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ABSTRACT. This is a survey and expository article. Some new developments
on refinements, generalizations, applications of Jordan’s inequality and related
problems, including some results about Wilker-Anglesio’s inequality, some es-
timates for three kinds of complete elliptic integrals and several inequalities
for the remainder of power series expansion of e, are summarized.
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1. JORDAN’S AND RELATED INEQUALITIES

1.1. Jordan’s inequality. The well-known Jordan’s inequality (see [20, p. 143],
[27], [48), p. 269] and [57) p. 33]) reads that

2 sinx
- <
T

— <1 (1.1)
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for 0 < |z| < §. The equality in (1.1) is valid if and only if 2 = 7.

The inequality (1.1)) is an immediate consequence of the concavity of  — sinx
on the interval [0, g] The straight line y = %33 is a chord of y = sin x, which joints
the points (0,0) and (g, 1). The straight line y = z is a tangent to y = sinx at the

jus

, 2} lies between these straight lines.

origin. Hence, the graph of y = sinz,z € [0
See [57, p. 33, Remark 1].

The very origin of Jordan’s inequality (1.1)) is not found in the references listed
in this paper, therefore, it is unknown that why the inequality (1.1) is named
after Jordan and to which Jordan, to the best of our knowledge. Although the
Name Index on [57, p. 391] hints us that the inequality (I1.1) is due to C. Jordan

(1838-1922), but no references related to C. Jordan was listed.

1.2. Kober’s inequality. The following inequality is due to H. Kober [45] p. 22]:

2 2
1—fx§cosx§1—x—, T € {O,E}. (1.2)
T T 2

See also [48| pp. 274-275].
In [46] and [47, p. 313], it was listed that for = € [0, 7],

2
cosx <1-— 2T (1.3)

The left-hand side inequalities in (1.1) and (1.2) are equivalent to each other,
since they can be deduced from each other via the transformation x — 3 — z, as
said in [107]. Applying this transformation to the right-hand side of inequality (1.2)
acquires
(m —2x)2 [ T
—_— € O,f}, 1.4

4 * 2 (14)

which can not be compared with the right-hand side of (1.1) on [0, 3].

sinz <1-—

1.3. Redheffer-Williams’s inequality and Li-Li’s refinement.

1.3.1. Redheffer-Williams’s inequality. In [80, 81], it was proposed that

sinx w2 — 2

— . 1.
Tt (15)

In [92], the inequality (1.5) was verified as follows: For a > 1,

1—2? sin(rz) 1—2?  sinfr(z—1)]z—1
1+ a2 rr 1422 m(x—1) x
1—22 x-1 (1—2x)2
< = <0.
_1—1—9172Jr x x(1+a2) —
For 0 < z < 1, since
. (o9} 2
sin(mx) _H e
Tr k2 )’

k=1
it is enough to prove that (1 + 22)P, > 1 for n > 2, where

PTI(1-2)

k=2
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Actually, by a simple induction argument based on the relation
22
Pn =|1- an
i { (n+ 1)2]

it is deduced that )

(1+a?)P 21+, 0<z<l.

1.3.2. Li-Li’s refinement. In [51, Theorem 4.1], the inequality (1.5) was refined for
O0<z<las

(1—2%)(4 —2%)(9 — 2?) < sin(mx) < 1— 22

. 1.6
26 =224+ 1322436 — wr T 1+ 324 (1.6)
1.4. Mercer-Caccia’s inequality. In [55], it was proposed that
2 1
inf > =60+ —0 (% — 46? 1.7
Sy = T + 127 (W ) (1.7)
for 6 € [0, g] By finding the minimum of the function
1, z =0,
linz+ L, ae (0.7]
x lsine+ —, =z -
37_[_7 9 2 ?
the inequality (1.7) was not only proved but also improved in [I] as
2 1
sinf > —60 + —30(71'2 — 46°) (1.8)
T T

for 4 € [0, g] The inequality (1.8) is sharp in the sense that % cannot be replaced
by a larger constant.

1.5. Prestin’s inequality. In [64], the following inequality was given: For 0 <
| < 3,

<1--=. (1.9)

See also [48, p. 270].
For 0 < z < 7, the inequality (1.9) can be rewritten as

T ocqy(1-2 inz > z (1.10)
— — | Or S T T E—— .
sinx — ™ T 1+ (1-2/m)x

This inequality and the inequality (1.8) are not included each other on (0, F].
1.6. Some inequalities obtained from Taylor’s formula. In [43 pp. 101-102],
[47, p. 313] and [48, p. 269], the following inequalities are listed: For x € [O, g],

1 1 1

m—gx?’ <sinz <z — 6m3+@x5, (1.11)

I, Lo, 14
1—553 gcosxgl—ix +ﬂx , (1.12)

n b1 x2k—1 x2n+1
—1)"|si — 1) < 1.13
(=1) [Sm ;< ) (2k—1)!] =@+ 1) (1.13)
n 2k 2n+2

_1)n+l Nt < 2 . 1.14
(=1) {‘:O” > (=1) @R = @2nt2)! (1.14)

k=0



JORDAN’S INEQUALITY AND RELATED PROBLEMS 5

It is obvious that these inequalities are established basing on Taylor’s formula.
In [54], the inequality (1.11)) was applied to obtain the lower and upper estima-
tions of ¢(3) by in virtue of

1 1 ™2 p(r — ) T

oo

=0

In [37, Theorem 1.7], the very closer lower and upper bounds for {(3) are deduced
by a different approach from [54] as a by-product.

1.7. Cusa-Huygens’s and related inequalities. Nicolaus da Cusa (1401-1464)
found by a geometrical method that

sinz < 2—|—cosm7
r 3
for 0 < 2 < 7. Christian Huygens (1629-1695) proved (1.16) explicitly when he

approximated 7. See [18| 38] and related references therein.
In [69], by using Techebyshefl’s integral inequality, it was constructed that

(1.16)

sinx 1+ cosx
S +

1.17
x 2 ( )
In [57, p. 238, 3.4.15], the following double inequality
2(1 4+ acosx) SsinglcS 1+ acosz (1.18)
T T a+1
was given for a € (0, %] and z € [0, g]
1.8. Some inequalities related to trigonometric functions.
1.8.1. 1In [22]32], the following inequalities were presented: For 0 < x < 1,
2 T 1 T x
— cot = 1.19
T 12 co(7m:)<3 1— a2’ (1.19)
w2 4 x
- <sec L 1< . : 1.20
8 1_a2 % T 11— a2 ( )
T 2 x
5 1 2<csc(7r:17)fg el g (1.21)
For 0 < |z| < 1,
T 2z
1 <= 1.22
" <sin(7r:c)) 6 1—a? (122)
2 2
In (sec E) < % "1 a ot (1.23)
tan(ma/2) 2 x2?
hf———— ) < —  —. 1.24
. < Tx/2 > 12 1—22 (1.24)

The constants % and % in (L.19), = and % in (1.20), § and % in (1.21)) are the
2 2

8
& & and T3 in (1.22), (1.23) and (1.24) respectively

w o

best possible. The constant
are the best possible.
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1.8.2. For z € (0,%) and n € N, it was proved in [21] that

22(n+1) [22(n+1) _ 1]

B 9 2n
"L tan x < tanx — Sy, (z) < () r*"tanz, (1.25)

(2n +2)! ™
where
S, = 2 2] 1.26
@ =3 s (1.26)
and B; for ¢ € N are the well-known Bernoulli’s numbers defined by
T B, , T x?
ﬁ_lzgaax:1—§+g¥%aﬁp|ﬂ<% (1.27)
and the first several Bernoulli’s numbers are
1 1 1 1 1
Byn=1 B = —— By = — By = —— B = — Bg = ——. 1.28
0 ) 1 0% 2= 5 4 30 6= 1o 3 30 ( )

1.8.3. In [69], the double inequality (2.9) was verified as a lemma once again.
Among other things, a lot of inequalities and integrals related to $22 and similar
to (2.13)), (2.14) and (2.16) are constructed by using the well-known Tchebysheff’s
integral inequality [57, p. 39, Theorem 8|. For examples,

sint? sint 1 —cost
<t) + 2<t) > 4<> +cost, te€l0,7] (1.29)

2
and
ooz t 2 4t ™
d 2t — -t — t 0,—1. 1.30
/0 (Sin:z:) v an<2) + 3 (2)’ < ( 72} (1.30)
1.8.4. Let
S | 1
(W — 29) sec?f —Otanfh — 2 RS (—;g),
pO) =4\ 8 _ (1.31)
0=+—
0, >
2 71'/2
72/ tcos’tdt, 6e (—W,W)
g(0) = ¢ 0570 Jo 22 (1.32)
T
0 0=+—
) 27
Z(@seczﬁthanﬂ) — 2tanfsect, 0¢€ (g,g),
o(6) = i (1.33)
+1, b=+

These functions originate from estimates of the eigenvalues of Laplace operator
on compact Riemannian manifolds. Their monotonicity and estimates have been
investigated by several mathematicians. For more detailed information, please refer
to [36, (72, [77] and related references therein.

