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SINGLE-EPOCH PSEUDO-RANGE POSITIONING UNDER
VARYING IONOSPHERE DELAYS

BACKGROUND OF THE INVENTION
1. Field of the Invention

The present invention relates to signal processing. In particular, the present invention
relates accurately processing a signal transmitted from a positioning satellite to determine a

pseudo-range (i.e., the distance between the signal receiver and the transmitting satellite).
2. Discussion of the Related Art

In a global navigation satellite system (GNSS), such as GPS, GLONASS, Galileo and
Beidou, each satellite transmits a ranging signal of known format (“navigation signal”).
Using these navigation signals, a receiver may accurately estimate its position based on
measuring pseudo-ranges relative to a sufficiently large number (e.g., four or more) of such
satellites. An accurate position estimate based on pseudo-range measurements not only
provides a better search range for phase measurement -- which is essential for high-precision
positioning (e.g., down to centimeter-accuracy) — it also greatly reduces the computational
cost, in terms of time and energy, in achieving such high accuracy positioning. Position
estimates based on pseudo-ranges are widely used in GNSS for such applications as
surveying, geophysics and geodesy. However, estimating the position in a robust way
remains a challenging task, as various sources of interference are inevitably present in the
environment, including thermal noise in the receiver and various other interferences
(“environmental biases”) in the signal transit paths between the source satellites and the GPS
receiver. One such interference is due to the ionosphere, which is a 85- to 600-kilometer
thick layer of ions and free electrons in the upper part of Earth’s atmosphere. As a navigation
signal transits through the ionosphere, it may experience scattering that contributes to a signal

delay (“ionosphere delay”).

The position of a GPS receiver is typically estimated from a snapshot of instantaneous
GPS measurements using, for example, first-order approximation of the positioning equations
and a generalized least-squares method. Ionosphere delay may be modeled as an “RMS

ionospheric range error.”

In the article entitled “lonospheric Time-Delay Algorithms for Single-Frequency GPS
Users,” IEEE Transactions on Aerospace and Electronic Systems (3), pp. 325-331, J.

1
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Klobuchar discloses an empirical approach to determining the ionospheric error. There,
Klobuchar proposes to have GPS satellites broadcast the parameters of his ionospheric model
(the “Klobuchar Model”) for single frequency users. The Klobuchar Model models the
ionosphere as an electron-concentrated thin layer at a height of 350 kilometers. Based on this
assumption, Klobuchar computes a “slant delay,” which is the delay experienced by a
navigation signal entering the ionosphere vertically at the lonospheric Pierce Point (IPP)
multiplied by a “slant factor.” While the Klobuchar Model aims to minimize both user
computational complexity and user computer storage, it ignores the varying nature of the
ionosphere delay that is experienced by a fast-moving receiver. The ionosphere delay varies
for a receiver, for example, as the receiver moves from one location to another location.
Typically, the Klobuchar parameters are updated at intervals that are greater than one day,
during which time the ionosphere delay is outdated due to intrinsic noises. More importantly,
in high-precision positioning -- which integrates pseudo-range measurements with carrier
phase measurements — excluding the bias due to time-varying ionosphere noises is especially

crucial to an accurate pseudo-range position estimate.
SUMMARY

The present invention provides a positioning method that takes into account
frequently changing ionosphere delays. Such a method is particularly suitable for navigation
of fast-moving vehicles or unmanned aerial vehicles inside cities or adversarial fields. For
example, one method of the present invention includes: (a) including, in the pseudo-range
determination associated with each signal received from various signal sources, a function
that represents the environmental bias by one or more parameters, in addition to parameters
representing the position of the signal receiver and a clock drift of the signal receiver; and (b)
jointly solving for values of the parameters of the function and the parameters representing
the position of the signal receiver and the clock drift of the signal receiver. In one
embodiment, the environmental bias may be an ionosphere delay, which may be modeled by
a function having parameters that relate to an lonosphere Pierce Point (IPP) of the signal
received. The function may characterize the ionosphere delay as a function of variations in

longitude and latitude from the signal source.

