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Abstract—In many practical cases, one-tap equalizers achieve
a close to optimum performance in filter bank multi-carrier
modulation systems. However, if the channel is highly doubly-
selective, that is, time-selective and frequency-selective, enhanced
equalization methods might be necessary. In this paper, we
generalize the n-tap Minimum Mean Squared Error (MMSE)
equalization, proposed in literature, by also including neighbor-
ing subcarriers into the equalization process. As a reference, we
also derive a full block MMSE equalizer and compare to a low-
complexity interference cancellation scheme. Our investigation
starts with a single-antenna system and is later extended to
multiple antennas.

Index Terms—FBMC-OQAM, Equalizer, MMSE, Interference
Cancellation, MIMO

I. INTRODUCTION

The poor spectral properties of Orthogonal Frequency Di-
vision Multiplexing (OFDM) are one of its biggest disadvan-
tages. Filter Bank Multi-Carrier (FBMC) with Offset Quadra-
ture Amplitude Modulation (OQAM), in short just FBMC, has
lower out-of-band emissions than OFDM [1]. This, however,
comes at the expense of sacrificing the complex orthogonality
condition and replacing it by the less strict real orthogonality
condition, requiring special treatment, especially for channel
estimation [2] and some Multiple-Input and Multiple-Output
(MIMO) techniques [3]-[5].

In most practical cases, the channel induced interference
can be neglected compared to the noise, so that both, OFDM
and FBMC, show the same performance in terms of Bit Error
Ratio (BER) for a one-tap equalizer [6]. However, in some
scenarios, especially in a high Signal-to-Noise Ratio (SNR)
regime, interference may be dominant, so that sophisticated
equalization methods become necessary.

Most papers dealing with equalization in FBMC assume
a time-invariant channel [7]-[11]. Authors in [7] propose
a parallel equalization scheme, requiring multiple parallel
Fast Fourier Transform (FFT) blocks, while the equalization
method in [9] requires a larger FFT. In our paper, we consider
an equalization method that operates after a conventional FFT.

A Minimum Mean Squared Error (MMSE) equalization
method was proposed in [10] for a time-invariant channel and
later extended in [11] to MIMO. Authors in [12] considered
the same method as in [10] but applied it in a doubly-selective
channel. All those papers [10]-[12] consider the interference
contribution of neighboring subcarriers only in a statistical
sense. However, from a conceptional point of view, there is

no difference between interference coming from neighboring
time-symbols and interference coming from neighboring sub-
carriers. Thus, an equalizer which utilizes only neighboring
time-symbols, but ignores neighboring subcarriers, is in many
cases not optimal.

The novel contribution of our paper can be summarized as

follows:

e In contrast to [10]-[12], our n-tap MMSE equalizer
not only considers neighboring time-symbols, but also
includes neighboring subcarriers.

o As a reference, we also consider a full block MMSE
equalizer (high computational complexity) in addition to
the n-tap MMSE equalizer.

« Finally, we propose a low-complexity interference can-
cellation scheme for FBMC and compare it to the n-tap
MMSE equalization.

II. FBMC-OQAM

In FBMC, real-valued data symbols are transmitted over a
rectangular time-frequency grid. Let us denote the transmitted
data symbol at subcarrier position [ and time-position k£ by
21, € R. The transmitted signal in the time domain, consisting
of L subcarriers and K time-symols, can then be expressed
by [1]:

K L
s =D gur(t) Tk 1)

k=11=1
The basis pulse g;x(t) is, essentially, a time and frequency

shifted versions of the prototype filter p(t), that is,

gLi(t) = p(t — KT) P27 I 2D IEHED ()
Such multicarrier system is mainly characterized by the proto-
type filter as well as time spacing 7" and frequency spacing F'.
In FBMC, the prototype filter is designed to be complex
orthogonal for a time-frequency spacing of TF = 2. To
achieve maximum data rate, however, we reduced the time
spacing and the frequency spacing by a factor of two each,
leading to T'F" = 0.5. This causes interference which is shifted
to the purely imaginary domain by the phase shift ei% (),
Due to this imaginary interference, only real-valued symbols
can be transmitted.

