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Abstract

Next generation of wireless mobile systems will allow the provision of advanced
multimedia services with ubiquitous access thanks to the higher data rates offered.
However, it is necessary for the transmission technologies to be able to cope with
problems deriving from high-data-rate transmissions over wireless channels that are
limited in bandwidth and power.

Hitherto, Orthogonal Frequency-Division Multiplexing (OFDM) has been the
more widely used technique due to its robustness against frequency selective fad-
ing channels. However, it suffers from a high Peak-to-Average Power Ratio (PAPR)
which may be particularly troublesome in uplink transmissions because of the costly
high-power linear amplifiers that are needed in user terminals. These features are in-
herited by Orthogonal Frequency-Division Multiple Access (OFDMA), the multiple
access technique based on OFDM.

Single Carrier Frequency-Division Multiple Access (SC-FDMA) has become an
alternative to these techniques since, due to its low PAPR, it was chosen as the
uplink multiple access scheme in 3rd Generation Partnership Project Long Term
Evolution (3GPP LTE). This technique can be described as a version of OFDMA
in which pre-coding and inverse pre-coding stages are added at the transmitter and
receiver ends respectively. The reduction of PAPR in the uplink transmission results
in a relaxation on the constraints regarding power efficiency in user terminals and,
hence, in lower manufacturing costs.

This dissertation is aimed to provide a mathematical analysis of the performance

for a SC-FDMA system over a fading channels in terms of Bit Error Rate (BER) and

x1



spectral efficiency. With this purpose, we first introduce the considered technologies
and the mathematical grounds necessary to perform the aforementioned analysis.

Then, we undertake the analysis of the BER for OFDM and SC-FDMA based
on characterizing the enhanced complex noise in the detection stage after linear
equalization in the frequency domain. For the considered fading channels (namely,
Rayleigh, Rice and Nakagami-y) this noise is shown to have circular symmetry. We
show how, in this case and under the assumption of independent bit-mapping, it is
possible to derive BER expressions based on the marginal characteristic function of
the enhanced noise. The core of the dissertation is based on the performance anal-
ysis for Nakagami-y channels in terms of BER. In order to validate obtained BER
closed-form expressions through simulations, we particularize them for Rayleigh fad-
ing channels (i.e., Nakagami-p with p = 1) and compare the analytical results to
simulations values. Later, more realistic channel models, based on I'TU and 3GPP
specifications, are used to check the suitability of the provided expression to approx-
imate actual BER values.

The final contribution is based on the study of spectral efficiency for SC-FDMA
after ZF and MMSE frequency equalization. As before, closed-form expressions are
derived for an ideal scenario and validated through simulations. Their suitability to

approximate spectral values for more realistic scenarios is also evaluated.



Resumen

Gracias a la alta velocidad de transmision que ofertaran, los sistemas de comunica-
ciones moviles e inalambricas de la proxima generacion facilitaran la provision de
servicios multimedia avanzados de manera ubicua. No obstante, es necesario que las
tecnologias de transmision empleadas sean capaces de resolver los problemas deriva-
dos de la transmision de altas tasas de datos sobre canales limitados en ancho de
banda y potencia.

Hasta el momento, OFDM ( Orthogonal Frequency-Division Multiplezing) ha sido
la técnica de transmision més empleada debido a su robustez frente a canales con
desvanecimientos selectivos en frecuencia. Sin embargo, sufre de una alta tasa de
potencia pico a potencia media (Peak-to-Average Power Ratio, PAPR), una carac-
teristica no deseable para la transmisién en el enlace ascendente ya que son nece-
sarios amplificadores de potencia lineales en los terminales de usuario con lo que se
incrementa el coste de estos tultimos. Esta problematica también aparece cuando se
combina esta tecnologia con acceso miltiple en OFDMA (Orthogonal Frequency-
Division Multiple Access).

Recientemente SC-FDMA (Single Carrier Frequency-Division Multiple Access)
se ha convertido en una atractiva alternativa a OFDMA debido a su baja PAPR.
Esta caracteristica ha hecho que fuera elegida para su implantacién en el enlace
ascendente en la especificacion Long Term Evolution (LTE) del 3rd Generation
Partnership Project (3GPP). Podemos describir esta técnica como una version de
OFDMA en la que una etapa de precodificacion y precodificacién inversa se anaden
respectivamente al transmisor y al receptor. La reduccién de la PAPR en la trans-

mision en el enlace ascendente se traduce en una relajacion en las restricciones en
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cuanto a eficiencia de potencia en los terminales de usuario y, por tanto, en una
reduccion en los costes de fabricacion de los mismos.

El objetivo de esta tesis es realizar un analisis matematico de las prestaciones
de SC-FDMA en términos de tasa de error de bit (Bit Error Rate, BER) y efi-
ciencia espectral cuando se emplea esta tecnologia para transmitir sobre un canal
con desvanecimiento selectivo en frecuencia. Con tal propoésito, se realiza primero
una revision de las tecnologias consideradas para después presentar los fundamentos
matematicos necesarios para realizar el mencionado anélisis.

A continuacién se lleva a cabo el analisis de la BER para OFDM y SC-FDMA
tomando como punto de partida el estudio del ruido complejo, mejorado por el
empleo de ecualizaciéon lineal en el dominio de la frecuencia, a la entrada del de-
tector. Para los canales con desvancimientos considerados (esto es, Rayleigh, Rice
y Nakagami-y) se demuestra que este ruido es circularmente simétrico. Ademas,
para dicho caso y asumiendo mapeo independiente de los bits, es posible derivar
expresiones para la BER a partir de la funcion caracteristica correspondiente a
la densidad de probabilidad marginal del ruido complejo mejorado. EI niicleo de
esta disertacion es el andlisis de las prestaciones para la transmision sobre canales
Nakagami-p en términos de BER. Para validar las expresiones cerradas obtenidas, es-
tas han sido particularizadas para un canal Rayleigh (canal Nakagami-p con = 1)y
se han comparado los resultados analiticos resultantes de su evaluacién con aquellos
obtenidos mediante simulaciones. A continuacién, se ha comprobado la adecuacién
de las expresiones cerradas para aproximar valores reales de BER obtenidos para
modelos de canales realistas definidos por la ITU (International Telecommunications
Union) y el 3GPP.

La contribucién final se basa en el estudio de la eficiencia espectral para SC-
FDMA cuando se aplica ecualizacion lineal en frecuencia (ZF o MMSE). De nuevo se
obtienen primero expresiones cerradas para un escenario ideal para luego validarlas
mediante simulaciones. Su validez a la hora de aproximar valores de eficiencia

espectral para escenarios realistas es también evaluada.



CHAPTER 1

Introduction

1.1 Motivation and Contributions

With each generation of wireless mobile systems, higher data rates are aimed in order
to provide advanced multimedia services with ubiquitous access. Thus, modern
broadband mobile technologies must cope with problems deriving from high-data-
rate transmissions over wireless channels that are limited in bandwidth and power.
Hitherto, the most popular multi-carrier communication technique used to overcome
these limitations is the Orthogonal Frequency-Division Multiplexing (OFDM) due to
its robustness against frequency selective fading channels. However, it suffers from a
high Peak-to-Average Power Ratio (PAPR) which may be particularly troublesome
in uplink transmissions as costly high-power linear amplifiers are needed in user
terminals. These features are inherited by Orthogonal Frequency-Division Multiple

Access (OFDMA), the multiple access technique based on OFDM,

Single Carrier Frequency-Division Multiple Access (SC-FDMA) has become an
alternative to these techniques since, due to its low PAPR, it was chosen as the uplink
multiple access scheme in 3rd Generation Partnership Project Long Term Evolution
(3GPP LTE) |3GPP 08|. This technique is based on the use of Single-Carrier mod-
ulation with Frequency-Domain Equalization (SC-FDE) [Pancaldi 08] and it can be

1
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described as a version of OFDMA in which pre-coding and inverse pre-coding stages
are added at the transmitter and receiver ends respectively. The reduction of PAPR
in the uplink transmission results in a relaxation on the constraints regarding power

efficiency in user terminals and, hence, in lower manufacturing costs.

This thesis is aimed to provide a mathematical analysis of the performance for
a SC-FDMA system over fading channels in terms of Bit Error Rate (BER) and
spectral efficiency. The obtained results will be, first, validated through simulations
and, then, compared to those obtained with OFDMA. These comparisons will allow
us to determine the difference in performance between OFDM and SC-FDMA.

1.2 Related Publications

Some of the contributions listed were partially published as follows:

e J. J. Sanchez-Sanchez, U. Fernandez-Plazaola, and M. C. Aguayo-Torres,
IB2Com 2010. Extended Best Papers. River, 2011, ch. BER Analysis for
SC-FDMA and OFDM in Nakagami-m Fading Channels (Work in progress).

e J. J. Sanchez-Sanchez, M. C. Aguayo-Torres, and U. Fernandez-Plazaola,
"BER Analysis for Zero-Forcing SC-FDMA over Nakagami-m Fading Chan-

nels", IEEE Transactions on Vehicular Technology (Under review).

e J. J. Sanchez-Sanchez, C. Castillo-Vazquez, M. C. Aguayo-Torres, and U.
Fernéandez-Plazaola, "Application of Student t and Behrens-Fisher Distribu-
tions to the Analysis of Enhanced Noise after ZF-FDE", IET Communications

(Under review).

e J. J. Sanchez-Sanchez, U. Fernéndez-Plazaola, and M. C. Aguayo-Torres,
"BER analysis for OFDM with ZF-FDE in Nakagami-m fading channels",
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Proceedings of the Fifth International Conference on Broadband and Biomed-

ical Communications (IB2Com), 2010.

e J. J. Sanchez-Sanchez, M. C. Aguayo-Torres, and U. Fernandez-Plazaola,
"Analysis of SC-FDMA Spectral Efficiency over Rayleigh Fading Channels",
in Workshop on Broadband Single Carrier and Frequency Domain Communi-

cations at IEEE GLOBECOM 2010, 2010.

e J. J. Sdnchez-Sanchez, U. Fernandez-Plazaola and M.C. Aguayo-Torres, "Sum
of Ratios of Complex Gaussian RVs and its application to a simple OFDM
Relay Network", Proceedings of the 71st Vehicular Technology Conference
VTC 2010-Spring.

e J. J. Sdnchez-Sanchez, U. Fernandez-Plazaola, M.C. Aguayo-Torres and J.T.
Entrambasaguas, "On the Bivariate Pearson type VII and its application to the
BER analysis for SC-EFDMA", Proceedings of 2nd International Symposium on
Applied Sciences in Biomedical and Communication Technologies, Bratislava,

Slovak Republic.

e Juan J. Sanchez-Sanchez, Unai Fernandez Plazaola, M.C. Aguayo-Torres, and
J.T. Entrambasaguas, "Closed-form BER expression for interleaved SC-FDMA
with M-QAM", Proceedings of the 70th Vehicular Technology Conference
VTC 2009-Fall.

e J. J. Sanchez-Sanchez, D. Morales, Gerardo Gomez, U. Fernandez Plazaola,
E. Martos-Naya, J. T. Entrambasaguas, "WM-SIM: A Platform for Design
and Simulation of Wireless Mobile Systems", Proceedings of the Second ACM
Workshop on Performance Monitoring and Measurement of Heterogeneous

Wireless and Wired Networks. Chania, Crete Island, Greece, October 2007.

e J. J. Sanchez, D. Morales-Jiménez, G. Gémez, J. T. Entrambasaguas, "Physi-
cal Layer Performance of Long Term Evolution Cellular Technology", Proceed-

ings of the 16th IST Mobile and Wireless Communications Summit, Budapest
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(Hungary), July 2007.

1.3 Outline of the Dissertation

The following is the outline of the remainder of the thesis.

In Chapter 2 we describe OFDM multi-carrier modulation technique and com-
pare it with SC-FDE. Then we extend the comparison to the multiple access schemes

derived from them, that is, OFDMA and SC-FDMA respectively.

In Chapter 3 we introduce the fundamentals of probability theory paying special
attention to those concepts that will be intensively applied through this dissertation.
The purpose of this chapter is to serve as a reference for the analyses performed in

the following chapters.

Chapter 4 is devoted to study the statistical distribution of the enhanced noise
after frequency domain equalization in an OFDM system. We first characterize
the wireless mobile communications channel for different fast fading distributions
and then we find the probability density function of the resulting noise term after

zero-forcing equalization.

The analysis of SC-FDMA BER performance is carried out in Chapter 5, first, for
ideal zero-forcing equalization, and then, for the more realistic MMSE equalization.
These analyses are extended in Chapter 6 where we investigate the performance of

SC-FDMA when adaptive modulation is applied.

In the last chapter, we present a brief summary of this dissertation and comment

the main conclusions derived from our research.



CHAPTER 2

Overview of OFDMA and SC-FDMA

2.1 Introduction

Multi-carrier transmission techniques |Prasad 03| are used in modern wireless mo-
bile systems to provide virtually error-free high bit rates. In order to achieve this
purpose, the use of Multi-Carrier Modulation (MCM) has became a popular option.
MCM is based on the idea of dividing the transmitted data stream into several sym-
bol streams, with a much lower symbol rate, which are used to modulate several
sub-carriers [Hara 03]. MCM presents a relative immunity to multipath fading and
has a lesser susceptibility to interference caused by impulse noise than that pre-
sented by single-carrier systems. Additionally, it demonstrates enhanced immunity
to interference. Thanks to those features, MCM became a key component of several
standards (i.e., Digital Video Broadcast - Terrestrial (DVB-T), or IEEE 802.11x
and [EEE 802.16x series) [Fazel 03].

The most prominent example of MCM transmission is OFDM. In this technique,
a large number of orthogonal sub-carriers are used to transmit information from
several parallel streams modulated with a digital modulation scheme [Nee 00]. If
these data streams belong to different terminals or users, OFDM becomes OFDMA

in which different data signals are transmitted through a common physical media

D
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that is divided into frequency resources units. Both OFDM and OFDMA suffer
from power distortion that may be particularly troublesome in uplink transmissions

where excessive complexity in user terminal is an issue.

With the purpose of overcoming that limitation in 3GPP LTE [3GPP 08|, SC-
FDMA was chosen as the uplink multiple access scheme due to its lower power

distortion [Myung 08].

2.2 Orthogonal Frequency-Division Multiplexing

The origins of OFDM can be dated back to 1966 when it was first proposed as a
patent by Bell Labs [Chang 66]. Later, in 1971, Weinstein and Eckbert proposed
in [Weinstein 71| the use of the Discrete Fourier transform (DFT) for its implemen-
tation. However, the first description of the use of OFDM for a wireless system
came even later, in 1985, with Cimini’s work |Cimini 85|. Thanks to the advances
in the field of digital signal processing and the efficient implementation of DFT by
Fast Fourier Transform (FFT) algorithms, OFDM has become the most widely used

alternative system for broadband communications, both wired and wireless.

In OFDM, the available bandwidth is divided into sub-carriers that are orthog-
onal in the sense that the peak of one sub-carrier coincides with the nulls of the
other sub-carriers, thereby avoiding the use of frequency guard bands and increas-
ing spectral efficiency. OFDM multiplexes the data on these orthogonal sub-carriers
and transmits them in parallel. This allows dividing the high-speed digital signal to
be transmitted into several slower signals that are sent in parallel through separated

narrower frequency bands.

The block diagram for an OFDM system (transmitter and receiver) is depicted
in Fig. 2.1. The sequence of bits to be transmitted is mapped into a sequence of

complex symbols according to the modulation scheme used, typically Quadrature
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Amplitude Modulation (QAM) or Phase Shift Keying (PSK). These complex sym-
bols are allocated in orthogonal sub-carriers and transformed by means of M-IDFT
that produces an OFDM symbol in the time domain. A Cyclic Prefix (CP) of length
greater than the channel response, is added as a guard period, to reduce the temporal
dispersion and to eliminate the Inter-Symbolic Interference (ISI) [van de Beek 02].
Additionally, the prefix also helps to preserve the orthogonality among sub-carriers,
thereby avoiding Inter-Carrier Interference (ICI) as well. The addition of the cyclic
prefix also transforms the time domain convolution between the OFDM symbols
and the channel response in a circular convolution. In the frequency domain, this
circular convolution becomes a point-wise multiplication between the complex sym-
bol allocated in each sub-carrier and the corresponding channel frequency response.
Thereby, it is possible to perform the equalization in the frequency domain. The
main advantage of OFDM is its behavior against bad channel conditions, such as
the fading caused by multi-path propagation, without using complex equalization
filters. Normally, as the bandwidth of the transmitted signal is less than the coher-
ence bandwidth, the channel response in each carrier can be considered flat. Thus,
the channel can be modeled as a set of narrowband fading channels, one for each
single sub-carrier [Nee 00]. Besides, thanks to its inherent immunity to multipath
effects, OFDM provides multipath and interference tolerance in non-Line Of Sight
(non-LOS) conditions.

X
-

Figure 2.1: Transmitter and receiver for OFDM
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2.3 Orthogonal Frequency Division Multiple Access

OFDMA is an OFDM-based multiple access scheme |Nee 00| that was first proposed
for the return channel in Community Antenna Television (CATV) [Sari 96]. In
OFDMA all the available sub-carriers are grouped into different sub-channels that
are assigned to distinct users. It takes advantage of the orthogonality among sub-
carriers to avoid interference between users, thereby achieving greater flexibility and
efficiency in the allocation of system resources |Lawrey 97|. Each sub-channel may
be compounded of adjacent localized sub-carriers (Localized FDMA, LFDMA) or by
sub-carriers distributed across the total bandwidth (Distributed FDMA, DFDMA).
A particular case of DFDMA is Interleaved FDMA (IFDMA) in which the sub-

carriers are equally spaced over the entire system bandwidth.

In Fig. 2.2 four users are multiplexed following the localized scheme, thereby the

entire system bandwidth is divided into four different sub-bands.

[ user 1
O user2
[J users
[ user4

Power Density

Frequency

!

Figure 2.2: User allocation example in OFDMA (LFDMA)

Due to the fact that it combines scalability, multi-path robustness, and Multiple-
Input Multiple-Output (MIMO) compatibility [Nee 00|, OFDMA has been adopted
in 802.16 (WiMAX) standards [IEEE 09] and in the Long Term Evolution (LTE)
for the Universal Mobile Telecommunications System (UMTS) [3GPP 08| specifi-
cations. However, the OFDMA (and OFDM) waveform exhibits very pronounced
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envelope fluctuations, resulting in a high PAPR [Myung 07]. Because of this draw-
back, OFDMA requires expensive linear power amplifiers, which in turn increases

the cost of the terminal and reduces its autonomy, as the battery drains faster.

2.4 Single Carrier with Frequency Domain Equal-
ization

Traditionally, for single carrier transmissions, equalization is performed in the time
domain provided the channel impulse response in time domain is not too long. For
broadband multipath channels, this condition is not fulfilled and subsequently, con-
ventional time domain equalizers are impractical due to the high computational cost
they imply. In this case, SC-FDE technique is used to fight the frequency-selective
fading channel. It outperforms the conventional Time-Domain Equalization (TDE)
as the former exhibits a lower complexity that grows with the number of symbols
of dispersion. Thus, FDE is an effective technique for high-data-rate wireless com-

munications systems suffering from very long ISI [Falconer 02].

Although the first study of the use of equalization in the frequency domain dates
from 1973 [Walzman 73|, the realization about the potential of this technique came
after it was proposed as a low-complexity solution to digital terrestrial broadcasting
[Sari 95]. The importance of this study lays on the fact that the striking similarities
between the implementation of an OFDM system and that of a single carrier system

with a FDE were first pointed out there |Pancaldi 08].

A SC-FDE system shares some common elements with OFDM as depicted in Fig.
2.3. These similarities allow the coexistence of SC-FDE and OFDM modems, that
is, an equipment may be able to operate with any of these transmission techniques.
In an SC-FDE system, information bits are grouped and mapped into a complex
symbol belonging to a given complex constellation. The sequence of modulated

symbols is divided into data blocks and transmitted sequentially. Each of those
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Figure 2.3: Transmitter and receiver for SC-FDE

data blocks is cyclically extended with a copy of the last part of the block (i.e.,
a CP), which is transmitted as a guard interval. The insertion of the CP has
similar advantages to those already described in OFDM. First, if the length of
the CP is longer than the length of the channel impulse response, then, Inter-Block
Interference (IBI) due to multipath propagation is avoided. Second, the transmitted
data propagating through the channel can be modeled as a circular convolution
between the channel impulse response and the transmitted data block. This becomes
a point-wise multiplication of the DFT samples in the frequency domain. Thus,
channel distortion can be removed dividing the DFT of the received signal by the
DFT of the channel impulse [Myung 06]. This frequency domain equalization is
performed at the receiver after transforming the received signal to the frequency
domain by applying a DFT. After the equalization, an IDFT transforms the single
carrier signal back to the time domain. Unlike OFDM, where a separate detector
is employed for each subcarrier, a single detector recovers the original modulation
symbols in this case. In the overall, SC-FDE performance is similar to that of
OFDM with essentially the same complexity, even for long channel delay. However,

there are several advantages when it is compared to OFDM [Myung 07|:

e it is less sensitive to nonlinear distortion and hence, it allows the use of low-cost

power amplifiers |Falconer 02|,

e it offers a greater robustness against spectral nulls and,
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e it is less sensitive to carrier frequency offset.

On the other hand, its main disadvantage with respect to OFDM is that neither
channel-adaptive subcarrier bit nor power loading are possible with this transmission

technique.

2.5 Single Carrier Frequency Division Multiple Ac-
cess

SC-FDMA is an extension of SC-FDE that allows multiple access with a complexity
similar to that of OFDMA. Both technologies use almost the same transceiver blocks,
being the DFT pre-coding and inverse pre-coding stages, which are added in SC-
FDMA at transmitter and receiver ends, the main difference between them (see Fig.
2.4). Thanks to those blocks, SC-FDMA has better capabilities in terms of envelope
fluctuations of the transmitted signal and, therefore, its PAPR is lower (up to 2 dB)
than in OFDMA [Myung 07]. That leads to greater efficiency in power consumption,
a desirable feature in user equipments. In addition, SC-FDMA complexity focuses
on the receiver-end, hence, it is an appropriate technology for uplink transmission
since complexity at the base station is not an issue. Due to these features, SC-FDMA
was chosen as the medium access technique for 3GPP LTE uplink |3GPP 08|. Note
that the DFT operation in SC-FDMA spreads the energy of one sub-carrier over
all allocated sub-carriers before the IFFT, which means that spectral nulls in the
channel are reduced with averaging |Ergen 09]. After computing the DFT of the
input data, the result is either distributed over the entire bandwidth (DFDMA)
or placed in consecutive sub-carriers (LFDMA). In both cases, unoccupied carriers
are set to zero. When the sub-carriers are equally spaced over the entire system
bandwidth, it is called interleaved mode (IFDMA) [Myung 08|. Regardless of the
manner in which the sub-carriers are mapped, the result is a sequence X; (I =

0,1,2, M —1) of M complex amplitudes that is transformed by means of an M-IDFT
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(a) SC-FDMA Transmitter
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(b) SC-FDMA Receiver

Figure 2.4: SC-FDMA transmitter and receiver schemes

to a signal in the time domain which is transmitted sequentially. As in SC-FDE, a
cyclic prefix is also added as a guard interval between blocks to avoid IBI caused by

multi-path propagation and to make possible frequency domain equalization.

In Fig. 2.5 four users are multiplexed following the localized scheme, thereby
the entire system bandwidth is used by the users in different instants. Note that, in
OFDMA, each data symbol modulates a single sub-carrier whereas in SC-FDMA it
modulates the whole allocated wideband carrier. Thus, the modulated symbols are
transmitted sequentially over air and the final transmitted signal is a single carrier
one unlike OFDMA where the final signal is compounded of the superposition of the
allocated sub-carriers. Both techniques transmit the same amount of data symbols
in the same time period using the same bandwidth. However SC-FDMA symbols
are transmitted sequentially over a single carrier as opposed to the parallel trans-
mission of OFDM/OFDMA over multiple carriers. Also, the users are orthogonally
multiplexed and de-multiplexed in the frequency domain, which gives SC-FDMA



Overview of OFDMA and SC-FDMA 13

the aspect of FDMA [Myung 08].

A Time
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a [] user3
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Figure 2.5: User allocation example in SC-FDMA (LFDMA)

2.6 Conclusions

In this chapter we introduce SC-FDMA, a multiple access technique that utilizes
single carrier modulation, orthogonal frequency multiplexing, and frequency domain
equalization. This promising technology was chosen for the uplink of new generation
wireless communication systems. SC-FDMA was adopted because it simplifies the
transmitter in the handsets and reduces the power consumption with lower PAPR
feature. Those advantages come with the price of more complexity than OFDMA
in the receiver structure. This drawback is not an issue since the receiver is in the
base station, which does not have power or complexity limits [Ergen 09]. Because
of its merits, SC-FDMA has been chosen as the uplink multiple access scheme in

3GPP LTE and is under consideration for LTE Advanced [Myung 08].
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CHAPTER 3

Fundamentals of Random Variables

3.1 Introduction

In this chapter we present some basic concepts related to probability theory. It is
not our intention to make a rigorous compilation but to revise the concepts that we

use throughout the following chapters.

First, we briefly introduce the fundamentals of probability theory starting with
the set of axioms on which this theory is founded and the concepts of probability
density and distribution functions. Then, we pay special attention to the definition
of the characteristic function which is intimately related to the inversion theorem.
The transformation of random variables is addressed next including the calculation
of the density function for some specific transformations to be used along this thesis
(e.g., the ratio of two random variables). We provide several examples of these

transformations that will be used in the following chapters.

We devote section 3.3 to the Gaussian distribution and some other related distri-
butions such as the Rayleigh, Rice or Nakagami-u. All of them depend on underlying
Gaussian random variables. We also present, in section 3.4, two distribution families

that have proven themselves as suitable candidates to model physical phenomena

15
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for which observed data exhibit tails decay following a power law that cannot be
modeled by the classical Gaussian distributions. These families are the elliptical

and stable families of distributions.

This chapter concludes with the central limit theorem, which is closely related to
the concept of characteristic function and the sum of independent random variables.
First, the central limit theorem is defined for the sum of independent random vari-
ables with finite variance. Then, we address a generalization of this theorem that
deals with those cases in which the variance diverges and that is connected with the

definition of stable distributions.

3.2 Probability Theory Overview

Probability is the branch of mathematics that studies phenomena whose outcomes
are not deterministic but rather subject to chance. There are several competing
interpretations of the actual meaning of probabilities. The more conventional inter-
pretation is held by frequentists that view probability simply as a measure of the
frequency of outcomes. Bayesians treat probability more subjectively, as a statisti-
cal procedure which endeavors to estimate parameters of an underlying distribution

based on the observed distribution [Weisstein 99].

The work described in this thesis and the results presented here are based on
probability theory, which is historically motivated by the frequency interpretation
of probability. Probability theory provides a framework based on a formal set of
three axioms and the consequences thereof. Its roots can be found in the attempt
to analyze the equitable division of stakes in games of chance that Blaise Pascal and

Pierre de Fermat made through correspondence in 1654 [Seneta 06].

