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America as represented by the Secretary of War. . 
Application August 30, 1945, Serial No. 613,605 

The present invention relates generally, to a 
Communications method and more particularly to 
a method of tuning Successive stages of a single 
tuned electronic amplifier. 

In an electronic amplifier stage using a given. 
type of vacuum tube, and coupling circuits, the 
gain and bandwidth are dependent, irasch a 
nanner" that if one is...increased, the other is de 
creased, the product of the two-being substantially 
Constant. It is also well-known that if Several 
araplifier stages are connected in cascade, the re 
Sulting product of overal and Widt. and Stage 
gain of the consination is much less; than that 
for a single stages. A special case of this is a 
synchronous: single-tuned. IF amplifier, that is, 
one whose Stages are all turned to the Sane center: 
frequency. The product of bandwidth and stage 
gain of a receiver in which such an amplifier is 
used decreases rapidly as: threalmer Gif Estages: 
increases. . . . . . 

In certain types, of radio: object. locating SyS, 
tenas, it is necessary to adapt a receiver to pass; 
pulses having a duration of the order of a fract 
tion of a microsecond. To preserve the character 
of such a pulse the receiver must passa. Wide: 
band of frequencies with minimum attenuation. 
Since: the receivers of these systems must also 
possess: high gain, a relatively large number of IF 
stages, are generally necessary, and hence: the 
problem of simultaneously maintaining, this 
broad bandwidth and high gain becomes im 
portant. 

It is therefore aas object of the presert; inven 
tion to provide a method of obtaining a broad 
bandwidth in an IF amplifier, and simultaneously 
maintaining the gain per stage and overall am 
plification. It is another object of the inven 
tion to provide means, for producing in an elec 
tronic amplifier employing single-tuned circuits. 
a selectivity. characteristic; having the maximum 
possible bandwidth while naaintaining a single 
peaked: upper portion. It is a further object to 
provide criteria, by naeans of which an amplifier 
of a given number of stages may be designed to 
pass a band of frequencies, having given limits. 
The invention, in geraerial, contemplates tuning: 

successive single-tuned stages of an IF amplifier 
to different center frequencies. according. to 
criteria determined by the desired overall band 
width, the overall center frequency, and the num 
ber of amplifier stages to-be jointly employed. 
Other objects, features, and advantages of this. 

invention will suggest themselves to those skilled 
in the art, and will; become: apparent from the 
following, description of the invention, takenin, 55. 
connection, with the accompanying, drawing in 
Whic, 

Fig. 1 is a schematic diagrani of the A-C-equiv 
alent circuit for a single-tuned-IR amplifier stage; 
and 

Claims. (Cl 179-171). 
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Fig. 2 is a curve showing the variation of the: 
product of stage gain and overall bandwidth as 
a function of the amount of separation between 
the frequencies to which the two stages of a 
staggered pair as tuned. : :"... 

Reference is now made more particularly to 
Fig. 1 in which there is shown the A.-C. equiv 
alent coupling circuit between two Successive 
stages of a single-tuned amplifier employing Wacr: 
Lunar tubes; O and 2 respectively, the-circuit; ele 
ments shown representiagliaped, constants. Re 
sistor A of value R represents the parallel. (20m 
bination of the plate load resistance, the plate. 
resistance of vacuum tube 0, the input resist 
ance of vacuum tube 2, and the equivalent shunt 
resistances of the coil and capacitor of the tuned 
circuit. Inductance 16 of value L, is the tuning. 
coil inductance, and capacitor 8 of value Crepre 
sents the total circuit capacitance made up of the 
output capacitance of vacuum tube 0, the input 
capacitance of vacuum-tube 2, and the stray 
wiring capacitance of the coupling circuit. . . . 
The parallel impedance (Z) of this circuit, 

which is a function of frequency, can be shown 
to vary according to the equation 

R 
Z(c) = - - 7 - 1+jQ(-) 

where is the frequency, expressed in radians per 
second, 

Q = coRC, and wo-yLC 
'If the transconductance of vacuum tube 0 is gm, 
the voltage gain (A) from the grid of this tube to 
the grid of vacuum tube 2 is gmR at the resonant 

40 

5 5 

frequency co, and 

(1) 
1. 