2. REFINEMENTS AND GENERALIZATIONS OF JORDAN’S AND RELATED
INEQUALITIES

2.1. Qi-Guo’s refinements of Kober’s and Jordan’s inequality.
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2.1.1. Refinements of Kober’s inequality. In [70], by the help of two auxiliary func-
tions

2
cosz — 1+ =z — ax(n?

2
7% —2%) and cosz—1+ Zx — fr(r — 2x)
T

™
with undetermined positive constants a and g for x € [O
ity (1.2) was refined as

(2.1)

,g], Kober’s inequal-
2 —2 2 2
1- 22+ 2 z(r—2z) <cosx <1——x+ =zt —2z), (2.2)
T 2 T 2
2 -2 2 2
1-— ;x + 7T2w3 x(7r2 — 4x2)§ cosz <1-— ;x + ﬁm(ﬁ — 4x2). (2.3)
These two double inequalities are sharp in the sense that the constants “;22, %,
7;;32 and % connot be replaced by larger or smaller ones respectively.
The inequality (2.2)) is better than (2.3). The inequality (2.2) may be rewritten
as

{— x_2(7r—2)

2 4 5
5 r*<cosr<1l——zx
T s

ST
7r
The double inequality (2.4) is stronger than (1.2) on [0, 3].
Replacing z by § — x in (2.4) gives

(2.4)

2(r —2 4 4

— Mgﬂ <sinzx < —x — —xQ, T € [0 ﬂ-}
2 T w2

—1. 2.5

3 (25)
The lower bound in (2.5) is better than the corresponding one in (1.10) and it is
not included in or includes the inequality (1.8).

2.1.2. Refinements of Jordan’s inequality. In [73], by considering auxiliary functions
2 2
sinz — =2 — az(r® — 42%), sinz — =z — B2 (7 — 2z2)
T s
and

on [0, 3
obtained:

sinx — —x — fx(7 — 2x)
7r
] , the inequality (1.8)) was recovered and the following inequalities were also

2 -2
sine < —x + T 3 x(w2 —4:102),
T

(2.6)
2 4
inz >~z + —az?(n — 2z), 2.7
smxfﬂ_x—i—ﬂgx (m —2x) (2.7)
2 -2 2 2
— + 7T7T2 z(m—2z) <sinz < — + —a(r — 2x),
where the constants =2, 2

2.8
: (28)
=, 3, ”T_QQ and 7%\ are the best possible.
The inequality (2.8) may be rewritten as (2.5). Therefore, inequalities (2.4) and
(2.8) are equivalent to each other.
Combination of (L.8) and (2.6) leads to
3

4(m —2) .
ffch—3x?’§sinx§acfM 3
T s

T

=it e [0, 5]. (2.9)
Inequalities (2.5) and (2.9) are not included each other on [0,%]. The inequality
(2.7)) is weaker than the left-hand side inequality in (2.9) and can not compare with
the left-hand side inequality of (2.5)).
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In [26], by the method used in [70} [73] [74], the following inequalities were de-
duced: For z € [0, g],

: 2 2 2 2 2
sinz > ;x—l—ﬁx (7% — 427) , (2.10)
ing > 234 > 37— 22) (2.11)
sine > —x 4+ — (7 — 22 .
A ’
2 3 3 : 2 T2 3 3
@x (7r — 8z ) <sinz — ;x < — x(w — 8z ) (2.12)

In [67], by constructing suitable auxiliary functions as above, the inequality (2.6)
or the right-hand side inequality in (2.9), the double inequality (2.8) or (2.5)), the
inequality (2.7)), the double inequality (2.2)) or (2.4), the double inequality (2.3)
and their sharpness are verified again. Employing these inequalities, it was derived
in [67] that

4 /2 sinx m+1
- < dz < 2.13
3 /0 z TS T3 (2.13)
and
1 /21— cosx 6—m
— d . 2.14
2</O . z < — (2.14)

In [75], inequalities (1.8)) and (2.6) or their variant (2.9) and the inequality (2.2)
or (2.4) were proved once again by considering suitable auxiliary functions as above.
From (2.9) and the symmetry and period of sinz, it was deduced in [75] that

4 4 12, 9

—x° — —x°+ —x—1<sinx
3 w2 T
4(w — 2 12(r — 2 117 — 24
< (m )1:3— (m )Jc2+ u x+8—3r (2.15)
3 2 T
on [g,w] and
7 T osi 137 — 32
7—1n2</ e < 222 4 (8- 3m)In2. (2.16)
6 /2 xr 6

2.2. Refinements of Jordan’s inequality by L’Hospital’s rule.

2.2.1. L’Hospital’s rule. The following monotonic form of the famous L’Hospital’s
rule was put forward in [3, Theorem 1.25].

Lemma 1. Let f and g be continuous on [a,b] and differentiable in (a,b) such that

g'(z) # 0 in (a,b). If fg) is increasing (or decreasing) in (a,b), then so are the
functions LE=LO) qpq J@ZJ@) o (4 p)
g9(x)—g(b) g9(z)—g(a) e

2.2.2. Zhang-Wang-Chu’s recoveries. In [107], by using Lemmalll inequalities (1.8)),
(2.2), (2.3)), (2.6) and (2.8) were recovered once more.

2.3. Li’s power series expansion and refinements of Jordan’s inequality.
In [50], a power series expansion was established as follows: For z > 0,

s Ry (m/2
ot Z ) ]]zlz/k )( 2 —4a?)", (2.17)
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where
= —1)"n! n
Rilw) = z:: (2n —i(— 1)?(71 — k)!x2 (2.18)
satisfy (—1)* Ry (w/2) > 0 and
Ry(z) = ;:(sn;a:) and Rpi1(x) = —kRg(z) + gR;C(sc) (2.19)

for k € N.
As a direct consequence of above identity, the following lower bound for the
function *2% was established in [50]:

sinx _ 2 1, ., 9 12—-72, , N2

x 2;—’—?@ — ) + 1678 (7" = 42%)
10-m2,, 3 7w — 18072 + 1680 4 ™
———(n* — 42? ? — 427 0<z<=. (220
e (T A e (T 4 vy (220

12—72  10—x?
1675 1677

Equality in (2.20) is valid if and only if z = 5. The constants s,

2
4 2 .
and T—=180TF1680 are the best possible.

Moreover, by employing

2k_2

x > 2
= —1) By 2k 2.21
sin x kz:;)( ) 2k (2k)! * (2:21)

for |z| < m, where By, for 0 < k < oo is the well-known Bernoulli’s numbers, it was
presented in [50] that
7

% 1 31
< 1 - 2 v 4 6
sinz = T6% T360" T 151207

This refines (1.10) for 0 < = <

|z < . (2.22)

s
5.
2.4. Li-Li’s refinements and generalizations. In [51], two seemingly general

but not much significant results for refining or generalizing Jordan’s inequality
(L.1) were discovered.

2.4.1. The first result may be stated as follows: If the function g : [0, %] — [0,1]

is continuous and )
sin x

= g(x) (2.23)
x
for z € [0, %], then the double inequality
2 T sinx
——hl = h < <14+h 2.24
2 n(3)+h) < 5 <14 hio) (224)

for x € [0, g] holds with equality if and only if z = 7, where

h(z) = — /Ox % /Ou vg(v)dvdu, =€ [07 g} (2.25)

Since g(x) is positive, it is clear that the function h(z) is decreasing and negative,
therefore, the double inequality (2.24) refines Jordan’s inequality (1.1)).