The first major treatise blending calculus with probability theory was Théorie
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Analytique des Probabilités, written by Laplace in 1812. Initially, probability the-
ory mainly considered discrete events, and its methods were mainly combinatorial.
Eventually, analytical considerations compelled the incorporation of continuous vari-
ables into the theory. This culminated in modern probability theory whose founda-
tions were laid by Kolmogorov with his axiom system for probability theory in 1933.
There, he combined the notion of sample space, introduced by Richard von Mises,
and measure theory. Fairly quickly, this became the undisputed axiomatic basis for
modern probability theory |Heyde 06a]. The measure-theoretic formulation of these

axioms is shown below.
Definition 3.1. Let the sample space (i.e., the set of all possible events) be 0 and
let ' be the Borel o-field of subsets of €2 such that
o Ac F implies that A € F and
o A, e F,1<1i< oo, implies that | J;2, A; € F,
that is, F' is a non-empty collection of subsets of Q (including §2 itself ) that is closed

under complementation and countable unions of its members. Then, the probability
P is a set function on F' satisfying the following axioms:

1. P(A)>0VAE€F,

2. if A€ F, 1 <i<ooand A;(NA; =0,i# 4, then P (U2, Ai) = Y ooy As,

and the triplet (2, F, P) is a probability space.

A n-dimensional function X(w) = {X;(w), X2(w),..., X, (w)} defined on the
probability space (2, F,P) ¥V w € Q is called a random variable if the set {w :
X(w) < x} belongs to F for every x = {z1,x9,...,2,} € R" [Heyde 06a]. Random
variables are categorized as discrete or continuous random variables depending on
whether their sample spaces are countable or continuous. In this thesis we deal with

continuous random variables unless stated otherwise.



18 Fundamentals of Random Variables

3.2.1 Cumulative Distribution and Probability Density Func-
tions

Given a random variable X, there exists an associated distribution function Fx(s)
that uniquely specifies the probability measure which X induces on the real line.
This Cumulative Distribution Function (CDF) is denoted by Fx(x) and determines

the probability of the event {X < z} where z is a real number, that is,
Fx(z)=P(X <z) zeR. (3.2.1)

The function Fy(x) is nondecreasing, right continuous, and has at most a countable
set of points of discontinuity [Heyde 06a]. The derivative of Fx(z), if it exists, is
called the Probability Density Function (PDF) of the random variable X and it is
denoted fx(x) [Proakis 00], that is,

fx(z) Iz

z,t €R. (3.2.2)

Equivalently, the CDF can be calculated as the cumulative value (integral for a
continuous distribution or sum for a discrete distribution) of the PDF. In a more

formal way

Fx(z)=P(X <zx)= / fx(@t)dt . teR. (3.2.3)

The PDF of a continuous random variable X is a properly normalized function
fx(z) that assigns a probability density to each possible outcome within some in-
terval. Hence, the probability of a random variable falling within an interval can be
calculated as the integral of the PDF in this interval, that is,

Pla<z<b)— / fe(@)de = Fy(b) — Fx(a) ceR. (3.2.4)

Note that, by definition, fx(z) > 0 and

/ fx(@)dz=1 zeR. (3.2.5)
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These definitions can be extended to multiple random variables. For a set of random
variables X; i = 1,2,...,n, the corresponding joint CDF is defined |Proakis 00| as

Fx, xp..x, (1,29, ..., x,) = P(Xy <21, Xy <9,..., X, <z,) =

] X2

/leXz, (s toy o ) dbydty . dE,

—0o0 —00

{x,,tz} eR Yie=1,2,...,n, (326)

where fx, x,...x, (%1, T2, ...,2,) is the joint PDF. Equivalently,

5nFX17X2,...,Xn (xlv xQ; R xn)

ER Vi=1,2,...,
6171,81‘2,...,837” . ! "

Ix1.Xa,.. Xn(l"l, L2y .- 7-7571) =
(3.2.7)
For a given random variable x; it is possible to compute the marginal distribution

[x;(z;) from the joint density as follows

LL'] / / / le’X27 W Xn tl,tg, L. ,tn)dtldtQ R dtn {mz,tz} eR Vi 7£ ]

—00 —O0

Given the occurrence of the value z; of Xj, the conditional probability density
function of the set of random variables X; with ¢ # j can be expressed as

le Xo,..., Xn($1,$2> cee 7:1771)

fx; (%)

X1, X0, X0 (1’1, T2, .. xn/x])

(3.2.8)

3.2.2 Moments of Random Variables

The moments of a random variable play an important role in its characterization
as they describe the nature of its distribution. Formally, the moments of a random

variable X are defined as follows.

Definition 3.2. Let X be a random variable with distribution Fx(x). If the expected
value of X*,

E[X"] = / o fx(r)dr k=1,2,... reR (3.2.9)

erists, it is called the k-th moment of X.



20 Fundamentals of Random Variables

Thus, the first moment, expected value or mean of a random variable X is defined

as
o)

mx = E[X] = / xfx(x)dx r €R, (3.2.10)

—00
and it is used to define the central moments of X as

E[(X —mx)*] = /(:Jc—mx)kfx(x)dx k=1,2,... z eR. (3.2.11)
When k£ = 2, the central moment is called the variance of the random variable
and provides a measure of its dispersion. It is usually denoted as o% and can be

calculated as

oo

ox =E[(X —mx)? = /(x —mx)? fx(z)dx r €R. (3.2.12)

3.2.3 Moment-Generating and Characteristic Function

One of Laplace’s greatest contributions for probability theory was the recognition
of the mathematical power of transforms |Heyde 06a]. However, it was probably
Cauchy the first to apply a name to the functions, using the French term fonction
auziliaire. The term characteristic function (originally fonction caractéristique also
in French) was first used by Poincaré in his work Calcul des probabilités in 1912.
Curiously enough, Poincaré applied this term to what is today called the moment-
generating function [David 95|. Ten years later, Lévy, in his Sur la determination des
lois de probabilité par leurs fonctions caractéristique, substituted Poincaré’s charac-
teristic function for the Fourier transform of the distribution function as we know
it nowadays [Dugué 06]. The reason behind its name laid on the fact that, once it
is known, it is possible to determined the distribution function as the probability
distribution of a random variable, that is, fx(z) is completely defined by its char-
acteristic function W(w). Both moment-generating and characteristic functions can

be defined in a more formal way as follows.
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Definition 3.3. If X is a random variable and s is a parameter, real or complex,
the function of s defined by

Mx (s) = Elexp(sX)] = / fx(z)e®™dx x €R and s € C, (3.2.13)

—0o0

is called the Moment-Generating Function (MGF) for X. If s = jw, where j is the
imaginary unit, the function Vx(w) defined as

Uy(w) = Mx(yw) = Elexp(jwX)] = / fx(x)e’*dx z,w € R. (3.2.14)
is called the Characteristic Function (CHF) for X.

As stated before, both functions are closely related to integral transforms: the
integral in (3.2.13) corresponds to the Laplace transform of fx(x) whereas (3.2.14)

corresponds to its Fourier transform.

Note that, although it always converges for s = 0 as Mx(0) = 1, the integral
(3.2.13) may diverge for some values of s. Thus, the MGF can be used only for a
narrow class of nonnegative integer-valued random variables for which the integral
(3.2.13) always converges. On the contrary, the integral (3.2.14) always converges

at least for all real values of w provided fx(x) is a valid PDF. That is,

/fX(x)e]“’“"d:U < /|fX(x)ej°””]dx:/fX(x)dle r,we R, (3.2.15)

Hence, the corresponding characteristic function always exists when treated as a
function of a real-valued argument even though the moment-generating function

may not exist |Feller 71].

3.2.4 Inversion Theorem in Probabilistic Theory

There is a one-to-one correspondence between characteristic functions and density

functions, thereby is possible to obtain one from the other by applying the transform
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pair constituted by the Fourier transform and the inverse Fourier transform. The
density function fx(x) of a random variable X can be calculated from its charac-
teristic function ¥y (w) as

fx(x) i/\I’X(w)e_wcfiw z,w € R. (3.2.16)

:27r

Despite it is always possible to obtain the characteristic function from the density
distribution, its converse is not always true'. That is, if f is Lebesgue-integrable its
Fourier transform is not necessarily Lebesgue-integrable too; it may be only condi-
tionally integrable rather than Lebesgue-integrable, i.e., the integral of its absolute

value may be infinite.

Lévy in his work Calcul des probabilités (1925) presented the most famous in-
version formula, that is,
1 T ewa _ 67](017

Its practical use is limited to some special cases unless the random variable of interest
is always strictly positive. In this thesis, we use an alternative version of the inversion

theorem formula provided by Gil-Pelaez |Gil-Pelaez 51| that yields

11 [Py (—w) —e ™0
Fx(z)=-+ — (W) e x(@) dw  z€R (3.2.18)
2 2m ) Jw

With this expression, it is possible to evaluate directly the CDF of a given distri-
bution once its CHF is known. Several examples of the application of this formula

can be found throughout the following chapters.

3.2.5 Transformations of Random Variables

In many practical cases, we are interested in the probability distributions or densities

of functions of one or more random variables. That is, we have a set of random

IStable distributions are a notable example of this as we show in section 3.4.2.
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variables, X, Xs,..., X,, with a known joint probability and/or density function

and we need to know the distribution of some function of these random variables.

The calculation of this distribution can be performed through the change of
variable theorem of multivariate calculus. Probabilities in the continuous case are
integrals, and an integral can be evaluated by changing the variables to a new set of
coordinates and using the corresponding Jacobian term |[DasGupta 10|. This idea

can be expressed formally an the Multivariate Jacobian Formula which follows.

Let X = (X, Xs,...,X,,) have the joint density function f(z1,zs,...,z,),
such that there is an open set S C R* with P(X € S) = 1. Suppose u; =

gi(x1, 29, ..., x,), 1 <i < n aren real-valued functions of x1,zs, ..., x, such that:

o (r1,x9,...,x,) = (g1(z1, 29, ..., ), .., gn(T1, T2, ..., 2,)) is one-to-one func-
tion of (z1,z9,...,2,) on S to U = (uy,us,...,u,) on T'C R" with P(U €
T)=1

e the inverse functions x; = h;(uy,us,...,u,), 1 < ¢ < n are continuously

differentiable on 7" with respect to each u;; and

e the Jacobian determinant

Oxy Oz ., Ozy
8u1 81/,2 8”71
Oz Oz . Oz
J=| 0 0w Jun (3.2.19)
Ozn  Ozn ., Ozn
ou1 Ouso Oun

1S non-zero.

Then the joint density of Uy, Us, ..., U, is given by

Jorva, 0, (0) = [(ha(u), ho(u), ... () |T]

where |J| denotes the absolute value of the Jacobian determinant J, u = uy, ug, ..., uy,

and the notation f on the right-hand side means the original joint density of

X1, Xo, .0, X,
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The specific choice of the transformation is dictated by the concrete problem
to be solved. In the following chapters this theorem will be applied, in its uni and

bi-dimensional versions, to compute the distributions of some new random variables.

Products and Ratios of Random Variables

The product distribution is a probability distribution constructed as the distribution
of the product of random variables which have known distributions. In a similar
fashion, the ratio or quotient distribution is the distribution of the ratio of random
variables which have known distributions. Translated into densities, they can be

defined as follows.

Let X and Y be continuous random variables with a joint density fxy(z,y).

Let U = XY and V = X/Y. Then the densities of U and V are given by

Jo(u) = /_OO fxy (a: %) I%Idx’ (3.2.20)
and
flo) = / Fxr oy 9)lyldy, (3.2.21)

Note that in both cases we first apply the transformation and then calculate the

marginal distribution.

The ratio distribution appears in some basic problem in statistics and has at-
tracted the interest of several researchers. For those cases in which the pair (X,Y)
is a standard bivariate normal the problem is fairly easy to solve. Thus, the results
are well known [Hayya 75| and have applications in applied statistics and operations
research [Pham-Gia 06]. However, the general case is a more complex problem as
can been seen in [Cedilnik 06]. Fortunately, for the analyses carried out in this the-
sis, the problem, although it is not trivial, is tractable. The Cauchy and the Student

t distributions presented in section 3.4.1 are examples of ratio distributions.
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Others Transformations of Random Variables

In this subsection we provide expressions to compute the densities of some other

transformations of random variables that we use later.

Proposition 3.2.1. Let X be a continuous, real and non-negative random variable
with a density fx(x). Let Z = X2. Then the density of Z is given by

1
= — 3.2.22
) = £ (V) 5 e (3:2.22)
where Z is real and non-negative. If X € (—o0,00) then
1
fz(2) = fx (V=) 7 (3.2.23)

where Z s also real and non-negative.

Proposition 3.2.2. Let X be a continuous, real and non-negative random variable
with a density fx(x). Let Z =/ X. Then, the density of Z is given by

f2(2) = fx (%) 2z, (3.2.24)
where Z s real and non-negative.

Proposition 3.2.3. Let X be a continuous random variable with a density fx(x).
Let Z = X~Y. Then the density of Z is given by

fz(2) = fx (l> E (3.2.25)

z ) 22

Proposition 3.2.4. Let X and Y be continuous random wvariables with a joint
density fxy(x,y). Let Z =X +Y. Then the density of Z is given by

fz(2) = / fxy(z,z—z)de = / fxy(z—y,y)dy. (3.2.26)
If X and Y are independent random variables, then

F2(2) = fxla) * fy(y) = / " (o) (2 — o)de = / e )y )y, (3:2.27)

where x 1s the convolution operation.

The convolution in eq. (3.2.27) can be extended to a n-dimensional integral for

the sum of n independent random variables as follows:
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Theorem 3.1. Let X = (X3, Xy, ..., X,,) be a vector of independent random vari-

n

ables. Then, the density function of their sum Z = E X is the convolution of their
J=1

individual densities and is given by

fZ(Z) = fx, (3?1) * fX2(3U2) - 'an(l'n). (3.2.28)
The corresponding expression for the CHF of Z yields

Uy (w) = H Uy, (w), (3.2.29)

that, in the case the vartables are also identically distributed, can be reduced to

Uy (w) = (Uy(w))". (3.2.30)

3.3 Gaussian and Related Distributions

The Gaussian or normal distribution was introduced by De Moivre in 1733 to ap-
proximate certain binomial distributions for large values of the parameter n, in the
context of computing probabilities of winning in various games of chance |Read 06].
Laplace, in 1812, derived a more formal and general statement of this result and an
early form of the central limit theorem. Gauss, in 1809, also obtained the normal
law studying the distribution of errors in astronomical observations | Eisenhart 06].
Since then, it has been applied to many fields as physics or astronomy where random

variables with unknown distributions are often assumed to be Gaussian.

The expression of the probability distribution of a Gaussian random variable

yields

N o) = — exp(—M> z €R, (3.3.1)

2mo? 20?2

where g is the mean and o2 the variance; for u = 0 and 02 = 1 it is denoted as

standard normal.

Expression (3.3.1) can be extended to higher dimensions as

1

P60~

exp(—%(x —p)'E(x - u,)), x € R". (3.3.2)
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The n-multivariate distribution with mean vector g and covariance matrix 3 is

denoted N (p, X).

For multivariate independent Gaussian random variables, it is possible to define
its envelope or amplitude distributions as the norm of the corresponding vector. In
this case, the elements of the vector are the underlying Gaussian random variables
of the amplitude. In a similar fashion, the power distribution can be defined as the
square of the amplitude and, therefore, they share the same underlying Gaussian
random variables. Along the next subsections, we introduce several envelope and
power distributions that will be used in the following chapters to analyze the effects

of frequency-domain equalization upon the received signal.

3.3.1 Rayleigh Distribution

The Rayleigh distribution is a particular case of an amplitude distribution that
arises when studying the magnitude of a complex number whose real and imaginary

parts both follow a zero-mean Gaussian distribution.

Definition 3.4. Let X; and X5 be two Gaussian random variables with zero mean
and variance o* and let Rpqy be the amplitude random variable defined as

Rpay = \/ X2 + X2. (3.3.3)

Then the amplitude random wvariable Rpq, follows a Rayleigh distribution and its
density can be expressed as

z2
fRRay(ﬁ) = %6_272 rze€Randz > 0. (3.3.4)
o

The parameter o is related to the width of the density function but it cannot
be interpreted as the variance of the Rayleigh random variable. In fact both the

mean and the variance of Rayleigh random variable are proportional to ¢ since

E[Rpay) = /50 and var(Rpay) = (2— %) 0™

In telecommunications, this distribution arises often in the study of non-coherent
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communication systems and also in the study of land mobile communication chan-
nels, where the phenomenon known as fading is often modeled using Rayleigh ran-

dom variables.

3.3.2 Rice Distribution

The Rice distribution or Rician distribution is the probability distribution of the
absolute value of a bivariate normal random variable with potentially non-zero mean.

Definition 3.5. Let X and X5 be two Gaussian random wvariables with non-zero

means (0 and «) and variance 0%, Let Rpice be the amplitude random variable

defined as
Rpice = \/ X? + X2 (3.3.5)

Then the amplitude random variable Rgce follows a Rice distribution and its density
can be expressed as

T _o?ta? To
PRpe. (T) = —e I (;) r,a € Rande >0a >0, (3.3.6)
where I,(x) is the modified Bessel function of the first kind with order m.

The mean of a Rician random variable yields

T —a?
E[RRice] =0 EL% (W) s (337)
and its variance
var(Rpiee) = 02 + 20% — ~70?L2 o (3.3.8)
Rice 9 % 20_2 y 0.

where Ly is the generalized Laguerre orthogonal polynomial with order n = 1/2
[Abramowitz 64]. This polynomial can be expressed also as a sum of Bessel function,

that is,

@

2
o? € 402 9 a? 9 9 o?

This distribution is often used to model propagation paths consisting of one strong

direct LOS component and many random weaker components |[Simon 05|. Note that

for o = 0 the expression (3.3.6) becomes the PDF of a Rayleigh random variable.
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3.3.3 Nakagami-u distribution

The Nakagami-pu distribution [Nakagami 58| is the probability distribution of the
absolute value of a 2u-dimensional normal random variable with zero mean and
variance ).

Definition 3.6. Let X be a centered 2u-dimensional Gaussian random vector with

zero mean and variance ). Let Ryaka be the amplitude magnitude defined as the
norm of X, that s,

Rivata = [X|| = /X7 + X3 + ... + X3, (3.3.10)

Then, it is said that Ryaka 1S a Nakagami-p random variable and its distribution
yields

2 MNP 9,1 22w
FRyora (T :—(—> e x € Randx > 0, 3.3.11
o) = 725 (5 (33.11)

where the parameter j determines the shape whereas €2 controls the spread.

The parameter €2 is the second order moment that can be calculated as
Q= Bl = [ o fryu (o) 3:3.12)

Its mean and variance are

B Ry = M\/% (3.3.13)

and

2
T (n+3)
var(R =Q—uQ | ——2- 3.3.14
( Naka) H <F(H+ 1) ( )

Note that this distribution includes Rayleigh distribution as a particular case
(0 = 1) and it approximates Rice distribution when g — oco. In communications
systems it is used, for instance, to describe the amplitude of the received signal after

maximum ratio diversity combining.
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3.3.4 Chi-Square Distribution

The chi-square distribution with £ degrees of freedom is the distribution of a sum
of the squares of k£ independent standard normal random variables. Thus, it can be

also described as a square Nakagami-y distribution for which u = k/2.

Definition 3.7. Let X = X1, Xs, ..., X}, be a k-dimensional Gaussian random vec-
tor with zero-mean and unitary variance (i.e., standard normal). Let x* be the
square of the amplitude random variable defined as

=XP+ X5+ X (3.3.15)
Then x? is a chi-square random variable and its density function yields
k .
fre(z) =T (5) 2 5 Gga! r€Randz > 0. (3.3.16)

In a chi-square distribution the mean and the variance depend on the number of

underlying standard normal random variables £, that is,

and

var(x?) = 2k.

The power distribution of an OFDM signal transmitted over a Rayleigh fading
channel distribution follows a chi-square distribution with two degrees of freedom

[Nee 00].

3.3.5 Inverse-Chi-Square Distribution

Although the inverse-chi-square distribution is not an amplitude distribution, it
is closely related to the chi-square distribution defined above and we deal with it

through the following chapters.

Definition 3.8. Let x be a random wvariable with a chi-square probability density.

Then, the density corresponding to its multiplicative inverse (reciprocal) x 2 calcu-
lated with (3.2.25) yields

k 1
fy—2(x) =T (5) 2 v mgr ! reRandx >0 (3.3.17)
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Figure 3.1: Distribution Families

and it is known as an inverse chi-square distribution.

1
Note that this distribution has no mean if k < 2 since E[y ?] = Pt In a
1
similar fashion, if k < 4, it has no variance either as var(xy ?) = e

3.4 Non-Gaussian Distributions

The use of the normal distribution can be theoretically justified in situations where
many small effects are added together into a variable that can be observed. However,
there exist distributions of observed data in nature that exhibit tails decay following
a power law that cannot be modeled by the classical Gaussian distribution. In many
of these cases, elliptical and stable distributions can be useful for modeling this
kind of data because they contain long-tailed and short-tailed distributions (relative
to the normal). It must be noted that the Gaussian distribution is a particular
case belonging to both families. Furthermore, elliptical distributions generalize the
normal law, so they possess many properties parallel to those of this well known
distribution. Many traditional methods in statistical data analysis can be directly

applied to an elliptical population |Fang 06].
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3.4.1 Elliptical Contoured Distributions

Elliptical Contoured Distributions (ECDs) may be seen as a natural generalization
of the multivariate Gaussian that allows heavier tails as well as asymptotic tail
dependence [Tsanakas 04|. The elliptical family includes, among others, Gaussian,
Cauchy, logistic, Kotz and Pearson type Il and type VII distributions. This family
of distributions is closely related to the stable laws [Reiss 07| and it contains the
subclass of elliptically contoured stable distributions which also includes known dis-
tributions, such as the multivariate normal and Cauchy distributions. The relations

between theses classes of distributions appear depicted in Fig. 3.1.

The first formal introduction of elliptical distributions is traditionally attributed
to Kelker [Kelker 70| although they appeared before in modern engineering literature
(e.g., in information theory |McGraw 68]). In |Cambanis 81| they received a first
systematic treatment although the most comprehensive and cited study on them
can be found in [Fang 90b|. Interested reader can consult the early review and
bibliography provided by [Chmielewski 81|. To complete the historical perspective,
the introduction sections in |Tsanakas 04|, |Balakrishnan 09| and [Fang 06| are also
recommended. Lastly, Johnson [Johnson 87, Ch.6| provides thorough studies of

those distributions.

In the remainder of this sub-section, we present the different definitions and
properties of these distributions. We specifically describe the Pearson VII family
and some related distributions that are used through the following chapters. We
conclude this sub-section with a brief summary of some applications of these distri-
butions in different fields. Elliptical distributions are a generalization of the family

of spherically symmetric distributions whose definition follows.

Definition 3.9. An n x 1 random vector X is said to have a spherically symmetric
distribution (or simply a spherical distribution) if there exists a function ¢ of a scalar
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variable such that
U(t) = o(t"t), (3.4.1)

where W is the characteristic function of x. We write x ~ S, (¢) and the function ¢
will be called the characteristic generator of the spherical distribution.

From the above definition, the characteristic function of a vector with a spherical
distribution is constant on spheres and, as a natural consequence, the contours of
equal value of its probability density function, provided it exists, have a spherical
shape. Hence, these distributions are named spherical distributions. In the case
of bidimensional spherical distributions, the term circular symmetry is used. For-
mally, a complex random variable Z is said to be circular if it is rotation invariant
[Ollila 08|, that is, if it preserves its probability distribution when it is multiplied

by €’* for any given « |Picinbono 94].

In the same way in which multivariate normal distribution A (u, X) is an exten-
sion of the standard multinormal distribution N(0,1,), elliptical distributions are
obtained applying affine transformations to vectors that follow spherical distribu-

tions as is stated in the following definition.

Definition 3.10. An n X 1 random vector x has an elliptically symmetric distribu-
tion (an elliptically contoured distribution or simply an elliptical distribution) with
parameters p(n x 1) and X(n x n) if

x="pu+ ATy, (3.4.2)

where = means equal in distribution, y ~ Sp(¢) and AT :n x k, ATA = ¥ with
rank(X) = k.

We write x ~ EC,(p, X, ¢). Taking into account the properties of the charac-
teristic function, the following assertion can be easily verified.
Definition 3.11. If x ~ EC,(u, X, ¢) with rank(X) = k, then the characteristic

function of X is
U(6) e = Ble” ] = eap(it” pn)o(t7 St). (3.4.3)
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A random vector x ~ EC,(u, X, ¢), in general does not necessary possess a

density. But, if it exists (i.e., rank(3%) = n), it must be of the form

063 = rsyiion (0= )" 27 (x = ). (3.4.4)

where ¢, (x) is a non-negative function, called density generator, such that

o

/x"/z_lgn(a:)d:z: < 00. (3.4.5)
0

and ¢, is a corresponding normalizing constant
I'(n/2)

(2m)n/2 [ an/21g, (z)dx
0

Cp = (3.4.6)

In that case notation EC,(u, X, g,,) is used instead of EC,(u, X, ¢).

Either the corresponding density generator g,(z) or the CHF for some of those

distributions appears in Table 3.1 where
T s—1
u=x—p) T (x—p). (3.4.7)

Note that the square root of u is called the generating variable of the distribution and
it is very important to simplify most of the calculations involving these distributions

to a one-dimensional integral.

Equation (3.4.7) defines the contours of constant density for this family of distri-
butions as ellipsoids which leads to the name elliptically contoured distributions (see
examples in Figs. 3.2e and 3.2f). When n = 1, the class of elliptical distributions
coincides with the class of one-dimensional symmetric distributions. Note that if
the components of a random vector following an elliptical distribution are uncor-
related, then the distribution becomes spherical. Moreover, these components are
independent only if, in addition of being uncorrelated, they are normally distributed

as appears in Fig. 3.2d.

ECDs have many interesting properties. For instance, all marginal distributions

of an elliptical distributed random vector are elliptical and have the same generator;
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Table 3.1: Some sub-classes of n-dimensional ECDs

Sub-class Density generator g,(u) or CHF W(t)
Kotz gn(w) =u™ texp (—ru®) r,s>0,2p+n>2
Multinormal gn(u) = exp(—u/2)
Pearson VII gn(u) =1 +u/s)™ m>n/2,s>0
Student t gn(t) = (1 +u/s)"" ™2 1 > 0 an integer
Cauchy gn(u) = (14 u/s)~ T2 s> 0
Pearson 11 gn(u) =1 —=u)"",m>0
Logistic gn(u) = a _f);i;_(ﬁl)y
Laplace gn(u) = exp(—|ul)
Stable laws U(t) = exp(r(t’t)*) r>0,0<a <2
Scale Mixture U(t) = /OO tPPN (p, 0%t) f (t) dt
of Normals Wh(()are f(t) is a PDF.

all the conditional distributions are also elliptical and any linear combination of
vectors following elliptical distribution is a vector that is also included in this class
of distributions. As a particular case of this last property, the convolutions of
spherical distributions are also spherical. In a similar fashion, the ratio of spherical

random variables is also a spherical random variable |Fang 06].

Pearson type VII Distributions

The Pearson type VII family of distributions, which was originally introduced by

Pearson in |Pearson 16/, is part of the more general family of elliptical distributions.
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Figure 3.2: Circular and elliptical bivariate Laplace distributions with different cor-
relation value p

The bivariate Pearson type VII distribution is a second-order distribution whose
contours of probability densities are ellipses with constant eccentricity. The general
expression for this family of distributions assuming a correlation coefficient of p, is

given by

L'(m) a* a? (* — 2wyp + )\ "
earson ) = 1— 3.4.8

P 49) = 2y (1= 349
where a > 0 is the normalizing constant defined in (3.4.6), m > 1/2 and I'(m) is

the Euler Gamma function [Abramowitz 64].

