 1 (*4$'/*" D&4'*. µ@ $ n× n ?*)/'/D&

#&N"/'& )4$(& %$'./I Σ $"# ν > 0 #&A.&&) *+ +.&&#*%@ /+ /') W*/"' BC /) A/D&" 06

f(t) =
Γ
(
n+ν
2

)

Γ(ν
2
)
√
πn|Σ|1/2

(
1 +

1

ν
(t− µ)TΣ−1(t− µ)

)− ν+n
2

t ∈ R
n. E1<F<SSH

=3&"@ /' 5/(( 0& #&"*'&# $) t ∼ tn(µ,Σ, ν)<

P*'& '3$' '3& M'!#&"' ' #/)'./0!'/*" /) $ ?$.'/4!($. 4$)& *+ '3& %!('/D$./$'&

B&$.)*" '6?& -JJ #/)'./0!'/*" 5/'3 m = ν+1
2

$"# a = 1√
ν
< R##/'/*"$((6@ /+ ν = 1@

'3&" E1<F<SSH /) '3& BC *+ '3& nTD$./$'& L$!436 #/)'./0!'/*"<

=3& (/%/'/"A +*.% *+ E1<F<SSH $) ν →∞ /) '3& W*/"' BC *+ '3& nTD$./$'& "*.%$(

#/)'./0!'/*" 5/'3 %&$" D&4'*. µ $"# 4*D$./$"4& %$'./I Σ<



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

3+ 4&+ (56*&1$(% 1$ +(7)1,$  898:; )<( '#*)1=&01&)( >)#%($) ) 1+ &$ (**16)17&* 7,$?

),#0(% %1+)012#)1,$ @"&$A BC&D; +, 1)+ 7,$),#0+ ,- (E#&* %($+1)F <&=( &$ (**16)17&*

+<&6( G+6<(017&* 1- Σ 1+ 60,6,0)1,$&* ), )<( 1%($)1)F '&)015H8 I<1+ 1+ 7*(&0*F 1**#+?

)0&)(% 1$ JA#0(  8 4<17< +<,4+ )<( KL"+ &$% +,'( ,- )<( 7,$),#0+ ,- )4, 21=&01&)(

>)#%($) ) %1+)012#)1,$+8

I<( '&0A1$&* %1+)012#)1,$+ ,- & '#*)1=&01&)( >)#%($) ) &0( &*+, >)#%($) ) %1+)012#?

)1,$+8 M,0( 60(71+(*F; 1- t ∼ tn(µ,Σ, ν) &$% )<( -,**,41$A 6&0)1)1,$+ &0( 7,$+1%(0(%;

t =

(
t1

t2

)
, µ =

(
µ1

µ2

)
, Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,

4<(0( t1 1+ & n1 × 1 =(7),0 &$% Σ11 1+ & n1 × n1 '&)015N )<($ t1 ∼ tn1(µ1,Σ11, ν)

&$% t2 ∼ tn−n1(µ2,Σ22, ν)8

O,)( )<&) 1- n = 1; )<($ G 898::H 1+

f(t) =
Γ
(
1+ν
2

)

Γ(ν
2
)
√
πσ2

(
1 +

1

νσ2
(t− µ)2

)− ν+1
2

t ∈ R, G 898:PH

4<17< 1+ )<( (560(++1,$ ,- )<( KL" ,- & #$1=&01&)( >)#%($) ) %1+)012#)1,$ 41)<

*,7&)1,$ 6&0&'()(0 µ; +7&*( 6&0&'()(0 σ2
&$% ν %(A0((+ ,- -0((%,'8 Q) 1+ %($,)(%

2F t ∼ t(µ, σ2, ν)8

I<( ','($)+ ,- J0+) &$% +(7,$% ,0%(0 ,- )<1+ %1+)012#)1,$ &0(

E(t) = µ &$% var(t) =
ν

ν − 2
σ2, ν > 2;

+,; 1- )<( %(A0((+ ,- -0((%,' &0( P; )<1+ %1+)012#)1,$ %,(+ $,) 6,++(++ & J$1)( =&01&$7(8

I<( >)#%($) ) %1+)012#)1,$ <&+ 1$70(&+1$A*F <(&=F )&1*+ &+ ν %(70(&+(+ ),4&0% #$1)F8

R1)< ,0 41)<,#) ','($)+; )<( KL" 2(7,'(+ +#77(++1=(*F *(++ 6(&S(% &0,#$% 0 &+

ν ↓ 18

3$ 1'6,0)&$) 7<&0&7)(01T&)1,$ ,- )<1+ )F6( ,- %1+)012#)1,$+ 1+ )<(10 0(60(+($)&?

)1,$+ &+ & +7&*( '15)#0( ,- $,0'&*+ 4<($ )<( '151$A %1+)012#)1,$ 1+ )<( 1$=(0)(%?

A&''&8 U,)< )<( +7&*( '15)#0( ,- $,0'&*+ &$% )<( 1$=(0)(%?A&''& &0( %(J$(%



 !"#$%&"'$() *+ ,$"#*% -$./$0(&) 12

 !" ρ = 0  #" ρ = 0.8
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 $" ρ = 0
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y

 %" ρ = 0.8

 /3!.& 1415 6$7 $"# 607 )8*9 '8& :; ) +*. '9* #/<&.&"' 0/=$./$'& >'!#&"' ' #/)'./0!?

'/*") t2

((
0
0

)
,

(
1 0
0 1

)
, 2

)
$"# t2

((
0
0

)
,

(
1 0.8
0.8 1

)
, 2

)
@ .&)A&B'/=&(C4 D"

6B7 $"# 6#7 $.& .&A.&)&"'&# )*%& B*"'*!.) *+ &E!$( =$(!& *+ '8&)& #&")/'/&)



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

2(*,34

 !"#$%$&# '()*(  !"#$%& '"!(")*+ X $+,#+$ %# R -". " ./"*+ &(012!+ %3 #%!&"*

$(.1!()21(%# (3 1-+ $+#.(14 %3 X /"# )+ 5!(11+# (# 1-+ 3%!&

fX(x) =

∫ ∞

0

t−p/2N (µ, σ2t)f (t) dt, 564 4768

5-+!+ f(t) (. " $+#.(14 32#1(%#6

 !"#$%$&# '()'(  !"#$%& '"!(")*+ X 3%**%5. "# (#'+!1+$78"&&" $(.1!()21(%# 5(1-

9"!"&+1+!. a > 0 "#$ p > 0: "#$ 5(** )+ $+#%1+$ ". X ∼ Ga−1(a, p): (3 1/X 3%**%5.

" 8"&&" $(.1!()21(%# Ga(a, p): 5(1- .-"9+ 9"!"&+1+! a "#$ ./"*+ 9"!"&+1+! p6 ;1.
$+#.(14 32#/1(%# (.

f(x) =
ap

Γ(p)
e−a/xx−(p+1), x > 0.

9,$+1%(01$: );( &2,<( %(=$1)1,$> 1- t ∼ t(µ, σ2, ν)> );($ 1)+ %1+)012#)1,$ ?&$ 2(

(@A0(++(% &+

t ∼
∫ ∞

0

N (µ, σ2λ)f
(
λ|ν
2
,
ν

2

)
dλ. 564 47 8

"1$&**B> $,)( );&) CD,)E ! F A0(+($)+ &$ (@?(**($) ',$,:0&A; ,$ '#*)1<&01&)( G)#%($)

) %1+)012#)1,$+ 1$ 3;1?; '&$B ,- );( &2,<( A0,A(0)1(+ &0( (@A*&1$(%4 H;( 0(&%1$: ,-

CI,;$+,$ JKF 1) 1+ &*+, 0(?,''($%(% -,0 );( #$1<&01&)( ?&+(4

+!,-!#./0$.,!- 1$.%-$23%$&#.

H;( +)&$%&0% L(;0($+M"1+;(0 %1+)012#)1,$ 31); %(:0((+ ,- -0((%,' ν1, ν2 > 0 &$%

&$:*( φ ∈ [0, π/2] 1+ %(=$(% &+

b0 = t1 sinφ− t2 cosφ, 564 47K8

3;(0( t1 &$% t2 &0( 1$%(A($%($) 0&$%,' <&01&2*(+ &$% ti ∼ t(0, 1, νi) -,0 i = 1, 2>

&$% 1) 1+ %($,)(% &+ b0 ∼ L(M"1(ν1, ν2, φ) CL,@ N6F4

L,); );( -,**,31$: (@)($+1,$ ,- );1+ %1+)012#)1,$ ), & *,?&)1,$M+?&*( -&'1*B &$%

);( %1+)012#)1,$ ,- );( ?,$<,*#)1,$+ ,- )3, &021)0&0B G)#%($) ) %1+)012#)1,$+ &AA(&0

1$ CO10P$ JJF4
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3 .$"#*% 4$./$0(& b /) )$/# '* 0& #/)'./0!'&# $) $ 5&6.&")7 /)6&. #/)'./0!'/*"

8/'6 (*9$'/*" :$.$%&'&. µ ∈ R; )9$(& :$.$%&'&. σ > 0; #&<.&&) *+ +.&&#*% ν1, ν2 > 0

$"# $"<(& φ ∈ [0, π/2]; $"# 8/(( 0& #&"*'&# $) b ∼ 5&7 /(µ, σ2, ν1, ν2, φ), /+

b− µ

σ
∼ 5&7 /(ν1, ν2, φ)

=6!); /+ t1 $"# t2 $.& /"#&:&"#&"' .$"#*% 4$./$0(&) )!96 '6$' ti ∼ t(µi, σ
2
i , νi), i =

1, 2; '6&"

t1 + t2 ∼ 5&7 /

(
µ1 + µ2, σ

2
1 + σ2

2, ν1, ν2, φ
)
,

86&.& φ ∈ [0, π/2] /) )!96 '6$' tan2 φ = σ2
1/σ

2
2>

 *. '6& :$.'/9!($. 9$)& '6$' t1 $"# t2 $.& /"#&:&"#&"' $"# /#&"'/9$((? #/)'./0!'&#

$) t(µ, σ2, ν); '6&"

t1 + t2 ∼ 5&7 /(2µ, 2σ2, ν, ν, π/4). @A>1>2BC

=6& #&")/'? +!"9'/*" $"# '6& 9!%!($'/4& #/)'./0!'/*" *+ '6& 5&6.&")7 /)6&. #/)'./7

0!'/*" 9$" "*' 0& &D:.&))&# /" $ )/%:(& &D:(/9/' +*.%; &D9&:' +*. '6& 9$)&) ν1 = ν2;

86&" '6&)& +!"9'/*") #&:&"# *" $ 6?:&.<&*%&'./9 +!"9'/*"; $"# +*. *## 4$(!&) *+

ν1 $"# ν2; +*. 86/96 '6& 5&6.&")7 /)6&. #/)'./0!'/*" /) $ E"/'& %/D'!.& *+ F'!#&"'

' #/)'./0!'/*"); $) /) &)'$0(/)6&# /" GH/.I" J2K>  *. '6& .&)' *+ 4$(!&) *+ '6& #&<.&&)

*+ +.&&#*%; '6& LM $"# '6& NM *+ '6& 5&6.&")7 /)6&. #/)'./0!'/*" %$? 0& 9*%7

:!'&# 0? "!%&./9$( /"'&<.$'/*"> =6& +*((*8/"< &D:.&))/*"; #&./4&# !)/"< @A>1>21C; /)

!)&+!( '* *0'$/" '6*)& "!%&./9$( 4$(!&)>

O+ b ∼ 5&7 /(µ, σ2, ν1, ν2, φ); '6&"

b ∼
∫ ∞

0

∫ ∞

0

N (µ1 + µ2, λ1σ
2
1 + λ2σ

2
2)f

(
λ1|

ν1
2
,
ν1
2

)
f
(
λ2|

ν2
2
,
ν2
2

)
dλ1dλ2, @A>1>2PC

86&.& f(|, ) /) $" /"4&.'&#7<$%%$ #/)'./0!'/*" $) #&E"&# /" &Q> @A>1>21C> =6& <&"&.7
$(/R&# 5&6.&")7 /)6&. #/)'./0!'/*" /) #&E"&# /" G#&( N$)'/((* J2K $) '6& 9*"4*(!'/*" *+

$ E"/'& "!%0&. *+ F'!#&"' ' #/)'./0!'/*")> 3(( '6& $0*4& .&)!(') $0*!' '6& 5&6.&")7

 /)6&. #/)'./0!'/*" 9$" 0& &D'&"#&# '* '6& <&"&.$(/R&# 9$)&>



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

 !"#$%$&# '()*(  !"#$%& '()*%! X +%,,%-. " .*"#$"!$ /(#(!",01($ 2(3!(#.450.3(!

$0.*!067*0%# -0*3 8"!"&(*(!. a1, a2, . . . , ap "#$ $(/!((. %+ +!(($%& ν1, ν2, . . . , νp 9-3(!(
a1, a2, . . . , ap ∈ R: a21+ a22+ . . .+ a2p = 1 "#$ ν1, ν2, . . . , νp > 0; 0+ X = a1t1+ a2t2+
. . . + aptp -3(!( t1, t2, . . . , tp "!( 0#$(8(#$(#* !"#$%& '"!0"6,(. "#$ ti ∼ t(0, 1, νi)
+%! i = 1, 2, . . . , p: "#$ 0* 0. $(#%*($ ". X ∼ 2(450(a1, a2, . . . , ap, ν1, ν2, . . . , νp)<

3- Y = µ+ σX 45(0( µ ∈ R6 σ > 0 &$% X ∼ 7(8"1(a1, a2, . . . , ap, ν1, ν2, . . . , νp)6

)5($ Y 1+ %1+)012#)(% &99,0%1$: & :($(0&*1;(% 7(50($+8"1+5(0 %1+)012#)1,$6 &$% 1)

41** 2( %($,)(% &+ Y ∼ 7(8"1(µ, σ2, a1, a2, . . . , ap, ν1, ν2, . . . , νp)<

3) 1+ (&+= ), >0,?( )5&) 1- X =
∑p

i=1 ti6 45(0( ti &0( 1$%(>($%($) 0&$%,' ?&01&2*(+

&$% ti ∼ (µi, σ
2
i , νi) -,0 i = 1, . . . , p6 )5($

X ∼ Be− Fi




p∑

i=1

µi,

p∑

i=1

σ2
i ,




σ1
p∑

i=1

σi




1
2

, . . . ,




σp
p∑

i=1

σi




1
2

, ν1, . . . , νp


 .

"1$&**=6 -,0 $#'(019&* 9&*9#*&)1,$+6 )5( (@>0(++1,$ AB< <CDE 9&$ &*+, 2( (@)($%(% ),

& p8%1'($+1,$&* 1$)(:0&*<

+,- &. /#0!1!#0!#% 2!345&# %61! 7//  $5%4$8,%$&#5

F+ +)&)(% 2(-,0(6 G(&0+,$ )=>( /33 %1+)012#)1,$+ '&= $,) 5&?( & H$1)( ?&01&$9(< 3$

+#95 9&+(+6 &+ 4( +5&** (@>*&1$ 1$ I(9)1,$ B<J<!6 1) 1+ $,) >,++12*( ), &>>*= )5( K($)0&*

L1'1) M5(,0(' &$% )5( %1+)012#)1,$ ,- )5( +#' 9&$$,) 2( &++#'(% ), )($% 1$ *&4

), & N&#++1&$ %1+)012#)1,$< O,4(?(06 1) 1+ +)1** >,++12*( ), 9&*9#*&)( )5( KO" ,-

)5( +#' ,- +(?(0&* 1$%(>($%($) 0&$%,' ?&01&2*(+ &+ )5( >0,%#9) ,- )5(10 0(+>(9)1?(

KO"+ PN01$+)(&% QDRS 1)+ GT" 9&$ 2( 9&*9#*&)(% &+ )5( 1$?(0+( ",#01(0 )0&$+-,0'

,- )5( 0(+#*)1$: KO"< ",0 & 0&$%,' ?&01&2*( ν 0(+#*)1$: -0,' )5( +#' ,- 0&$%,'

?&01&2*(+ -,**,41$: & #$1?&01&)( G(&0+,$ )=>( /33 %1+)012#)1,$ )5( KO" (@>0(++1,$

=1(*%+

Ψν(ω) =
Nc∏

k=1

Ψ(ω) =

(
1

2m−2Γ(m− 1)

( |ω|
a

)m−1
Km−1

( |ω|
a

))Nc

, AB< <CUE
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$"# '3& 4*..&)5*"#/"6 &75.&))/*" +*. '3& 89 %$: 0& ;./''&" $)

pν (x) =
1

2π

(
1

2m−2Γ(m− 1)

)Nc
∫ ∞

−∞

(( |ω|
a

)m−1
Km−1

( |ω|
a

))Nc

e−jωxdω,

<2=1=>?@

;3/43 /) &A!/B$(&"' '* '3& 4*"B*(!'/*" *+ Nc !"/B$./$'& 8&$.)*" ':5& -CC #&")/'/&)

$"#D '* '3& 0&)' *+ '3& $!'3*.E) F"*;(&#6&D 3$) "* $"$(:'/4$( )*(!'/*" +*. Nc > 2=

G3& $"$(:'/4$( &75.&))/*" 4*..&)5*"#/"6 '* '3& 4*"B*(!'/*" *+ ';* !"/B$./$'& 8&$.)*"

':5& -CC #&")/'/&) /) #&./B&# /" H55&"#/7 I=

 !!"#$%&#'() '* +,-)

J&B&.$( &7$%5(&) *+ '3& !)& *+ &((/5'/4$( #/)'./0!'/*") /" &"6/"&&./"6 $"# &4*"*%/4)

4$" 0& +*!"# /" '3& (/'&.$'!.&= J/"4& '3& &$.(: ;*.F 0: 9$B&"5*.' K9$B&"5*.' LMN

*" '3& 5.*0$0/(/': #/)'./0!'/*" *+ )5&&43 )/6"$() /" '3& '/%& #*%$/"D '3& O$5($4&

#/)'./0!'/*" 3$) 0&&" )!44&))+!((: !)&# '* %*#&( '3*)& )/6"$() KP$Q*. R2N= G3/)

#/)'./0!'/*" /) $()* )!/'$0(& '* %*#&( '3& #/)'./0!'/*") *+ '3& 9/)4.&'& S*)/"& G.$")T

+*.% <9SG@ 4*&U4/&"') !)&# /" /%$6& 4*%5.&))/*" $(6*./'3%) KO$% RRN= C" '3&

V&(# *+ 5$''&. .&4*6"/'/*" 8&$.)*" ':5& CC $"# ':5& -CC #/)'./0!'/*") $.& 5.*5*)&#

KS**5&. WMN '* %*#&( )'$'/)'/4$( /"+*.%$'/*" &7'.$4'&# +.*% '3& #$'$= G3& +$%/(: *+

&((/5'/4$( #/)'./0!'/*") $.& )3*;" $#%/))/0(& 4$"#/#$'&) +*. 6&"&.$(/Q/"6 '3& '3&*.:

*+ 5*.'+*(/* 43*/4& $"# &A!/(/0./!% /" 4$5/'$( $))&' %$.F&')D $) ;&(( $) $''.$4'/B& $(T

'&."$'/B&) +*. !)& /" &%5/./4$( )'!#/&) KX;&" Y2N= Z*.& .&4&"'(:D '3&)& #/)'./0!'/*")

3$B& 0&&" 43$.$4'&./Q&# $"# $55(/&# '* )/6"$( 5.*4&))/"6 $(6*./'3%) KX((/($ >>N $"#

$"$(:)/) *+ 4*%%!"/4$'/*" ):)'&%) KJ["43&QTJ["43&Q R?$N=

 !"!# $%&'() *&+,

C" '3/) )!0T)&4'/*"D ;& /"'.*#!4& '3& )'$0(& ($;) <)'$0(& #/)'./0!'/*")@ $"# .&B/&;

)*%& *+ '3&/. 5./"4/5$( 5.*5&.'/&)= G3& )'$0(& ($;) ;&.& #/)4*B&.&# 0: O\B: /" >?>?



  !"#$%&'#(%)* +, -%#$+& .%/0%1)'*

%* % *+)"(0+# (+ %# 0&2+/(%#( *"12/+1)'& +, (3' 4'#(/%) )0&0( (3'+/'& 56789 : ;<

=3'*' $0*(/01"(0+#*> %* ?%* '@2)%0#'$ ?0(3 '))02(04%) $0*(/01"(0+#*> %/' % 4)%** +,

3'%89 (%0)'$ $0*(/01"(0+#* (3%( 4%# 1' "*',") ,+/ &+$')0#A 239*04%) %#$ B#%#40%)

$%(%< C+&' +, (3'0/ 239*04%) %22)04%(0+#* %/'> ,+/ 0#*(%#4'> (3' /'D'4(0+# +, % /+(%(0#A

&0//+/> (3' A/%80(%(0+#%) B')$ +, *(%/* +/ (3' D"4("%(0+#* 0# (3' '#'/A9 )+** +, %

43%/A'$ 2%/(04)' 2%**0#A (3/+"A3 % (30# )%9'/ +, &%(('/ ?3043 %/' *%(0*,%4(+/0)9

$'*4/01'$ 19 &'%#* +, E%"439> F+)(*&%/G %#$ 6%#$%" $0*(/01"(0+#* /'*2'4(08')9H

%)) +, (3'& 1')+#A (+ (3' *(%1)' $0*(/01"(0+#* 5!'))'/ IJ;< K &+/' 0# $'2(3 *("$9 +,

(30* 4)%** +, $0*(/01"(0+#* %22'%/* 0# C%&+/+$#0(*G9 '( %)< 5C%&+/+$#0(*G9 L ; %#$

M+)%# 5M+)%# JJ;<

C(%1)' +/ αN*(%1)' $0*(/01"(0+#* %/' B@'$ 2+0#(* O%((/%4(+/*P ,+/ (3' %$$0(0+#

+, 0#$'2'#$'#( %#$ 0$'#(04%))9 $0*(/01"('$ O0<0<$<P /%#$+& 8%/0%1)'* ?0(3 B#0(' +/

0#B#0(' 8%/0%#4' 5F'9$' QR1;<

=3'/' %/' *'8'/%) 'S"08%)'#( $'B#0(0+#* +, % *(%1)' $0*(/01"(0+#H (3/'' +, (3'&

%/' 2/'*'#('$ 1')+?<

 !"#$%$&# '()*(  !"#$%& '"!(")*+ X (, ,"($ -% ."'+ " ,-")*+ $(,-!()/-(%# (0 0%!

"#1 2%,(-('+ #/&)+!, A "#$ B3 -.+!+ (, " 2%,(-('+ #/&)+! C "#$ " !+"* #/&)+! D
,/4. -."-

AX1 + BX2 =
d CX +D, OT< <:QP

5.+!+ X1 "#$ X2 "!+ (#$+2+#$+#- 4%2(+, %0 X3 "#$ 5.+!+ =
d
$+#%-+, +6/"*(-1 (#

$(,-!()/-(%#

 

7 8.+ $(,-!()/-(%# (, ,"($ -% )+ ,-!(4-*1 ,-")*+ (0 -.(, .%*$, 5(-. D = 07
8./,3 " !"#$%& '"!(")*+ X 5(-. " ,1&&+-!(4 ,-")*+ $(,-!()/-(%#3 -."- (,3 X "#$ −X
."'+ -.+ ,"&+ $(,-!()/-(%#3 (, ,-!(4-*1 ,-")*+7

U( 0* 2+**01)' (+ 4+#4)"$' (3%( (3' *(%1)' $0*(/01"(0+#* %/' (3' +#)9 $0*(/01"N

(0+#* (3%( 4%# 1' +1(%0#'$ %* )0&0(* +, #+/&%)0V'$ *"&* +, 0<0<$< /%#$+& 8%/0%1)'*

5C%&+/+$#0(*G9 L ; ,/+& (3' $'B#0(0+# 1')+?<

 !"#$%$&# '()+(  !"#$%& '"!(")*+ X (, ,"($ -% ."'+ " ,-")*+ $(,-!()/-(%# (0 (-

.", " $%&"(# %0 "--!"4-(%#3 (7+73 (0 -.+!+ (, " ,+6/+#4+ %0 (7(7$7 !"#$%& '"!(")*+,

 

 !"# "$%"& %'"$!()$ % *#)#+#,%"# ,%+*!- .%,/%0'# X 1!+1#+",%"#* %" !+# 2!/+" /3 %'4%53

3"%0'#& ,%+*!- .%,/%0'#3 4/"$ 3"%0'# */3",/0("/!+ %,# %33(-#* "! 0# +!+6*#)#+#,%"# (+'#33 3"%"#*

!"$#,4/3#7
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Y1, Y2, ...  !" #$%&$!'$# () *(#+,+-$ dn  !" .$ / !&01$.# an #&'2 ,2 ,

Y1 + Y2 + · · ·+ Yn

dn
− an =

d X. 34515678

9+ ':& $0*;& :*(#) </': an = 0 +*. $(( n= ':&" ':& #/)'./0!'/*" *+ X /) )'$0(&

/" ':& )'./>' )&")&5  *. &;&.? )'$0(& #/)'./0!'/*" /' /) @*))/0(& '* A"# dn = n1/α

+*. )*%& >:$.$>'&./)'/> &B@*"&"' α </': 0 < α ≤ 25 C&'&.%/"/"D <:$' .$"#*%

;$./$0(&) $.& $''.$>'&# '* <:/>: (/%/'/"D .$"#*% ;$./$0(&) </': <:/>: >:*/>&) *+ dn=

an >*")'/'!'&) ':& #*%$/" *+ $''.$>'/*" @.*0(&% EF*".$# GHI5 9+ X /) J$!))/$" $"#

&$>: .$"#*% ;$./$0(& Yi :$) $ A"/'& ;$./$">&= &K5 34515678 0&>*%&) ':& *.#/"$.?