It is remarked that the upper bound in (2.24) was not considered in [51], although
it is implied in the arguments. On the other hand, if the inequality (2.23)) is reversed,
then so is the inequality (2.24).
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Upon taking g(z) = 0 in (2.23) and (2.25), Jordan’s inequality (1.1) is derived
from (2.24). If letting g(z) = 2, then inequalities (1.7) and

sinx

1 s
<1——2? ( f] 2.2
< 372 T € O,2 (2.26)

is deduced from (2.24). If choosing g(x) as the function in the right-hand side of
(L.7), then the inequality
: 2
—> % + 62;6: (n? — 42?) + ﬁ(ﬁ —w?)?, we(0g] @2
follows from the left-hand side of (2.24). These three examples given in [51] seemly
show that, by using some lower bound for % on (0, g], a corresponding stronger
lower bound may be derived from the left-hand side inequality in (2.24). Actually,
this is not always valid: By taking g(z) as the function in the right-hand side of
(L.8)) or the one in the left-hand side of (2.9), it was obtained that
sinz _ 2 1, ., 9
T Z;—i_fi()iw(7T —Ar )+807r3
Unluckily, the inequality (2.28) is worse than both the inequality (1.8)) and the
left-hand side inequality in (2.9). This tells us that the inequality

% — h(g) +h(x) > g(x), =€ (0, g} (2.29)

is not always sound. Therefore, Theorem 2.1 in [51], one of the main results in [51],
is not always significant and meaningful. This reminds us of proposing a question:
Under what conditions on 0 < g(z) < 1 for z € (0, %], the inequality (2.29) holds?

(712 — 4x2)27 T E (O7 g} (2.28)

2.4.2. The second result in [51] is procured basing on Lemma 1. It can be
summarized as follows: If the function f(z) € C?[0,%] satisfies f'(x) > 0 and

[fo’(x)]/ # 0 for € [0, Z], then the double inequality

sinz/x —2/7

8 @) — Fn/2)

r-1() <22

: sinx/x —2/m ™ ™
<y e /O G e (o] @
is sharp in the sense that the limits before brackets in (2.30) can not be replaced
by larger or smaller numbers. If f/(z) < 0 and [fo’(x)]/ # 0, then the inequality
(2.30)) is reversed.

As an application, by taking f(z) = 2" for n € N in (2.30), the inequality (2.8)
and

T ™

2 2 n n <sin:£<2 m—2
] G GOl el T

[r" —(22)"], n>2 (2.31)

were showed in [51, Theorem 3.2], where the equalities hold if and only if x = Z

2
and the constants —2-1 and Z=% in (2.31) are the best possible.

If taking n = 2 in (2.31)), then the inequalities (1.8) and (2.6)) are recovered.
It is worthwhile to remark that essentially established in Section 3 of [51] are suf-

ficient conditions for the function % to be monotonic on [O

more new sufficient conditions may be further found.

s

, 5] . Generally,

2.5. Some generalizations of Redheffer-Williams’s inequality.
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2.5.1. Chen-Zhao-Qi’s results. In [24], the following three inequalities similar to
(L5) were established: If |z| < 1, then

1 — 422 14 422
cos(mzx) > 1_'_4;2 and cosh(mz) < 1 1—4;; (2.32)
If 0 < |z| < 1, then
sinh(7z) < 1+ 22 (2.33)

rr 1 —a2

2.5.2. Zhu-Sun’s results. In [121], by using Lemma [Il and other techniques, the
above three inequalities are sharpened and some more results were demonstrated
as follow:

(1) The double inequality
72— 22\’ sinz 72 — 22\
(w2 —l—x2> =, = <7r2—|—x2> (2:34)

holds for 0 < < 7 if and only if @ < T and 3 > 1.
(2) The double inequality

2 4.2\ B 2 4.2\ @
(7r4x> §cosx§(7r4x> (2.35)

w2 4 422

holds for 0 <z < 7 if and only if a < 717—; and 0 > 1.
(3) The double inequality

(7r2 +4a:2>a < tanz < <7r2 —|—4x2>6 (2.36)

w2 — 422 T w2 — 422

holdsf0r0<a:<gifandonlyifagg—zandﬁzl.
(4) The double inequality

(7‘2+z2>a < sinh z < <r2 +x2>ﬂ (2.37)

r2 — g2 x r2 — g2

holdsforO<z<rifandonlyifa§0&ndﬂ2’1“—;.
(5) The double inequality

2 2\ @ 2 2\ B
(r +x2> < coshz < (T ki ) (2.38)

I r2 — g2

holdsforO§x<rifandonlyifa§0and52%.
(6) The double inequality

2 ,2\B 2,2\
r T < tanh x < r T (2.39)
r2 4+ 2 x r2 4 2

holdsfor0<x<rifand0nlyifa§0andﬁz%.

2.6. Some generalizations and related results.
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2.6.1. In [94], it was obtained that

sin(Ay)

Az sin gy

< sin(Ax)
Az

sin(Ay)
Ay

2
- <
T

’ <1 (2.40)

for 0 < |y| < |z| and 0 < [Az| < T.
In [93], by considering the logarithmic concavity of % and the logarithmic

tanz
f xr

convexity o and by using Jensen’s inequality for convex functions, it was

obtained that

tan 27 1 ‘xz‘
Z;l 1 |7'1|
21 1 ||
(2.41)
_1 |CE@|
for 0 < |z;] < §,1<i<nandncN and that
| tan(ax)| - | tan(Gz)| o1 | sin(Bz)| - | sin(au)| - | sin(Sz)| cscﬂl (2.42)

alx| Blx| Blx| alz| alx| 2av

for 0 < f < aand 0 < |azx| < 3.

In [83], it was proved that a positive and concave function is logarithmically
concave and that the function 2% for 0 < z < 7 is a concave function. As a
corollary, the following inequality was obtained:

sin x 22— 2 us
—21+(72):c27, 0<z<—. (2.43)
7r 2
This inequality is better than (1.10) and it is not included in or includes (1.8).

In passing it is pointed out that the the above relationship between concave
functions and logarithmically concave functions was also verified much simply in
[56, p. 85].

2.6.2. Some results obtained in [52} 82, 88] and the related references therein may
be also interesting.

2.6.3. In [406, [47], [48, pp. 269-288] and [57, pp. 235-265], a large amount of
inequalities involving trigonometric functions are collected.

3. REFINEMENTS OF JORDAN’S INEQUALITY AND YANG’S INEQUALITY

3.1. Yang’s inequality. In [105] pp. 116-118], an inequality due to L. Yang states
that the inequality

cos?(AA) + cos?(AB) — 2 cos(AA) cos(AB) cos(Ar) > sin®(\rr) (3.1)

is valid for 0 < A <1, A >0 and B > 0 with A+ B < 7, where the equality holds
ifand only if A\=0o0or A+ B = .

The inequality (3.1) has been generalized in [109, [111] and related references
therein.
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3.2. Zhao’s result. In [110, Theorem 1 and Theorem 2|, by using inequalities (1.1)

and (1.5)) respectively, it was concluded that
n 0 n
4(2))\2 cos? <2>\> < Z H;; < (2>7r2>\2 (3.2)
1<i<j<n
and )
n 1—\2 n
—— ) < H;; < Z)\? .
OC) =g me@or o
1<i<j<n
where
H;j = cos®(AA;) + cos?(AA;) — 2 cos(AA;) cos(AA;) cos(A) (3.4)
for0 <A <1land A; >0with > | A4; <7 forn > 2.
This generalizes Yang’s inequality (3.1)).
3.3. Debnath-Zhao’s result. In [25], inequalities (1.7) and (L.8) or the left-hand
However, it seems that the

side inequality in (2.9) were recovered once again.
authors of the paper [25] did not compare (1.7) and (1.8) explicitly.
(3.5)

As an application of (1.8), with the help of
sin2()\7r) < H;; < 4 sin? (2”)

in [109] and [111}, (2.13)], Yang’s inequality (3.1) was generalized in [25] to
(3.6)

(riwroc(e) s T mos (e

1<i<j<n

(3.7)

_3@x—wf

3.4. Ozban’s result. In [62], a new refined form of Jordan’s inequality was given

forO<z < 5 as follows:
sinx _ 2 1, ., 9 ™
x 2;—'_;(7 — ) + w3
5. As an application of (3.7) as in [25], the lower
(3.8)

with equality if and only if x =
bound in (3.6) was refined as
H;; > (Z) AN [r+ (6 —2m)A + (7 — 4))\2]2 cos? <7r>