The absolute value of the correlation coefficient p coincides with the eccentricity
value for the corresponding contour which is an ellipse. For an increasing linear
relationship or decreasing linear relationship between the variables, the contour
becomes a line with slope p =1 or p = —1. In the specific case in which variables
are uncorrelated, i.e., p = 0in eq. (3.4.8), there is no linear dependency between the

variables, the joint PDF is circularly symmetric and probability values depend only
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on the radius of the circle on which they lie [Gubner 06]. Thanks to this property,

its marginal PDFs are described by the same even function

I'(m-—1 (-1
ppearsonVII (ZL') = Mi (1 + CL2172) (m é) . (349)

Cim—1) /7

The general expression for a univariate Pearson type VII distribution presented in eq.
(3.4.9) includes Cauchy and Student t distributions as particular cases |Fang 06].
If m < 2, the distribution has no finite variance or higher order statistics and,
therefore, it does not have an MGF. Nonetheless, a general expression for its CHF

is derived in Appendix A.1

W(w) = m (’%')ml Ko (’%') (3.4.10)

where |w| is the absolute value of w and K, is the modified m-th order Bessel

function of the second kind [Bocher 92.

Student t Distributions

In this section, we focus on the multivariate Student t distribution that will also
appear in the following chapters. A random vector t = (t1,...,t,)" follows a n-
dimensional Student t distribution with a n x 1 location vector p, a n X n positive
definite scale matrix 3 and v > 0 degrees of freedom, if its joint PDF is given by

f(t) = F(g)r\ﬁg)zwz (1 + %(t — )t - u)) ) teR™. (3.4.11)

Then, it will be denoted as t ~ ¢, (u, X, v).

Note that the Student t distribution is a particular case of the multivariate

Pearson type VII distribution with m = VTH and a = % Additionally, if v = 1,

then (3.4.11) is the PDF of the n-variate Cauchy distribution.

The limiting form of (3.4.11) as ¥ — oo is the joint PDF of the n-variate normal

distribution with mean vector p and covariance matrix 3.
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As was explained in section 3.4.1, the multivariate Student t is an elliptical con-
toured distribution [Fang 90al, so its contours of equal density have an elliptical
shape (spherical if ¥ is proportional to the identity matrix). This is clearly illus-
trated in figure 3.3 which shows the PDFs and some of the contours of two bivariate

Student t distributions.

The marginal distributions of a multivariate Student t are also Student t distribu-

tions. More precisely, if t ~ ¢, (s, 3, v) and the following partitions are considered,

t M1 Y1 Yo
= ) I"l’ = ) E = )
to K2 Y1 a2
where t; is a n; X 1 vector and Xq; is a ny X ny matrix; then t; ~ t,, (g, X11,7)

and ty ~ t,_, (Mo, Do, V).

Note that if n =1, then (3.4.11) is

NCONA

T2
—~ 27 (14 —(t— 2) t e R, 3.4.12
e (1t 3.412)

ft) =
which is the expression of the PDF of a univariate Student t distribution with
location parameter j, scale parameter o2 and v degrees of freedom. It is denoted

by t ~ t(p, 0% v).

The moments of first and second order of this distribution are

v o

E(t)=p and war(t) = 50 V> 2;
V_

so, if the degrees of freedom are 2, this distribution does not possess a finite variance.
The Student t distribution has increasingly heavy tails as v decreases toward unity.
With or without moments, the PDF becomes successively less peaked around 0 as

vl

An important characterization of this type of distributions is their representa-
tions as a scale mixture of normals when the mixing distribution is the inverted-

gamma. Both the scale mixture of normals and the inverted-gamma are defined
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Figure 3.3: (a) and (b) show the PDFs for two different bivariate Student t distribu-

. 0 1 0 0 1 0.8 .
tions (( 0 ) , ( 01 ),2) and to (( 0 ) , ( 08 1 ),2), respectively. In

(c) and (d) are represented some contours of equal value of these densities
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below.

Definition 3.12. A random variable X defined on R has a scale mizture of normal
distribution if the density of X can be written in the form

fx(x) = /OOO tPPN (p, o%t) f (t) dt, (3.4.13)

where f(t) is a density funtion.

Definition 3.13. A random variable X follows an inverted-gamma distribution with
parameters a > 0 and p > 0, and will be denoted as X ~ Ga™'(a,p), if 1/X follows
a gamma distribution Ga(a,p), with shape parameter a and scale parameter p. Its
density function is

P
f(z) = %p)e_“/xx_(p“), x> 0.

Considering the above definition, if ¢ ~ t(u, 02, v), then its distribution can be

b

expressed as
£~ / N, a*\) f (A|5, 5) d. (3.4.14)
. 22
Finally, note that |Kotz 04] presents an excellent monograph on multivariate Student

t distributions in which many of the above properties are explained. The reading of

[Johnson 95] it is also recommended for the univariate case.
Behrens-Fisher distributions

The standard Behrens-Fisher distribution with degrees of freedom vq,15 > 0 and

angle ¢ € [0,7/2] is defined as
by = t18in ¢ — to cOS ¢, (3.4.15)

where ¢; and ¢y are independent random variables and t; ~ ¢(0,1,1;) for i = 1,2,

and it is denoted as by ~ Be-Fi(vy, 15, ¢) [Box 73|.

Both the following extension of this distribution to a location-scale family and
the distribution of the convolutions of two arbitrary Student t distributions appear

in [Giron 99.
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A random variable b is said to be distributed as a Behrens-Fisher distribution
with location parameter u € R, scale parameter o > 0, degrees of freedom vy, > 0
and angle ¢ € [0,7/2], and will be denoted as b ~ Be-Fi(u, 0%, vy, 15, ¢), if

h—

£ Be‘Fi<V1; vy, ¢)
o

Thus, if ¢; and ¢, are independent random variables such that t; ~ t(u;, 03, Vi), 1=

1,2, then

2fl +t2 ~ Be-Fi (ul + /~L270-% + U§7V1a V2a¢) )
where ¢ € [0,7/2] is such that tan? ¢ = 0% /03.

For the particular case that t; and ¢, are independent and identically distributed

as t(u, 0%, v), then
t1 +to ~ Be-Fi(2u, 20, v, v, 7 /4). (3.4.16)

The density function and the cumulative distribution of the Behrens-Fisher distri-
bution can not be expressed in a simple explicit form, except for the cases v; = 1o,
when these functions depend on a hypergeometric function, and for odd values of
v; and v, for which the Behrens-Fisher distribution is a finite mixture of Student
t distributions, as is established in [Giron 01]. For the rest of values of the degrees
of freedom, the PDF and the CDF of the Behrens-Fisher distribution may be com-
puted by numerical integration. The following expression, derived using (3.4.14), is

useful to obtain those numerical values.

If b ~ Be-Fi(u, 0%, v1, 5, ¢), then

[ 2 4 o2)f ()2, A v Ve
b Eé A Nﬂu+u%Amy+&qﬂfoﬂ2,2>f(&b,2)d&d&,BAJU

where f(|,) is an inverted-gamma distribution as defined in eq. (3.4.14). The gener-
alized Behrens-Fisher distribution is defined in [del Castillo 01] as the convolution of
a finite number of Student t distributions. All the above results about the Behrens-

Fisher distribution can be extended to the generalized case.
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Definition 3.14. A random vector X follows a standard generalized Behrens-Fisher

distribution with parameters ay, as, . . ., a, and degrees of freedom vy, vs, ..., v, (where
ay,as,...,a, € R, a%—i—ag—k...—i—ai =1 and vi,va,...,v, >0) if X = arty + asts +
..+ ayt, where ti,ts, ..., t, are independent random variables and t; ~ t(0,1,v;)
fori=1,2,...,p, and it is denoted as X ~ Be-Fi(ay,ay, ..., 0y, V1,Va, ..., 1p).

Y =p+o0X where p € R, 0 >0 and X ~ Be-Fi(a,ag,...,a,,11,00,...,1p),
then Y is distributed according a generalized Behrens-Fisher distribution, and it

will be denoted as Y ~ Be-Fi(p, 0%, a1, ag,...,a,,1,Va, ..., V).

It is easy to prove that if X = >~7 | ¢;, where ¢; are independent random variables

and t; ~ (u;, 02,1;) fori=1,... p, then

1 1
2 2
p P o1 o
X ~ Be — Fi ZM’ZU?’ 5 e pp N Z T V8
i=1 i=1 Zo‘i Zo’i
i=1 i=1

Finally, for numerical calculations, the expression (3.4.17) can also be extended to

a p-dimensional integral.
Sum of Independent Pearson type VII Distributions

As stated before, Pearson type VII distributions may not have a finite variance. In
such cases, as we shall explain in Section 3.5.2, it is not possible to apply the Central
Limit Theorem and the distribution of the sum cannot be assumed to tend in law
to a Gaussian distribution. However, it is still possible to calculate the CHF of
the sum of several independent random variables as the product of their respective
CHFs |Grinstead 97]; its PDF can be calculated as the inverse Fourier transform
of the resulting CHF. For a random variable v resulting from the sum of random
variables following a univariate Pearson type VII distribution the CHF expression

yields

0= [0 = (ot (4) wons (2)) s
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and the corresponding expression for the PDF may be written as

po(e) = o (m)N | <(M)m Koy (’%‘))N}mdw,

(3.4.19)

which is equivalent to the convolution of N, univariate Pearson type VII densities
and, to the best of the author’s knowledge, has no analytical solution for N, > 2.
The analytical expression corresponding to the convolution of two univariate Pearson

type VII densities is derived in Appendix B.

Applications of ECDs

Several examples of the use of elliptical distributions in engineering and economics
can be found in the literature. Since the early work by Davenport |Davenport 52|
on the probability distribution of speech signals in the time domain, the Laplace
distribution has been successfully used to model those signals [Gazor 03]. This
distribution is also suitable to model the distributions of the Discrete Cosine Trans-
form (DCT) coefficients used in image compression algorithms [Lam 00]. In the
field of patter recognition Pearson type II and type VII distributions are proposed
|Cooper 62| to model statistical information extracted from the data. The family of
elliptical distributions are shown admissible candidates for generalizing the theory
of portfolio choice and equilibrium in capital asset markets, as well as attractive al-
ternatives for use in empirical studies [Owen 83]. More recently, these distributions
have been characterized and applied to signal processing algorithms |Ollila 11| and

analysis of communication systems [Sanchez-Sanchez 09a].

3.4.2 Stable Laws

In this sub-section, we introduce the stable laws (stable distributions) and review

some of their principal properties. The stable laws were discovered by Lévy in 1919
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as a solution to an important subproblem of the central limit theorem [Lévy 24].
These distributions, as was explained with elliptical distributions, are a class of
heavy tailed distributions that can be useful for modeling physical and financial
data. Some of their physical applications are, for instance, the reflection of a rotating
mirror, the gravitational field of stars or the fluctuations in the energy loss of a
charged particle passing through a thin layer of matter which are satisfactorily
described by means of Cauchy, Holtsmark and Landau distributions respectively;
all of them belong to the stable distributions |Feller 71]. A more in depth study of
this class of distributions appears in Samorodnitsky et al. |Samorodnitsky 94| and

Nolan [Nolan 11].

Stable or a-stable distributions are fixed points (attractors) for the addition
of independent and identically distributed (i.i.d.) random variables with finite or

infinite variance [Heyde 06b].

There are several equivalent definitions of a stable distribution; three of them
are presented below.

Definition 3.15. A random wvariable X is said to have a stable distribution if for
any positive numbers A and B, there is a positive number C and a real number D
such that

AX, + BX, = CX + D, (3.4.20)

where X, and X, are independent copies of X, and where = denotes equality in
distribution®. The distribution is said to be strictly stable if this holds with D = Q.
Thus, a random variable X with a symmetric stable distribution, that is, X and —X
have the same distribution, is strictly stable.

It is possible to conclude that the stable distributions are the only distribu-
tions that can be obtained as limits of normalized sums of i.i.d. random variables
[Samorodnitsky 94| from the definition below.

Definition 3.16. A random variable X is said to have a stable distribution if it
has a domain of attraction, i.e., if there is a sequence of i.i.d. random variables

2Note that, although a degenerate random variable X concentrated at one point is always
stable, random variables with stable distribution are assumed to be non-degenerate unless stated
otherwise.



Fundamentals of Random Variables 45

Y1,Y5, ... and sequences of positive d,, and real numbers a, such that

Vi+Yo+- 4V,
dy,

an =" X. (3.4.21)

If the above holds with a, = 0 for all n, then the distribution of X is stable
in the strict sense. For every stable distribution it is possible to find d, = n'/®
for some characteristic exponent o with 0 < o < 2. Determining what random
variables are attracted to which limiting random variables with which choices of d,,,
a, constitutes the domain of attraction problem [Monrad 06]. If X is Gaussian and
each random variable Y; has a finite variance, eq. (3.4.21) becomes the ordinary
Central Limit Theorem (CLT). The Generalized Central Limit Theorem (GCLT)
introduced by Gnedenko and Kolmogorov |[Gnedenko 54| extends the latter. These

limit theorems will be addressed again in section 3.5.

Traditionally a stable distributions is defined in function of its characteristic

function.

Definition 3.17. A random wvariable X is stable if its characteristic function has
the following form

U (w) = exp (ipw — o® [w]™ [1 — iBsign (w) Q)]) w € R, (3.4.22)

where ) is given by
Q:{m”?a%l (3.4.23)

_721nw a=1

and where 0 < a <2, =1 < <1,0>0 and p € R.

The characteristic exponent « provides a measure of the thickness of the tails of
the distribution and determines the existence of mean and variance (higher moments
always diverge for those distributions). Only the Gaussian distribution (i.e., o = 2)
has a finite variance whereas any distribution with o < 2 has an infinite variance.
Similarly, distributions with o < 1 have also an infinite mean. The skewness param-
eter  is a measure of asymmetry; when 5 = 0 there is symmetry around zero and

the distribution is symmetric « stable (SaS). If distribution skewness implies that
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Figure 3.4: Examples of uni-dimensional stable distributions with known densities:
Lévy, Cauchy and Normal distributions

only positive values are possible it becomes a positive a-stable (PasS) distribution.
Equivalently, with negative a-stable (NaS) distribution possible values are always
negative. The dispersion parameter ¢ is similar to the variance of the Gaussian
distribution as it can provide an idea of how concentrated the random variable is

around its mean if they both exist, whereas p is a location parameter.

These parameters completely determine a stable distribution S, (o, 3, p); a sta-
ble distribution is characterized by its CHF as closed formulas for densities and
distribution functions only exist for a few stable laws [Monrad 06]. These are the
Gaussian distribution (a = 2), the Cauchy distribution (o = 1) and the Lévy dis-
tribution (o = 1/2). The expression of the density function for those distributions

is shown in Table 3.2 and depicted in Fig 3.4.

It is worth noting that except for the normal distribution, all stable distributions
have thick tails: the PDF is asymptotically proportional to |$|*(1+a) and the CDF

is asymptotically proportional to |z|~* as z — 0.

The stable distributions have been widely used in many different fields, such as

economics, physics, hydrology, biology or electrical engineering. For instance, the



Fundamentals of Random Variables 47

Table 3.2: Stable distributions with PDF

Distribution PDF
1 _ 2
Gaussian Nors exp (—%)

Cauchy (1+2/c)~ /2 ¢ >0
Lé c 1 —c
evy %W exXp %

use of stable laws in economic modeling is discussed in Du Mouchel [DuMouchel 75|
including Mandelbrot’s work to model distributions of income [ Mandelbrot 60]. On
the other hand, Berger and Mandelbrot used stable stochastic processes to describe

the patterns of error clustering in telephone circuits |Berger 63].

However, the most important application in signal processing and communica-
tions is impulsive noise modeling as stable distributions have been shown to suc-
cessfully model noise over certain impulsive channels. One of the early works was
|[Rappaport 66] in which Rappaport and Kurst used Cauchy distribution to represent
severe impulsive noise. In [Stuck 74] Stuck and Kleiner statistically characterized
noise in telephone lines. This work was an attempt to understand how signal pro-
cessing might be impacted if additive noise was perturbed away from a Gaussian
probability distribution towards a close stable probability distribution: i.e., having
a characteristic exponent less than two |Stuck 00]. In [Shao 93b| a stable model
developed to characterize a general class of man-made and natural impulsive noises,
including atmospheric noise, automotive ignition noise and noise observed over tele-
phone lines, was applied to the detection of known signals in additive noise. Most

of the literature related to this application is collected in [Shao 93al.

Additionally, a-stable distributions were also used to model the Radar Cross Sec-

tion (RCS) of ships as well as sea clutters examples |Pierce 96|. The characteristics
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for positive a-stable distributions and their application to model seismic activity,
ocean wave variability, and radar sea clutter modulation are presented in | Pierce 97|.
Stable distributions were also applied in the field of array signal processing to the

direction-of-arrival estimation problem first in | Tsakalides 95| and later in |Brcic 02].

3.5 Central Limit Theorems

Historically known as the law of errors through the work of Laplace and Gauss, the
term central limit theorem (CLT) is a generic name applied to any theorem giving
convergence in distribution to the normal law for a sum of an increasing number of

random variables [Heyde 06b].

De Moivre in 1718 and later Laplace in 1812 established the result for the case of
Bernoulli trials, whereas Chebyshev (1887) and Liapunov (1900 and 1901) developed
effective methods for the rigorous proof of limit theorems for sums of arbitrarily
distributed random variables. The former used the method of moments and the
latter characteristic functions. Nadarajah |Nadarajah 08| provides a review of the
known results on sums of exponential, gamma, lognormal, Rayleigh and Weibull

random variables.

In wireless communications, the sums of random variables arise naturally in
many practical applications and the CLT usually serves to characterize the resulting
random variables. However, in this work we deal with a less common situation in
which the initial assumptions of this theorem are not fulfilled (i.e., variables in the
sum have non-finite variance) and, hence, the CLT cannot be applied. In this case,
a generalized version of this theorem, which is closely related to stable distributions,

can be applied.
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3.5.1 The Central Limit Theorem

The Lindeberg-Lévy central limit theorem is the most well known of these theorems.
It refers to the convergence in distribution of a suitably standardized sum of i.i.d.
random variables with finite variance, to a normal random variable with zero mean
and unit variance |Wolfson 06]. Its formal statement is as follows.

Definition 3.18. Let x1,29,...,2, be a sequence of i.i.d. random variables with
Elzk] = p and var(zy) = o} < oo for all k. Then

n

1 x
Pr[Z(xk —p) <z — Nir /OO e P2dt Yz €R, (3.5.1)

k=1
as n — Q.

Usually, in practical applications, the central limit theorem can be applied in a
loose manner as it is possible to relax the assumptions of identical distributions and
independence. For instance, the random variables in the sum do not need to have
the same distribution and they do not need to be independent either, as long as each
random variable has only a small impact on the sum, and provided the correlation

among them is not too high.

3.5.2 The Generalized Central Limit Theorem

In many practical applications, it is not possible to apply the CLT because the i.i.d.
random variables in the sum have no finite variance. The GCLT, introduced by
Gnedenko and Kolmogorov [Gnedenko 54|, deals with these special cases. This the-
orem states that a sum of independent random variables from the same distribution,
when properly centered and scaled, belongs to the domain of attraction of a stable
distribution. Further, the only distributions that arise as limits from suitably scaled
and centered sums of random variables are stable distributions [Brown 10].

Definition 3.19. Let xy,x9,...,x, be a set of n i.i.d. random variables which follow
a distribution p,,(x) ¥ 1 < j < n with heavy-tails such that

Pa,(z) = P(z) =~ Alz|~(H) |z| — oo, (3.5.2)
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where « is an exponent describing how fast the distribution decays to 0, and all the
moments E[x?] = 7 a9P(x)dx such that ¢ > « are divergent. Let T, be the sum

of x1,29, ..., 2, such that
n
D i1 T

Tn = nl/o

, (3.5.3)
where « is a scaling exponent [Voit 05].

Then, for a > 2, the variables in the sum have finite mean and variance and the
usual form of the central limit theorem is valid. However, for a < 2, the mean value
and/or the variance diverge and the distribution of T, is in the domain of attraction
of a stable law as stated in definition 5.16.

A direct application of this theorem can be found in [Voit 05| where it is shown
how the sum of many independent random variables, with power-law tail p(z) ~
2|+ where 0 < a < 2, is distributed according to a stable distribution with
characteristic exponent a. The GCLT is also applied, for instance, to study the
behavior of atomic and molecular samples cooled through the interaction with lasers

[Bardou 02| or to define a thermodynamic framework in [Abe 00].

Note that the GCLT does not include the case in which o = 2; to the best of
our knowledge, in this case it is not possible to establish whether or not the sum of

random variables converges in distribution.



CHAPTER 4

Analysis of Enhanced Noise in
OFDM after FDE

4.1 Introduction

The purpose of this chapter is to study the statistical distribution of the enhanced
noise after linear FDE in an OFDM system. In the following sections we find the den-
sity for the resulting noise term after equalization for Rayleigh, Rice and Nakagami- ;1
fast fading channels. Those densities will serve us to derive an expression for the

BER in an OFDM uncoded transmission.

We focus on the Zero-Forcing (ZF) equalization method where the enhanced noise
results from the ratio of two different complex random variables; its numerator is
always the complex Gaussian random variable corresponding to the Additive White
Gaussian Noise (AWGN), whereas its denominator depends on the fading channel
considered. The Minimum Mean Square Error (MMSE) is not analyzed because
the ZF equalizer in OFDM in general has the same performance that the MMSE
equalizer in BER, although the latter offers lower MSE (see [Wang 04| and section
4.2.3 in [Wang 05| for a detailed justification).

o1
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To the best of our knowledge, there is very little literature in which a similar anal-
ysis is undertaken. Only in [Aghamohammadi 90|, [Shayesteh 95] and [Wilson 99| a
similar approach can be found in the way the density of linearly modulated signals
in Rayleigh and Rice fading channels with imperfect channel estimation is derived.
We show how the results presented here are consistent with those. Furthermore, we
extend the analysis to the Nakagami-u fading channel. It must be noted that, to the
best of our knowledge, the literature regarding OFDM performance in Nakagami- j4
fading channels is not abundant and it is mainly based on semi-analytical expres-
sions (see [Count 01] and [Subotic 07]). The results obtained from these analyses

serve us to derive a closed-form expression for the BER in an OFDM system.

4.2 System Model

The block diagram for a simple OFDM system compounded by transmitter and
receiver-ends is depicted in Fig. 4.1. We showed in section 2.1 how the available
bandwidth in OFDM is divided into orthogonal sub-carriers. Thus, a sequence of
modulated complex symbols x is mapped in parallel into the allocated sub-carriers

whereas the remaining sub-carriers are forced to zero. Thanks to the dual IDFT

X ; )
. > » Channel |
. l |

: - -

Figure 4.1: Transmitter and receiver for OFDM

and DFT operations at transmitter and receiver-ends, and to the addition of the

cyclic prefix, the received signal in the frequency domain can be expressed as a
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version of the transmitted one transformed by channel response and contaminated

with thermal noise. In a more formal way,
r =Hx +n, (4.2.1)

where H is a N x N diagonal matrix whose elements h; with £ = 1,..., N are
the channel frequency response at the sub-carriers; n is a vector with the complex
AWGN component for each sub-carrier 7. The complex random variable corre-
sponding to the channel frequency response for a given sub-carrier k, hy, is assumed
to have zero mean and to be normalized in power, whereas each noise term has zero

mean and variances Ny. Both 7, and hy are circularly symmetric random variables.

Throughout this dissertation, perfect synchronization and ideal estimation of the

channel frequency response are assumed at the receiver end.

4.3 Channel Model

In the system under analysis, the received signal is the sum of the line-of-sight (L.OS)
paths and all resolvable multipath components. In our study we consider only the
multipath fading due to the constructive and destructive combination of randomly
delayed, reflected, scattered, and diffracted signal components. This type of fading
is relatively fast and is, therefore, responsible for the short-term signal variations.
In the following sections we analyze three different scenarios in which the fast fading

follows different distributions, that is, Rayleigh, Rice and Nakagami- x4 distributions.

The Rayleigh distribution is frequently used to model multipath fading with no
direct LOS path, whereas Rice distribution is often used to model propagation paths
consisting of one strong direct LOS component and many random weaker compo-
nents [Simon 05]. These distributions are obtained by using mathematics to capture
the underlying physical properties of the channel models. However, some experimen-

tal data does not fit well into either of these distributions. Thus, the more general
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Nakagami-y fading distribution was developed [Nakagami 58]; its parameters can
be adjusted to fit a variety of empirical measurements [Goldsmith 05]. Thus, the
Nakagami-y distribution has been widely applied in the modeling of physical fad-
ing radio channels due to its good fit to empirical fading |Beaulieu 05|. Usually,
Nakagami-p fading occurs for multi-path scattering with relatively large delay-time
spreads and with different clusters of reflected waves. The parameter p allows mod-
eling signal fading conditions that range from severe to moderate or light fading.
Note that, in frequency-selective Nakagami-u fading channels, the magnitude of
the channel frequency response can be approximated with Nakagami-u distributed

random variables [Kang 03].

4.4 BER Analysis Techniques

There exist different approaches to calculate the BER from the expression for the
received symbol after equalization eq. (4.2.1) in coherent digital communications.
The classical one is based on averaging the conditional BER, which usually involves
a Gaussian Q-function [Abramowitz 64|, over the PDF of the instantaneous Signal

to Noise Ratio (SNR) per bit f,(v), which is closely related to the fading statistics.

BER= [ Qv ()i (1.4.1)

where a is a constant that depends on the specific modulation /detection combination
[Simon 05]. The main drawback of this approach is that, usually, it does not result

in finding a closed-form expression for the average BER,

Another elegant approach is using the MGF of the instantaneous SNR of the
received signal conditioned to the channel response as proposed in [Simon 98b].
It exploits an alternate form of the Q-function [Simon 05| to obtain an integral

representation of the conditional BER

1 (72 —a 0
BER = — M, ———|d 4.4.2
T /0 K (2 sin29) ’ ( )
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where M, () is the MGF of ~.

This approach leads to expressions of the average BER that involve a single finite-
range integral whose integrand contains only elementary functions and which can
therefore be easily computed numerically [Simon 98a|. However, in this dissertation
we address some cases in which it is not possible to derive an expression for the

MGF either for the instantaneous SNR or for the fading channel.

In this thesis, the BER analysis is performed by applying the framework pro-
posed in |Lopez-Martinez 10] that allows obtaining a closed-form expression for the
BER for multilevel QAM (M-QAM). This approach is based in the assumption
of independent bit-mapping for in-phase and quadrature components (e.g., Gray
mapping). The resulting general expression can be simplified if the complex noise
affecting the symbol before the decision stage, the enhanced noise, is circularly sym-
metric as then, only one of its marginal distributions is needed. In this case, we can

use the following expression for the BER
L-1
BER = Zw(n)](n), (4.4.3)
n=1

where I(n) are the so-called Components of Error Probability (CEP), w(n) are
coefficients dependent on constellation mapping, L = 2 for BPSK, and L = VM for
M-QAM. The CEPs can be expressed in function of the CDF F, () corresponding to
the real part of the noise 7 affecting the symbol before the decision stage 1, = R{n}

as follows
I(n) = Pr{R{n} > 2n —1)d} =1 - F, ((2n — 1)d) (4.4.4)

where d is the minimum distance between each symbol and the decision boundary,
3FE,

2(M—-1)

w(n) are directly computed as in [Lopez-Martinez 10)].

e.g., d = /E, for BPSK and d = for M-QAM, and the coefficients

As stated before, the resulting closed-from expression is written as a function of

the CDF of the real part of the noise affecting the symbol before the decision stage.
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Thus, in the following, we study the stochastic nature of this complex noise and
provide functions to perform the evaluation of this distribution required in (4.4.4)
for different fading channels when FDE is applied. Note that, we only consider
circularly symmetric enhanced noise and, therefore, we only need to obtain one of

its marginal distributions in order to apply 4.4.4.