The continuous-time representation in (1) helps us to un-
derstand the basic concept of FBMC. However, an efficient
generation of such signal is only possible in the discrete-time
domain. Furthermore, a discrete-time representation simplifies
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analytical investigations. We thus consider the sampled signal
s € CN*1 of (1), which can be expressed by:

s=Gx, 3)

with
G=l[gi1 8. grL1 812 grkl, @
x=[z11 21 Tr1 T12 BCL,K]T. (5)

Transmit matrix G € CNV*LK jg build-up by vector g €

CN*1, representing the sampled basis pulses in (2), with N
denoting the total number of samples in time. Data symbol
vector x € REXX1on the other hand, stacks all the transmit-
ted data symbols in a large vector. Note that in practice, (3) is
generated by an IFFT and not by a matrix multiplication [1].

We model time-variant multipath propagation by a time-
variant convolution matrix H € CV*¥_ The received symbols
y € CEEX1 are obtained by matched filtering (for AWGN),
that is, multiplying the received samples by G". Thus, the
overall transmission system can be expressed by:

y = Dx+ G"n, (6)
with transmission matrix D € CEEXLE defined as
D=G'HG, (7

and n ~ CN (0, P, Iv) representing the white Gaussian noise
with P, denoting the noise power in the time domain. Note
that real orthogonality in FBMC implies that R{GHG} =
I k. In practice, (7) has to be estimated by pilots, similar
as in [13]. Although we consider a block transmission of L
subcarriers and K time-symbols, our matrix based system
model can easily be extended to describe infinitely many
transmission blocks, see for example [3].

III. EQUALIZATION

In many practical scenarios, the off-diagonal elements of
D, see (6) and (7), are so small, that they are dominated
by the noise. A simple one-tap Zero Forcing (ZF) equalizer,
Zi—:]’z, with Ry j, representing the appropriate diagonal element
of D, is then sufficient to achieve a close to optimal symbol
detection probability. For white Gaussian noise, a one-tap ZF
equalizer even corresponds to the maximum likelihood symbol
detection. This explains why one-tap equalizers are so useful
in practice. However, in highly doubly-selective channels and
if we operate in a high SNR regime, one-tap equalizers might
not be sufficient anymore. To better illustrate this fact, let
us consider a one-tap equalizer in case of a Vehicular A
channel model and a Jakes-Doppler spectrum with a maximum
Doppler shift of 1.16kHz (500 km/h for a carrier frequency
of 2.5GHz). Furthermore, we assume a subcarrier spacing
of F' = 15kHz. This parameters lead to a channel induced
Signal-to-Interference Ratio (SIR) of 20 dB for the PHYDYAS
prototype filter [14]. As illustrated in Fig. 1, only a few close
symbols in time and frequency contribute significantly to the
SIR. Similar, Fig. 2 shows the interference distribution for the
Hermite prototype filter [15], [16]. The total SIR is 23 dB and
thus better than for the PHYDYAS filter. From both figures,
we conclude that the underlying prototype filter has a huge
impact on which neighboring symbols cause interference.
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Fig. 1. The interference contribution of neighboring symbols for the PHY-

DYAS prototype filter. Only a few symbols have a significant contribution to
the total interference (SIR=20dB).
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Fig. 2. Same as in Fig. 1 but for a Hermite prototype filter. The total SIR is
23 dB and thus better than for the PHYDYAS prototype filter. Furthermore, we
see a rather symmetric interference contribution because the Hermite prototype
filter is symmetric in time and frequency.

Throughout the paper, we will consider the same channel
model (Vehicular A, Jakes Doppler spectrum with a maximum
Doppler shift of 1.16kHz). The subcarrier spacing is set to
F = 15kHz and the number of subcarriers to L. = 24. For
FBMC, we consider K = 30 time-symbols and for OFDM
K = 14 symbols (Cyclic Prefix (CP) length of 4.7 us), leading
to the same transmission time for both schemes (KI" = 1 ms).
The Pulse-Amplitude Modulation (PAM) modulation order is
set to 16, equivalent to a 256-Quadrature Amplitude Modula-
tion (QAM) signal constellation. For such channel parameters,
one-tap equalizers might not be sufficient anymore if the SNR
is higher than approximately 10dB. We thus require more
sophisticated equalization methods.