L&"'.$( M/%/' N:&*.&% 3LMN85 N:& J&"&.$(/O&# L&"'.$( M/%/' N:&*.&% 3JLMN8

/"'.*#!>&# 0? J"&#&"P* $"# Q*(%*D*.*; EJ"&#&"P* 21I &B'&"#) ':& ($''&.5 N:&)&

(/%/' ':&*.&%) </(( 0& $##.&))&# $D$/" /" )&>'/*" 4525

N.$#/'/*"$((? $ )'$0(& #/)'./0!'/*") /) #&A"&# /" +!">'/*" *+ /') >:$.$>'&./)'/>

+!">'/*"5

 !"#$%$&# '()*( 3 . !"(0 - .+ 1/$ X +# #, 1/$ +) +,# '2 . ',$.+#,+' )&!',+(! 2 #

,2$ )(//(4+!5 )(.0

Ψ(ω) = exp (iµω − σα |ω|α [1− iβsign (ω) Ω]) ω ∈ R, 34515668

42$.$ Ω +# 5+-$! 16

Ω =

{
tan πα

2
α 6= 1

−2
π
lnω α = 1

34515648

 !" 42$.$ 0 < α ≤ 27 −1 ≤ β ≤ 17 σ > 0  !" µ ∈ R8

N:& >:$.$>'&./)'/> &B@*"&"' α @.*;/#&) $ %&$)!.& *+ ':& ':/>P"&)) *+ ':& '$/() *+

':& #/)'./0!'/*" $"# #&'&.%/"&) ':& &B/)'&">& *+ %&$" $"# ;$./$">& 3:/D:&. %*%&"')

$(<$?) #/;&.D& +*. ':*)& #/)'./0!'/*")85 R"(? ':& J$!))/$" #/)'./0!'/*" 3/5&5= α = 28

:$) $ A"/'& ;$./$">& <:&.&$) $"? #/)'./0!'/*" </': α < 2 :$) $" /"A"/'& ;$./$">&5

S/%/($.(?= #/)'./0!'/*") </': α ≤ 1 :$;& $()* $" /"A"/'& %&$"5 N:& )P&<"&)) @$.$%T

&'&. β /) $ %&$)!.& *+ $)?%%&'.?U <:&" β = 0 ':&.& /) )?%%&'.? $.*!"# O&.* $"#

':& #/)'./0!'/*" /) )?%%&'./> α )'$0(& 3SαS85 9+ #/)'./0!'/*" )P&<"&)) /%@(/&) ':$'



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

-4 -2 2 4
x

0.1

0.2

0.3

0.4

f HxL

Normal

Cauchy

Lévy

"13#0( 45 6 78&'9*(+ ,- #$1:%1'($+1,$&* +)&2*( %1+)012#)1,$+ ;1)< =$,;$ %($+1)1(+6

>?@AB C&#D<A &$% E,0'&* %1+)012#)1,$+

,$*A 9,+1)1@( @&*#(+ &0( 9,++12*( 1) 2(D,'(+ & 9,+1)1@( α:+)&2*( FGαHI %1+)012#)1,$5

7J#1@&*($)*AB ;1)< $(3&)1@( α:+)&2*( FEαHI %1+)012#)1,$ 9,++12*( @&*#(+ &0( &*;&A+

$(3&)1@(5 K<( %1+9(0+1,$ 9&0&'()(0 σ 1+ +1'1*&0 ), )<( @&01&$D( ,- )<( L&#++1&$

%1+)012#)1,$ &+ 1) D&$ 90,@1%( &$ 1%(& ,- <,; D,$D($)0&)(% )<( 0&$%,' @&01&2*( 1+

&0,#$% 1)+ '(&$ 1- )<(A 2,)< (81+)B ;<(0(&+ µ 1+ & *,D&)1,$ 9&0&'()(05

K<(+( 9&0&'()(0+ D,'9*()(*A %()(0'1$( & +)&2*( %1+)012#)1,$ Sα(σ, β, µ)M & +)&:

2*( %1+)012#)1,$ 1+ D<&0&D)(01N(% 2A 1)+ CO" &+ D*,+(% -,0'#*&+ -,0 %($+1)1(+ &$%

%1+)012#)1,$ -#$D)1,$+ ,$*A (81+) -,0 & -(; +)&2*( *&;+ PQ,$0&% R!S5 K<(+( &0( )<(

L&#++1&$ %1+)012#)1,$ Fα = 2IB )<( C&#D<A %1+)012#)1,$ Fα = 1I &$% )<( >?@A %1+:

)012#)1,$ Fα = 1/2I5 K<( (890(++1,$ ,- )<( %($+1)A -#$D)1,$ -,0 )<,+( %1+)012#)1,$+

1+ +<,;$ 1$ K&2*( 45T &$% %(91D)(% 1$ "13 45 5

U) 1+ ;,0)< $,)1$3 )<&) (8D(9) -,0 )<( $,0'&* %1+)012#)1,$B &** +)&2*( %1+)012#)1,$+

<&@( )<1D= )&1*+6 )<( GV" 1+ &+A'9),)1D&**A 90,9,0)1,$&* ), |x|−(1+α)
&$% )<( CV"

1+ &+A'9),)1D&**A 90,9,0)1,$&* ), |x|−α &+ x→∞5

K<( +)&2*( %1+)012#)1,$+ <&@( 2(($ ;1%(*A #+(% 1$ '&$A %1W(0($) X(*%+B +#D< &+

(D,$,'1D+B 9<A+1D+B <A%0,*,3AB 21,*,3A ,0 (*(D)01D&* ($31$((01$35 ",0 1$+)&$D(B )<(
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3$0(& 4567 8'$0(& #/)'./0!'/*") 9/': ;< 

</)'./0!'/*" ;< 

=$!))/$"

1√
2πσ2

exp

(
−(x− µ)2

2σ2

)

 !"#$% (1 + x/c)−(n+1)/2, c > 0

&'(%

√
c

2π

1

x3/2
exp

(−c
2x

)

")* +, )-!./* /!0) 12 *#+2+31# 3+4*/125 1) 41)#"))*4 12 6" 7+"#$*/ 86"7+"#$*/ 9:;

12#/"4125 7!24*/.<+-=) 0+<> -+ 3+4*/ 41)-<1."-1+2) +, 12#+3* 87!24*/.<+- ?@;A B2

-$* +-$*< $!24C D*<5*< !24 7!24*/.<+- ")*4 )-!./* )-+#$!)-1# E<+#*))*) -+ 4*)#<1.*

-$* E!--*<2) +, *<<+< #/")-*<125 12 -*/*E$+2* #1<#"1-) 8D*<5*< ?F;A

G+0*(*<C -$* 3+)- 13E+<-!2- !EE/1#!-1+2 12 )152!/ E<+#*))125 !24 #+33"21#!H

-1+2) 1) 13E"/)1(* 2+1)* 3+4*/125 !) )-!./* 41)-<1."-1+2) $!(* .**2 )$+02 -+ )"#H

#*)),"//% 3+4*/ 2+1)* +(*< #*<-!12 13E"/)1(* #$!22*/)A B2* +, -$* *!</% 0+<>) 0!)

8I!EE!E+<- ??; 12 0$1#$ I!EE!E+<- !24 J"<)- ")*4  !"#$% 41)-<1."-1+2 -+ <*E<*)*2-

)*(*<* 13E"/)1(* 2+1)*A K2 8L-"#> 9M; L-"#> !24 J/*12*< )-!-1)-1#!//% #$!<!#-*<1N*4

2+1)* 12 -*/*E$+2* /12*)A O$1) 0+<> 0!) !2 !--*3E- -+ "24*<)-!24 $+0 )152!/ E<+H

#*))125 315$- .* 13E!#-*4 1, !441-1(* 2+1)* 0!) E*<-"<.*4 !0!% ,<+3 ! P!"))1!2

E<+.!.1/1-% 41)-<1."-1+2 -+0!<4) ! #/+)* )-!./* E<+.!.1/1-% 41)-<1."-1+2Q 1A*AC $!(125

! #$!<!#-*<1)-1# *RE+2*2- /*)) -$!2 -0+ 8L-"#> @@;A K2 8L$!+ SF.; ! )-!./* 3+4*/

4*(*/+E*4 -+ #$!<!#-*<1N* ! 5*2*<!/ #/!)) +, 3!2H3!4* !24 2!-"<!/ 13E"/)1(* 2+1)*)C

12#/"4125 !-3+)E$*<1# 2+1)*C !"-+3+-1(* 1521-1+2 2+1)* !24 2+1)* +.)*<(*4 +(*< -*/*H

E$+2* /12*)C 0!) !EE/1*4 -+ -$* 4*-*#-1+2 +, >2+02 )152!/) 12 !441-1(* 2+1)*A 7+)-

+, -$* /1-*<!-"<* <*/!-*4 -+ -$1) !EE/1#!-1+2 1) #+//*#-*4 12 8L$!+ SF!;A

T441-1+2!//%C αH)-!./* 41)-<1."-1+2) 0*<* !/)+ ")*4 -+ 3+4*/ -$* I!4!<  <+)) L*#H

-1+2 UI LV +, )$1E) !) 0*// !) )*! #/"--*<) *R!3E/*) 8W1*<#* S?;A O$* #$!<!#-*<1)-1#)



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

-,0 3,+1)14( α5+)&2*( %1+)012#)1,$+ &$% )6(10 &33*17&)1,$ ), ',%(* +(1+'17 &7)141)89

,7(&$ :&4( 4&01&21*1)89 &$% 0&%&0 +(& 7*#))(0 ',%#*&)1,$ &0( 30(+($)(% 1$ ;<1(07( =>?@

A)&2*( %1+)012#)1,$+ :(0( &*+, &33*1(% 1$ )6( B(*% ,- &00&8 +1C$&* 30,7(++1$C ), )6(

%10(7)1,$5,-5&0014&* (+)1'&)1,$ 30,2*(' B0+) 1$ ;D+&E&*1%(+ =F? &$% *&)(0 1$ ;G0717 HI?@

 !" #$%&'() *+,+& -.$/'$,0

J1+),017&**8 E$,:$ &+ )6( *&: ,- (00,0+ )60,#C6 )6( :,0E ,- K&3*&7( &$% L&#++9 )6(

)(0' 7($)0&* *1'1) )6(,0(' MNKDO 1+ & C($(017 $&'( &33*1(% ), &$8 )6(,0(' C141$C

7,$4(0C($7( 1$ %1+)012#)1,$ ), )6( $,0'&* *&: -,0 & +#' ,- &$ 1$70(&+1$C $#'2(0 ,-

0&$%,' 4&01&2*(+ ;J(8%( HP2?@

Q( R,140( 1$ S>S! &$% *&)(0 K&3*&7( 1$ S!SI (+)&2*1+6(% )6( 0(+#*) -,0 )6( 7&+( ,-

G(0$,#**1 )01&*+9 :6(0(&+ N6(28+6(4 MS!!>O &$% K1&3#$,4 MS=HH &$% S=HSO %(4(*,3(%

(T(7)14( '()6,%+ -,0 )6( 01C,0,#+ 30,,- ,- *1'1) )6(,0('+ -,0 +#'+ ,- &021)0&01*8

%1+)012#)(% 0&$%,' 4&01&2*(+@ D6( -,0'(0 #+(% )6( '()6,% ,- ','($)+ &$% )6(

*&))(0 76&0&7)(01+)17 -#$7)1,$+@ U&%&0&V&6 ;U&%&0&V&6 H!? 30,41%(+ & 0(41(: ,- )6(

E$,:$ 0(+#*)+ ,$ +#'+ ,- (W3,$($)1&*9 C&''&9 *,C$,0'&*9 .&8*(1C6 &$% X(12#**

0&$%,' 4&01&2*(+@

Y$ :10(*(++ 7,''#$17&)1,$+9 )6( +#'+ ,- 0&$%,' 4&01&2*(+ &01+( $&)#0&**8 1$

'&$8 30&7)17&* &33*17&)1,$+ &$% )6( NKD #+#&**8 +(04(+ ), 76&0&7)(01Z( )6( 0(+#*)1$C

0&$%,' 4&01&2*(+@ J,:(4(09 1$ )61+ :,0E :( %(&* :1)6 & *(++ 7,'',$ +1)#&)1,$ 1$

:6176 )6( 1$1)1&* &++#'3)1,$+ ,- )61+ )6(,0(' &0( $,) -#*B**(% M1@(@9 4&01&2*(+ 1$ )6(

+#' 6&4( $,$5B$1)( 4&01&$7(O &$%9 6($7(9 )6( NKD 7&$$,) 2( &33*1(%@ Y$ )61+ 7&+(9

& C($(0&*1Z(% 4(0+1,$ ,- )61+ )6(,0('9 :6176 1+ 7*,+(*8 0(*&)(% ), +)&2*( %1+)012#)1,$+9

7&$ 2( &33*1(%@
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 !"!# $%& '&()*+, -./.) $%&0*&/

34& 5/"#&0&.67589: ;&"'.$( (/%/' '4&*.&% /) '4& %*)' <&(( ="*<" *+ '4&)& '4&*.&%)>

?' .&+&.) '* '4& ;*"9&.6&";& /" #/)'./0!'/*" *+ $ )!/'$0(: )'$"#$.#/@&# )!% *+ />/>#>

.$"#*% 9$./$0(&) </'4 A"/'& 9$./$";&B '* $ "*.%$( .$"#*% 9$./$0(& </'4 @&.* %&$"

$"# !"/' 9$./$";& CD*(+)*" EFG> ?') +*.%$( )'$'&%&"' /) $) +*((*<)>

 !"#$%$&# '()*(  !" x1, x2, . . . , xn #! $ %!&'!()! *+ ,-,-.- /$(.*0 1$/,$#2!% 3,"4

E[xk] = µ $(. var(xk) = σ2
k <∞ +*/ $22 k- 54!(

Pr[
n∑

k=1

(xk − µ) ≤ x]→ 1√
2π

∫ x

−∞
e−t

2/2dt ∀x ∈ R, HI>J>KL

$% n→∞-

M)!$((:B /" N.$;'/;$( $NN(/;$'/*")B '4& ;&"'.$( (/%/' '4&*.&% ;$" 0& $NN(/&# /" $

(**)& %$""&. $) /' /) N*))/0(& '* .&($O '4& $))!%N'/*") *+ /#&"'/;$( #/)'./0!'/*") $"#

/"#&N&"#&";&>  *. /")'$";&B '4& .$"#*% 9$./$0(&) /" '4& )!% #* "*' "&&# '* 4$9&

'4& )$%& #/)'./0!'/*" $"# '4&: #* "*' "&&# '* 0& /"#&N&"#&"' &/'4&.B $) (*"6 $) &$;4

.$"#*% 9$./$0(& 4$) *"(: $ )%$(( /%N$;' *" '4& )!%B $"# N.*9/#&# '4& ;*..&($'/*"

$%*"6 '4&% /) "*' '** 4/64>

 !"!1 $%& 2&(&*+,.3&4 '&()*+, -./.) $%&0*&/

?" %$": N.$;'/;$( $NN(/;$'/*")B /' /) "*' N*))/0(& '* $NN(: '4& P53 0&;$!)& '4& />/>#>

.$"#*% 9$./$0(&) /" '4& )!% 4$9& "* A"/'& 9$./$";&> 34& QP53B /"'.*#!;&# 0:

Q"&#&"=* $"# R*(%*6*.*9 CQ"&#&"=* J1GB #&$() </'4 '4&)& )N&;/$( ;$)&)> 34/) '4&7

*.&% )'$'&) '4$' $ )!% *+ /"#&N&"#&"' .$"#*% 9$./$0(&) +.*% '4& )$%& #/)'./0!'/*"B

<4&" N.*N&.(: ;&"'&.&# $"# );$(&#B 0&(*"6) '* '4& #*%$/" *+ $''.$;'/*" *+ $ )'$0(&

#/)'./0!'/*">  !.'4&.B '4& *"(: #/)'./0!'/*") '4$' $./)& $) (/%/') +.*% )!/'$0(: );$(&#

$"# ;&"'&.&# )!%) *+ .$"#*% 9$./$0(&) $.& )'$0(& #/)'./0!'/*") CS.*<" KEG>

 !"#$%$&# '()+(  !" x1, x2, . . . , xn #! $ %!" *+ n ,-,-.- /$(.*0 1$/,$#2!% 34,)4 +*22*3

$ .,%"/,#'",*( pxi
(x) ∀ 1 ≤ j ≤ n 3,"4 4!$167"$,2% %')4 "4$"

pxi
(x) = P (x) ≃ A|x|−(1+α) |x| → ∞, HI>J>TL



 ! "#$%&'($)&*+ ,- .&$%,' /&01&2*(+

 !"#" α $% &' "()*'"'+ ,"%-#$.$'/ !* 0&%+ +!" ,$%+#$.1+$*' ,"-&2% +* 03 &', &44 +!"
5*5"'+% E[xq] =

∫∞
−∞ xqP (x)dx %1-! +!&+ q ≥ α &#" ,$6"#/"'+7 8"+ Tn ." +!" %15

*0 x1, x2, . . . , xn %1-! +!&+

Tn =

∑n
i=1 xj

n1/α
, 345 546

 !"#" α $% & %-&4$'/ "()*'"'+ 9:*$+ ;<=7

>!"'3 0*# α > 23 +!" 6&#$&.4"% $' +!" %15 !&6" ?'$+" 5"&' &', 6&#$&'-" &', +!"

1%1&4 0*#5 *0 +!" -"'+#&4 4$5$+ +!"*#"5 $% 6&4$,7 @* "6"#3 0*# α < 23 +!" 5"&' 6&41"
&',A*# +!" 6&#$&'-" ,$6"#/" &', +!" ,$%+#$.1+$*' *0 Tn $% $' +!" ,*5&$' *0 &++#&-+$*'

*0 & %+&.4" 4& &% %+&+", $' ,"?'$+$*' B7CD7

7 %10(8) &99*18&)1,$ ,- ):1+ ):(,0(' 8&$ 2( -,#$% 1$ ;/,1) ! < =:(0( 1) 1+ +:,=$

:,= ):( +#' ,- '&$> 1$%(9($%($) 0&$%,' ?&01&2*(+@ =1): 9,=(0A*&= )&1* p(x) ∼
|x|−(1+α)

=:(0( 0 < α < 2@ 1+ %1+)012#)(% &88,0%1$B ), & +)&2*( %1+)012#)1,$ =1):

8:&0&8)(01+)18 (C9,$($) α5 D:( EFGD 1+ &*+, &99*1(%@ -,0 1$+)&$8(@ ), +)#%> ):(

2(:&?1,0 ,- &),'18 &$% ',*(8#*&0 +&'9*(+ 8,,*(% ):0,#B: ):( 1$)(0&8)1,$ =1): *&+(0+

;H&0%,# !I< ,0 ), %(J$( & ):(0',%>$&'18 -0&'(=,0K 1$ ;72( !!<5

L,)( ):&) ):( EFGD %,(+ $,) 1$8*#%( ):( 8&+( 1$ =:18: α = 2M ), ):( 2(+) ,-

,#0 K$,=*(%B(@ 1$ ):1+ 8&+( 1) 1+ $,) 9,++12*( ), (+)&2*1+: =:():(0 ,0 $,) ):( +#' ,-

0&$%,' ?&01&2*(+ 8,$?(0B(+ 1$ %1+)012#)1,$5



 !"#$%& '

 !"#$%&% '( )!*"!+,- .'&%, &!

/012 "(3,4 01)

 !" #$%&'()*%+'$

 !" #$%#&'" &( )!*' +!,#)"% *' )& ')$-. )!" '),)*')*+,/ -*')%*0$)*&1 &( )!" "1!,1+"-

1&*'" ,()"% /*1",% 234 *1 ,1 5236 '.')"78 91 )!" (&//&:*1; '"+)*&1' :" <1- )!" -"1=

'*). (&% )!" %"'$/)*1; 1&*'" )"%7 ,()"% ">$,/*?,)*&1 (&% @,./"*;!A @*+" ,1- B,C,;,7*=µ

(,') (,-*1; +!,11"/'8  !&'" -"1'*)*"' :*// '"%D" $' )& -"%*D" ,1 "E#%"''*&1 (&% )!"

F4@ *1 ,1 5236 $1+&-"- )%,1'7*''*&18

G" (&+$' &1 )!" H"%&=2&%+*1; IH2J ">$,/*?,)*&1 7")!&- :!"%" )!" "1!,1+"- 1&*'"

%"'$/)' (%&7 )!" %,)*& &( ):& -*K"%"1) +&7#/"E %,1-&7 D,%*,0/"'L *)' 1$7"%,)&% *'

,/:,.' )!" +&7#/"E M,$''*,1 %,1-&7 D,%*,0/" +&%%"'#&1-*1; )& )!" N--*)*D" G!*)"

M,$''*,1 B&*'" INGMBJA :!"%",' *)' -"1&7*1,)&% -"#"1-' &1 )!" (,-*1; +!,11"/

+&1'*-"%"-8  !" 6*1*7$7 6",1 O>$,%" 4%%&% I66O4J *' 1&) ,1,/.?"- 0"+,$'"

)!" H2 ">$,/*?"% *1 5236 *1 ;"1"%,/ !,' )!" ',7" #"%(&%7,1+" )!,) )!" 66O4

">$,/*?"% *1 F4@A ,/)!&$;! )!" /,))"% &K"%' /&:"% 6O4 I'"" PG,1; QRS ,1- '"+)*&1

R8T8U *1 PG,1; QVS (&% , -"),*/"- W$')*<+,)*&1J8

VX



 ! "#$%&'(' )* +#,$#-./ 0)('. (# 1234 $*5.6 23+

7) 5,. 8.'5 )* )96 :#);%./<.= 5,.6. (' >.6& %(55%. %(5.6$596. (# ;,(-, $ '(?(%$6 $#$%@

&'(' (' 9#/.65$:.#A 1#%& (# B"<,$?),$??$/( CDE= BF,$&.'5., C E $#/ BG(%')# CCE $

'(?(%$6 $HH6)$-, -$# 8. *)9#/ (# 5,. ;$& 5,. /.#'(5& )* %(#.$6%& ?)/9%$5./ '(<#$%'

(# I$&%.(<, $#/ I(-. *$/(#< -,$##.%' ;(5, (?H.6*.-5 -,$##.% .'5(?$5()# (' /.6(>./A

G. ',); ,); 5,. 6.'9%5' H6.'.#5./ ,.6. $6. -)#'('5.#5 ;(5, 5,)'.A 2965,.6?)6.= ;.

.J5.#/ 5,. $#$%&'(' 5) 5,. 0$:$<$?(@µ *$/(#< -,$##.%A K5 ?9'5 8. #)5./ 5,$5= 5) 5,.

