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1 Setup

We repeat the setup in the main paper for completeness. Recall that {xi}1≤i≤n is a random sample

from the cumulative distribution function (hereafter CDF) F , supported on X = [xL, xU]. Note

that it is possible to have xL = −∞ and/or xU =∞. We will assume both xL and xU are finite, to

facilitate discussion on boundary estimation issues.

Define the empirical distribution function (hereafter EDF)

F̃ (x) =
1

n

∑
i

1[xi ≤ x].

Note that in the main paper, we use F̂ (·) to denote the above EDF We avoid such notation in

this Supplemental Appendix, and instead use F̃ (·), because a (smoothed) CDF estimator can be

obtained from our local polynomial approach.

Given p ∈ N, our local polynomial distribution estimator is defined as

β̂p(x) = arg min
b∈Rp+1

∑
i

(
F̃ (xi)− rp(xi − x)′b

)2

K
(xi − x

h

)
,

where rp(u) = [1, u, u2, · · · , up] is a (one-dimensional) polynomial expansion; K is a kernel function

whose properties are to be specified later; h = hn is a bandwidth sequence. The estimator, β̂p(x),

is motivated as a local Taylor series expansion, hence the target parameter is (i.e., the population

counterpart, assuming exists)

βp(x) =

[
1

0!
F (x),

1

1!
F (1)(x), · · · , 1

p!
F (p)(x)

]′
.

Therefore, we also write

β̂p(x) =

[
1

0!
F̂p(x),

1

1!
F̂ (1)
p (x), · · · , 1

p!
F̂ (p)
p (x)

]′
,

or equivalently, F̂
(v)
p = v!e′vβ̂p(x), provided that v ≤ p, and ev is the (v+ 1)-th unit vector of Rp+1.

(The subscript p is omitted in the main paper to economize notation.) We also use f = F (1) to

denote the corresponding probability density function (hereafter PDF) for convenience.

The estimator has the following matrix form:

β̂p(x) = H−1

(
1

n
X′hKhXh

)−1(
1

n
X′hKhY

)
, Xh =

[ (xi − x
h

)j ]
1≤i≤n, 0≤j≤p

where Kh is a diagonal matrix collecting {h−1K((xi − x)/h)}1≤i≤n, and Y is a column vector

collecting {F̃ (xi)}1≤i≤n. We also adopt the convention Kh(u) = h−1K(u/h).

In this Supplemental Appendix, we use n to denote sample size, and limits are taken with n→∞,

unless otherwise specified. The standard Euclidean norm is denoted by | · |, and other norms will

be defined at their first appearances. Maximum and minimum of two real numbers a and b are

denoted by a ∨ b and a ∧ b, respectively. For sequence of numbers (or random variables), an - bn

implies lim supn |an/bn| is finite, and an � bn implies both directions. The notation an -P bn is used
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to denote that |an/bn| is asymptotically tight: lim supε↑∞ lim supn P[|an/bn| ≥ ε] = 0. an �P bn

implies both an -P bn and bn -P an. When bn is a sequence of nonnegative numbers, an = O(bn)

is sometimes used for an - bn, so does an = OP(bn). For probabilistic convergence, we use →P for

convergence in probability and  for weak convergence (convergence in distribution). Standard

normal distribution is denoted as N (0, 1), with CDF Φ and PDF φ. Throughout, we use C to

denote generic constants which do not depend on sample size. The exact value can change given

the context.

1.1 Overview of Main Results

In this subsection, we give an overview of our results, including a (first order) mean squared error

(hereafter MSE) expansion, and asymptotic normality. Fix some v ≥ 1 and p, we have the following:

∣∣∣F̂ (v)
p (x)− F (v)(x)

∣∣∣ = OP

(
hp+1−vBp,v(x) + hp+2−vB̃p,v(x) +

√
1

nh2v−1
Vp,v(x)

)
.

The previous result gives MSE expansion for derivative estimators, 1 ≤ v ≤ p, but not for v = 0.

With v = 0, F̂p(x) is essentially a smoothed EDF, which estimates the CDF F (x). Since F (x)

is
√
n-estimable, one should be expected that the estimated distribution function will have very

different properties compared to the estimated derivatives. Indeed, we have

∣∣∣F̂p(x)− F (x)
∣∣∣ = OP

(
hp+1Bp,0(x) + hp+2B̃p,0(x) +

√
1

n
Vp,0(x)

)
.

There is another complication, however, when x is in the boundary region. For a drifting sequence

x in the boundary region, the EDF F̃ (x) is “super-consistent” in the sense that it converges at

rate
√
h/n. The reason is that when x is near xL or xU, F̃ (x) is essentially estimating 0 or 1, and

the variance, F (x)(1−F (x)) vanishes asymptotically, giving rise to the additional factor
√
h. This

is shared by our estimator: for v = 0 and x in the boundary region, the CDF estimator F̃p(x) is

super-consistent, with Vp,0(x) � h.

Also note that for the MSE expansion, we provide not only the first order bias but also the second

order bias. The second order bias will be used for bandwidth selection, since it is well-known that

in some cases the first order bias can vanish. (More precisely, when x is an interior evaluation point

and p− v is even. See, for example, Fan and Gijbels 1996.)

The MSE expansion provides the rate of convergence of our estimator. The following shows that,

under suitable regularity conditions, they are also asymptotically normal. Again first consider

v ≥ 1.

√
nh2v−1

(
F̂ (v)
p (x)− F (v)(x)− hp+1−vBp,v(x)

)
 N

(
0,Vp,v(x)

)
,

provided that the bandwidth is not too large, so that after scaling, the remaining bias does not

feature in first-order asymptotics. For v = 0, i.e. the smoothed EDF, we have√
n

Vp,0(x)

(
F̂p(x)− F (x)− hp+1Bp,0(x)

)
 N

(
0, 1
)
,
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where we moved the variance Vp,0(x) as a scaling factor in the above display, to encompass the

situation where x lies near boundaries.

1.2 Some Matrices

In this subsection we collect some matrices which will be used throughout this Supplemental Ap-

pendix. They show up in asymptotic results as components of the (leading) bias and variance.

Note that x can be either a fixed point, or it can be a drifting sequence to capture the issue of

estimation and inference in boundary regions. For the latter case, x takes the form x = xL + ch or

x = xU − ch for some c ∈ [0, 1).

Define

Sp,x =

∫ xU−x
h

xL−x
h

rp(u)rp(u)′K(u)du, cp,x =

∫ xU−x
h

xL−x
h

rp(u)up+1K(u)du, c̃p,x =

∫ xU−x
h

xL−x
h

rp(u)up+2K(u)du,

Γp,x =

∫∫ xU−x
h

xL−x
h

(u ∧ v)rp(u)rp(v)K(u)K(v)dudv, Tp,x =

∫ xU−x
h

xL−x
h

rp(u)rp(u)′K(u)2du.

Later we will assume that the kernel function K is supported on [−1, 1], hence with a shrinking

bandwidth sequence h ↓ 0, the region of integration in the above display can be replaced by

x (xL − x)/h (xU − x)/h

x interior −1 +1

x = xL + ch in lower boundary −c +1

x = xU − ch in upper boundary −1 +c

Since we do not allow xL = xU, no drifting sequence x can be in both lower and upper boundary

regions, at least in large samples.

2 Large Sample Properties

2.1 Assumptions

In this section we give assumptions, preliminary lemmas and our main results. Other assumptions

specific to certain results will be given in corresponding sections.

Let O be a connected subset of R with nonempty interior, Cs(O) denotes functions that are

at least s-times continuously differentiable in the interior of O, and that the derivatives can be

continuously extended to the boundary of O.

Assumption 1 (DGP).

{xi}1≤i≤n is a random sample from distribution F , supported on X = [xL, xU]. Further, F ∈ Cαx(X )

for some αx ≥ 1, and f(x) = F (1)(x) > 0 for all x ∈ X .

Assumption 2 (Kernel).

The kernel function K(·) is nonnegative, symmetric, and belongs to C0([−1, 1]). Further, it inte-

grates to one:
∫
RK(u)du = 1.
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2.2 Preliminary Lemmas

We first consider the object X′hKhXh/n

Lemma 1. Assume Assumptions 1 and 2 hold, h→ 0 and nh→∞. Then

1

n
X′hKhXh = f(x)Sp,x + o(1) +OP

(
1/
√
nh
)
.

Lemma 1 shows that the matrix X′hKhXh/n is asymptotically invertible. Also note that this

result covers both interior and boundary evaluation point x, and depending on the nature of x, the

exact form of Sp,x differs.

With simple algebra, one has

β̂p(x)− βp(x) = H−1

(
1

n
X′hKhXh

)−1(
1

n
X′hKh(Y −Xβp(x))

)
,

and the following gives a further decomposition of the “numerator.”

1

n
X′hKh(Y −Xβp(x)) =

1

n

∑
i

rp
(xi − x

h

)(
F̃ (xi)− rp(xi − x)′βp(x)

)
Kh(xi − x)

=
1

n

∑
i

rp
(xi − x

h

)(
F (xi)− rp(xi − x)′βp(x)

)
Kh(xi − x)

+

∫ xU−x
h

xL−x
h

rp(u)
(
F̃ (x+ hu)− F (x+ hu)

)
K(u)f(x+ hu)du

+
1

n

∑
i

rp
(xi − x

h

)(
F̃ (xi)− F (xi)

)
Kh(xi − x)−

∫ xU−x
h

xL−x
h

rp(u)
(
F̃ (x+ hu)− F (x+ hu)

)
K(u)f(x+ hu)du.

The first part represents the smoothing bias, and the second part can be analyzed as a sample

average. The real challenge comes from the third term, which can have a nonnegligible (first order)

contribution. We further decompose it as

1

n

∑
i

rp
(xi − x

h

)(
F̃ (xi)− F (xi)

)
Kh(xi − x) =

1

n2

∑
i,j

rp
(xi − x

h

)(
1[xj ≤ xi]− F (xi)

)
Kh(xi − x)

=
1

n2

∑
i

rp
(xi − x

h

)(
1− F (xi)

)
Kh(xi − x) +

1

n2

∑
i,j;i6=j

rp
(xi − x

h

)(
1[xj ≤ xi]− F (xi)

)
Kh(xi − x).