4.5 Noise Analysis for ZF-FDE

In OFDM based communications systems, zero-forcing FDE implies a ratio between
two complex Gaussian random variables, one of them corresponding to the AWGN at
the receiver and the other to the channel frequency response. This second random
variable depends on the nature of the aforementioned multipath fading. Three
different types are considered here: the Rayleigh, Rice and Nakagami- u distributions

already presented in section 3.3.

The channel frequency response for each system sub-carrier is represented by
the M x M diagonal matrix H whose entries are assumed to be i.i.d. complex
circularly symmetric random variables. In this point, we must keep in mind that
the Fourier transform is a linear transformation and therefore, it preserves normality
|Ghosh 69|. Thus, as the underlying random variables for the considered impulse
response are (Gaussian, the respective underlying random variables for the channel
frequency response follow the same distribution. For instance, for Rayleigh fading
channels, the channel frequency response has as underlying variables zero-mean and
unitary-variance complex Gaussian [Ohno 04| whereas, for Ricean channels, these

complex Gaussian have non-zero mean.

Kang et al. show in [Kang 03] how, for frequency-selective Nakagami-p fading
channels, the magnitudes of the channel frequency response can be also approxi-
mated as Nakagami-yu distributed random variables. Their fading and mean power

parameters can be expressed as explicit functions of the fading and mean power
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parameters of the channel impulse response.

In this section we derive the PDF for different random variables resulting for
quotients of other random variables; those quotients are the Rayleigh/Rayleigh, the

Rayleigh /Rice and the Rayleigh /Nakagami-x ratios.

After applying zero-forcing equalization and under the assumption of ideal es-
timation of the channel frequency response, the expression for the received symbol

can be derived from (4.2.1) as
% =x+ (HH)'Hy (4.5.1)
Thus, the expression for the k-th received symbol is

fk =T + ﬁ =T+ f/k, (452)

he
where hy is the channel frequency response at sub-carrier k.

The enhanced noise term 7, is the ratio of two i.i.d. complex circularly symmet-
ric' random variables. In the following sections, for a given subcarrier, the % index

will be suppressed for the sake of simplicity.

4.5.1 ZF Enhanced Noise for Rayleigh Fading Channels

In this case, the enhanced noise term 7) is the ratio of two i.i.d. circularly symmetric
Gaussian random variables (i.e., the noise at the receiver and the channel frequency
response for the considered sub-carrier). Both variables have zero-mean but different

variances. Their ratio can be derived formally as follows.

Proposition 4.5.1. Let X and Y be two complex Gaussian random variables with
zero-mean and variance 03( and 032/ respectively. Let Rx and Ry be the random
variables for their respective modulus, both of them following a Rayleigh distribution,
and let Ox and Oy be random variables with a uniform distribution in [0,27] for
their respective phases. Let Z be the ratio X/Y and let Ry be its modulus. Then,

Tt belongs to the class of the elliptical distributions presented in Chapter 3.
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the density of Ry is calculated, applying eq. (5.2.21) for quotient of two random

variables, as
20%0%r

(0% + U%,TQ)Q

fry(r) = reR, r>0. (4.5.3)
Expression (4.5.11) is consistent with the one provided in |Simon 06]. As 6 is a
uniform random variable defined in [0,27] and Rz and 6 are independent random

variables?, the density of the ratio Z = X/Y yields

1 2 2 2

fz(r,0) = —Lyrz reR, r>0. (4.5.4)
27 (0% + oyr?)

In this case, as the channel frequency response is normalized 0% = 0° = Ny/E,

and 02 =1 and hence, the distribution of the enhanced noise 7 can be written as

1 o’

With a change of variables, eq. (4.5.5) can be transformed into the bivariate joint
PDF for the real and imaginary components of the resulting complex random vari-
able

2

1 o
Favas(2y) = — (02 + (22 + y2))2

z,y € R, (4.5.6)
where 7, and 7); are the real and imaginary components of the enhanced noise term.

The expression in eq. (4.5.6) belongs to the Pearson type VII family of distri-
butions, which were presented in section 3.4.1. In fact, it is the probability density
function of a bivariate Student t distribution with 2 degrees of freedom, mean (0, 0),

. 2 . . . . .
scale matrix %I, where I3 is the identity matrix of size 2.

As was explained in section 3.4.1, the marginal distributions of Student t distri-

butions are also Student t, then it is obtained that

2
~ d . g
77R:771Nt(07?72>

2The variables X and Y are circularly symmetric and they belong to the class of elliptical
distributions introduced in section 3.4.1. Its ratio Z is also circularly symmetric and its modulus
and phase are independent.
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and the PDF of the real and the imaginary components are equal and given by

0.2

This density function appears in [Aghamohammadi 90| for linearly modulated sig-
nals transmitted over a Rayleigh fading channel and, more recently, in |Baxley 10|
to obtain the Symbol Error Rate (SER) with imperfect channel knowledge for the
same channel. It is a heavy-tailed distribution whose tails decay following a power

law 22 and it has no finite variance as was stated in section 3.4.1.

The CDF of 7, results in the following expression?

1 x
F; =4 — R. 4.5.8
m(x) 9 + 2\/m T e ( )

In appendix A.1 we provide the derivation for the corresponding CHF that results
Uy (w) = o|w| K (o|w]) w e R, (4.5.10)

where |w| means the absolute value of w and K;( ) is the modified first order Bessel
function of the second kind [Bocher 92]. The fact that U; (w) is a symmetric,
exponentially decaying function with a decay rate that depends on the argument of

K5 will serve us in the following chapter to simplify the numerical computation.

4.5.2 7ZF Enhanced Noise for Rice Fading Channels

In the case in which there exists a LOS component, the complex Gaussian random
variable corresponding to the channel frequency response has a certain mean «,

unitary variance and, consequently, its modulus follows a Rice distribution. As in

N,
3Note that from eq. (4.5.8) with 0% = E—O it is possible to derive the same analytical expression

S
of BER for BPSK in OFDM over a Rayleigh fading channel provided by Proakis in [Proakis 00].

pazp,ﬁr(—u:;(1—,/ES%NO>. (4.5.9)
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the previous section, the noise at the receiver is a complex circularly symmetric
Gaussian random variable with zero-mean and variance o?.

Proposition 4.5.2. Let X and Y be two complex Gaussian random variables with
different means (E[X] = 0 and E[Y]| = «) and variances (c% and 0% ). Let Rx
and Ry be the random wvariables for their respective modulus. The former follows
a Rayleigh distribution (eq. (3.5.4)) whereas the latter has a Rice distribution (eq.
(3.3.6)). Let Z be the ratio X/Y and let Ry be its modulus. Then, the density of
Ry is calculated, applying eq. (3.2.21) for quotient of two random variables, as*

rox (a’ox + 20y (0% +1%0Y)) “y(Zey)

(0% +r20%)"

fr, (1) = reR,r>0. (4.5.11)

As the numerator X is a complex circular random variable, it is rotation invariant
|[Picinbono 94|. Due to this property, it preserves the circular symmetry when it is
multiplied by e’ for any given a. Thus, the variable Z has also circular symmetry
and, consequently, its phase follows a uniform phase distribution between 0 and 27

and is independent from its modulus |Fang 06]. Hence, the density function of Z

yields
(o3 7'2
Ju (r.0) = LTOx (0% 420y (0% +1°0V)) HAR] L cR |y z0
2m (0% +r%0%)
(4.5.12)
In this case the density of the enhanced noise 7 yields
2 92 2 a2
£o(r0) =2 (@To+2(0+17) ~stim R > 0. (4.5.13)
! o (0 +12)°
as ox = o = FO and o3 = 1. Note that for « = 0 we obtain the same result

S

presented in the previous section.

With a change of variable to cartesian coordinates we obtain the expression of

the joint PDF as a function of the real and imaginary components of the enhanced

4This expression can be also derived applying eq. (3.2.25) to the expression provided in
[Simon 06] for the ratio between independent Rice and Rayleigh distributed random variables.
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noise term (i.e., 7, and 7);)

o2

2 2 .2 2 2
(2% + y*)a?o +2((z +y)0+1)ae*m r,y € R.

21 ((22 4+ y2)o + 1)°

f’f]mﬁi (lB, y) =

(4.5.14)

As in the previous case, the resulting variable is a circularly symmetric random
variable (see Fig. 4.2b). However, in this case and to the best of our knowledge, it
is not possible to find a closed-form expression for the function corresponding to the
two identical marginal distributions. Nevertheless, it is possible to use numerical

integration to evaluate the corresponding CDF, that is,

t [e'e]
Fy () = Fy (1) = / / o (@ y)dyde  yeR. (4.5.15)

This approach to the solution is similar to the one proposed in [Shayesteh 95| for
the density function of linearly modulated signals transmitted over a Ricean fading
channel. However, we consider that, due to the double numerical integration implied
in expression (4.5.15), the alternative approach proposed in this dissertation for BER

analysis is impractical for Rice selective fading channels.

4.5.3 ZF Enhanced Noise for Nakagami-; fading channels

In this case we assume that the modulus of the complex random variable correspond-

ing to the channel frequency response follows a Nakagami-u distribution [Kang 03].

Proposition 4.5.3. Let X be a complex Gaussian random variables with zero-mean
and variance 0. Let Y be a n-dimensional Gaussian random vector with zero-
mean and variance ). Let Rx and Ry be the random variables for their respective
modulus. The former follows a Rayleigh distribution eq. (3.5.4) whereas the latter
has a Nakagami-p distribution eq. (3.3.11) where p =n/2. Let Z be the ratio XY
and let Ry be its modulus. Then, the random wvariable Ry is the ratio of Rx and
Ry and its density is calculated using eq. (3.2.21) and applying the integral formula

3.326-2 in [Gradshteyn 07/ as

I 2 ~l-s
r ) =25 (B)" 7 (54 8) reRandrz0.  (45.16)
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(a) 3D Plot

(b) Contour plot

Figure 4.2: Example of density of the Rayleigh /Rice ratio

As in the previous analysis, the numerator X is a complex circular random
variable, thereby rotation invariant |Picinbono 94|. Again that means it preserves
the circular symmetry when it is multiplied by e’® for any given a. That implies
that the resulting random variable Z is also a circularly symmetric random variable
and, consequently, its phase @ follows a uniform phase distribution between 0 and
27 and is independent from the modulus |Fang 06].

-1
frya,(r,¢) = %% <%>Mr (2%22 + %)M r € Randr > 0. (4.5.17)

Assuming that the channel is normalized in power, i.e., = 1, expression (4.5.17)
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can be particularized to obtain the density of the enhanced noise 7. Its joint distri-
bution in polar coordinates yields

1 pitt

21 o2

I/ Rp,®5 (1, 0)

2 —1—p
r (%‘2 + ,u) reRandr >0, (4.5.18)

No
where 0 = —.

For pn =1 the Nakagami-p distribution becomes a Rayleigh distribution and the

density is the same obtained in section 4.5.1.

The joint PDF in Cartesian coordinates is

—1—p
Jowi (2,y) = ( 5oz~ T H T,y €R, (4.5.19)

2mo?

where 7, and 7); are the real and imaginary components of the enhanced noise. The

resulting random variable follows a bivariate Pearson type VII distribution whose

PDF (3.4.8) is particularized with m = p+ 1 and a = ﬁ An example of this

circularly symmetric density is provided in Fig. 4.3.

In this case it is possible to compute each corresponding marginal PDF

1\ op 1520
fa (@) = fo(2) = \/g Ff:)ﬂ(;;glif;;_é zeR, (4.5.20)

where I'(n) is the Gamma function [Abramowitz 64].

jio”

w—1
provided g > 1. For o < 1 it has neither a finite variance nor higher order statistics

For this marginal PDF the mean is zero and the variance yields U%r =

and, therefore, has no MGF. Nonetheless, there is no restriction regarding the CHF
which is derived in appendix A.1. Changing n = p and a = ﬁ in (A.1.5) we obtain

O'H|W|p‘
\Ijﬁr<W) = muﬂ/QKﬂ <U\/ 2/1‘&)‘) w € R, (4521)

where |w]| is the absolute value of w and K,( ) is the modified p-th order Bessel

function of the second kind [Bocher 92].
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(b) Contour plot

Figure 4.3: Example of density of the Rayleigh/Nakagami- i ratio

The corresponding CDF of 7, results in the following expression

(=1)~"T (u+5)
o) (

where B is the incomplete Beta function [Abramowitz 64].

Fy (z) =

1
oy~ u) z € R, (4.5.22)

4.6 OFDM BER Analysis

As described in section 4.4, the expressions of the CDF for the enhanced noise after

equalization, that is, of the noise term in the detection stage, allow us to compute
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the BER for the different channels considered. More specifically, as the enhanced
noise considered is circularly symmetric in all the cases, we only need it marginal
CDF, F; (). Thus, plugging equation (4.5.8) into expression (4.4.4) we can compute
the CEPs for the Rayleigh fading channel as follows

_L‘lwn 1 (2n — 1)d
BER = (n) (2 NS 02>. (4.6.1)

In a similar fashion, it is possible to derive the expression for Nakagami-y fading

channels using equation (4.5.22). The resulting BER expression is given by

3 NGIKNES) 1
BER =" w(n) <1 SN B_((zi’iajdﬂ (,u, 5 u)) (4.6.2)

n=1

Note that the BER analysis for Rice fading channels is omitted because, in this case,
it is not possible to obtain an analytical expression either for the PDF or the CDF
of the enhanced noise after ZF-FDE.

4.7 Simulations and Numerical Results

In this section, we validate the results obtained for the considered fading channels.
With this purpose, BER values are obtained for SNR values ranging from 0 to
30 dB and compared with values obtained by means of simulations. In order to
simplify the validation process in the case of Nakagami fading channels, we directly
generate channel frequency response whose magnitudes are distributed according
to a Nakagami-u distribution with some integers and half-integer values of p. In
Fig. D.2 we show the numerical evaluation of the BER for a BPSK transmission
for different values of p. Note that for p = 1 the channel has a Rayleigh fading. If
i < 1 BER values worsen (i.e., it is worse than Rayleigh scenario) whereas for p© > 1
we obtain lower values of BER. A similar behavior can be observed in Fig. D.3 and

D.4 where results for 4QAM and 16QAM are shown.
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BPSK Nakagami-p
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BER

Analytical
X Simulations
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Figure 4.4: BER values for several Nakagami-u fading channels, including Rayleigh
(n=1), with BPSK

4.8 Conclusions

In this chapter we study the enhanced noise after ZF-FDE for an OFDM signal
transmitted over different fading channels (i.e., Rayleigh, Rice and Nakagami- ).
For these channels, due to the fact that Fourier transform is a linear transformation,
the values of the complex channel frequency response follow the same distribution
that the channel impulse response. This property is widely used in the literature for
Rayleigh distributed random variables [Ohno 04| and even references can be found
when the random variables follow a Nakagami-p distribution |Kang 03|. Taking
advantage of this property, we characterize the enhanced noise after equalization and
apply derived expressions for the CDF to compute analytically the BER. for Rayleigh
and Nakagami-pu fading channels. In the case of Rice fading channels, we show that
the proposed approach for BER analysis, although feasible, it is impractical due
to the additional numerical computation required. Interested reader is referred to

appendix B where all the expression derived through this chapter for the different
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4QAM Nakagami-p
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Figure 4.5: BER values for several Nakagami-y fading channels, including Rayleigh
(n=1), with 4QAM

ratio random variables are gathered as a quick reference. These expressions are used

in the next chapter to extend the BER analysis to SC-FDMA.
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16QAM Nakagami-p
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Figure 4.6: BER values for several Nakagami-u fading channels, including Rayleigh
(n=1), with T6QAM



CHAPTER 5

BER Performance for M-QAM
SC-FDMA over Nakagami-u and
Rayleigh Fading Channels

5.1 Introduction

This chapter is devoted to analyze the performance of a SC-FDMA transmission
over Nakagami-u fading channels. Obtained results can be particularized in order
to include transmission over a Rayleigh fading channel as particular case. We first
consider the case in which ZF equalization in the frequency domain is applied to
compensate the effects of the channel on the received signal. The analysis is focused
on the effects of equalization on the noise term before the decision stage in a similar
fashion to the study for OFDMA presented in the previous chapter; some results
obtained there for Nakagami-u fading channels are used in this chapter. Then,
we extend the study to a more realistic scenario in which MMSE equalization is

performed; in this case the analysis is based on the application of the CLT.

These analyses, which are derived under the assumption of independence among
the frequency responses for the allocated sub-carriers, allow us to obtain approxi-

mate closed-form BER expressions, which are validated through simulations, for the

69
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two scenarios under study. Their suitability for approximating actual BER values
is evaluated for different Rayleigh fading channels proposed by the ITU [ITU-R 97|
and the 3GPP [3GPP 10|. In [Sanchez-Sanchez 11| we present the results for ZF-
FDE with a generic Nakagami-u fading channel; the extension for MMSE-FDE, a

far more complex mathematical problem, is also addressed in this chapter.

Presented results are similar to those provided in [Wang 08] where the CDF
of the Signal to Interference plus Noise Ratio (SINR) for FDE schemes is com-
puted numerically under the same assumption of independence among allocated
sub-carriers. However, our final expressions have a lesser computational cost. In
fact, for ZF-FDE, we calculate BER values for BPSK and M-QAM modulations

with a single numerical computation and without making any approximation.

5.2 System Model

The transmission process in SC-FDMA is similar to that in OFDMA and is de-
picted in Fig. 5.1. For a given user, a sequence of transmitted bits is mapped into a
constellation of complex symbols (e.g., BPSK or M-QAM). The resulting complex
sequence x of length N, is pre-coded by means of a Discrete Fourier Transform
(DFT) operation before being mapped onto the subset of N, allocated sub-carriers.
For a transmitted complex information vector of N, symbols x, the pre-coded com-
plex symbol Xy, is obtained by multiplying by the unitary Fourier matrix F to
perform the aforementioned N.-DFT operation. Each element in F is defined as

Fj = exp mjk}/\/NC and, therefore, FF7 = 1.

Ne

This step represents the main difference between SC-FDMA and OFDMA, as
complex symbols are now transmitted sequentially rather than in parallel. The
pre-coded sequence, represented by the column vector Xy, is then mapped onto a
different subset of allocated sub-carriers per user, i.e., N, out of the M sub-carriers

in which the total system bandwidth is divided. The subset may consist of a group
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Time Frequency Time

(a) SC-FDMA Transmitter

Time Frequency Time

N

rep(t

(b) SC-FDMA Receiver

Figure 5.1: SC-FDMA transmitter and receiver schemes

of adjacent (LFDMA) or interleaved sub-carriers (IFDMA) |Myung 06| and it is
determined by the M x N, mapping matrix L for which L;; = 1 if the pre-coded

symbol j is transmitted over the sub-carrier ¢ and zero otherwise.

The frequency-domain symbol is defined as Xy = LXy, and, consequently,
non-allocated sub-carriers are forced to zero. From this point on, transmission is
similar to that of OFDMA: an M-IDFT operation converts each frequency-domain
symbol Xy into a time-domain symbol and a cyclic prefix, whose length must be

greater than the channel impulse response, is added in order to avoid ISI.

In this study, we assume a frequency-selective Nakagami- x channel, in which the
magnitudes of the taps of the channel impulse response |h(n)|,n=1,...,L—1, can

be modeled as i.i.d. Nakagami-u random variables whose distribution yields

2 (" s e
flh(n)\(x):m a rHn e o r€Randz >0, (5.2.1)

where p, > 1/2 is the fading parameter and €, the power of the n-th tap. In
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the following we assume an exponential multipath intensity profile with an average
power decay rate 0 (i.e., Q, = Qte_‘sn) and equal fading parameter p, for all the

taps.

At the receiver (see Fig. 5.1b), perfect channel estimation and synchronization
are assumed, thereby avoiding interference from other users. The cyclic prefix is
suppressed and an M-DFT operation converts each time-domain symbol into a
frequency-domain symbol Yy After applying L for de-mapping, the NN, allocated

sub-carriers Yn, can be expressed as
Yn, = LYHyLFx + Ly, (5.2.2)

where nps is the noise vector whose entries are i.i.d. complex Gaussian CN (0, Np)
and the channel frequency response for each sub-carrier is represented by the M x M
diagonal matrix Hygs whose entries are complex circularly symmetric random vari-
ables [Kang 03]. The magnitude of the frequency response can be well approximated
with a Nakagami-u random variables with new parameters g and €2, which, in gen-
erally, are different from their counterparts in the time-domain [Nakagami 58|. In
fact, for a flat fading channel © = p;, whereas if g, > 1 then 1 < p < py, and if
1/2 < py < 1then 1 > p > py [Kang 03]. Although this approximation was found to
have limitations for channels with two taps in [Du 06], it can be considered valid for
more general cases and it is an usual assumption [Wang 07]. In fact, for a Rayleigh

fading channel (i.e., u = 1), it is exact for any value of L.

The expression for the recovered symbol in frequency after FDE )NCNC yields
XN, = WYy, = WHFx + WL, (5.2.3)

where H = LY HyL is a N, x N, diagonal matrix whose entries h = diag(H) are the
channel frequency responses for each allocated sub-carrier and n = L1, is a vector
whose elements are the corresponding complex noise values. The elements of h are
assumed to be i.i.d. random variables; this working assumption makes sense when

the spacing between consecutive allocated sub-carriers is bigger than the coherence
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bandwidth of the considered fading channel. The N, x N, equalization matrix W
is defined for ZF-FDE as

Wy = (H'H)'H”, (5.2.4)
whereas under the MMSE criterion the definition is
No He)  aqH
Wuyumse = | =1+ H"H H"”, (5.2.5)
Es
where Eg and Ny are the signal and noise powers respectively.

Before detection, an inverse pre-coding is performed by means of an N_-IDFT.

Thus, for ZF the equalized symbol in time domain X yields

I H H —1y1H H H —1ly7H
x= F (H"H)" H" HFx+ F (H"H)""H" n, (5.2.6)
Inv. Precoding FDE Inv. Precoding FDE

whereas for MMSE the expression yields

N, —1 N, -1
s H Yo H H H Yo H H
X = F | (ESI—I—H H) H" HFx + F | (ESI+H H) H"n.
Inv. Precoding -~ _ Inv. Precoding\ —~ _
FDE FDE
(5.2.7)

Hence, the expression for the k-th received symbol after ZF-FDE is given by

N, N,
~ S F S _
T = T + Z hL"k??j =X + Z Njk = Tk + Nk (5.2.8)
j=1 7 Jj=1
Fon;
where 7)1, = Jh—km

J

As it can been seen, each received symbol is the result of adding an effective
noise term 7 to the original transmitted symbol (eq. (5.2.8)). Hence, when ZF-
FDE is applied, the effective noise is the result of adding an elementary noise term
;% (enhanced noise) for each allocated sub-carrier. Each elementary noise term is

equivalent to the enhanced noise in OFDM reception with ZF-FDE.
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For MMSE-FDE, the expression for the k-th received symbol after equalization

yields
h*
ik
Tp =03 Tep + ) Ty + ) —5—=—0; (5.2.9)
Z Z * |h;|* + No/Es

l;ék

where the elements of T = F¥W ;1,5 HF are expressed as

Ny Filh

T = 5 Z T 73‘:;\10/|ES (5.2.10)

The main difference between this expression and (5.2.8) is that for MMSE-FDE
there exists, in addition to the term corresponding to the noise, a component of
interference due to the other symbols. Note that the receiver symbol after FDE
is attenuated by the term T} ;. When the channel frequency response is such that
g—g < ]hj\Q, the effect of the interference term decreases and the noise term tends to
that of (5.2.8). After compensating the received symbol, we obtain the transmitted

symbol contaminated by equivalent noise 7, and interference J; terms, that is,

C F*kh*
Tp = xk + Tkk: Ty +Tkk: j— = T + O + Tk = Tt + &k,
fg": Z < |hy|? + NU/ES
1 ~ g -

X Effective Noise
Effective Interference

(5.2.11)
where the term & gathers the effects of noise and interference that are inherently

independent |Nisar 07].

5.3 Noise Characterization for ZF-FDE

In order to derive a mathematical model for the effective noise in SC-FDMA af-
ter ZF-FDE, we must first consider the elementary noise. Any given elementary
noise term 7);; is a random variable resulting from the ratio of two complex circu-
larly symmetric random variables. In the remainder of the dissertation, indexes are

dropped when possible for the sake of readability. Each complex random variable 7
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has a Pearson type VII distribution and the expression in Cartesian coordinates of

its PDF (4.5.19) was derived in section 4.5.1 as

202

fﬁrfh’ (x7 y) =

—1—p
=5—3 + u) z,y € R, (5.3.1)

where 7, and 7); are the real and imaginary components of the elementary noise term
No
N.Eg

and o =

The effective noise is the sum of N, elementary noise random variables as de-
scribed in eq. (5.2.8). As all the terms in the sum are circularly symmetric random
variables, the effective noise has also circular symmetry and its marginal distri-
butions are described by the same even function. Thus, effective noise is also a
circularly symmetric random variable and just one of its marginal distributions is
needed to characterize it. This marginal distribution can be found in e.q. (4.5.20)
but, for the sake of clarity, we repeat this equation in the following.

1 D (p+3) 20 pto™
(2) = fi(2) = 4/~ . R, 5.3.2
far (@) = fau(2) \/; L (n) 2po? + 225 T € (5.3.2)

5.3.1 Effective Noise Characterization for ZF-FDE

As stated before, effective noise after ZF-FDE is the sum of several elementary com-
plex noise terms that follow a bivariate Pearson type VII distribution. In section
3.4.1, we obtained an expression (3.4.19) to calculate the PDF of a sum of indepen-
dent Pearson type VII random variables. The density function in this case is given
by
00 Ne

fin (x) = % /Oo (%M“/Ql{u (U\/ﬂku])) eI du. (5.3.3)

It is possible to obtain an analytical result of (5.3.3) for its evaluation with N, = 2

2730 (u+ )T (2u+3) [1 1 1 2?1
5 (z) = ~,F S2ud il
P, () T (2 (1 1) \/;2 1<M+2, M+2,M+ ; 8u02)’

(5.3.4)
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where o F( ) is the Gauss hypergeometric function (see 15.1.1 in [Abramowitz 64]).

Additionally, it is also possible to calculate the associated CDF

1 1 1
F 1+$F(M+§)F(2H+§)\/;F 11,13
~ :L‘ e — — —_ —_— -
Nr 2 22M+%O'F(/_1)2F(Iu—|—1) 342 2au 9’ K 2727,[’[' ’8MO'2 )

(5.3.5)

where 3F5( ) is a particularization of the generalized hypergeometric function ,F,

[Daalhuis 10].

Although there is no analytical expression for the CDF of the effective noise

F-

7 (x) for N. > 2, it is possible to use the inversion theorem as proposed by Gil-

Pelaez (see section 3.2.4) to evaluate it as

11 [®e™U; (—w) —e ™V, (w)
E; =4 — o o d 2.3.6
| = v (539)

where W,; (w) corresponds here to the CHF as was obtained in eq. (4.5.21).