8.'5 )* )96 :#);%./<.= 5,. %(5.6$596. 6.<$6/(#< 1234 H.6*)6?$#-. (# 0$:$<$?(@µ

*$/(#< -,$##.%' (' #)5 $89#/$#5 $#/ (5 (' ?$(#%& 8$'./ )# '.?(@$#$%&5(-$% .JH6.'@

'()#' L'.. BM)9#5 DNE $#/ BF98)5(- DOEPA 7,. 6.'9%5' )85$(#./ *6)? 5,.'. $#$%&'.'

'.6>. 9' 5) /.6(>. $ -%)'./@*)6? .JH6.''()# *)6 5,. Q+I (# $# 1234 '&'5.?A

 !" #$%&'( )*+',

7,. 8%)-: /($<6$? *)6 $ '(?H%. 1234 '&'5.? -)?H)9#/./ 8& 56$#'?(55.6 $#/

6.-.(>.6@.#/' (' /.H(-5./ (# 2(<A RANA G. ',);./ (# '.-5()# !AN ,); 5,. $>$(%$8%.

8$#/;(/5, (# 1234 (' /(>(/./ (#5) )65,)<)#$% '98@-$66(.6'A 7,9'= $ '.S9.#-. )*

?)/9%$5./ -)?H%.J '&?8)%' x (' ?$HH./ (# H$6$%%.% (#5) 5,. $%%)-$5./ '98@-$66(.6'

;,.6.$' 5,. 6.?$(#(#< '98@-$66(.6' $6. *)6-./ 5) T.6)A 7,$#:' 5) 5,. /9$% K327

M-IDFTS/P
x

P/S CP Channel

M-DFT S/PEqualizer CPDectectorP/S
x'

2(<96. RANU 76$#'?(55.6 $#/ 6.-.(>.6 *)6 1234

$#/ 327 )H.6$5()#' $5 56$#'?(55.6 $#/ 6.-.(>.6@.#/'= $#/ 5) 5,. $//(5()# )* 5,.

-&-%(- H6.VJ= 5,. 6.-.(>./ '(<#$% (# 5,. *6.S9.#-& /)?$(# -$# 8. .JH6.''./ $' $
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7,4%&'! '( 3*, 34"!%8&33,- '!, 34"!%('48,- 9$ +*"!!,# 4,%:'!%, "!- +'!3"8&!"3,-

;&3* 3*,48"# !'&%,< =! " 8'4, ('48"# ;"$>

r = Hx+ η, ?@<A<BC

;*,4, H &% " N × N -&"D'!"# 8"34&E ;*'%, ,#,8,!3% hk ;&3* k = 1, . . . , N "4,

3*, +*"!!,# (4,FG,!+$ 4,%:'!%, "3 3*, %G9H+"44&,4%I η &% " 7,+3'4 ;&3* 3*, +'8:#,E

 JK. +'8:'!,!3 ('4 ,"+* %G9H+"44&,4 ηk< L*, +'8:#,E 4"!-'8 7"4&"9#, +'44,H

%:'!-&!D 3' 3*, +*"!!,# (4,FG,!+$ 4,%:'!%, ('4 " D&7,! %G9H+"44&,4 k> hk> &% "%%G8,-

3' *"7, M,4' 8,"! "!- 3' 9, !'48"#&M,- &! :';,4> ;*,4,"% ,"+* !'&%, 3,48 *"% M,4'

8,"! "!- 7"4&"!+,% N0< N'3* ηk> "!- hk "4, +&4+G#"4#$ %$88,34&+ 4"!-'8 7"4&"9#,%<

L*4'GD*'G3 3*&% -&%%,43"3&'!> :,4(,+3 %$!+*4'!&M"3&'! "!- &-,"# ,%3&8"3&'! '( 3*,

+*"!!,# (4,FG,!+$ 4,%:'!%, "4, "%%G8,- "3 3*, 4,+,&7,4 ,!-<

 !" #$%&&'( )*+'(

=! 3*, %$%3,8 G!-,4 "!"#$%&%> 3*, 4,+,&7,- %&D!"# &% 3*, %G8 '( 3*, #&!,H'(H%&D*3 ?O/PC

:"3*% "!- "## 4,%'#7"9#, 8G#3&:"3* +'8:'!,!3%< =! 'G4 %3G-$ ;, +'!%&-,4 '!#$ 3*,

8G#3&:"3* ("-&!D -G, 3' 3*, +'!%34G+3&7, "!- -,%34G+3&7, +'89&!"3&'! '( 4"!-'8#$

-,#"$,-> 4,Q,+3,-> %+"33,4,-> "!- -&R4"+3,- %&D!"# +'8:'!,!3%< L*&% 3$:, '( ("-&!D

&% 4,#"3&7,#$ ("%3 "!- &%> 3*,4,('4,> 4,%:'!%&9#, ('4 3*, %*'43H3,48 %&D!"# 7"4&"3&'!%<

=! 3*, ('##';&!D %,+3&'!% ;, "!"#$M, 3*4,, -&R,4,!3 %+,!"4&'% &! ;*&+* 3*, ("%3 ("-&!D

('##';% -&R,4,!3 -&%34&9G3&'!%> 3*"3 &%> S"$#,&D*> S&+, "!- ."T"D"8&Hµ -&%34&9G3&'!%<

L*, S"$#,&D* -&%34&9G3&'! &% (4,FG,!3#$ G%,- 3' 8'-,# 8G#3&:"3* ("-&!D ;&3* !'

-&4,+3 O/P :"3*> ;*,4,"% S&+, -&%34&9G3&'! &% '(3,! G%,- 3' 8'-,# :4':"D"3&'! :"3*%

+'!%&%3&!D '( '!, %34'!D -&4,+3 O/P +'8:'!,!3 "!- 8"!$ 4"!-'8 ;,"T,4 +'8:'H

!,!3% UP&8'! V5W< L*,%, -&%34&9G3&'!% "4, '93"&!,- 9$ G%&!D 8"3*,8"3&+% 3' +":3G4,

3*, G!-,4#$&!D :*$%&+"# :4':,43&,% '( 3*, +*"!!,# 8'-,#%< X';,7,4> %'8, ,E:,4&8,!H

3"# -"3" -',% !'3 Y3 ;,## &!3' ,&3*,4 '( 3*,%, -&%34&9G3&'!%< L*G%> 3*, 8'4, D,!,4"#



 ! "#$%&'(' )* +#,$#-./ 0)('. (# 1234 $*5.6 23+

0$7$8$9(:µ *$/(#8 /('56(;<5()# =$' /.>.%)?./ @0$7$8$9(  ABC (5' ?$6$9.5.6' -$#

;. $/D<'5./ 5) E5 $ >$6(.5& )* .9?(6(-$% 9.$'<6.9.#5' @F)%/'9(5, G BH I,<'J 5,.

0$7$8$9(:µ /('56(;<5()# ,$' ;..# =(/.%& $??%(./ (# 5,. 9)/.%(#8 )* ?,&'(-$% *$/:

(#8 6$/() -,$##.%' /<. 5) (5' 8))/ E5 5) .9?(6(-$% *$/(#8 @K.$<%(.< G BH L'<$%%&J

0$7$8$9(:µ *$/(#8 )--<6' *)6 9<%5(:?$5, '-$55.6(#8 =(5, 6.%$5(>.%& %$68. /.%$&:5(9.

'?6.$/' $#/ =(5, /(M.6.#5 -%<'5.6' )* 6.N.-5./ =$>.'H I,. ?$6$9.5.6 µ $%%)=' 9)/:

.%(#8 '(8#$% *$/(#8 -)#/(5()#' 5,$5 6$#8. *6)9 '.>.6. 5) 9)/.6$5. )6 %(8,5 *$/(#8H

0)5. 5,$5J (# *6.O<.#-&:'.%.-5(>. 0$7$8$9(:µ *$/(#8 -,$##.%'J 5,. 9$8#(5</. )*

5,. -,$##.% *6.O<.#-& 6.'?)#'. -$# ;. $??6)P(9$5./ =(5, 0$7$8$9(:µ /('56(;<5./

6$#/)9 >$6($;%.' @Q$#8 GRBH

 ! "#$ %&'()*+* ,-./&+01-*

I,.6. .P('5 /(M.6.#5 $??6)$-,.' 5) -$%-<%$5. 5,. K+S *6)9 5,. .P?6.''()# *)6 5,.

6.-.(>./ '&9;)% $*5.6 .O<$%(T$5()# .OH U!HVHWX (# -),.6.#5 /(8(5$% -)99<#(-$5()#'H

I,. -%$''(-$% )#. (' ;$'./ )# $>.6$8(#8 5,. -)#/(5()#$% K+SJ =,(-, <'<$%%& (#>)%>.'

$ F$<''($# Y:*<#-5()# @";6$9)=(5T Z!BJ )>.6 5,. [32 )* 5,. (#'5$#5$#.)<' \(8#$%

5) 0)('. S$5() U\0SX ?.6 ;(5 fγ(γ)J =,(-, (' -%)'.%& 6.%$5./ 5) 5,. *$/(#8 '5$5('5(-'H

BER =

∫ ∞

0

Q(a
√
γ)fγ(γ)dγ, U!H!HWX

=,.6. a (' $ -)#'5$#5 5,$5 /.?.#/' )# 5,. '?.-(E- 9)/<%$5()#]/.5.-5()# -)9;(#$5()#

@\(9)# G BH I,. 9$(# /6$=;$-7 )* 5,(' $??6)$-, (' 5,$5J <'<$%%&J (5 /).' #)5 6.'<%5

(# E#/(#8 $ -%)'./:*)69 .P?6.''()# *)6 5,. $>.6$8. K+SJ

"#)5,.6 .%.8$#5 $??6)$-, (' <'(#8 5,. 4F2 )* 5,. (#'5$#5$#.)<' \0S )* 5,.

6.-.(>./ '(8#$% -)#/(5()#./ 5) 5,. -,$##.% 6.'?)#'. $' ?6)?)'./ (# @\(9)# ^A;BH

_5 .P?%)(5' $# $%5.6#$5. *)69 )* 5,. Y:*<#-5()# @\(9)# G B 5) );5$(# $# (#5.86$%

6.?6.'.#5$5()# )* 5,. -)#/(5()#$% K+S

BER =
1

π

∫ π/2

0

Mγ

( −a
2 sin2 θ

)
dθ, U!H!HVX
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6*,4, Mγ() &% 3*, 270 '( γ8

9*&% "::4'"+* #,"-% 3' ,;:4,%%&'!% '( 3*, "<,4"=, >)? 3*"3 &!<'#<, " %&!=#, @!&3,A

4"!=, &!3,=4"# 6*'%, &!3,=4"!- +'!3"&!% '!#$ ,#,B,!3"4$ (C!+3&'!% "!- 6*&+* +"!

3*,4,('4, D, ,"%&#$ +'B:C3,- !CB,4&+"##$ EF&B'! GH"I8 J'6,<,4K &! 3*&% -&%%,43"3&'!

6, "--4,%% %'B, +"%,% &! 6*&+* &3 &% !'3 :'%%&D#, 3' -,4&<, "! ,;:4,%%&'! ('4 3*,

270 ,&3*,4 ('4 3*, &!%3"!3"!,'C% F.? '4 ('4 3*, ("-&!= +*"!!,#8

L! 3*&% 3*,%&%K 3*, >)? "!"#$%&% &% :,4('4B,- D$ "::#$&!= 3*, (4"B,6'4M :4'A

:'%,- &! ENO:,PA2"43Q!,P RSI 3*"3 "##'6% 'D3"&!&!= " +#'%,-A('4B ,;:4,%%&'! ('4 3*,

>)? ('4 BC#3&#,<,# T 2 U2AT 2V8 9*&% "::4'"+* &% D"%,- &! 3*, "%%CB:3&'!

'( &!-,:,!-,!3 D&3AB"::&!= ('4 &!A:*"%, "!- WC"-4"3C4, +'B:'!,!3% U,8=8K 74"$

B"::&!=V8 9*, 4,%C#3&!= =,!,4"# ,;:4,%%&'! +"! D, %&B:#&@,- &( 3*, +'B:#,; !'&%,

"X,+3&!= 3*, %$BD'# D,('4, 3*, -,+&%&'! %3"=,K 3*, ,!*"!+,- !'&%,K &% +&4+C#"4#$ %$BA

B,34&+ "% 3*,!K '!#$ '!, '( &3% B"4=&!"# -&%34&DC3&'!% &% !,,-,-8 L! 3*&% +"%,K 6, +"!

C%, 3*, ('##'6&!= ,;:4,%%&'! ('4 3*, >)?

BER =
L−1∑

n=1

w(n)I(n), UY8Y8ZV

6*,4, I(n) "4, 3*, %'A+"##,- ['B:'!,!3% '( )44'4 \4'D"D&#&3$ U[)\VK w(n) "4,

+',]+&,!3% -,:,!-,!3 '! +'!%3,##"3&'! B"::&!=K L = 2 ('4 >\F^K "!- L =
√
M ('4

2AT 28 9*, [)\% +"! D, ,;:4,%%,- &! (C!+3&'! '( 3*, [10 Fηr( ) +'44,%:'!-&!= 3'

3*, 4,"# :"43 '( 3*, !'&%, η "X,+3&!= 3*, %$BD'# D,('4, 3*, -,+&%&'! %3"=, ηr = ℜ{η}
"% ('##'6%

I(n) = Pr{ℜ{η} > (2n− 1)d} = 1− Fηr((2n− 1)d) UY8Y8YV

6*,4, d &% 3*, B&!&BCB -&%3"!+, D,36,,! ,"+* %$BD'# "!- 3*, -,+&%&'! D'C!-"4$K

,8=8K d =
√
Es ('4 >\F^ "!- d =

√
3Es

2 (M − 1)
('4 2AT 2K "!- 3*, +',]+&,!3%

w(n) "4, -&4,+3#$ +'B:C3,- "% &! ENO:,PA2"43Q!,P RSI8

 % %3"3,- D,('4,K 3*, 4,%C#3&!= +#'%,-A(4'B ,;:4,%%&'! &% 64&33,! "% " (C!+3&'! '(

3*, [10 '( 3*, 4,"# :"43 '( 3*, !'&%, "X,+3&!= 3*, %$BD'# D,('4, 3*, -,+&%&'! %3"=,8



 ! "#$%&'(' )* +#,$#-./ 0)('. (# 1234 $*5.6 23+

7,8'9 (# 5,. *)%%):(#;9 :. '58/& 5,. '5)-,$'5(- #$586. )* 5,(' -)<=%.> #)('. $#/

=6)?(/. *8#-5()#' 5) =.6*)6< 5,. .?$%8$5()# )* 5,(' /('56(@85()# 6.A8(6./ (# BCDCDCE

*)6 /(F.6.#5 *$/(#; -,$##.%' :,.# 23+ (' $==%(./D 0)5. 5,$59 :. )#%& -)#'(/.6

-(6-8%$6%& '&<<.56(- .#,$#-./ #)('. $#/9 5,.6.*)6.9 :. )#%& #../ 5) )@5$(# )#. )*

(5' <$6;(#$% /('56(@85()#' (# )6/.6 5) $==%& CDCDCD

 !" #$%&' ()*+,&%& -$. /01023

G# 1234 @$'./ -)<<8#(-$5()#' '&'5.<'9 H.6)I*)6-(#; 23+ (<=%(.' $ 6$5() @.5:..#

5:) -)<=%.> J$8''($# 6$#/)< ?$6($@%.'9 )#. )* 5,.< -)66.'=)#/(#; 5) 5,. "KJ0 $5

5,. 6.-.(?.6 $#/ 5,. )5,.6 5) 5,. -,$##.% *6.A8.#-& 6.'=)#'.D 7,(' '.-)#/ 6$#/)<

?$6($@%. /.=.#/' )# 5,. #$586. )* 5,. $*)6.<.#5()#./ <8%5(=$5, *$/(#;D 7,6..

/(F.6.#5 5&=.' $6. -)#'(/.6./ ,.6.L 5,. M$&%.(;,9 M(-. $#/ 0$N$;$<(Iµ /('56(@85()#'

$%6.$/& =6.'.#5./ (# '.-5()# ODOD

7,. -,$##.% *6.A8.#-& 6.'=)#'. *)6 .$-, '&'5.< '8@I-$66(.6 (' 6.=6.'.#5./ @&

5,. M × M /($;)#$% <$56(> H :,)'. .#56(.' $6. $''8<./ 5) @. (D(D/D -)<=%.>

-(6-8%$6%& '&<<.56(- 6$#/)< ?$6($@%.'D G# 5,(' =)(#59 :. <8'5 N..= (# <(#/ 5,$5

5,. 2)86(.6 56$#'*)6< (' $ %(#.$6 56$#'*)6<$5()# $#/ 5,.6.*)6.9 (5 =6.'.6?.' #)6<$%(5&

PJ,)', !QRD 7,8'9 $' 5,. 8#/.6%&(#; 6$#/)< ?$6($@%.' *)6 5,. -)#'(/.6./ (<=8%'.

6.'=)#'. $6. J$8''($#9 5,. 6.'=.-5(?. 8#/.6%&(#; 6$#/)< ?$6($@%.' *)6 5,. -,$##.%

*6.A8.#-& 6.'=)#'. *)%%): 5,. '$<. /('56(@85()#D 2)6 (#'5$#-.9 *)6 M$&%.(;, *$/(#;

-,$##.%'9 5,. -,$##.% *6.A8.#-& 6.'=)#'. ,$' $' 8#/.6%&(#; ?$6($@%.' H.6)I<.$# $#/

8#(5$6&I?$6($#-. -)<=%.> J$8''($# P1,#) SCR :,.6.$'9 *)6 M(-.$# -,$##.%'9 5,.'.

-)<=%.> J$8''($# ,$?. #)#IH.6) <.$#D

T$#; .5 $%D ',): (# PT$#; SOR ,):9 *)6 *6.A8.#-&I'.%.-5(?. 0$N$;$<(Iµ *$/(#;

-,$##.%'9 5,. <$;#(58/.' )* 5,. -,$##.% *6.A8.#-& 6.'=)#'. -$# @. $%') $==6)>(I

<$5./ $' 0$N$;$<(Iµ /('56(@85./ 6$#/)< ?$6($@%.'D 7,.(6 *$/(#; $#/ <.$# =):.6

=$6$<.5.6' -$# @. .>=6.''./ $' .>=%(-(5 *8#-5()#' )* 5,. *$/(#; $#/ <.$# =):.6
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7"4"8,3,4% '( 3*, +*"!!,# &879#%, 4,%7'!%,:

;! 3*&% %,+3&'! <, -,4&=, 3*, >10 ('4 -&?,4,!3 4"!-'8 ="4&"@#,% 4,%9#3&!A ('4

B9'3&,!3% '( '3*,4 4"!-'8 ="4&"@#,%C 3*'%, B9'3&,!3% "4, 3*, D"$#,&A*ED"$#,&A*F 3*,

D"$#,&A*ED&+, "!- 3*, D"$#,&A*E."G"A"8&Hµ 4"3&'%:

 (3,4 "77#$&!A I,4'H('4+&!A ,B9"#&I"3&'! "!- 9!-,4 3*, "%%9873&'! '( &-,"# ,%H

3&8"3&'! '( 3*, +*"!!,# (4,B9,!+$ 4,%7'!%,F 3*, ,J74,%%&'! ('4 3*, 4,+,&=,- %$8@'#

+"! @, -,4&=,- (4'8 KL:M:NO "%

x̂ = x+ (HHH)−1HHη KL:5:NO

P*9%F 3*, ,J74,%%&'! ('4 3*, kH3* 4,+,&=,- %$8@'# &%

x̂k = xk +
ηk
hk

= xk + η̂k, KL:5:MO

<*,4, hk &% 3*, +*"!!,# (4,B9,!+$ 4,%7'!%, "3 %9@H+"44&,4 k:

P*, ,!*"!+,- !'&%, 3,48 η̂k &% 3*, 4"3&' '( 3<' &:&:-: +'87#,J +&4+9#"4#$ %$88,3H

4&+

 

4"!-'8 ="4&"@#,%: ;! 3*, ('##'<&!A %,+3&'!%F ('4 " A&=,! %9@+"44&,4F 3*, k &!-,J

<&## @, %9774,%%,- ('4 3*, %"G, '( %&87#&+&3$:

 !"!# $% &'()'*+, -./0+ 1.2 3)45+/6( %),/'6 7()''+50

;! 3*&% +"%,F 3*, ,!*"!+,- !'&%, 3,48 η̂ &% 3*, 4"3&' '( 3<' &:&:-: +&4+9#"4#$ %$88,34&+

Q"9%%&"! 4"!-'8 ="4&"@#,% K&:,:F 3*, !'&%, "3 3*, 4,+,&=,4 "!- 3*, +*"!!,# (4,B9,!+$

4,%7'!%, ('4 3*, +'!%&-,4,- %9@H+"44&,4O: R'3* ="4&"@#,% *"=, I,4'H8,"! @93 -&?,4,!3

="4&"!+,%: P*,&4 4"3&' +"! @, -,4&=,- ('48"##$ "% ('##'<%:

 !"#"$%&%"' ()*)+)  !" X #$% Y &! "'( )(*+,!- .#/001#$ 2#$%(* 3#21#&,!0 '1"4

5!2(6*!#$ #$% 3#21#$)! σ2
X #$% σ2

Y 2!0+!)"13!,78  !" RX #$% RY &! "4! 2#$%(*

3#21#&,!0 9(2 "4!12 2!0+!)"13! *(%/,/0: &("4 (9 "4!* 9(,,('1$; # <#7,!1;4 %10"21&/"1($:

#$% ,!" θX #$% θY &! 2#$%(* 3#21#&,!0 '1"4 # /$19(2* %10"21&/"1($ 1$ [0, 2π] 9(2
"4!12 2!0+!)"13! +4#0!08  !" Z &! "4! 2#"1( X/Y #$% ,!" RZ &! 1"0 *(%/,/08 =4!$:

 

 ! "#$%&'( !% !)# *$+(( %, !)# #$$-.!-*+$ /-(!0-"1!-%&( .0#(#&!#/ -& 2)+.!#0 34



 ! "#$%&'(' )* +#,$#-./ 0)('. (# 1234 $*5.6 23+

 !" #"$%& ' () RZ &% *+,*-,+ "#. +//,'&$0 "12 34252567 )(8 1-( &"$ ()  9( 8+$#(:

;+8&+<,"%. +%

fRZ
(r) =

2σ2
Xσ

2
Y r

(σ2
X + σ2

Y r
2)

2 r ∈ R , r ≥ 0. 789 9:;

+<=6.''()# 789 9>>; (' -)#'('5.#5 ?(5, 5,. )#. =6)@(/./ (# AB(C)# DEF9 "' θZ (' $

G#(*)6C 6$#/)C @$6($H%. /.I#./ (# [0, 2π] $#/ RZ $#/ θZ $6. (#/.=.#/.#5 6$#/)C

@$6($H%.'

