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(57) Abstract: Methods, systems and apparatus for approximating a target quantum state. [n one aspect, a method for determining a
target quantum state includes the actions of receiving data representing a target quantum state of a quantum system as a result of applying
a quantum circuit to an initial quantum state of the quantum system; determining an approximate quantum circuit that approximates
the specific quantum circuit by adaptively adjusting a number of T gates available to the specific quantum circuit; and applying the
determined approximate quantum circuit to the initial quantum state to obtain an approximation of the target quantum state.
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ERROR CORRECTED VARIATIONAL ALGORITHMS

BACKGROUND
{0601 This specification relates to quantum computing,
{0002] (uantum computing devices use quantum-mechanical phenomena such as

superposition and entanglement to perform operations on data. Quantum computing devices
operate using two-level quantum mechanical systems called qubits. For example, the circuit
model for quantum computation performs quantum computations by applying sequences of

quantum logic gates on an n-qubit register.

SUMMARY
[0663] This specitication describes systems and methods for applying variational
algorithms within error correction codes.
[06064] In general, one mnovative aspect of the subject matter described in this

specification can be implemented in a method for approximating a target quantum state, the
method comprising: receiving data representing a target quantum state of a quantum system as a
result of applving a quantum circuit to an initial quantum state of the quantum system;
determining an approximate quantum circuit approximating the specific circuit by adaptively
adjusting a number of T gates avatlable to the quantum circuit; and applying the determined
approximate quantum circutt to the initial quantum state to obtain an approximation of the target
quanturn state.

{6005] Other implementations of this aspect include corresponding computer systems,
apparatus, and computer programs recorded on one or more computer storage devices, each
configured to perform the actions of the methods. A system of one or more computers can be
configured to perform particular operations or actions by virtue of having software, firmware,
hardware, or a combination thereof installed on the system that in operation causes or cause the
system to perform the actions. One or more computer programs can be configured to perform
particular operations or actions by virtue of including instructions that, when executed by data
processing apparatus, cause the apparatus to perform the actions.

{0006} The foregoing and other implementations can each optionally include one or more

of the following features, alone or in combination. In some implementations determining an
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approximate quantum circuit by adaptively adjusting a total number of T gates available to the
quantum circuit comprises: assigning an initial number of T gates to the quantum circuit; and
iteratively increasing the initial number of T gates assigned to the quantum circuit until
termination criteria are met.

{0087] In some implementations iteratively increasing the number of T gates assigned to
the quantum circuit, comprises, for each iteration: determining a number of T gates for the
iteration, the number of T gates for the iteration being larger than the number of T gates for the
previous iteration; generating one or more updated quantum circuits for the iteration using the
determined number of T gates for the tteration, wherein each updated quantum circuit
corresponds to a different assignment of the determined number of T gates within the updated
quantum circuit; determining, for each updated quantum circuit, an energy expectation value of
the quantum system for the tteration using the updated quantum circuit; identifying a lowest
determined energy expectation value of the quantum system; determining whether the difference
between the lowest determined energy expectation value for the teration and a lowest
determined energy expectation value for the previous iteration exceeds a predetermined
threshold; and in response to determuning that the difference exceeds the predetermined
threshold, performing a subsequent tteration.

{8008] In some implementations the method further comprises, in response to
determuning that the difference does not exceed the predetermined threshold, approximating the
quantum circuit using a T gate assignment that corresponds to a lowest energy expectation value
for the previous iteration.

{00069] In some nplementations determining an approximate quantum circuit by
adaptively adjusting a total number of T gates available to the quantum circuit comprises:
assigning an nitial number of T gates to the quantum circuit; and iteratively decreasing the
mitial number of T gates assigned to the quantom circuit until termination criteria are met.
{00016} In some implementations iteratively decreasing the number of T gates available to
the quantum circuit comprises, for each iteration: determining a number of T gates for the
iteration, the number of T gates for the iteration being smaller than the number of T gates for the
previous iteration; generating one or more updated quantum circuits for the iteration using the
determined number of T gates for the iteration, wherein each updated quantum circuit

corresponds to a different assignment of the determined number of T gates within the updated
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quantum circuit; determining, for each updated quantum circuit, an energy expectation value of
the quantum system for the iteration using the updated quantum circuit; identifying a lowest
determined energy expectation value of the quantum system; determining whether the difference
between the lowest determined energy expectation value for the iteration and a lowest
determined energy expectation value for the previous tteration exceeds a predetermined
threshold; and in response to determining that the difference does not exceed the predetermined
threshold, performing a subsequent iteration.

{00011} In some implementations the method further comprises, in response to
determining that the difference exceeds the predetermined threshold, approximating the quantum
circuit using a T gate assignment that corresponds to a lowest energy expectation value for the
previous Heration

[00012] In some implementations the method further comprises performing a variational
algorithm to determine an adjusted quantum circutt that, when applied to the inttial quantum
state, approximates the ground state of the quantum system, and wherein deternuning an
approximate quantum circuit by adaptively adjusting a number of T gates available to the
quantum circuit comprises: determining the approximate quantum circuit by adaptively adjusting
a number of T gates available to the adjusted quantum circuit.

[00013] In some implementations adaptively adjusting a number of T gates available to
the adjusted quantum circuit comprises: determining respective distances between (1} values of
circuit parameters, and (1t} vanationally adjusted values of circutt parameters; and determining a
T gate assignment that reduces one or more of the determined distances.

[0060614] In some inplementations the distances comprise L2 norms.

[B0015] In some implementations determining an approximate guantum circuit by
adaptively adjusting a number of T gates available to the quantum circuit comprises: fixing the
total number of T gates available to the quantum circuit; performing a discrete optimization
routine to assign a particular configuration of the fixed total number of T gates to the adjusted

circuit parameters.

{00016} In some implementations the discrete optimization routine comprises simulated
annealing.
{00617} In some implementations the quantum circuit comprises one T factory storing

physical qubits for implementing T gates.
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{00018} In some implementations applying the determined approximate quantum circuit to
the mitial quantum state to obtain an approximation of the target quantum state comprises using
the T factory to implement T gates in series.

{066019] The disclosed subject matter can be implemented in particular ways so as to
realize one or more of the following advantages.