For a Rayleigh fading channel, we have to particularize that expression using the
CHF for a univariate Student t (4.5.10); the resulting expression follows

fir (@) = o= | (oluli(olel)) ¥ (5.7

2 J_

In general terms, the evaluation of eq. (5.3.7) requires numerical integration. Never-
theless, it is possible to use the results in Appendix B to obtain an analytical result

for the evaluation for N, = 2

3T 3 5 x?
. =S| = =2 — ). 5.3.8
fnr(x) 16\/50’2 1(2’2’ ) 20.2) ( )
This is a Behrens-Fisher distribution introduced in section 3.4.1 and has also zero

mean and infinite variance. Additionally, it is also possible to calculate the associ-

ated CDF

1 3rx 15 x?
F; =4+ ——FM (= =2 —]. 5.3.9
ﬂr(x) 2—’_16\/50'2 1(272’ ) 202) ( )
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Figures 5.2a and 5.2b show the PDFs and the CHFs when powers of 10 are used as
N, values. Note that the PDF curves flatten and widen as the number of terms in
the convolution increases, i.e., when the number of independent random variables
in the sum increases. This behavior corresponds to a narrowing in the CHF curves
as depicted in Fig. 5.2b. This flattening of the PDF curves causes slower decays
for the their tails which implies that there is a greater area under the tails in the
interval (—oo, —1], that is, a greater value of Fj (—1). In the next section we shall

show that this implies increasing values of BER.

N, =10%

Increasing value of N,

Figure 5.2: Behavior of f; (z) and ¥; (x) for N, values from 1 to 10'® and 10
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It could be thought that, as the effective noise after ZF-FDE is the sum of several
independent random variables, it would be possible to apply the CLT (see section
3.5.1). However, we discover that, in Rayleigh fading channels (e.g., u = 1) for which
the noise terms follow a Student t distribution that does not have a finite variance,

it is not possible to apply the CLT to approximate the PDF of the effective noise.

We also tried to apply the GCLT and, with this purpose, we studied the tail of
the distribution to find the exponent that determines the distribution decay. In this
case, that decay exponent can be obtained as

1 o?

2 (02 4 x2)3/

and, therefore, the characteristic exponent results a = 2.

We showed in section 3.5.2 that for a < 2, the mean value and/or the variance
diverge and the distribution of the sum is in the domain of attraction of a stable
law as stated in definition. However, to the best of our knowledge, it is not possible

to determine the distribution for the case under study, that is, for a = 2.

5.3.2 Effective Conditioned SNR in ZF-FDE

If we conditioned the effective noise 7 in eq. 5.2.8 to the channel frequency response
h = [hy...hy,], we see it follows a complex normal distribution with zero-mean and

Ny
variance E—ﬂZF

S
N,
il ~ CN (0, —OﬁZF) (5.3.11)
Es
where f3, in the same way as in |Nisar 07], is
N,
1 «— 1
B = — : (5.3.12)
Ne &= ||
Then, the expression for the instantaneous SNR yields
E Es N,
58 . (5.3.13)

V=T aaE T N
NoB#t Ny Yo
2
=y el
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Note that this SNR expression is, except for a constant, the harmonic mean of a
set of random variables [Wang 08| and the computation of its MGF is, in general a
complex problem. Even with z = 1 (i.e., Rayleigh fading channel), when each |hy|*
becomes a chi-squared random variable, there is not a closed-form expression for its
MGF beyond two variables [Hasna 03|. Hence, to the best of our knowledge, it is
not possible to compute the BER using the MGF of the instantaneous SNR and eq.
(4.4.2) as proposed in [Simon 98b].

The enhancement factor %% is the sum of random variables with positive values,
any of which may serve as a lower bound of 3%%. Specifically, the maximum of such

possible lower bounds is

1
ZF
> —, 5.3.14
which implies that the instantaneous SNR. v has an upper bound
E
¥ < Ne[gin|* == (5.3.15)

In the case of a Rayleigh fading channel, we show in Appendix C that, for a set of
independent hy, the variable Z = N, \hmm|2 follows the same chi-square distribution
as that of the enhancing factor |hg|™2 in OFDM. This implies that, in the case of
ZF-FDE, for an SC-FDMA transmission with N. > 1 over a fading channel with
a selective channel frequency response, the value of v is always lesser than that of
OFDMA. Thus, the effective SNR after ZF-FDE for SC-FDMA is always below that
of OFDMA; that causes a rate loss in the former as shown in [Wu 09] since, for a
Rayleigh fading channel, BER values for SC-FDMA with ZF-FDE are always above
the BER curve for OFDM.

5.4 Noise and Interference Characterization
for MMSE-FDE

In this section characterized the effective noise after MMSE-FDE. To the best of

our knowledge, it is not possible to derive an analytical expression for its density
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function. However, under the assumption of independence between noise and in-
terference, to approximate its variance in function of a random variable 5 whose

PDF can be approximated as Gaussian density function by means of the CLT.

From (5.2.11) we know that the recovered symbol before detection results
T=x+0+n=a+¢, (5.4.1)
where the effects of noise 77 and interference ¢ are gathered in the effective noise
term . The density of the noise 7 conditioned to the channel frequency response
h = [hy ... hy,] can be expressed as

p (i/h) ~ CN (0,02) , (5.4.2)

where 0727 is defined as

Ne 2
€ Z _hal
Ne £ \ |h;[*+No/Es
5
Ne 1 IR I° -HVO/ES

In a similar fashion and as in [Nisar 07], the interference component conditioned

to the channel frequency response can be assumed to follow a complex circularly

symmetric Gaussian distribution with zero-mean and variance o2 given by
N, 2 ?

1N |12 _ Z P

Ne 4 ‘hj‘2+NO/ES Nc £ |h; | +No/Es

2
L .
(NC Z [h;1>+No/Es

As noise and interference components are independent random variables, their sum

(5.4.4)

can be modeled with another zero-mean complex circularly symmetric Gaussian
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random variable whose variance results!

2
N, 2 Nc 2 N,
No i B 4 Es Z |12 _E zc: |h;|?
Ne = \Ins "+ No/Es TR =4 \IhiP+No/Bs o |h;[*+No/Es

2
o =
13 Z R 2
Nc £ ‘h ‘ +N0/Es
N 2
Es N\~ Iy |y
Ni ];1 |hj|2+JNo/ES <Nc Z |2 +N0/Es> %BM
pr— 2 — SST/B]W, (5.4.5)
1 e P Bs
1 Z R L0 I
Ne¢ 1 |hj|2+N0/ES
]_
with N
1 c
= 5.4.6
N, z:: hyl? + NO/ES ( )
The j-th term in the sum (5.4.7) results
1
Zj=—5———. (5.4.7)
|hi|" + No/Es

and it is the inverse of a chi-square random variable shifted by the constant Ny. Its

density can be derived using (eq 3.2.21) as
1 ZEJ 1 1 I 1 E pu—1 u(%z—l)
_ N _ ENT (2= —
fz; (2) = fu,p < 0) 2 2T (Q) (z No) e . (5438)

It is possible to obtain analytical expressions for the mean and variance of Z; for

arbitrary values of ) provided p is an integer. In other cases, it would be still possible
to use numerical integration to make the computation. Once those parameters are
computed, the application of the CLT to approximate the density function of 5™
is straightforward. This approximation can be used then to computed the BER for
arbitrary Nakagami-u fading channels.

'Note that
N,

i 12 -1 No/Es

Ne = || + No/Es Ne = |h]* + No/Es

N
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Once we have characterized Z;, we can rewrite expression (5.4.5) in a more

elegant way

No BM
E
m? = a% + 05 = Esl_STﬂM’ (5.4.9)
Es
and the density of the term £ conditioned to the frequency channel yields
f(&/m) = f(&/pM) ~CN(0,07). (5.4.10)

As we assume independent bit-mapping and the variable is circularly symmetric,
it is possible to work only with the marginal distribution corresponding to its real

component,

f(&/h) = p(&/BY) ~ N (0,0¢ /2) (5.4.11)

Thus, the density of the effective noise term in MMSE can be expressed as?

Es/No EL(E—“?V_1> g2 _Es
fe. (@) :/ s \P7 o e "N pau (BMYdBM. (5.4.12)
0 T

In the cases in which Z; has a finite variance and under the assumption of
independence among terms in the sum (5.4.7), it is possible to apply the CLT (see
section 3.5.1). Thus, as (5.4.7) is the average of a sequence of N, i.i.d. random
variables each having finite values of expectation Z and variance 02 > 0, the density

of M can be approximated by the following Gaussian distribution

1 _ (ﬂM_Z7>2

Forr(BM) & fou (BM) = ———xe 2%/ | 5.4.13
with mean Z; and variance a%j /N..
2Note that
o 7% Es/No % 4153 0 1 2 _Es
fgr(ﬂﬁ) :/ eipag.(ggr)dggr :/ \lE<ﬂN)e (BMNO 1>pﬁM(/3M)dﬁM'
—o0 ,/QWUgT ! 0 &
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There is an additional restriction that must not be neglected: the variable S
is limited by definition to the interval [0, Es/Np|. In order to apply this restriction,

the density is now approximated by a bounded version of (5.4.13), that is,

(--2)°

Fou(BM) ~ pou (BM) = =5 e ENe M €0, Es/No),

(5.4.14)

where F'(z) is the CDF obtained through integration from (5.4.13).

In the following, we obtain analytical expressions for the case in which the mag-
nitude of the channel frequency response follows a Rayleigh distribution (i.e., yu = 1)
and it is normalized, that is, = 1. For this value, the density function can be
reduced to

Es _

e No

fz;(2) = —5— Yz €0, Es/No]. (5.4.15)

W=

The corresponding expression for the mean yields
Z;=e™MT(0,1), (5.4.16)
where I'(z, z) is the incomplete Gamma function defined as |Abramowitz 64]
[(z,2) = /:o t*letdt. (5.4.17)

The variance is given by

E Bs E Es\>
0L =2 _ % (o, —S> — e2Nor <0, —S) : (5.4.18)
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5.4.1 Effective Noise Characterization for MMSE-FDE

The expression for the CDF of the effective noise after MMSE-FDE can be derived

from expression (5.4.12) through integration as follows

/ Es/No L<5_5_1> g2 L (_Bs__
R = [ | [ B 5 (57557 o (59905 | at

m

Es/No = (5—5 - 1) el Es 4
:/ p,@M(ﬂM) / Es \ B 7]:70 e ES<51WNO )dt dﬁM
0

(5.4.19)

The inner integral can be rewritten using the () function

o 1L (_Bs _ |2 (_Es _1)
RE (85 -1) op iy | 2V (F 1)

™
s du:\/ElS (555 —1)at

with

2 [ Es

Hence, the CDF of the effective noise after MMSE-FDE can be expressed as
Es/No 2 E
Fe (z) =1— M (=2 —1) ) dp™. 5.4.20
51-(1:) /0 pﬁM(ﬁ )Q <$\/ES (ﬁMNO )) s ( )

5.4.2 Conditioned Effective SNR in MMSE-FDE

We showed above that, for MMSE-FDE, the effective noise é conditioned to the
channel frequency response h = [h; ... hy,| follows a complex normal distribution

with zero-mean and variance o7, that is,

¢lh ~ CN (0,0%) (5.4.21)
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where o7 is defined in eq. (5.4.5).

In this case, the expression for the instantaneous SNR yields

Es

v

with 8 being the random variable

M = (5.4.23)

Ne
1 1
Nzn2 Ny/Es’
Cj:1’3‘+ 0/5

for which we derived above an approximation of its PDF (eq. (5.4.14)).

5.5 SC-FDMA BER Analysis

The BER analysis presented in this subsection follows the same premises that the
one performed in section 4.6: we consider square M-QAM with independent bit-
mapping for in-phase and quadrature components, e.g., Gray mapping. As before,
the effective noise term 7 (i.e., 7 or £) is circularly symmetric and the BER can
be expressed as a sum of CEPs (see eq. (4.4.3)) which depend on the CDF of the

effective noise.

In the case of ZF-FDE, the integral in (5.3.6) can be accurately solved in a quite
simple manner by means of the composite trapezoidal rule. Thus, the CDF can be

calculated as

1 Wmax — Wmin T (277 wmin) + T (Ia wmax)

2

DO | —

n

n—1
+ Z T (xy Wmin + kwmax ; wmin)] ) )
k=1
(5.5.1)

where the auxiliary function T (z,w) is defined as

]xUJWN _ _ _‘]CCUJ\D~
T(m,CU) — e 777“( w)]we nr(w)7 (552)
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and W; depends on the fading channel considered.

In eq. (5.5.1) the minimum value in the integration interval is wp,, which is
set to zero, whereas wpa, should be suitably chosen as a function of the shape of
the corresponding CHF. The number of points to evaluate inside the interval is
denoted as n. For a Rayleigh fading channel, as shown in section 4.5.1, U (w) is a
symmetric, exponentially decaying functions with a decay rate that depends on the
argument of K( ). In fact, its decay is inversely proportional to the values of SNR
and directly proportional to the values of N, values. By making a reasonable choice
for the value of wpa.y, one can achieve a sufficient accuracy at low computational
cost. By keeping this in mind and using eq. (5.5.1), it is possible to obtain an

approximate closed-form expression for the BER

2 2mn

L—1
1 Wmax ([ 14+ Y ((2n — 1)d, Wmax
BERzp =Y _w(n) ( ( (« 5 ) )

n=1

n S:l T ((2n —1)d, szx)» , (5.5.3)

k=1

where Y( ) is defined in 5.5.2.

In the case of MMSE-FDE the CEPs are computed directly using eq. (5.4.20) to
calculate the CEPs and plugging those into the sum (4.4.3) we can compute BER

values as follows

L—-1

BERy = Zw(n) /OES/NO pen (BM) Q <(2n — 1)d\/ElS (% — 1)>dﬁM.

n=1

BER values can be numerically computed using different numerical integration
methods. Results presented in the following section are calculated by means of

the double exponential integration [Mori 01].
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5.6 Simulation and Numerical Results

In the following, we validate the expressions (5.5.3) and (5.5.4) through simulations.
First, we consider the ideal scenario for which those expressions were derived: an SC-
FDMA transmission with independent channel frequency responses among allocated
sub-carriers. Then, a more realistic scenario based on channel models defined by I'TU
and 3GPP is considered. Our aim is to determine in which situations the provided
analytical expressions can be used as an approximation for BER values in actual
selective Rayleigh fading channels. In both cases, we use a semi-analytical model
based on |Nisar 07| in which complex channel frequency responses, generated for the
different allocated sub-carriers, are used to calculate the conditional probability for

ZF (5.4.21) and MMSE (5.4.12).

5.6.1 Validation of Closed-form Expressions

In order to validate the closed-form expressions presented in the previous section,
results from the evaluation of equations (5.5.3) and (5.5.4) for different numbers of
sub-carriers are compared to values obtained from simulations. A channel model, in
which the channel frequency response for the N, allocated sub-carriers are modeled
as i.i.d. random variables which follow a Nakagami-u distribution. Two different
Nakagami-p fading channels are considered with p values of 1 and 2, respectively.
BER results for each channel are shown for BPSK and 16QAM modulations in
Fig. 5.3 and 5.4.

In the first case, in which we consider the expression for ZF-FDE, the Nakagami- i1
fading channel with p = 1 is equivalent to a Rayleigh fading channel and obtained re-
sults presented in Fig. 5.3 are consistent with those presented in [Sanchez-Sanchez 09b].
For low SNR values, BER curves are above the OFDM curve with a difference that
increases with the number of allocated sub-carriers. In this case, the probability of

having values close to zero for the channel frequency response can not be neglected.
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When the number of terms in the sum N, increases, the probability of having a term

close to zero increments, the term becomes dominant and the BER worsens.

However, as SNR values increase, all the curves converge to the OFDM curve
independently of N.. This behavior is a direct consequence of the expansion in the w
axis of the characteristic function as explained in section 5.5: as SNR increases, all
CHFs tend to converge to a common shape and, subsequently, their corresponding
PDFs and BER values also converge. These results are consistent with the fact
that, for ZF-FDE, OFDM determines the lower bound for SC-FDMA BER values,

as noted in subsection 5.3.

For greater values of u (e.g., u = 2), effective noise has a finite variance and
BER curves for SC-FDMA have a significatively different behavior (see Fig. 5.4).
For low values of SNR, SC-FDMA BER curves are very close to those for OFDM
but, as the SNR increases, SC-FDMA seems to perform better that OFDM. In this
case, the magnitude of the channel frequency responses have a non-zero minimum
and, therefore, there is not nulls, thus the effective SNR always increases with the

number of allocated sub-carriers N,.

For Figs. 5.5 to 5.7, we consider the expression (5.5.4) for BER when MMSE-FDE
is applied to compensate the effects of a Rayleigh fading channel; values obtained for
BPSK, 4QAM and 16QAM are compared to those obtained through simulations for
different, values of N.. By a simple inspection, it can be concluded that the validity
of the provided expression depends highly on the number of sub-carriers and on the
value of the power density Ny. For small values of SNR the values obtained with the
aforementioned expression are consistent with those obtained through simulation.
For higher values of SNR the expression values diverge with the smallest values of
N, considered. However, the approximation is still valid for greater values of N,

(e.g., 64 or greater) that are closer to practical values for a real system.
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Figure 5.3: Analytical vs. Simulation BER values for Nakagami-y channel (p = 1)
with N, = 4,16 and 64
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Figure 5.4: Analytical vs. Simulation BER values for Nakagami-y channel (p = 2)
with N, = 4,16 and 64
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Figure 5.5: Analytical vs. simulation results for independent sub-carriers (BPSK)
MMSE-FDE

5.6.2 Application to Realistic Scenarios

The analytical expressions for the BER presented in the previous section were de-
rived under the assumption of independence among allocated sub-carriers. This
assumption makes sense when coherence bandwidth of selective Rayleigh channels
is sufficiently small in comparison to the distance between assigned sub-carriers.
Here we analyze the circumstances under which the analytical expression may be
used as an approximation for BER values in actual selective fading channels. The
scenario under study is an SC-FDMA transmission with BPSK over some of the
channel impulse response models proposed by the ITU in |[ITU-R 97| and by the
3GPP [3GPP 10] for several terrestrial test environments. Representative simula-
tions parameters are shown in Table 5.1 for the channel models under consideration.
Channel models are implemented as a tapped-delay line characterized by the num-
ber of taps, the time delay relative to the first tap, the average power relative to the

strongest tap and the Doppler spectrum of each tap (see Table 5.2). In this case
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Figure 5.6: Analytical vs. simulation results for independent sub-carriers (4QAM)
MMSE-FDE

we consider a selective Rayleigh fading channels, thereby the coefficients for the
multipath fading model taps are assumed to be mutually independent zero-mean
complex-valued Gaussian random variables. As a consequence, the real and imag-
inary parts of those random variables are also independent. The channel Power
Delay Profile (PDP) is normalized in power, that is, the total power is unitary. The
delay spread and 50% coherence bandwidth for each test environment is presented
in Table 5.3. Within an ITU test environment, channel A and channel B are the

low delay spread and the median delay spread cases respectively.

The Coherence Ratio (CR), defined as the ratio between Coherence Bandwidth
(CB) and frequency spacing between consecutive allocated sub-carriers (AF), is
also provided in Table 5.3, first, for localized sub-carriers spaced 15 KHz apart and
then, for 16 sub-carriers interleaved over a total of 2048, that is, for a 1.92 MHz
spacing between two consecutive allocated sub-carriers. These ratios provide in-

formation about the similarity between channel responses for consecutive allocated
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Figure 5.7: Analytical vs. simulation results for independent sub-carriers (16QAM)
MMSE-FDE

sub-carriers: specifically, the higher its value, the more similar their channel re-

sponses are.

Usually, interleaved transmission yields small coherence ratio values, that is,
CR < 1. In such cases, the provided analytical BER expressions serve as an ap-
proximation of actual values for interleaved SC-FDMA with ZF-FDE and MMSE-
FDE. However, for greater values of CR (e.g., in the Pedestrian A (PA) channel)
BER results obtained from simulations are far from the values obtained using the
proposed analytical expressions as depicted in Fig.5.8a. Nonetheless, expressions
(5.5.3) and (5.5.4) provide values of BER that come closer to the values obtained
through simulation when CR decreases. This behavior can be observed in results
depicted in Figs.5.9a to 5.11a with the remarkable exception of those corresponding
to the Vehicular B (VB) channel with MMSE-FDE. In this case, the approxima-
tion is not as close to the simulation curve as its CB and CR values would suggest.
We think that the reason behind this strange behavior lies in its peculiar channel

impulse response (see Table 5.2).
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Note that localized transmissions present greater values of coherence bandwidth
as the sub-carrier spacing is minimum, thereby the assumption of independence no
longer holds and BER values cannot be approximated using the proposed expres-

sions.

Two additional insights can be obtained by inspection of the simulation results.
First, ZF-FDE OFDM determines the lower bound for SC-FDMA for Rayleigh fad-
ing channels, as can be inferred from BER values as shown in subsection 5.3. Sec-
ond, both BER values obtained with expression (5.5.4) and simulation results for
MMSE-FDE are below those of OFDM. That is consistent with the results provided
in |Ciochina 07| and means that ZF-OFDM BER values can be considered as an up-
per bound in this case. In fact, BER values for MMSE-FDE are bounded between
those of OFDM and the ones obtained with expression (5.5.4) under the assumption

of independence.

Table 5.1: Simulation Parameters

Parameter Value
Carrier Frequency 2.5GHz
System Bandwidth 20MHz
Sampling Frequency 30.72MHz
Sub-carrier Spacing (< AF)  15KHz
FET Size 2048
Data Carriers 16 & 64

5.7 Conclusions

The study of the stochastic nature of noise in SC-FDMA systems with ZF and
MMSE-FDE has been addressed in this chapter. For ZF-FDE we show how, for SC-
FDMA transmissions over a Nakagami-u fading channel and under the assumption
of independent sub-carriers, the effective noise is related to the Pearson type VII

family of distributions. For MMSE we derive an approximation for the density of
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Table 5.2: Tapped delay line parameters for considered channel models

PA VB ETU EVA
dB ns dB ns dB  ns dB ns
0 0 -2.5 0 -1 0 0 0
-9.7 110 0 300 -1 50 -1.5 30
-19.2 190 | -12.8 8900 | -1 120 | -1.4 150
-22.8 4100 | -10 12900 | 0 200 | -3.6 310
- - -25.2 17100 | 0 230 | -0.6 370
- - -16 20000 | O 500 | -9.1 710
- - - - -3 1600 | -7 1090
- - - - -5 2300 | -12 1730
- - - - -7 5000 | -16.9 2510

Table 5.3: Delay Spread, Coherence Bandwidth and Coherence Ratio for considered
channels

Channel Delay Coherence CR CR Interleaved CR Interleaved
Model  Spread (rms) BW (50%) Localized 16,/2048 64/2048
PA 46ns 4.35MHz 290 2.264 9.06
VB 4001ns 50KHz 3.33 0.026 0.104
ETU 990.93ns 160.6KHz 13.45 0.105 0.420
EVA 356.65ns 560.8KHz 37.8 0.292 1.168

the effective noise applying the CLT. In both cases, closed-form expressions for BER
values in SC-FDMA transmissions over a Nakagami-u fading channel with BPSK
and M-QAM modulations were presented and validated by means of simulations.
Additionally, the conditions under which they provide accurate approximations to
actual BER values are determined. With this purpose SC-FDMA transmission over
a Nakagami-y fading channel with ¢ = 1 (i.e., Rayleigh fading channel) was con-
sidered. It was shown how their suitability as approximations depends on the ratio
between coherence bandwidth and frequency spacing among consecutive allocated
sub-carriers. It was concluded that for small values of this ratio, close to or smaller
than 1, provided expressions can safely be used to approximate BER values both for

interleaved SC-FDMA. Additionally, it was shown that OFDM BER curves serve as
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lower bounds for BER values in SC-FDMA with different constellations when ZF-
FDE is applied whereas, according to simulations results, they are an upper bound
for those obtained with MMSE-FDE. That is, for ZF-FDE, OFDM BER curves serve
as lower bounds for BER values in SC-FDMA whereas, for MMSE-FDE, those same

curves serve as upper bound for obtained BER values.
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Figure 5.8: BER for Pedestrian A channel (BPSK)
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Figure 5.9: BER for Vehicular B channel (BPSK)
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CHAPTER 6

Spectral Efficiency for Adaptive
SC-FDMA over Rayleigh Fading
Channels

6.1 Introduction

The quality of the received signal in cellular communication systems depends on
several factors such as the path loss exponent, the log-normal shadowing or the
short term Rayleigh fading and noise. The use of Adaptive Modulation (AM) makes
possible to improve the robustness and spectral efficiency of a transmitted signal
suffering these impairments. In order to achieved that, the signal transmitted to or
by a particular user is modified to account for the signal quality variation according
to the estimated channel response at the receiver. Hence, by means of AM, it is
possible to match the modulation scheme to the average channel conditions for each
user. Thus, users with benign channel conditions are typically assigned higher order
modulation (e.g., 64 QAM) whereas the modulation order decreases for users facing

worse channel conditions.

In this chapter, we focus on the spectral efficiency for uncoded SC-FDMA trans-

mission over a Rayleigh fading channel to perform an analytical study of the spectral

101



102 Spectral Efficiency for Adaptive SC-FDMA over Rayleigh Fading Channels

efficiency for ZF-FDE and MMSE-FDE. With this purpose, spectral efficiency values
are derived for both OFDM and SC-FDMA when the same AM scheme is applied
to track variations in the quality of the received signal due to the transmission over
a fading channel. These values are derived for SC-FDMA assuming independence
among allocated sub-carriers and compared to those obtained through simulations

for localized and interleaved transmission over actual I'TU and 3GPP channels.

6.2 Adaptive Modulation Schemes for SC-FDMA
6.2.1 Adaptive Modulation Overview

As it is a well known transmission technique, there is plenty of literature about AM;
for instance, |Goldsmith 05| provides detailed descriptions of the AM system model.
In this section, we briefly describe the adaptive modulation scheme used to evaluate

spectral efficiency.

In this thesis, the transmit power is considered to be constant, thus the instan-
taneous SNR at the entrance of the detector 7 is completely characterized by the
channel model and the transmission technique employed. For a given value of v, L
consecutive and not overlapping fading regions {R; = [v;, Vit1]}iz0.1,..L—1 are consid-
ered with v, = oo. Within the fading region R;, a certain QAM constellation with
M; bits/symbol is employed. The sets of switching thresholds {7;}i—01,. n-1 are
designed to maximize the spectral efficiency under instantaneous BER constraints
BERp. The result is qualitatively depicted in Fig. 6.1: BER curves for different
modulation schemes M; ¢ = 1,..., L —1 over AWGN channel are intersected by the
desired BE Ry value and the crossing points determine the decision SNR thresholds.
Additionally, for SNR values below a minimum threshold (i.e., in very poor channel
conditions), there is an outage state in which there is no data transmission. To
perform adaptation, v is estimated at the receiver to determine the current fading

region R;, which is fed back to the transmitter.
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Thus, L different constellations which includes BPSK and square QAM constel-
lations of R, = 4" {r =0,.., M — 1} symbols are employed. The probability of
falling in the fading region %; is

pi = /%H py(7) dy (6.2.1)

Vi

where p,(7) is the PDF of the normalized instantaneous SNR fading.