A=gn R - N. to 
1-0 (- 

as a function of frequency. 
The complex gain function expressed by Equa 

tion 1. displays “geometric symmetry'; that is, 
for any two frequencies of and 

alo 
s 

having two as their geometric mean, the absolute 
values of A are equal, and the phase angles are 
Opposite in sign. m 

In this discussion 'bandwidth' means '3db 
bandwidth,' i. e., the bandwidth included be 
tween the two half-power or .707 voltage points 
Ga., the gain characteristic. It can be shown that 
the bandwidth for this single stage is 

Ac) = tes 

in radians per second, and that the Q of the cir 
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cuit as defined previously is equal to the ratio of 
center frequency to bandwidth. 
An approximation may be made for high Q cir 

cuits; namely, 

1-2RC(o-o) (2) 
Equation 2 displays "arithmetic symmetry'; 

that is, for any two frequencies, as and 2wo-cy, 
having two as their arithmetic means, the absolute 
values of A are equal and the phase angles are op 
posite in sign. . . . . . 

Using the high Q form of the gain function 
shown by Equation 2, the absolute value of the 
gain can be seen to be proportional to the quan 
tity 

A=gnific 

V1--a 
which is the absolute value of 

W 1. 

1-ja 
where ac is a function of frequency. 
A figure of merit for a one-stage amplifier is 

the product of voltage gain at band center and 
bandwidth. If the stage is single tuned, then 
since the bandwidth in cycles per second is 

and the center frequency gain is gmR, this fig 
ure of merit becomes 

n 

which is independent of R and frequency. 
When dealing with an n-stage amplifier the ap 

propriate figure of merit is 
(overall gain)1/X overal bandwidth 

If we denote (overall gain)/1 by “mean stage 
gain,' the figure of merit becomes 

mean stage gainxoverall bandwidth 

O 
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4. 
and this can be shown to decrease quite rapidly 
as n increases for synchronous single-tuned 
stages. - 

It can be shown mathematically that by tun 
ing successive single-tuned stages of an amplifier 
to different frequencies or, as it Will be referred 
to in this application, stagger tuning, one may 
obtain an amplifier the gain of which has an ab 
Solute value proportional to the gain factor 

where at is a function of frequency as before, and 
n is the number of stages. It can be shown fur 
ther that the product of mean stage gain and 
Overall bandwidth for such an amplifier can be 
kept the same as for a single stage, rather than 
decreasing with the number of stages, as is the 
case. With a Synchronous single-tuned amplifier 
as mentioned above. The selectivity curve result 
ing from the gain factor above has the maximum 
possible bandwith, if single-tuned stages are em 
ployed, while maintaining a flat top, the flat por 
tion becoming Wider as in increases. 
The proper frequencies to which the various 

stages should be tuned and the individual stage 
bandwidths to obtain the results mentioned above 
may be computed mathematically by two methods. 
The choice of method depends on Whether or not 
the high-Q approximation with arithmetic Sym 
metry Equation 2 may be used. , w 
The results obtained in the high Q case are 

Summarized in Table for various numbers of 
Staggered stages from tWO (staggered pair) to 9 
(staggered nonuple). 
The results obtained in the exact case, taking 

into account geometric symmetry, are summar 
ized in Table 2 for all cases from a staggered pair 
to a staggered quintuple. The advantage of us 
ing the approximations of Table 1 is that of much 
greater simplicity of computation, as can be seen 
by comparison to the two tables. 

TABLE I-STAGGERED n-UPLES 
High-Q case: Arithmetic symmetry 

Center-frequency of, overall bandwidth=Af, and Afif small 

component single-tuned Stages 

2 staggered-pair------ wo stages of bandwidth .71Af, staggered at faii.35Af. 
3 staggered triple----- two stages of bandwidth .5Af, staggered at fol.43Af. 

one stage of bandwidth Af, centered at fo. 
4 staggered-quadruple two stages of bandwidth .38Af, staggered at fo.46Af. 

two stages of bandwidth .92Af, staggered at fol.19Af. 
5 staggered-quintuple. two stages of bandwidth .31Af, staggered at fo-E.48Af. 