According to one embodiment of the present invention, the method determines terms
characterizing the ionosphere delays by: (a) determining a position of each signal source; (b)
determining a position of the receiver based on an initial estimate of the position of the
receiver without accounting for the environmental bias; (c) determining a position for the [PP
of each signal based on the position of each signal source and the position of the receiver; (d)
determining the terms in the function associated with each signal based on the position of the

receiver, the position of the signal source; and (e) repeating steps (a) to (d) one or more times.
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The method of the present invention solves jointly the values of the parameters of the
environmental bias, the position of receiver and the position of the clock drift using a set of
linear equations. The linear equation may be solved using a least-squares method or any
suitable regression method (e.g., a linear regression method). In one embodiment, the least-
squares method is a weighted least-squares method based on weights related to variances of a

thermal noise.

The present invention is better understood upon consideration of the present invention

in conjunction with the accompanying drawings.
BRIEF DESCRIPTION OF THE DRAWINGS

Figure 1 illustrates the Earth-centered, Earth-fixed (ECEF), the latitude-longitude and
the East-North-Up (ENU) coordinate systems.

Figure 2 is an example illustrating specification of the position of satellite 201 relative

to a receiver at origin 102 of ENU reference frame 104.
DETAILED DESCRIPTION OF THE PREFERRED EMBODIMENTS

To illustrate the embodiments of the present invention described herein, this detailed
description uses several systems of coordinates familiar to those of ordinary skilled in the art.
Figure 1 illustrates the Earth-centered, Earth-fixed (ECEF), the latitude-longitude and the
East-North-Up (ENU) coordinate systems. As shown in Figure 1, cartesian coordinate
system (X, Y, Z) 103 has its origin defined at the center of sphere 101. In a positioning
application, sphere 101 represents the earth and cartesian coordinate system 103 is referred to
as the ECEF coordinate system. On sphere 101, orthogonal great circles “Prime Meridian”
(PM) and Equator, defined on the X-Z and X-Y planes, respectively, are assigned 0°
longitude and 0° latitude. Longitudes are defined along the great circles, each indexed by its
angle A relative to the plane of the PM. On Earth, by convention, a longitude is referred to
as A°E, for 0° < 1 < 180°, and as A°W, for 0° < —4 < 180°. Latitudes are defined on the
circles of sphere 101 that parallel the Equator, each indexed by angle ¢ relative to the
equatorial plane. Latitudes of earth are referred to as ¢°N, for 0° < ¢ < 90°, and as ¢°S, for
0° < —¢p <90°.

Unless otherwise specified, this detailed description uses the ENU coordinate system
when referring to positions relative to the signal receiver, typically located on the surface of
the earth. For example, Figure 1 shows origin 102 of ENU reference frame 104 at a point on
sphere 101. The N-axis is along the direction of the tangent to the receiver’s longitude and
the E-axis is along the tangent of the receiver’s latitude. The U-Axis is along the direction of

the line joining the origin of sphere 101 to the receiver’s position.

3
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Figure 2 is an example illustrating specification of the position of satellite 201 relative
to a receiver at origin 102 of ENU reference frame 103. As shown in Figure 2, the position
of satellite 201 may be specified by p, which is the distance from origin 102, angle Az (“angle
of azimuth”), which is relative to the N-axis in the E-N plane, and angle EI (“angle of

elevation”) relative to the E-N plane.