As a result,

1

n

∑
i

rp
(xi − x

h

)(
F̃ (xi)− rp(xi − x)′βp(x)

)
Kh(xi − x)

=
1

n

∑
i

rp
(xi − x

h

)(
F (xi)− rp(xi − x)′βp(x)

)
Kh(xi − x) (smoothing bias B̂S)

+

∫ xU−x
h

xL−x
h

rp(u)
(
F̃ (x+ hu)− F (x+ hu)

)
K(u)f(x+ hu)du (linear variance L̂)

+
1

n2

∑
i

rp
(xi − x

h

)(
1− F (xi)

)
Kh(xi − x) (leave-in bias B̂LI)

+
1

n2

∑
i,j;i6=j

{
rp
(xi − x

h

)(
1[xj ≤ xi]− F (xi)

)
Kh(xi − x)

− E
[
rp
(xi − x

h

)(
1[xj ≤ xi]− F (xi)

)
Kh(xi − x)

∣∣∣xj]}. (quadratic variance R̂)
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To provide intuition for the above decomposition, the smoothing bias is a typical feature of non-

parametric estimators; leave-in bias arises since each observation is used twice, in constructing the

EDF F̃ and as a design point (that is, F̃ has to be evaluated at xi); and a second order U-statistic

shows up because the “dependent variable,” Y, is estimated, which leads to double summation.

We first analyze the bias terms.

Lemma 2. Assume Assumptions 1 and 2 hold with αx ≥ p+ 1, h→ 0 and nh→∞. Then

B̂S = hp+1F
(p+1)(x)f(x)

(p+ 1)!
cp,x + oP(hp+1), B̂LI = OP

(
n−1) .

By imposing additional smoothness, it is also possible to characterize the next term in the

smoothing bias, which has order hp+2. We report the higher order bias in a later section as it is

used for bandwidth selection.

Next we consider the “influence function” part, L̂. This term is crucial in the sense that (under

suitable conditions so that R̂ becomes negligible) it determines the asymptotic variance of our

estimator, and with correct scaling, it is asymptotically normally distributed.

Lemma 3. Assume Assumptions 1and 2 hold with αx ≥ 2, h→ 0 and nh→∞. Define the scaling

matrix

Nx =

diag
{

1, h−1/2, h−1/2, · · · , h−1/2
}

x interior,

diag
{
h−1/2, h−1/2, h−1/2, · · · , h−1/2

}
x boundary,

then

√
nNx

[
f(x)Sp,x

]−1

L̂ N (0, Vp,x),

with

Vp,x =


F (x)(1− F (x))e0e

′
0 + f(x)(I− e0e

′
0)S−1

p,xΓp,xS
−1
p,x(I− e0e

′
0) x interior

f(x)
(
S−1
p,xΓp,xS

−1
p,x + ce0e

′
0

)
x = xL + ch

f(x)
(
S−1
p,xΓp,xS

−1
p,x + ce0e

′
0 − (e1e

′
0 + e0e

′
1)
)

x = xU − ch.

The scaling matrix depends on whether the evaluation point is located in the interior or boundary,

which is a unique feature of our estimator. To see the intuition, consider an interior point x, and

recall that the first element of β̂p(x) is the smoothed EDF, which is
√
n-estimable. Therefore, the

property of F̂p(x) is very different from those of the estimated density and higher order derivatives.

When x is either in the lower or upper boundary region, F̂p(x) essentially estimates 0 or 1,

respectively, hence it is super-consistent in the sense that it converges even faster than 1/
√
n. In

this case, the leading 1/
√
n-variance vanishes, and higher order residual noise dominates, which

makes F̂p(x) no longer independent of the estimated density and derivatives, justifying the formula

of boundary evaluation points.

Finally we consider the second order U-statistic component.
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Lemma 4. Assume Assumptions 1 and 2 hold, h→ 0 and nh→∞. Then

V[R̂] =
2

n2h
f(x)F (x)(1− F (x))Tp,x +O(n−2).

In particular, when x is in the boundary region, the above has order O(n−2).

2.3 Main Results

In this section we provide two main results, one on asymptotic normality, and the other on standard

error.

Theorem 1 (Asymptotic Normality). Assume Assumptions 1 and 2 hold with αx ≥ p+ 1 for

some integer p ≥ 0. Further h→ 0, nh2 →∞ and nh2p+1 = O(1). Then

√
nh2v−1

(
F̂ (v)
p (x)− F (v)(x)− hp+1−vBp,v(x)

)
 N

(
0, Vp,v(x)

)
, 1 ≤ v ≤ p,√

n

Vp,0(x)

(
F̂p(x)− F (x)− hp+1Bp,0(x)

)
 N

(
0, 1

)
.

The constants are

Bp,v(x) = v!
F (p+1)(x)

(p+ 1)!
e′vS

−1
p,xcp,x,

and

Vp,v(x) =


(v!)2f(x)e′vS

−1
p,xΓp,xS

−1
p,xev 1 ≤ v ≤ p

F (x)(1− F (x)) v = 0, x interior

hf(x)
(
e′0S

−1
p,xΓp,xS

−1
p,xe0 + c

)
v = 0, x = xL + ch or xU − ch.

Remark 1 (On nh2p+1 = O(1)). This condition ensures that higher order bias, after scaling, is

asymptotically negligible. ‖

Remark 2 (On nh2 → ∞). This condition ensures that the second order U-statistic, R̂, has

smaller order compared to L̂. Note that this condition can be dropped for boundary x or when the

parameter of interest is the CDF F̂p. ‖

Now we provide a standard error, which is also boundary adaptive. Given the formula in Theorem

1, it is possible to estimate the asymptotic variance by plugging in unknown quantities regarding

the data generating process. For example consider Vp,1(x) for the estimated density. Assume

the researcher knows the location of the boundary xL and xU, the matrices Sp,x and Γp,x can be

constructed with numerical integration, since they are related to features of the kernel function,

not the data generating process. The unknown density f(x) can also be replaced by its estimate,

as long as p ≥ 1.

Another approach is to utilize the decomposition of the estimator, in particular the L̂ term. To
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introduce our variance estimator, we make the following definitions.

Ŝp,x =
1

n
XhKhXn =

1

n

∑
i

rp
(xi − x

h

)
rp
(xi − x

h

)′
Kh(xi − x)

Γ̂p,x =
1

n3

∑
i,j,k

rp
(xj − x

h

)
rp
(xk − x

h

)′
Kh(xj − x)Kh(xk − x)

(
1[xi ≤ xj ]− F̃ (xj)

)(
1[xi ≤ xk]− F̃ (xk)

)
.

Following is the main result regarding variance estimation. It is automatic and fully-adaptive, in

the sense that no knowledge about the boundary location is needed.

Theorem 2 (Variance Estimation).

Assume Assumptions 1 and 2 hold with αx ≥ p + 1 for some integer p ≥ 0. Further h → 0,

nh2 →∞ and nh2p+1 = O(1). Then

V̂p,v(x) ≡ (v!)2e′vNxŜ
−1
p,xΓ̂p,xŜ

−1
p,xNxev →P Vp,v(x).

Define the standard error as

σ̂p,v(x) ≡ (v!)

√
1

nh2v
e′vŜ

−1
p,xΓ̂p,xŜ

−1
p,xev,

then

σ̂p,v(x)−1
(
F̂ (v)
p (x)− F (v)(x)− hp+1−vBp,v(x)

)
 N

(
0, 1

)
.

3 Bandwidth Selection

In this section we consider the problem of constructing MSE-optimal bandwidth for our local

polynomial regression-based distribution estimators. We focus exclusively on the case v ≥ 1, hence

the object of interest will be either the density function or derivatives thereof. Valid bandwidth

choice for the distribution function F̂p(x) is also an interesting topic, but difficulty arises since it is

estimated at the parametric rate. We will briefly mention MSE expansion of the estimated CDF

at the end.

3.1 For Density and Derivatives Estimates (v ≥ 1)

Consider some 1 ≤ v ≤ p, the following lemma gives finer characterization of the bias.

Lemma 5. Assume Assumptions 1 and 2 hold with αx ≥ p + 2, h → 0 and nh3 → ∞. Then the

leading bias of F̂
(v)
p (x) is

hp+1−vBp,v(x) = hp+1−v
{
F (p+1)(x)

(p+ 1)!
v!e′vS

−1
p,xcp,x + h

(
F (p+2)(x)

(p+ 2)!
+
F (p+1)(x)

(p+ 1)!

F (2)(x)

f(x)

)
v!e′vS

−1
p,xc̃p,x

}
.

The above lemma is a refinement of Lemma 1 and 2, and characterizes the higher-order bias. To

see its necessity, we note that when p− v is even and x is an interior evaluation point, the leading

bias is zero. This is because e′vS
−1
p,xcp,x is zero, which is explained in Fan and Gijbels (1996). Except

for rare cases such as F (p+1)(x) = 0 or F (p+2)(x) = 0, we have

7



Order of bias: hp+1−vBp,v(x) �

p− v odd even

x interior hp+1−v hp+2−v

boundary hp+1−v hp+1−v

Note that for boundary evaluation points, the leading bias never vanishes.

The leading variance is also characterized by Theorem 1, and we reproduce it here:

1

nh2v−1
Vp,v(x) =

1

nh2v−1
(v!)2f(x)e′vS

−1
p,xΓp,xS

−1
p,xev.

The MSE-optimal bandwidth is defined as a minimizer of the following

hp,v(x) = arg min
h>0

[
1

nh2v−1
Vp,v(x) + h2p+2−2vBp,v(x)2

]
.

Given the discussion we had earlier on the bias, it is easy to see that the MSE-optimal bandwidth

has the following asymptotic order:

Order of MSE-optimal bandwidth: hp,v(x) �

p− v odd even

x interior n
− 1

2p+1 n
− 1

2p+3

boundary n
− 1

2p+1 n
− 1

2p+1

Again only the case where p− v is even and x is interior needs special attention.

There are two notions of bandwidth consistency. Let h be some non-stochastic bandwidth se-

quence, and ĥ be an estimated bandwidth. Then ĥ is consistent in rate if ĥ � h (in most cases it

is even true that ĥ/h→P C ∈ (0,∞)). And ĥ is consistent in rate and constant if ĥ/h→P 1.

To construct consistent bandwidth, either rate consistent or consistent in both rate and constant,

we need estimates of both the bias and variance. The variance part is relatively easy, as we have

already demonstrated in Theorem 2:

n`2v−1 σ̂p,v(x)2

Vp,v(x)
→P 1,

where ` is some preliminary bandwidth used to construct σ̂p,v(x).