6 

s 

Staggered-sextuple.-- 

staggered-septuple 

staggered-octuple. 

staggered-nonuple.-- 

two Stages of bandwidth .8Af, staggered at fol.29Af. 
one stage of bandwidth Af, centered at fo. 
two stages of bandwidth .26Af, staggered at fol.48Af. 
two stages of bandwidth.7Af, staggered at fo.35Af. 
two stages of bandwidth .97Af, staggered at foe.13Af. 
two stages of bandwidth .22Af, staggered at for.49Af. 
two stages of bandwidth .62Af, staggered at fol.39Af. 
two stages of bandwidth .90Af, staggered at fo.22Af. 
one stage of bandwidth Af, centeredatio. 

20Af, staggered at fo!.49Af. 
.56Af, staggered at fo.42Af. 
.83Af, staggered at foe.28Af. 

two stages of bandwidth 
two stages of bandwidth 
two stages of bandwidth 
two stages of bandwidth .98Af, staggered at fol.10Af 

.17Af, staggered at fo.49Af. 
two stages of bandwidth .5Af, staggered at fol.43Af. 
two stages of bandwidth .77Af, staggered at fo.32Af. . . . 
two stages of bandwidth .94Af, staggered at fol.17Af. 
One Stage of bandwidth Af, centered at fo, . 

two stages of bandwidth 

Less than 95, 
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TABLE II.-STAGGERED n-UPLES 
Eacact case. Geometric symmetry 

.. (Center frequency=f, overall bandwidth=A1, and Affas, 

2. ... . . . component single-tuned stages 

2 staggered-pair.------- two stages of dissipation factor' d, staggered at ?oa and ?ola, where 
-4+-yiots and (a -)'+d=3 . 

3. staggered-triple. two stages of dissipation factor d, staggered at foa and folo, one stage of dissipation factor , centered at fo, where 

- -3+8-y16+46+8.vitats and (a - )'+d-a- 
4. staggered-quadruple.- two stages of dissipation factor d, staggered at foal and folo, two stages of dissipation factor da, staggered at food and 

follos, where 
4--62-716--5.65652-5 -the-Viefs setts and (a-)'+d-al al 

4--S2- -W6-5.6562-54 -4+st-Visit is and (a-i)'+d:-3 
5 staggered-quintuple.-- two stages of dissipation factord, staggered at fort and flat, two stages of dissipati and flors. One stage of dissipation factor 8, centered at A.Y. ag dissipation factor ds, staggered at fas 

4-5-yl6--64.7252-54 -4-vitre+ and (-)-4- 
4--52- V16-2.4725?--5 dy-st w 2 4728-E8 (a-i, )--d=5 

1 Dissipation factor of a single-tuned circuit=1/Q=bandwidth?resonant frequency. 

A plurality of staggered n-uples obtained from further that the two stages have the same Q 
the information in the tables may be serially con- hence the same d. The complex gain function 
nected just as are single stages to form a con- of the combination is 
plete amplifier. Since the selectivity curves of 
these n-uples are more square-topped than those 1?oy OY . . . . . 
of single stages, the overall bandwidth goes down d-i (flag-off)'d-i(for-1/fo) (I) 
more slowly for an increasing number of n-uples . . . . 
the for the same number of synchronous single- Multiplying the denominators yields 
tuned stages. 2 
The cases of stagger tuning so far described d +dfa-id/fa--idf/a-f+1/a2-ida/f--a2-1/f? 