{00020} A system implementing error corrected variational algorithms, as described in this
specification, can require low spatial (number of physical qubits per logical qubit) overhead. In
particular, since variational algorithms are typically low-depth, in many cases quantum
computations or operations can be performed by the described system in series, necessitating
only one or perhaps a few T factories. Since T factories often nclude a number of qubits that is
on the order of half a million physical qubits, the system described in this specification can
achieve a large reduction in computational resources required to perform quantum computations.
In addition, a system implementing error corrected variational algorithms, as described in this
specification, can perform quantum computations with low spatial overhead whilst maintaining
high computation accuracy. The system therefore provides the possibility for practical and
reliable error-corrected quantum computing with less than a million physical qubits.

{00021} The details of one or more implementations of the subject matter of this
spectfication are set forth n the accompanying drawings and the description below. Other
features, aspects, and advantages of the subject matter will become apparent from the

description, the drawings, and the claims.

BRIEF DESCRIPTION OF THE DRAWINGS

{0606022] FIG. 1 shows a block diagram of an example system for performing quantum
computations.

{66023} FIG. 21s a flow diagram of an example process for determining a target quantum
state.

{60024 FIG 315 a flow diagram of an example iterative process for adaptively increasing

the number of T gates assigned to a quantum circuit,
{60025] FIG 415 a flow diagram of an example iterative process for adaptively reducing

the number of T gates assigned to a quantum circuit,
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{00026} FIG. 515 a flow diagram of an example process for adjusting T gate
configurations based on variational algorithms.

{00627} FIG. 615 a flow diagram of an example process for directly adjusting T gate
assignments using discrete optimization technigues.

{00028} Like reference numbers and designations in the various drawings indicate like

elements.

DETAILED DESCRIPTION
[00029] (uantum error correction codes are used in quantum computing to protect
quantum computations from errors due to decoherence and other quantum noise, as well as errors
associated with faulty quantum gates, faulty quantum state preparation and faulty measurements.
Typically, quantum error correction codes include encoding logical qubits into multiple physical
qubats that are more robust to errors. For example, in some cases hundreds of physical qubits
may be required to encode one error-corrected logical qubit. Quanturs computations are then
performed by directly applying logical operations to the encoded physical qubits in such a

manner that decoding is not required.

{00030] For example, a given quantum computation may require application of a
corresponding quantum circuit to the physical qubits, e g., that are prepared in some initial state.
The quantum circuit may inclade multiple rotation operations, with each rotation operation
meluding a respective rotation angle (herein also referred to as a circut parameter). Each
rotation operation may be implemented using a universal set of quantum logic gates. An
example universal gate set ts the Chifford+T gate set. A subset of this universal gate set includes

Clifford gates — Hadamard gates, CNOT gates and § = dmg(]., ei”[//zj gates. The universal gate

set further includes a non-Clifford gate - T = ciiag(l, g™/ 4‘} gates.

(000631} Conventional systems and methods for nuplementing quantum circuit rotation
operations predefine a target precision with which to implement the rotation operations, and
based on the predefined precision, determine corresponding sequences of quantum logic gates,
e.g., sequences of Hadamard and T gates, that implement the rotation operations. The length of
the sequences of Hadamard and T gates depend on the particular rotation operations and the

predefined target precision.
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{00032} T gates are non-Clifford gates that are relatively costly to implement, e g,
compared to Chifford quantum logic gates. For example, implementing a T gate requires the
production and consumption of an anciila quantum state. Implementing a T gate therefore
requires additional physical qubits. Because of this need for additional physical qubits, quantum
devices using quantum error correction schemes that implement the above described universal
eate set typically include “T factories” of physical qubits that may be used to implement T gates.
Each T factory may include hundreds of thousands of physical qubits. Since quantum algorithms
typically require a large number of precise rotation operations to be performed, in turn requiring
a large number of T gates, the total number of physical qubits included in a quantum device

mplementing the error correction scheme can become impractical or infeasible.

{00033} This specification describes systems and methods for performing a variational
quantum algorithm within an error correcting code to reduce the number of physical qubits

required to perform quantum computations.

{00034] The presently disclosed systems and methods differ to conventional systems and
methods for implementing error correction schemes that lock in high costs by predefining a
target precision with which to implement quantum circuit rotation operations. The predefined
target precision defines sequences of gates necessary to implement the quantum circuit rotation
operations at the target precision and produce a target quantum state, e.g., that encodes a solution

to a computational task.

[00035] Instead, the presently disclosed systerns and method predefine an initial total
number of T gates. This in turn defines a set of discrete rotations that can be implemented
exactly and to produce a corresponding quantum state when applied to an nitial quantum state.
The mitial total number of T gates 15 then adaptively adjusted to determne a final T gate
assignment that defines a set of discrete rotations that can be implemented exactly to produce a

final quantum state that i1s an approximation to (or equal to} the target quantum state.

Example operating environment

{06036} FIG. 1 depicts an example system 100 for performing guantum computations.
The example system 100 15 an example of a system implemented as classical or quantum

computer programs on one or more classical computers or quastum computing devices o one or
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more locations, in which the systems, components, and techniques described below can be
implemented.

{00637} The system 100 includes quantum hardware 102 in data communication with one
or more classical processors 104,

{00038} The system 100 may receive as input data representing a target state of a quantum
system, e.g., input data 106. The target quantum state of the quantum system may be a quantum
state that is the result of applying a specific quantum circuit to an imitial quantum state of the
quantum system. For example, the target quantum state may correspond to a ground state of a
Hanultonian, e g., in machine learning and quantum simulation settings. In this example the
specific quantum circuit represents unitary evolution of the quantum system under the
Hamiltoman. The data representing the target state may include data specifying properties of the
target state and/or how to achieve the target state, e.g., data specitying a Hamiltonuan and
indicating which of multiple Hamiltonian eigenstates the target state corresponds to.

(000639} The system 100 may generate as output data representing an approxunation of the
target quantum state, e.g., output data 108, The generated output data may be provided for
further processing or analyzing. For example, in cases where the target quantum state s a
ground state of a Hamiltonian characterizing a physical system such as a material, e g, a metal,
the generated output data may be used to determine properties of the matenal, e g, 13
conductivity, as part of a materials science process.