To introduce our bias estimate, first assume there are consistent estimators for F (p+1)(x) and

F (p+2)(x), denoted by F̂ (p+1)(x) and F̂ (p+2)(x). They can be obtained, for example, using our local

polynomial regression-based approach, or can be constructed with some reference model (such as

the normal distribution). The critical step is to obtain consistent estimators of the matrices, which

are given in the following lemma.

Lemma 6. Assume Assumptions 1 and 2 hold, `→ 0 and n`→∞. Then

̂S−1
p,xcp,x =

(
1

n

∑
i

rp
(xi − x

`

)
rp
(xi − x

`

)′
K`(xi − x)

)−1(
1

n

∑
i

(xi − x
`

)p+1

rp
(xi − x

`

)
K`(xi − x)

)
→P S−1

p,xcp,x,

8



and

̂S−1
p,xc̃p,x =

(
1

n

∑
i

rp
(xi − x

`

)
rp
(xi − x

`

)′
K`(xi − x)

)−1(
1

n

∑
i

(xi − x
`

)p+2

rp
(xi − x

`

)
K`(xi − x)

)
→P S−1

p,xc̃p,x.

Note that we used different notation, `, as it corresponds to a preliminary bandwidth. Define

hp+1−vB̂p,v(x) = hp+1−v

{
F̂ (p+1)(x)

(p+ 1)!
v!e′v

̂S−1
p,xcp,x + h

F̂ (p+2)(x)

(p+ 2)!
v!e′v

̂S−1
p,xc̃p,x

}
,

and assume that σ̂p,v(x) is constructed using the preliminary bandwidth `. Then

ĥp,v(x) = arg min
h>0

[
`2v−1

h2v−1
σ̂p,v(x)2 + h2p+2−2vB̂p,v(x)2

]
.

We make some remarks here.

Remark 3 (Preliminary bandwidth `). The optimization argument h enters the RHS of the

previous display in three places. First it is part of the variance component, by 1/h2v−1. Second it

shows as a multiplicative factor of the bias component, h2p−2v+2. Finally within the definition of

B̂p,v(x), there is another multiplicative h, in front of the higher order bias.

The preliminary bandwidth `, serves a different role. It is used to estimate the variance and

bias components. Of course one can use different preliminary bandwidths for σ̂p,v(x), Ŝ−1
p,xcp,x and

Ŝ−1
p,xc̃p,x. ‖

Remark 4 (Consistent bias estimator). The bias estimator we proposed, hp−v+1B̂p,v(x), is

consistent in rate for the true leading bias, but not necessarily in constant. Compare B̂p,v(x) and

Bp,v(x), it is easily seen that the term involving F (p+1)(x)F (2)(x)/f(x) is not captured. To capture

this term, we need one additional nonparametric estimator for F (2)(x). This is indeed feasible, and

one can employ our local polynomial regression-based estimator for this purpose. ‖

Theorem 3 (Consistent bandwidth). Let 1 ≤ v ≤ p. Assume the preliminary bandwidth `

is chosen such that nh2v−1σ̂p,v(x)2/Vp,v(x) →P 1, Ŝ−1
p,xcp,x →P S−1

p,xcp,x, and Ŝ−1
p,xc̃p,x →P S−1

p,xc̃p,x.

Under the conditions of Lemma 1 and Theorem 2:

• If either x is in boundary regions or p− v is odd, let F̂ (p+1)(x) be consistent for F (p+1) 6= 0.

Then

ĥp,v(x)

hp,v(x)
→P 1.

• If x is in interior and p − v is even, let F̂ (p+2)(x) be consistent for F (p+2) 6= 0. Further

assume nh3 → 0 and hp,v(x) is well-defined. Then

ĥp,v(x)

hp,v(x)
→P C ∈ (0,∞).
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3.2 For CDF Estimate (v = 0)

In this subsection we mention briefly how to choose bandwidth for the CDF estimate, F̂
(0)
p (x) ≡

F̂p(x). We assume x is in interior. Previous discussions on bias remains to apply:

hp+1Bp,0(x) = hp+1

{
F (p+1)(x)

(p+ 1)!
e′0S

−1
p,xcp,x + h

(
F (p+2)(x)

(p+ 2)!
+
F (p+1)(x)

(p+ 1)!

F (2)(x)

f(x)

)
e′0S

−1
p,xc̃p,x

}
,

which means the bias of F̂p(x) has order hp+1 if either x is boundary or p is odd, and hp+2 otherwise.

Difficulty arises since the CDF estimator has leading variance of order

Vp,0(x) � 1[x interior] + h

n
,

which cannot be used for bandwidth selection, because the above is proportional to the bandwidth

(i.e., there is no bias-variance trade-off).

The trick is to use a higher order variance term. Recall that the local polynomial regression-

based estimator is essentially a second order U-statistic, which is then decomposed into two terms,

a linear term L̂ and a quadratic term R̂, where the latter is a degenerate second-order U-statistic.

The variance of the quadratic term R̂ has been ignored so far, as it is negligible compared to the

variance of the linear term. For the CDF estimator, however, it is the variance of this quadratic

term that leads to a bias-variance trade-off. The exact form of this variance is given in Lemma 4.

With this additional variance term included, we have (with some abuse of notation)

Vp,0(x) � 1[x interior] + h

n
+
1[x interior] + h

n2h
.

Provided x is an interior point, the additional variance term increases as the bandwidth shrinks.

As a result, a MSE-optimal bandwidth for F̂p(x) is well-defined, and estimating this bandwidth is

also straightforward.

Order of MSE-optimal bandwidth: hp,0(x) �

p− v odd even

x interior n
− 2

2p+3 n
− 2

2p+5

boundary undefined undefined

What if x is in a boundary region? Then the MSE-optimal bandwidth for F̂p(x) is not well defined.

The leading variance now takes the form h/n+1/n2, which is proportional to the bandwidth. (This

is not surprising, since for boundary x the CDF is known, and a very small bandwidth gives a

super-consistent estimator.). Although MSE-optimal bandwidth for F̂p(x) is not well-defined for

boundary x, it is still feasible to minimize the empirical MSE. To see how this works, one first

estimate the bias term and variance term with some preliminary bandwidth `, leading to B̂p,0(x)

and V̂p,0(x). Then the MSE-optimal bandwidth can be constructed by minimizing the empirical

MSE. Under regularity conditions, B̂p,0(x) will converge to some nonzero constant, while, if x is

boundary, V̂p,0(x) has order `, the same as the preliminary bandwidth. Then the MSE-optimal

bandwidth constructed in this way will have the following order:
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Order of estimated MSE-optimal bandwidth: ĥp,0(x) �

p− v odd even

x interior n
− 2

2p+3 n
− 2

2p+5

boundary (n2/`)
− 1

2p+3 (n2/`)
− 1

2p+5

Note that the preliminary bandwidth enters the rate of ĥp,0(x) for boundary x, because it determines

the rate at which the variance estimator V̂p,0(x) vanishes. Although this estimated bandwidth is

not consistent for any well-defined object, it can be useful in practice, and it reflects the fact that

for boundary x it is appropriate to use bandwidth shrinks fast when the object of interest is the

CDF

4 Application to Manipulation Testing

We devote this section to density discontinuity (manipulation) tests in regression discontinuity

designs. Assume there is a natural (and known) partition of the support X = [xL, xU] = [xL, x̄) ∪
[x̄, xU] = X− ∪ X+, and the regularity conditions we imposed so far are satisfied on each of the

partitions, X− and X+. To be precise, assume the distribution F is continuously differentiable to a

certain order on each of the partitions, but the derivatives are not necessarily continuous across the

cutoff x̄. In this case consistent estimates of the densities (and derivatives thereof) require fitting

local polynomials separately on each sides of x̄. Alternatively, one can use the joint estimation

framework introduced below.

4.1 Unrestricted Model

By an unrestricted model with cutoff x̄, we consider the following polynomial basis rp

rp(u) =
[
1{u<0} u1{u<0} · · · up1{u<0}

∣∣∣ 1{u≥0} u1{u≥0} · · · up1{u≥0}

]′
∈ R2p+2.

The following two vectors will arise later, which we give the definition here:

r−,p(u) =
[
1 u · · · up 0 · · · 0

]′
, r+,p(u) =

[
0 0 · · · 0 1 · · · up

]′
.

Also we define the vectors to extract the corresponding derivatives

I2p+2 =
[
e0,− e1,− · · · ep,− e0,+ e1,+ · · · ep,+

]
.

With the above definition, the estimator at the cutoff is1

β̂p(x̄) = arg min
b∈R2p+2

∑
i

(
F̃ (xi)− rp(xi − x̄)′b

)2

Kh(xi − x̄).

We assume the same bandwidth is used below and above the cutoff to avoid cumbersome notation.

Generalizing to using different bandwidths is straightforward. Other notations (for example X and

1The EDF is defined with the whole sample as before: F̃ (u) = n−1∑
i 1[xi ≤ u].
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Xh) are redefined similarly, with the scaling matrix H adjusted so that H−1rp(u) = rp(h
−1u) is

always true. we denote the estimates by

F̂ (v)
p (x̄−) = v!e′v,−β̂p(x̄), F̂ (v)

p (x̄+) = v!e′v,+β̂p(x̄).

Remark 5 (Separate estimation). An alternative implementation is to apply our local polynomial-

based estimator separately to the two samples, one with observations below the cutoff, and the other

with observations above the cutoff. To be precise, let F̃−(·) and F̃+(·) be the empirical distribution

functions constructed by the two samples. That is,

F̃−(x) =
1

n−

∑
i: xi<x̄

1[xi ≤ x], F̃+(x) =
1

n+

∑
i: xi≥x̄

1[xi ≤ x],

where n− and n+ denote the size of the two samples, respectively. The the local polynomial

approach, applied to F̃−(·) and F̃+(·) separately, will yield two sets of estimates, which we denote

by F̂
(v)
p,−(x̄) and F̂

(v)
p,+(x̄). To see the relation between joint and separate estimations, we note the

following (which can be easily seen using least squares algebra)

v = 0 F̂p,−(x̄) =
n

n−
F̂p(x̄−), F̂p,+(x̄) =

n

n+
F̂p(x̄+)− n−

n+

v ≥ 1 F̂
(v)
p,−(x̄) =

n

n−
F̂ (v)
p (x̄−), F̂

(v)
p,+(x̄) =

n

n+
F̂ (v)
p (x̄+).

The difference comes from the fact that by separate estimation, one obtains estimates of the con-

ditional CDF and the derivatives. ‖

In the following lemmas, we will give asymptotic results for the joint estimation problem. Proofs

are omitted.