The average spectral efficiency % is simply given by

= BRG] =Y R (6.22)

BER

BER~

SNR

Figure 6.1: Example of adaptive modulation regions

6.2.2 Adaptive OFDMA and SC-FDMA

The use of adaptive modulation over OFDMA has been extensively addressed in the
literature. Whereas interested reader is referred to [Simon 05| and [Goldsmith 05]
for an in depth review on the matter, in the following we focus on its fundamental
aspects. In OFDMA, the SNR at the entrance of the receiver at subcarrier k can
be described for OFDM ZF equalization (from 4.5.2) as:

OFDMA __ ES 1 ES 2
’h‘k| )

No No

ZF - N (6.2.3)

1
|he|®
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where hy is the frequency channel response at subcarrier k. Similarly for OFDMA

MMSE the expression for the SNR yields

Es 1
Voiioe = No T N (6.2.4)
(7s)

where 02 = E, = 1 and 07 = Nj.

As OFDMA can be seen as a group of M parallel channels, Adaptive OFDMA
simply employs the previously described adaptive modulation scheme over each sub-
carrier, by selecting the constellation to be employed at each subcarrier comparing
the thresholds to 7 as described by eq. (6.2.3) or eq. (6.2.4) for ZF and MMSE

respectively.

In the specific case of SC-FDMA, the study of the spectral efficiency is based
on the system model presented in section 5.2. As described there, a sequence x is
transmitted onto the subset of N, allocated sub-carriers. In Chapter 5 the noise
at the entrance of the detector was evaluated conditioned to the frequency channel
response h and it was shown to be a combination of the channel response at the set

of allocated sub-carriers. Thus, the SNR for ZF-FDE in SC-FDMA is given by

Es
YzF = /BZFNO7 (625)
with given by eq. (5.3.12), that is,
N,
1 «— 1
ZF
= — . 6.2.6

For MMSE-FDE in SC-FDMA the instantaneous SNR is expressed as eq. (5.4.22),

that is,
1 Eyg
YMMSE = Bs BN, (6.2.7)
where
1 & 1
M N - 6.2.8
chz—;|hj|2+No/Es (628
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Please, note that the SNR is the same for the whole sequence x, thereby forcing the
use of the same constellation for all of individual symbols in the sequence. That
means that the signalling necessary for SC-FDMA is N, lower than those of OFDM
for the same number of sub-carriers. This also implies that, in opposition to what
happen in OFDMA, is not possible to perform a fine adaptation, in a per sub-carrier

basis, in SC-FDMA.

Next sections analyze separately spectral efficiency results for ZF and MMSE
equalization in SC-FDMA. Note that these results become those of OFDMA when
N, = 1. The working assumptions considered in chapter 5, such as ideal estimation
of the channel frequency response or perfect synchronization, are also considered in
the following. Moreover, the feedback of the SNR used to adapt the transmission

rate is assumed to be ideal (i.e., instantaneous and error-free).

6.3 Spectral Efficiency Analysis for ZF-FDE

In this section we employ some expression derived in the previous chapter. For
the sake of clarity, we repeat these expression when necessary. From the previous

chapter, we know that, for SC-FDMA with ZF-FDE, the value of the instantaneous

E
SNR at the receiver is determined by ﬁTS}\fO’ where B4F is defined as
N,
1l «— 1
ZF
= — —. 6.3.1

The constellation corresponding to the ¢-th region is applied when the SNR is be-

tween the corresponding boundaries, that is,

P B (6.3.2)
’)/’L /BZFNO 71—)—1‘ 0.

We can rewrite this inequality and redefine the L regions to discretize the values of
BZF as

1 Eg B
o Yi+1 No

v No

BEE, (6.3.3)

)

< B#F <
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where 87" and 5+1 are the modified thresholds that depend on the SNR.

The average spectral efficiency can be calculated as

ZIOgQ Ppzr ( z+1 < BZF < 5ZF) =
Zlogg FBZF (ﬁz ) FBZF (ﬁi"rl)] (634)

where L is the number of regions. This expression also requires Fyzr(3%) that, for
a selective Rayleigh fading channel, is the CDF of the sum of N. identical weighted
inverse-chi-square random variables (6.3.1), each of them with the following PDF

_ 1
e =Nc

22N,

fx(z) = (6.3.5)

From this expression, the CHF is straightforwardly obtained (using (3.471.9) in

|Grinstead 97|) as
—w —w
=2 K24/ — 3.
w) \/Ncy 1(\/ch>, (6.3.6)

where |w| is the absolute value of w and K7 is the modified first order Bessel function

of the second kind |Bocher 92].

As the channel response for each sub-carrier is assumed to be independent, the

CHF of p4F yields
Ne
Do (w ( Kl( 2,/ )) | (6.3.7)

Hence, in this case, the CDF can be evaluated using Gil-Peldez inversion theorem

expression (see section 3.2.4) and can be expressed as

1 1 /P ZF((U) AZF ) ZF(—LU) ZF
Fazr (87" =——_/ e L S e ) du. (6.3
BzF (ﬁ ) > "o ), ( I e T e w ( )

Plugging this last expression into (6.3.4), we can compute the spectral efficiency

values numerically by means of the double exponential integration [Mori 01].
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6.4 Spectral Efficiency Analysis for MMSE-FDE

For MMSE-FDE in SC-FDMA the instantaneous SNR is expressed as eq. (5.4.22),
that is,

Es
YMMSE = BN, L (6.4.1)

where

pM = (6.4.2)

1 i 1

il —_—
N, = |h;|” + No/Es
The parameter 3" determines the SNR and, consequently, the corresponding con-

stellation to be used, that is,

Vi < —1 <91 (643)

S
BM Ny
In this case the inequality resulting after redefining the L regions to discretize the

values of B%F is

E 1 E 1
M S M S M
T Ny v 41 b Novyi+1 p (6-4.4)

where M and S}, are the modified thresholds that depend on the SNR.

The average spectral efficiency can be calculated as

L-1

H= > tom (Mg (575 < 5 < ) =

B 8o (Mi) Ppm (Piqq ) =
i=1
-1
D logy (M) [Fanr (B) = Fone (811)]. (6.4.5)
i=1

where L is the number of regions. This expression also requires Fyu (3*) that, for
a selective Rayleigh fading channel, is the sum of N, identical weighted inverse-
chi-square random variables (D.5.2.10) shifted Ny, each of them with the following
PDF
—1
e (x—Ng)Nc

fr(y) = fx(x = No) = NN (6.4.6)
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Applying Fourier transform properties, the expression for the CHF of a single term

By (w) = MR Dy (w) = 24 g Ky 24/ g ) M0 4
o) = (o) =2 [T (2500 (6.47)

Under the assumption of independence among the allocated sub-carriers, the CHF

of M yields
Ne
B gur (w) = (2,/?\{“;}(1 (2,/;”]) eJNOﬁZ) , (6.4.8)

and can be evaluated using Gil-Pelaez inversion theorem expression as
1 1 [ [ DPgm(w y Do (—w
FBM (BM) - — _/ L()(B—Jﬁmw _ MQJBMUJ dw. (6.4.9)
2 27 ) Jw Jw

Plugging this last expression into (6.4.5), we can use again the double exponential

is given by

integration [Mori 01| compute the spectral efficiency values.

6.5 Simulation and Numerical Results

In the following, we validate the expressions (6.3.4) and (6.4.5) through simula-
tions. First, we consider an ideal scenario in which the channel frequency responses
for allocated sub-carriers are independent: an interleaved SC-FDMA transmission.
Then, more realistic scenarios based on channel models defined by I'TU and 3GPP
are considered. Our aim is to determine in which situations the provided analytical
expressions can be used as an approximation for spectral efficiency values in actual
selective Rayleigh fading channels. In both cases, we use a semi-analytical model
in which complex channel frequency responses, generated for the different allocated
sub-carriers, are used to calculate the conditional probability for ZF (5.4.21) and

MMSE (5.4.10).

6.5.1 Validation of Closed-form Expressions

In order to validate the provided expressions for spectral efficiency (6.3.4) and

3

(6.4.5), we evaluate them for different numbers of sub-carriers and compare the
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values to those obtained from simulations. We consider a channel model in which
the channel frequency response for the N, allocated sub-carriers are modeled as
ii.d. complex Gaussian random variables. Fig. 6.2 shows the spectral efficiency
with BERp = 1073 and different values of N, for ZF-FDE. OFDM spectral effi-
ciency (N, = 1) is also included to serve as a reference. By simple inspection, it
can be concluded that whenever the assumption of independence among the fre-
quency responses of the allocated sub-carriers holds, analytical values are matched
by those obtained by simulations. From Fig. 6.2 it can be also concluded that an
increment of the number of allocated sub-carriers reduces the spectral efficiency in
SC-FDMA, whereas the spectral efficiency in OFDM is known to be independent
of this value. This rate loss, already predicted in the previous section chapter (see
section 5.3), increases with the number of allocated sub-carriers. Note that AM is
employed here for OFDM in a sub-carrier basis and that implies a greater signalling
overhead than that of SC-FDMA. In real systems the Channel Quality Indicators
(CQIs) are provided for chunks of sub-carriers and it is not possible to perform a

fine adaptation.

8- .
=3¢ X
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= = = Analytical R4
’
X ' X
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Figure 6.2: Spectral Efficiency for BERy = 1073 (ZF)

These results are consistent with those presented by Wu et al. [Wu 09] using
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simulation and Shannon’s formula. In order to make a fair comparison between
them, it must be taken into account that there is an effective power loss (i.e., power
gap) due to the use of M-QAM |[Goldsmith 05|. Furthermore, here we consider a

maximum spectral efficiency of 8 bits/s/Hz.

For MMSE-FDE Figs. 6.3a and 6.3b shown results for different number of sub-
carriers. In both cases, the analytical spectral efficiency calculated with eq. (6.4.5)
matches the values obtained through simulations showing that the approximation

made is valid.

----- OFDM P = = OFDM P
;L] % Simulations /" ;L] % Simulations \,«’
Analytical R4 Analytical

bits/s/Hz

20 25 30 35 40
SNR(dB)

I
15

20 25 30 35 40 45
SNR(dB)

Figure 6.3: Spectral Efficiency for BERy = 1073 (MMSE)

I
15

Comparing the spectral efficiency results for OFDM and MMSE-FDE (see Fig.
6.3) we can observe that the aforementioned reduction of the spectral efficient also
appears for MMSE-FDE. The reason behind this reduction was hinted before: for
OFDMA it is possible to consider a per sub-carrier AM whereas for SC-FDMA
such a fine level of granularity it is not possible. Lastly, it must be noted that

spectral efficiency values for MMSE-FDE are similar to those obtained for ZF-FDE

as depicted in Fig. 6.4.

]
45
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Figure 6.4: Spectral Efficiency Comparison with BERy = 1073

6.5.2 Application to Realistic Scenarios

In this subsection we check the suitability of the presented closed-form expressions
to evaluate the spectral efficiency for actual selective fading channels with a certain
coherence bandwidth. The scenario under study is a SC-FDMA transmission over
the different channel impulse response models already used in the previous chapter,
that is, ITU [ITU-R 97] and 3GPP [3GPP 10| channel models. The values of the

taps for the different channels considered are collected in Table 6.1.

As in the previous chapter, the coefficients for multipath fading model taps are
assumed to be mutually independent zero-mean complex-valued Gaussian random
variables whose real and imaginary parts are also independent and the total power is
unitary. The delay spread and 50% coherence bandwidth for each test environment
is presented in Table 6.2. The representative simulations parameters for the channel
models under consideration are presented in Table 6.3. Through Figs. 6.5a to 6.6b,
we present analytical values of the spectral efficiency for ZF and MMSE, which are
calculated for a BERz of 107 with the proposed expressions (6.3.4) and (6.4.5),

besides actual ones obtained through simulations. In each figure, we include results
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Table 6.1: Tapped delay line parameters for considered channel models

PA VB ETU EVA
dB ns dB ns dB  ns dB ns
0 0 -2.5 0 -1 0 0 0
-9.7 110 0 300 -1 50 -1.5 30
-19.2 190 | -12.8 8900 | -1 120 | -1.4 150
-22.8 4100 | -10 12900 | 0 200 | -3.6 310
- - -25.2 17100 | 0 230 | -0.6 370
- - -16 20000 | O 500 | -9.1 710
- - - - -3 1600 | -7 1090
- - - - -5 2300 | -12 1730
- - - - -7 5000 | -16.9 2510

Table 6.2: Delay Spread, Coherence Bandwidth and Coherence Ratio for considered
channels

Channel Delay Coherence CR CR Interleaved CR Interleaved
Model  Spread (rms) BW (50%) Localized 16,/2048 64/2048
PA 46ns 4.35MHz 290 2.264 9.06
VB 4001ns 50KHz 3.33 0.026 0.104
ETU 990.93ns 160.6KHz 13.45 0.105 0.420
EVA 356.65ns 560.8KHz 37.8 0.292 1.168

for both ZF and MMSE FDE for the specific channel and for a given number of

allocated sub-carriers (16 or 64).

By a simple inspection of these figures, we can see that SC-FDMA spectral
efficiency results obtained with MMSE-FDE are similar to those obtained with ZF-
FDE for a given target BER (see Fig. 6.4). Scenarios with the highest values of
coherence ratio', such as localized SC-FDMA transmission for PA channel model,
present a spectral efficiency similar to that of OFDM as the channel frequency
response is likely to be similar for all allocated sub-carriers as depicted in Fig.
6.5a. In this case, our expressions are not a good approximation for actual spectral

efficiency values.

1Recall that this ratio provides information about the similarity between channel responses for
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Table 6.3: Simulation Parameters

Parameter Value
Carrier Frequency 2.5GHz
System Bandwidth 20MHz
Sampling Frequency 30.72MHz
Sub-carrier Spacing (< AF)  15KHz
FFET Size 2048
Data Carriers 16 & 64

However, when the coherence bandwidth is small, the obtained analytical spec-
tral efficiency expression serves as an approximation of actual values. The accuracy
of such approximations increases when CR < 1. Thus, for interleaved transmis-
sion over VB channel, simulations results are close to the values obtained using the
proposed analytical expressions (see Fig. 6.5b). Note that, for a greater number of
allocated sub-carriers in a system with fixed bandwidth, the sub-carrier spacing is

reduced resulting in a worsening of the accuracy of the approximation.

It must be noted that values obtained with the provided expression for extended
channels (EVA and ETU) are the ones that fit best the simulation values for inter-

leaved transmission as depicted in Figs. from 6.6a and 6.6b as CR < 1.

Several additional conclusions can be extracted from the simulation results that
must be noted. First, there is a rate loss in SC-FDMA compared to that of OFDM
(as stated in section 6.2 for independent sub-carriers). That implies that the spectral
efficiency values for SC-FDMA are upper bounded by those of OFDM. Second, the
closed-form expression we present here serves as a lower bound for the spectral
efficiency in SC-FDMA. Such a lower bound becomes an accurate approximation of
the spectral efficiency in SC-FDMA for low values of CR as it provides the worst
spectral efficiency values reachable with SC-FDMA and serves to consider the worst

case scenario for this transmission technology.

consecutive allocated sub-carriers: the higher its value, the more similar their channel responses
are.
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Lastly, it can be deduced that for greater values of CR (i.e., when there is a strong
correlation among channel frequency responses) the spectral efficiency increases.
The best values achievable in SC-FDMA for the spectral efficiency are those of
OFDM?; that happens for flat or almost flat fading channels in which the channel
frequency response is the same for all sub-carriers. That is, they are completely

correlated and 8 becomes the enhancement factor for OFDM.

6.6 Conclusions

This chapter gathers the results obtained and the insights inferred from our an-
alytical study of the spectral efficiency for SC-FDMA when a linear zero forcing
FDE, either ZF or MMSE, is applied. First, under the assumption of indepen-
dence among the channel frequency responses for the allocated sub-carriers, we
derived closed-form expressions to compute spectral efficiency for ZF and MMSE-
FDE. Then, we checked the suitability of those expressions to describe the spectral
efficiency in actual fading channels through simulations over I'TU channel models.
The results obtained show how, for small coherence ratio values, provided expression
approximates actual values for IFDMA. Additionally, we demonstrate that spectral
efficiency values for SC-FDMA are upper bounded by those of OFDM and show
through simulations that are lower bounded by those obtained with the provided

closed-form expression.

From the results presented here, we can conclude that the performance in terms
of spectral efficiency of SC-FDMA is slightly worse than the one obtained with
OFDM. However, we also show that OFDM implies a greater signalling overhead
to use AM in a sub-carrier basis that must not be neglected when comparing the
technologies. Although taking into account this aspect was beyond the purpose

of this dissertation, it is an interesting research topic and has been included in the

2As mentioned before, we are assuming in this study a sub-carrier basis adaptation for OFDM
that implies a greater signalling overhead.
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future work lines. Additionally, we show how the provided expressions, derived under
the assumption of independence among the frequency responses of the allocated sub-
carriers, are a good approximation to actual spectral efficiency values for EVA and
ETU channels. Moreover, in general, these expressions serve as a lower bound for
the spectral efficiency. That is, they provide the worst spectral efficiency values
reachable with SC-FDMA and serve to considered the worst case scenario for this

transmission technology.
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CHAPTER 7

Conclusions

Along this dissertation, we have presented the work developed during our analysis of
the performance, in terms of BER and spectral efficiency, of an SC-FDMA system.
First, we introduced the technologies considered and the mathematical grounds to
perform the aforementioned analysis. Then, we focused on the effects of linear
equalization in the frequency domain on the noise component for OFDM and SC-
FDMA. Once this enhanced noise was characterized, we derived expressions for
the BER and the spectral efficiency in SC-FDMA. After each step in our study, we
discussed the conclusions inferred from this analysis and presented the contributions
derived. In this final chapter, we include a brief summary of the previous chapters
in which we remark the more significant insights. In addition, we also provide some

future lines and applications regarding this work.

7.1 Synthesis of the Dissertation

An outline of the dissertation follows:

We devoted chapter 1 to introduce the motivation of this work which is to provide

a mathematical analysis of the performance of an SC-FDMA system over a Rayleigh

119



120 Conclusions

fading channel. With this aim, we provided in chapter 2 an overview of this new radio
interface technique and described its transmission and reception processes, focusing
in the similarities and differences with OFDMA. For the sake of clarity, we collected
in chapter 3 all the mathematical concepts regarding probability distributions which

are needed to perform the aforementioned analyses.

In chapter 4 we applied the mathematical framework in order to carry out a
rigorous study of the detection noise after equalization for different fading channels
in OFDM. Additionally, we derived the density function of the random variable
which models that noise. Concretely, we considered zero forcing equalization for an
OFDM signal transmitted over different fading channels (i.e., Rayleigh, Rice and

Nakagami-m).

In chapter 5 we used previous results to conduct the study of the stochastic
nature of noise in SC-FDMA systems with ZF and MMSE-FDE. For ZF-FDE we
showed how, for SC-FDMA transmissions over independent sub-carriers, effective
noise is related to the Pearson type VII family of distributions. For MMSE we
derived an approximation for the density of the effective noise applying the CLT.
In both cases, closed-form expressions for BER values in SC-FDMA transmissions
over Nakagami-; fading channels, which includes Rayleigh fading channels as a
particular case, with BPSK and M-QAM modulations were presented and validated
by means of simulations. These expression were derived assuming independence
among the channel frequency response for the allocated sub-carriers. We showed how
their suitability to approximate the BER depends on the ratio between coherence
bandwidth and frequency spacing among consecutive allocated sub-carriers. We also
concluded that for small values of this ratio, close to or smaller than 1, provided
expressions can safely be used to accurately approximate BER values for SC-FDMA.
Additionally, it was shown that OFDM BER curves serve as lower bounds for BER
values in SC-FDMA with different constellations when ZF-FDE is applied whereas
they are an upper bound for those obtained with MMSE-FDE.
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Finally, we extended our study to the analysis of the spectral efficiency for SC-
FDMA in chapter 6. First, under the assumption of independence among the channel
frequency responses for the allocated sub-carriers, we derived closed-form expres-
sions to compute spectral efficiency for ZF and MMSE-FDE. Then, we showed how,
for small coherence ratio values, provided expressions approximate actual values
for IFDMA. Additionally, we demonstrated that spectral efficiency values for SC-
FDMA are upper bounded by those of OFDM and showed through simulations that

they are lower bounded by those obtained with the provided closed-form expression.

7.2 Contributions

The main contribution of this thesis is the analysis of the performance, in terms
of BER and spectral efficiency, of a SC-FDMA system over Nakagami-yu fading
channels. We paid special attention to the Rayleigh fading channel, which can
be seen as a particular case of Nakagami-pu fading channel. The obtained results
were first validated through simulations and, then, compared to those obtained with
OFDMA. These comparisons allow us to determine the difference in performance
between both technologies. Other contributions made during the development of

this thesis are listed next.

o Statistical study of the enhanced noise after linear equalization in frequency
domain in OFDM and SC-FDMA. We carry out a rigorous study of enhanced
noise, after linear equalization for different fading channels, at the detection
stage for OFDM and SC-FDMA. Additionally, we derived the density function

of the random variable which models that noise.

e Analysis of BER for OFDMA and SC-FDMA over Nakagami-p fading chan-
nels. Based on the aforementioned study, we obtained closed-form BER ex-
pressions for SC-FDMA transmissions over Nakagami-  fading channels when

linear frequency domain equalization is performed. Specifically, under the
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assumption of independence among allocated sub-carriers, we derived closed-
form expressions for the BER in the case of ZF-FDE; for MMSE-FDE we

obtained a pessimist approximation in the form of a lower bound.

Analysis of spectral efficiency for SC-FDMA. We extended our analytical study
to the spectral efficiency when frequency-domain equalizer is applied for a SC-
FDMA transmission over Rayleigh fading channels with adaptive modulation.
Again, ZF and MMSE-FDE were considered and independence among allo-
cated sub-carriers assumed. In both cases we derived closed-form expressions
for the spectral efficiency; those expressions proved themselves useful to fit
actual spectral efficiency values obtained thought simulation for more realistic
channel models (e.g., EVA and ETU channel models). We also show how they

provided the worst case scenario results for any SC-FDMA transmission.

7.3 Future Work

The results of this dissertation point to several interesting directions for future work.

Some of them follow:

e Using some of the partial results obtained from the study of ZF-FDE in

OFDM, we intent to extend the study of BER performance in SC-FDMA

to other fading channels as Rice.

e Most of our study is developed under the assumption of independence among

allocated sub-carriers. In the next stage of our research, we aim to include
the effect of correlation in the study in order to derive expressions for more

general scenarios.

e We also plan to study the impact of limited CQI feedback on spectral efficiency

for OFDMA and SC-FDMA in order to make a fairer comparison.
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e The results presented in this dissertation can be applied to channel state de-
pendent scheduling. Results presented in this dissertation regarding the ran-
dom variables used to model the SNR at the receiver can be used for the

mathematical analysis of scheduling algorithms.

e Presented results are obtained assuming that there is perfect synchronization
at the receiver side and there is neither ISI nor ICI. It may result interesting

to include the effect of these impairments in the analyses here presented.

e Last but not least, we intend to extend this study with the inclusion of several
MIMO techniques in the model; that will allow us to evaluate the performance,

in terms of BER and spectral efficiency, for more realistic systems.
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APPENDIX A

Pearson Type VII Distributions

A.1 Characteristic Function

The CHF of an even PDF can be computed as

G(w) = /_00 fx (z) "dx = 2/000 fx () cos(wz)dz. (A.1.1)

In the case under study
I'(m—1/2) a
Tm = DT (1/2) (1 1 a2a2y™ 2
and letting ¢ = wx the integral may be rewritten as
2I'(m —1/2 o acos (t
G(w) = T (m(— 0 F{l}Z) /o ot a2t2()7)n_1/2w2mdt. (A.1.3)
According to Abramowitz and Stegun |Abramowitz 64| in 9.6.25

fx (@) = (A1.2)

Ttn+1/2), ., [  cos(t)
for s > 0. Therefore, letting s = ol and m=n-+1
a
) = s K () = = (1) i, (1 (AL5)
w)=——K,(8) = ———-— | — nl— . 1.
271 (n) 2»-10'(n) \ a a

In the case under study, that is, letting @ = ¢=, m = 2 and n = 1, the final

expression results
G(w) = o|lw| K (o|w]) . (A.1.6)
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A.2 Convolution

Let x and y two independent Pearson type VII random variables with the same PDF

SR R
p(t;a, N) = JaTm —1r(12) (5 + 1) (A.2.1)

and same CHF

92-m (acuZ)mTi1

G(w;a,m) = Ton—1)

K1 (Valw|) . (A.2.2)

Let s = x+y, then the PDF corresponding to s can be computed as the convolution

of the PDFs of x and y

o0

ps(s;a,my,mg) = / P (5 a1, my)py(x — s;a1,mo)dx. (A.2.3)

—00

Equivalently, that PDF can be expressed as

oo
ps(s;a,my,me) = / G (w;a,m)G(w; a,my)e?™ dw. (A.2.4)
—0o0
The solution of this integral results
3Fs(mq — %, my — %,ml + my — %; m”g“_l, ml;m; _4—”22)T (A.2.5)

where

(m1 + mo — 1)F(m1 — %)F(mg — %)F(ml + mo — g)

LT AT D DLy )

(A.2.6)

and 3F% is a particular case of the generalized hypergeometric function ,F, with
p = 3 and ¢ = 2 |Abramowitz 64|). For half integer values of m; and my it is
possible to obtain a polynomial expression for ps(s;a, my, my). Several examples are

presented in table A.1.
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Table A.1: List of analytical expressions of p4(s;a,my, ms) for half integer values of

my and ms.

my Me ps(s;aam17m2)
303 2/a

2 2 7 (4da + x2)

5 3 Vva(12a + 2?)

2 2 ™ (4a + 22)°

5 5 4a%? (20a + 2?)

2 2 7 (4a + 22)°

T 3 160a® + 36a?z? + 3az?

2 2 3var (4a + 22)°

7 5 2a%%(560a® + 56ax? + 3x*)
2 2 37 (4a + 22)"*

7 7 1662 (336a% + 24ax® + x*)
2 2 37 (4a + 22)°
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APPENDIX B

Probability Expressions for
Enhanced Noise after ZF-FDE in

OFDM

In this appendix we collect the expressions obtained in chapter 4 for the random

variable that describes the enhanced noise resulting after applying ZF-FDE for dif-

ferent fading channels.
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Probability Expressions for Enhanced Noise after ZF-FDE in OFDM

Table B.1: Enhanced Noise Densities after equalization in Rayleigh fading channels.

Function Expression
. . 1 or
Joint Density (Polar) e E—— (4.5.5)
(o +1?)

Joint Density (Cartesian) | ~ o (4.5.6)
0 ens artesian) | — 5.
I 7 (0% + (7 44

. . 1 o?
Marglnal Den31ty Em (457)

. . 1 T
Marginal Distribution = (4.5.8)

Characteristic Function

(4.5.10)
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Table B.2: Enhanced Noise Densities after equalization in Rice fading channels.

Function Expression

ro (0?0 +2(0 4 1%) -zt (4.5.13)
27 (0 + 1r2)° B

Joint Density (Polar)

2

2 2 .2 2 2 -
(@ +y)ato +2(@ +y)o 1) | ammimen (4514)

or (22 + y?)o + 1)°

Joint Density (Cartesian)
Marginal Density -

t 00
Marginal Distribution / / Jiv i (x,y)dydz (4.5.15)

Characteristic Function —
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Table B.3: Enhanced Noise Densities after equalization in Nakagami-u fading chan-
nels.