 

J 5,. /.#'(5& )* 5,. 6$5() Z = X/Y &(.%/'

fZ(r, θ) =
1

2π

2σ2
Xσ

2
Y r

(σ2
X + σ2

Y r
2)

2 r ∈ R , r ≥ 0. 789 98;

K# 5,(' -$'.J $' 5,. -,$##.% *6.LG.#-& 6.'=)#'. (' #)6C$%(M./ σ2
X = σ2 = N0/Es

$#/ σ2
Y = 1 $#/ ,.#-.J 5,. /('56(HG5()# )* 5,. .#,$#-./ #)('. η̂ -$# H. ?6(55.# $'

fη̂(r, θ) =
1

π

σ2r

(σ2 + r2)2
r ∈ R , r ≥ 0. 789 9 ;

N(5, $ -,$#O. )* @$6($H%.'J .L9 789 9 ; -$# H. 56$#'*)6C./ (#5) 5,. H(@$6($5. P)(#5

Q32 *)6 5,. 6.$% $#/ (C$O(#$6& -)C=)#.#5' )* 5,. 6.'G%5(#O -)C=%.< 6$#/)C @$6(R

$H%.

fη̂r,η̂i(x, y) =
1

π

σ2

(σ2 + (x2 + y2))2
x, y ∈ R, 789 9E;

?,.6. η̂r $#/ η̂i $6. 5,. 6.$% $#/ (C$O(#$6& -)C=)#.#5' )* 5,. .#,$#-./ #)('. 5.6C9

S,. .<=6.''()# (# .L9 789 9E; H.%)#O' 5) 5,. Q.$6')# 5&=. TKK *$C(%& )* /('56(R

HG5()#'J ?,(-, ?.6. =6.'.#5./ (# '.-5()# :989>9 K# *$-5J (5 (' 5,. =6)H$H(%(5& /.#'(5&

*G#-5()# )* $ H(@$6($5. B5G/.#5 5 /('56(HG5()# ?(5, U /.O6..' )* *6../)CJ C.$# (0, 0)J

'-$%. C$56(<

σ2

2
I2J ?,.6. I2 (' 5,. (/.#5(5& C$56(< )* '(M. U9

"' ?$' .<=%$(#./ (# '.-5()# :989>J 5,. C$6O(#$% /('56(HG5()#' )* B5G/.#5 5 /('56(R

HG5()#' $6. $%') B5G/.#5 5J 5,.# (5 (' )H5$(#./ 5,$5

η̂R
d
= η̂I ∼ t

(
0,

σ2

2
, 2

)

 

 !" #$%&$'(") X $*+ Y $%" ,&%,-($%(. ).//"0%&, $*+ 0!". '"(1*2 01 0!" ,($)) 13 "((&40&,$(

+&)0%&'-0&1*) &*0%1+-,"+ &* )",0&1* 567686 90) %$0&1 Z &) $()1 ,&%,-($%(. ).//"0%&, $*+ &0) /1+-(-)

$*+ 4!$)" $%" &*+"4"*+"*06
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"!- 3*, 710 '( 3*, 4,"# "!- 3*, &8"9&!"4$ +'8:'!,!3% "4, ,;<"# "!- 9&=,! >$

fη̂r(x) = fη̂i(x) =
1

2

σ2

(σ2 + x2)3/2
x ∈ R. ?@A5ABC

D*&% -,!%&3$ (<!+3&'! "::,"4% &! E 9*"8'*"88"-& 6FG ('4 #&!,"4#$ 8'-<#"3,- %&9H

!"#% 34"!%8&33,- '=,4 " I"$#,&9* ("-&!9 +*"!!,# "!-J 8'4, 4,+,!3#$J &! EK"L#,$ MFG

3' '>3"&! 3*, N$8>'# )44'4 I"3, ?N)IC O&3* &8:,4(,+3 +*"!!,# P!'O#,-9, ('4 3*,

%"8, +*"!!,#A Q3 &% " *,"=$H3"&#,- -&%34&><3&'! O*'%, 3"&#% -,+"$ ('##'O&!9 " :'O,4

#"O x−3 "!- &3 *"% !' R!&3, ="4&"!+, "% O"% %3"3,- &! %,+3&'! SA@AMA

D*, T10 '( η̂r 4,%<#3% &! 3*, ('##'O&!9 ,L:4,%%&'!
 

Fη̂r(x) =
1

2
+

x

2
√
x2 + σ2

x ∈ R. ?@A5AUC

Q! "::,!-&L  AM O, :4'=&-, 3*, -,4&="3&'! ('4 3*, +'44,%:'!-&!9 TV0 3*"3 4,%<#3%

Ψη̂r (ω) = σ|ω|K1 (σ|ω|) ω ∈ R, ?@A5AMFC

O*,4, |ω| 8,"!% 3*, ">%'#<3, ="#<, '( ω "!- K1( ) &% 3*, 8'-&R,- R4%3 '4-,4 K,%%,#

(<!+3&'! '( 3*, %,+'!- P&!- EK'+*,4 6WGA D*, ("+3 3*"3 Ψη̃r(ω) &% " %$88,34&+J

,L:'!,!3&"##$ -,+"$&!9 (<!+3&'! O&3* " -,+"$ 4"3, 3*"3 -,:,!-% '! 3*, "49<8,!3 '(

K1 O&## %,4=, <% &! 3*, ('##'O&!9 +*":3,4 3' %&8:#&($ 3*, !<8,4&+"# +'8:<3"3&'!A

 !"!# $% &'()'*+, -./0+ 1.2 3/*+ %),/'4 5()''+60

Q! 3*, +"%, &! O*&+* 3*,4, ,L&%3% " X/N +'8:'!,!3J 3*, +'8:#,L Y"<%%&"! 4"!-'8

="4&">#, +'44,%:'!-&!9 3' 3*, +*"!!,# (4,;<,!+$ 4,%:'!%, *"% " +,43"&! 8,"! αJ

<!&3"4$ ="4&"!+, "!-J +'!%,;<,!3#$J &3% 8'-<#<% ('##'O% " I&+, -&%34&><3&'!A  % &!

 

 !"# "$%" &'!( #)* +,*-*./ 01"$ σ2 =
N0

Es
1" 12 3!22145# "! 6#'17# "$# 2%(# %8%59"1:%5 #;3'#221!8

!& <=> &!' <?@A 18 BCDE !7#' % >%95#1F$ &%618F :$%88#5 3'!716#6 49 ?'!%G12 18 H?'!%G12 IIJ*

pe = Fη̂r
(−1) = 1

2

(

1−
√

Es

Es +N0

)

. +,*-*K/



 ! "#$%&'(' )* +#,$#-./ 0)('. (# 1234 $*5.6 23+

5,. 76.8()9' '.-5()#: 5,. #)('. $5 5,. 6.-.(8.6 (' $ -);7%.< -(6-9%$6%& '&;;.56(-

=$9''($# 6$#/); 8$6($>%. ?(5, @.6)A;.$# $#/ 8$6($#-. σ2
B

 !"#"$%&%"' ()*)+)  !" X #$% Y &! "'( )(*+,!- .#/001#$ 2#$%(* 3#21#&,!0 '1"4

%15!2!$" *!#$0 6E[X] = 0 #$% E[Y ] = α7 #$% 3#21#$)!0 6σ2
X #$% σ2

Y 78  !" RX

#$% RY &! "4! 2#$%(* 3#21#&,!0 9(2 "4!12 2!0+!)"13! *(%/,/08 :4! 9(2*!2 9(,,('0

# ;#<,!1=4 %10"21&/"1($ 6!>8 6?8?8@77 '4!2!#0 "4! ,#""!2 4#0 # ;1)! %10"21&/"1($ 6!>8

6?8?8A778  !" Z &! "4! 2#"1( X/Y #$% ,!" RZ &! 1"0 *(%/,/08 :4!$B "4! %!$01"< (9

RZ 10 )#,)/,#"!%B #++,<1$= !>8 6?8C8CD7 9(2 >/("1!$" (9 "'( 2#$%(* 3#21#&,!0B #0

 

fRZ
(r) =

rσ2
X (α

2σ2
X + 2σ2

Y (σ
2
X + r2σ2

Y ))

(σ2
X + r2σ2

Y )
3 e

− α2r2

2(σ2
X

+r2σ2
Y ) r ∈ R , r ≥ 0. CDBEBFFG

"' 5,. #9;.6$5)6 X (' $ -);7%.< -(6-9%$6 6$#/); 8$6($>%.: (5 (' 6)5$5()# (#8$6($#5

HI(-(#>)#) JDKB 39. 5) 5,(' 76)7.65&: (5 76.'.68.' 5,. -(6-9%$6 '&;;.56& ?,.# (5 ('

;9%5(7%(./ >& eα *)6 $#& L(8.# αB M,9': 5,. 8$6($>%. Z ,$' $%') -(6-9%$6 '&;;.56&

$#/: -)#'.N9.#5%&: (5' 7,$'. *)%%)?' $ 9#(*)6; 7,$'. /('56(>95()# >.5?..# ! $#/ Oπ

$#/ (' (#/.7.#/.#5 *6); (5' ;)/9%9' H2$#L ! KB P.#-.: 5,. /.#'(5& *9#-5()# )* Z

&(.%/'

fZ (r, θ) =
1

2π

rσ2
X (α

2σ2
X + 2σ2

Y (σ
2
X + r2σ2

Y ))

(σ2
X + r2σ2

Y )
3 e

− α2r2

2(σ2
X

+r2σ2
Y ) r ∈ R , r ≥ 0.

CDBEBFOG

Q# 5,(' -$'. 5,. /.#'(5& )* 5,. .#,$#-./ #)('. η̂ &(.%/'

fη̂(r, θ) =
rσ (α2σ + 2 (σ + r2))

2π (σ + r2)3
e
− α2r2

2(σ+r2) r ∈ R , r ≥ 0. CDBEBFRG

$' σ2
X = σ2 =

N0

Es

$#/ σ2
Y = 1B 0)5. 5,$5 *)6 α = 0 ?. )>5$(# 5,. '$;. 6.'9%5

76.'.#5./ (# 5,. 76.8()9' '.-5()#B

S(5, $ -,$#L. )* 8$6($>%. 5) -$65.'($# -))6/(#$5.' ?. )>5$(# 5,. .<76.''()# )*

5,. T)(#5 I32 $' $ *9#-5()# )* 5,. 6.$% $#/ (;$L(#$6& -);7)#.#5' )* 5,. .#,$#-./

 

 !"# $%&'$##"() *+) ,$ +-#( .$'"/$. +&&-0")1 $23 45363678 9( 9!$ $%&'$##"() &'(/".$. ")

:;"<() =>? @(' 9!$ '+9"( ,$9A$$) ").$&$).$)9 B"*$ +). B+0-$"1! ."#9'",C9$. '+).(< /+'"+,-$#3
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!'&%, 3,47 8&9,9: η̂r "!- η̂i;

fη̂r,η̂i (x, y) =
(x2 + y2)α2σ + 2 ((x2 + y2)σ + 1)

2π ((x2 + y2)σ + 1)3
σe
− α2

2((x2+y2)σ+1) x, y ∈ R.

8<9=96<;

 % &! 3*, >4,?&'@% +"%,: 3*, 4,%@#3&!A ?"4&"B#, &% " +&4+@#"4#$ %$77,34&+ 4"!-'7

?"4&"B#, 8%,, 0&A9 <9CB;9 D'E,?,4: &! 3*&% +"%, "!- 3' 3*, B,%3 '( '@4 F!'E#,-A,: &3

&% !'3 >'%%&B#, 3' G!- " +#'%,-H('47 ,I>4,%%&'! ('4 3*, (@!+3&'! +'44,%>'!-&!A 3' 3*,

3E' &-,!3&+"# 7"4A&!"# -&%34&B@3&'!%9 .,?,43*,#,%%: &3 &% >'%%&B#, 3' @%, !@7,4&+"#

&!3,A4"3&'! 3' ,?"#@"3, 3*, +'44,%>'!-&!A J10: 3*"3 &%:

Fη̂r (t) = Fη̂i (t) =

∫ t

−∞

∫ ∞

−∞
fη̂r,η̂i (x, y)dydx x, y ∈ R. 8<9=96=;

K*&% ">>4'"+* 3' 3*, %'#@3&'! &% %&7&#"4 3' 3*, '!, >4'>'%,- &! LM*"$,%3,* N=O ('4

3*, -,!%&3$ (@!+3&'! '( #&!,"4#$ 7'-@#"3,- %&A!"#% 34"!%7&33,- '?,4 " P&+,"! ("-&!A

+*"!!,#9 D'E,?,4: E, +'!%&-,4 3*"3: -@, 3' 3*, -'@B#, !@7,4&+"# &!3,A4"3&'! &7>#&,-

&! ,I>4,%%&'! 8<9=96=;: 3*, "#3,4!"3&?, ">>4'"+* >4'>'%,- &! 3*&% -&%%,43"3&'! ('4 Q)P

"!"#$%&% &% &7>4"+3&+"# ('4 P&+, %,#,+3&?, ("-&!A +*"!!,#%9

 !"!# $% &'()'*+, -./0+ 1.2 -)3)4)5/6µ 1),/'4 *()''+70

R! 3*&% +"%, E, "%%@7, 3*"3 3*, 7'-@#@% '( 3*, +'7>#,I 4"!-'7 ?"4&"B#, +'44,%>'!-H

&!A 3' 3*, +*"!!,# (4,S@,!+$ 4,%>'!%, ('##'E% " ."F"A"7&Hµ -&%34&B@3&'! LT"!A UVO9

 !"#"$%&%"' ()*)+)  !" X #! $ %&'()!* +$,--.$/ 0$/1&' 2$0.$#)!- 3."4 5!0&6'!$/

$/1 2$0.$/%! σ2
7  !" Y #! $ n61.'!/-.&/$) +$,--.$/ 0$/1&' 2!%"&0 3."4 5!0&6

'!$/ $/1 2$0.$/%! Ω7  !" RX $/1 RY #! "4! 0$/1&' 2$0.$#)!- 8&0 "4!.0 0!-(!%".2!

'&1,),-7 94! 8&0'!0 8&))&3- $ :$;)!.<4 1.-"0.#,".&/ !=7 >?7?7@A 34!0!$- "4! )$""!0

4$- $ B$C$<$'.6µ 1.-"0.#,".&/ !=7 >?7?7DDA 34!0! µ = n/27  !" Z #! "4! 0$".& X/Y
$/1 )!" RZ #! ."- '&1,),-7 94!/E "4! 0$/1&' 2$0.$#)! RZ .- "4! 0$".& &8 RX $/1

RY $/1 ."- 1!/-."; .- %$)%,)$"!1 ,-./< !=7 >?7F7FDA $/1 $(();./< "4! ./"!<0$) 8&0',)$

?7?FG6F ./ H+0$1-4"!;/ IJK $-

fRZ
(r) =

µ

σ2

(µ

Ω

)µ

r

(
r2

2σ2
+

µ

Ω

)−1−µ
r ∈ R and r ≥ 0.  !"#"$%&
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 !" #$ %&'(

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

-0.5 0.0 0.5

-0.5

0.0

0.5

x

y

 )" *'+(',- .&'(

2(786. 9:!; +<$=>%. )* /.#'(5& )* 5,. ?$&%.(7,@?(-. 6$5()

"' (# 5,. >6.A()8' $#$%&'('B 5,. #8=.6$5)6 X (' $ -)=>%.< -(6-8%$6 6$#/)=

A$6($C%.B 5,.6.C& 6)5$5()# (#A$6($#5 DE(-(#C)#) F9G: "7$(# 5,$5 =.$#' (5 >6.'.6A.'

5,. -(6-8%$6 '&==.56& H,.# (5 (' =8%5(>%(./ C& eα *)6 $#& 7(A.# α: I,$5 (=>%(.'

5,$5 5,. 6.'8%5(#7 6$#/)= A$6($C%. Z (' $%') $ -(6-8%$6%& '&==.56(- 6$#/)= A$6($C%.

$#/B -)#'.J8.#5%&B (5' >,$'. ΦZ *)%%)H' $ 8#(*)6= >,$'. /('56(C85()# C.5H..# K $#/

!π $#/ (' (#/.>.#/.#5 *6)= 5,. =)/8%8' D2$#7 K G:

fRZ ,ΦZ
(r, φ) =

1

2π

µ

σ2

(µ

Ω

)µ

r

(
r2

2σ2
+

µ

Ω

)µ−1
r ∈ R and r ≥ 0. L9:M:NOP

"''8=(#7 5,$5 5,. -,$##.% (' #)6=$%(Q./ (# >)H.6B (:.:B Ω = 1B .<>6.''()# L9:M:NOP
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+"! 7, 8"43&+9#"4&:,- 3' '73"&! 3*, -,!%&3$ '( 3*, ,!*"!+,- !'&%, η̂; <3% ='&!3 -&%34&>

793&'! &! 8'#"4 +''4-&!"3,% $&,#-%

fRη̂ ,Φη̂
(r, φ) =

1

2π

µµ+1

σ2
r

(
r2

2σ2
+ µ

)−1−µ
r ∈ R and r ≥ 0, ?@;A;BCD

E*,4, σ =
N0

Es

;

0'4 µ = 1 3*, ."F"G"H&>µ -&%34&793&'! 7,+'H,% " I"$#,&G* -&%34&793&'! "!- 3*,

-,!%&3$ &% 3*, %"H, '73"&!,- &! %,+3&'! @;A;B;

J*, ='&!3 K10 &! L"43,%&"! +''4-&!"3,% &%

fη̂r,η̂i (x, y) =
µµ+1

2πσ2

(
x2 + y2

2σ2
+ µ

)−1−µ
x, y ∈ R, ?@;A;BMD

E*,4, η̂r "!- η̂i "4, 3*, 4,"# "!- &H"G&!"4$ +'H8'!,!3% '( 3*, ,!*"!+,- !'&%,; J*,

4,%9#3&!G 4"!-'H N"4&"7#, ('##'E% " 7&N"4&"3, K,"4%'! 3$8, O<< -&%34&793&'! E*'%,

K10 ?6;@;CD &% 8"43&+9#"4&:,- E&3* m = µ + 1 "!- a = 1
2µ
;  ! ,P"H8#, '( 3*&%

+&4+9#"4#$ %$HH,34&+ -,!%&3$ &% 84'N&-,- &! 0&G; @;6;

<! 3*&% +"%, &3 &% 8'%%&7#, 3' +'H893, ,"+* +'44,%8'!-&!G H"4G&!"# K10

fη̂r(x) = fη̂i(x) =

√
1

π

Γ
(
µ+ 1

2

)
2µµµσ2µ

Γ(µ) (2µσ2 + x2)µ−
1
2

x ∈ R, ?@;A;QRD

E*,4, Γ(n) &% 3*, S"HH" (9!+3&'! T 74"H'E&3: 5@U;

0'4 3*&% H"4G&!"# K10 3*, H,"! &% :,4' "!- 3*, N"4&"!+, $&,#-% σ2
η̂r =

µσ2

µ− 1
84'N&-,- µ > 1; 0'4 µ ≤ 1 &3 *"% !,&3*,4 " V!&3, N"4&"!+, !'4 *&G*,4 '4-,4 %3"3&%3&+%

"!-W 3*,4,('4,W *"% !' 2S0; .'!,3*,#,%%W 3*,4, &% !' 4,%34&+3&'! 4,G"4-&!G 3*, LX0

E*&+* &% -,4&N,- &! "88,!-&P  ;B; L*"!G&!G n = µ "!- a = 1√
2µ
&! ? ;B;AD E, '73"&!

Ψη̂r(ω) =
σµ|ω|µ

2µ/2−1Γ(µ)
µµ/2Kµ

(
σ
√
2µ|ω|

)
ω ∈ R, ?@;A;QBD

E*,4, |ω| &% 3*, "7%'#93, N"#9, '( ω "!- Kµ( ) &% 3*, H'-&V,- µ>3* '4-,4 Y,%%,#

(9!+3&'! '( 3*, %,+'!- F&!- TY'+*,4 MQU;



 ! "#$%&'(' )* +#,$#-./ 0)('. (# 1234 $*5.6 23+

 !" #$ %&'(

0.02

0.04

0.06

0.08

0.1

0.12

0.14

-2 -1 0 1 2

-2

-1

0

1

2

x

y

 )" *'+(',- .&'(

2(786. !9:; +<$=>%. )* /.#'(5& )* 5,. ?$&%.(7,@0$A$7$=(Bµ 6$5()

C,. -)66.'>)#/(#7 D32 )* η̂r 6.'8%5' (# 5,. *)%%)E(#7 .<>6.''()#

Fη̂r(x) =
(−1)−µΓ

(
µ+ 1

2

)

2
√
πΓ(µ)

B− 2µσ2

x2

(
µ,
1

2
− µ

)
x ∈ R, F!9G9HHI

E,.6. B (' 5,. (#-)=>%.5. J.5$ *8#-5()# K"L6$=)E(5M  !N9

 !" #$%& '() *+,-./0/

"' /.'-6(L./ (# '.-5()# !9!O 5,. .<>6.''()#' )* 5,. D32 *)6 5,. .#,$#-./ #)('. $*5.6

.P8$%(M$5()#O 5,$5 ('O )* 5,. #)('. 5.6= (# 5,. /.5.-5()# '5$7.O $%%)E 8' 5) -)=>85.
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3*, 7)8 ('4 3*, -&9,4,!3 +*"!!,#% +'!%&-,4,-: 2'4, %;,+&<+"##$= "% 3*, ,!*"!+,-

!'&%, +'!%&-,4,- &% +&4+>#"4#$ %$??,34&+ &! "## 3*, +"%,%= @, '!#$ !,,- &3 ?"4A&!"#

B10= Fη̂r( ): C*>%= ;#>AA&!A ,D>"3&'! EF:6:GH &!3' ,I;4,%%&'! EF:F:FH @, +"! +'?;>3,

3*, B)J% ('4 3*, 8"$#,&A* ("-&!A +*"!!,# "% ('##'@%

BER =
L−1∑

n=1

w(n)

(
1

2
− (2n− 1)d

2
√
(2n− 1)d)2 + σ2

)
. EF:5:KH

L! " %&?&#"4 ("%*&'!= &3 &% ;'%%&M#, 3' -,4&N, 3*, ,I;4,%%&'! ('4 ."O"A"?&Pµ ("-&!A

+*"!!,#% >%&!A ,D>"3&'! EF:6:QQH: C*, 4,%>#3&!A 7)8 ,I;4,%%&'! &% A&N,! M$

BER =
L−1∑

n=1

w(n)

(
1− (−1)−µΓ

(
µ+ 1

2

)

2
√
πΓ(µ)

B− 2µσ2

((2n−1)d)2

(
µ,
1

2
− µ

))
. EF:5:QH

.'3, 3*"3 3*, 7)8 "!"#$%&% ('4 8&+, ("-&!A +*"!!,#% &% '?&33,- M,+">%,= &! 3*&% +"%,=

&3 &% !'3 ;'%%&M#, 3' 'M3"&! "! "!"#$3&+"# ,I;4,%%&'! ,&3*,4 ('4 3*, J10 '4 3*, B10

'( 3*, ,!*"!+,- !'&%, "(3,4 R0P01):

 !" #$%&'()$*+, (+- .&%/0$1(' 2/,&'),

L! 3*&% %,+3&'!= @, N"#&-"3, 3*, 4,%>#3% 'M3"&!,- ('4 3*, +'!%&-,4,- ("-&!A +*"!!,#%:

S&3* 3*&% ;>4;'%,= 7)8 N"#>,% "4, 'M3"&!,- ('4 T.8 N"#>,% 4"!A&!A (4'? U 3'

VU -7 "!- +'?;"4,- @&3* N"#>,% 'M3"&!,- M$ ?,"!% '( %&?>#"3&'!%: L! '4-,4 3'

%&?;#&($ 3*, N"#&-"3&'! ;4'+,%% &! 3*, +"%, '( ."O"A"?& ("-&!A +*"!!,#%= @, -&4,+3#$

A,!,4"3, +*"!!,# (4,D>,!+$ 4,%;'!%, @*'%, ?"A!&3>-,% "4, -&%34&M>3,- "++'4-&!A

3' " ."O"A"?&Pµ -&%34&M>3&'! @&3* %'?, &!3,A,4% "!- *"#(P&!3,A,4 N"#>,% '( µ: L!

0&A: 1:Q @, %*'@ 3*, !>?,4&+"# ,N"#>"3&'! '( 3*, 7)8 ('4 " 7JTW 34"!%?&%%&'!

('4 -&9,4,!3 N"#>,% '( µ: .'3, 3*"3 ('4 µ = 1 3*, +*"!!,# *"% " 8"$#,&A* ("-&!A: L(

µ < 1 7)8 N"#>,% @'4%,! E&:,:= &3 &% @'4%, 3*"! 8"$#,&A* %+,!"4&'H @*,4,"% ('4 µ > 1

@, 'M3"&! #'@,4 N"#>,% '( 7)8:  %&?&#"4 M,*"N&'4 +"! M, 'M%,4N,- &! 0&A: 1:V "!-

1:F @*,4, 4,%>#3% ('4 FX 2 "!- K5X 2 "4, %*'@!:
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1'675- 898: ;*< =#$7-& )(5 &-=-5#$ /#>#6#?'@µ )#.'"6 ,+#""-$&A '",$7.'"6 <#%$-'6+

Bµ = 1CA D'4+ ;EFG

 !" #$%&'()*$%)

H" 4+'& ,+#I4-5 D- &47.% 4+- -"+#",-. "('&- #)4-5 J1@12* )(5 #" 0123 &'6"#$

45#"&?'44-. (=-5 .'K-5-"4 )#.'"6 ,+#""-$& B'9-9A <#%$-'6+A <',- #". /#>#6#?'@µC9

1(5 4+-&- ,+#""-$&A .7- 4( 4+- )#,4 4+#4 1(75'-5 45#"&)(5? '& # $'"-#5 45#"&)(5?#4'("A

4+- =#$7-& () 4+- ,(?I$-L ,+#""-$ )5-M7-",% 5-&I("&- )($$(D 4+- &#?- .'&45'N74'("

4+#4 4+- ,+#""-$ '?I7$&- 5-&I("&-9 O+'& I5(I-54% '& D'.-$% 7&-. '" 4+- $'4-5#475- )(5

<#%$-'6+ .'&45'N74-. 5#".(? =#5'#N$-& P0+"( Q8R #". -=-" 5-)-5-",-& ,#" N- )(7".