>

2

1<i<j<n
3.5. Jiang-Hua’s result.
3.5.1. Motivated the papers [26] 67], it was procured in [41] that
2 8x(mw dr—=2) (7 2
o)) e

sinx S
3

T

3

r 0w
for z € (0, ’27} Equality in (3.9) holds if and only if x =
As an application of (3.9), Yang’s inequality (3.1)) is generalized and refined as
2 A
A=12+ A1 =N+ 1} cos? <2>
n

1<i<j<n

(O
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3.5.2. In [42], by Lemma [, the inequality

sinx 2 T—2

4 4
(ﬂ' 16$)§ - - -

35 (n* — 162*) (3.11)

for 0 < x < 7, arefinement of Jordan’s inequality (1.1), was presented. Meanwhile,
Yang’s inequality was refined as

n\ A2(5 — A1) A n 2
(2>(4)C032(2W) < 2 Hgs <2>A4[1+2A3 - 61)
1<i<j<n

3.6. Agarwal-Kim-Sen’s result. In [2], inequalities (3.7) and (3.19) were refined
as follows: For 0 < x < 7, the double inequality

sinx

14 Byz — Box® + Bsz® < <1+ Cix — Cya?® + Baa® (3.13)

holds with equalities if and only if z = 5 and

4 ) 4 5 16
Bi = — (66— 437 +7n%), By = (124837 +147%), By = (v —3),

1 (142 — 957 + 167).

4
C = §(75—497T+87r2), Cr=—

By using (3.13)), Yang’s inequality was refined in [2, Theorem 3.1] as
UN < Y osin’(m < >0 Hy < Yo N (3.14)
1<i<j<n 1<i<j<n 1<i<j<n

where
nin—1)

v =1

N [B(\; )]? cos? (;\77) (3.15)
with

B(\;m) =m +2(66 — 437 + Tr%) A — (124 — 837 + 1472) A% + 2(7 — 3)A3. (3.16)
3.7. Zhu’s results.

3.7.1. In [119], inequalities (1.8) and (2.6), eqivalently the double inequality (2.9),
and their sharpness were recovered once more by using Lemma (1l
As an application of (2.6), the upper bound in (3.6) was refined as

—\2) 772
3 Hijg4<;‘) {AMW}. (3.17)
1<i<j<n

3.7.2. In [120], by using Lemma [I, the inequality (3.7) and the following two
refined forms of Jordan’s inequality were established:

12—-72, on2 _sinzx 2 1, ., 9 T—3, o 22
sinz 2 1 ,., o 12—72 \°

The inequality (3.18) and the right-hand side inequality in (3.19) were also applied
to obtain

1<i<j<n
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Na(A) = (Z) A2 [3 g 2 1_6”2 (1- )\2)2]  cos? <;w)
Ms()) = <Z))\2 322+ (r—3)(1—%)%7

ML) = (Z))\Q [3 U < r (1- A)Qr.

3.7.3. In [113], a general refinement of Jordan’s inequality (1.1)) was presented by
a different approach from that used in [60, [61] as follows: For 0 < x < T and any
non-negative integer n > 0, the inequality

where

n+l _ sinzx 1— Zn: a3k n+1
an1(m? —42®)" < i Py (z) < %(ﬂ'z — 4a?) (3.21)

is valid with the equalities if and only if z = 7, where

Pon(z) =Y ap(n® — 42®)" (3.22)
k=0
and a;, satisfies the recurrent formula
2 1 2k +1 1
==, =, = — _ 3.23
W= T s G 2(k + 1)m? a 16k(k + 1)m? -t (3:23)

n 2k
for k € N. Furthermore, the constants a,,11 and % in (3.21)) are the best
possible.

Moreover, the following series expansion for #22 was also deduced in [113]: For
O<x§gandn20,wehave
sinx
= Pon(2) + Qany2, (3.24)

where the reminder term is

1 sinn , o o\ n+1 Ul
: —4 O<n<=. (32
BOH D (n+ )20+ 3)1 7 (" —42%) n<ge (829)

If taking n — oo in (3.24), since lim,, o, Q2,42 = 0, then

sinx >
= Zak(WQ - 4x2)k, 0< |z <
r k=0

Q2n+2 -

g (3.26)

which implies

oo
> apmt =1, (3.27)

As an application of (3.21), a general improvement of Yang’s inequality (3.1)
was deduced in [113] as

2
(;L) ()\71_)2 |:P2n (;\77') + an+1772("+1) (1 _ )\2)7L+1:| cos> (/2\7r> < Z Hij
1<i<j<n

g(Z)(Aw) P2n<)\> (1—2%77 ) —>\2)”+1r. (3.28)
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3.8. Niu-Huo-Cao-Qi’s result. In [60, 61], the following general refinement of
Jordan’s inequality was presented: For 0 < z < 7 and n € N, the inequality

2 sinx 2
p + Zak (7r2 — 4:172)k < < = + Zﬂk (7r2 - 4x2)k (3.29)

holds with the equalities if and only if x = 7, where the constants

k k+1 .
k+i
ap = 47r kk' E ( ) a;_ 151n<27r> (3.30)

and
n—1 i
1-2/m =31 aym? k—n
B = w2n T (3.31)
Qs 1<k<n
with
(i+k—1a"+a1, 0<i<k
af = {1, i=0 (3.32)

0, i>k

in (3.29) are the best possible.

As an application of inequality (3.29), a refinement and generalization of Yang’s
inequality (3.I) is obtained: For 0 < A <1 and A; > 0 such that E?:l A; <, if
m € Nand n > 2, then

Lm(n,A) < Y Hij < Ryn(n, ), (3.33)
1<i<j<n
where
m 2
Ly(n,N\) = ")z 2+Zak7r2k+1(1 - )\Q)k cos? é71' (3.34)
m ) 2 k=1 2 )
m 2
LLARY 2k+1 2\ k
= 2 1 - . .
Ryn(n, \) <2))\ +;5m (1-2?%) ] (3.35)

4. GENERALIZATIONS OF JORDAN’S INEQUALITY AND APPLICATIONS

4.1. Qi-Niu-Cao’s generalization and application. In [60, 78], a general gen-
eralization of Jordan’s inequality was established: For 0 < x < 6 < m, n € N and
t > 2, the inequality

ol o) < BT <Y ot ) (4.1)
k=1 k=1

holds with the equalities if and only if z = 6, where the constants

k‘ k+1 k i1
e = k'tk Z af 081 "Fgin (0 + —1—;71) (4.2)
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and
1—sinf/60 — >, !0t b —
W = etn ’ =n (4~3)
Wi 1 S k<n
with
af i+ (k-1 -D]alT, 0<i<k
af = {1, =0 (4.4)
0, i >k

in (4.1) are the best possible.

As an application of inequality (4.1), Yang’s inequality was refined as follows:
Let 0<A<1,0<z<f<mt>2and A4; >0 with > | A; <7 forneN. If
m € Nand n > 2, then

Ly(n,A) < E Hij < Ryp(n, N), (4.5)
1<i<j<n
where

_ [T y2 2|82 —kt tot t_t\k 2

Lin(n, ) = <2>)\ T [ 7 +k§:12 p (20" — X't) 1 cos <2w>, (4.6)
9 ? A

_ 9 _o|sin —kt , (9tpt t_t\k 2

Ry(n,X) = (2>)\ [ E 2 2 0" — ' ) ] cos (27r>, (4.7

and py and wy, are defined by (4.2).
4.2. Zhu’s generalizations and applications.