Function Expression
1 M”H r2 —1-p
Joint Density (Pol — — 4.5.18
oint Density (Polar) T (202 + ,u) ( )
—1—p
. . . /,L'u+1 1.2 + y2
Joint D ty (Cart 4.5.19
oint Density (Cartesian) = ( 552 +u ( )
1 T(p+3)2nuro?
Marginal Density \/j (1 +3) 2% - (4.5.20)
TT(p) (2uo? 4 22)"2

—1)7T (u+ 3 1
Marginal Distribution ( ;\/EF%L) ) B_Q%z (u, 5 ,u) (4.5.22)
Characteristic Functi N e (o /3] 4521
aracteristic Function 21*“/2F(M)M w0V 20wl (4.5.21)




APPENDIX C

Distribution of the Minimum of a
Set of Chi-Square Random Variables

Let X1, Xs, ..., Xn, be a set of N, independent chi-square random variables with two

degrees of freedom

1

Ix; (v5) = Ee_xj/Q» (C.1)
and X,,;, the minimum value in this set
Xin = min [ Xy, Xo, ..., Xn.], (C.2)
then, the distribution of X,,;, yields
o o) Mo -

and Z = N.X,,;, follows a the same chi-square distribution as that of X;

ez, (C.4)

Proof. The CDF corresponding to this X,,;,, where all X; are independent, may be
expressed as

P(Xmingx):l—l_c[P(Xj>x):1—P(X>x)NC, (C.5)

Jj=1
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Distribution of the Minimum of a Set of Chi-Square Random Variables
since P (X; > )
P(X <ux)

P(X >uz) Vj € {1,2,..,N.}. Thus, as P(X >z) = 1 —

Fx (#) = 1= (1= Fx (2))™,

(C.6)
where Fy () = 1 — e™*/% is the distribution function for a chi-square random vari-
able. Then the density can be computed as

Ne =
mein (‘/I") = F)/(min (x) = 76 2NC7 (C7)
and Z = N.X,,;, has the following PDF
dx e”2
f2(2) = xsn (€) la=zyne | 7= : (C.8)
d 2
which is the same expression that in eq. (C.1).



APPENDIX D

Recapitulacion

D.1 Motivacion

Los sistemas de comunicaciones moviles e inalambricas de la proxima generacion
facilitaran la provision de servicios multimedia avanzados de manera ubicua gracias
a las elevadas velocidades de transmision ofrecidas. Para ello, es necesario que
las tecnologias de transmision empleadas sean capaces de resolver los problemas
derivados de la transmision de altas tasas de datos sobre canales limitados en ancho

de banda y potencia.

Hasta el momento, OFDM ( Frequency-Division Multiplexing) ha sido la técnica
de transmision méas empleada debido a su robustez frente a canales con desvanec-
imientos selectivos en frecuencia. Sin embargo, esta tecnologia sufre de una alta
tasa de potencia pico a potencia media ( Peak-to-Average Power Ratio, PAPR), una
caracteristica no deseable para la transmision en el enlace ascendente ya que son
necesarios costosos amplificadores de potencia en los terminales de usuario. Esta
problematica también aparece cuando se combina esta tecnologia con acceso miilti-

ple en OFDMA ( Orthogonal Frequency-Division Multiple Access).

Recientemente SC-FDMA (Single Carrier Frequency-Division Multiple Access)
135
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se ha convertido en una atractiva alternativa a OFDMA debido a su baja PAPR.
Esta caracteristica ha hecho que fuera elegida para su implantacion en el enlace
ascendente de la especificacion Long Term Evolution (LTE) [3GPP 08| del 3rd Gen-
eration Partnership Project (3GPP). Se puede describir esta técnica como una ver-
sion de OFDMA en la que las etapas de precodificacion y precodificacion inversa se
anaden respectivamente al transmisor y al receptor. La reduccion de la PAPR en la
transmision en el enlace ascendente se traduce en una relajacién en las restricciones
en cuanto a eficiencia de potencia en los terminales de usuario y, por tanto, en una

menor coste de fabricacion de los mismos.

El objetivo de esta tesis es realizar un andlisis matemético de las prestaciones
de SC-FDMA en términos de tasa de error de bit (Bit Error Rate, BER) y eficien-
cia espectral cuando se emplea esta tecnologia para transmitir sobre un canal con

desvanecimientos selectivos en frecuencia.

D.2 Técnicas para el analisis de la BER

En la literatura se pueden encontrar diferentes aproximaciones para calcular la BER
a partir del simbolo recibido tras la ecualizacion eq. (D.3.1.1) en sistemas de co-
municaciones digitales coherentes. La més clasica se basa en promediar la BER
condicionada, que normalmente implica la funcion Q( ) [Abramowitz 64|, sobre la
funcion densidad de probabilidad ( Probability Density Function, PDF) de la relacion

senal a ruido instantanea (Signal to Noise Ratio, SNR) por bit f. (7).

peR- | " QayA (), (D.2.0.1)

donde a es una constante que depende de la combinacién de esquemas de modulacion
y deteccion especifica |Simon 05|. El principal inconveniente de este método es que

normalmente no permite obtener una expresion cerrada para la BER media.
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Otro método elegante consiste en usar la funcion generadora de momentos ( Mo-
ment Generating Function, MGF) de la SNR condicionada a la respuesta del canal
[Simon 98b|. A partir de una expresion alternativa para la funcion Q( ), permite

obtener una representacion integral de la BER condicional [Simon 05|

1 /2 —a "
BER = — M, | ——— D.2.0.2
T /0 K (2 sin29) ’ ( )

donde M, () es la MGF de f~.

Este ultimo método permite llegar a expresiones de la BER media que implican
una sola integral finita cuyo integrando contiene solo funciones elementales y que

puede evaluarse computacionalmente con facilidad [Simon 98a].

Sin embargo, no siempre es posible derivar una expresiéon de la MGF para la
SNR instantianea. Uno de los objetivos de esta tesis es proponer un método que
pueda ser aplicado en estos casos. Para ello se emplea en esta tesis el método
propuesto en [Lopez-Martinez 10] con el cual es posible obtener expresiones cerradas
para la BER con QAM multinivel (M-QAM). Este método asume que se realiza un
mapeado independiente de bit para las componentes en fase y en cuadratura como
ocurre, por ejemplo, cuando se emplea codificacion Gray. La expresion general para
la BER puede simplificarse si el ruido complejo que afecta al simbolo recibido en la
etapa de decision es circularmente simétrico ya que, en ese caso, solo se necesita la

distribucion marginal de su parte real (o de su parte imaginaria).

La expresion de la BER resulta
BER E = 1 D.2
= - w(n)l(n), (D.2.0.3)

donde I(n) son los llamados Componentes de Probabilidad de Error ( Components
of Error Probability, CEP), w(n) son coeficientes que dependen del mapeo de la
constelacion, . = 2 para BPSK, y L = vV M para M-QAM. Es posible expresar

los CEPs en funcion de la distribucion de probabilidad ( Cumulative Distribution



138 Recapitulacion

Function, CDF) del ruido que afecta la senal en la etapa de decision F, , esto es,
I(n) = Pr{R{n} > 2n—1)d} =1 - F, ((2n — 1)d) (D.2.0.4)

donde d es la distancia maxima entre cada simbolo y la frontera de decision (p.ej.,
3E

2(M—1)

pueden calcular directamente |Lopez-Martinez 10].

d = \/E, para BPSK y d = para M-QAM), y los coeficientes w(n) se

La expresion final depende de la CDF de la parte real (o imaginaria) del ruido
complejo que afecta a la senal recibida en la etapa de deteccién. Asi, esta tesis se
centra en el estudio de la naturaleza estocastica de dicho ruido complejo a partir del
cual es posible derivar funciones con las que evaluar las distribuciones requeridas en

(D.2.0.4) para diferentes canales con desvanecimiento.

D.3 Analisis de la BER en OFDMA

El primer objetivo de esta tesis es estudiar la distribucién de probabilidad del
ruido mejorado tras realizar un ecualizacién lineal en el dominio de la frecuen-
cia en OFDMA. Con este proposito se deriva la densidad del ruido resultante tras
ecualizar para compensar los efectos de canales con desvanecimientos Rayleigh, Rice
y Nakagami-p. A partir de estas densidades es posible derivar la expresion de la

BER para una transmision sin codificacion de canal.

El analisis se centra en la ecualizacion zero-forcing en el dominio de la fre-
cuencia (Zero-Forcing Frequency Domain Equalization, ZF-FDE) ya que los resulta-
dos obtenidos para MMSE-FDE (Minimum Mean Square Error FDE) en cuanto a
rendimiento son similares en ambos casos aunque, en este tltimo, el error cuadratico
medio es menor. Tanto en [Wang 04| como en la seccion 4.2.3 de [Wang 05| se pro-

porciona una justificacion detallada de este comportamiento.

Tras una extensiva bisqueda bibliografica, el autor ha encontrado que existe muy



Recapitulacion 139

poca literatura en la que se realicen analisis similares. Solo en [Aghamohammadi 90],
[Shayesteh 95] y [Wilson 99|, en los que se obtiene la densidad de probabilidad para
senales moduladas linealmente sobre canales Rayleigh y Rice, puede encontrarse
un estudio similar. Ademas, la literatura concerniente al rendimiento de OFDM
sobre canales con desvanecimiento selectivo tipo Nakagami-u no es abundante y se
centra principalmente en expresiones semi-analiticas (|Count 01|, [Subotic 07]). Los
resultados de este andlisis se usan para obtener expresiones cerradas para la BER

en un sistema OFDM.

D.3.1 Modelo de sistema para OFDMA

En la Fig. D.1 se muestra el diagrama de bloques simplificado para un sistema
OFDM en el cual el ancho de banda disponible se divide en sub-portadoras ortogo-
nales. En OFDMA, la secuencia de simbolos modulados complejos = se mapea en
paralelo sobre el subconjunto de sub-portadoras asignadas al usuario mientras que

el resto se fuerzan a cero.

Figure D.1: Transmisor y receptor OFDM

| ]
. > Channel |
| |

Debido a las operaciones duales de transformada discreta de Fourier inversa
(Inverse Discrete Fourier Transform, IDFT) y transformada de Fourier discreta
(Discrete Fourier Transform, DFT), realizadas en el transmisor y en el receptor
respectivamente, y a la adicion del prefijo ciclico la senal recibida se puede expresar

como una version de la transmitida tras ser transformada por la respuesta del canal
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y contaminada con ruido AWGN (Additive White Gaussian Noise).
r =Hx+n, (D.3.1.1)

donde H es una matrix diagonal de tamafno NxN cuyos elementos hy (k=1,...,N)
son las respuestas en frecuencia del canal, i es un vector con las componentes de
ruido complejo AWGN para cada sub-portadora 7. La variable aleatoria compleja
correspondiente a la respuesta en frecuencia del canal para una portadora especifica
hr se supone de media cero y con potencia normalizada mientras que los términos
de ruido tienen media cero y varianza Ny. Tanto 7, como hy son variables aleatorias

con simetria circular [Gubner 06].

Para el sistema analizado, la senal recibida es la suma de todos los caminos
de visibilidad directa (Line of Sight, LOS) y todas las componentes multicamino
resolubles. En este estudio solo se considera el desvanecimiento multicamino debido
a las combinaciones constructivas y destructivas de versiones retardadas, reflejadas,
dispersadas y difractadas de la senal transmitida. Este tipo de desvanecimiento es

relativamente rapido y es responsable de las variaciones a corto plazo de senal.

Tres diferentes escenarios son considerados en esta seccién dependiente de que
distribucion siga el desvanecimiento rapido: Rayleigh, Rice o Nakagami-u. Tanto
la distribucion de Rayleigh como la de Rice se basan en modelos matematicos que
capturan el comportamiento subyacente los canales reales. Se emplean para mode-
lar el desvanecimiento multicamino (sin y con visibilidad directa, respectivamente)
[Simon 05]. La distribucion Nakagami-u aventaja a las anteriores ya que se ajusta
mejor a resultados basados en medidas empiricas |Goldsmith 05| por lo que es uti-

lizada con frecuencia [Beaulieu 05].

En este punto debe tenerse en cuenta que la transformada Fourier preserva la
normalidad de las variables |Ghosh 69| al tratarse de una transformacion lineal. De
este modo, si las variables aleatorias subyacentes a la respuesta al impulso del canal

son gaussianas, las correspondientes a la respuesta en frecuencia del canal siguen la
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misma distribucion. Por ejemplo, para canales con desvanecimiento Rayleigh, las
variables subyacentes para la respuesta en frecuencia son gaussianas complejas de
media cero y varianza unidad [Ohno 04]|. Para canales con desvanecimiento Rice, las
gaussianas complejas no tienen media cero. Por otro lado, en canales selectivos en
frecuencia con una distribucion Nakagami- y, el médulo de la respuesta en frecuencia
se puede aproximar como variables aleatorias que también siguen una distribuciéon

Nakagami-; aunque los parametros de la misma pueden ser diferentes [Kang 03].

D.3.2 Analisis de ruido para ZF-FDE

En un sistema de comunicaciones basado en OFDM, la ecualizacion ZF-FDE conlleva
el cociente entre dos variables aleatorias complejas: la correspondiente al AWGN
en el receptor y la correspondiente a la respuesta en frecuencia del canal. Esta
ultima depende de la naturaleza de la propagacion multicamino; en este estudio se

considera los casos de distribuciones Rayleigh, Rice o Nakagami- p.

Tras realizar la ecualizacion ZF-FDE y asumiendo un conocimiento ideal de la
respuesta en frecuencia del canal, la expresién para el simbolo recibido se puede

derivar de (D.3.1.1) como
% =x+ H'H)'H"y (D.3.2.2)
La expresion para el k-ésimo simbolo recibido resulta

k

donde hy es la respuesta en frecuencia del canal para la sub-portadora k.

El término de ruido mejorado 7 es el cociente entre dos variables aleatorias
complejas independientes e idénticamente distribuidas (i.i.d.) con simetria circular.
El subindice k es omitido de aqui en adelante para lograr una mayor claridad en las

expresiones.
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Canal con desvanecimiento Rayleigh

Para un canal con desvanecimiento Rayleigh la densidad de probabilidad del término

de ruido mejorado 7) se puede expresar como

fi(r0) = LT ER, >0 (D.3.2.4)
A(r )= ——— r ,r>0.
! T (02 4 r2)?

En coordenadas cartesianas la densidad de probabilidad resulta

2

1 g
Favas(2y) = — (02 + (22 + y2))?

z,y € R, (D.3.2.5)
donde 7, y 7); son las componentes real e imaginaria del término elemental de ruido.

La expresion eq. (D.3.2.5) es la funcion de densidad de probabilidad de una
Student t bivariable con 2 grados de libertad, media (0,0), matrix de escalado %2[2,

donde I, es la matrix identidad de tamano 2.

La densidad de probabilidad de las componentes reales e imaginarias son idénti-

cas y vienen dadas por

Se trata de una distribucion de cola pesada cuyas colas decaen siguiendo una ley

de potencia 72 y tiene varianza infinita.

La CDF marginal correspondiente a 1), resulta

1
s f——  zeR (D.3.2.7)

€T) =
777"( ) 9 9 /Q,'2+0'2

y funcion caracteristica ( Characteristic Function, CHF) puede expresarse por
Uy (w) = o|w| K (o|w]) w e R, (D.3.2.8)

donde |w| es el valor absoluto de w y Ki( ) es la funcién modificada de Bessel de

segunda especie y primer orden [Bocher 92].
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Canal con desvanecimiento Rice

Para un canal con desvanecimiento Rice la densidad del ruido mejorado 7 puede
expresarse como
ro (oo +2 (0 +1r?)) -2

(r) = e 2(e+r?) reR, r>0. D.3.2.9
falr) 2 (0+r2)3 o ( )

No
donde 0% = —. Para a = 0 la expresion se convierte en la derivada en la seccion

previa (D.3.2.4).

De nuevo con un cambio a coordenadas cartesianas, se puede expresar la densidad
anterior en funciéon de las componentes reales e imaginarias del término de ruido 7,
y 7); COMo

2

2 2) .2 2 2 o
(22 +y*)a?0 +2((2* +y*)o +1) i 2,y €R.

27 (@ + )0 + 1)

fﬁmﬁi ($7 y) =

(D.3.2.10)

Se trata de nuevo de una variable aleatoria circularmente simétrica. En este caso los
autores no tienen conocimiento de que sea posible encontrar una expresion cerrada
para las distribuciones marginales. Sin embargo, si que es posible evaluar la CDF

mediante integracion numérica de la siguiente expresion,

t o]
F; (t)=F;, (t) = / / fiis (z,y)dydx z,y € R. (D.3.2.11)

Este método de célculo es similar al propuesto en [Shayesteh 95| para obtener la
funcion de densidad de senales moduladas linealmente transmitidas sobre canales con
desvanecimiento Rice. Debido a la necesidad de realizar una doble integral numérica
y a los errores que dicha operaciéon puede acarrear, se ha descartado emplear esta

expresion para realizar el analisis de BER para canales con desvanecimiento Rice.
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Canal con desvanecimiento Nakagami-u

Si el canal sigue un desvanecimiento en frecuencia tipo Nakagami-y, la densidad de

probabilidad en coordenadas polares del ruido mejorado 7 puede expresarse como

1 M,ﬁl r2 —1-p
frye, (1, 0) = Pyl (@ + u) reRyr >0, (D.3.2.12)
No
donde 0 = —.
onde o B,

Es facil comprobar como para p = 1 la expresion coincide con la obtenida para

desvanecimientos tipo Rayleigh.

La PDF conjunta en coordenadas cartesianas resulta

—1—p
P (@,9) = 5— ( 5t 7,y €R, (D.3.2.13)

donde de nuevo 7, y 7); son las componentes reales e imaginarias del término de ruido
elemental. En este caso se trata de una variable aleatoria con distribucién Pearson
tipo VII. Las densidades marginales correspondientes resultan
1 T (p+L)2mpro
For(2) = fi.(x) = \ﬁ ot 5) 2 . :eR (D.3.2.14)
TT(p) (2p07 + 22)"2

donde I'(n) es la denominada funcion Gamma |[Abramowitz 64].

jio”

La densidad marginal anterior tiene media cero y varianza O’%r = 7 siempre

que ¢ > 1. Si g < 1 no tiene varianza finita ni momentos de orden superior vy,
por tanto, no tiene MGF. No obstante, no sucede lo mismo con su CHF que puede

expresarse coino

ot w|H
\Ifﬁr(W) = mﬂu/QKM (O’\/ 2,[L|UJ|) w e R, (D3215)

donde |w] es el valor absoluto de w y K, ( ) es la funcién modificada de Bessel de

segunda especie y orden p-ésimo |Bocher 92|.

La CDF correspondiente vienen dada por

Fy () = (_gz;;r(&; 2) B_sg2 <u, % — u) z €R, (D.3.2.16)
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donde B( ) es la funcion incompleta de Beta [Abramowitz 64].

D.3.3 Valores de la BER

Combinando las expresiones (D.3.2.7) y (D.2.0.4) es posible calcular las CEPs para
un canal con desvanecimiento Rayleigh y, partir de ellos, se puede expresar la BER

como

BER = z_:w(n) 2n — 1)d ) . (D.3.3.17)

1
(5 2/ - D)d)? + o2

De manera similar se obtiene una expresion para canales con desvanecimiento Nakagami- p

que viene dada por

- L—lw . - (=1)~+T (M + %) 1 B
BER_; ( )(1 T B_(@jigjdﬂ (“72 u)) (D.3.3.18)

Como ya fue mencionado antes, el analisis de la BER para canales con desvanec-
imiento Rice es omitido al no ser posible obtener expresiones cerradas para las PDF

marginales.

Las expresiones anteriores han sido validadas mediante simulaciones para canales
con desvanecimiento Nakagami para los cuales la respuesta en frecuencia sigue una
distribucién Nakagami-u con valores enteros y semienteros de pu. En la Fig. D.2
se presentan los resultados para diferentes valores de pu; para pu = 1 los resultados
coinciden con los de un canal con desvanecimiento Rayleigh. Para o < 1 los valores
de la BER empeoran respecto a los obtenidos para Rayleigh mientras que para p > 1
se obtienen valores menores de la BER. EI mismo comportamiento se produce para
constelaciones mas densas como puede observarse en Fig. D.3 y D.4 para 4QAM y

16QAM respectivamente.
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Figure D.2: Valores de BER para diferentes canales con desvanecimiento
Nakagami-y, incluido el caso Rayleigh (u = 1), para BPSK

D.4 Analisis de la BER en SC-FDMA

A partir de los resultados obtenidos en la seccion anterior, es posible analizar el
rendimiento en términos de BER de una transmision SC-FDMA sin codificacién de
canal sobre un canal con desvanecimiento Nakagami. Estos resultados incluyen los

correspondientes a un desvanecimiento Rayleigh como caso particular.

El andlisis permite obtener expresiones cerradas para aproximar la BER que
son validadas mediante simulaciones para el escenario analizado. También se com-
prueba su validez para aproximar valores reales de BER obtenidos para diferentes
canales con desvanecimiento Rayleigh propuestos por la ITU [ITU-R 97| y el 3GPP
[3GPP 10].
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4QAM Nakagami-p
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Figure D.3: Valores de BER para diferentes canales con desvanecimiento
Nakagami-/, incluido el caso Rayleigh (= 1), para 4QAM

D.4.1 Modelo de sistema SC-FDMA

El proceso de transmision en SC-FDMA es similar al de OFDMA como se muestra en
la Fig. D.5. Para un usuario determinado, se mapea la secuencia de bits transmitidos
a una constelacion de simbolos complejos (p.ej., BPSK o M-QAM). La secuencia
compleja resultante x es transformada por un bloque de precodificaciéon, consistente
en una DFT, antes de ser mapeado sobre el subconjunto de N, portadoras asignadas.
Para un vector de informacion de N, simbolos complejos x, el simbolo complejo
precodificado Xp, se obtienen multiplicando por la matrix unitaria de Fourier F
que realiza la N_-DFT antes mencionada. Cada elemento en F se define como
Fjp = ene?* /N, con FFH = 1.

La precodificacion supone la mayor diferencia entre SC-FDMA y OFDMA, ya
que los simbolos complejos se transmite ahora de forma secuencial en lugar de en

paralelo. La secuencia precodificada, representada por el vector columna Xy, es
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16QAM Nakagami-p
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Figure D.4: Valores de BER para diferentes canales con desvanecimiento
Nakagami-/s, incluido el caso Rayleigh (= 1), para 16QAM

mapeada en el subconjunto de sub-portadoras asignadas, es decir, sobre N, de las
M sub-portadoras que componen el ancho de banda total del sistema. El subcon-
junto puede consistir en un grupo de sub-portadoras adyacentes ( Localized Frequency
Domain Multiple Access, LEFDMA) o entrelazadas (Interleaved FDMA, IFDMA)
|[Myung 06| y es determinado por la matrix de mapeo L de tamano M x N, para la
cual L;; = 1 si el simbolo precodificado j es transmitido sobre la sub-portadora ¢ y

cero en otro caso.

El simbolo en el dominio de la frecuencia es definido como Xy = LXn,; en
consecuencia, las sub-portadoras no asignadas son forzadas a cero. A partir de este
punto, el proceso de transmision es similar al de OFDMA: mediante una M-IDFT
se convierte cada simbolo en el dominio de la frecuencia Xy en un simbolo en el
dominio del tiempo al que posteriormente se le anade un prefijo ciclico. La longitud
de este prefijo debe ser mayor que la respuesta al impulso del canal para evitar la

interferencia intersimbolica (InterSymbol Interference, 1ST).
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Time Frequency Time

(a) Transmisor SC-FDMA

Time Frequency Time

N

rep(t

(b) Receptor SC-FDMA

Figure D.5: Esquemas de transmisor y receptor para SC-FDMA

En esta disertacién, se asume una canal selectivo en frecuencia Nakagami- j,
para el cual el modulo de los caminos que componen las respuesta al impulso |h(n)|,
n = 1,...,L — 1, se modelan como variables aleatorias Nakagami-pu i.i.d. cuya

funcion de densidad de probabilidad viene dada por

2 (i \" 1 2
f\h(n)l(ﬂf“):m QO xHn e o reERyx>0, (D.4.1.1)

donde para el n-ésimo camino p,, > 1/2 es el pardmetro que determina el desvanec-
imiento y §2,, la potencia. A lo largo de esta tesis, se asume un perfil de intensidad
multicamino exponencial con una tasa de decaimiento § (€2, = Q;e7°") y el mismo

factor de desvanecimiento p,; para todos los caminos.

En el receptor (see Fig. D.5b) se asume que, gracias a una estimacion perfecta del
canal y a que el sistema estd sincronizado, se evitan interferencias entre usuarios.
Tras suprimir la parte correspondiente al prefijo ciclico, el simbolo en el dominio

del tiempo es convertido mediante una M-DFT en un simbolo en el dominio de la
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frecuencia Y. Se aplica entonces la matrix L para realizar el demapeo y las N,

sub-portadoras asignadas Y, en el receptor pueden expresarse como
Y, = LYHyLFx + L0y, (D.4.1.2)

donde mps es el vector de ruido cuyas entradas son variables aleatorias gaussianas
complejas CN (0, Np) i.i.d. y la respuesta en frecuencia del canal para cada sub-
portadora estd representada por la matrix diagonal Hy; de tamano M x M cuyos
elementos son variables aleatorias complejas y circularmente simétricas [Kang 03].
El moédulo de la respuesta en frecuencia puede aproximarse con una distribucién
Nakagami-j con parametros p y €; dichos pardametros son en general diferentes de
aquellos de sus homologos en el dominio del tiempo [Nakagami 58|. Para un canal
plano p = p;, mientras que si p; > 1 entonces 1 < p < py, ysi 1/2 < puy < 1
entonces 1 > p > u; |[Kang 03|. Aunque se ha demostrado que esta aproximacion
tiene limitaciones para canales con dos caminos [Du 06|, se puede considerar valida
para casos mas generales y es una suposicion habitual [Wang 07]. Para un canal
con desvanecimiento Rayleigh (es decir, con p = 1), la aproximacion es exacta para

cualquier valor de L.

La expresion para el simbolo recuperado en el dominio de la frecuencia tras la

ecualizacion FDE iNC resulta
XN, = WYy, = WHFx + WL, (D.4.1.3)

donde H = L"HpL es una matrix diagonal de tamano N, x N, cuyos elementos
no nulos h = diag(H) son las respuestas en frecuencia del canal para cada una
de las sub-portadoras asignadas y n = Lns; es un vector con los valores de ruido
complejo correspondientes. Los elementos de h se asume que son variables aleatorias
complejas i.i.d.; tal asuncion es valida siempre que la separacion entre sub-portadoras
asignadas de manera consecutiva sea mayor que el ancho de banda de coherencia

del canal con desvanecimientos considerado.

La matrix de ecualizacion W tiene tamano N, X N, y se define para ZF-FDE



Recapitulacion 151

como

Wyr = (HPH)'H”Y, (D.4.1.4)
mientras que para MMSE-FDE resulta
No PP
Wynmse = E—I+H H H", (D.4.1.5)
s
donde Eg y Ny son la potencia de senal y de ruido respectivamente.

