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Symbolic expressions


Each S-Expression is either


An atomic symbol


A list of S-Expressions

DOG
APPLE
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(A B C D E)

(THIS (IS AN) S EXPRESSION)

((X Y) (Y Z) (P Q R))
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atom [X] = T
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Functions of symbolic expressions


Five primitive S-Functions


atom


eq
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atom [(X …)] = F 

eq [x; y] = T if x and y are the same symbol
eq [x; y] = F otherwise 
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Functions of symbolic expressions


Five primitive S-Functions


atom


eq


car


cdr

atom [X] = T
atom [(X …)] = F 

eq [x; y] = T if x and y are the same symbol
eq [x; y] = F otherwise 

car [(X1 X2 … Xn )] = X1

cdr [(X1 X2 … Xn)] = (X2 … Xn)
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Functions of symbolic expressions


Five primitive S-Functions


atom


eq


car


cdr


cons

atom [X] = T
atom [(X …)] = F 

eq [x; y] = T if x and y are the same symbol
eq [x; y] = F otherwise 

car [(X1 X2 … Xn )] = X1

cdr [(X1 X2 … Xn)] = (X2 … Xn)

cons [X1; (X2 … Xn)] = (X1 X2 … Xn) 
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Five primitive S-Functions


Conditional expressions


Evaluate p’s from left to right


Result is the e corresponding to 
the first p which evaluates to T

[p1 → e1, ···, pn → en]
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Functions of symbolic expressions


Five primitive S-Functions


Conditional expressions


Evaluate p’s from left to right


Result is the e corresponding to 
the first p which evaluates to T


Arbitrary S-Functions?

[p1 → e1, ···, pn → en]

atom

eq
car

cdr
cons

?



Interlude:

Lambda Calculus!
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Three syntactic constructs
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λx . N

A formal system for functions


Three syntactic constructs


Variables


Functions


Application


Sometimes more


Booleans; Natural numbers; etc.

x

MN

0,1,2,...



Lambda Calculus
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λx . N

A formal system for functions


Three syntactic constructs


Variables


Functions


Application


Sometimes more


Booleans; Natural numbers; etc.

x

MN
M + N

0,1,2,...



Lambda can’t hurt you
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λ



“Normal” math
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f(x) = x2 + 5



“Normal” math
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x → x2 + 5



Lambda notation
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λx . x2 + 5



Substitution example
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(λx . x2 + 5) N

N2 + 5



Example Lambda calculus expressions
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λf . λx . λy . fyx

λx . xx

λx . x
λf . λg . λx . f(gx)

(λx . xx)(λa . λb . a)



Example Lambda calculus expressions
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λfxy . fyx

λx . xx

λx . x
λfgx . f(gx)

(λx . xx)(λab . a)



Back to LISP
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S-Expressions
(THIS 
    (IS AN) 
    S EXPRESSION)
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S-Expressions
(THIS 
    (IS AN) 
    S EXPRESSION)

 ((X Y) Z)
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S-Expressions
(THIS 
    (IS AN) 
    S EXPRESSION)

(FAVORITE 
    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

 ((X Y) Z)
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S-Expressions
(THIS 
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    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
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    (CAR BUICK)) 

(((D)))

 ((X Y) Z)
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S-Expressions

(A B C)

(THIS 
    (IS AN) 
    S EXPRESSION)

(FAVORITE 
    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

(((D)))

 ((X Y) Z)



S-Functions manipulate S-Expressions

43

S-Expressions
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    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

(((D)))

 ((X Y) Z)

TOMATO



S-Functions manipulate S-Expressions

44

S-Expressions
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S-Expressions

(A B C)

DOG

(THIS 
    (IS AN) 
    S EXPRESSION)

(FAVORITE 
    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

(((D)))

 ((X Y) Z)

TOMATO

atom S-Functions

ff[x] = [atom[x] → x; T → ff[car[x]]]
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S-Expressions

(A B C)

DOG

(THIS 
    (IS AN) 
    S EXPRESSION)

(FAVORITE 
    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

(((D)))

 ((X Y) Z)

TOMATO

atom

eq

S-Functions

ff[x] = [atom[x] → x; T → ff[car[x]]]

subst
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S-Expressions

(A B C)

DOG

(THIS 
    (IS AN) 
    S EXPRESSION)

(FAVORITE 
    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

(((D)))

 ((X Y) Z)

TOMATO

atom

eq

S-Functions

cons
ff[x] = [atom[x] → x; T → ff[car[x]]]

subst

append
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S-Expressions

(A B C)

DOG

(THIS 
    (IS AN) 
    S EXPRESSION)

(FAVORITE 
    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

(((D)))

 ((X Y) Z)

TOMATO

atom

eq

car

S-Functions

cons
ff[x] = [atom[x] → x; T → ff[car[x]]]

subst

append

among



S-Functions manipulate S-Expressions
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S-Expressions

(A B C)