4.2.1. In [118], by making use of Lemma 1, the author obtained the following
generalization of Jordan’s inequality: If 0 <z <r < 7, then

sinr n sinr — rcosr(r2 —x2) < sinx < sinr n r— Sinr(rg —x2) (4.8)

r 273 -z r r3

As an application of (4.8)), in virtue of (3.5), Yang’s inequality (3.1) was sharpened
and generalized as

Nk A7 sinr N sinr —rcosr (Arr? ()3 QCOSQ A
2| 2r 2r3 2 8 2"

Awsinr o —sinr (Arr?2 ()3 2
< Y H1J<4<){ ot <2 -3 )] (4.9)

1<i<j<n

4.2.2. In [116], the double inequality (3.21) was extended by using the method in
[113] as

2)n+1 sinx

Agp () + iy (r2 — 2 < Agpp(2) + By (P =)™ (4.10)

IN

and
sinx

Ao o (@) + pom,r (1 — m)m'H < < Ao () + U (1 — :v)m+1 (4.11)
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with the equalities in (4.10) and (4.11) if and only if = r, where 0 <2 <r < 7,
n >0, m e N and

Agpr(z) = ap,(r? — 2?)" (4.12)
k=0
with
sinr sinr — rcosr

r = s r = ) 4.13
aO, r a17 2,],,3 ( )

2k +1 1
Qk+1,r = + k € N. (4.14)

20k + 1)r2 ™" T (k4 )2 kL

The constants o, , = an4+1 and

n 2k
1= oaxr

r2(n+1)

ﬁn,r =
n (4.10) and the constants

m 2k
L= g ar,r
,rn+1

Hm,r =

and vy, = (2r)" a1 in (4.11) are the best possible.

As an application of inequalities in (4.10), Yang’s inequality (3.1) was extended
or generalized as follows: If A; > 0 for ¢ € N with Z?:l A; <rfor0<r<mand
n > 2, then

max{Li(r),L2(r)} < (n—1) Z:cos2 A —2cosr Z cos A; cos A;
k=1 1<i<j<n
< min{Ry(r), Ra(r)}, (4.15)
where
2
n r n+1 o T
= (2> (2) + an ( % —r ) } cos” 2, (4.16)
+1q2
_(n r — Y papm® (m—r\" o
= (2> P27L(2> + —2(nt1) ( 5 > cos” o, (4.17)
2
_("™),2 r 1- kg anm® 0@k 5 oy
= (2> (2> | (7% —r?) ] , (4.18)
n+1q2
n T
=) _p%(2> van(T50) | (119)
4.2.3. 1In [112], the double inequality (4.10) was recovered by a similar method as
n [113, [116].

The series expansion (3.24) was generalized in [I112] Theorem 8] as follows: If
0<xz<r<3andn>0,then

where

sinx

S2n

= SQn(z) + R2n+2a

gakr—x

(4.20)

(4.21)
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and
1 sinn , o o\ n+1 T
Ropto = . — , O<n<r<— 4.22
M2 T o i DIn+ )1 g (r® = a%) n<rsy  (422)
with _ )
sinr sinr —rcosr
— = 4.23
Qo r ai 973 ( )
and
2k +1 1
iy = 2t ar_1, keN. (4.24)

o+ 1)r2 ™" " dk(k + 1)r2
The series expansion (3.20) was also generalized in [112, Theorem 9]: If 0 <
lz] <7 <, then

. o0
511;33 = Z ak (r® — xQ)k, (4.25)
k=0

where ay, for k > 0 are defined by (4.23) and (4.24).
As applications of the above inequalities, the following general improvement of
Yang’s inequality was established in [112] Theorem 11]:

1 n+1q2
(Z) (Am)? [5271( ;\) —|—an+1( 2 4772)\2> ] cos? (?) < Z H;;
1<i<j<n
—ZZ:oakrz’“ 2 1 909 "

forn22and0<r§§.

4.3. Wu’s generalization and applications. In [95], Jordan’s inequality (1.1)

was generalized as
9 A
<Sm —cos@)] (1 — Z)

l sin 6 0)(1- s1n9
3 7 cos

smx si sin 6 x

< <(1- 11— — 4.2

< 9_( 9)( W),(?)
where 0 < 2 < 6 <7 and A > 2.

As an application of (4.27), Yang’s inequality (3.1) was generalized as follows:
If A; >0for 1 <i<nandn>2satisfy Y1 | A; <60 € [0, 7], then

N 2Y (122 200 12 ol (2 ee?)
2 T A T AN\ A WCOSQ
<(n-1) Z cos? Ay, — 2cosf Z cos Ajcos A;

k=1 1<i<j<n

< (;‘) [2(7?)“1 - e(iy + 9}, A>2. (4.28)

Moreover, the right-hand side inequality in (2.13)) was recovered and the left-
hand side inequality in (2.13]) was improved in [95].

qby"—‘

4.4. Wu-Debnath’s generalizations and applications.
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4.4.1. 1In [96], the following generalizations of Jordan’s inequality was established:

3 >3 2\ ?
w50 0(1-5) e (1- ) |
<sinxisin971 Sinofcosﬁ 173072
-z 0 2 0 02

< min{zgoz(G) (1 - ;)2, ‘;01(9)(1 - g)z} (4.29)

for 0 < z <6 and 6 € (0, 7], where

2 cosf sinf sinf 1, .
p1(0) = 3 + 3 7 and  @o(0) = 5 59 sinf —cosf.  (4.30)

The equalities in (4.29) hold if and only if z = 6 and the coefficients of the factors
(1 — %)2 and (1 — 5—2)2 are the best possible.
If taking 0 = 7 then inequalities (3.18) and (3.19) are deduced from (4.29).
Integrating on both sides of (4.29) yields

5sin® — fcosf + 20 23sinf — 860 cosh — 62 sin b /6 sinz
max , < dx
6 15 A
C [11sinf — 50 cosf — 02%sinf 8sinf — O cosh + 86
< min 5 , 15 . (4.31)

If taking 0 = 5 in (4.31), then

92— [ 8+4
™ </ sinz o + 4w (4.32)
0

50 dx

x 15
which is better than (2.13).
The basic tool for proving (4.29)) is also Lemma (1.

As another application of (4.29), a generalization of Yang’s inequality (3.1)) was
obtained: If 4; > 0 for 1 < <n and n > 2 such that > ; A; <6 € [0, ], then

max{N;(6), Na(0)} < (Z) sin? 0
<(n-1) ZCOSz Ay, — 2cosf Z cos A; cos A;

k=1 1<i<j<n

< 4(2) sin? g < min{M, (), Ma(0)}, (4.33)

n\[, 6 AN TINAS
N1(9)2(2) 3_7(_2+(7T—3>(1—7r) <7‘(‘C052> 5 (434)
n\[, 6> 12-n=2 2\*1?76 0\’

M.(6) = <Z> :3 - z—z 42 S r <1 - i)T : (i)z (4.36)

where
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My(8) = (Z) {3ii+(n3)<1iz>2r<i)2. (4.37)

If substituting A; by AA4; and 0 by Ax in (4.33)), then inequalities (3.8) and (3.20)
are deduced.

4.4.2. 1In [97], as a generalization of inequality (4.29)), the following sharp inequality

1{(1+)\>(sin9 —cos€> —Gsiné‘} (1 — $T>2

272 0 0T
< sinz sinf 1(51110 COSH) <1 B x>‘>
-z 0 A\ 0 o>

sinf@ 1 /sin@ 27\ 2
<|1- - - - ,
< [1 7 3 ( 7 cos 9)] (1 97> (4.38)

was obtained for 0 < x < 6 € (0, g]7 7> 2and 7 < X < 27 by employing Lemma 1.
The equalities in (4.38) holds if and only if z = 6. The coefficients of the term
(1 — %:)2 are the best possible. If 1 <7 < % and either A # 0 or A > 27 then the

inequality (4.38) is reversed. Specially, when ¢ = 7, the inequality (4.38) becomes

AIN+4—-72, 2 sinz 2 2
4227+l (W -2 x) = T DY e

M A2 9ty (4.30)

for0<z <5, 72>2and 7 < A <27, If1§T§%andeitherA#Oor)\ZQT
then the inequality (4.39) is reversed.

If taking (1,A) = (2,2) and (7,\) = (1,2), then inequalities (3.7), (3.18) and
(3.19) are derived.

If A\ >2and 4; > 0 with > | A; < 0 € [0,7] for n > 2, then the following
generalization of Yang’s inequality was obtained by using the inequality (4.38) in
[97):

max{K;i(\, 0), Ko\, 0)} < (n—1) z:cos2 A —2cosf Z cos A; cos A;

k=1 1<i<j<n

< min{Ql(/\v 9)3 Q2(>‘7 9)}, (440)

where

n\ (] 0 AT —2)—2 0\?120 02
n\ (T 0N AT+ 4 — 72 0’\?120 0)?

o= (D) {[pe1- G AT (Y2
n\ ([ 0 AN+ 4X2 — A2 0\?1201?