{00040} The system 100 15 configured to perform classical computations in combination
with quantum computations using quantum hardware 102 and classical processors 104

{00041} The classical processors 104 may mclude components for performing classical
computations. For example, the classical processors 104 may mclude modules, e.g., circust
determination module 112, that are configured to process the input data representing the target
quantum state of the quantum system 106,

{00042} Processing the input data 106 may include determining an approximate guantum
circuit that, when applied to the mnitial state of the quantum system, produces a quantum state
that 18 sufficiently close to the target quantum state. Determined quantum circuits may inchide
sequences of quantum logic gates, e.g., sequences of Hadamard and T gates, that implement

specific rotation operations that are applied to qubits in the quantum system. The classical

~J
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processors 104 may then transmit data representing the determined approximate guantum circuit
to the quantum hardware 102.

{00043} To determine an approximate quantum circuit that produces a quantum state that
is sufficiently close to the target quantum state, the circut determination module 112 may query
the quantum hardware to determine how many T gates are avatlable to the quantum circuit. The
circuit determination module 112 may then adaptively adjust the number of available T gates to
determine the approximate quantum circuit.

{00044] To adaptively adjust the number of available T gates, the classical processors 104
may define an initial number of T gates, e g, a predetermined minimum number of T gates that
is less than the available number of T gates, and iteratively generate quantum circuiis that
mnclude an increasing number of T gates. This may include, at each iteration, determining a
number of T gates for the teration and deternuning a quantum circuit that includes a particular
assignment of the determined number of T gates for the iteration, e.g., using quantum circuit
design techniques and algorithins. The classical processors 104 may then transmit data
representing the determined quantum circuit to the quantum hardware 102, As described in more
detail below, the quantum hardware 102 may be configured to generate the determined quantum
circutt, e.g., quantum circuit 114, using control devices 116 and T factories 118, The quantum
hardware 102 may further be configured to apply the determuned quantum circuit to the guantum
system 120 to evolve the state of the quantum system 120 from an mitial state to an evolved
[B0045] The quantum hardware 102 may be further configured to measure the quantum
system 120 after apphication of the determined quanturm circuit to obtain an energy expectation
value of the quantum system for the steration. The quantum hardware 102 may provide the
classical processors 104 with data representing the measurement results. The classical
processors 104 may process the received data by comparing the measurement result for the
iteration with a lowest determined energy expectation value for the guantum system. If the
difference between the measurement result for the iteration and the lowest determined energy
expectation value for the quantom system exceeds the predetermined threshold, the circuit
determination module 112 may be contigured to perform another iteration with an increased

number of T gates. If the difference does not exceed the predetermined threshold, the circuit
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determination module 112 may select the determined quantom circutt for the iteration as the
approximate quantum circuit.

{00046} Alternatively, adaptively adjusting the number of available T gates may include
defining an mitial nomber of T gates, e g, the available number of T gates, and iteratively
generating quantum circuits that include an decreasing number of T gates. Processes for
determining an approximate quantum circuit that produces a quantum state that is sufficiently
close to the target quantum state by adaptively increasing or decreasing an initial number of T
eates is described 1n more detatl below with reference to FIGS. 2-4.

[00047] Alternatively, the circuit determination module 102 may be configured to define
an approximate quantum circuit by directly optimizing a total number of available T gate, or by
optimizing the particular configuration/allocation of the total number of avatlable T gates to the
quantum circuit, €.g., using an optinuzation routine such as sumnulated annealing. Example
processes for directly optimizing an assignment of T gates 1s described below with reference to
FIGS. Sand 6.

{00048} Alternatively or in addition, the classical processors 104 may be configured to
determaine a quantum circuit that approximates a ground state of the quantum system by
performing variational algorithms using quantum circuit parameters as a variational ansatz.
Example processes for determining quantum circuits using variational techniques are described
below with reference to FIGS. 2 and S.

[60049] The quantum hardware 102 may include components for performing quantum
computation. For example, the quantum hardware 102 may include a quantum system 120,
control devices 116 for implementing a quantum circuit, e.g., quantum circuit 114, and one or
more T factories 118,

{00056} The quantum system 120 may include one or more multi-level quantum
subsystems, e.g., gubits or qudits. In some implementations the multi-level quantum subsystems
may be superconducting qubits, e.g., Gmon qubits. The type of muiti-level quantum subsystems
that the system 100 utilizes is dependent on the physical system of interest. For example, in
some cases it may be convenient to include one or more resonators attached to one or more
superconducting qubits, e.g., Gmon or Xmon qubits. In other cases ton traps, photonic devices

or superconducting cavities {with which states may be prepared without requiring qubits) may be
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used. Further examples of realizations of multi-level quantum subsystems include fluxmon
qubits, silicon quantum dots or phosphorus impurity gubits.

{00051} The multi-level quantum subsystems may be operated on via application of a
quantum circuit 114, In these settings the multi-level quantum subsystems may be referred to as
a register of qubits. The guantum circuit 114 may be defined by data received from the classical
processors 104, e g, data representing a specific sequence of quantum logic gates. The quantum
circuit defined by the received data may be generated/realized using the one or more control
devices 116.

{00052} The type of control devices 112 included in the quantum hardware 102 depend on
the type of qubits included in the quantum system 110. For example, in some cases the control
devices 112 may include devices that control the frequencies of gubits included in the quantum
system 110, e.g., an excitation pulse generator and control lines that couple the qubits to the
excitation pulse generator. The control devices 112 may then cause the frequency of each qubit
to be adjusted towards or away from a quantum gate frequency of an excitation pulseona
corresponding control driveline. The control devices 112 may further include measurement
devices, e.g., readout resonators. Measurement results obtained via measurement devices may
be provided to the classical processors 104 for processing and analyzing.

[B0653] The one or more T factories 118 store physical qubits for implementing T gates as
part of the quantum circuit 114, In some implementations the T factories can be used to
mplement the T gates in series rather than in parallel, as described below with reference to FIG.

~
L.