DOG

(THIS 
    (IS AN) 
    S EXPRESSION)

(FAVORITE 
    (COLOR RED) 
    (FOOD ONIONS) 
    (ACTOR DENNEHY) 
    (TEAM BEARS) 
    (CAR BUICK)) 

(((D)))

 ((X Y) Z)

TOMATO

atom

eq

car

S-Functions

cdr

cons
ff[x] = [atom[x] → x; T → ff[car[x]]]

subst

append

among

pair



S-Functions are S-Expressions
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        (LABEL, SUBST, (LAMBDA, (X, Y, Z), (COND ((ATOM, Z), (COND, 
(EQ, Y, Z), X), ((QUOTE, T), Z))), ((QUOTE, T), (CONS, (SUBST, X, Y, 
(CAR Z)), (SUBST, X, Y, (CDR, Z)))))))

subst [x; y; z] =
      [ atom (z) → [eq (y; z) → x; T → z]
      ; T → cons [subst [x; y; car [z]]; subst [x; y; cdr [z]]]]



S-Functions are S-Expressions
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S-Expressions

(A B C)

DOG

(THIS 
    (IS AN) 
    S EXPRESSION)

(((D)))

 ((X Y) Z)

TOMATO
S-Functions



What if? A universal evaluator
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S-Expressions

(A B C)

DOG

(THIS 
    (IS AN) 
    S EXPRESSION)

(((D)))

 ((X Y) Z)

TOMATO
S-Functions

eval



The universal evaluator
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eval[e; a] = 
    [ atom[e] → assoc[e; a] 
    ; atom[car[e]] → 
          [ eq[car[e]; QUOTE] → cadr[e] 
          ; eq[car[e]; ATOM]  → atom[eval[cadr[e]; a]] 
          ; eq[car[e]; EQ]    → eq[eval[cadr[e]; a]; eval[caddr[e]; a]] 
          ; eq[car[e]; COND]  → evcon[cadr[e]; a]] 
          ; eq[car[e]; CAR]   → car[eval[cadr[e]; a]] 
          ; eq[car[e]; CDR]   → cdr[eval[cadr[e]; a]] 
          ; eq[car[e]; CONS]  → cons[eval[cadr[e]; a]; eval[caddr[e]; a]] 
          ; T                 → eval[cons[assoc[car[e]; a]; cdr[e]]; a] 
          ] 
      ] 
    ; eq[caar[e]; LABEL]  → eval[cons[caddar[e]; cdr[e]]; cons[list[cadar[e]; car[e]]; a]] 
    ; eq[caar[e]; LAMBDA] → eval[caddar[e]; append[pair[cadar[e]; evlis[cdr[e]; a]]; a]] 
    ] 
  where 
    evcon[c; a] = [eval[caar[c]; a] → eval[cadar[c]; a]; T → evcon[cdr[c];a]] 
    evlis[m; a] = [null[m] → NIL; T → cons[eval[car[m]; a]; evlis[cdr[m]; a]]]



S-Expressions in memory
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Represent S-Expressions as binary 
trees


Left child is CAR (head)


Right child is CDR (tail)


Leaf nodes are atoms

(A B C D E)

A
B

C
D

E NIL



S-Expressions in memory
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Represent S-Expressions as binary 
trees


Left child is CAR (head)


Right child is CDR (tail)


Leaf nodes are atoms


LSB of pointer used to distinguish 
interior nodes from atoms

(A B C D E)

A
B

C
D

E NIL



S-Expressions in memory
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(A B C)



S-Expressions in memory
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(A B C)
A

B
C NIL



S-Expressions in memory
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(A B C)

"A" "B" "C"

"NIL"

A
B

C NIL



S-Expressions in memory
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(A B C)

"A" "B" "C"

"NIL"

A
B

C NIL

Address Data Comment
006000 006014 cons
006002 006004
006004 006016 cons
006006 006010
006010 006020 cons
006012 006022
006014 006025 atom A
006016 006027 atom B
006020 006031 atom C
006022 006035 atom NIL
006024 000101 "A"
006026 000102 "B"
006030 000103 "C"
006032 044516 "NIL"
006034 000114



S-Expressions in memory
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(A B C)

"A" "B" "C"

"NIL"

A
B

C NIL

Address Data Comment
006000 006014 cons
006002 006004
006004 006016 cons
006006 006010
006010 006020 cons
006012 006022
006014 006025 atom A
006016 006027 atom B
006020 006031 atom C
006022 006035 atom NIL
006024 000101 "A"
006026 000102 "B"
006030 000103 "C"
006032 044516 "NIL"
006034 000114



S-Expressions in memory
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(A B C)

"A" "B" "C"

"NIL"

A
B

C NIL

Address Data Comment
006000 006014 cons
006002 006004
006004 006016 cons
006006 006010
006010 006020 cons
006012 006022
006014 006025 atom A
006016 006027 atom B
006020 006031 atom C
006022 006035 atom NIL
006024 000101 "A"
006026 000102 "B"
006030 000103 "C"
006032 044516 "NIL"
006034 000114