produce selectivity curves which are flat-topped. Which equals 
The case sometimes arises in which one requires 
a wide IF bandpass in order to obtain non- 45 d"--a+1/a^+jda (f. 1/f)-- 
critical tuning but is not too much concerned id/oz (f-1/f) - (f2--1/f2) (II) 
with maintaining a flat-topped selectivity curve. NOW . . . . ' ' . . . 
It is then possible to increase the amount of 
staggering, so that it exceeds the values listed o?--1/a=(a-1/a)?--2 
in the tables and thereby realize a useful increase 50 and 
in the product of stage gain and overall band 
width. Fig.2 shows the variation of this product -(f+1/f?)=-(f-1/f)2-2 
as a function of the amount of staggering in the 
case of a staggered pair. The ratio of the separa 
tion of the peak frequencies of the individual 55 
stages to the bandwidth of each stage is plotted 
along the horizontal axis, and the product of 

hence Equation II can be written 

stage gain and overall bandwidth is plotted along and now we have 
the vertical axis. The right-hand region of the 
curve in which the separation of the individual 60 1?o 
resonance peaks exceeds the bandwidth of the d-i (flat-off) d-i(for-1 lifa) 
individual circuits represents an "over-staggered'. ... equals . . . . ." 1. 
condition. In this region the overall selectivity - - , , , , , , , , , , , , , , , , , , . . . . 

islaouin, which is not seri (d+ (ollo)'l-Fi (j-il) (doll)lt Gill) 
ous deficiency in many cases. This method of (III) 
overstaggering may be applied as well in the case 
than two stages and a similar increase It can be shown that the comple impedance 

in the product of stage gain and overall band- of the amplifier must have the absolute value of 
widthis obtained. 1. " . . . . . : 

The equations for dk and 5 are derived as 70 - - (IV) 
follows: Suppose for the purpose of this deriva- . vain-F(f-117): 
tion that a single tuned stage peaked at a fre- Where w - 
quency 'o' is followed by a single tuned stage - w is 
peaked at "1/a' so that f=1 is the geometric overall bandwidth Af 
mean of the two resonant frequencies. Suppose 75 center frequency Tf 



2,451,898: 
7 

It can also be shown that Equation IV above is 
the absolute value of 

8 
fier or a pair of amplifiers representing each 
term of Equation IX, 

for n equal to an even integer, or 
0. 

a kid-1102 sing+lict-11D +j(f-11D) 
(W) 

for n equal to an odd integer. 15 
We can now synthesize the absolute value of 

Equation IV by equating the coefficients of 
j(f-1/f) in Equations III and W for the first 
factor of Equation W. For example, We need to 
know the dissipation factor d1 and the resonant 20 
frequency a1 satisfying . . " 

d2- (a1-- 1fo)=6 (VI) 

d(ox-- 1?ol) -25 sin 3. (VII) 25 

squaring Equation VII and replacing (c.1--1/a1)* 
by (c.1-1/e) by (ox1-1/ox)-4, we get 

d(or-11or)?--4d=46 sin ; 30 
Inserting (VI) 

d4-de(4-8?) -- 45° sin? 5-0 
35 

Solving 

4+a-Vio-sa-la-10a sing ?, 
d2= 2 

4() 

and finally using the double angle formula 

1-2 sin? =cos ar 

we have 45 

4+st-V164-se COS 2 +3 
d?=—- - - - (VIII) 

50 

Proceeding similarly with the other factors of 
Equation W we see that 

I , 
55 Vin (FIU), 

is the absolute value of 

A. 

d+(flat-off) d-(for- Iol articialiya, H(i-1) -- 
ifa (n-1) 

By analogy to Equation VIII 

a 4-la-ViG-Fi cos kiln-Fi Co 
and 

8?= (a, -11a)--d (XI) 
where k=1, 3, 5, . . . 

It will be recognized that Equations X and XI 
represent single tuned stages of dissipation 
factor dk and resonant in pairs at frequencies 
ak and 1/ak. 
While there has been described what is at 

present considered to be the preferred embodi 
ment of this invention, it will be obvious to those 
skilled in the art that various changes and modi 
fications may be made therein without depart 
ing from the scope of the invention as set forth 
in the appended claims. 
The invention claimed is: 
1. In a method of tuning an electronic ampli 

fier including n serially connected stages, each 
of said stages being tuned to a resonant fre 
quency by means of a single resonant circuit, the 
desired overall selectivity characteristic of Said 
amplifier having a bandwidth Af between points 
Where the absolute value of the Ordinate is ap 
proximately .707 of the value of said ordinate 
at frequency fo, the desired maximum point of 
said characteristic, the ratio 