Programming the hardware

{00054} FIG. 2 15 a flow diagram of an example process 200 for determining a quantom
state. The example process 200 may be performed as part of an error corrected quantum
computation, as described above. For convenience, the process 200 will be described as being
performed by a system of one or more classical or quantum computing devices located in one or
more locations. For example, a quantum computation system, e.g., the syvstem 100 of FIG. 1,
appropriately programmed in accordance with this specification, can perform the process 200.
ERUERS]] The system receives data representing a target quantum state of a quantum system

{(step 202). For example, the quantum system may include a system of logical qubits that are

10



WO 2020/068052 PCT/US2018/052662

encoded into multiple physical qubits. The target state of the quantum system may be defined as
a lowest-energy quantum state resulting from application of a quantum circuit to the quantum
system. For example, the target quantum state may correspond o a quantum state that
minimizes a cost function, e.g., in machine learning and quantum simulation settings.

{00056} The quantum circuit may include multiple rotation operations specified by
respective rotation angles that, together, represent a particular quantum computation.
Implementing error corrected rotation operations may include approximating each rotation
operation using a respective sequence of Hadamard quantum logic gates and T gates. The
number of T gates included in each sequence of Hadamard quantum logic gates and T gates is
dependent on the total number of available T gates and the rotation operations included in the
circuit. A fixed number of T gates defines a respective set of discrete rotation operations that can
be implemented exactly and be used to approximate the quantum circuit. In some
implementations a fixed number of T gates may define multiple sets of discrete rotation
operations that each approximate the quantum circuit and can be implemented exactly. Thatis, a
fixed number of T gates can be arranged m multiple configurations or assignments, with each
configuration or assignment approximating the quanturo circuit. Different known techniques can
be applied to determune the T gate configurations. For example, each rotation operation may be
represented as a sequence of gates including: etther a Hadamard gate H or nothung, followed by a
string of T.H gates or 8. H gates, where S represents an 8 gate and with no sequential paurs of
S.H, ending with a T.H and an arbitrary Chifford gate.

{60057 As described above, maplementing a T gate on a logical qubit may require a large
number of additional physical qubits. Therefore, implementing the discrete rotation operations
that approximate the quantum circuit may nclude accessing multiple T factories storing
additional physical qubits, and implementing the discrete rotation operations using the logical
qubits and the additional qubits. The total number of physical qubits operated by the system
would therefore increase considerably.

{60058 To mutigate this problem, the system adaptively adjusts the number of T gates
available to the quantum circuit to determine an approximate quantum circuit that produces
quantum states that are sufficiently close to the target quantum state (step 204).

{00039 In some implementations determining an approximate quantum circuit may

mclude incrementally adjusting the number of T gates avatlable to the quantum circuit to

11
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determine an optimal, or near optimal, assignment of T gates. The optimal, or near optimal,
assignment of T gates then defines the approximate quantum circuit. In this coniext, an
assignment of T gates may be considered to be optimal if the action of the approximate quantum
circuit on the quantum system is as close as possible to the action of the original quantum circurt
{(given the fixed total number of T gates).

{00060} For example, the system may iteratively define an updated circuit by
merementally increasing an nitial number of T gates available to the guantum circuit. At each
iteration, an energy expectation value of the quantum system after application of the updated
circuit for the iteration to an mnitial state of the quantum system is determined. The ierative
process may end when the energy expectation values converge. The final approximate quantum
circuit may then be defined by a T gate assignment corresponding to the penultimate iteration.
{06061} As another example, the system may teratively define an updated circuit by
mcrementally decreasing an imtial number of T available to the quantum circuit. Example
processes for incrementally adjusting the number of T gates available to a quantum circuit are
described 1n more detail below with reference to FIGS. 3 and 4.

[06062] As another example, the system may define an updated quantum circuit by
directly optimizing a total number of T gates assigned to the quantum circuit, or by optimizing
the particular configuration/allocation of the total number of available T gates to the quantum
circuit. Example processes for directly optimuzing an assignment of T gates ts described below
with reference to FIGS. Sand 6.

{80063 In some implementations the system may perform a vanational algorithm to
determine an adjusted quantum circutt that, when apphied to the imtial quantum state,
approximates the ground state of the quantum system. That 13, the system may apply the
quantum circuit to the initial state of the quantum system to generate a variational ansatz
wavefunction. The varational ansatz wavetunction is defined by the action of the quantum
circuit on the mitial state of the quantum state that may be trivial to prepare. For example, the

variational ansatz wavefunction may be given by E(j)(é)} = U (5) i), where ) represents the

mnitial state of the quantum system, U{8) represents the quantum circuit, and 8 represents
{adjusted) circuit parameters (rotation angles) that approximate the quantum circuit.
(00064] The system may then perform a vanational algorithm using the variational ansatz

wavefunction to deternune adjusted values of the one or more circuit parameters that define the

12
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adjusted quantum circuit that, when applied to the initial quantum state, approximates the ground
state of the quantum system.

{00065} In these implementations, adaptively adjusting the number of T gates available to
the quantum circuit, as described above at step 204, may include determining the approximate
quantum circuit by adaptively adjusting a number of T gates available to the adjusted quantum
circuit. Performing a variational algorithm in conjunction with process 200 may further optimize
the determined quantum circuit, i.e, determine an approximate quantum circuit that produces
quantum states with improved energy expectation values with fewer T gates.

{00066} The system applies the determined approximate quantum circuit to an initial
quantum state of the quantum system to obtain an approximation of the target quantum state
(step 206). The approximation of the target state may be used by the system to perform quantum
computations, e.g., as part of an error corrected algorithm, or may be a result of a quantum
computation. For example, the process 200 may be applied in a variational quantum simulation,
e.g., preparing the ground state of a molecule.