Lemma 7. Let Assumptions of Lemma 1 hold separately on X− and X+, then

1

n
X′hKhXh = f(x̄−)S−,p + f(x̄+)S+,p +O

(
h
)

+OP

(
1/
√
nh
)
,

where

S−,p =

∫ 0

−1

r−,p(u)r−,p(u)′K(u)du, S+,p =

∫ 1

0

r+,p(u)r+,p(u)′K(u)du.

Again we decompose the estimator into four terms, namely B̂LI, B̂S, L̂ and R̂.

Lemma 8. Let Assumptions of Lemma 2 hold separately on X− and X+, then

B̂S = hp+1

{
F (p+1)(x̄−)f(x̄−)

(p+ 1)!
c−,p +

F (p+1)(x̄+)f(x+)

(p+ 1)!
c+,p

}
+ oP(hp+1), B̂LI = OP

(
1

n

)
,

where

c−,p =

∫ 0

−1

up+1r−,p(u)K(u)du, c+,p =

∫ 1

0

up+1r+,p(u)K(u)du.
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Lemma 9. Let Assumptions of Lemma 3 hold separately on X− and X+, then

V
[√

n

h

(
e1,+ − e1,−

)′(
f(x̄+)S+,p + f(x̄−)S−,p

)−1

L̂

]
= f(x̄−)e′1,−S−1

−,pΓ−,pS
−1
−,pe1,−

+ f(x̄+)e′1,+S−1
+,pΓ+,pS

−1
+,pe1,+ +O(h),

where

Γ−,p =

∫∫
[−1,0]2

(u ∧ v)r−,p(u)r−,p(v)′K(u)K(v) dudv, Γ+,p =

∫∫
[0,1]2

(u ∧ v)r+,p(u)r+,p(v)′K(u)K(v) dudv.

Note that the above gives the asymptotic variance of the difference f̂(x̄+) − f̂(x̄−), and the

variance takes an additive form. This is not surprising, since the two density estimates, f̂(x̄+) and

f̂(x̄−), rely on distinctive subsamples, meaning that they are asymptotically independent.

Finally the order of R̂ can also be established.

Lemma 10. Let Assumptions of Lemma 4 hold separately on X− and X+, then

R̂ = OP

(√
1

n2h

)
.

Now we state the main result concerning the manipulation testing. Let Ŝp,x̄ and Γ̂p,x̄ be con-

structed as in Section 2.3, and

V̂p,1(x̄) =
1

h
(e1,+ − e1,−)′Ŝp,x̄Γ̂p,x̄Ŝp,x̄(e1,+ − e1,−).

Corollary 1. Assume Assumptions 1 and 2 hold separately on X− and X+ with αx ≥ p + 1 for

some integer p ≥ 1. Further, n · h2 → ∞ and n · h2p+1 → 0. Then under the null hypothesis

H0 : f(x̄+) = f(x̄−),

Tp(h) =
f̂p(x̄+)− f̂p(x̄−)√

1
nh
V̂p,1(x̄)

 N (0, 1).

As a result, under the alternative hypothesis H1 : f(x̄+) 6= f(x̄−),

lim
n→∞

P[|Tp(h)| ≥ Φ1−α/2] = 1.

Here Φ1−α/2 is the (1− α/2)-quantile of the standard normal distribution.

Remark 6 (Separate estimation). Recall that it is possible to implement our local polynomial

estimator separately for the two subsamples, below and above the cutoff x̄. Let f̂p,−(x̄) and f̂p,+(x̄)

be the two density estimates, and V̂p,1,−(x̄) and V̂p,1,+(x̄) be the associated variance estimates.

Then the test statistic is equivalently:

Tp(h) =

n+

n
f̂p,+(x̄)− n−

n
f̂p,−(x̄)√

1
nh

(
n+

n
V̂p,1,+(x̄) +

n−
n
V̂p,1,−(x̄)

) .
‖
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4.2 Restricted Model

In the previous subsection, we gave a test procedure on the discontinuity of the density by esti-

mating on the two sides of the cutoff separately. This procedure is flexible and requires minimum

assumptions. There are ways, however, to improve the power of the test when the densities are

estimated with additional assumptions on the smoothness of the CDF

In a restricted model, the polynomial basis is re-defined as

rp(u) =
[
1 u1(u < 0) u1(u ≥ 0) u2 u3 · · · up

]′
∈ Rp+2,

and the estimator in the fully restricted model is

β̂p(x̄) =
[
F̂p(x̄) f̂p(x̄−) f̂p(x̄+) 1

2
F̂

(2)
p (x̄) · · · 1

p!
F̂

(p)
p (x̄)

]′
= arg max

b∈Rp+2

∑
i

(
F̃ (xi)− rp(xi − x̄)′b

)2

Kh(xi − x̄).

Again the notations (for example X and Xh) are redefined similarly, with the scaling matrix H

adjusted to ensure H−1rp(u) = rp(h
−1u). Here F̂p(x̄) is the estimated CDF and 1

2 F̂
(2)
p (x̄), · · · ,

1
p! F̂

(p)
p (x̄) are the estimated higher order derivatives, which we assume are all continuous at x̄,

while f̂p(x̄−) and f̂p(x̄+) are the estimated densities on the two sides of x̄. Therefore we call

the above model restricted, since it only allows discontinuity of the first derivative of F (i.e. the

density) but not the other derivatives.

With the modification of the polynomial basis, all other matrices in the previous subsection are

redefined similarly, and

Ip+2 =
[
e0 e1,− e1,+ e2 · · · ep

]
(p+2)×(p+2)

.

where the subscripts indicate the corresponding derivatives to extract. Moreover

r−,p(u) =
[
1 u 0 u2 · · · up

]
, r+,p(u) =

[
1 0 u u2 · · · up

]
.

Lemma 11. Let Assumptions of Lemma 1 hold with the exception that f may be discontinuous

across x̄, then

1

n
X′hKhXh = {f(x̄−)S−,p + f(x̄+)S+,p}+O (h) +OP(1/

√
nh),

where

S−,p =

∫ 0

−1

r−,p(u)r−,p(u)′K(u)du, S+,p =

∫ 1

0

r+,p(u)r+,p(u)′K(u)du.

Again we decompose the estimator into four terms, B̂LI, B̂S, L̂ and R̂, which correspond to

leave-in bias, smoothing bias, linear variance and quadratic variance, respectively.

Lemma 12. Let Assumptions of Lemma 2 hold with the exception that f may be discontinuous

across x̄, then

B̂S = hp+1

{
F (p+1)(x̄−)f(x̄−)

(p+ 1)!
c−,p +

F (p+1)(x̄+)f(x̄+)

(p+ 1)!
c+,p

}
+ oP(hp+1), B̂LI = OP

(
1

n

)
, (1)
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where

c−,p =

∫ 0

−1

up+1r−,p(u)K(u)du, c+,p =

∫ 1

0

up+1r+,p(u)K(u)du.

Lemma 13. Let Assumptions of Lemma 3 hold with the exception that f may be discontinuous

across x̄, then

V
[√

n

h

(
e1,+ − e1,−

)′(
f(x̄+)S+,p + f(x̄−)S−,p

)−1

L̂

]
= (e1,+ − e1,−)′(f(x̄+)S+,p + f(x̄−)S−,p)

−1(f(x̄+)3Γ+,p

+ f(x̄−)3ΨΓ+,pΨ)(f(x̄+)S+,p + f(x̄−)S−,p)
−1(e1,+ − e1,−) +O(h),

where

Γ−,p =

∫∫
[−1,0]2

(u ∧ v)r−,p(u)r−,p(v)′K(u)K(v) dudv, Γ+,p =

∫∫
[0,1]2

(u ∧ v)r+,p(u)r+,p(v)′K(u)K(v) dudv.

and

Ψ =



(−1)0

(−1)1

(−1)1

(−1)2

(−1)3

. . .

(−1)p


.

Again we can show that the quadratic part is negligible.

Lemma 14. Let Assumptions of Lemma 4 hold with the exception that f may not be continuous

across x̄, then

R̂ = OP

(√
1

n2h

)
.

Now we state the main result concerning the manipulation testing. Let Ŝp,x̄ and Γ̂p,x̄ be con-

structed as in Section 2.3, and

V̂p,1(x̄) =
1

h
(e1,+ − e1,−)′Ŝp,x̄Γ̂p,x̄Ŝp,x̄(e1,+ − e1,−).

Corollary 2. Assume Assumptions 1 and 2 hold separately on X− and X+ with αx ≥ p + 1 for

some integer p ≥ 1. Further, n · h2 → ∞ and n · h2p+1 → 0. Then under the null hypothesis

H0 : f(x̄+) = f(x̄−),

Tp(h) =
f̂p(x̄+)− f̂p(x̄−)√

1
nh
V̂p,1(x̄)

 N (0, 1).

As a result, under the alternative hypothesis H1 : f(x̄+) 6= f(x̄−),

lim
n→∞

P[|Tp(h)| ≥ Φ1−α/2] = 1.
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Here Φ1−α/2 is the (1− α/2)-quantile of the standard normal distribution.

5 Other Standard Error Estimators

The standard error σ̂p,v(x) (see Theorem 2) is fully automatic and adapts to both interior and

boundary regions. In this section we consider two other ways to construct a standard error.

5.1 Plug-in Standard Error

Take v ≥ 1. Then the asymptotic variance of F̂
(v)
p (x) takes the following form:

Vp,v(x) = (v!)2f(x)e′vS
−1
p,xΓp,xS

−1
p,xev.

One way of constructing estimate of the above quantity is to plug-in a consistent estimator of f(x),

which is simply the estimated density. Hence we can use

V̂p,v(x) = (v!)2f̂p(x)e′vS
−1
p,xΓp,xS

−1
p,xev.

The next question is how Sp,x and Γp,x should be constructed. Note that they are related to the

kernel, evaluation point x and the bandwidth h, but not the data generating process. Therefore

the three matrices can be constructed by either analytical integration or numerical method.

5.2 Jackknife-based Standard Error

The standard error σ̂p,v(x) is obtained by inspecting the asymptotic linear representation. It is fully

automatic and adapts to both interior and boundaries. In this part, we present another standard

error which resembles σ̂p,v(x), albeit with a different motivation.