Af 
fo 

being equal to a value Ö, the steps including: 
combining a plurality of said stages into pairs, 
assigning to each of said pairs a number k, where 
k is a different value for each pair, said values 
being a series of Successive Odd integers begin 
ning with one, assigning to each of said pairs a 
set of parameters dik and ak, where k is as de 
fined above, determining values for dk and oak for 
each pair from the equations: 

4+a-Wies COS | +3" 
d's 2 

and 
2 

(a-)--d- 
adjusting the circuit constants of each stage so 

B 

d(n-1) 

for n equal to an even integer, or where M and N 
respectively are the terms under brackets with 
exponents A and B respectively; 

A. B 7 

MN-----It (IX) 
for n equal to an odd integer, 
We may now synthesize Equation IX by pro 

viding a series of amplifiers in cascade, an ampli- 75 

0. 

Ldo-is-i (flat-o-ac-off) do-i-Fi (fac--iff ac-1) 

that dk is the approximate ratio of bandwidth to 
resonant frequency for each individual stage of 
each of Said pairs, and so that the resonant fre 
quency of the individual stages of each of said 
pairs are approximately fock and 

Jo 
o 

respectively. 
2. In an electronic amplifier, a plurality of n 



serially connected stages,'n'behg'anoid integer, 
each of said stages being tuned to a resonant 
frequency by means of a single resonant circuit, 
the overail selectivityeharacteristic of said am 
plifier having a bandwidth Af between points 
where the absolute waltue of the ordinate is ap 
proximately .707 of the value of said ordinate at 
frequency fo, the maximum point of said char 
acteristic, the ratio 

AJ 
. fo 

being equal to 'a value 6, one of said stages hav 
ing an individual resonant frequency fo and a 
ratio of stage bandwidth to resonant frequency 
of value Ö, the remainder of said stages being 
combined into pairs numbered 1, 3, . . . (n-2), 
each of said pairs having parameters dik and oak, 
where k is the number assigned to that pair, dk 
being the approximateratio of bandwidth to 
resonant frequency for each individual stage of 
each of said pairs, the resonant frequencies of 
the individual stages of each said pairs being ap 
proximately foak and . . . . 

jo 
''. o: 

of Said pairs being given 

. . . . . 

respectively, dik for each 
by the relation: 

. . . . . . 4+-viors 
d= 2 

and as for each of said pairs being given by the 
relation: ". . . . . . . 

-- ...- 
C. 

3. In an electronic amplifier, a plurality of n 
serially connected stages, in being an even integer, 
each of said stages being tuned to a resonant 
frequency by means of a single resonant circuit, 
the overall selectivity characteristic of said am 
plifier having a bandwidth Af between points 
where the absolute value of the Ordinate is ap 
proximately .707 of the value of said ordinate 
at frequency fo, the maximum point of said char 
acteristic, the ratio 

2 rers ... R4. a cost; +3 

Af 
fo 

being equal to a value 8, said stages being com 
bined into pairs numbered 1, 3, . . . (n-1), each 
of said pairs having parameters dk and oak, where 
k is the number assigned to that pair, dk being 
the approximate ratio of bandwidth to resonant 
frequency for each individual stage of each of 
said pairs, the resonant frequencies of the indi 
vidual stages of each of said pairs being approxi 
mately fock and 

fo 
o 

respectively, dk for each stage of each of said 
pairs being given by the relation: 

4+5- 116-882 cos | +3 
d;=- - - - 

and oak for each of said pairs being given by the 
relation: 

2 

(a-) --d2=82 
4. In an electronic amplifier, a plurality of n. 

serially connected stages, in being an odd integer, 

0 

3451898 
10 

if said 'stages being tuned to a resonant 
frequency by meanis of a single resonant circuit, 
the overall selectivity characteristic of said am 
plifier having a bandwidth Af between points 
where the absolute value of the ordinate is ap proximately .707 of the value of said ordinate at 

icy fo, the maximum point of said chara 
acteristic, the ratio 

. AJ 
. . ifos, . . . . . . . . . . . 

mpared with unity, one of said stages having an individual bandwidth of Af 
and a resonant frequency fo, the remainder of said stages being divided inito pairs, each of said 
pairs of stages being assigned a number k, of 
a different value for each pair, said values be 
ing a series of successive odd integers beginning 
with one, the individual bandwidths of the two stages of each of said pairs being approximately 
equal in cycles per second to the value. 