{00067} Generally, computations that are realized using large numbers of T gates will
need to be performed by implementing the T gates in parallel if the computation is to be
completed in a reasonable amount of time. The process 200 for determining a target quantum
state may be performed using a modest number of T factories. Therefore, T factories can be

apphied in series rather m parallel

leratively incregsing the number of T sates

[B0068] FIG. 3 15 a flow diagram of an example process 300 for imcreasing the number of
T gates available to a quantum circuit and testing when a sufficiently good energy estimate has
been obtained to terminate the process. For convenience, the process 300 will be described as
being performed by a system of one or more classical or quantum computing devices located in
one or more locations. For example, a quantum computation system, e.g., the system 100 of
FI(z. 1, appropriately programmed in accordance with this specification, can perform the process

300.
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{00069} The system assigns an initial number of T gates to the quantum circuit. The initial
number of T gates may be a minimal number or a predefined number that 1s dependent on the
size and depth of the quantum circuit.

{66070} The system iteratively increases the inmitial number of T gates assigned to the
quantum circutt until termination criteria are met, as described below with reference to step 310.
At each iteration, the system determines a number of T gates for the tteration (step 302).

{00071} The number of T gates for a current iteration 1s larger than the number of T gates
for a previous iteration. For example, the number of T gates may increase by a predetermined
fixed number of additional T gates at each iteration, e g., in steps of 1, 5, or 10. As another
example, the system may increase the number of T gates by selecting a predetermined
percentage increase.

[66072] Alternatively or in addition the system may increase the total number of T gates
by selecting a predetermined percentage increase of T gates for circuit parameters that
correspond to different types of quantum logic gates. In some implementations the system may
cap the number of T gates that may be assigned to particular circuit parameters, e.g., if
application of a predetermined percentage increase assigns a number of T gates that exceeds a
maximum number for a circuit parameter, the system may cap the number at the maxumum and
not assign further T gates to the circuit parameter,

{60073 The system generates one or more updated quantum circuits for the iteration using
the determined number of T gates for the iteration (step 304). As described above, a fixed
number of T gates defines one {or more) sets of discrete rotations that can be implemented
exactly, the sets of discrete rotations approximating the quantum circutt. Each updated quantum
circutt therefore corresponds to a different assignment of the determined number of T gates
within the updated quantum circuit, 1.e, a different set of discrete rotation operations that
approximates the quantum circuit.

100674] The system determines, for each updated quantum circuit, an energy expectation
value of the quantum system for the iteration using the updated quantum circuit {step 306).
{00075} The system identifies a lowest determined energy expectation value of the
quantum system {step 308},

{00076} The system determines whether the difference between the lowest determined

energy expectation value for the tteration and a lowest determined energy expectation value for
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the previous iteration exceeds a predetermined threshold (step 310). The value of the
predetermined threshold may be dependent on multiple factors, e.g., a target simulation
accuracy, and may be considered a design parameter.

{06077 In response to determining that the difference exceeds the predetermined
threshold, the system performs a subsequent tteration (step 312).

{00078] In response to determining that the difference does not exceed the predetermined
threshold, the system approximates the quantum circuit using the T gate assignment that

corresponds to a lowest energy expectation value for the previous iteration (step 314).

{teratively decreasing the number of T gates

{00079 FIG. 4 1s a flow diagram of an example iteration 400 for reducing a number of T
gates available to a quantum circuit. For convenience, the process 400 will be described as being
performed by a system of one or more classical or quantum computing devices located in one or
more locations. For example, a quantum computation system, e.g., the system 100 of FIG. 1,
appropriately programmed 1n accordance with this specification, can perform the process 400
{00080} The system assigns an initial number of T gates to the quantum circuit. The ntial
number of T gates may be a maximum nurnber or a predefined number that is dependent on the
size and depth of the quantum circuit, the total number of T gates available for use by the system,
and a predetermined target time frame within which computations are to be performed by the
syster.

{00081} The system iteratively decreases the mitial number of T gates assigned to the
quantum circutt until termination criteria are met, as described below with reference to step 410,
At each tteration, the system determines a number of T gates for the iteration (step 402).

{00082} The number of T gates for a current tieration 1s lower than the number of T gates
for a previous iteration. For example, the nomber of T gates may decrease by a predetermined
fixed number at each iteration, e.g., n steps of 1, 5, or 10. As another example, the system may
decrease the number of T gates by selecting a predetermined percentage reduction. Alternatively
or in addition the system may decrease the total number of T gates by selecting a predetermined
percentage decrease of T gates for circuit parameters that correspond to different types of

quantum logic gates.
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{00083} Alternatively or in addition, in some implementations the system may reduce the
number of T gates assigned to the quantum circuit by tdentifying rotation operations in the
quantum circuit that are respectively assigned a number of T gates that exceeds a predetermined
threshold, and reducing the number of T gates made available to the identified circuit rotation
operations. For example, the system may identify circuit parameters that are particularly costly,
e g., will require more than a predetermined acceptable amount of time to perform, and reduce
the number of T gates made available to these costly parameters.

{00084] The system generates one or more updated quantum circuits for the iteration using
the determined number of T gates for the tteration (step 404). As described above, a fixed
number of T gates defines one {or more) sets of discrete rotations that can be implemented
exactly, the sets of discrete rotations approximating the quantum circuit. Fach updated quantum
circuit therefore corresponds to a different assignment of the determined number of T gates
within the updated quantum circuit, 1.e., a different set of discrete rotation operations that
approximates the quantum circuit,

[BO085] The system determines, for each updated quantum circuit, an energy expectation
value of the quantum system for the tteration using the updated quantum circuit (step 406).
{00086} The system identifies a lowest determined energy expectation value of the
quantum system {step 408).

[{B0087] The system determines whether the difference between the lowest determined
energy expectation value for the tteration and a lowest determined energy expectation value for
the previous iteration exceeds a predetermined threshold (step 410). The value of the
predetermined threshold may be dependent on multiple factors, e g, target simulation accuracy,
and may be considered a design parameter.

{00033} In response to determining that the difference does not exceed the predetermined
threshold, 1.e., that the lowest determined energy expectation value for the iteration does not
significantly deviate from the determined energy expectation value for the previous iteration that
was computed based on a higher number of T gates, the system performs a subsequent iteration
(step 312).

{60089} In response to determining that the difference exceeds the predetermined
threshold, the system approximates the quantum circuit using the T gate assignment that

corresponds to a lowest energy expectation value for the previous iteration (step 314). That s, in
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response to determining that reducing the total number of T gates avatlable to the quantum
circuit causes the energy expectation value to significantly deviate (increase) from the
determined energy expectation value for the previous iteration that was computed based on a
higher number of T gates, the system determinegs that the total number of T gates for the tteration
1s not sufficient and approximates the quantum circuit using the T gate assignment that

corresponds to a lowest energy expectation value for the previous iteration.