D+-" 4+- 5#".(? =#5'#N$-& )($$(D # /#>#6#?'@µ .'&45'N74'(" PG#"6 QSR9 O#>'"6

#.=#"4#6- () 4+'& I5(I-54%A D- ,+#5#,4-5'T- 4+- -"+#",-. "('&- #)4-5 -M7#$'T#4'(" #".

#II$% .-5'=-. -LI5-&&'("& )(5 4+- U21 4( ,(?I74- #"#$%4',#$$% 4+- ;*< )(5 <#%$-'6+

#". /#>#6#?'@µ )#.'"6 ,+#""-$&9 H" 4+- ,#&- () <',- )#.'"6 ,+#""-$&A D- &+(D 4+#4

4+- I5(I(&-. #II5(#,+ )(5 ;*< #"#$%&'&A #$4+(76+ )-#&'N$-A '4 '& '?I5#,4',#$ .7-

4( 4+- #..'4'("#$ "7?-5',#$ ,(?I74#4'(" 5-M7'5-.9 H"4-5-&4-. 5-#.-5 '& 5-)-55-. 4(

#II-".'L ; D+-5- #$$ 4+- -LI5-&&'(" .-5'=-. 4+5(76+ 4+'& ,+#I4-5 )(5 4+- .'K-5-"4
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0&784, 9:;< =)> ?"#8,% ('4 %,?,4"# ."@"7"A&Bµ ("-&!7 +*"!!,#%C &!+#8-&!7 >"$#,&7*
Dµ = 1EC F&3* 9G 2

4"3&' 4"!-'A ?"4&"H#,% "4, 7"3*,4,- "% " I8&+@ 4,(,4,!+,: J*,%, ,KL4,%%&'!% "4, 8%,-

&! 3*, !,K3 +*"L3,4 3' ,K3,!- 3*, =)> "!"#$%&% 3' MNB012 :



 ! "#$%&'(' )* +#,$#-./ 0)('. (# 1234 $*5.6 23+
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Simulations

2(786. 9: ; <+= >$%8.' *)6 '.>.6$% 0$?$7$@(Aµ *$/(#7 -,$##.%'B (#-%8/(#7 =$&%.(7,

Cµ = 1DB E(5, F G"4



 !"#$%& '

 !" #$%&'%()*+$ &'% ,-./,

01-23,/ '4$% 5)6)7)(8-µ )*9
"):;$87< 2)98*7 1<)**$;=

 !" #$%&'()*%+'$

 !"# $!%&'() "# *(+,'(* ', %-%./0( '!( &()1,)2%-$( ,1 % 3456789 ')%-#2"##",-

,+() :%;%<%2"5µ 1%*"-< $!%--(.#= >?'%"-(* )(#@.'# $%- ?( &%)'"$@.%)"0(* "- ,)*()

', "-$.@*( ')%-#2"##",- ,+() % A%/.("<! 1%*"-< $!%--(. %# &%)'"$@.%) $%#(= B( C)#'

$,-#"*() '!( $%#( "- D!"$! E6 (F@%."0%'",- "- '!( 1)(F@(-$/ *,2%"- "# %&&."(* ',

$,2&(-#%'( '!( (G($'# ,1 '!( $!%--(. ,- '!( )($("+(* #"<-%.=  !( %-%./#"# "# 1,$@#(*

,- '!( (G($'# ,1 (F@%."0%'",- ,- '!( -,"#( '()2 ?(1,)( '!( *($"#",- #'%<( "- % #"2".%)

1%#!",- ', '!( #'@*/ 1,) >6789 &)(#(-'(* "- '!( &)(+",@# $!%&'()H #,2( )(#@.'#

,?'%"-(* '!()( 1,) :%;%<%2"5µ 1%*"-< $!%--(.# %)( @#(* "- '!"# $!%&'()=  !(-I

D( (J'(-* '!( #'@*/ ', % 2,)( )(%."#'"$ #$(-%)", "- D!"$! 883K (F@%."0%'",- "#

&()1,)2(*H "- '!"# $%#( '!( %-%./#"# "# ?%#(* ,- '!( %&&."$%'",- ,1 '!( 4L =

 !(#( %-%./#(#I D!"$! %)( *()"+(* @-*() '!( %##@2&'",- ,1 "-*(&(-*(-$( %2,-<

'!( 1)(F@(-$/ )(#&,-#(# 1,) '!( %..,$%'(* #@?5$%))"()#I %..,D @# ', ,?'%"- %&&),J"5

2%'( $.,#(*51,)2 MKA (J&)(##",-#I D!"$! %)( +%."*%'(* '!),@<! #"2@.%'",-#I 1,) '!(

NO



 !

"#$ %&'()'*+,-& ()' ./01. 23/45.1 )6&' 7+8+9+*:/µ +,; $+<=&:9> 4+;:,9

3>+,,&=?

@A) ?-&,+':)? B,;&' ?@B;<C D>&:' ?B:@+E:=:@< ()' +FF')G:*+@:,9 +-@B+= "#$ 6+=B&?

:? &6+=B+@&; ()' ;:H&'&,@ $+<=&:9> (+;:,9 ->+,,&=? F')F)?&; E< @>& IDJ KIDJ/$ L M

+,; @>& NO%% KNO%% P!MC I, K2Q,->&R/2Q,->&R PPM A& F'&?&,@ @>& '&?B=@? ()' S4/

45# A:@> + 9&,&':- 7+8+9+*:/µ (+;:,9 ->+,,&=T @>& &G@&,?:), ()' ..2#/45#U +

(+' *)'& -)*F=&G *+@>&*+@:-+= F')E=&*U :? +=?) +;;'&??&; :, @>:? ->+F@&'C

%'&?&,@&; '&?B=@? +'& ?:*:=+' @) @>)?& F')6:;&; :, KV+,9 !WM A>&'& @>& 354

)( @>& 2:9,+= @) I,@&'(&'&,-& F=B? 7):?& $+@:) X2I7$Y ()' 45# ?->&*&? :? -)*/

FB@&; ,B*&':-+==< B,;&' @>& ?+*& +??B*F@:), )( :,;&F&,;&,-& +*),9 +==)-+@&;

?BE/-+'':&'?C Z)A&6&'U )B' [,+= &GF'&??:),? >+6& + =&??&' -)*FB@+@:),+= -)?@C I,

(+-@U ()' S4/45#U A& -+=-B=+@& "#$ 6+=B&? ()' "%2\ +,; ./01. *);B=+@:),?

A:@> + ?:,9=& ,B*&':-+= -)*FB@+@:), +,; A:@>)B@ *+8:,9 +,< +FF')G:*+@:),C

 !" #$%&'( )*+',

D>& @'+,?*:??:), F')-&?? :, 23/45.1 :? ?:*:=+' @) @>+@ :, ]45.1 +,; :? ;&/

F:-@&; :, 4:9C ^CPC 4)' + 9:6&, B?&'U + ?&_B&,-& )( @'+,?*:@@&; E:@? :? *+FF&; :,@) +

-),?@&==+@:), )( -)*F=&G ?<*E)=? X&C9CU "%2\ )' ./01.YC D>& '&?B=@:,9 -)*F=&G

?&_B&,-& x )( =&,9@> Nc :? F'&/-);&; E< *&+,? )( + 5:?-'&@& 4)B':&' D'+,?()'*

X54DY )F&'+@:), E&()'& E&:,9 *+FF&; ),@) @>& ?BE?&@ )( Nc +==)-+@&; ?BE/-+'':&'?C

4)' + @'+,?*:@@&; -)*F=&G :,()'*+@:), 6&-@)' )( Nc ?<*E)=? xU @>& F'&/-);&; -)*/

F=&G ?<*E)= XNc
:? )E@+:,&; E< *B=@:F=<:,9 E< @>& B,:@+'< 4)B':&' *+@':G  @)

F&'()'* @>& +()'&*&,@:),&; Nc/54D )F&'+@:),C #+-> &=&*&,@ :,  :? ;&[,&; +?

Fj,k = exp{2πi
Nc

jk}/√Nc +,;U @>&'&()'&U   
H
! "C

D>:? ?@&F '&F'&?&,@? @>& *+:, ;:H&'&,-& E&@A&&, 23/45.1 +,; ]45.1U +?

-)*F=&G ?<*E)=? +'& ,)A @'+,?*:@@&; ?&_B&,@:+==< '+@>&' @>+, :, F+'+==&=C D>&

F'&/-);&; ?&_B&,-&U '&F'&?&,@&; E< @>& -)=B*, 6&-@)' XNc
U :? @>&, *+FF&; ),@) +

;:H&'&,@ ?BE?&@ )( +==)-+@&; ?BE/-+'':&'? F&' B?&'U :C&CU Nc )B@ )( @>& M ?BE/-+'':&'?

:, A>:-> @>& @)@+= ?<?@&* E+,;A:;@> :? ;:6:;&;C D>& ?BE?&@ *+< -),?:?@ )( + 9')BF



 !" #$%&'%()*+$ &'% ,-./, 01-23,/ '4$% 5)6)7)(8-µ )*9 "):;$87< 2)98*7
1<)**$;= >?

Time

NC-DFT Mapping M-IDFT CP
x XNc

Time

sCP(t)s(t)

Frequency

XM

 !" #$%&'() *+!,-./001+

Time

 NC-IDFT
De-

Mapping
M-DFTCP

YNc

Time

rCP(t) r(t)

Frequency

YM
FDE

~
XNc
~

x

 2" #$%&'() 3141/51+

287@%$ AB?C 01-23,/ D%)*=(8DD$% )*9 %$+$84$% =+<$($=

'& )9E)+$*D FG23,/H '% 8*D$%;$)4$9 =@I-+)%%8$%= FJ23,/H K,:@*7 LMN )*9 8D 8=

9$D$%(8*$9 I: D<$ M × Nc  !""#$%  !&'#( L )*' +,#-, Li,j = 1 #) &,. "'./-*0.0

12 3*4 j #1 &'!$1 #&&.0 *5.' &,. 163/-!''#.' i !$0 7.'* *&,.'+#1.8

9,. )'.:6.$-2/0* !#$ 12 3*4 #1 0.;$.0 !1 XM = LXNc
!$0< -*$1.:6.$&42<

$*$/!44*-!&.0 163/-!''#.'1 !'. )*'-.0 &* 7.'*8 ='* &,#1 "*#$& *$< &'!$1 #11#*$ #1

1# #4!' &* &,!& *) >=?@AB !$ M /C?=9 *".'!&#*$ -*$5.'&1 .!-, )'.:6.$-2/0* !#$

12 3*4 XM #$&* ! &# ./0* !#$ 12 3*4 !$0 ! -2-4#- "'.;(< +,*1. 4.$%&,  61& 3.

%'.!&.' &,!$ &,. -,!$$.4 # "641. '.1"*$1.< #1 !00.0 #$ *'0.' &* !5*#0 CDC8

C$ &,#1 1&602< +. !116 . ! )'.:6.$-2/1.4.-&#5. E!F!%! #/µ -,!$$.4< #$ +,#-, &,.

 !%$#&60.1 *) &,. &!"1 *) &,. -,!$$.4 # "641. '.1"*$1. |h(n)|< n = 1, . . . , L−1< -!$
3.  *0.4.0 !1 #8#808 E!F!%! #/µ '!$0* 5!'#!34.1 +,*1. 0#1&'#36&#*$ 2#.401

f|h(n)|(x) =
2

Γ (µn)

(
µn

Ωn

)µn

x2µn−1e−
x2µn
Ωn x ∈ R and x ≥ 0, GH8I8JK

+,.'. µn > 1/2 #1 &,. )!0#$% "!'! .&.' !$0 Ωn &,. "*+.' *) &,. n/&, &!"8 C$



 !

"#$ %&'()'*+,-& ()' ./01. 23/45.1 )6&' 7+8+9+*:/µ +,; $+<=&:9> 4+;:,9

3>+,,&=?

@>& ()==)A:,9 A& +??B*& +, &CD),&,@:+= *B=@:D+@> :,@&,?:@< D')E=& A:@> +, +6&'+9&

D)A&' ;&-+< '+@& δ F:G&GH Ωn = Ωte
−δn

I +,; &JB+= (+;:,9 D+'+*&@&' µt ()' +== @>&

@+D?G

1@ @>& '&-&:6&' F?&& 4:9G KGLMIH D&'(&-@ ->+,,&= &?@:*+@:), +,; ?<,->'),:N+@:),

+'& +??B*&;H @>&'&M< +6):;:,9 :,@&'(&'&,-& (')* )@>&' B?&'?G O>& -<-=:- D'&EC :?

?BDD'&??&; +,; +, M /54O )D&'+@:), -),6&'@? &+-> @:*&/;)*+:, ?<*M)= :,@) +

('&JB&,-</;)*+:, ?<*M)= YMG 1(@&' +DD=<:,9 LH
()' ;&/*+DD:,9H @>& Nc +==)-+@&;

?BM/-+'':&'? YNc
-+, M& &CD'&??&; +?

YNc
= LHHMLFx+ LH

ηM , FKG!G!I

A>&'& ηM :? @>& ,):?& 6&-@)' A>)?& &,@':&? +'& :G:G;G -)*D=&C P+B??:+, CN (0, N0)

+,; @>& ->+,,&= ('&JB&,-< '&?D),?& ()' &+-> ?BM/-+'':&' :? '&D'&?&,@&; M< @>& M×M

;:+9),+= *+@':C HM A>)?& &,@':&? +'& -)*D=&C -:'-B=+'=< ?<**&@':- '+,;)* 6+':/

+M=&? QR+,9 STUG O>& *+9,:@B;& )( @>& ('&JB&,-< '&?D),?& -+, M& A&== +DD')C:*+@&;

A:@> + 7+8+9+*:/µ '+,;)* 6+':+M=&? A:@> ,&A D+'+*&@&'? µ +,; ΩH A>:->H :, 9&,/

&'+==<H +'& ;:V&'&,@ (')* @>&:' -)B,@&'D+'@? :, @>& @:*&/;)*+:, Q7+8+9+*: KWUG X,

(+-@H ()' + Y+@ (+;:,9 ->+,,&= µ = µtH A>&'&+? :( µt ≥ 1 @>&, 1 ≤ µ < µtH +,; :(

1/2 ≤ µt < 1 @>&, 1 > µ > µt QR+,9 STUG 1=@>)B9> @>:? +DD')C:*+@:), A+? ()B,; @)

>+6& =:*:@+@:),? ()' ->+,,&=? A:@> @A) @+D? :, Q5B SZUH :@ -+, M& -),?:;&'&; 6+=:; ()'

*)'& 9&,&'+= -+?&? +,; :@ :? +, B?B+= +??B*D@:), Q[+,9 S UG X, (+-@H ()' + $+<=&:9>

(+;:,9 ->+,,&= F:G&GH µ = 1IH :@ :? &C+-@ ()' +,< 6+=B& )( LG

O>& &CD'&??:), ()' @>& '&-)6&'&; ?<*M)= :, ('&JB&,-< +(@&' 45# X̃Nc
<:&=;?

X̃Nc
= WYNc

= WHFx+WLH
ηM , FKG!GTI

A>&'& H = LHHML :? + Nc×Nc ;:+9),+= *+@':C A>)?& &,@':&? h = diag(H) +'& @>&

->+,,&= ('&JB&,-< '&?D),?&? ()' &+-> +==)-+@&; ?BM/-+'':&' +,; η = LH
ηM :? + 6&-@)'

A>)?& &=&*&,@? +'& @>& -)''&?D),;:,9 -)*D=&C ,):?& 6+=B&?G O>& &=&*&,@? )( h +'&

+??B*&; @) M& :G:G;G '+,;)* 6+':+M=&?\ @>:? A)'8:,9 +??B*D@:), *+8&? ?&,?& A>&,

@>& ?D+-:,9 M&@A&&, -),?&-B@:6& +==)-+@&; ?BM/-+'':&'? :? M:99&' @>+, @>& -)>&'&,-&



 !" #$%&'%()*+$ &'% ,-./, 01-23,/ '4$% 5)6)7)(8-µ )*9 "):;$87< 2)98*7
1<)**$;= >?

@)*9A89B< '& B<$ +'*=89$%$9 &)98*7 +<)**$;C D<$ Nc × Nc $EF);8G)B8'* ()B%8H W

8= 9$I*$9 &'% J2-23! )=

WZF = (HHH)−1HH , KLCMCNO

A<$%$)= F*9$% B<$ ,,0! +%8B$%8'* B<$ 9$I*8B8'* 8=

WMMSE =

(
N0

ES

I+HHH

)−1
HH , KLCMCLO

A<$%$ ES )*9 N0 )%$ B<$ =87*); )*9 *'8=$ P'A$%= %$=P$+B84$;:C

 $&'%$ 9$B$+B8'*Q )* 8*4$%=$ P%$-+'98*7 8= P$%&'%($9 @: ($)*= '& )* Nc-R32DC

D<F=Q &'% J2 B<$ $EF);8G$9 =:(@'; 8* B8($ 9'()8* x̃ :8$;9=

x̃ = FH
︸︷︷︸

 !"# $%&'()*!+

(HHH)−1HH

︸ ︷︷ ︸
,-.

HFx+ FH
︸︷︷︸

 !"# $%&'()*!+

(HHH)−1HH

︸ ︷︷ ︸
,-.

η, KLCMCSO

A<$%$)= &'% ,,0! B<$ $HP%$==8'* :8$;9=

x̃ = FH
︸︷︷︸

 !"# $%&'()*!+

(
N0

ES

I+HHH

)−1
HH

︸ ︷︷ ︸
,-.

HFx+ FH
︸︷︷︸

 !"# $%&'()*!+

(
N0

ES

I+HHH

)−1
HH

︸ ︷︷ ︸
,-.

η.

KLCMC>O

T$*+$Q B<$ $HP%$==8'* &'% B<$ k-B< %$+$84$9 =:(@'; )&B$% J2-23! 8= 784$* @:

x̃k = xk +
Nc∑

j=1

F ∗j,k
hj

ηj = xk +
Nc∑

j=1

η̂j,k = xk + η̃k KLCMCUO

A<$%$ η̂j,k =
F ∗j,kηj

hj

C

/= 8B +)* @$$* =$$*Q $)+< %$+$84$9 =:(@'; 8= B<$ %$=F;B '& )998*7 )* $V$+B84$

*'8=$ B$%( η̃k B' B<$ '%878*); B%)*=(8BB$9 =:(@'; K$EC KLCMCUOOC T$*+$Q A<$* J2-

23! 8= )PP;8$9Q B<$ $V$+B84$ *'8=$ 8= B<$ %$=F;B '& )998*7 )* $;$($*B)%: *'8=$ B$%(

η̂j,k K$*<)*+$9 *'8=$O &'% $)+< );;'+)B$9 =F@-+)%%8$%C !)+< $;$($*B)%: *'8=$ B$%( 8=

$EF84);$*B B' B<$ $*<)*+$9 *'8=$ 8* W23, %$+$PB8'* A8B< J2-23!C



 !

"#$ %&'()'*+,-& ()' ./01. 23/45.1 )6&' 7+8+9+*:/µ +,; $+<=&:9> 4+;:,9

3>+,,&=?

4)' ..2#/45#@ A>& &BC'&??:), ()' A>& k/A> '&-&:6&; ?<*D)= +(A&' &EF+=:G+A:),

<:&=;?

x̃k = xkTk,k +
Nc∑

l 6=k

l=1

xlTk,l +
Nc∑

j=1

F ∗j,kh
∗
j

|hj|2 +N0/ES

ηj HIJKJLM

N>&'& A>& &=&*&,A? )( T = FHWMMSEHF +'& &BC'&??&; +?

Tk,l =
1

Nc

Nc∑

j=1

F ∗k,jFl,j |hj|2

|hj|2 +N0/ES

. HIJKJOPM

Q>& *+:, ;:R&'&,-& D&AN&&, A>:? &BC'&??:), +,; HIJKJSM :? A>+A ()' ..2#/45#

A>&'& &B:?A?@ :, +;;:A:), A) A>& A&'* -)''&?C),;:,9 A) A>& ,):?&@ + -)*C),&,A )(

:,A&'(&'&,-& ;F& A) A>& )A>&' ?<*D)=?J 7)A& A>+A A>& '&-&:6&' ?<*D)= +(A&' 45#

:? +AA&,F+A&; D< A>& A&'* Tk,kJ T>&, A>& ->+,,&= ('&EF&,-< '&?C),?& :? ?F-> A>+A

N0

ES
≪ |hj|2@ A>& &R&-A )( A>& :,A&'(&'&,-& A&'* ;&-'&+?&? +,; A>& ,):?& A&'* A&,;? A)

A>+A )( HIJKJSMJ 1(A&' -)*C&,?+A:,9 A>& '&-&:6&; ?<*D)=@ N& )DA+:, A>& A'+,?*:AA&;

?<*D)= -),A+*:,+A&; D< &EF:6+=&,A ,):?& η̃k +,; :,A&'(&'&,-& δk A&'*?@ A>+A :?@

x̂k = xk + T−1k,k

Nc∑

l 6=k

l=1

xlTk,l

︸ ︷︷ ︸
 !"#$%&" '($")*")"(#"

+ T−1k,k

Nc∑

j=1

F ∗j,kh
∗
j

|hj|2 +N0/ES

ηj

︸ ︷︷ ︸
 !"#$%&" +,%-"

= xk + δk + η̃k = xk + ξk,

HIJKJOOM

N>&'& A>& A&'* ξk 9+A>&'? A>& &R&-A? )( ,):?& +,; :,A&'(&'&,-& A>+A +'& :,>&'&,A=<

:,;&C&,;&,A U7:?+' P VJ
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W, )';&' A) ;&':6& + *+A>&*+A:-+= *);&= ()' A>& &R&-A:6& ,):?& :, 23/45.1 +(/

A&' X4/45#@ N& *F?A Y'?A -),?:;&' A>& &=&*&,A+'< ,):?&J 1,< 9:6&, &=&*&,A+'<

,):?& A&'* η̂j,k :? + '+,;)* 6+':+D=& '&?F=A:,9 (')* A>& '+A:) )( AN) -)*C=&B -:'-F/

=+'=< ?<**&A':- '+,;)* 6+':+D=&?J W, A>& '&*+:,;&' )( A>& ;:??&'A+A:),@ :,;&B&? +'&

;')CC&; N>&, C)??:D=& ()' A>& ?+8& )( '&+;+D:=:A<J #+-> -)*C=&B '+,;)* 6+':+D=& η̂
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<)= ) #$)%='* @:A$ BCC 98=@%8DE@8'* )*9 @<$ $FA%$==8'* 8* 1)%@$=8)* +''%98*)@$= '&

8@= #32 GHI?IJKL M)= 9$%84$9 8* =$+@8'* HI?IJ )=

fη̂r,η̂i (x, y) =
µµ+1

2πσ2

(
x2 + y2

2σ2
+ µ

)−1−µ
x, y ∈ R, G?INIJL

M<$%$ η̂r )*9 η̂i )%$ @<$ %$); )*9 8()78*)%: +'(A'*$*@= '& @<$ $;$($*@)%: *'8=$ @$%(

)*9 σ =
N0

NcES

I

O<$ $P$+@84$ *'8=$ 8= @<$ =E( '& Nc $;$($*@)%: *'8=$ %)*9'( 4)%8)D;$= )= 9$-

=+%8D$9 8* $QI G?IRISLI /= );; @<$ @$%(= 8* @<$ =E( )%$ +8%+E;)%;: =:(($@%8+ %)*9'(

4)%8)D;$=T @<$ $P$+@84$ *'8=$ <)= );=' +8%+E;)% =:(($@%: )*9 8@= ()%78*); 98=@%8-

DE@8'*= )%$ 9$=+%8D$9 D: @<$ =)($ $4$* &E*+@8'*I O<E=T $P$+@84$ *'8=$ 8= );=' )

+8%+E;)%;: =:(($@%8+ %)*9'( 4)%8)D;$ )*9 UE=@ '*$ '& 8@= ()%78*); 98=@%8DE@8'*= 8=

*$$9$9 @' +<)%)+@$%8V$ 8@I O<8= ()%78*); 98=@%8DE@8'* +)* D$ &'E*9 8* $IQI GHI?IRWL

DE@T &'% @<$ =)6$ '& +;)%8@:T M$ %$A$)@ @<8= $QE)@8'* 8* @<$ &';;'M8*7I

fη̂r(x) = fη̂i(x) =

√
1

π

Γ
(
µ+ 1

2

)
2µµµσ2µ

Γ(µ) (2µσ2 + x2)µ−
1
2

x ∈ R, G?INIRL
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A;$F *'8=$ @$%(= @<)@ &';;'M ) D84)%8)@$ #$)%='* @:A$ BCC 98=@%8DE@8'*I C* =$+@8'*

NIHIJT M$ 'D@)8*$9 )* $FA%$==8'* GNIHIJKL @' +);+E;)@$ @<$ #32 '& ) =E( '& 8*9$A$*-

9$*@ #$)%='* @:A$ BCC %)*9'( 4)%8)D;$=I O<$ 9$*=8@: &E*+@8'* 8* @<8= +)=$ 8= 784$*
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fη̃r (x) =
1

2π

∫ ∞

−∞

(
σµ|ω|µ

21−µ/2Γ(µ)
µµ/2Kµ

(
σ
√
2µ|ω|

))Nc

e−jωxdω. G?ININL
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(
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Γ
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√
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µ
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(
µ+

1

2
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2
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)
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(
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Γ
(
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1
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1
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2
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2
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1

2
;
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, µ+ 1;

−x21

8µσ2

)
,

EGHPHGN

@>&'& 3F2( ) :? + D+'A:-C=+':K+A:), )( A>& 9&,&'+=:K&; ><D&'9&)*&A':- (C,-A:), pFq

I5++=>C:? FQMH
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Fη̃r(x) ()' Nc ≥ 2O :A :? D)??:J=& A) C?& A>& :,6&'?:), A>&)'&* +? D')D)?&; J< B:=/

%&=T&K E?&& ?&-A:), PHUHLN A) &6+=C+A& :A +?