Previamente a la etapa de deteccién, se realiza una precodificacién inversa me-
diante una N_IDFT. De este modo, para ZF-FDE, el simbolo ecualizado se puede

expresar en el dominio del tiempo como

s H H —1lg7H H H —1y7H
x= F (H'H)"'H"HFx+ F (H'H)"'H" 5, (D.4.1.6)
Precoding Inverso FDE Precoding Inverso FDE

mientras que para MMSE resulta

N, - N, -
T H 0 H H H Y H H
X = F (ESI+H H) H” HFx + F (ESI+H H) H 7.
Precoding Inverso ~ Precoding Inverso ~
FDE FDE
(D.4.1.7)

Para MMSE-FDE, la expresion para el k-ésimo simbolo recibido viene dada por

=Tkt Z 77J =Tk + an,k = Tk + Nk (D.4.1.8)
7j=1

Fjjkm
h;, =

J

donde 7);, =

Puede observarse que, tras la ecualizaciéon ZF-FDE, cada simbolo recibido es el
resultado de anadir un término de ruido efectivo 7, al simbolo transmitido origi-
nalmente (eq. (D.4.1.8)). Por tanto, cuando se aplica ZF-FDE, el ruido efectivo
es la suma de términos de ruido elementales 7, (ruido mejorado) para cada sub-
portadora asignada, siendo cada uno de esos términos elementales equivalente al

ruido mejorado en OFDM cuando se aplica ZF-FDE.
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Para MMSE-FDE, la expresion en el dominio del tiempo para el k-ésimo simbolo

recibido tras la ecualizacién resulta

C F*kh*
Ty = TpTpp + Y Ty + L (D.4.1.9)
%;; Z 7 |hy ’ + NO/ES
=1

donde los elementos de T = F¥W ;1,5 HF pueden expresarse como

= _i FigFig s | (D.4.1.10)
* |h;|* + No/Es

La principal diferencia entre esta expresion y (D.4.1.8) radica en que para MMSE-
FDE existe, ademas de un término correspondiente al ruido, una componente de
interferencia debido a los otros simbolos. Ademés, el simbolo recibido tras FDE se
ve atenuado por el término 7} ;. Cuando la respuesta en frecuencia del canal es tal
que Z—? < ]hj|2, el término de interferencia desaparece y el de ruido es igual al cor-
respondiente a (D.4.1.8). Tras compensar el simbolo recibido, se obtiene el simbolo
transmitido contaminado por los términos correspondientes al ruido equivalente 7

y a la interferencia dy,

Nc Nc * h*

~ — k

Tp = T + Tk}i [L’lTkJ + Tk —77 =T, + (5k + 77k = T + fk,
#Zk — |h;|* + No/Es
=1 N~ -

-~

Ruido Efectivo

Interferencia Efectiva

(D.4.1.11)
donde el término & recoge los efectos del ruido y la interferencia que son inherente-

mente independientes |Nisar 07].

D.4.2 Caracterizacion del ruido efectivo para ZF-FDE

Antes se demostré que el ruido efectivo tras ZF-FDE es el resultado de la suma
de varios términos de ruido elemental, cada uno de ellos es una variable aleatoria
compleja que sigue una distribucién Pearson tipo VII. En la secciéon 3.4.1, se obtuvo

la siguiente expresion para calcular la PDF de la suma de variables Pearson type
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VII independientes

- 1 o 0“‘w|# /2 Ne s

—00

Para N, = 2 es posible resolver la integral (D.4.2.12) y obtener la siguiente expresion

analitica
272737 (u+ )T (2u+1) /1 1 1 2?1
. = — o F — 2 —: | [ ——
pT]T (Z’) UF(M)QF(M+1) \/;2 1 <ILI/+ 27 /’L+ 27/1’—’_ ) 8#0’2) )
(D.4.2.13)

donde 3 F7( ) es la funcion hipergeométrica gaussian (consultar 15.1.1 in [Abramowitz 64]).

También es posible calcular la CDF en este caso

1 1 1

Fy,(x) 1+mF(u+§)F(2u+§)\/;F Lt L3 g o]
=~ xTr) = — —_ — e -
MNr 92 22“+%UF(M)2F(M+1> 342 27” 27 M 27 27,“’ ; 8,[10'2 )

(D.4.2.14)

donde 3F5( ) es una particularizacion de la funcién geométrica generalizada ,Fj,

|Daalhuis 10].

Aunque no sea posible obtener una expresion analitica de Fj (x) para N, > 2,
es posible aplicar la formula del teorema de inversion propuesta por Gil-Pelaez (ver

secion 3.2.4) para evaluar dicha distribucion como

11 [ (—w) — e ™, (W)
F; ==+ — o 2 d D.4.2.15
w0 =5+ 50 | — X (D.4.2.15)

donde VUj; (w) corresponde a la CHF definida en eq. (D.3.2.15).

En el caso particular de un canal con desvanecimiento Rayleigh, es posible par-
ticularizar la expresién anterior usando la CHF correspondiente a la distribuciéon
Student t (D.3.2.8); la expresion resultante es

1 > o
[ () = Dy /_OO (o|lw| K1 (o]w|)) Nee M dw. (D.4.2.16)

En general, la evaluacion de la eq. (D.4.2.16) requiere integracion numeérica. Sin

embargo, es posible usar los resultados recogidos en el apéndice B para obtener el
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siguiente resultado analitico para su evaluacion con N, = 2

3T 35 x?
5 (n) = Fl=-=2—-——]. D.4.2.1
fnr (77) 16\/50‘2 1 <2’27 ) 20_2> ( 7)

Se obtiene entonces una distribucion de Behrens-Fisher (ver seccion 3.4.1) que tiene

también media cero y varianza infinita. También es posible obtener la siguiente

expresion para la CDF correspondiente

2
Fi (2) = % + 163% o (% g 9, —%) . (D.4.2.18)

Conviene resenar que, aunque el ruido efectivo tras aplicar ZF-FDE es una suma
de variables aleatorias independientes, no fue posible aplicar el CLT (consultar sec-
cion 3.5.1). Esto es debido a que canal con desvanecimientos Rayleigh (Nakagami- y
con p = 1) el ruido sigue una distribucién Student t que no tiene varianza finita.
Se recurri6 entonces al GCLT. Para ello se estudié la cola de la distribucion para
determinar su exponente de decaimiento como

0_2

1
~ e o _(3)
fin () (o7 1 a7 = Alz| |x| — oo, (D.4.2.19)

Por tanto, el exponente caracteristico resulta o = 2. En la seccion 3.5.2 se explicod
como para o < 2, la distribucion de la suma entra en el dominio de atraccion de las

leyes estables. Sin embargo, no es posible determinar el dominio de atraccion para

el caso considerado (o = 2).

D.4.3 Caracterizacion de Ruido e Interferencia para
MMSE-FDE

Para MMSE-FDE el simbolo recuperado antes de la etapa de deteccion viene dado
por

T=c+d+n=2+¢, (D.4.3.20)

donde los efectos del ruido 77 y de la interferencia d se encuentran recogidos en el

término de ruido efectivo €.
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La densidad de probabilidad del ruido condicionada a la respuesta en frecuencia

del canal h = [hy ... hy,] puede expresarse como
p(7/h) ~ CN (0,02) (D.4.3.21)

donde 0’% se define como

Ne 2
1 S Ay
Ne = \IhjI"+No/Bs

n n 2°
Ne¢ h Py
€ Z B L1
Ne |h;1*+No/Es

(D.4.3.22)

El término correspondiente a la interferencia puede asumirse que sigue una distribu-
cion gaussiana compleja con simetria circular |Nisar 07]. Su media es 0 y su varianza

o2 resulta

2 g J=1

0-6 :Us P
L
( Z |hj[*+No/Es

Como los componentes de ruido e interferencia son variables aleatorias independi-

2
SISy (T z _
Ne |h;[*+No/Es |hj|*+No/Es

(D.4.3.23)

entes, su suma es otra distribuciéon gaussiana compleja que tiene media cero y cuya

varianza puede expresarse como

2
Es o mr [hsl*
Z |hs|? +N0/ES < Z h;[* +N0/Es> gJﬁM
2
T B
Nc Z | | +No/Es
con N
ﬁM:iZc;. (D.4.3.25)
Ne <= [b;]* + No/Es

9Debe tenerse en cuenta que

Z |hy|? Z No/Es
Ne |h| +N0/Es SN |h| + No/Es
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El término j-ésimo en la suma (D.4.3.26) se define como
B 1
[hil* + No/Es’

y es el inverso de una variable chi cuadrado desplazada una constante Ny. Su

(D.4.3.26)

Z;

densidad de probabilidad resulta

1-28\ 1 w(1 Eg\"' iz
g (R L Ly (1 By )
fz; (2) = f|hj| ( - ) 22 22T () <Q> (z No) © '

(D.4.3.27)

Se ha comprobado que es posible obtener expresiones analiticas para la media
y la varianza de Z; para valores arbitrarios de ) siempre que p sea un entero. En
otros casos, seria posible emplear técnicas de integracion numérica para realizar el
calculo. Un vez que se obtienen los valores de media y varianza, al aplicacion del
CLT para aproximar la funciéon de densidad de 8™ is directa. Dicha aproximacion

se puede usar entonces para calcular la BER para canales Nakagami-p arbitrario.

Tras caracterizar Z;, es posible reescribir la expresion (D.4.3.24) de una manera
elegante
No M
g

+of = By
1— gopM

(D.4.3.28)

y la densidad del término £ condicionado a la respuesta en frecuencia del canal

resulta
f(&/m) = f(&/BM) ~CN (0,07). (D.4.3.29)

Como se asume mapeado independiente de bit para las senales en fase y cuadratura
y la variable es circularmente simétrica, es posible considerar solo su componente

real

f(&/h) = p(&/8Y) ~ N (0,07 /2) (D.4.3.30)

De esta forma, la densidad del ruido efectivo en MMSE se puede expresar como !

Bs/No EL <5—§V - 1> 22 L (_Es
fe. () :/0 s AP WO e s <'BMN° >p5M(/3M)d5M. (D.4.3.31)
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En los casos en los que Z; tiene un varianza finita y asumiendo independencia en-
tre los términos en la suma (D.4.3.26), es posible aplicar the CLT (ver section 3.5.1).
Asi, como (D.4.3.26) es la media de una secuencia de N, variables aleatorias i.i.d.
con media Z y varianza a%j, la PDF de 8™ se puede aproximar madiante la siguiente

funcién gaussiana

. 1 _BM-7)?
fou (BY) &= fau () = ——===¢ 22/, (D.4.3.32)

2702 /N,

. 2 . 2
con media Z; y varianza o7, /N..

Existe una restriccion adicional que hay que tener en cuenta: la variable S
se encuentra limitada por definicion en el intervalo the interval [0, Eg/Ny]. Para
incorporar esta restriccion al modelo, la densidad se aproxima ahora por una version

acotada de (D.4.3.32), es decir, por

1 1 _(13MfZ)2
fom (BM) m pau (BM) = = e 2N BM e 0, Es/Nol,

F(E) — F(0) /2103,

(D.4.3.33)

donde F'(z) es la CDF obtenida mediante integracion a partir de (D.4.3.32).

La expresion de la CDF para el ruido efectivo tras aplicar MMSE-FDE se puede

I'No debe olvidarse que

Es

o0 278, Es/No *( MN, *1) 21 (_Bs
folw) = [ Ly (oot = | JE TN ) s (530551 s (8M) a5
—00 T 0
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obtener a partir de la eq. (D.4.3.31) mediante integracion, es decir,

/ Es/No L(15—5—1> 21 (_Bs
Fgr(ﬂf):/ /0 AT e s (BMNO 1>PﬁM(5M)db’M dt

T
Eg/No r. EL< 55\[ —1> g2 1 (_EBs_ 4
[ e | [P (5 e | g,
0

(D.4.3.34)

La integral interior puede reescribirse empleando la funcion @Q( ) como

] ELS <51\€§v0 _1>6_$2Els(ﬁ1\%\ro_1)dt: u = \/Els <55§\,0 — 1)t
—c0 @ du = \/Els <455N0 - 1)dt
! zA(BM) ) 00
N “2_4) T QAT @ kA

con

Por tanto, la CDF del ruido efectivo tras MMSE-FDE resulta

Es/No
Fe(z)=1 —/0 P (BM)Q (x\/E% (% — 1)) dpM. (D.4.3.35)

Por ultimo, se muestra a continuacion cémo se puede obtener las expresiones

anteriores para un canal Nakagami-yu concreto. En concreto, se obtienen las ex-
presiones analiticas para el caso en el que el médulo de la respuesta en frecuencia
del canal sigue una distribucion de Rayleigh y se encuentra normalizada, es decir,

) = 1. Para tales valores, la funcion de densidad puede reducirse a

Eg

e No

fz;(2) = —5— Vz € [0, Es/Nol. (D.4.3.36)

W=
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La expresion correspondiente para la media resulta

Eg

Z;=eMNT(0,1), (D.4.3.37)

donde I'(z, x) es la funcion Gamma incompleta definida en [Abramowitz 64] como

[(z,2) = / e tdt. (D.4.3.38)
[L.a varianza viene dada por
Eq Es Eg 9FEs Eg 2
a%j = N, e[’ <0, Fo) —e Nl (O, Fo) . (D.4.3.39)

D.4.4 Expresiones para la BER

El anélisis de la BER para SC-FDMA también asume, por un lado, el uso de constela-
ciones M-QAM cuadradas con mapeado de bit independiente para las componentes
en fase y en cuadratura y, por otro, que el término de ruido efectivo 7 (i.e., 7 0 &)
es circularmente simétrico. Asi puede usarse eq. (D.2.0.3) para expresar la BER
como una suma de componentes de probabilidad que dependen de la CDF del ruido

efectivo.

Para el caso de ZF-FDE, la integral (D.4.2.15) puede resolverse aplicando la regla

trapezoidal compuesta. De este modo la CDF es calculada con

F- 1 1 (wmax — Wmin |:T (ZE’, wmin) + T (Z‘, wmax)

nr(if)ngF% - 5

n—1
+3°7 (:c,wmin + k@)] ) : (D.4.4.40)
k=1

donde la funcion auxiliar Y (z,w) se define como

mw‘lﬂ - o 7ixw\11~
T (5,0) = Tl ”)Z_we 2 () (D.4.4.41)

Haciendo uso de esas expresiones es posible obtener la siguiente expresion cerrada
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para aproximar la BER

L-1 I Wmax (1+ 7T ((2n — 1)d, wiax)
BERZF = anl w(n) (5 — omn ( 9

+ nzl T ((2n —1)d, k;”jl")>) . (D.A4.4.42)

En el caso de MMSE-FDE los CEPs se calculan directamente usando eq. (D.4.3.34).

Sustituyéndolos en la suma (1D.2.0.3) se obtiene la siguiente expresion para calcular

los valores de la BER

L—1 Es/No 2 ES
BERy = anl w(”)/o pev (BY) Q ((271 - 1)d\/E_S (m - 1)>d5M-

D.4.5 Resultados de las simulaciones

Las expresiones cerradas (D.4.4.42) y (D.4.4.43) han sido validadas mediante simu-
laciones considerando un modelo de canal en el cual la respuesta en frecuencia para
las N, sub-portadoras asignadas son modeladas como variables aleatorias complejas

i.i.d. con distribucién gaussianas.

En el caso de ZF-FDE se presentan los resultados para BPSK en la Fig. D.6.
Puede observarse como para valores bajos de la SNR, las curvas de BER estan por
encima de la correspondiente a OFDM y la diferencia es mayor conforme aumenta
N.. Sin embargo, a medida se incrementa la SNR, todas las curvas convergen a la

de OFDM independientemente del ntimero de portadoras.

Para MMSE-FDE se presentan resultados para 4QAM . Se observa que la validez
de la expresion propuesta depende del niimero de sub-portadoras asignadas N, y en
la potencia de ruido Ny. Para valores de la SNR pequenos, la expresién proporciona
resultados de BER consistentes con los obtenidos mediante simulaciones, mientras

que, para valores altos de SNR, se produce una divergencia cuando N, es pequeno.
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Independientemente de la SNR, la aproximacion es valida para valores mas realistas

de N, (N, > 64).

10° T T T

- — —OFDM
Analytical
X Simulations ||

BER

0 2 4 6 8 10 12 14 16 18 20
SNR(dB)

Figure D.6: Resultadqos analitico y de simulaciones para portadoras independientes
(BPSK) ZF-FDE

Las expresiones propuestas han sido también comparadas con valores de BER
realistas obtenidos para una transmisiéon SC-FDMA con BPSK sobre diferente mod-
elos de canal definidos por el ITU [ITU-R 97| y el 3GPP [3GPP 10|. En la tesis se
muestra como el cociente de coherencia ( Coherence Ratio, CR) entre el ancho de
banda de coherencia (Coherence Bandwidth, CB) y el espaciado en frecuencia en-
tre portadoras asignadas consecutivas influye en la bondad de las aproximaciones
propuesta. Para CR < 1, se obtienen valores aproximados a los obtenidos medi-
ante simulaciones para tanto para ZF-FDE como para MMSE-FDE en SC-FDMA

entrelazado.

De los resultados presentados se puede deducir que OFDM establece un limite
inferior para SC-FDMA en términos de BER. También se observa que tanto los

valores de BER obtenidos para MMSE-FDE con (D.4.4.43) y como los obtenidos
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Figure D.7: Resultados analitico y de simulaciones para portadoras independientes
(BPSK) MMSE-FDE

mediante simulaciones estan por debajo de los de OFDM. Este comportamiento es
consistente con los resultados en |Ciochina 07| e implica que los valores de OFDM

suponen un limite superior.

D.5 Analisis de la eficiencia espectral

La calidad de la senal recibida en los sistemas celulares depende de varios factores
tales como las pérdidas de propagacion, shadowing log-normal o el desvanecimiento
rapido y el ruido. La utilizacion de modulacion adaptativa (Adaptive Modulation,
AM) permite mejorar la eficiencia espectral de la senal transmitida compensando los
efectos anteriores. Asi, usuarios con buenas condiciones emplean constelaciones mas
densas (p.ej., 64 QAM) mientras que el orden de modulacion decrece para usuarios
con peores condiciones de canal. En esta disertacion se analiza la eficiencia espectral

para un transmision SC-FDMA sin codificacion sobre un canal con desvanecimiento
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BER

1
0 2 4 6 8 10 12 14 16 18 20
SNR(dB)

Figure D.8: Resultados analitico y de simulaciones para portadoras independientes
4QAM) MMSE-FDE

Rayleigh tanto para ZF-FDE como para MMSE-FDE.

D.5.1 Analisis de la eficiencia espectral para ZF-FDE

El valor de la SNR en el receptor para SC-FDMA con ZF-FDE viene dado por

ﬂZTSN’ donde B%F se define como
0
P O |
3 :FZ parEs (D.5.1.1)
€ j=1 |51

La constelaciéon correspondiente a la ¢-ésima region se aplica cuando el valor de la

SNR se encuentra entre las fronteras de la mimas, es decir,

Eg
Vi < —om < Vil (D.5.1.2)
BZF N,
La expresion anterior puede reescribirse si se redefinen las L regiones para discretizar

los valores de B%F

1 Eg B
o Yi+1 No

v No

BEE. (D.5.1.3)

)

< B#F <
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BER
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Figure D.9: Resultados analitico y de simulaciones para portadoras independientes
(16QAM) MMSE-FDE

donde B7F y Bzz_g son los umbrales modificados que dependen de la SNR.

La eficiencia espectral media se puede calcular como
np L
5 = 2_logy (My) pgzr (BZL < B77 < 57T =
i=1

L—1
> logy (M;) [Fyar (877) = Faar (B75)). (D.5.1.4)
i=1

donde L es el nimero de regiones.

Por tanto, es necesario conocer Fjzr (B#F) para calcular la eficiencia espectral
media. Para una canal con desvanecimiento selectivo en frecuencia de tipo Rayleigh,
es la CDF correspondiente a la suma de N, variables aleatorias idénticas con una

distribucion inversa chi-cuadrado ponderada (D.5.1.1), cada una con la siguiente

PDF

_ 1
each

22N,

fx(z) = (D.5.1.5)

A partir de la expresion anterior, es posible calcular CHF usando (3.471.9) en
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Figure D.10: BER para canal Extended VA (N, =16y N. = 64)

[Grinstead 97| como

(D.5.1.6)

Como la respuesta en frecuencia del canal para cada una de las portadoras asignadas

se supone independiente, la CHF de 34! resulta

(D.5.1.7)

De nuevo se puede emplear la expresion de Gil-Pelaez del teorema de inversion para
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Figure D.11: BER para canal Extended TU (N, =16 y N, = 64)

evaluar la correspondiente CDF

1 1 [/ P -
Fyzr (/BZF) S — _/ Meﬂﬂz}ww _ MejﬁZFw dw. (D.5.1.8)
2 2m ), Jw Jw

Sustituyendo esta expresion en (D.5.1.4) se pueden calcular los valores de eficiencia

espectral.
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D.5.2 Analisis de la eficiencia espectral para MMSE-FDE

En el caso en el que se aplica MMSE-FDE para compensar los efectos del canal

sobre la transmision SC-FDMA, la SNR instantdnea se puede expresar como

E

YMMSE = BM—i\fo -1 (D.5.2.9)

donde
1

N,

1 c
L — E . — D.5.2.10
P Ne <= [hi]* + No/ Es ( )

El parametro $* determina la SNR y, en consecuencia, la constelacion a emplear

en cada caso. Formalmente,

Eg
i < ———— — 1 < Vit D.5.2.11
En este caso la desigualdad resultante tras redefinir las L regiones para discretizar
el valor de 34" es

E 1 E 1

M S M S M

] < < == : D.5.2.12
o No vit1+1 g Novi+1 2 ( )

1

donde M y %1 son los umbrales modificados que dependen de la SNR.

Para MMSE-FDE la eficiencia espectral media se puede expresar como
L—1
' > “logy (M) paa (B2 < pM < M) =
B 8o (Mi) Pgnm \ Pt i ) =
i=1

L—1
> "log, (M) [Fau (BY) — Fau (821)]. (D.5.2.13)
i=1

donde L es el nimero de regiones.

De nuevo se necesita Fgu (SM) que en este caso es la suma de N, variables
aleatorias idénticas de tipo chi-cuadrado inversa ponderadas y desplazadas N,. Cada
una de ellas con una PDF

1
e (@=Ng)Nc

fr(y) = fx(@x = No) = NN (D.5.2.14)
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LLa CHF correspondiente viene dada por

By (w) = Dy (w)e?MoNe =2,/ ;ijKl (2 ;ij> eNowe (D.5.2.15)

Bajo la asuncién de independencia entre las respuestas en frecuencia del canal, la

CHF de M resulta

Ne
D gur (w) = (2,/;”]1(1 (2,/%;) eJNOﬁZ) , (D.5.2.16)

y se puede evaluar usando la formula de Gil-Peldez como

1 1 [~/ Dgnr (—
Faur (BM) == — —/ Porelt) g _ B () v gy (D5.2.17)
2 2m ), Jw Jw

Combinando la expresion anterior con (D.5.2.13) se pueden calcular los valores de

eficiencia espectral para MMSE-FDE.

D.5.3 Validacién de las expresiones

La validez de (D.5.1.4) y (D.5.2.13) realizando simulaciones con los mismo modelos
de canal que en el apartado anterior. FEn Fig. D.12 se presentan resultados de
eficiencia espectral para BER; = 1073 y diferentes valores de N, para ZF-FDE.
Puede observarse que, siempre que se cumpla la condicién de independencia entre
las respuestas en frecuencia del canal para las sub-portadoras asignadas, los valores
de eficiencia espectral calculados con eq. (D.5.1.4) y los obtenidos mediante simu-
laciones coinciden. También se puede observar que el nimero de sub-portadoras

asignadas reduce la eficiencia espectral en SC-FDMA.

Los resultados obtenidos son consistentes con los obtenidos en |Wu 09| donde
emplean la féormula de Shannon. A la hora de hacer comparaciones debe tener-
se en cuenta que hay un pérdida efectiva de potencia debida al uso de M-QAM

|Goldsmith 05].

Para MMSE-FDE se presentan las Figs. D.13a y D.13b donde se muestran

resultados para diferentes niimero de sub-portadoras asignadas. En ambos casos,
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los obtenidos mediante simulaciones lo que demuestra la validez de la aproximacion

empleada.

obtenidas a la hora de aproximar resultados obtenidos con modelos de canal mas
realistas. Las figuras Figs. D.14a a D.14a muestran los resultados para canales EVA

y ETU. Se observa que para estos canales las expresiones permiten aproximar los

valores de eficiencia espectral calculados con (D.5.2.13) estan muy proximos a

Al igual que en el anéalisis de BER, se ha estudiado la bondad de las expresiones
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valores reales de la eficiencia espectral para SC-FDMA entrelazado.
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Figure D.13: Eficiencia espectral para BERy = 107* (MMSE)
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Ademas, se observa que la eficiencia espectral para SC-FDMA tiene la corre-
spondiente a OFDMA como limite superior. También, se puede concluir que las
expresiones propuestas pueden servir para definir los valores de eficiencia espectral

en SC-FDMA asumiendo el caso peor. Es decir, la expresiones son un limite inferior

para los valores reales.

bits/s/Hz

bits/s/Hz

Figure D.14: Comparacion de eficiencia espectral para canales EVA y ETU
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D.6 Conclusiones

En esta tesis se recoge el trabajo realizado durante el analisis del rendimiento de SC-

FDMA en términos de BER y eficiencia espectral. Se ha prestado especial atencion

a los efectos de la ecualizacion lineal en frecuencia sobre el ruido mejorado. Las

principales contribuciones de esta tesis se enumeran a continuacion.

e Fstudio estadistico del ruido mejorado tras la ecualizacion lineal en el dominio

de la frecuencia para OFDM y SC-FDMA. Considerando diferentes canales con
desvanecimiento selectivo en frecuencia, se ha realizado un riguroso estudio del
ruido mejorado tras ecualizacion a la entrada del detector para OFDM y SC-
FDMA. Ademas, se ha derivado la funcion densidad de probabilidad para la

variable aleatoria que modelo dicho ruido.

Andlisis de la BER para la transmision SC-FDMA sobre canales Nakagami-
con desvanecimientos. A partir de el estudio mencionado en el apartado an-
terior, se han obtenido expresiones cerradas de la BER para transmisiones
SC-FDMA sobre canales Nakagami-x con desvanecimientos cuando se aplica
ecualizacion lineal en el dominio de la frecuencia. Concretamente, asumiendo
independencia entre las sub-portadoras asignadas, se han obtenido expre-
siones cerradas de la BER para ecualizacion ZF-FDE; para MMSE-FDE se

ha derivado una aproximacion pesimista que funciona como limite inferior.

Andlisis de la eficiencia espectral para SC-FDMA . La eficiencia espectral lograda
tras aplicar ecualizacion lineal en el dominio de la frecuencia ha sido también
objeto de estudio. En concreto se considerado una transmision SC-FDMA
con modulacién adaptativa sobre un canal con desvanecimiento. De nuevo se
consideran los algoritmos de ecualizacion en frecuencia antes mencionados (ZF
y MMSE-FDE) y se asume independencia entra las sub-portadoras asignadas.
En ambos casos, se hallaron expresiones cerradas para la eficiencia espectral

que han demostrado su validez al ser comparadas con valores obtenidos con
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simulaciones para modelos de canal realistas (p.ej., EVA y ETU). También se
ha demostrado que dichas expresiones ofrecen resultados para el caso peor en

cualquier transmisiéon SC-FDMA.
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