Q)= (D)o o BB (Y
n\ ([ 0 AT —2\—2 02\ 21 20 )2

Q= (D)1= D222 (L2,

Note that inequalities (3.8), (3.20) and (4.33)) can be deduced from (4.40).
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4.4.3. By analytic techniques, the following inequalities are presented in [98]:
(1) 0 <a <6 <m, then

sinz _ sinf 6 —sinf

(2) If0<:L‘<7 and0<6<27then

sinz _ sinf fcosf —sind
. < 7 72 (x —0). (4.46)
(3) Equalities in (4.45) and (4.46) hold if and only if z = 6.
These two inequalities extend the double inequality obtained by applying n =1 to
the inequality (4.52).
As applications of inequalities in (4.45) and (4.46)), the following double inequal-
ities were gained: If x; > 0 for 1 < i < n and n > 2 satisfying Z;;l x; = 0 for
0 <6 <m, then

5129 +n-1< i Sizixi < %2 sin %, (4.47)
> ;lfz >1+ ﬁ : # (4.48)
and
14 (n—1) <SH;9) < zj; Sin9(9_—x:3i)
< (n? —3n+1)cosnf1 - (”_1)("20_4"+1) sinnfl, n>3. (4.49)

The equality in (4.47) holds if and only if ; = % forall 1 <¢<n.
The inequality (4.47) generalizes Janous-Klamkin’s inequality [39, [44]:
in A in B inC _ 9v3
sin +s1n +sm < \f7
A B C 27
where A > 0, B > 0 and C > 0 satisfy A + B + C = 7. Meanwhile, the inequali-

ties (4.48) and (4.49)) generalize and improve Tsintsifas—-Murty-Henderson’s double
inequality [58, [87]:

2 < (4.50)

3 sin A sin B sin C 3V3
- < + + < ,

™ w—-A w7—-B w-C T

where 0 <A< 3,0<B< 5 and 0<C < 3 satisfy A+ B+C =m.

(4.51)

4.5. Wu-Srivastava’s generalizations and applications. By using Lemma [1
and other techniques, a double inequality was obtained in [100], which can be
simplified as follows: Let ¢ be a nonnegative integer and 0 <z <6 < 7.

(1) Forn=4i+ 1 or n =41+ 2,

n—1 k
(6 — z)" N A ir
TR 1-— Z a0 sin( 6 + >
k=0 £=0
sing o
<

(—1)F+(z — )k I
FRDY e Gy
k 0

—0 /=
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— )" n o 1\pt T
< (99n+1) Z( B i sin<9+€2>. (4.52)

£=0

(2) For n =4i+ 3 or n = 4i + 4, the inequality (4.52)) is reversed.
(3) The equalities in (4.52) hold true if and only if z = 6.

Upon letting n = 2 in (4.52), the following inequality is derived:

0 —2sinf + 6 cosb

0 (x—0)?
sinx sinf@ Ocosf —sinf
=" T e T 62 (z—-9)
2sinf — 20 cos @ — 62 sin 6
< T (x —0)? (4.53)

for0<z<6<m.

Upon taking n = 2 and 6 = 7, the inequality (3.19) follows.

As a consequence of (4.52), a double inequality for estimating the definite integral
fow/ 2 ST g was established in [100], which refines the double inequality (2.13).

Finally, the inequality (4.52) for n = 5 and § = 7 was applied to refine and
generalize Yang’s inequality (3.1)).

4.6. Wu-Debnath’s general generalizations and applications. In [99], the
inequality (4.52)) was generalized to a general form which can be recited as follows:
Let f be a real-valued (n + 1)-time differentiable function on [0, ] with f(0) = 0.

(1) If n is either a positive even number such that f("*+1) is increasing on [0, 0]
or a positive odd number such that f("*+1) is decreasing on [0, 6], then the
following double inequality is valid for = € (0, 6]:

k=0 1=0
T n—1 k 7207:1716 - n 77597xn -
= (7) -2 (;l)glgfﬂ)f D) < %ﬂ”(a). (4.54)
k=0 i=0 =

(2) If n is either a positive even number such that f("*+1) is decreasing on [0, ]
or a positive odd number such that f(**%) is increasing on [0,6], then the
inequality (4.54)) is reversed.

(3) The equalities in (4.54) hold if and only if z = 6.

Upon taking f(z) = sinz, the inequality (4.52)) follows straightforwardly.
The tool of the paper [99] is Lemma [I. The authors also used their techniques
to present similar inequalities for the functions

inh In(1
sinho . B+ (4.55)
x i

As consequences of the above inequalities, a double inequality for bounding the
definite integral foa w dz for a > 0 and some known inequalities were derived.
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4.7. Wu-Srivastava-Debnath’s generalization and applications. In virtue of
Lemma (1, the following conclusion for bounding the function #2£ was gained in

[101]: Forn e N, 0 <z <0 <m and f(z) = S”\‘ff we have

f(":l(HQ) (2 - 6)" < sinz Z ) 02 92)k

—1

Yeg2k (k) (p2
Z 0 f 0%) (0% —2%)". (4.56)

— 02n

The equalities in (4.56) hold true if and only if x = 6.
In [101, Lemma 3], the function f(z) = % was proved to be completely

monotonic on (0, 72]. For detailed information on the class of completely monotonic
functions, please see the survey paper [66] and related references therein.

In the final of [101], Yang’s inequality (3.1) was generalized by virtute of the
inequality (4.56) for n =4 and 0 = 7.

5. REFINEMENTS OF KOBER’S INEQUALITY

5.1. Niu’s results. As a direct consequence of (3.29)), the following general refine-
ments of Kober’s inequality was obtained in [60]: For 0 < 2 < 7, k € Nand n € N,
inequalities

G-

Zak 4x w—x)k] < cosz

<(5-)

which may be deduced by replacing x with z — 7 in (3.29), and

% +) Be(a)t(r—2)*|, (5.1)
k=1

n k 2k—2i 2
LT )
E E ) k x21+2§1—cosx—x—
k=1 1:=0 2Z+2 T
k
n )5k7T2k 2i pito
E E =, (5.2)
21+2
k=1 =0

which follows from integrating (3.29) from 0 to z € [0, 3], hold with constants
and By defined by (3.30) and (3.31) respectively.

5.2. Zhu’s result. By an utilization of the inequality (3.21) and a simple trans-
formation of variables, the following Kober type inequality was deduced in [112}
Theorem 13]: Let

=Y St - w2 - w) (5.3)
k=0
and

S(u) = %ﬂ2"+3(1 —w)u" (2 — )"t (5.4)
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for n > 0, where ay, for k > 0 are defined by (3.23). Then the inequality
R(u) + AS(u) < cos<”2 ) < R(u) + 1S (u) (5.5)

holdsifeither0<u§1,)\:an+1andpzwor1§u§2and

T2(nt1)
1= apn?k
A= —=b=t— and 1= apy1-

6. NIU’S APPLICATIONS AND ANALYSIS OF COEFFICIENTS

6.1. An application to the gamma function. In [60], combining

Tz
I'(1 I'ilt—-=z)= 6.1
(14201 - 2)= T2 (61)
with (3.29) yields that if 0 < x < § and n € N then
1 k
— — 42 — —4 6.2
+Zak v _F(Hm) T S +2_:6k7r )", (6.2)
where I'(x) is the classical Euler gamma function defined for z > 0 by
D(z) = / et g, (6.3)
0

6.2. Applications to definite integrals. In [60], as applications of (3.29), the
following conclusions were also obtained:

(1) For0 <z < % and k,n €N,
9 . n k (_4)2‘(15)0%71.21@721' 2041 _ T Gnt "
Zr E E T >
0 5 21 +1 “Jo t

n k
2 )ﬂkﬁ% 2 22041

(2) Let f(x) be continuous on [a,b] such that f(x) #0and 0 < f(z) < M. If
0<b—a<mand n €N, then

< </abf(x)dx>2 — (/abf(x)cosxdx>2 — (/{ff(m)sinxdx)z
n 2
§M2(b—a)2{1— [i—&-;ak(ﬂg—f—bz—i—Qab)k] } (6.5)

6.3. Analysis of coefficients. The coefficients ay and §i defined by (3.30) and
(3.31) were estimated in [60] as follows: For k > 1,

N 1

_W < o < W, (66)
5. < 1f2/7r+f7r(2\k/ -1 f1/2), 6.7)
Ogﬁk—ak<1_2/ﬂ+ﬁ<ﬂ_1/2). (6.8)

72k



26 F. QI AND D.-W. NIU

6.4. A power series. The inequality (3.29) can be rearranged as

0 S Siz.’ﬂ - % - Zak(’ﬂz 74392)]6 S Z(ﬁk 7Oék)(7T2 741’2)]6 — 0
k=1 k=1

as n — 00, this implies that

. 2 > 2 ok
sing = —z — Zakx(ﬂ —4z%)". (6.9)
k=1
This gives an alternative power series expansion similar to (2.17)) and (3.26).