Fη̃r(x) =
1

2
+

1

2π

∫ ∞

0

exωΨη̃r(−ω)− e−xωΨη̃r(ω)

 ω
dω EGHPH!N

@>&'& Ψη̃r(ω) -)''&?D),;? >&'& A) A>& 3V4 +? @+? )JA+:,&; :, &WH ELHGHUFNH

4)' + $+<=&:9> (+;:,9 ->+,,&=O @& >+6& A) D+'A:-C=+':K& A>+A &RD'&??:), C?:,9 A>&

3V4 ()' + C,:6+':+A& 2AC;&,A A ELHGHFQNX A>& '&?C=A:,9 &RD'&??:), ()==)@?

fη̃r (x) =
1

2π

∫ ∞

−∞
(σ|ω|K1(σ|ω|))Nce− ωxdω. EGHPH N

Y, 9&,&'+= A&'*?O A>& &6+=C+A:), )( &WH EGHPH N '&WC:'&? ,C*&':-+= :,A&9'+A:),H 7&6&'/

A>&=&??O :A :? D)??:J=& A) C?& A>& '&?C=A? :, 1DD&,;:R " A) )JA+:, +, +,+=<A:-+= '&?C=A

()' A>& &6+=C+A:), ()' Nc = 2

fη̃r (x) =
3π
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√
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2F1

(
3

2
,
5

2
; 2;− x2

2σ2

)
. EGHPHZN

[>:? :? + "&>'&,?/4:?>&' ;:?A':JCA:), :,A');C-&; :, ?&-A:), PHLHF +,; >+? +=?) K&')

*&+, +,; :,\,:A& 6+':+,-&H 1;;:A:),+==<O :A :? +=?) D)??:J=& A) -+=-C=+A& A>& +??)-:/
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8* E<$ =?( 8*+%$)=$=A L<8= C$<)48'% +'%%$=G'*9= E' ) *)%%'D8*7 8* E<$ 1F2 +?%4$=

)= 9$G8+E$9 8* 287A @ABCA L<8= J)EE$*8*7 '& E<$ #32 +?%4$= +)?=$= =;'D$% 9$+):=

&'% E<$ E<$8% E)8;= D<8+< 8(G;8$= E<)E E<$%$ 8= ) 7%$)E$% )%$) ?*9$% E<$ E)8;= 8* E<$

8*E$%4); (−∞,−1]K E<)E 8=K ) 7%$)E$% 4);?$ '& Fη̃r(−1)A M* E<$ *$NE =$+E8'* D$ =<);;
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3>+,,&=?

@A -)B=; C& A>)B9>A A>+AD +? A>& &E&-A:6& ,):?& +(A&' F4/45# :? A>& ?B* )( ?&6&'+=

:,;&G&,;&,A '+,;)* 6+':+C=&?D :A H)B=; C& G)??:C=& A) +GG=< A>& 3IJ K?&& ?&-A:),

LMNMOPM Q)H&6&'D H& ;:?-)6&' A>+AD :, $+<=&:9> (+;:,9 ->+,,&=? K&M9MD µ = 1P ()' H>:->

A>& ,):?& A&'*? ()==)H + 2AB;&,A A ;:?A':CBA:), A>+A ;)&? ,)A >+6& + R,:A& 6+':+,-&D

:A :? ,)A G)??:C=& A) +GG=< A>& 3IJ A) +GG')S:*+A& A>& %54 )( A>& &E&-A:6& ,):?&M

T& +=?) A':&; A) +GG=< A>& U3IJ +,;D H:A> A>:? GB'G)?&D H& ?AB;:&; A>& A+:= )(

A>& ;:?A':CBA:), A) R,; A>& &SG),&,A A>+A ;&A&'*:,&? A>& ;:?A':CBA:), ;&-+<M @, A>:?

-+?&D A>+A ;&-+< &SG),&,A -+, C& )CA+:,&; +?

fη̂r(x) =
1

2

σ2

(σ2 + x2)3/2
≃ A|x|−(3) |x| → ∞, KNMLMOVP

+,;D A>&'&()'&D A>& ->+'+-A&':?A:- &SG),&,A '&?B=A? α = 2M

T& ?>)H&; :, ?&-A:), LMNMW A>+A ()' α < 2D A>& *&+, 6+=B& +,;X)' A>& 6+':+,-&

;:6&'9& +,; A>& ;:?A':CBA:), )( A>& ?B* :? :, A>& ;)*+:, )( +AA'+-A:), )( + ?A+C=&

=+H +? ?A+A&; :, ;&R,:A:),M Q)H&6&'D A) A>& C&?A )( )B' 8,)H=&;9&D :A :? ,)A G)??:C=&

A) ;&A&'*:,& A>& ;:?A':CBA:), ()' A>& -+?& B,;&' ?AB;<D A>+A :?D ()' α = 2M

 !"!# $%&'()*& +,-.)(),-&. /01 )- 23435$

@( H& -),;:A:),&; A>& &E&-A:6& ,):?& η̃ :, &YM NMWM! A) A>& ->+,,&= ('&YB&,-< '&?G),?&

 = [h1 . . . hNc ]D H& ?&& :A ()==)H? + -)*G=&S ,)'*+= ;:?A':CBA:), H:A> Z&')/*&+, +,;

6+':+,-&
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βZF
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βZF
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=

ES

N0

Nc

Nc∑
k=1

1
|hk|2

.  !"#"$#%



 !" #$%&'%()*+$ &'% ,-./, 01-23,/ '4$% 5)6)7)(8-µ )*9 "):;$87< 2)98*7
1<)**$;= >?

5'@$ @<)@ @<8= 05" $AB%$==8'* 8=C $A+$B@ &'% ) +'*=@)*@C @<$ <)%('*8+ ($)* '& )

=$@ '& %)*9'( 4)%8)D;$= EF)*7 GHI )*9 @<$ +'(BJ@)@8'* '& 8@= ,K2 8=C 8* 7$*$%); )

+'(B;$A B%'D;$(L !4$* M8@< µ = 1 N8L$LC "):;$87< &)98*7 +<)**$;OC M<$* $)+< |hk|2

D$+'($= ) +<8-=PJ)%$9 %)*9'( 4)%8)D;$C @<$%$ 8= *'@ ) +;'=$9-&'%( $AB%$==8'* &'% 8@=

,K2 D$:'*9 @M' 4)%8)D;$= EQ)=*) GRIL Q$*+$C @' @<$ D$=@ '& 'J% 6*'M;$97$C 8@ 8=

*'@ B'==8D;$ @' +'(BJ@$ @<$  !" J=8*7 @<$ ,K2 '& @<$ 8*=@)*@)*$'J= 05" )*9 $PL

NSLSLTO )= B%'B'=$9 8* E08('* ?HDIL

U<$ $*<)*+$($*@ &)+@'% βZF
8= @<$ =J( '& %)*9'( 4)%8)D;$= M8@< B'=8@84$ 4);J$=C

)*: '& M<8+< (): =$%4$ )= ) ;'M$% D'J*9 '& βZF
L 0B$+8V+);;:C @<$ ()A8(J( '& =J+<
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βZF >
1

Nc |hmin|2
, NWLRLXSO
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Z23,/L U<J=C @<$ $\$+@84$ 05" )&@$% [2-23! &'% 01-23,/ 8= );M):= D$;'M @<)@
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x̂ = x+ δ + η̃ = x+ ξ, LMBQBOP
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?<**&A':- I+@??:+, ;:?A':G@A:), D:A> Z&')/*&+, +,; 6+':+,-& σ2
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Nc∑
j=1

(
|hj |

|hj |2+N0/ES

)2

+ ES

Nc

Nc∑
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Nc

Nc∑

j=1

1

|hj|2 +N0/ES

. DEFGFIH

J<$ j-C< C$%( 8* C<$ =B( DEFGFKH %$=B;C=

Zj =
1

|hj|2 +N0/ES

. DEFGFKH

)*9 8C 8= C<$ 8*4$%=$ '& ) +<8-=LB)%$ %)*9'( 4)%8)@;$ =<8&C$9 @: C<$ +'*=C)*C N0F MC=

9$*=8C: +)* @$ 9$%84$9 B=8*7 D$L NFOFO?H )=

fZj
(z) = f|hj |2

(
1− zES

N0

z

)
1

z2
=

1

z2Γ(µ)

(µ

Ω

)µ
(
1

z
− ES

N0

)µ−1
e

µ(ES
N0

z−1)
Ωz . DEFGF>H

MC 8= P'==8@;$ C' '@C)8* )*);:C8+); $QP%$==8'*= &'% C<$ ($)* )*9 4)%8)*+$ '& Zj &'%

)%@8C%)%: 4);B$= '& Ω P%'489$9 µ 8= )* 8*C$7$%F M* 'C<$% +)=$=R 8C A'B;9 @$ =C8;; P'==8@;$

C' B=$ *B($%8+); 8*C$7%)C8'* C' ()6$ C<$ +'(PBC)C8'*F S*+$ C<'=$ P)%)($C$%= )%$

+'(PBC$9R C<$ )PP;8+)C8'* '& C<$ 1TJ C' )PP%'Q8()C$ C<$ 9$*=8C: &B*+C8'* '& βM

8= =C%)87<C&'%A)%9F J<8= )PP%'Q8()C8'* +)* @$ B=$9 C<$* C' +'(PBC$9 C<$  !" &'%

)%@8C%)%: 5)6)7)(8-µ &)98*7 +<)**$;=F

 

 !"# "$%"

1

Nc

Nc∑

j=1

|hj |2

|hj |2 +N0/ES

= 1− 1

Nc

Nc∑

j=1

N0/ES

|hj |2 +N0/ES
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"#$ %&'()'*+,-& ()' ./01. 23/45.1 )6&' 7+8+9+*:/µ +,; $+<=&:9> 4+;:,9

3>+,,&=?

@,-& A& >+6& ->+'+-B&':C&; ZjD A& -+, '&A':B& &EF'&??:), GHIJIHK :, + *)'&

&=&9+,B A+<

σ2
ξ = σ2

η̃ + σ2
δ = ES

N0

ES
βM

1− N0

ES
βM

, GHIJILK

+,; B>& ;&,?:B< )( B>& B&'* ξ -),;:B:),&; B) B>& ('&MN&,-< ->+,,&= <:&=;?

f (ξ/h) = f
(
ξ/βM

)
∼ CN

(
0, σ2

ξ

)
. GHIJIOPK

1? A& +??N*& :,;&F&,;&,B Q:B/*+FF:,9 +,; B>& 6+':+Q=& :? -:'-N=+'=< ?<**&B':-D

:B :? F)??:Q=& B) A)'8 ),=< A:B> B>& *+'9:,+= ;:?B':QNB:), -)''&?F),;:,9 B) :B? '&+=

-)*F),&,B

f(ξr/h) = p(ξr/β
M) ∼ N

(
0, σ2

ξr/2
)

GHIJIOOK

R>N?D B>& ;&,?:B< )( B>& &S&-B:6& ,):?& B&'* :, ..2# -+, Q& &EF'&??&; +?

 

fξr(x) =

∫ ES/N0

0

√√√√ 1
ES

(
ES

βMN0
− 1

)

π
e
−x2 ES

βMN0
−1
pβM (βM)dβM . GHIJIO!K

T, B>& -+?&? :, A>:-> Zj >+? + U,:B& 6+':+,-& +,; N,;&' B>& +??N*FB:), )(

:,;&F&,;&,-& +*),9 B&'*? :, B>& ?N* GHIJIVKD :B :? F)??:Q=& B) +FF=< B>& 3WR G?&&

?&-B:), XIHIOKI R>N?D +? GHIJIVK :? B>& +6&'+9& )( + ?&MN&,-& )( Nc :I:I;I '+,;)*

6+':+Q=&? &+-> >+6:,9 U,:B& 6+=N&? )( &EF&-B+B:), Z +,; 6+':+,-& σ2
Z > 0D B>& ;&,?:B<

)( βM
-+, Q& +FF')E:*+B&; Q< B>& ()==)A:,9 Y+N??:+, ;:?B':QNB:),

fβM (βM) ≈ f̂βM (βM) =
1√

2πσ2
Z/Nc

e
−(

βM−Zj)
2

2σ2
Z
/Nc , GHIJIOXK

A:B> *&+, Zj +,; 6+':+,-& σ2
Zj
/NcI
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fξr (x) =

∫
∞

−∞

e
−

x2

2σ2

ξr

√
2πσ2

ξr

pσ2

ξr
(σ2

ξr )dσ
2

ξr =

∫ ES/N0

0

√√√√ 1
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(
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− 1
)

π
e
−x2
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−1

)
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@<$%$ 8= )* )998A8'*); %$=A%8+A8'* A<)A (B=A *'A C$ *$7;$+A$9D A<$ 4)%8)C;$ βM

8= ;8(8A$9 C: 9$E*8A8'* A' A<$ 8*A$%4); [0, ES/N0]F G* '%9$% A' )HH;: A<8= %$=A%8+A8'*I

A<$ 9$*=8A: 8= *'J )HH%'K8()A$9 C: ) C'B*9$9 4$%=8'* '& LMFNFO?PI A<)A 8=I

fβM (βM) ≈ pβM (βM) =
1

F̂ (ES

N0
)− F̂ (0)

1√
2πσ2

Z/Nc

e
−(

βM−Z̄)
2

2σ2
Z
/Nc βM ∈ [0, ES/N0],

LMFNFONP

J<$%$ F̂ (x) 8= A<$ 132 'CA)8*$9 A<%'B7< 8*A$7%)A8'* &%'( LMFNFO?PF

G* A<$ &';;'J8*7I J$ 'CA)8* )*);:A8+); $KH%$==8'*= &'% A<$ +)=$ 8* J<8+< A<$ ()7-

*8AB9$ '& A<$ +<)**$; &%$QB$*+: %$=H'*=$ &';;'J= ) "):;$87< 98=A%8CBA8'* L8F$FI µ = 1P

)*9 8A 8= *'%();8R$9I A<)A 8=I Ω = 1F 2'% A<8= 4);B$I A<$ 9$*=8A: &B*+A8'* +)* C$

%$9B+$9 A'

fZj
(z) =

e
ES
N0
− 1

z

z2
∀z ∈ [0, ES/N0]. LMFNFOMP

@<$ +'%%$=H'*98*7 $KH%$==8'* &'% A<$ ($)* :8$;9=

Zj = e
ES
N0 Γ(0, 1), LMFNFOSP

J<$%$ Γ(z, x) 8= A<$ 8*+'(H;$A$ T)(() &B*+A8'* 9$E*$9 )= U/C%)('J8AR SNV

Γ(z, x) =

∫ ∞

x

tz−1e−tdt. LMFNFOWP

@<$ 4)%8)*+$ 8= 784$* C:

σ2
Zj
=

ES

N0

− e
ES
N0 Γ

(
0,

ES

N0

)
− e2N0Γ

(
0,

ES

N0

)2

. LMFNFO>P
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 !"!# $%&'()*& +,)-& ./010'(&1)20(),3 4,1 556$789$

@>& &AB'&??:), ()' C>& 354 )( C>& &D&-C:6& ,):?& +(C&' ..2#/45# -+, E& ;&':6&;

(')* &AB'&??:), FGH!HIJK C>')L9> :,C&9'+C:), +? ()==)M?

Fξr(x) =

x∫

−∞



∫ ES/N0

0

√√√√ 1
ES

(
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βMN0
− 1

)

π
e
−x2 1

ES

(

ES
βMN0

−1
)

pβM (βM)dβM


 dt

=

∫ ES/N0

0

pβM (βM)




x∫

−∞

√√√√ 1
ES

(
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βMN0
− 1

)

π
e
−x2 1

ES

(

ES
βMN0

−1
)

dt


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FGH!HINK
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x∫

−∞

√√√√ 1
ES

(
ES

βMN0
− 1

)

π
e
−x2 1

ES

(

1/βM N0
ES
−1

)

dt =





u =

√
2
ES

(
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βMN0
− 1

)
t

du =

√
2
ES

(
ES

βMN0
− 1

)
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



=
1√
2π

xA∫

−∞

e−
u2

2 du =
1√
2π

∞∫

−xA

e−
u2

2 du = Q (−xA) = 1−Q (xA) ,

M:C>

A =

√
2

ES

(
ES

βMN0

− 1

)
.

O&,-&P C>& 354 )( C>& &D&-C:6& ,):?& +(C&' ..2#/45# -+, E& &AB'&??&; +?

Fξr(x) = 1−
∫ ES/N0

0

pβM (βM)Q

(
x

√
2

ES

(
ES

βMN0

− 1
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dβM . FGH!HJQK

 !"!: .,3;)(),3&; $%&'()*& 6+< )3 556$789$

R& ?>)M&; +E)6& C>+CP ()' ..2#/45#P C>& &D&-C:6& ,):?& ξ̃ -),;:C:),&; C) C>&

->+,,&= ('&SL&,-< '&?B),?&  = [h1 . . . hNc ] ()==)M? + -)*B=&A ,)'*+= ;:?C':ELC:),

M:C> T&')/*&+, +,; 6+':+,-& σ2
ξ P C>+C :?P

ξ| ∼ CN
(
0, σ2

ξ

)
FGH!HJIK
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1<)**$;= >?

@<$%$ σ2
ξ 8= 9$A*$9 8* $BC D?CEC?FC

G* H<8= +)=$I H<$ $JK%$==8'* &'% H<$ 8*=H)*H)*$'L= 05" :8$;9=

γ =
ES

βMN0

− 1, D?CECMMF

@8H< βM
N$8*7 H<$ %)*9'( 4)%8)N;$

βM =
1

Nc

Nc∑

j=1

1

|hj|2 +N0/ES

, D?CECMOF

&'% @<8+< @$ 9$%84$9 )N'4$ )* )KK%'J8()H8'* '& 8H= #32 D$BC D?CECPEFFC

 ! "#$%&'( )*+ (,-./010

Q<$  !" )*);:=8= K%$=$*H$9 8* H<8= =LN=$+H8'* &';;'@= H<$ =)($ K%$(8=$= H<)H H<$

'*$ K$%&'%($9 8* =$+H8'* ECRS @$ +'*=89$% =BL)%$ ,-./, @8H< 8*9$K$*9$*H N8H-

()KK8*7 &'% 8*-K<)=$ )*9 BL)9%)HL%$ +'(K'*$*H=I $C7CI T%): ()KK8*7C /= N$&'%$I

H<$ $U$+H84$ *'8=$ H$%( η̄ D8C$CI η̃ '% ξF 8= +8%+L;)%;: =:(($H%8+ )*9 H<$  !" +)*

N$ $JK%$==$9 )= ) =L( '& 1!#= D=$$ $BC DECECOFF @<8+< 9$K$*9 '* H<$ 132 '& H<$

$U$+H84$ *'8=$C

G* H<$ +)=$ '& V2-23!I H<$ 8*H$7%); 8* D?COCRF +)* N$ )++L%)H$;: =';4$9 8* ) BL8H$

=8(K;$ ()**$% N: ($)*= '& H<$ +'(K'=8H$ H%)K$W'89); %L;$C Q<L=I H<$ 132 +)* N$

+);+L;)H$9 )=

Fη̃r(x) ≈
1

2
+

1

2π

(
ωmax − ωmin

n

[
Υ(x, ωmin) + Υ (x, ωmax)

2

+
n−1∑

k=1

Υ

(
x, ωmin + k

ωmax − ωmin

n

)])
,

D?C?CPF

@<$%$ H<$ )LJ8;8)%: &L*+H8'* Υ(x, ω) 8= 9$A*$9 )=

Υ(x, ω) =
exωΨη̃r(−ω)− e−xωΨη̃r(ω)

 ω
, D?C?CMF
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?&A A) L&')J K>&'&+? ωmax ?>)I=; M& ?I:A+M=< ->)?&, +? + (I,-A:), )( A>& ?>+@& )(

A>& -)''&?@),;:,9 3N4B O>& ,I*M&' )( @):,A? A) &6+=I+A& :,?:;& A>& :,A&'6+= :?

;&,)A&; +? nB 4)' + $+<=&:9> (+;:,9 ->+,,&=J +? ?>)K, :, ?&-A:), PBFBGJ Ψη̃r(ω) :? +

?<**&A':-J &Q@),&,A:+==< ;&-+<:,9 (I,-A:),? K:A> + ;&-+< '+A& A>+A ;&@&,;? ), A>&

+'9I*&,A )( K1( )B C, (+-AJ :A? ;&-+< :? :,6&'?&=< @')@)'A:),+= A) A>& 6+=I&? )( 27$

+,; ;:'&-A=< @')@)'A:),+= A) A>& 6+=I&? )( Nc 6+=I&?B "< *+8:,9 + '&+?),+M=& ->):-&

()' A>& 6+=I& )( ωmaxJ ),& -+, +->:&6& + ?IR-:&,A +--I'+-< +A =)K -)*@IA+A:),+=

-)?AB "< 8&&@:,9 A>:? :, *:,; +,; I?:,9 &DB EFBFBGHJ :A :? @)??:M=& A) )MA+:, +,

+@@')Q:*+A& -=)?&;/()'* &Q@'&??:), ()' A>& "#$
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n=1

w(n)
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1

2
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2πn

(
1 + Υ ((2n− 1)d, ωmax)

2

+
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Υ
(
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n
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, EFBFBSH
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√
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 !" #$%&'()$*+ (+, -&%./$0(' 1.2&')2

@* A<$ &';;'B8*7C B$ 4);89)A$ A<$ $DE%$==8'*= FGHGHIJ )*9 FGHGHKJ A<%'L7< =8(L;)A8'*=H

28%=AC B$ +'*=89$% A<$ 89$); =+$*)%8' &'% B<8+< A<'=$ $DE%$==8'*= B$%$ 9$%84$9M )* 01-

23,/ A%)*=(8==8'* B8A< 8*9$E$*9$*A +<)**$; &%$NL$*+: %$=E'*=$= )('*7 );;'+)A$9

=LO-+)%%8$%=H P<$*C ) ('%$ %$);8=A8+ =+$*)%8' O)=$9 '* +<)**$; ('9$;= 9$Q*$9 O: @PR

)*9 IS## 8= +'*=89$%$9H TL% )8( 8= A' 9$A$%(8*$ 8* B<8+< =8AL)A8'*= A<$ E%'489$9

)*);:A8+); $DE%$==8'*= +)* O$ L=$9 )= )* )EE%'D8()A8'* &'%  !" 4);L$= 8* )+AL);

=$;$+A84$ "):;$87< &)98*7 +<)**$;=H @* O'A< +)=$=C B$ L=$ ) =$(8-)*);:A8+); ('9$;

O)=$9 '* U58=)% V?W 8* B<8+< +'(E;$D +<)**$; &%$NL$*+: %$=E'*=$=C 7$*$%)A$9 &'% A<$

98X$%$*A );;'+)A$9 =LO-+)%%8$%=C )%$ L=$9 A' +);+L;)A$ A<$ +'*98A8'*); E%'O)O8;8A: &'%

Y2 FGHKHZ[J )*9 ,,0! FGHKH[ZJH

 !"!# $%&'(%)'*+ *, -&*./(0,*12 3451/..'*+.