Adjusting T gate configurations based on variational algorithms

{00050] FIG. 5 1s a flow diagram of an example process 500 for adjusting a T gate
configuration based on variational algorithms. For convenience, the process 500 will be
described as being performed by a system of one or more classical or quantum computing
devices located in one or more locations. For example, a quantum computation system, e.g., the
system 100 of FIG. 1, appropriately programimed 1n accordance with this specification, can
perform the process 500,

{00091} The system determines an nitial nomber of T gates avatlable to the circuit
parameters in the quantum circuit (step 502).

{00092} The system determines respective distances between (1) original values of the
quantum circuit parameters, and (1) variationally adjusted values of circuit parameters after a
variational algorithm has been performed, as described above with reference to FIG. 2. Insome
mplementations the determined distances may mnclude L2 norms.

{60093 The system determines an assignment or configuration of T gates that decreases
one or more of the determined distances. In some implementations this may include fixing the
mitial number of T gates and determuning an assignment of the initial number of T gates that
reduces at least one of the determined distances. In other implementations the initial nuomber of
T gates may be adjusted, e.g., reduced or increased, and an assignment of the adjusted total
number of T gates that reduces at least one of the determined distances may be determined.
{60094 To determine an assignment or configuration of T gates, the system may represent
the circuit parameters as points on the Bloch sphere. The number of T gates assigned to a
parameter determines how many points are on the Bloch sphere. In some implementations the
points may be located close to a target value (rotation angle}. In this case, the system may

determine that the parameter does not require many T gates. In other implementations,

[u——y
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parameters may require more T gates. For example, if an angle €, can berepresented by ¢5 T
gates, and after optimization the optimized angle 1s close enough to the angle 8, it may be
determined that no further T gates are necessary (or a fewer number of T gates may suffice).
However, if the optimal angle is not close enough to the angle 8;, it may be determined that

more T gates are needed.

Directly adjusting T gate assignments

{B6095] FIG. 6 s a tlow diagram of an example process 600 for directly adjusting T gate
assignments using discrete optinmization techniques. For convenience, the process 6060 will be
described as being performed by a system of one or more classical or quantum computing
devices located in one or more locations. For example, a quantum computation system, e.g , the
system 100 of FIG. 1, appropriately programmed in accordance with this specification, can
perform the process 600,

{00096} The system determines a fixed total number of T gates avatlable to the quantum
circuit (step 602). In some implementations the total number of T gates available to the circuit is
dependent on the hardware included in the system, e.g., the number of T factories accessible to
the system. In other implementations the total number of T gates available to the quantum
circuit may be a target total number of T gates, e.g., a target number of T gates that 15 less than
the total number of T gates included or available to the quantum hardware used by the system.
{60097} The system performs a discrete optimization routine to assign a particular
configuration of T gates to the quantum circuit. For example, the system may apply a simulated
annealing procedure to assign a particular configuration of T gates to the circuit parameters. In
some implementations the assigned particular configuration of T gates may include all available
T gates. In other implementations the assigned particular configuration of T gates may mnclude a

number of T gates that is less than the total number of available T gates.

[006098] Implementations of the digital and/or quantum subject matter and the digital
functional operations and quantom operations described in this specification can be implemented

in digital electronic circuitry, suitable quantum circuitry or, more generally, quantum
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computational systems, in tangibly-embodied digital and/or quantum computer software or
firmware, 1n digital and/or quantum computer hardware, including the structures disclosed in this
specification and their structural equuvalents, or in combinations of one or more of them. The
term “guantum computational systems” may include, but is not limited to, quantum computers,
quantum information processing systems, quantum cryptography systems, or quantum
simulators.

[00099] Implementations of the digital and/or quantum subject matter described in this
specification can be implemented as one or more digital and/or quantum computer programs, i.e,,
one or more modules of digital and/or quantum computer program instructions encoded on a
tangible non-transitory storage medium for execution by, or to control the operation of, data
processing apparatus. The digital and/or quantum computer storage medium can be a machine-
readable storage device, a machine-readable storage substrate, a random or serial access memory
device, one or more qubits, or a combination of one or more of them. Alternatively or in
addition, the program mstructions can be encoded on an artificially-generated propagated signal
that 1s capable of encoding digital and/or quantum information, e.¢., a machine-generated
electrical, optical, or electromagnetic signal, that 1s generated to encode digital and/or quantum
information for transmission to suitable receiver apparatus for execution by a data processing
apparatus.

{B00100] The terms gquantom mformation and quantum data refer to information or data that
1s carried by, held or stored in quantum systems, where the smallest non-trivial system 15 a qubat,
1e., a system that defines the unit of quantum information. It is understood that the term “gqubit”
encompasses all quantum systems that may be suitably approximated as a two-level system in
the corresponding context. Such quantum systems may include multi-level systems, e.g., with
two or more levels. By way of example, such systems can include atoms, elecirons, photons,
ions or superconducting qubits. In many implementations the computational basis states are
identified with the ground and first excited states, however it is understood that other setups
where the computational states are identified with higher level excited states are possibie.
{000101] The term “data processing apparatus” refers to digital and/or guantum data
processing hardware and encompasses all kinds of apparatus, devices, and machines for
processing digital and/or quantum data, imcluding by way of example a programmable digital

processor, a programmable quantum processor, a digital computer, a quantum computer,
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multiple digital and quantum processors or computers, and combinations thereof. The apparatus

2., an FPGA (field

=

can also be, or further include, special purpose logic circuitry, e
programmable gate array), an ASIC (application-specific integrated circuit), or a quantum
simulator, 1.e., a quantum data processing apparatus that 1s designed to simulate or produce
nformation about a specific quantum system. In particular, a quantum simulator is a special
purpose quantum computer that does not have the capability to perform universal quantum
computation. The apparatus can optionally include, in addition to hardware, code that creates an
execution environment for digital and/or quantum computer programs, e.g., code that constitutes
processor firmware, a protocol stack, a database management system, an operating system, or a
combination of one or more of them.