6.5. A remark. It is natural to consider that the series (2.17), (3.26) and (6.9)
should be the same one, although they seems to have different expressions.

7. GENERALIZATIONS OF JORDAN’S INEQUALITY TO BESSEL FUNCTIONS

For z € R, some Bessel functions are defined by

LS Uy
W)=Y i la) ()
o 1 T\ 2n+p
Iy(@) = T;) n!T'(p+n+1) (5) ’ (7.2)
B i (—1)"C”F(p+ ﬂ) T\ 2n
Aole) = nz:% nil(p+ &1 + 721) <§) ’ (7:3)
Tp(x) = 2°T(p + 1)z~ " Jp (), (7.4)
Z,(x) =2PT(p + 1)z~ PL,(x).

It is well-known that

J-12(x) = cosx, Z_y/5(x)= coshu, (7.6)
sinx sinh z
J1/2($) = z 11/2(1‘) = P (7.7)

7.1. Neuman’s generalizations of Jordan’s inequality. In [59], it was estab-
lished for p > 1 and |z| < Z that

2p+1+(p+2) COS< 2(p3+2)x>] > Tp(x) > COS(Q(;:—‘,—U>. (7.8)

When p = —1 equality in (7.8) validates.

Taking in (7.8) p = 3 leads to

oo Joon(yf2e) |2 ML) we[33) o

By employing Lemma [1, inequalities (2.2) and (2.9) are generalized in [10] as

(D) e (5 < [(EPe ()22

forkzéandogcgland

c ™\ 72 — 422 - T2 — A2
KE))"’“(E)}TZL < Ap(2) _)‘p(g) < [1 —)\p(g)}ﬂif (7.11)

1
3(p+1)

2

9
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fork>0and 0 <c<1.
In [g], inequalities (7.10) and (7.11)) were further improved.

7.2. Niu’s generalizations of Jordan’s inequality. In [60], the following two
conclusions were established:

(1) ForneNand z € (0,%],if k> % and 0 < ¢ < 1, then

Z’yi (m* — 4x2)i < () < Zm— (m* — 4x2)i, (7.12)
i=0 i=0
where '
K3
fn—(g)ﬂéyﬁwMﬂﬁdw,ogign, (7.13)
and
Yis 0 S 7 S n — 1,
M=oY 2t (7.14)
gm0 T

are the best possible. For k¥ > 0 and ¢ < 0 and 0 < z < 6 < oo, when n
is odd the inequality (7.12) holds, when n is even the inequality (7.12) is

reversed.
(2) ForneNand 0<z <0< Z,if k>3 and 0 <c <1, then
Zai(ez - x2)i < Aplz) < Zl/i(HQ - mQ)i, (7.15)
i=0 =0
where r
oy = (Z) Mﬁi)mp(a), 0<i<n (7.16)
and
oi, 0<i<n-—1,
Vi= 1= 00* (7.17)
— g i=n

are the best possible. For £ > 0, c<0and 0 < z < 0 < oo, if n is odd the
inequality (7.15) holds true, if n is even the inequality (7.15)) is reversed.

7.3. Baricz’s generalizations of Cusa-Huygens’s inequality. The inequality

(1.18) was generalized in [10] to

14 2akAy(z)

— <\ <

sk =D =@ s

where |zy/c| < Z,a€(0,3],¢>0,and k > 3.

By making use of the inequality (1.16) and (I1.17), the inequality (7.18]) was
further strengthened as

14 2kX,(2)

2k+1

1+ 2akX,(z)
a+1+a(2k—1)

(7.18)

1+ kX (2)

< Apala) € 2

(7.19)
7.4. Baricz’s generalizations of Redheffer-Williams’s inequality. In [9], in-
equalities (L.5), (2.32) and (2.33) were generalized to the case of Bessel functions.
The motivation of the paper [9] comes from [24] 68, 69, [75] and other related refer-
ences.



28 F. QI AND D.-W. NIU

7.5. Lazarevié’s inequality and generalizations. An inequality due to [49]

states that
sinht\?
( ; ) > cosht (7.20)

for t # 0. The exponent 3 in (7.20) is the best possible. See also |20, p. 131], [48,
p. 300] and [57, p. 270].
The inequality (7.20) was generalized in [5] to modified Bessel functions.

7.6. Oppenheim’s problem. Considering inequalities stated in Section [1.7/ and
Section (7.3} it is natural to ask the following problems:

(1) What are the best possible positive constants a, b, ¢, r and «, 3, v, A such

that )
a+ Beos”(Ax) < ST < a+bcos(rz) (7.21)
x
for—ggxggwithm#Oand
inh
a+ Beosh”(Ax) < ST <o b cosh®(rz) (7.22)

for —oco < x < 0o with z # 0 hold respectively?
(2) What about the analogues of Bessel functions or other special functions?

These problems are similar to Oppenheim’s problem which has been investigated
in [5l 17, 10} 115].

7.7. Some inequalities of Bessel functions. For more information on inequal-
ities of Bessel functions and some other special functions, please refer to [6} 7, 13,
141 [16] and related references therein.

8. WILKER-ANGLESIO’S INEQUALITY AND ITS GENERALIZATIONS

8.1. Wilker’s inequality and generalizations. In [91], J. B. Wilker proved

. 2
sinx tanx
( ) + > 2 (8.1)
x x
and proposed that there exists a largest constant ¢ such that
. 2
sinx tanz
( ) + > 2+ crdtanz (8.2)
T T

for0 <z < 3.

In recent years, Wilker’s inequality (8.1) has been proved once and again in
papers such as [23| 29, 53] 86, 103}, [114].

In [102], the inequality (8.1) was generalized as: If ¢ > 0 or ¢ < min{fl, f%},

then
A sinz\” 4 I tanz\ ? o1 (8.3)
L+A\ nw+AI\
holds for 0 < o < 5, where A > 0, u > 0 and p < qu“ As an application of the
inequality (8.3), an inequality posed as an open problem in [84] was solved and
improved.

In [117], the inequality (8.1) was generalized as

(sinhx)2+tanhx .y (8.4)
x

T
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In [5)], inequalities (8.1)) and (8.4) were generalized and extended naturally to the
cases of Bessel function. Recently, the inequality (8.3)) and all results in [102] were
extended in [15] to Bessel functions.

8.2. Wilker-Anglesio’s inequality. In [85], the best constant ¢ in (8.2)) was found
and it was proved that

8 sinz\® tanz 2\*
24 —az3tanx > + >24 (2] 2%tanz (8.5)
45 T T T

for 0 < # < 7. The constants % and (%)4 in the inequality (8.5)) are the best
possible.

In [30, 31, 34, 108], several proofs of Wilker-Anglesio’s inequality (8.5) were
given.

In [63], a new proof of the inequality (8.5) was provided by using Lemma [I] and
compared with [34].

In 40, 103} [104], three lower bounds for (%)2 + ta% — 2 were presented, but

they are weaker than (%)4 r3tanx in (8.5).
In [89,190], the following Wilker type inequality was obtained:

2 z \° x 2 16
24 —a’si + 24 (= — = | 2%si 8.6
451: sz < <si x) ton o < ( 3>x sz (8.6)

for # € (0,%). The constants 2 and 2 — 1% in (8.6) are the best possible.

8.3. An open problem. It is clear that to generalize Wilker-Anglesio’s inequal-
ity (8.5)) is more significant than to generalize Wilker’s inequality (8.1).

It is conjectured that Wilker-Anglesio’s inequality (8.5) may be generalized as
follows: Let «, 5, A and p be positive real numbers satisfying aA = 25, then

. « Jé]
16fx4<tanm>ﬁ - A(smx) +M(tanm) C Ot )
T x x x

Aaf5da+p(12+50)] 4 <tanx)ﬂ s7)
3604

holds for 0 <z < 7.