(in ;)Af 
25 where k is the number assigned to the pair to 

which the stage belongs, and the resonant fre 
quency of the two stages of each of 'said pairs 
being respectively above and below frequency fo 
by an amount approximately equal in cycles per 

30 second to the value 

where k is the number assigned to the pair. 
35. 5. In an electronic amplifier, a plurality of n 

serially connected stages, n being an even integer, 
each of said stages being tuned to a resönant 
frequency by means of a single resonant circuit, 
the Overall selectivity characteristic of said 

40 amplifier having a bandwidth Af between points 
where the absolute value of the ordinate is ap 
proximately .707 of the value of said ordinate at 
frequency fo, the maximum point of said char 
acteristic, the ratio 

Af 
fo 

being small as compared with unity, said stages 
being divided into pairs, each of said pairs being 
assigned a number k, of a different value for 
each pair, said values being a series of succes 
sive odd integers beginning with One, the in 
dividual bandwidths of the two stages of each 
of said pairs being approximately equal in cycles 
per second to the value 

... kT (sin; Af 
where k is the number assigned to the pair to 
which the stage belongs, and the resonant fre 
quencies of the two stages of each of said pairs 
being respectively above and below frequency fo 
by an amount approximately equal in cycles per 
Second to the value 

kit (cos 3)Af 
where k is the number assigned to the pair. 

6. An electronic amplifier including a plurality 
of pairs of serially connected stages, each of said 
stages being tuned to a resonant frequency by 
means of a single resonant circuit, the overall 
selectivity characteristic of said amplifier having 
a bandwidth Af between points where the abso 

75 lute value of the ordinate is approximately .707 

60 

70 
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Öf the value of said ordinate at frequency fo, the 
maximum point of said characteristic, the ratio 

Af 
jo 

being equal to a value 6, each of said pairs of 
stages being assigned a number k, of a different 
value for each pair, said values being a series of 
successive odd integers beginning with one, each 
of said pairs having parameters dik and ok, where 
k is the number assigned to that pair, dik being 
the approximate ratio of bandwidth to resonant 
frequency for each individual stage of each of said, 
pairs, the resonant frequencies of the individual 
stages of each of Said pairs being approximately 
fock and 

& 
d 

respectively, the total number of individual 
stages being n, dik for each stage of each of said 
pairs being given by the relation: 

4+8-V16+83 cos AT+3 
d = 2 1, 

and ak for each of said pairs being given by the 
relation: 

7. An electronic amplifier including a plurality 
of pairs of Serially connected stages, the total 
number of individual stages being m, each of said 
stages being tuned to a resonant frequency by 
means of a single resonant circuit, the overall 
selectivity characteristic of said amplifier having 

5 

O 

15 

25 

35 

2 
a bandwidth Af between points where the abso 
lute value of the ordinate is approximately .707 
of the value of Said ordinate at frequency fo, the 
maximum point of said characteristic, the ratio 

Af 
fo 

being small as compared with unity, each of 
said pairs of Stages being assigned a number k, 
of a different value for each pair, said values be 
ing a series of successive Odd integers beginning 
with one, the individual bandwidths of the two 
stages of each of said pairs being approximately 
equal in cycles per Second to the value 

(sin 3)Af 
where k is the number assigned to the pair to 
which the stage belongs, and the resonant fre 
quency of the tWO stages of each of said pairs 
being respectively above and below frequency fo 
by an amount approximately equal in cycles per 
second to the value 

kar (cos ;)Af 
where k is the number assigned to the pair. 

HENRY WALLMAN. 
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