According to one embodiment, a method of the present invention begins with K
“usable” satellites, which are satellites whose signals are believed available to a receiver.
The usable satellites may be identified, for example, by a pre-processing step that eliminates
satellites whose signals are believed to be out of range of the receiver, or are otherwise
excludable, at the time of signal measurement. In one embodiment, the satellites at angles of
elevation less than 15° are also excluded. Referring to Figure 1, Figure 1 shows the signal of
satellite 107 is arrives at the receiver over path 105. The IPP is indicated in Figure 1 at the
point where path 105 intersects the ionosphere. Vector 106 indicates the position of the IPP n
the ECEF coordinate system. For each usable satellite, say the i-th usable satellite, { =
1, ... K, a method of the present invention determines (i) the satellite’s location s; =
[xi,, Yir Zi]T in ECEF coordinates, (ii) the received signal’s nominal transmit time ¢; and (iii)
the received signal’s time ¢ of reception, according to the receiver’s clock. The method
further models an unknown receiver clock drift d; and a zero-mean Gaussian thermal noise

n;, with variance g;%.

The method models the ionosphere delay gg(s;, ) as a function of satellite location

s;, the receiver’s location r = [x,y,z]" and a set of unknown coefticients B = [Bo, f1, 5>]"

associated with the satellite.

The i-th pseudo-range ¢ — t;, in time units, is given by the observational equation:

t—t;=c s, —rll + gplsur) +de + 1y ()

where ¢ is the speed of light and ||s; — 7| = \/(x —x)?+(y—y)+(z—z)isthe

Euclidean distance between the i-th satellite and the receiver.

In one embodiment, the ionosphere delay gg(s;, ) may be defined by a linear

function, such as:
gp(sym)=f;- (ﬁo + Bu(ap; — a) + Bz(0p; — 0)) (2)

where (1) f; is the “slate factor,” which is a function of location s; of the satellite and location

1 of the receiver, and (ii) coefficient 5, represents the ionosphere delay for a signal entering
the atmosphere along the U-axis of the receiver, (a Pi— a) is the deviation in latitude of the

IPP of the received i-th satellite’s signal relative to the receiver’s latitude (“IPP latitude

4
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deviation™), and (op,i - 0) is the deviation in longitude of the IPP of the i-th satellite’s signal
relative the receiver’s longitude (“IPP longitude deviation™). In this model, therefore,
coefficients §; and 3, represent the corrections to ionosphere delay associated with each unit
of IPP latitude deviation and associated with each unit of I[PP longitude deviation,

respectively.

As each slant factor f; and the longitude and latitude of each IPP depend on unknown

receiver location r, one embodiment of the present invention calculates them iteratively,
applying the most recent receiver location estimate 7 to estimate ionosphere delay 9g()s

which in turn updates receiver location estimate 7. The initial value for receiver location
estimate ¥ may be obtained using a conventional method without accounting for the
ionosphere delay, i.e., setting the ionosphere delay to zero. In practice, even one iteration

already gives a reasonable result.

The ionosphere delay vector g g, representing ionosphere delays for the usable

satellites may be given by:
T
gpc = [gﬁ(sl;r);gp(sz, T), ...,gp(SK, 'r)] = AiOTLO * ﬁT (3)

where A;,,,, 15 the ionosphere delay matrix, which is a Kx3 matrix, where the i-th row is

given by:

Aionoi = [ail; aiz;ai3] (3a)

The following steps use satellite locations s;, i = 1, ..., K and receiver location

estimate ¥ to calculate matrix A;,,,,:

(@) determine in radians angle of elevation e/; and angle of azimuth Az; of the i-th

satellite, for i = 1, ... K, relative to the receiver;
(b) determine latitude a; and longitude o; of the i-th satellite, fori = 1, ... K;

(©) determine latitude a and longitude o of the receiver;

0.137
el;+0.11

(d)  transform angle of elevation el; to earth-centered angle ¢ , @ =

0.022;

§9) determine latitude ap; for the IPP of each satellite, ap; = a; + ¢ cos Az, i
1,..,K;

sin Az;

(g)  determine longitude op; for the IPP of each satellite, 0p; = 0; + ¢ v
Pi

1; }K;
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(h)  determine slant factor f; = 14+ 16+ (0.53 —el;)3,i=1,..,K; and

(i) determine ionosphere delay matrix A;y,,, having K rows, with the i-th row
being [ay, a5, ai3] = [fi;fi ' (aP,i - a), fir (OP,i - 0)]’ i=1..,K.