@* '%9$% A' 4);89)A$ A<$ +;'=$9-&'%( $DE%$==8'*= E%$=$*A$9 8* A<$ E%$48'L= =$+A8'*C

%$=L;A= &%'( A<$ $4);L)A8'* '& $NL)A8'*= FGHGHIJ )*9 FGHGHKJ &'% 98X$%$*A *L(O$%= '&

=LO-+)%%8$%= )%$ +'(E)%$9 A' 4);L$= 'OA)8*$9 &%'( =8(L;)A8'*=H / +<)**$; ('9$;C 8*

B<8+< A<$ +<)**$; &%$NL$*+: %$=E'*=$ &'% A<$ Nc );;'+)A$9 =LO-+)%%8$%= )%$ ('9$;$9

)= 8H8H9H %)*9'( 4)%8)O;$= B<8+< &';;'B ) 5)6)7)(8-µ 98=A%8OLA8'*H PB' 98X$%$*A

5)6)7)(8-µ &)98*7 +<)**$;= )%$ +'*=89$%$9 B8A< µ 4);L$= '& 1 )*9 2C %$=E$+A84$;:H

 !" %$=L;A= &'% $)+< +<)**$; )%$ =<'B* &'%  #0\ )*9 []./, ('9L;)A8'*= 8*

287H GHI )*9 GHKH

@* A<$ Q%=A +)=$C 8* B<8+< B$ +'*=89$% A<$ $DE%$==8'* &'% Y2-23!C A<$ 5)6)7)(8-µ

&)98*7 +<)**$; B8A< µ = 1 8= $NL84);$*A A' ) "):;$87< &)98*7 +<)**$; )*9 'OA)8*$9 %$-

=L;A= E%$=$*A$9 8* 287H GHI )%$ +'*=8=A$*A B8A< A<'=$ E%$=$*A$9 8* U0^*+<$_-0^*+<$_ V`OWH
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1$ B(<(D(+(1&1 1(2$%)& 7/",% .0 1"2'#A FQR8 . )/1&< +&< %/0'/-$-)$< 0*+)(%&0(-/

2$</+*D+$<9 S- $<)$ $<)*1(/ </+/ <$ %/-<(1$2& $+ 1$<B&-$%(0($-)/ 0*+)(%&0(-/ 1$D(1/

& +&< %/0D(-&%(/-$< %/-<)2*%)(B&< . 1$<)2*%)(B&< 1$ B$2<(/-$< 2$)&21&1&<A 2$T$C&1&<A

1(<'$2<&1&< . 1(@2&%)&1&< 1$ +& <$?&+ )2&-<0()(1&9 S<)$ )('/ 1$ 1$<B&-$%(0($-)/ $<

2$+&)(B&0$-)$ 2U'(1/ . $< 2$<'/-<&D+$ 1$ +&< B&2(&%(/-$< & %/2)/ '+&I/ 1$ <$?&+9

L2$< 1(@$2$-)$< $<%$-&2(/< </- %/-<(1$2&1/< $- $<)& <$%%(,- 1$'$-1($-)$ 1$ J*$

1(<)2(D*%(,- <(>& $+ 1$<B&-$%(0($-)/ 2U'(1/V #&.+$(>WA #(%$ / 6&X&>&0(Eµ9 L&-)/

+& 1(<)2(D*%(,- 1$ #&.+$(>W %/0/ +& 1$ #(%$ <$ D&<&- $- 0/1$+/< 0&)$0U)(%/< J*$

%&')*2&- $+ %/0'/2)&0($-)/ <*D.&%$-)$ +/< %&-&+$< 2$&+$<9 R$ $0'+$&- '&2& 0/1$E

+&2 $+ 1$<B&-$%(0($-)/ 0*+)(%&0(-/ 7<(- . %/- B(<(D(+(1&1 1(2$%)&A 2$<'$%)(B&0$-)$8

MR(0/- "YO9 F& 1(<)2(D*%(,- 6&X&>&0(Eµ &B$-)&C& & +&< &-)$2(/2$< .& J*$ <$ &C*<)&

0$C/2 & 2$<*+)&1/< D&<&1/< $- 0$1(1&< $0'G2(%&< M5/+1<0()W "YO '/2 +/ J*$ $< *)(E

+(I&1& %/- @2$%*$-%(& MZ$&*+($* "YO9

S- $<)$ '*-)/ 1$D$ )$-$2<$ $- %*$-)& J*$ +& )2&-<@/20&1& [/*2($2 '2$<$2B& +&

-/20&+(1&1 1$ +&< B&2(&D+$< M5W/<W N\O &+ )2&)&2<$ 1$ *-& )2&-<@/20&%(,- +(-$&+9 :$

$<)$ 0/1/A <( +&< B&2(&D+$< &+$&)/2(&< <*D.&%$-)$< & +& 2$<'*$<)& &+ (0'*+</ 1$+ %&-&+

</- >&*<<(&-&<A +&< %/22$<'/-1($-)$< & +& 2$<'*$<)& $- @2$%*$-%(& 1$+ %&-&+ <(>*$- +&
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-%.-# /%.&0%1'"%)*2 340 !5!-$(46 $#0# "#*#(!. "4* /!.7#*!"%-%!*&4  #8(!%9:6 (#.

7#0%#1(!. .'18#"!*&!. $#0# (# 0!.$'!.&# !* ;0!"'!*"%# .4* 9#'..%#*#. "4-$(!5#. /!

-!/%# "!04 8 7#0%#*<# '*%/#/ =>:*4 ?,@2 3#0# "#*#(!. "4* /!.7#*!"%-%!*&4  %"!6 (#.

9#'..%#*#. "4-$(!5#. *4 &%!*!* -!/%# "!042 340 4&04 (#/46 !* "#*#(!. .!(!"&%74. !*

;0!"'!*"%# "4* '*# /%.&0%1'"%)* A#B#9#-%Cµ6 !( -)/'(4 /! (# 0!.$'!.&# !* ;0!"'!*"%#

.! $'!/! #$04D%-#0 "4-4 7#0%#1(!. #(!#&40%#. E'! &#-1%F* .%9'!* '*# /%.&0%1'"%)*

A#B#9#-%Cµ #'*E'! (4. $#0G-!&04. /! (# -%.-# $'!/!* .!0 /%;!0!*&!. =H#*9 ?I@2

 !"!# $%&'()() *+ ,-(*. /0,0 1232 4

J* '* .%.&!-# /! "4-'*%"#"%4*!. 1#.#/4 !* >KLM6 (# !"'#(%<#"%)* NKCKLJ "4*((!7#

!( "4"%!*&! !*&0! /4. 7#0%#1(!. #(!#&40%#. "4-$(!5#.O (# "400!.$4*/%!*&! #( PQRA

!* !( 0!"!$&40 8 (# "400!.$4*/%!*&! # (# 0!.$'!.&# !* ;0!"'!*"%# /!( "#*#(2 J.&#

S(&%-# /!$!*/! /! (# *#&'0#(!<# /! (# $04$#9#"%)* -'(&%"#-%*4T !* !.&! !.&'/%4 .!

"4*.%/!0# (4. "#.4. /! /%.&0%1'"%4*!.  #8(!%9:6  %"! 4 A#B#9#-%Cµ2

U0#. 0!#(%<#0 (# !"'#(%<#"%)* NKCKLJ 8 #.'-%!*/4 '* "4*4"%-%!*&4 %/!#( /! (#

0!.$'!.&# !* ;0!"'!*"%# /!( "#*#(6 (# !D$0!.%)* $#0# !( .V-14(4 0!"%1%/4 .! $'!/!

/!0%7#0 /! WL2I2+2+X "4-4

x̂ = x+ (HHH)−1HHη WL2I2Y2YX

Z# !D$0!.%)* $#0# !( kCF.%-4 .V-14(4 0!"%1%/4 0!.'(&#

x̂k = xk +
ηk
hk

= xk + η̂k, WL2I2Y2IX

/4*/! hk !. (# 0!.$'!.&# !* ;0!"'!*"%# /!( "#*#( $#0# (# .'1C$40&#/40# k2

J( &F0-%*4 /! 0'%/4 -!540#/4 η̂k !. !( "4"%!*&! !*&0! /4. 7#0%#1(!. #(!#&40%#.

"4-$(!5#. %*/!$!*/%!*&!. ! %/F*&%"#-!*&! /%.&0%1'%/#. W%2%2/2X "4* .%-!&0V# "%0"'(#02

J( .'1V*/%"! k !. 4-%&%/4 /! #E'V !* #/!(#*&! $#0# (490#0 '*# -#840 "(#0%/#/ !* (#.

!D$0!.%4*!.2
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.&/& *- %&-&+ %0- 1$23&-$%(4($-)0 #&5+$(67 +& 1$-2(1&1 1$ '/08&8(+(1&1 1$+ )9/4(-0

1$ /*(10 4$:0/&10 η̂ 2$ '*$1$ $;'/$2&/ %040

fη̂(r, θ) =
1

π

σ2r

(σ2 + r2)2
r ∈ R , r ≥ 0. <=>?>">!@

A- %00/1$-&1&2 %&/)$2(&-&2 +& 1$-2(1&1 1$ '/08&8(+(1&1 /$2*+)&

fη̂r,η̂i(x, y) =
1

π

σ2

(σ2 + (x2 + y2))2
x, y ∈ R, <=>?>">B@

10-1$ η̂r 5 η̂i 20- +&2 %04'0-$-)$2 /$&+ $ (4&6(-&/(& 1$+ )9/4(-0 $+$4$-)&+ 1$ /*(10>

C& $;'/$2(,- $D> <=>?>">B@ $2 +& E*-%(,- 1$ 1$-2(1&1 1$ '/08&8(+(1&1 1$ *-&

F)*1$-) ) 8(3&/(&8+$ %0- " 6/&102 1$ +(8$/)&1G 4$1(& (0, 0)G 4&)/(; 1$ $2%&+&10

σ2

2
I2G

10-1$ I2 $2 +& 4&)/(; (1$-)(1&1 1$ )&4&H0 ">

C& 1$-2(1&1 1$ '/08&8(+(1&1 1$ +&2 %04'0-$-)$2 /$&+$2 $ (4&6(-&/(&2 20- (19-)(I

%&2 5 3($-$- 1&1&2 '0/

fη̂r(x) = fη̂i(x) =
1

2

σ2

(σ2 + x2)3/2
x ∈ R. <=>?>">J@

F$ )/&)& 1$ *-& 1(2)/(8*%(,- 1$ %0+& '$2&1& %*5&2 %0+&2 1$%&$- 2(6*($-10 *-& +$5

1$ '0)$-%(& x−3 5 )($-$ 3&/(&-K& (-L-()&>

C& M=N 4&/6(-&+ %0//$2'0-1($-)$ & η̂r /$2*+)&

Fη̂r(x) =
1

2
+

x

2
√
x2 + σ2

x ∈ R. <=>?>">O@

5 E*-%(,- %&/&%)$/P2)(%& < !"#"$%&#'(%'$ )*+$%',+G MQN@ '*$1$ $;'/$2&/2$ '0/

Ψη̂r (ω) = σ|ω|K1 (σ|ω|) ω ∈ R, <=>?>">R@

10-1$ |ω| $2 $+ 3&+0/ &820+*)0 1$ ω 5 K1( ) $2 +& E*-%(,- 401(L%&1& 1$ S$22$+ 1$

2$6*-1& $2'$%($ 5 '/(4$/ 0/1$- TS0%7$/ U"V>
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.#/# '* "#*#( "0* 1!23#*!"%4%!*&0  %"! (# 1!*2%1#1 1!( /'%10 4!50/#10 η̂ $'!1!

!6$/!2#/2! "040

fη̂(r) =
rσ (α2σ + 2 (σ + r2))

2π (σ + r2)3
e
− α2r2

2(σ+r2) r ∈ R , r ≥ 0. 789-9:9;<

10*1! σ2 =
N0

Es

9 .#/# α = 0 (# !6$/!2%)* 2! "0*3%!/&! !* (# 1!/%3#1# !* (# 2!""%)*

$/!3%# 789-9:9,<9

8! *'!30 "0* '* "#4=%0 # "00/1!*#1#2 "#/&!2%#*#2> 2! $'!1! !6$/!2#/ (# 1!*2%1#1

#*&!/%0/ !* ?'*"%)* 1! (#2 "04$0*!*&!2 /!#(!2 ! %4#@%*#/%#2 1!( &A/4%*0 1! /'%10 η̂r

B η̂i "040

fη̂r,η̂i (x, y) =
(x2 + y2)α2σ + 2 ((x2 + y2)σ + 1)

2π ((x2 + y2)σ + 1)3
σe
− α2

2((x2+y2)σ+1) x, y ∈ R.

789-9:9+C<

D! &/#&# 1! *'!30 1! '*# 3#/%#=(! #(!#&0/%# "%/"'(#/4!*&! 2%4A&/%"#9 E* !2&! "#20 (02

#'&0/!2 *0 &%!*!* "0*0"%4%!*&0 1! F'! 2!# $02%=(! !*"0*&/#/ '*# !6$/!2%)* "!//#1#

$#/# (#2 1%2&/%='"%0*!2 4#/@%*#(!29 D%* !4=#/@0> 2G F'! !2 $02%=(! !3#('#/ (# H8I

4!1%#*&! %*&!@/#"%)* *'4A/%"# 1! (# 2%@'%!*&! !6$/!2%)*>

Fη̂r (t) = Fη̂i (t) =

∫ t

−∞

∫ ∞

−∞
fη̂r,η̂i (x, y)dydx x, y ∈ R. 789-9:9++<

E2&! 4A&010 1! "J("'(0 !2 2%4%(#/ #( $/0$'!2&0 !* KDL#B!2&!L ;MN $#/# 0=&!*!/ (#

?'*"%)* 1! 1!*2%1#1 1! 2!O#(!2 401'(#1#2 (%*!#(4!*&! &/#*24%&%1#2 20=/! "#*#(!2 "0*

1!23#*!"%4%!*&0  %"!9 8!=%10 # (# *!"!2%1#1 1! /!#(%P#/ '*# 10=(! %*&!@/#( *'4A/%"#

B # (02 !//0/!2 F'! 1%"L# 0$!/#"%)* $'!1! #"#//!#/> 2! L# 1!2"#/&#10 !4$(!#/ !2&#

!6$/!2%)* $#/# /!#(%P#/ !( #*J(%2%2 1! QE $#/# "#*#(!2 "0* 1!23#*!"%4%!*&0  %"!9
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-' #* $%,%* .'/)# ), 0#.1%,#$'2'#,(3 #, 45#$)#,$'% ('&3 6%7%/%2'8µ9 *% 0#,.'0%0 0#

&53:%:'*'0%0 #, $3350#,%0%. &3*%5#. 0#* 5)'03 2#;35%03 η̂ &)#0# #<&5#.%5.# $323

fRη̂ ,Φη̂
(r, φ) =

1

2π

µµ+1

σ2
r

(
r2

2σ2
+ µ

)−1−µ
r ∈ R y r ≥ 0, =>?@?A? AB

03,0# σ =
N0

Es

?

C. 4D$'* $32&53:%5 $+23 &%5% µ = 1 *% #<&5#.'+, $3',$'0# $3, *% 3:(#,'0% &%5%

0#.1%,#$'2'#,(3. ('&3 "%E*#'/F?

G% H>I $3,;),(% #, $3350#,%0%. $%5(#.'%,%. 5#.)*(%

fη̂r,η̂i (x, y) =
µµ+1

2πσ2

(
x2 + y2

2σ2
+ µ

)−1−µ
x, y ∈ R, =>?@?A? @B

03,0# 0# ,)#13 η̂r E η̂i .3, *%. $32&3,#,(#. 5#%*#. # '2%/',%5'%. 0#* (J52',3 0# 5)'03

#*#2#,(%*? C, #.(# $%.3 .# (5%(% 0# ),% 1%5'%:*# %*#%(35'% $3, 0'.(5':)$'+, H#%5.3,

('&3 KLL? G%. 0#,.'0%0#. 2%5/',%*#. $355#.&3,0'#,(#. 5#.)*(%,

fη̂r(x) = fη̂i(x) =

√
1

π

Γ
(
µ+ 1

2

)
2µµµσ2µ

Γ(µ) (2µσ2 + z2)µ−
1
2

z ∈ R, =>?@?A? !B

03,0# Γ(n) #. *% 0#,32',%0% 4),$'+, M%22% NO:5%23P'(Q R!S?

G% 0#,.'0%0 2%5/',%* %,(#5'35 ('#,# 2#0'% $#53 E 1%5'%,Q% σ2
η̂r =

µσ2

µ− 1
.'#2&5#

T)# µ > 1? -' µ ≤ 1 ,3 ('#,# 1%5'%,Q% U,'(% ,' 232#,(3. 0# 350#, .)&#5'35 E9

&35 (%,(39 ,3 ('#,# VMI? 63 3:.(%,(#9 ,3 .)$#0# *3 2'.23 $3, .) WXI T)# &)#0#

#<&5#.%5.# $323

Ψη̂r(ω) =
σµ|ω|µ

2µ/2−1Γ(µ)
µµ/2Kµ

(
σ
√
2µ|ω|

)
ω ∈ R, =>?@?A? YB

03,0# |ω| #. #* 1%*35 %:.3*)(3 0# ω E Kµ( ) #. *% 4),$'+, 230'U$%0% 0# Z#..#* 0#

.#/),0% #.&#$'# E 350#, µ8J.'23 NZ3$F#5 [AS?

G% W>I $355#.&3,0'#,(# 1'#,#, 0%0% &35

Fη̂r(x) =
(−1)−µΓ

(
µ+ 1

2

)

2
√
πΓ(µ)

B− 2µσ2

x2

(
µ,
1

2
− µ

)
x ∈ R, =>?@?A? RB
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=/26%*#*./ (#0 !>$7!0%/*!0 ?@<A<B<CD E ?@<B<F<,D !0 $/0%6(! "#("'(#7 (#0 =GH0 $#7#

'* "#*#( "/* .!0I#*!"%2%!*&/  #E(!%JK EL $#7&%7 .! !((/0L 0! $'!.! !>$7!0#7 (# 3G 

"/2/

BER =
L−1∑

n=1

w(n)

(
1

2
− 2n− 1)d

2
√
(2n− 1)d)2 + σ2

)
. ?@<A<A<+CD

@! 2#*!7# 0%2%(#7 0! /6&%!*! '*# !>$7!0%)* $#7# "#*#(!0 "/* .!0I#*!"%2%!*&/ M#N#J#2%Oµ

P'! I%!*! .#.# $/7

BER =
L−1∑

n=1

w(n)

(
1− (−1)−µΓ

(
µ+ 1

2

)

2
√
πΓ(µ)

B− 2µσ2

((2n−1)d)2

(
µ,
1

2
− µ

))
. ?@<A<A<+QD

=/2/ E# 1'! 2!*"%/*#./ #*&!0L !( #*R(%0%0 .! (# 3G $#7# "#*#(!0 "/* .!0I#*!"O

%2%!*&/  %"! !0 /2%&%./ #( */ 0!7 $/0%6(! /6&!*!7 !>$7!0%/*!0 "!77#.#0 $#7# (#0 H@S

2#7J%*#(!0<

T#0 !>$7!0%/*!0 #*&!7%/7!0 K#* 0%./ I#(%.#.#0 2!.%#*&! 0%2'(#"%/*!0 $#7# "#*#(!0

"/* .!0I#*!"%2%!*&/ M#N#J#2% $#7# (/0 "'#(!0 (# 7!0$'!0&# !* 17!"'!*"%# 0%J'! '*#

.%0&7%6'"%)* M#N#J#2%Oµ "/* I#(/7!0 !*&!7/0 E 0!2%!*&!7/0 .! µ< G* (# S%J< @<B

0! $7!0!*&#* (/0 7!0'(&#./0 $#7# .%1!7!*&!0 I#(/7!0 .! µU $#7# µ = 1 (/0 7!0'(&#./0

"/%*"%.!* "/* (/0 .! '* "#*#( "/* .!0I#*!"%2%!*&/  #E(!%JK< H#7# µ < 1 (/0 I#(/7!0

.! (# 3G !2$!/7#* 7!0$!"&/ # (/0 /6&!*%./0 $#7#  #E(!%JK 2%!*&7#0 P'! $#7# µ > 1

0! /6&%!*!* I#(/7!0 2!*/7!0 .! (# 3G < G( 2%02/ "/2$/7&#2%!*&/ 0! $7/.'"! $#7#

"/*0&!(#"%/*!0 2R0 .!*0#0 "/2/ $'!.! /60!7I#70! !* S%J< @<A E @<, $#7# ,V5W E

+:V5W 7!0$!"&%I#2!*&!<
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I '&0)(0 8$ +67 0$7*+)&867 6J)$-(867 $- +& 7$%%(,- &-)$0(60A $7 '67(J+$ &-&+(K&0 $+

0$-8(=($-)6 $- )L0=(-67 8$ 9:# 8$ *-& )0&-7=(7(,- GM@.1NI 7(- %68(O%&%(,- 8$

%&-&+ 76J0$ *- %&-&+ %6- 8$7<&-$%(=($-)6 >&?&/&=(2 :7)67 0$7*+)&867 (-%+*B$- +67

%600$7'6-8($-)$7 & *- 8$7<&-$%(=($-)6 #&B+$(/C %6=6 %&76 '&0)(%*+&02

:+ &-P+(7(7 '$0=()$ 6J)$-$0 $Q'0$7(6-$7 %$00&8&7 '&0& &'06Q(=&0 +& 9:# R*$

76- <&+(8&8&7 =$8(&-)$ 7(=*+&%(6-$7 '&0& $+ $7%$-&0(6 &-&+(K&862 S&=J(L- 7$ %6=@

'0*$J& 7* <&+(8$K '&0& &'06Q(=&0 <&+60$7 0$&+$7 8$ 9:# 6J)$-(867 '&0& 8(;$0$-)$7

%&-&+$7 %6- 8$7<&-$%(=($-)6 #&B+$(/C '06'*$7)67 '60 +& TSU VTSU@# WXY B $+ Z[FF
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.%/'0! 1234 5#(60!7 8! 9: $#0# 8%;!0!*&!7 "#*#(!7 "6* 8!7<#*!"%=%!*&6

>#?#/#=%@µA %*"('%86 !( "#76  #B(!%/C Dµ = 1EA $#0# ,FGH

 !"!# $%&'(% &' )*)+',- ./01 $2

:( $06"!76 8! &0#*7=%7%)* !* IJ@.1HG !7 7%=%(#0 #( 8! K.1HG "6=6 7! ='!7&0# !*

(# .%/2 12L2 M#0# '* '7'#0%6 8!&!0=%*#86A 7! =#$!# (# 7!"'!*"%# 8! N%&7 &0#*7=%&%867

# '*# "6*7&!(#"%)* 8! 7O=N6(67 "6=$(!P67 D$2!P2A 9MIQ 6 H@FGHE2 R# 7!"'!*"%#

"6=$(!P# 0!7'(&#*&! x !7 &0#*7;60=#8# $60 '* N(6S'! 8! $0!"68%T"#"%)*A "6*7%7&!*&!