000102 A digital computer program, which may also be referred to or described as a
program, software, a software application, a module, a software module, a script, or code, can be
written in any form of programming language, mcluding compiled or interpreted languages, or
declarative or procedural languages, and it can be deploved in any form, including as a stand-
alone program or as a module, component, subroutine, or other unit suitable for use in a digital
computing enviromment. A quantum computer program, which may also be referred to or
described as a program, software, a software apphceation, a module, a software module, a script,
or code, can be written in any form of programming language, including compiled or interpreted
languages, or declarative or procedural languages, and translated mnto a suitable quantum
programming language, or can be written 10 a quantum programming language, e g, QCL or
(hupper.

{600103] A digital and/or quanturmn computer program may, but need not, correspond to a
file in a file system. A program can be stored 1n a portion of a file that holds other programs or
data, e.g., one or more scripis stored in a markup language document, in a single file dedicated to
the program in guestion, or in multiple coordinated files, e g, files that store one or more
modules, sub-programs, or portions of code. A digital and/or quantum computer program can be
deployed to be executed on one digital or one quantum computer or on multiple digital and/or
quantum computers that are located at one site or distributed across multiple sites and
mterconnected by a digital and/or quantom data communication network. A guantum data
communication network is understood to be a network that may transmit guantum data using

quantum systems, e g. qubits. Generally, a digital data communication network cannot transmit
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quantum data, however a quantum data communication network may transmit both quantum data
and digital data.

{000104] The processes and logic flows described in this specification can be performed by
one or more programmable digital and/or quantum computers, operating with one or more digital
and/or quantum processors, as appropriate, executing one or more digital and/or quantum
computer programs to perform functions by operating on input digital and quantum data and
generating output. The processes and logic flows can also be performed by, and apparatus can
also be implemented as, special purpose logic circuttry, ez, an FPGA or an ASIC, or a quantum
simulator, or by a combination of special purpose logic circuitry or quantum simulators and one
or more programmed digital and/or quantum computers.

{000105] For a system of one or more digital and/or quantum computers to be “configured
to” perform particular operations or actions means that the svstem has installed on i1t software,
firmware, hardware, or a combination of ther that m operation cause the system to perform the
operations or actions. For one or more digital and/or quantum computer programs to be
configured to perform particular operations or actions means that the one or more programs
include instructions that, when executed by digital and/or quantum data processing apparatus,
cause the apparatus to perform the operations or actions. A quantum computer may receive
instructions from a digital computer that, when executed by the quantum computing apparatus,
cause the apparatus to perform the operations or actions.

{0006106] Dhgital and/or quantum computers suitable for the execution of a digital and/or
quantum computer program can be based on general or special purpose digital and/or quantum
processors or both, or any other kind of central digital and/or quantum processing unit.
Generally, a central digital and/or quantum processing unit will receive mstructions and digital
and/or quantum data from a read-only memory, a random access memory, or quantum systems
suttable for transmitting quantum data, e.g. photons, or combinations thereof .

{000187] The essential elements of a digital and/or quantum computer are a central
processing unit for performing or executing instructions and one or more memory devices for
storing mstructions and digital and/or quantum data. The central processing unit and the
memory can be supplemented by, or incorporated 1, special purpose logic circuitry or guantum
simulators. Generally, a digital and/or quantum computer will also include, or be operatively

coupled to receive digital and/or quantum data from or transfer digital and/or quantum data to, or
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both, one or more mass storage devices for storing digital and/or quantum data, e.g., magnetic,
magneto-optical disks, optical disks, or quantum systems suitable for storing quantum
mformation. However, a digital and/or quantum computer need not have such devices.

{660108] Digital and/or quantum computer-readable media suitable for storing digital
and/or quantum computer program instructions and digital and/or quantum data include all forms
of non-volatile digital and/or quantum memory, media and memory devices, including by way of
example semiconductor memory devices, e.g., EPROM, EEPROM, and flash memory devices;
magnetic disks, e.g., internal hard disks or removable disks; magneto-optical disks; CD-ROM
and DVD-ROM disks; and quantum systems, e.g., trapped atoms or electrons. 1t is understood
that quantum memories are devices that can store quantum data for a long time with high fidelity
and efficiency, e g, light-matter interfaces where light is used for transmission and matter for
storing and preserving the quantum features of quantum data such as superposition or quantum
coherence.

[000109] Control of the various systems described m this specification, or portions of them,
can be implemented 1n a digital and/or quanturn computer program product that includes
instructions that are stored on one or more non-transitory machine-readable storage media, and
that are executable on one or more digital and/or quantum processing devices. The systems
described n this specification, or portions of them, can each be implemented as an apparatus,
method, or system that may nclude one or more digital and/or quantum processing devices and
memory to store executable instructions to perform the operations described in this specification.
{600110] While this specification contans many specific implementation details, these
should not be construed as limitations on the scope of what may be claimed, but rather as
descriptions of features that may be specific to particular implementations. Certain features that
are described in this specification in the context of separate implementations can also be
implemented in combination in a single implementation. Conversely, various features that are
described in the context of a single implementiation can also be implemented in multiple
implementations separately or in any suitable sub-combination. Moreover, although features
may be described above as acting in certain combinations and even initially claimed as such, one
or more features from a claimed combination can in some cases be excised from the
combination, and the claimed combination may be directed to a sub-combination or variation of

a sub-combination.
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{00011} Similarly, while operations are depicted in the drawings in a particular order, this
should not be understood as requiring that such operations be performed in the particular order
shown or in sequential order, or that all illustrated operations be performed, to achieve desirable
results. In certain circumstances, multitasking and parallel processing may be advantageous.
Moreover, the separation of various system modules and components in the implementations
described above should not be understood as requiring such separation in all implementations,
and it should be understood that the described program components and systems can generally be
mtegrated together in a single software product or packaged into multiple software products.
000112 Particular implementations of the subject matter have been described. Other
mplementations are within the scope of the following claims. For example, the actions recited
in the claims can be performed in a different order and still achieve desirable results. As one
example, the processes depicted in the accompanying figures do not necessarily require the
particular order shown, or sequential order, to achieve desirable results. In some cases,

multitasking and parallel processing may be advantageous.
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CLAIMS

1. A computer implemented method for approximating a target quantum state, the method
COMPrising;

recerving data representing the target quantum state of a quantum system, wherein the
target quantum state is defined as a result of applying a specific guantum circuit to an imtial
quantum state of the quantum system;

determining an approximate quantum circuit that approximates the specific quantum
circuit by adaptively adjusting a number of T gates available to the specific quantum circuit; and

applying the determined approximate quantum circuit to the initial quantum state to

obtain an approximation of the target quantum state.