9. APPLICATIONS OF A METHOD OF AUXILIARY FUNCTIONS

In Section [2.1] of this paper, a method constructing auxiliary functions to refine
Jordan’s inequality (1.1) in [65, [67, [70, 73 [75] is introduced. Now the aim of
this section is to summarize some other applications of this method, including
estimation of some complete elliptic integrals and construction of inequalities for
the exponential function e”.

The complete elliptic integrals are classed into three kinds and defined for 0 <
k<1as

/2
E(k) :/ V1 —k2sin® 6 dé, (9.1)
0

/2
Fk) = /O S 9.2)

1—k2sin%0
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/2 de
II(k,h) :/ :
0 (14 hsin®6)v/1 — k2sin® 0

9.1. Estimates for a discrete complete elliptic integral. In [79], it was posed

that Y
s ™2
- < do < .
6 / V4 — 2% — g3 v 8
In [28], the inequality (9.4) was verified by using 4 — 2% > 4 — 22 — 23 > 4 — 222 on
the unit interval [0, 1].
In [74], by considering monotonicity and convexity of the function

1 1-v2
m —§+ 9 T+ ax (1—58) (95)
on [0, 1] for undetermined constant a > 0, the inequality
1 1 V2-1, [11V2 3
> V2 9)a-
\/4—x2—x372+ 2 x+( )( o
for z € [0, 1] was established, and then the lower bound in (9.4) was improved to

1 3 2TV2
1l qp> S V2 9.7
/0 Vi3 7710 60 (07)

It was also remarked in [74] that if discussing the auxiliary functions

(9.3)

(9.4)

(9.6)

\/4—;2_333 7§+ f 4 01— a)at ©8)
and

on [0,1], then inequalities

\/ﬁ > %4‘ ‘[2_ z? + (3‘[ - 1)(1 — z)z? (9.10)

and
1 1 V2—-1, (2 11V2
—_— > e -1 9.11
Vi—o—» o2 2 x+(3 24 )(I Jo (911

can be obtained, and then, by integrating on both sides of above two inequalities,
the lower bound in (9.4) may be improved to
1 1 192
——dx > -+ —— 9.12
/o Vi 71T e (9.12)

and

1 1 192
—_—dr > -+ ——. 9.13
/0 Va4 — 12 — 23 v 5+ 80 (9-13)
Numerical computation shows that the lower bound in (9.7) is better than those in
(9.12) and (9.13).
In [106], by directly proving the inequality (9.6) and

71 <1+ﬁ_1x2+5_4ﬂm2(1—m)<8\/§_9
Vi—22—z3 2 2 8 8\/5710

x) (9.14)
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the inequality (9.7) and an improved upper bound in (9.4),

1
1 79 V2
—d —+ — 1
/0 Vi—o - " S1e T (9:15)
were obtained.
In [71], by considering an auxiliary function
1 1 1-v2 , 9 ( 8v2 —9 )
—_— — — +ar’(l—xa)| ———+= 9.16
Vi_22 _23 2 2 ( ) 82 — 10 (9.16)
on [0, 1], inequalities (9.14) and
1 1 2 -1 1137(4v/2 — 5 8v2 -9
727+\f x? — (4v2 )(lx)(\[er) (9.17)
Vi—a22—23 2 2 64(64 — 39v2) 8v2 — 10

were demonstrated to be sharp, and then, by integrating on both sides of (9.14),
the inequality (9.15) was recovered.

9.2. Estimates for the first kind of complete elliptic integrals. In [33], by
discussing

V1+k2cos2t — /1 +k2 + %(\/1+k2 — 1)t2+0(g —t>t (9.18)

or

2
VIt k2cos?t — 1+ k2 + —(\/1+k2 - 1)t+6<§ —t)t (9.19)
7r
on [O, g}, where 6 and (§ are undetermined constants, the inequality
8
- S (Vi+w - 1)t<7T —t) <
us 2
4
VIt K2cos?t — {\/1 TR - 72(\/1 TR - l)tﬂ <0 (9.20)
0

for t € [0, g] was obtained, where k% = Z—z — 1 and a,b > 0. Integrating (9.20)
yields

/2
%(Qa—i—b) < / VaZsin®t + b2 cos? t dt < %(a—i—Qb). (9.21)
0

When b > 7a, the right-hand side of the inequality (9.21) is stronger than the
well-known result

T /2 T
Z(a—l—b) < / VaZsin?t + b2 cos? t dt < 1 2(a? + b2) (9.22)
0
which can be obtained by using some properties of definite integral.

9.3. Inequalities for the remainder of power series expansion of e¢*. In
[35, [65], by considering the auxiliary function

e” — Sp(x) — apx™ ™t + 0(b — x)z" ! (9.23)

1
n!

for 0 < o < b € (0,00), where a_; = €’ and a,, = %(an_l — ), the following

inequalities of the reminder

n k
x x
k=0
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for n > 0 and z € [0, 00) were established:

n+2—-m+lx ., n+14+e* e* 41
n xT < < n < n .
) 2" e” < Ry(x) < 7(n+2)! T St AR (9.25)
(n+2)! & k 41
- 77 < _ _ pn < < 2
(n_k+2)!Rn(a:)_m R, k<x)+(n—k+2)!x , 0<k<n (9.26)
and, forn > k > 1,
kantle® nl—(n—k+2)(n+1)!
k < — . 2
T R@) S T kT o) h—kr2r @ (02D

10. ESTIMATES AND INEQUALITIES FOR COMPLETE ELLIPTIC INTEGRALS

By the way, we would like to collect some estimates and inequalities for complete
elliptic integrals and their new developments in recent years.

10.1. Inequalities between three kinds of complete elliptic integrals. By
using Tchebycheff’s integral inequality [57, p. 39, Theorem 9], the following in-
equalities between three kinds of complete elliptic integrals were derived in [76]:

r aresin k min((1L+£)/(1= 1)),

o < F(k) < n ; (10.1)
16 — 4k* — 3k*
h k2
F(k) < (1 + 5)ﬂr(k,h), “l<h<0 or h> oo >0 (10.3)
2
™
Io(k,hE(k) > ———, —2<2h<k? 10.4
(k,h)E(k) Wit (10.4)
16 — 28k2 4 9k* , 2
> < —. .

For 0 < 2h < k2, the inequality (10.3) is reversed. For h > % > 0, the inequality
(10.4)) is reversed.

As concrete examples, the following estimates of the complete elliptic integrals
are also deduced in [76]:

2 w/2 2 —1/2 1
T~ / (1 _ Sm) dr < M, (10.6)
4v/2 0 2 V2
/2 52\ ! In3—In2
/ (1 T CO”) dp < TIn3-In2) (10.7)
o 2 2

/2 sinz) g cosz\ mln2
/ (1 — ) de = / <1 + > dz > . (10.8)
0 2 w/2 2 2

These results are better than those in [47, p. 607].

10.2. Bracken’s inequality. In [19, Theorem 4], the following inequality was

proved:
2 [T/ Inb—1
7/ de < nb na. (10.9)
T Jo \/a200529+b251n29 b—a

Equality holds if and only if a = b.
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There are two natural questions on bounding the complete elliptic integral in (10.9)
to ask:

(1) What are the best constants 5 > « > 0 such that the inequality

_ o /2 _ B
(lnb lna) < g/ do < <lnb lna> (10.10)
b—a TJo  \Va2cos20 + b2sin2 0 b—a

holds for all positive numbers a and b with a # b?
(2) Is the lower bound for (10.9) the reciprocal of the exponential mean

I(a,b) = (bb>1/(b_a) (10.11)

e \a®
for positive numbers a and b with a # b?

Since the complete elliptic integral in (10.9) tends to infinity as the ratio 2 for
a > b > 0 tends to zero, so we think that the former question is more significant.

10.3. Some recent results of elliptic integrals. It is noted that some new
results on complete elliptic integrals are obtained in [11] recently. It was pointed in
[11] that the right-hand side inequality in (10.1) is a recovery of [4, Theorem 3.10].
In [11], the inequality (10.1)) was also generalized to the case of generalized complete
elliptic integrals by the same method as in [69] [76].

In [12], some of the results in [11] were further improved.
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