!* '*# 1.UA #*&!7 8! 7!0 =#$!#86 76N0! !( 7'N"6*P'*&6 8! Nc $60&#860#7 #7%/*#8#72

M#0# '* <!"&60 8! %*;60=#"%)* 8! Nc 7O=N6(67 "6=$(!P67 xA !( 7O=N6(6 "6=$(!P6

$0!"68%T"#86 XNc
7! 6N&%!*!* ='(&%$(%"#*86 $60 (# =#&0%V '*%&#0%# 8! .6'0%!0  

S'! 0!#(%W# (# Nc@1.U #*&!7 =!*"%6*#8#2 J#8# !(!=!*&6 !*  7! 8!T*! "6=6

Fj,k = e
2πi
Nc

jk/
√
Nc "6*   

H
! "2

R# $0!"68%T"#"%)* 7'$6*! (# =#B60 8%;!0!*"%# !*&0! IJ@.1HG B K.1HGA B#

S'! (67 7O=N6(67 "6=$(!P67 7! &0#*7=%&! #C60# 8! ;60=# 7!"'!*"%#( !* ('/#0 8! !*

$#0#(!(62 R# 7!"'!*"%# $0!"68%T"#8#A 0!$0!7!*&#8# $60 !( <!"&60 "6('=*# XNc
A !7
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Analytical

Simulations

.(/*0$ 12!3 4&+50$6 7$ 89# '&0& 7(:$0$-)$6 %&-&+$6 %5- 7$6;&-$%(<($-)5

=&>&/&<(?µ@ (-%+*(75 $+ %&65 #&A+$(/B Cµ = 1D@ '&0&  EFGH

<&'$&7& $- $+ 6*I%5-J*-)5 7$ 6*I?'50)&750&6 &6(/-&7&6@ $6 7$%(0@ 65I0$ Nc 7$ +&6

M 6*I?'50)&750&6 K*$ %5<'5-$- $+ &-%B5 7$ I&-7& )5)&+ 7$+ 6(6)$<&2 9+ 6*I%5-?

J*-)5 '*$7$ %5-6(6)(0 $- *- /0*'5 7$ 6*I?'50)&750&6 &7A&%$-)$6 C !"#$%&'( )*'+,'-".

/!0#%- 1,$2%3$' 4""'55@ L.1HGD 5 $-)0$+&M&7&6 C6-2'*$'#7'( )/14@ N.1HGD

OHA*-/ PEQ A $6 7$)$0<(-&75 '50 +& <&)0(R 7$ <&'$5 L 7$ )&<&S5 M ×Nc '&0& +&

%*&+ Li,j = 1 6( $+ 6T<I5+5 '0$%57(U%&75 j $6 )0&-6<()(75 65I0$ +& 6*I?'50)&750& i A

%$05 $- 5)05 %&652

9+ 6T<I5+5 $- $+ 75<(-(5 7$ +& :0$%*$-%(& $6 7$U-(75 %5<5 XM = LXNc
V $-

%5-6$%*$-%(&@ +&6 6*I?'50)&750&6 -5 &6(/-&7&6 65- :50M&7&6 & %$052 G '&0)(0 7$ $6)$

'*-)5@ $+ '05%$65 7$ )0&-6<(6(,- $6 6(<(+&0 &+ 7$ W.1HG3 <$7(&-)$ *-& M ?N1.X

6$ %5-;($0)$ %&7& 6T<I5+5 $- $+ 75<(-(5 7$ +& :0$%*$-%(& XM $- *- 6T<I5+5 $- $+

75<(-(5 7$+ )($<'5 &+ K*$ '56)$0(50<$-)$ 6$ +$ &S&7$ *- '0$UJ5 %T%+(%52 L& +5-/()*7

7$ $6)$ '0$UJ5 7$I$ 6$0 <&A50 K*$ +& 0$6'*$6)& &+ (<'*+65 7$+ %&-&+ '&0& $;()&0 +&

(-)$0:$0$-%(& (-)$06(<I,+(%& C6-2'*8.09!$ 6-2'*:'*'-"'@ NYND2



 !"#$%&'(#"%)* +,-

Time

NC-DFT Mapping M-IDFT CP
x XNc

Time

sCP(t)s(t)

Frequency

XM

 !" #$!%&'(&)$ *+,-./0

Time

 NC-IDFT
De-

Mapping
M-DFTCP

YNc

Time

rCP(t) r(t)

Frequency

YM
FDE

~
XNc
~

x

 1" 234356)$ *+,-./0

.%/'0! 1234 567'!8#6 9! &0#*68%6:0 ; 0!"!$&:0 $#0# <=>.1?@

5* !6&# 9%6!0&#"%)*A 6! #6'8! '*# "#*#( 6!(!"&%B: !* C0!"'!*"%# D#E#/#8%>µA

$#0# !( "'#( !( 8)9'(: 9! (:6 "#8%*:6 7'! ":8$:*!* (#6 0!6$'!6&# #( %8$'(6: |h(n)|A
n = 1, . . . , L − 1A 6! 8:9!(#* ":8: B#0%#F(!6 #(!#&:0%#6 D#E#/#8%>µ %2%292 "';#

C'*"%)* 9! 9!*6%9#9 9! $0:F#F%(%9#9 B%!*! 9#9# $:0

f|h(n)|(x) =
2

Γ (µn)

(
µn

Ωn

)µn

x2µn−1e−
x2µn
Ωn x ∈ R y x ≥ 0,  !"#"$"$%

&'(&) *+,+ )- n./012' 3+21(' µn > 1/2 )0 )- *+,42)5,' 67) &)5),21(+ )- &)08+()3.

121)(5' 9 Ωn -+ *'5)(31+" : -' -+,;' &) )05+ 5)010< 0) +072) 7( *),=- &) 1(5)(01&+&

27-513+21(' )>*'()(31+- 3'( 7(+ 5+0+ &) &)3+121)(5' δ  Ωn = Ωte
−δn

% 9 )- 2102'

?+35', &) &)08+()3121)(5' µt *+,+ 5'&'0 -'0 3+21('0"

@( )- ,)3)*5',  0)) A1;" !"BC% 0) +072) 67)< ;,+31+0 + 7(+ )0512+31D( *),?)35+ &)-

3+(+- 9 + 67) )- 0105)2+ )054 01(3,'(1E+&'< 0) )815+( 1(5),?),)(31+0 )(5,) 707+,1'0"

F,+0 07*,121, -+ *+,5) 3',,)0*'(&1)(5) +- *,)=G' 3H3-13'< )- 0H2C'-' )( )- &'21(1'

&)- 51)2*' )0 3'(8),51&' 2)&1+(5) 7(+ M .!AF )( 7( 0H2C'-' )( )- &'21(1' &) -+



 !" #$%&'()*+&%(,-

./$%*$-%(& YM0 1$ &'+(%& $-)2-%$3 +& 4&)/(5 LH
'&/& /$&+(6&/ $+ 7$4&'$2 8 +&3 Nc

3*9:'2/)&72/&3 &3(;-&7&3 YNc
$- $+ /$%$')2/ '*$7$- $5'/$3&/3$ %242

YNc
= LHHMLFx+ LH

ηM , <=0>0 0?@

72-7$ ηM $3 $+ A$%)2/ 7$ /*(72 %*8&3 $-)/&7&3 32- A&/(&9+$3 &+$&)2/(&3 ;&*33(&-&3

%24'+$B&3 CN (0, N0) (0(070 8 +& /$3'*$3)& $- ./$%*$-%(& 7$+ %&-&+ '&/& %&7& 3*9:

'2/)&72/& $3)C /$'/$3$-)&7& '2/ +& 4&)/(5 7(&;2-&+ HM 7$ )&4&D2 M ×M %*823

$+$4$-)23 32- A&/(&9+$3 &+$&)2/(&3 %24'+$B&3 8 %(/%*+&/4$-)$ 3(4E)/(%&3 FG&-; "HI0

J+ 4,7*+2 7$ +& /$3'*$3)& $- ./$%*$-%(& '*$7$ &'/25(4&/3$ %2- *-& 7(3)/(9*%(,-

K&L&;&4(:µ %2- '&/C4$)/23 µ 8 ΩM 7(%N23 '&/C4$)/23 32- $- ;$-$/&+ 7(.$/$-)$3 7$

&O*$++23 7$ 3*3 N24,+2;23 $- $+ 724(-(2 7$+ )($4'2 FK&L&;&4( !PI0 Q&/& *- %&-&+

'+&-2 µ = µtR 4($-)/&3 O*$ 3( µt ≥ 1 $-)2-%$3 1 ≤ µ < µtR 8 3( 1/2 ≤ µt < 1

$-)2-%$3 1 > µ > µt FG&-; "HI0 S*-O*$ 3$ N& 7$423)/&72 O*$ $3)& &'/25(4&%(,-

)($-$ +(4()&%(2-$3 '&/& %&-&+$3 %2- 723 %&4(-23 F=* "TIR 3$ '*$7$ %2-3(7$/&/ AC+(7&

'&/& %&323 4C3 ;$-$/&+$3 8 $3 *-& 3*'23(%(,- N&9()*&+ FU&-; "VI0 Q&/& *- %&-&+

%2- 7$3A&-$%(4($-)2 #&8+$(;N <$3 7$%(/R %2- µ = 1@R +& &'/25(4&%(,- $3 $5&%)& '&/&

%*&+O*($/ A&+2/ 7$ L0

W& $5'/$3(,- '&/& $+ 3X492+2 /$%*'$/&72 $- $+ 724(-(2 7$ +& ./$%*$-%(& )/&3 +&

$%*&+(6&%(,- Y=J X̃Nc
/$3*+)&

X̃Nc
= WYNc

= WHFx+WLH
ηM , <=0>0 0H@

72-7$ H = LHHML $3 *-& 4&)/(5 7(&;2-&+ 7$ )&4&D2 Nc × Nc %*823 $+$4$-)23

-2 -*+23 h = diag(H) 32- +&3 /$3'*$3)&3 $- ./$%*$-%(& 7$+ %&-&+ '&/& %&7& *-&

7$ +&3 3*9:'2/)&72/&3 &3(;-&7&3 8 η = LH
ηM $3 *- A$%)2/ %2- +23 A&+2/$3 7$ /*(72

%24'+$B2 %2//$3'2-7($-)$30 W23 $+$4$-)23 7$ h 3$ &3*4$ O*$ 32- A&/(&9+$3 &+$&)2/(&3

%24'+$B&3 (0(070M )&+ &3*-%(,- $3 AC+(7& 3($4'/$ O*$ +& 3$'&/&%(,- $-)/$ 3*9:'2/)&72/&3

&3(;-&7&3 7$ 4&-$/& %2-3$%*)(A& 3$& 4&82/ O*$ $+ &-%N2 7$ 9&-7& 7$ %2N$/$-%(&

7$+ %&-&+ %2- 7$3A&-$%(4($-)23 %2-3(7$/&720

W& 4&)/(5 7$ $%*&+(6&%(,- W )($-$ )&4&D2 Nc × Nc 8 3$ 7$Z-$ '&/& [Y:Y=J



 !"#$%&'(#"%)* +,+

"-.-

WZF = (HHH)−1HH , /0121+123

.%!*&4#5 6'! $#4# 7789:;09 4!5'(&#

WMMSE =

(
N0

ES

I+HHH

)−1
HH , /0121+1,3

<-*<! ES = N0 5-* (# $-&!*"%# <! 5!>#( = <! 4'%<- 4!5$!"&%?#.!*&!1

@4!?%#.!*&! # (# !&#$# <! <!&!""%)*A 5! 4!#(%B# '*# $4!"-<%C"#"%)* %*?!45# .!:

<%#*&! '*# Nc:D0;E1 0! !5&! .-<-A $#4# F;:;09A !( 5G.H-(- !"'#(%B#<- 5! $'!<!

!I$4!5#4 !* !( <-.%*%- <!( &%!.$- "-.-

x̃ = FH
︸︷︷︸

 !"#$%&'( )'*"!+$

(HHH)−1HH

︸ ︷︷ ︸
,-.

HFx+ FH
︸︷︷︸

 !"#$%&'( )'*"!+$

(HHH)−1HH

︸ ︷︷ ︸
,-.

η, /0121+1J3

.%!*&4#5 6'! $#4# 7789 4!5'(&#

x̃ = FH
︸︷︷︸

 !"#$%&'( )'*"!+$

(
N0

ES

I+HHH

)−1
HH

︸ ︷︷ ︸
,-.

HFx+ FH
︸︷︷︸

 !"#$%&'( )'*"!+$

(
N0

ES

I+HHH

)−1
HH

︸ ︷︷ ︸
,-.

η.

/0121+1K3

@#4# 7789:;09A (# !I$4!5%)* $#4# !( k:L5%.- 5G.H-(- 4!"%H%<- ?%!*! <#<# $-4

x̃k = xk +
Nc∑

j=1

F ∗j,k
hj

ηj = xk +
Nc∑

j=1

η̂j,k = xk + η̃k /0121+1M3

<-*<! η̂j,k =
F ∗j,kηj

hj

1

@'!<! -H5!4?#45! 6'!A &4#5 (# !"'#(%B#"%)* F;:;09A "#<# 5G.H-(- 4!"%H%<- !5 !(

4!5'(&#<- <! #>#<%4 '* &L4.%*- <! 4'%<- !N!"&%?- η̃k #( 5G.H-(- &4#*5.%&%<- -4%O%:

*#(.!*&! /!61 /0121+1M331 @-4 &#*&-A "'#*<- 5! #$(%"# F;:;09A !( 4'%<- !N!"&%?-

!5 (# 5'.# <! &L4.%*-5 <! 4'%<- !(!.!*&#(!5 η̂j,k /4'%<- .!P-4#<-3 $#4# "#<# 5'H:

$-4&#<-4# #5%O*#<#A 5%!*<- "#<# '*- <! !5-5 &L4.%*-5 !(!.!*&#(!5 !6'%?#(!*&! #(

4'%<- .!P-4#<- !* Q;07 "'#*<- 5! #$(%"# F;:;091



 !" #$%&'()*+&%(,-

.&/& 001234526 +& $7'/$8(,- $- $+ 9:;(-(: 9$+ )($;': '&/& $+ k3<8(;: 8=;>:+:

/$%(>(9: )/&8 +& $%*&+(?&%(,- /$8*+)&

x̃k = xkTk,k +
Nc∑

l 6=k

l=1

xlTk,l +
Nc∑

j=1

F ∗j,kh
∗
j

|hj|2 +N0/ES

ηj @5ABA ACD

9:-9$ +:8 $+$;$-):8 9$ T = FHWMMSEHF '*$9$- $7'/$8&/8$ %:;:

Tk,l =
1

Nc

Nc∑

j=1

F ∗k,jFl,j |hj|2

|hj|2 +N0/ES

. @5ABA A ED

F& '/(-%('&+ 9(G$/$-%(& $-)/$ $8)& $7'/$8(,- H @5ABA AID /&9(%& $- J*$ '&/& 00123

452 $7(8)$6 &9$;K8 9$ *- )</;(-: %://$8':-9($-)$ &+ /*(9:6 *-& %:;':-$-)$ 9$

(-)$/G$/$-%(& 9$>(9: & +:8 :)/:8 8=;>:+:8A L9$;K86 $+ 8=;>:+: /$%(>(9: )/&8 452 8$

M$ &)$-*&9: ':/ $+ )</;(-: Tk,kA N*&-9: +& /$8'*$8)& $- G/$%*$-%(& 9$+ %&-&+ $8 )&+

J*$

σ2
η

σ2
s
≪ |hj|26 $+ )</;(-: 9$ (-)$/G$/$-%(& 9$8&'&/$%$ H $+ 9$ /*(9: $8 (O*&+ &+ %:/3

/$8':-9($-)$ & @5ABA AIDA P/&8 %:;'$-8&/ $+ 8=;>:+: /$%(>(9:6 8$ :>)($-$ $+ 8=;>:+:

)/&-8;()(9: %:-)&;(-&9: ':/ +:8 )</;(-:8 %://$8':-9($-)$8 &+ /*(9: $J*(M&+$-)$ η̃k

H & +& (-)$/G$/$-%(& δk

x̂k = xk + T−1k,k

Nc∑

l 6=k

l=1

xlTk,l

︸ ︷︷ ︸
 !"#$%#$#!&'( )%#&"'*(

+ T−1k,k

Nc∑

j=1

F ∗j,kh
∗
j

|hj|2 +N0/ES

ηj

︸ ︷︷ ︸
+,'-. )%#&"'*.

= xk + δk + η̃k = xk + ξk,

@5ABA A  D

9:-9$ $+ )</;(-: ξk /$%:O$ +:8 $G$%):8 9$+ /*(9: H +& (-)$/G$/$-%(& J*$ 8:- (-Q$/$-)$3

;$-)$ (-9$'$-9($-)$8 RS(8&/ ETUA

 !"!# $%&%'()&*+%'*,- .)/ &0*.1 )2)'(*31 4%&% 5676 8

L-)$8 8$ 9$;:8)/, J*$ $+ /*(9: $G$%)(M: )/&8 V43452 $8 $+ /$8*+)&9: 9$ +& 8*;&

9$ M&/(:8 )</;(-:8 9$ /*(9: $+$;$-)&+6 %&9& *-: 9$ $++:8 $8 *-& M&/(&>+$ &+$&):/(&

%:;'+$W& J*$ 8(O*$ *-& 9(8)/(>*%(,- .$&/8:- )(': XYYA 2- +& 8$%%(,- ZABA 6 8$ :>)*M:

+& 8(O*($-)$ $7'/$8(,- '&/& %&+%*+&/ +& .54 9$ +& 8*;& 9$ M&/(&>+$8 .$&/8:- )H'$



 !"#$%&'(#"%)* +,-

.// %*0!$!*0%!*&!1

fη̃r (x) =
1

2π

∫ ∞

−∞

(
σµ|ω|µ

21−µ/2Γ(µ)
µµ/2Kµ

(
σ
√
2µ|ω|

))Nc

e−jωxdω. 2345464+67

8#9# Nc = 2 !1 $:1%;(! 9!1:(<!9 (# %*&!=9#( 2345464+67 > :;&!*!9 (# 1%='%!*&! !?$9!1%)*

#*#(@&%"#

pη̃r (x) =
2−2µ−

1
2Γ

(
µ+ 1

2

)
Γ
(
2µ+ 1

2

)

σΓ(µ)2Γ(µ+ 1)

√
1

µ
2F1

(
µ+

1

2
, 2µ+

1

2
;µ+ 1;− x21

8µσ2

)
,

2345464+-7

0:*0! 2F1( ) !1 (# A'*"%)* B%$!9=!:CD&9%"# =#'11%#* 2":*1'(&#9 +,4+4+ %* EF;9#C:G%&H I5J74

K#C;%D* !1 $:1%;(! "#("'(#9 (# L3M !* !1&! "#1:

Fη̃r(x) =
1

2
+

xΓ
(
µ+ 1

2

)
Γ
(
2µ+ 1

2

)√
1
µ

22µ+
1
2σΓ(µ)2Γ(µ+ 1)

3F2

(
1

2
, µ+

1

2
, 2µ+

1

2
;
3

2
, µ+ 1;

−x21

8µσ2

)
,

2345464+57

0:*0! 3F2( ) !1 '*# $#9&%"'(#9%H#"%)* 0! (# A'*"%)* =!:CD&9%"# =!*!9#(%H#0# pFq

E3##(B'%1 +NJ4

F'*O'! *: 1!# $:1%;(! :;&!*!9 '*# !?$9!1%)* #*#(@&%"# 0! Fη̃r(x) $#9# Nc ≥ 2P

!1 $:1%;(! #$(%"#9 (# A)9C'(# 0!( &!:9!C# 0! %*<!91%)* $9:$'!1&# $:9 Q%(R8!(S!H 2<!9

1!"%)* -46457 $#9# !<#('#9 0%"B# 0%1&9%;'"%)* ":C:

Fη̃r(x) =
1

2
+

1

2π

∫ ∞

0

eixωΨη̃r(−ω)− e−ixωΨη̃r(ω)

iω
dω 2345464+,7

0:*0! Ψη̃r(ω) ":99!1$:*0! # (# LTM 0!U*%0# !* !O4 234-464+,74

V* !( "#1: $#9&%"'(#9 0! '* "#*#( ":* 0!1<#*!"%C%!*&:  #>(!%=BP !1 $:1%;(! $#9R

&%"'(#9%H#9 (# !?$9!1%)* #*&!9%:9 '1#*0: (# LTM ":99!1$:*0%!*&! # (# 0%1&9%;'"%)*

W&'0!*& & 234-464X7Y (# !?$9!1%)* 9!1'(&#*&! !1

fη̃r (η̃) =
1

2π

∫ ∞

−∞
(σ|ω|K1(σ|ω|))Nce−jωη̃dω. 2345464+I7

V* =!*!9#(P (# !<#('#"%)* 0! (# !O4 2345464+I7 9!O'%!9! %*&!=9#"%)* *'CD9%"#4 W%*

!C;#9=:P !1 $:1%;(! '1#9 (:1 9!1'(&#0:1 9!":=%0:1 !* !( #$D*0%"! Z $#9# :;&!*!9 !(



 !" #$%&'()*+&%(,-

.(/*($-)$ 0$.*+)&12 &-&+3)(%2 '&0& .* $4&+*&%(,- %2- Nc = 2

fη̃r (η̃) =
3π

16
√
2σ

2F1

(
3

2
,
5

2
; 2;− x2

2σ2

)
. 567"787 9:

;$ 2<)($-$ $-)2-%$. *-& 1(.)0(<*%(,- 1$ =$>0$-.?@(.>$0 54$0 .$%%(,- A7"7 : B*$ )($-$

)&C<(D- C$1(& %$02 E 4&0(&-F& (-G-()&7 H&C<(D- $. '2.(<+$ 2<)$-$0 +& .(/*($-)$

$I'0$.(,- '&0& +& J6@ %200$.'2-1($-)$

Fη̃r(x) =
1

2
+

3πx

16
√
2σ

2F1

(
1

2
,
5

2
, 2,− x2

2σ2

)
. 567"787 K:

J2-4($-$ 0$.$L&0 B*$M &*-B*$ $+ 0*(12 $N$%)(42 )0&. &'+(%&0 O@?@6P $. *-& .*C&

1$ 4&0(&<+$. &+$&)20(&. (-1$'$-1($-)$.M -2 N*$ '2.(<+$ &'+(%&0 $+ JQH 5%2-.*+)&0 .$%?

%(,- A7!7 :7 P.)2 $. 1$<(12 & B*$ %&-&+ %2- 1$.4&-$%(C($-)2. #&E+$(/> 5R&S&/&C(?µ

%2- µ = 1: $+ 0*(12 .(/*$ *-& 1(.)0(<*%(,- ;)*1$-) ) B*$ -2 )($-$ 4&0(&-F& G-()&7

;$ 0$%*00(, $-)2-%$. &+ TJQH7 U&0& $++2 .$ $.)*1(, +& %2+& 1$ +& 1(.)0(<*%(,- '&0&

1$)$0C(-&0 .* $I'2-$-)$ 1$ 1$%&(C($-)2 %2C2

fη̂r(x) =
1

2

σ2

(σ2 + x2)3/2
≃ A|x|−(3) |x| → ∞, 567"787 V:

U20 )&-)2M $+ $I'2-$-)$ %&0&%)$03.)(%2 0$.*+)& α = 27 P- +& .$%%(,- A7!78 .$ $I'+(%,

%2C2 '&0& α < 2M +& 1(.)0(<*%(,- 1$ +& .*C& $-)0& $- $+ 12C(-(2 1$ &)0&%%(,- 1$ +&.

+$E$. $.)&<+$.7 ;(- $C<&0/2M -2 $. '2.(<+$ 1$)$0C(-&0 $+ 12C(-(2 1$ &)0&%%(,- '&0&

$+ %&.2 %2-.(1$0&12 5α = 2:7

 !"!# $%&%'()&*+%'*,- .) /0*.1 ) 2-()&3)&)-'*% 4%&%

556789 7

U&0& WW;P?@6P $+ .3C<2+2 0$%*'$0&12 &-)$. 1$ +& $)&'& 1$ 1$)$%%(,- 4($-$ 1&12

'20

x̂ = x+ δ + η̃ = x+ ξ, 567"7A78X:

12-1$ +2. $N$%)2. 1$+ 0*(12 η̃ E 1$ +& (-)$0N$0$-%(& δ .$ $-%*$-)0&- 0$%2/(12. $- $+

)D0C(-2 1$ 0*(12 $N$%)(42 ξ7



 !"#$%&'(#"%)* +,,

-# .!*/%.#. .! $012#2%(%.#. .!( 0'%.1 "1*.%"%1*#.# # (# 0!/$'!/&# !* 30!"'!*"%#
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