2. The method of claim 1 wherein determining an approximate quantum circuit by
adaptively adjusting a total number of T gates available to the quantum circuit comprises:
assigning an inttial number of T gates to the quantum circuit; and
tteratively mcreasing the imutial number of T gates assigned to the quantum circuit until

termuination criteria are met.

3 The method of claim 2, wherein tteratively increasing the number of T gates assigned to
the quantum circult, comprises, for each tteration:

determining a number of T gates for the teration, the number of T gates for the iteration
being larger than the number of T gates for the previous iteration;

generating one or more updated quantum circuits for the tteration using the determined
number of T gates for the iteration, wherein each updated quantum circuit corresponds to a
different assignment of the determuned number of T gates within the updated quantum circuit;

determining, for each updated quantum circuit, an energy expectation value of the
quantum system for the iteration using the updated quantum circuit;

wdentifying a lowest determined energy expectation value of the quantum system;

determining whether the difference between the lowest determined energy expectation
value for the iteration and a lowest determined energy expectation value for the previous

iteration exceeds a predetermined threshold; and
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in response to determining that the difference exceeds the predetermined threshold,

performing a subsequent iteration.

4. The method of claim 3, further comprising:
in response to determining that the difference does not exceed the predetermined
threshold, approximating the quantum circuit using a T gate assignment that corresponds to a

lowest energy expectation value for the previous iteration.

5 The method of claim 1, wherein determining an approximate quantum circuit by
adaptively adjusting a total number of T gates available to the quantum circuit comprises:
assigning an initial number of T gates to the quantum circuit; and
teratively decreasing the mnitial number of T gates assigned to the quantum circuit until

termination criferia are met,

6. The method of claim 5, wherem iteratively decreasing the number of T gates available to
the quantum circuit comprises, for each tteration:

determining a number of T gates for the iteration, the number of T gates for the iteration
being smaller than the number of T gates for the previous iteration;

generating one or more updated quanturmn circuits for the tteration using the determined
number of T gates for the iteration, wherein each updated quantum circwit corresponds to a
different assignment of the determuned number of T gates withuin the updated gquantum circut;

determining, for each updated quantum circuit, an energy expectation value of the
quantum system for the iteration using the updated quantum circuit;

identifying a lowest determined energy expectation value of the quantum system;

determining whether the difference between the lowest determined energy expectation
value for the iteration and a lowest determined energy expectation value for the previous
iteration exceeds a predetermined threshold; and

in response to determining that the difference does not exceed the predetermined

threshold, performing a subsequent iteration.
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The method of claim 6, further comprising:
in response to determining that the difference exceeds the predetermined threshold,
approximating the quantum circuit using a T gate assignment that corresponds to a lowest energy

expectation value for the previous iteration.

8. The method of any preceding claim, wherein the method further comprises performing a
variational algorithm to determine an adjusted quantum circuit that, when applied to the initial
quantum state, approximates the ground state of the quantum system, and wherein determining
an approximate quantum circuit by adaptively adjusting a number of T gates available to the
quantum circuit Comprises:

determining the approximate guantum circuit by adaptively adjusting a number of T gates

available to the adjusted quantum circuit.

9, The method of claim 8, adaptively adjusting a number of T gates available to the adjusted
quantum circuit comprises:

determuning respective distances between (1) values of circutt parameters, and (1)
variationally adjusted values of circust parameters; and

determune a T gate assignment that reduces one or more of the determuned distances.

10, The method of claim 9, wherem the distances comprise L2 norms.

11 The method of claim 1, wherein determining an approximate quantum circuit by
adaptively adjusting a number of T gates available to the quantum circutt comprises:

fixing the total number of T gates available to the quantum circuit;

performing a discrete optimization routine to assign a particular configuration of the

fixed total number of T gates to the adjusted circuit parameters.

12. The method of claim 11, wherein the discrete optimization routine comprises simulated

annealing.
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13. The method of claim 1, wherein the quantum circuit comprises one T factory storing

physical qubits for implementing T gates.

14, The method of claim 13, wherein applying the determined approximate quantum circuit
to the inttial guantum state to obtain an approximation of the target quantum state comprises

using the T factory to implement T gates in series.

15. An apparatus comprising;
quantum hardware comprising:
a quantum systen;
one or more control devices configured to generate and apply quantum circuits to
the quantum system; and
one or more classical processors;
wherein the apparatus ts configured to perform operations comprising the method of any one of

claim 1 to 12,

16. The apparatus of claim 15, wherein the quantum hardware comprises a T factory storing

physical qubits for implementing T gates.

17. The apparatus of claim 16, wherein applying the determined approximate quantum circuit
to the mitial quantum state to obtain an approximation of the target quantum state comprises

using the T factory to implement T gates in series.
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2@01

Receive data representing target guantum state
of system of qubits as the result of applying a
quantum circuit to an initial quantum state of the
system of qubits

02

Determine approximate guantum circuit by
performing variational algorithm that adaptively
adjusts number of T gates available to guantum

circuit

!

Apply determined approximate parameterized
guantum circuit to initial guantum state to obtain
an approximation of the target quantum state
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Determine total number of T gates available to
guantum circuit

|

Determine distances between original values of
circui parameters and variationally adjusted
values of circuit parameters 504

|

Determine T gate assignment that decreases
one or more of the determined distances

06

g2




WO 2020/068052 PCT/US2018/052662

6/6

6@61

Determine fixed total number of T gates
available to quantum circuit

6§02

Perform discrete optimization routine to assign
particular configuration of T gates to the
guantum circuit 604
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