Recall that β̂p(x) is essentially a second order U-statistic, and the following expansion is justified:

1

n
X′hKh

(
Y −Xβp(x)

)
=

1

n

∑
i

rp
(xi − x

h

)(
F̃ (xi)− rp(xi − x)′βp(x)

)
Kh(xi − x)

=
1

n

∑
i

rp
(xi − x

h

) 1

n− 1

∑
j;j 6=i

(
1(xj ≤ xi)− rp(xi − x)′βp(x)

)Kh(xi − x) +OP

(
1

n

)

=
1

n(n− 1)

∑
i,j;i6=j

rp
(xi − x

h

)(
1(xj ≤ xi)− rp(xi − x)′βp(x)

)
Kh(xi − x) +OP

(
1

n

)
,

where the remainder represents leave-in bias. Note that the above could be written as a U-statistic,

and to apply the Hoeffding decomposition, define

U(xi, xj) = rp
(xi − x

h

)(
1(xj ≤ xi)− rp(xi − x)′βp(x)

)
Kh(xi − x)

+ rp
(xj − x

h

)(
1(xi ≤ xj)− rp(xj − x)′βp(x)

)
Kh(xj − x),
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which is symmetric in its two arguments. Then

1

n
X′hKh

(
Y −Xβp(x)

)
= E [U(xi, xj)] +

1

n

∑
i

(
U1(xi)− E [U(xi, xj)]

)

+

(
n

2

)−1 ∑
i,j;i<j

(
U(xi, xj)−U1(xi)−U1(xj) + E [U(xi, xj)]

)
.

Here U1(xi) = E [U(xi, xj)|xi]. The second line in the above display is the analogue of L̂, which

contributes to the leading variance, and the third line is negligible. The new standard error, we

call the jackknife-based standard error, is given by the following:

σ̂(JK)
p,v (x) ≡ (v!)

√
1

nh2v
e′vŜ

−1
p,xΓ̂

JK

p,xŜ
−1
p,xev,

with

Γ̂
JK

p,x =
1

n

∑
i

 1

n− 1

∑
j;j 6=i

Û(xi, xj)

 1

n− 1

∑
j;j 6=i

Û(xi, xj)

′ −
(n

2

)−1 ∑
i,j;i 6=j

Û(xi, xj)

(n
2

)−1 ∑
i,j;i6=j

Û(xi, xj)

′ ,
and

Û(xi, xj) = rp
(xi − x

h

)(
1(xj ≤ xi)− rp(xi − x)′β̂p(x)

)
Kh(xi − x)

+ rp
(xj − x

h

)(
1(xi ≤ xj)− rp(xj − x)′β̂p(x)

)
Kh(xj − x).

The name jackknife comes from the fact that we use leave-one-out “estimator” for U1(xi): with xi

fixed,

“
1

n− 1

∑
j;j 6=i

Û(xi, xj)→P U1(xi)”.

Under the same conditions specified in Theorem 2, one can show that the jackknife-based standard

error is consistent.

6 Simulation Study

6.1 DGP 1: Truncated Normal Distribution

In this subsection, we conduct simulation study based on truncated normal distribution. To be

more specific, the underlying distribution of xi is the standard normal distribution truncated below

at −0.8. Therefore,

G(x) = F (x) =
Φ(x)− Φ(−0.8)

1− Φ(−0.8)
, x ≥ −0.8,

and zero otherwise. Equivalently, xi has Lebesgue density Φ(1)(x)/(1− Φ(−0.8)) on [−0.8,∞].

In this simulation study, the target parameter is the density function evaluated at various points.

Note that both the variance and the bias of our estimator depend on the evaluation point, and

in particular, the magnitude of the bias depends on higher order derivatives of the distribution
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function.

1. Evaluation point. We estimate the density at x ∈ {−0.8, −0.5, 0.5, 1.5}. Note that −0.8 is

the boundary point, where classical density estimators such as the kernel density estimator

has high bias. The point −0.5, given our bandwidth choice, is fairly close to the boundary,

hence should be understood as in the lower boundary region. The two points 0.5 and 1.5 are

interior, but the curvature of the normal density is quite different at those two points, and

we expect to see the estimators having different bias behaviors.

2. Polynomial order. We consider p ∈ {2, 3}. For density estimation using our estimators, p = 2

should be the default choice, since it corresponds to estimating conditional mean with local

linear regression. Such choice is also recommended by Fan and Gijbels (1996), according to

which one should always choose p − s = 2 − 1 = 1 to be an odd number. We include p = 3

for completeness.

3. Kernel function. For local polynomial regression, the choice of kernel function is usually not

very important. We use the triangular kernel k(u) = (1− |u|) ∨ 0.

4. Sample size. The sample size used consists of n ∈ {1000, 2000}. For most empirical studies

employing nonparametric density estimation, the sample size is well above 1000, hence n =

2000 is more representative.

Overall, we have 4 × 2 × 2 = 16 designs, and for each design, we conduct 5000 Monte Carlo

repetitions.

We consider a grid of bandwidth choices, which correspond to multiples of the MSE-optimal

bandwidth, ranging from 0.1hMSE to 2hMSE. We also consider the estimated bandwidth. The MSE-

optimal bandwidth, hMSE, is chosen by minimizing the asymptotic mean squared error, using the

true underlying distribution.

For each design, we report the empirical bias of the estimator, E[f̂p(x)− f(x)], under bias. And

empirical standard deviations, V1/2[f̂p(x)], and empirical root-MSE, under sd and
√

mse, respec-

tively. For the standard errors constructed from the variance estimators, we report their empirical

average under mean, which should be compared to sd. We also report the empirical rejection rate of

t-statistics at 5% nominal level, under size. The t-statistic is (f̂p(x)− Ef̂p(x))/se, which is exactly

centered, hence rejection rate thereof is a measure of accuracy of normal approximation.

6.2 DGP 2: Exponential Distribution

In this subsection, we conduct simulation study based on exponential distribution. To be more

specific, the underlying distribution of xi is F (x) = 1− e−x. Equivalently, xi has Lebesgue density

e−x for x ≥ 0.

In this simulation study, the target parameter is the density function evaluated at various points.

Note that both the variance and the bias of our estimator depend on the evaluation point, and
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in particular, the magnitude of the bias depends on higher order derivatives of the distribution

function.

1. Evaluation point. We estimate the density at x ∈ {0, 1, 1.5}. Note that 0 is the boundary

point, where classical density estimators such as the kernel density estimator has high bias.

The two points 1 and 1.5 are interior.

2. Polynomial order. We consider p ∈ {2, 3}. For density estimation using our estimators, p = 2

should be the default choice, since it corresponds to estimating conditional mean with local

linear regression. Such choice is also recommended by Fan and Gijbels (1996), according to

which one should always choose p − s = 2 − 1 = 1 to be an odd number. We include p = 3

for completeness.

3. Kernel function. For local polynomial regression, the choice of kernel function is usually not

very important. We use the triangular kernel k(u) = (1− |u|) ∨ 0.

4. Sample size. The sample size used consists of n ∈ {1000, 2000}. For most empirical studies

employing nonparametric density estimation, the sample size is well above 1000, hence n =

2000 is more representative.

Overall, we have 3 × 2 × 2 = 12 designs, and for each design, we conduct 5000 Monte Carlo

repetitions.

We consider a grid of bandwidth choices, which correspond to multiples of the MSE-optimal

bandwidth, ranging from 0.1hMSE to 2hMSE. We also consider the estimated bandwidth. The MSE-

optimal bandwidth, hMSE, is chosen by minimizing the asymptotic mean squared error, using the

true underlying distribution.

For each design, we report the empirical bias of the estimator, E[f̂p(x)− f(x)], under bias. And

empirical standard deviations, V1/2[f̂p(x)], and empirical root-MSE, under sd and
√

mse, respec-

tively. For the standard errors constructed from the variance estimators, we report their empirical

average under mean, which should be compared to sd. We also report the empirical rejection rate of

t-statistics at 5% nominal level, under size. The t-statistic is (f̂p(x)− Ef̂p(x))/se, which is exactly

centered, hence rejection rate thereof is a measure of accuracy of normal approximation.

References

Fan, J., and Gijbels, I. (1996), Local Polynomial Modelling and Its Applications, New York: Chap-

man & Hall/CRC.
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7 Proof

7.1 Proof of Lemma 1

Proof. A generic element of the matrix 1
n
X′hKhXh takes the form:

1

n

∑
i

1

h

(xi − x
h

)s
K
(xi − x

h

)
, 0 ≤ s ≤ 2p.

Then we compute the expectation:

E

[
1

n

∑
i

1

h

(xi − x
h

)s
K
(xi − x

h

)]
= E

[
1

h

(xi − x
h

)s
K
(xi − x

h

)]

=

∫ xU

xL

1

h

(u− x
h

)s
K
(u− x

h

)
f(u)du =

∫ xU−x
h

xL−x
h

vsK (v) f(x+ vh)dv =

∫ xU−x
h

xL−x
h

vsK (v) f(x+ vh)dv,

hence for x in the interior,

E

[
1

n

∑
i

1

h

(xi − x
h

)s
K
(xi − x

h

)]
= f(x)

∫
R

rp(v)rp(v)′K(v)dv + o(1),

and for x = xL + ch with c ∈ [0, 1],

E

[
1

n

∑
i

1

h

(xi − x
h

)s
K
(xi − x

h

)]
= f(xL)

∫ ∞
−c

rp(v)rp(v)′K(v)dv + o(1),

and for x = xU − ch with c ∈ [0, 1],

E

[
1

n

∑
i

1

h

(xi − x
h

)s
K
(xi − x

h

)]
= f(xU)

∫ c

−∞
rp(v)rp(v)′K(v)dv + o(1),

provided that F ∈ C1.
The variance satisfies

V

[
1

n

∑
i

1

h

(xi − x
h

)s
K
(xi − x

h

)]
=

1

n
V
[

1

h

(xi − x
h

)s
K
(xi − x

h

)]
≤ 1

n
E
[

1

h2

(xi − x
h

)2s

K
(xi − x

h

)2
]

= O

(
1

nh

)
,

provided that F ∈ C1. �

7.2 Proof of Lemma 2

Proof. First consider the smoothing bias. The leading term can be easily obtain by taking expectation together with
Taylor expansion of F to power p + 1. The variance of this term has order n−1h−1h2p+2, which gives the residual
estimate oP(hp+1) since it is assumed that nh→∞.