A. MMSE

A simple way to estimate the transmitted data symbol vector
x would be the employment of a conventional (complex-
valued) MMSE equalizer. Unfortunately, this does not work
because such equalizer would also include the imaginary
interference into the minimization problem, leading to large
detection errors. To avoid this problem, we stack real and
imaginary part in a large vector, as suggested in [10]. The full
block MMSE equalization of y, see (6), can then be calculated
by:

= [SB (mn [ ) [5) o



Suboptimal n-Tap MMSE Equalizer [10]-[12]:
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Our n-Tap MMSE Equalizer (PHYDYAS):
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Fig. 3. The n-tap equalizer utilizes n received symbols to estimate the

transmitted data symbol at one time-frequency position (indicated by the
crosses in the center). Authors in [10]-[12] only employ neighboring time-
symbols for the equalization process. This is, in many cases, not optimal.

with

P, [R{GHG} -S{GMG}
2 |s{afel  R{G"G}|" ©)
We might need the pseudo inverse in (8) because the matrix
inversion is not always possible due to the time-frequency
squeezing. However, there are two other main problems
with the full block MMSE equalizer: Firstly, it has a high
computational complexity. We have to invert a matrix of
size 2LK x 2LK, too large for most practical applications.
Secondly, a large delay is introduced because all symbols
need to be received before performing the equalization. We
therefore investigate an n-tap MMSE equalizer which includes
only a few neighboring symbols. Let us split the transmission
model of (6) according to:

I'=

(10)

Here, ys € CI°I*! is a subvector of y with S rep-
resenting the considered subblock, that is, certain time-
frequency positions, see Fig. 3. For example, a subblock
vector of size |S| = 5 (5-tap) can be written as: ys =
T
[yl,k—Q Y,k—1 Yk Ylk+1 yl,k+g] . Such subblock was
used in [10] and only includes neighboring symbols in time
but ignores neighboring subcarriers. In many cases, this
is not optimal, especially in high velocity scenarios and
for some specific prototype filters. Our considered subblock
vector, on the other hand, can be expressed by ys =
Wik—1 Yi-1hk Yk Yilk yz,k+1]T, see Fig. 3. Vector
xs € RIS¥1 in (10) represents the transmitted data symbols
of the considered subblock, while xz € RIRIx1 represents all
other transmitted data symbols, relevant for ys. Only a few
symbols outside the subblock have a significant contribution
on ys, so that usually |R| << LK — |S|. The matrices
Ds € CISI¥ISIand Ds i € CISIXIRI correspond to the

¥s = Dsxs + Ds rxr + ns.
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Fig. 4. Considering only neighboring time-symbols [10]-[12] is very inef-
ficient. Instead, we utilize neighboring subcarriers as well, see Fig. 3. This
greatly improves the performance of an n-tap equalizer.

0 SISO, Hermite, 256-QAM, VehicularA, 500 km/h@2.5 GHz, F'=15kHz

10
3-Tap, 5-Tap, 9-Tap, 13-Tap!
\ One-Tap, ZF Suboptimal MMSE [10]-[12]
-1
210
5]
~
—
S h
s Doubly-Flat [6]
g 2
A 10 F
— — - CP-OFDM, One-Tap
——a—— Suboptimal MMSE, n-Tap
———o—— MMSE Equalizer, n-Tap Our MMSE Equalize?
™ i Vi SE bqualizer
10—3 - Ful BIOCIT MMSE - J-'l‘;llp. 5-Tap, ‘)-'.l‘np. 13-Tap

10 15 20 25 30 35 40
Signal-to-Noise Ratio [dB]

Fig. 5. Compared to the PHYDYAS prototype filter, see Fig. 4, the Hermite
pulse shows a higher robustness in time-variant channels.

correct elements of D, so that (10) satisfies (6). Similar to
(8), the |S|-tap MMSE equalization of (10) becomes