According to one embodiment of the present invention, the unknown parameters r, d;,

5  and B of equation (1) are jointly estimated using a first-order Taylor expansion:

. r—s;
Ir = sill = I — sl + AT l

17 = sl
where Ar is the error of the receiver location estimate, given by:
Ar=r—7

The unknown parameters to be solved may be grouped into vector { = [B, ArT,d,]”,

10 and the following quantities may be defined:
(i) vector q = [qy,qz, ..., qg]7, with q; = t —t; — ¢ ||s; — 7|, and
(ii) Gaussian noise vector n = [ny,n,, ..., ng |7,

Grouping together all the pseudo-range equations (i.e., all equation (1)’s,i =1,...,K ), and

rearranging, one obtains the vector equation:
15 q=X{+n 4)

where augmented design matrix X is a Kx7 matrix, which is formed by merging Kx3 matrix

Ajone, With the Kx4 matrix whose i-th row is given by:

[ f—s; 1] (5)

a )
clir=sill

Equation (4) includes 7 unknowns, and thus requires pseudo-range measurements on at least
20 7 satellites. With 7 or more satellites, a weighted least-squares or any suitable regression

method can be used to solve for the unknowns. For example, when the variances g/’s of the

Gaussian noise vector n are known, one may use the diagonal matrix W =

diag(o; 2,05 %, ...,05% ). The variances may be estimated from thermal noise measurements.

In that embodiment, the solution to the unknown values is given by:
25 {=XTWX)"'XTwq (6)

Note that equation (1) does not expressly include a term for a delay due to the rest of

the atmosphere. The values of coefficients ¢, ¢; and ¢, in the linear ionosphere model
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described above vary over distances. Differences in the coefficient values between two

locations sufficiently far apart include contributions in delay due to a difference in weather
condition (e.g., the partial pressures of water vapor) between the two locations. Thus, the
coefficients determined may be correlated with weather condition and be used for weather

forecast purposes.

The method of the present invention may be extended to include additional non-linear
(e.g., second order) terms in ionosphere delay gg(s;, 7). In that case, vector ¢ is augmented

to include additional unknown parameters that correspond to the coefficients of the added
non-linear terms in ionosphere delay gg(s; 7). The values of the additional unknown
parameters can then be solved jointly with the other unknown parameters using the method of

the present invention described above.

The above detailed description is provided to illustrate specific embodiments of the
present invention and is not intended to be limiting. Various modifications and variations
within the scope of the present invention are possible. The present invention is set forth in

the accompany claims.
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CLAIMS
We claim:
1. A method for determining a position of a signal receiver based on pseudo-

range determinations from signals received from a plurality of signal sources, the method

accounting for an environmental bias, comprising:

including in the pseudo-range determination associated with each signal
received from the signal sources a function that represents the environmental bias by
one or more parameters, in addition to parameters representing the position of the

signal receiver and a clock drift of the signal receiver; and

jointly solving for values of the parameters of the function and the parameters
representing the position of the signal receiver and the clock drift of the signal

receiver.

2. The method of Claim 1, wherein the environmental bias comprises an

interference from earth’s ionosphere.

3. The method of Claim 2, wherein the parameters associated with the
parameters of the function comprise coefficients of terms that characterize an lonosphere

Pierce Point of the signal received (IPP).

4, The method of Claim 3, wherein the terms characterize variations in longitude

and latitude from a longitude and a latitude of the signal source associated with the signal

received.

5. The method of Claim 3, further comprising a factor that is multiplied to each
coefficient.

6. The method of Claim 5, wherein the parameters of the function for the signal

of each signal source is obtained by:
(a)  determining a position of each signal source;

(b)  determining a position of the receiver based on an initial estimate of the position

of the receiver without accounting for the environmental bias;

(c)  determining a position for the IPP of each signal based on the position of each

signal source and the position of the receiver;
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(d)  determining the terms in the function associated with each signal based on the

position of the receiver, the position of the signal source; and
(e) repeating steps (a) to (d) one or more times.