Next for the leave-in bias, note that it has expectation of order n−1, and variance of order n−3h−1, hence overall
this term of order OP(n−1). �
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7.3 Proof of Lemma 3

Proof. We first compute the variance. Note that∫ xU−x
h

xL−x
h

rp (u)
(
F̃ (x+ hu)− F (x+ hu)

)
K(u)f(x+ hu)du

=
1

n

∫ xU−x
h

xL−x
h

rp (u)
(
1[xi ≤ x+ hu]− F (x+ hu)

)
K(u)f(x+ hu)du,

and

V

[∫ xU−x
h

xL−x
h

rp (u)
(
1[xi ≤ x+ hu]− F (x+ hu)

)
K(u)f(x+ hu)du

]

=

∫∫ xU−x
h

xL−x
h

rp (u) rp (v)′K(u)K(v)f(x+ hu)f(x+ hv)

×
[∫

R
(1[t ≤ x+ hu]− F (x+ hu)) (1[t ≤ x+ hv]− F (x+ hv)) f(t)dt

]
dudv

=

∫∫ xU−x
h

xL−x
h

rp (u) rp (v)′K(u)K(v)f(x+ hu)f(x+ hv)
(
F (x+ h(u ∧ v))− F (x+ hu)F (x+ hv)

)
dudv. (I)

We first consider the interior case, where the above reduces to:

(I)interior

=

∫∫
R

rp (u) rp (v)′K(u)K(v)f(x)2
(
F (x)− F (x)2

)
dudv

+ h

∫∫
R
(u ∧ v)rp (u) rp (v)′K(u)K(v)f(x)3dudv

− h
∫∫

R
(u+ v)rp (u) rp (v)′K(u)K(v)f(x)3F (x)dudv

+ h

∫∫
R
(u+ v)rp (u) rp (v)′K(u)K(v)f(x)F (2)(x)

(
F (x)− F (x)2

)
dudv + o(h)

= f(x)2
(
F (x)− F (x)2

)
Sp,xe0e

′
0Sp,x

− hf(x)3F (x)Sp,x(e1e
′
0 + e0e

′
1)Sp,x

+ hf(x)F (2)(x)
(
F (x)− F (x)2

)
Sp,x(e1e

′
0 + e0e

′
1)Sp,x

+ hf(x)3Γp,x + o(h).

For x = xL + hc with c ∈ [0, 1) in the lower boundary region,

(I)lower boundary

= h

∫∫
R
(u ∧ v + c)rp (u) rp (v)′K(u)K(v)f(xL)

3dudv + o(h) = hf(xL)
3 (Γp,x + cSp,xe0e

′
0Sp,x

)
+ o(h).

Finally, we have

(I)upper boundary

= h

∫∫
R
(u ∧ v − c)rp (u) rp (v)′K(u)K(v)f(xU)

3dudv − h
∫∫

R
(u+ v − 2c)rp (u) rp (v)′K(u)K(v)f(xU)

3dudv + o(h)

= hf(xU)
2f(xU)

(
Γp,x + cSp,xe0e

′
0Sp,x − Sp,x(e1e

′
0 + e0e

′
1)Sp,x

)
+ o(h).

With the above results, it is easy to verify the variance formula, provided that we can show the asymptotic normality.
We first consider the interior case, and verify the Lindeberg condition on the fourth moment. Let α ∈ Rp+1 be an
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arbitrary nonzero vector, then

∑
i

E

(
1√
n
α′Nx(f(x)Sp,x)−1

∫ xU−x
h

xL−x
h

rp (u)
(
1[xi ≤ x+ hu]− F (x+ hu)

)
K(u)f(x+ hu)du

)4

=
1

n
E

(
α′Nx(f(x)Sp,x)−1

∫ xU−x
h

xL−x
h

rp (u)
(
1[xi ≤ x+ hu]− F (x+ hu)

)
K(u)f(x+ hu)du

)4

=
1

n

∫∫∫∫
A

∏
j=1,2,3,4

(
α′Nx(f(x)Sp,x)−1rp (uj)K(uj)

)
f(x+ huj)[∫

R

∏
j=1,2,3,4

(
1[t ≤ x+ huj ]− F (x+ huj)

)
f(t)dt

]
du1du2du3du4

≤ C

n
·
∫∫∫∫

A

∏
j=1,2,3,4

(
α′Nx(f(x)Sp,x)−1rp (uj)K(uj)

)
f(x)du1du2du3du4 +O

(
1

nh

)
,

where A = [xL−x
h
, xU−x

h
]4 ⊂ R4. The first term in the above display is asymptotically negligible, since it is takes

the form C · (α′Nxe0)4/n where the constant C depends on the DGP, and is finite. The order of the next term is
1/(nh), which comes from multiplying n−1, h−2 (from the scaling matrix Nx), and h (from linearization), hence is
also negligible.

Under the assumption that nh→∞, the Lindeberg condition is verified for interior case. The same logic applies to
the boundary case, whose proof is easier than the interior case, since the leading term in the calculation is identically
zero for x in either the lower or upper boundary. �

7.4 Proof of Lemma 4

Proof. For R̂, we rewrite it as a second order degenerate U-statistic:

R̂ =
1

n2

∑
i,j;i<j

Ûij ,

where

Ûij = rp
(xi − x

h

)(
1[xj ≤ xi]− F (xi)

)
Kh(xi − x) + rp

(xj − x
h

)(
1[xi ≤ xj ]− F (xj)

)
Kh(xj − x)

− E
[
rp
(xi − x

h

)(
1[xj ≤ xi]− F (xi)

)
Kh(xi − x)

∣∣∣xj]− E
[
rp
(xj − x

h

)(
1[xi ≤ xj ]− F (xj)

)
Kh(xj − x)

∣∣∣xi] .
To compute the leading term, it suffices to consider

2E
[
rp
(xi − x

h

)
rp
(xi − x

h

)′
(1[xj ≤ xi]− F (xi))

2 Kh(xi − x)2

]
= 2E

[
rp
(xi − x

h

)
rp
(xi − x

h

)′ (
F (xi)− F (xi)

2
)
Kh(xi − x)2

]
=

2

h

∫ xU−x
h

xL−x
h

rp (v) rp (v)′
(
F (x+ hv)− F (x+ hv)2

)
K(v)2f(x+ hv)dv

=
2

h

∫ xU−x
h

xL−x
h

rp (v) rp (v)′
(
F (x)− F (x)2

)
K(v)2f(x)dv +O(1)

=interior
2

h
f(x)

[
F (x)− F (x)2]Tp,x +O(1),

=boundary O(1),

which closes the proof. �

7.5 Proof of Theorem 1

Proof. This follows from previous lemmas. �
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7.6 Proof of Theorem 2

Proof. First we note that the second half of the theorem follows from the first half and the asymptotic normality
result of Theorem 1, hence it suffices to prove the first half, i.e. the consistency of V̂p,v(x).

The analysis of this estimator is quite involved, since it takes the form of a third order V-statistic. Moreover, since
the empirical d.f. F̃ is involved in the formula, a full expansion leads to a fifth order V-statistic. However, some
simple tricks will greatly simplify the problem.

We first split Γ̂p,x into four terms, respectively

Σ̂p,x,1 =
1

n3

∑
i,j,k

rp
(xj − x

h

)
rp
(xk − x

h

)′
Kh(xj − x)Kh(xk − x)

(
1[xi ≤ xj ]− F (xj)

)(
1[xi ≤ xk]− F (xk)

)
Σ̂p,x,2 =

1

n3

∑
i,j,k

rp
(xj − x

h

)
rp
(xk − x

h

)′
Kh(xj − x)Kh(xk − x)

(
F (xj)− F̃ (xj)

)(
1[xi ≤ xk]− F̃ (xk)

)
Σ̂p,x,3 =

1

n3

∑
i,j,k

rp
(xj − x

h

)
rp
(xk − x

h

)′
Kh(xj − x)Kh(xk − x)

(
1[xi ≤ xj ]− F̃ (xj)

)(
F (xk)− F̃ (xk)

)
Σ̂p,x,4 =

1

n3

∑
i,j,k

rp
(xj − x

h

)
rp
(xk − x

h

)′
Kh(xj − x)Kh(xk − x)

(
F (xj)− F̃ (xj)

)(
F (xk)− F̃ (xk)

)
.

Leaving Σ̂p,x,1 for a while, since it is the key component in this variance estimator. We first consider NxŜ
−1
p,xΣ̂p,x,4Ŝ

−1
p,xNx.

By the uniform consistency of the empirical d.f., it can be shown easily that

NxŜ
−1
p,xΣ̂p,x,4Ŝ

−1
p,xNx = OP

(
(nh)−1) .

Note that the extra h−1 comes from the scaling matrix Nx, but not the kernel function Kh. Next we consider
NxŜ

−1
p,xΣ̂p,x,2Ŝ

−1
p,xNx, which takes the following form (up to the negligible smoothing bias):

NxŜ
−1
p,xΣ̂p,x,2Ŝ

−1
p,xNx =NxH(βp(x)− β̂p(x))

 1

n2

∑
i,k

rp
(xk − x

h

)′
Kh(xk − x)

(
1[xi ≤ xk]− F̃ (xk)

) Ŝ−1
p,xNx

=OP((nh)−1/2) = oP(1),

where the last line uses the asymptotic normality of β̂p(x). For Σ̂p,x,1, we make the observation that it is possible to
ignore all “diagonal” terms, meaning that

Σ̂p,x,1 =
1

n3

∑
i,j,k

distinct

rp
(xj − x

h

)
rp
(xk − x

h

)′
Kh(xj − x)Kh(xk − x)

(
1[xi ≤ xj ]− F (xj)

)(
1[xi ≤ xk]− F (xk)

)
+ oP(h),

under the assumption that nh2 →∞. As a surrogate, define

Ui,j,k = rp
(xj − x

h

)
rp
(xk − x

h

)′
Kh(xj − x)Kh(xk − x)

(
1[xi ≤ xj ]− F (xj)

)(
1[xi ≤ xk]− F (xk)

)
,

which means

Σ̂p,x,1 =
1

n3

∑
i,j,k

distinct

Ui,j,k.