%5 = P%{DS}T (As +Ask + rs)_l P%{YS}} (11)

" 3{Ds} XHyst
=[Sl e
Ao = [Mpesl] [MDsm]ay

Noise matrix I's € C2S1%2IS| in (11) is given by the subma-
trix of T' € C2EEX2LEK gee (9), corresponding to the correct
elements. Note that Xs in (11) delivers in total |S| estimates.
However, we are only interested in the center position, as
illustrated in Fig. 3. The remaining elements are discarded.
Thus, we require in total LK matrix inversions of size
2|S| x 2|S|. The computational complexity is usually lower
then for the full block MMSE equalizer but still relatively
high. In the next subsection, we propose a low-complexity
interference cancellation scheme. But first, let us investigate
the performance of the MMSE equalizers.

Fig. 4 shows how the BER depends on the SNR for the



PHYDYAS prototype filter. As a reference, we also consider
CP-OFDM. The upper black curve represent the performance
for a one-tap equalizer in our setup while the lower black curve
corresponds to a doubly-flat channel [6]. MMSE equalization
will result in a performance between these two reference
curves. Note that CP-OFDM slightly outperforms FBMC. The
equalization method in [10], which uses only neighboring time
symbols but ignores neighboring subcarriers, is suboptimal in
our scenario. Increasing the number of taps from |S| = 5-
taps to |S| = 21-taps only marginally improves the perfor-
mance. On the other hand, with our equalization method, the
performance increases significantly due to the employment
of neighboring subcarriers. The 21-tap equalizer even comes
close to the full block MMSE equalizer, see (8). For the 3-tap
and 5-tap equalizer, it is sufficient to consider only neighboring
time symbols. Fig. 3 illustrates which symbols are utilized
for the |S|-tap equalizer. To determine the optimal subblock
S, we follow loosely the interference distribution of the one-
tap equalizer, see Fig. 1. However, this delivers not always
the optimal solution as, for example, in case of the 21-tap
equalizer.

Fig. 5 shows the BER for the Hermite prototype filter.
For a one-tap equalizer, FBMC performs better than CP-
OFDM. Overall, the Hermite prototype filter is better suited
for high velocity scenarios. In contrast to the PHYDYAS
filter, even the 3-tap equalizer of [10] is suboptimal. The
optimal 3-tap equalizer utilizes neighboring subcarriers instead
of neighboring time-symbols. The 13-tap equalizer already
achieves a performance close to that of the full block MMSE
equalizer.

The channel model and the prototype filter have a huge
impact on which neighboring symbols should be used for
the equalization process. For example, in a highly-frequency-
selective, but time-invariant, channel, it is usually not neces-
sary to consider neighboring subcarriers for the PHYDYAS
prototype filter. For the Hermite prototype filter, on the
other hand, we have to utilize neighboring time-symbols and
neighboring subcarriers. Thus, for an optimal performance,
we always have to check which symbols to include in the
equalization process.

Because the Hermite prototype filter performs better than
the PHYDYAS prototype filter in high velocity scenarios, we
consider only the Hermite prototype filter for the remaining
part of the paper.

B. Interference Cancellation

The MMSE equalizer has the big disadvantage of high
computational complexity, even if we consider only a small
subblock. This is in particular problematic in a time-variant
channel, where we have to calculate the equalizer coefficient
at every time instant. We therefore propose a simple, yet ef-
fective, interference cancellation scheme. Similar as suggested
in [17] for OFDM, we can cancel the interference by:

y) =y — (D — diag{D}) %. (14)
The superscript (-)() denotes the i-th iteration and the
diag{D} operator generates a diagonal matrix with the same
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Fig. 6. The main drawback of MMSE equalizers is the high computational
complexity. To circumvent this limitation, we propose a simple interference
cancellation scheme. For realistic SNR values smaller than 30 dB, we achieve
a BER close to the optimum.

diagonal elements as D. Thus (D — diag{D}) represents
all the off-diagonal elements of D. The data estimates are
obtained by one-tap equalization according to:

& = 9 {diag{D} 'y}, (15)
with Q{-} denoting the quantization operator, that is, nearest
neighbor symbol detection. Note that quantization implicitly
removes the imaginary interference of FBMC. Our algorithm
starts with %(9), representing the conventional (quantized) one-
tap equalizer.