1. The method of Claim 6, wherein the position of each signal source is expressed

as latitude, longitude and height.

8. The method of Claim 6, further comprising determining in radians an angle of

elevation and an angle of azimuth of each signal source relative to the receiver.

9. The method of Claim 6, further comprising determining a slant factor at the [PP

of each signal.

10.  The method of Claim 1, wherein jointly solving for values of the parameters

comprise solving a set of linear equations.

11.  The method of Claim 10, wherein solving the set of linear equation comprises

using a least-squares method.

12. The method of Claim 11, wherein the least-squares method comprises a

weighted least-squares method.

13. The method of Claim 12, wherein the weighted least-squares method uses

weights related to thermal noise.

14.  The method of Claim 13, wherein the weights comprise variances of thermal

noise in each signal source.

15.  The method of Claim 1, further comprising using the values of the parameters

of the function for weather forecast.
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AMENDED CLAIMS
received by the International Bureau on 29 September 2020 (29.09.20)

L. A method for determining a position of a signal receiver based on pseudo-range
determinations from signals received from a plurality of signal sources, the method accounting for an

environmental bias, comprising:

including in an equation for the pseudo-range determination associated with each
signal received from the signal sources a function that represents the environmental bias by
one or more parameters, in addition to parameters representing the position of the signal

receiver and a clock drift of the signal receiver; and

using the equations for pseudo-range determination, jointly solving for values of the
parameters of the function and the parameters representing the position of the signal receiver

and the clock drift of the signal receiver.

2. The method of Claim 1, wherein the environmental bias comprises an interference

from earth's ionosphere.

3. The method of Claim 2, wherein the parameters associated with the parameters of the
function comprise coefficients of terms that characterize an Ionosphere Pierce Point of the signal
received (IPP).

4. The method of Claim 3, wherein the terms characterize variations in longitude and

latitude from a longitude and a latitude of the signal source associated with the signal received.

5. The method of Claim 3, further comprising a factor that is multiplied to each
coefficient.
6. The method of Claim 5, wherein the parameters of the function for the signal of each

signal source is obtained by:
(a) determining a position of each signal source;

(b) determining a position of the receiver based on an initial estimate of the

position of the receiver without accounting for the environmental bias;

(c) determining a position for the IPP of each signal based on the position of each

signal source and the position of the receiver;

10
AMENDED SHEET (ARTICLE 19)
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(d) determining the terms in the function associated with each signal based on the

position of the receiver, the position of the signal source; and
(e) repeating steps (a) to (d) one or more times.

7. The method of Claim 6, wherein the position of each signal source is expressed as

latitude, longitude and height.

8. The method of Claim 6, further comprising determining in radians an angle of

elevation and an angle of azimuth of each signal source relative to the receiver.

9. The method of Claim 6, further comprising determining a slant factor at the IPP of

each signal.

10. The method of Claim 1, wherein jointly solving for values of the parameters comprise

solving a set of linear equations.

11. The method of Claim 10, wherein solving the set of linear equation comprises using a

least-squares method.

12. The method of Claim 11, wherein the least-squares method comprises a weighted

least-squares method.

13. The method of Claim 12, wherein the weighted least-squares method uses weights

related to thermal noise.

14. The method of Claim 13, wherein the weights comprise variances of thermal noise in

each signal source.

15. The method of Claim 1, further comprising using the values of the parameters of the

function for weather forecast.

11
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STATEMENT UNDER ARTICLE 19(1)
These claim amendments allow the recitation of Claim 1 to more closely follow the detailed
description in the Specification, at page 4, line 20 to page 6, line 20, thereby more particularly
pointing out and distinctly claiming Applicant’s invention. As such, the amendments have no impact

on the description and drawings and do not go beyond the disclosure of the international application

as filed.

12
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