The critical step is to further decompose the above into

Σ̂p,x,1 =
1

n3

∑
i,j,k

distinct

E[Ui,j,k|xi] (I)

+
1

n3

∑
i,j,k

distinct

(
Ui,j,k − E[Ui,j,k|xi, xj ]

)
(II)

+
1

n3

∑
i,j,k

distinct

(
E[Ui,j,k|xi, xj ]− E[Ui,j,k|xi]

)
. (III)
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We already investigated the properties of term (I) in Lemma 3, hence it remains to show that both (II) and (III) are
o(h), hence does not affect the estimation of asymptotic variance. We consider (II) as an example, and the analysis
of (III) is similar. Since (II) has zero expectation, we consider its variance (for simplicity treat U as a scaler):

V[(II)] = E

 1

n6

∑
i,j,k

distinct

∑
i′,j′,k′

distinct

(
Ui,j,k − E[Ui,j,k|xi, xj ]

)(
Ui,j,k − E[Ui′,j′,k′ |xi′ , xj′ ]

) .
The expectation will be zero if the six indices are all distinct. Similarly, when there are only two indices among the
six are equal, the expectation will be zero unless k = k′, hence

V[(II)] = E

 1

n6

∑
i,j,k

distinct

∑
i′,j′,k′

distinct

(
Ui,j,k − E[Ui,j,k|xi, xj ]

)(
Ui,j,k − E[Ui′,j′,k′ |xi′ , xj′ ]

)

= E

 1

n6

∑
i,j,k,i′j′

distinct

(
Ui,j,k − E[Ui,j,k|xi, xj ]

)(
Ui,j,k − E[Ui′,j′,k|xi′ , xj′ ]

)
+ · · · ,

where · · · represent cases where more than two indices among the six are equal. We can easily compute the order
from the above as

V[(II)] = O(n−1) +O((nh)−2),

which shows that

(II) = OP(n−1/2 + (nh)−1) = oP(h),

which closes the proof. �

7.7 Proof of Lemma 5

Proof. We rely on Lemma 1 and 2 (note that whether the weights are estimated is irrelevant here), hence will not
repeat arguments already established there. Instead, extra care will be given to ensure the characterization of higher
order bias.

Consider the case where with enough smoothness on G, then the bias is characterized by

h−vv!e′v

[
f(x)Sp,x + hF (2)(x)S̃p,x + o(h) +OP(1/

√
nh)
]−1

[
hp+1F

(p+1)(x)

(p+ 1)!
f(x)cp,x + hp+2

[
F (p+2)(x)

(p+ 2)!
f(x) +

F (p+1)(x)

(p+ 1)!
F (2)(x)

]
c̃p,x + o(hp+2)

]
= h−vv!e′v

[
1

f(x)
S−1
p,x − h

F (2)(x)

[f(x)]2
S−1
p,xS̃p,xS

−1
p,x +OP

(
1/
√
nh
)]

[
hp+1F

(p+1)(x)

(p+ 1)!
f(x)cp,x + hp+2

[
F (p+2)(x)

(p+ 2)!
f(x) +

F (p+1)(x)

(p+ 1)!
F (2)(x)

]
c̃p,x + o(hp+2)

]
{1 + oP(1)},

which gives the desired result. Here S̃p,x =
∫ xU−x

h
xL−x

h

urp(u)rp(u)′k(u)du. And for the last line to hold, one needs the

extra condition nh3 →∞ so that OP

(
1/
√
nh
)

= oP(h). See Fan and Gijbels (1996) (Theorem 3.1, pp. 62). �

7.8 Proof of Lemma 6

Proof. The proof resembles that of Lemma 1, and is omitted here. �
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7.9 Proof of Theorem 3

Proof. The proof splits into two cases. We sketch one of them. Assume either x is boundary or p − v is odd, the
MSE-optimal bandwidth is asymptotically equivalent to the following:

h̃p,v(x)

hp,v(x)
→ 1, h̃p,v(x) =

 1

n

(2v − 1)f(x)e′vS
−1
p,xΓp,xS

−1
p,xev

(2p− 2v + 2)(F
(p+1)(x)
(p+1)!

e′vS
−1
p,xcp,x)2

 1
2p+1

,

which is obtained by optimizing MSE ignoring the higher order bias term. With consistency of the preliminary
estimates, it can be shown that

ĥp,v(x) =

 1

n

(2v − 1)σ̂p,v(x)2n`2v−1

(2p− 2v + 2)(v! F̂
(p+1)(x)
(p+1)!

e′vS
−1
p,xcp,x)2

 1
2p+1

{1 + oP(1)}.

Apply the consistency assumption of the preliminary estimates again, one can easily show that ĥp,v(x) is consistent
both in rate and constant.

A similar argument can be made for the other case, and is omitted here. �

7.10 Proof of Lemma 7

Proof. This resembles the proof of Lemma 1, and we only perform the mean computation. To start,

E
[

1

n
X′hKhXh

]
= E

[
rp
(xi − x̄

h

)
rp
(xi − x̄

h

)′ 1

h
K
(xi − x̄

h

)]
= E

[
rp
(xi − x̄

h

)
rp
(xi − x̄

h

)′ 1

h
K
(xi − x̄

h

)∣∣∣∣xi < x̄

]
F (x̄)

+ E
[

rp
(xi − x̄

h

)
rp
(xi − x̄

h

)′ 1

h
K
(xi − x̄

h

)∣∣∣∣xi ≥ x̄] (1− F (x̄)).

Then by Lemma 1, the first term takes the form:

E
[

rp
(xi − x̄

h

)
rp
(xi − x̄

h

)′ 1

h
K
(xi − x̄

h

)∣∣∣∣xi < x̄

]
F (x̄)

= f(x̄− |xi < x̄)F (x̄)

∫ 0

−1

r−,p(u)r−,p(u)′K(u)du+O(h),

where f(x̄−|xi < x̄) is the one-sided density of xi at the cutoff, conditional on xi < x̄. Alternatively, we can simplify
by the fact that f(x̄|xi < x̄)F (x̄) = f(x̄−). Similarly, one has

E
[

rp
(xi − x̄

h

)
rp
(xi − x̄

h

)′ 1

h
K
(xi − x̄

h

)∣∣∣∣xi ≥ x̄] (1− F (x̄))

= f(x̄+ |xi ≥ x̄)(1− F (x̄))

∫ 1

0

r+,p(u)r+,p(u)′K(u)du+O(h),

and that f(x̄ + |xi ≥ x̄)(1 − F (x̄)) = f(x̄+). The rest of the proof follows standard variance calculation, and is not
repeated here. �

7.11 Proof of Lemma 8

Proof. This follows from Lemma 2 by splitting the bias calculation for the two subsamples, below and above the
cutoff x̄. �

7.12 Proof of Lemma 9

Proof. To start,∫ 1

−1

rp (u)
(
F̃ (x̄+ hu)− F (x̄+ hu)

)
K(u)f(x̄+ hu)du =

1

n

∫ 1

−1

rp (u)
(
1[xi ≤ x̄+ hu]− F (x̄+ hu)

)
K(u)f(x̄+ hu)du,
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and

V
[∫ 1

−1

rp (u)
(
1[xi ≤ x̄+ hu]− F (x̄+ hu)

)
K(u)f(x̄+ hu)du

]
=

∫∫ 1

−1

rp (u) rp (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)

×
[∫

R
(1[t ≤ x̄+ hu]− F (x̄+ hu)) (1[t ≤ x̄+ hv]− F (x̄+ hv)) f(t)dt

]
dudv

=

∫∫ 1

−1

rp (u) rp (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)
(
F (x̄+ h(u ∧ v))− F (x̄+ hu)F (x̄+ hv)

)
dudv. (I)

Now we split the integral of (I) into four regions.

(u < 0, v < 0) (I) =

∫∫ 0

−1

r−,p (u) r−,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)
(
F (x̄+ h(u ∧ v))− F (x̄+ hu)F (x̄+ hv)

)
dudv

= f(x̄−)2
(
F (x̄)− F (x̄)2

)
S−,pe0,−e′0,−S−,p

− hf(x̄−)3F (x̄)S−,p(e1,−e′0,− + e0,−e′1,−)S−,p

+ hf(x̄−)F (2)(x̄−)
(
F (x̄)− F (x̄)2

)
S−,p(e1,−e′0,− + e0,−e′1,−)S−,p

+ hf(x̄−)3Γ−,p +O(h2),

and

(u ≥ 0, v ≥ 0) (I) =

∫∫ 1

0

r+,p (u) r+,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)
(
F (x̄+ h(u ∧ v))− F (x̄+ hu)F (x̄+ hv)

)
dudv

= f(x̄+)2
(
F (x̄)− F (x̄)2

)
S+,pe0,+e′0,+S+,p

− hf(x̄+)3F (x̄)S+,p(e1,+e′0,+ + e0,+e′1,+)S+,p

+ hf(x̄+)F (2)(x̄+)
(
F (x̄)− F (x̄)2

)
S+,p(e1,+e′0,+ + e0,+e′1,+)S+,p

+ hf(x̄+)3Γ+,p +O(h2),

and

(u < 0, v ≥ 0) (I) =

∫∫
[−1,0]×[0,1]

r−,p (u) r+,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)F (x̄+ hu)
(

1− F (x̄+ hv)
)

dudv

=

[∫ 0

−1

r−,p (u)K(u)f(x̄+ hu)F (x̄+ hu)du

] [∫ 1

0

r+,p (v)′K(v)f(x̄+ hv)
(

1− F (x̄+ hv)
)

dv

]
=
[
f(x̄−)F (x̄)S−,pe0,− + h

(
f(x̄−)2 + F (2)(x̄−)F (x̄)

)
S−,pe1,− +O(h2)

]
[
f(x̄+)(1− F (x̄))S+,pe0,+ + h

(
− f(x̄+)2 + F (2)(x̄+)(1− F (x̄))

)
S+,pe1,+ +O(h2)

]′
,

and

(u ≥ 0, v < 0) (I) =

∫∫
[0,1]×[−1,0]

r−,p (u) r+,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)F (x̄+ hv)
(

1− F (x̄+ hu)
)

dudv

=

[∫ 1

0

r+,p (u)K(u)f(x̄+ hu)(1− F (x̄+ hu))du

] [∫ 0

−1

r−,p (v)′K(v)f(x̄+ hv)F (x̄+ hv)
)

dv

]
=
[
f(x̄+)(1− F (x̄))S+,pe0,+ + h

(
− f(x̄+)2 + F (2)(x̄+)(1− F (x̄))

)
S+,pe1,+ +O(h2)

]
[
f(x̄−)F (x̄−)S−,pe0,− + h

(
f(x̄−)2 + F (2)(x̄−)F (x̄)

)
S−,pe1,− +O(h2)

]′
.
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Let S−1
−,p and S−1

+,p be the Moore–Penrose inverse of S−,p and S+,p, respectively. Then

V
[
(e1,+ − e1,−)′

√
n

h
(f(x̄+)S+,p + f(x̄−)S−,p)

−1L̂

]
= f(x̄−)e′1,−S−1

−,pΓ−,pS
−1
−,pe1,− + f(x̄+)e′1,+S−1

+,pΓ+,pS
−1
+,pe1,+ +O(h).