Fig. 6 shows the BER over SNR for the interference can-
cellation scheme in (14) and (15). As a reference (grayed out),
we also include the n-tap MMSE equalizers shown in Fig. 5.
The BER of interference cancellation lies between the 5-tap
equalizer and the 9-tap equalizer. After 2 to 3 iterations, we
no longer see a significant performance improvement. Thus,
more than 2 to 3 iterations are not necessary, in particular if
we want to keep the computational complexity low. Although
the cancellation scheme performs not as good as the MMSE
equalizer in terms of BER, the performance is still very
good, especially for practical relevant SNR values smaller than
30dB.

Let us now discuss the computational complexity per sym-
bol in more detail. As shown in Fig. 2, only 8 neighboring
symbols cause significant interference. Thus, for the first iter-
ation, we only need 9 multiplications (8 + one tap equalizer).
For the following iterations, we only require a multiplication if
the estimated data symbol Z; j has changed. On the other hand,
the computational complexity of a 5-tap MMSE equalizer
is significantly higher. It requires a matrix inversion of size
10 x 10 together with additional multiplications, see (11).

IV. EXTENSION TO MIMO

So far, we considered only Single-Input and Single-Output
(SISO) transmissions, but the extension to MIMO is straight-
forward thanks to our matrix notation. We only need bigger
matrices. Of course, this further increases the computational
complexity, making its practical implementation challenging.
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Fig. 7. Our matrix notation allows to straightforwardly extend our equalization
method to MIMO. Overall, we observe a similar behavior as in case of SISO.
Again, employing neighboring subcarriers improves the performance.

As a theoretical reference, however, the MMSE equalizer is
quite useful. Let us consider a 2 x 2 MIMO transmission
system, which can be modeled similar as in (6):

yi| GHHLlG GHHLQG X1 + GHII1 (16)
Y2 - G’HHQ,:[G’ GHH272G X9 GHIl2 ’
~—~— ~——

ym Dwm XM

The subscript 1 and 2 now denotes antenna 1 and antenna 2.
Similar as in (8), we find the full block MMSE equalizer by:

= [RB ] [R0D )] (RO T%W}}

MZ (D} | [S{Du}] [S{Du} S{ym)
(17)
with noise matrix I'y; € C*LEXALK ojven by
_PL[R{A} -S{A})] . _[GHG o
In=73 [%{A} R{A}| VR A=1T0 gHg
(18)

In a similar way, we can also find the subblock MIMO
MMSE equalizer, as in (11), but applied on the system model
in (16). To be consistent with SISO, we count, for an n-tap
MIMO equalizer, only the number of taps per antenna. For
example, a one-tap MMSE equalizer requires in total four
multiplications for the equalization (ignoring the calculation
of the equalizer matrix).

The interference cancellation scheme in (14) can also be
easily extended to MIMO. The one-tap ZF equalizer in (15)
then becomes a one-tap MMSE equalizer, see above.

Fig. 7 shows the BER over the SNR for a 2 x 2 MIMO
system. We observe a similar behavior as in SISO. Considering
only neighboring time-symbols, but ignoring neighboring sub-
carriers, is highly suboptimal. Thus, our 9-tap equalizer per-
forms much better than the 9-tap equalizer proposed in [10].
The interference cancellation scheme also performs relatively
good while at the same time the computational complexity is
much lower compared to the MMSE equalization.

V. CONCLUSION

Considering only neighboring time-symbols for the n-tap
MMSE equalizer, as usually done in literature for FBMC, is

not optimal, especially for the Hermite prototype filter and in
a highly time-variant channel. Instead, we utilize neighboring
subcarriers as well. The MMSE equalizer has a high compu-
tational complexity, so that it is questionable whether it can
be employed in practical systems. As a theoretical reference,
however, it is quite useful. A simple interference cancellation
scheme can solve the complexity issue and achieves a good
performance for practical relevant SNR ranges.
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