�

7.13 Proof of Lemma 10

Proof. This follows from Lemma 4 by splitting the bias calculation for the two subsamples, below and above the
cutoff x̄. �

7.14 Proof of Corollary 1

Proof. This follows from the previous lemmas and verifying the Lindeberg condition. See also the proof of Lemma
3, Theorem 1 and Theorem 2. �

7.15 Proof of Lemma 11

Proof. This follows from Lemma 1 by splitting the bias calculation for the two subsamples, below and above the
cutoff x̄. See also the proof of Lemma 7. �

7.16 Proof of Lemma 12

Proof. This follows from Lemma 2 by splitting the bias calculation for the two subsamples, below and above the
cutoff x̄. �

7.17 Proof of Lemma 13

Proof. To start,∫ 1

−1

rp (u)
(
F̃ (x̄+ hu)− F (x̄+ hu)

)
K(u)f(x̄+ hu)du =

1

n

∫ 1

−1

rp (u)
(
1[xi ≤ x̄+ hu]− F (x̄+ hu)

)
K(u)f(x̄+ hu)du,

and

V
[∫ 1

−1

rp (u)
(
1[xi ≤ x̄+ hu]− F (x̄+ hu)

)
K(u)f(x̄+ hu)du

]
=

∫∫ 1

−1

rp (u) rp (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)

×
[∫

R
(1[t ≤ x̄+ hu]− F (x̄+ hu)) (1[t ≤ x̄+ hv]− F (x̄+ hv)) f(t)dt

]
dudv

=

∫∫ 1

−1

rp (u) rp (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)
(
F (x̄+ h(u ∧ v))− F (x̄+ hu)F (x̄+ hv)

)
dudv. (I)

Now we split the integral of (I) into four regions.

(u < 0, v < 0) (I) =

∫∫ 0

−1

r−,p (u) r−,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)
(
F (x̄+ h(u ∧ v))− F (x̄+ hu)F (x̄+ hv)

)
dudv

= f(x̄−)2
(
F (x̄)− F (x̄)2

)
S−,pe0e

′
0S−,p

− hf(x̄−)3F (x̄)S−,p(e1,−e′0 + e0e
′
1,−)S−,p

+ hf(x̄−)F (2)(x̄)
(
F (x̄)− F (x̄)2

)
S−,p(e1,−e′0 + e0e

′
1,−)S−,p

+ hf(x̄−)3Γ−,p +O(h2),
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and

(u ≥ 0, v ≥ 0) (I) =

∫∫ 1

0

r+,p (u) r+,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)
(
F (x̄+ h(u ∧ v))− F (x̄+ hu)F (x̄+ hv)

)
dudv

= f(x̄+)2
(
F (x̄)− F (x̄)2

)
S+,pe0e

′
0S+,p

− hf(x̄+)3F (x̄)S+,p(e1,+e′0 + e0e
′
1,+)S+,p

+ hf(x̄+)F (2)(x̄)
(
F (x̄)− F (x̄)2

)
S+,p(e1,+e′0 + e0e

′
1,+)S+,p

+ hf(x̄+)3Γ+,p +O(h2),

and

(u < 0, v ≥ 0) (I) =

∫∫
[−1,0]×[0,1]

r−,p (u) r+,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)F (x̄+ hu)
(

1− F (x̄+ hv)
)

dudv

=

[∫ 0

−1

r−,p (u)K(u)f(x̄+ hu)F (x̄+ hu)du

] [∫ 1

0

r+,p (v)′K(v)f(x̄+ hv)
(

1− F (x̄+ hv)
)

dv

]
=
[
f(x̄−)F (x̄)S−,pe0 + h

(
f(x̄−)2 + F (2)(x̄)F (x̄)

)
S−,pe1,− +O(h2)

]
[
f(x̄+)(1− F (x̄))S+,pe0 + h

(
− f(x̄+)2 + F (2)(x̄)(1− F (x̄))

)
S+,pe1,+ +O(h2)

]′
,

and

(u ≥ 0, v < 0) (I) =

∫∫
[0,1]×[−1,0]

r−,p (u) r+,p (v)′K(u)K(v)f(x̄+ hu)f(x̄+ hv)F (x̄+ hv)
(

1− F (x̄+ hu)
)

dudv

=

[∫ 1

0

r+,p (u)K(u)f(x̄+ hu)(1− F (x̄+ hu))du

] [∫ 0

−1

r−,p (v)′K(v)f(x̄+ hv)F (x̄+ hv)
)

dv

]
=
[
f(x̄+)(1− F (x̄))S+,pe0 + h

(
− f(x̄+)2 + F (2)(x̄)(1− F (x̄))

)
S+,pe1,+ +O(h2)

]
[
f(x̄−)F (x̄)S−,pe0 + h

(
f(x̄−)2 + F (2)(x̄)F (x̄)

)
S−,pe1,− +O(h2)

]′
.

By collecting terms, one has

(I) =
(
f(x̄+)S+,p + f(x̄+)S−,p

)
e0e
′
0

(
f(x̄+)S+,p + f(x̄+)S−,p

)′
− hf(x̄−)F (x̄)f(x̄−)S−,pe1,−e′0(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄−)
F (x̄)(1− F (x̄))f(x̄−)S−,pe1,−e′0(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄−)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e0e
′
1,−f(x̄−)S−,p

+ h
F (2)(x̄)

f(x̄−)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e0e

′
1,−f(x̄−)S−,p

− hf(x̄+)F (x̄)f(x̄+)S+,pe1,+e′0(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄+)
(1− F (x̄))F (x̄)f(x̄+)S+,pe1,+e′0(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄+)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e0e
′
1,+f(x̄+)S+,p

+ h
F (2)(x̄)

f(x̄+)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e0e

′
1,+f(x̄+)S+,p

+ hf(x̄−)f(x̄−)S−,pe1,−e′0f(x̄+)S+,p

+ hf(x̄−)f(x̄+)S+,pe0e
′
1,−f(x̄−)S−,p

+ h(f(x̄+)3Γ+,p + f(x̄−)3Γ−,p).

Next, we note that

S+,pe1,− = S−,pe1,+ = 0,
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which implies

(I) =
(
f(x̄+)S+,p + f(x̄+)S−,p

)
e0e
′
0

(
f(x̄+)S+,p + f(x̄+)S−,p

)′
− hf(x̄−)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e1,−e′0(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄−)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e1,−e′0(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄−)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e0e
′
1,−(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄−)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e0e

′
1,−(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄+)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e1,+e′0(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄+)
(1− F (x̄))F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e1,+e′0(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄+)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e0e
′
1,+(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄+)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e0e

′
1,+(f(x̄+)S+,p + f(x̄−)S−,p)

+ hf(x̄−)(f(x̄+)S+,p + f(x̄−)S−,p)e1,−e′0f(x̄+)S+,p

+ hf(x̄−)f(x̄+)S+,pe0e
′
1,−(f(x̄+)S+,p + f(x̄−)S−,p)

+ h(f(x̄+)3Γ+,p + f(x̄−)3Γ−,p).

Next note that

Γ−,p =

∫∫
[−1,0]2

(u ∧ v)r−,p(u)r−,p(v)′K(u)K(v)dudv

=

∫∫
[0,1]2

((−u) ∧ (−v))r−,p(−u)r−,p(−v)′K(u)K(v)dudv

=

∫∫
[0,1]2

(u ∧ v − u− v)Ψr+,p(u)r+,p(v)′ΨK(u)K(v)dudv

= ΨΓ+,pΨ−ΨS+,pe1,+e′0S+,pΨ−ΨS+,pe0e
′
1,+S+,pΨ

= ΨΓ+,pΨ + S−,pe1,−e′0S−,p + S−,pe0e
′
1,−S−,p,

then

(I) =
(
f(x̄+)S+,p + f(x̄+)S−,p

)
e0e
′
0

(
f(x̄+)S+,p + f(x̄+)S−,p

)′
− hf(x̄−)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e1,−e′0(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄−)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e1,−e′0(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄−)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e0e
′
1,−(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄−)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e0e

′
1,−(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄+)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e1,+e′0(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄+)
(1− F (x̄))F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e1,+e′0(f(x̄+)S+,p + f(x̄−)S−,p)

− hf(x̄+)F (x̄)(f(x̄+)S+,p + f(x̄−)S−,p)e0e
′
1,+(f(x̄+)S+,p + f(x̄−)S−,p)

+ h
F (2)(x̄)

f(x̄+)
F (x̄)(1− F (x̄))(f(x̄+)S+,p + f(x̄−)S−,p)e0e

′
1,+(f(x̄+)S+,p + f(x̄−)S−,p)

+ hf(x̄−)(f(x̄+)S+,p + f(x̄−)S−,p)e1,−e′0(f(x̄+)S+,p + f(x̄−)S−,p)

+ hf(x̄−)(f(x̄+)S+,p + f(x̄−)S−,p)e0e
′
1,−(f(x̄+)S+,p + f(x̄−)S−,p)

+ h(f(x̄+)3Γ+,p + f(x̄−)3ΨΓ+,pΨ).
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Therefore,

V
[
(e1,+ − e1,−)′

√
n

h
(f(x̄+)S+,p + f(x̄−)S−,p)

−1L̂

]
= (e1,+ − e1,−)′(f(x̄+)S+,p + f(x̄−)S−,p)

−1(f(x̄+)3Γ+,p

+ f(x̄−)3ΨΓ+,pΨ)(f(x̄+)S+,p + f(x̄−)S−,p)
−1(e1,+ − e1,−) +O(h).

�

7.18 Proof of Lemma 14

Proof. This follows from Lemma 4 by splitting the bias calculation for the two subsamples, below and above the
cutoff x̄. �

7.19 Proof of Corollary 2

Proof. This follows from the previous lemmas and verifying the Lindeberg condition. See also the proof of Lemma
3, Theorem 1 and Theorem 2. �
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ĥ
/h

M
S
E

0.
2
89

0.
31

4
0.

36
1

0.
43

7
0.

58
7

Q
u

a
n
ti

le

0.
10

0.
25

0.
50

0
.7

5
0
.9

0

ĥ
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ĥ
/h

M
S
E

0.
79

0.
87

4
0.

99
3

1.
18

1.
48

7

Q
u

a
n
ti

le

0.
10

0.
2
5

0.
5
0

0.
75

0.
90

ĥ
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