S-Expressions in memory
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(A B C)

"A" "B" "C"

"NIL"

A
B

C NIL

Address Data Comment
006000 006014 cons
006002 006004
006004 006016 cons
006006 006010
006010 006020 cons
006012 006022
006014 006025 atom A
006016 006027 atom B
006020 006031 atom C
006022 006035 atom NIL
006024 000101 "A"
006026 000102 "B"
006030 000103 "C"
006032 044516 "NIL"
006034 000114



REPL overview
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Read


Copy input from console


Parse input and construct S-Expression


Eval


Evaluate S-Expression


Print


Convert result to string


Print to console


Loop

; Init 
001000 012706 MOV #1000, SP 
001002 001000 
001004 005037 CLR @#177560 
001006 177560 
001010 012737 MOV #10002, @#10000 
001012 010002 
001014 010000 
001016 012705 MOV #6000, R5 
001020 006000 
001022 000137 JMP @#1100 
001024 001100 

; REPL 
001100 004737 JSR @read 
001102 002000 
001104 004737 JSR @eval 
001106 003000 
001110 004737 JSR @print 
001112 004000 
001114 000137 JMP @#1100 ; loop 
001116 001100



Primitive S-Functions
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ATOM

BIT #1, (R0) 
BEQ not_atom         



Primitive S-Functions
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ATOM


EQ

eq:   MOV @(R0), R0 
      DEC R0 
      MOV @(R1), R1 
      DEC R1 

loop: CMPB (R0), (R1)+ 
      BNE neq 
      TSTB (R0)+ 
      BEQ done 
      BR loop 

neq:  CLZ 
      RTS PC 

done: SEZ 
      RTS PC



Primitive S-Functions
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ATOM


EQ


CAR
MOV @R0, R1



Primitive S-Functions
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ATOM


EQ


CAR


CDR
MOV 2(R0), R1



Primitive S-Functions
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ATOM


EQ


CAR


CDR


CONS

cons: MOV @#10000, R2 
      MOV R0, @R2 
      MOV R1, 2(R2) 
      MOV R2, R0 
      ADD 4, R2 
      MOV R2, @#10000 
      RTS PC



Evaluator subroutines
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ATOM, EQ, CAR, CDR, CONS


QUOTE


COND


LAMBDA


LABEL


assoc, evlis, evcon

assoc: MOV R5, R4 
       MOV R0, R2 

loop:  R4, #6000 
       BLOS bad 
       TST -(R4) 
       MOV -(R4), R1 
       MOV R2, R0 
       JSR PC, #eq 
       BNE loop 
       MOV 2(R4), R0 
       RTS PC 

bad:   BR bad



PDP-11 code layout
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Offset Description

001000 main loop

002000 parser

003000 eval

004000 printer

005000 built-in atoms

006000 symbol table

007000 read/print buffer

010000 heap

; Init 
001000 012706 MOV #1000, SP 
001002 001000 
001004 005037 CLR @#177560 
001006 177560 
001010 012737 MOV #10002, @#10000 
001012 010002 
001014 010000 
001016 012705 MOV #6000, R5 
001020 006000 
001022 000137 JMP @#1100 
001024 001100 

; REPL 
001100 004737 JSR @read 
001102 002000 
001104 004737 JSR @eval 
001106 003000 
001110 004737 JSR @print 
001112 004000 
001114 000137 JMP @#1100 ; loop 
001116 001100



Summary
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Print is about 120 bytes


Read is about 260 bytes


Eval is about 520 bytes

(QUOTE SUBST) 
(QUOTE 
  (LAMBDA (X Y Z) 
    (COND 
      ((ATOM Z) 
       (COND 
         ((EQ Y Z) X) 
         ((QUOTE T) Z))) 
      ((QUOTE T) 
       (CONS 
        (SUBST X Y (CAR Z)) 
        (SUBST X Y (CDR Z)))))))
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Print is about 120 bytes


Read is about 260 bytes


Eval is about 520 bytes


Nexts steps


Error handling

(QUOTE SUBST) 
(QUOTE 
  (LAMBDA (X Y Z) 
    (COND 
      ((ATOM Z) 
       (COND 
         ((EQ Y Z) X) 
         ((QUOTE T) Z))) 
      ((QUOTE T) 
       (CONS 
        (SUBST X Y (CAR Z)) 
        (SUBST X Y (CDR Z)))))))
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Print is about 120 bytes


Read is about 260 bytes


Eval is about 520 bytes


Nexts steps


Error handling


Implement backspace

(QUOTE SUBST) 
(QUOTE 
  (LAMBDA (X Y Z) 
    (COND 
      ((ATOM Z) 
       (COND 
         ((EQ Y Z) X) 
         ((QUOTE T) Z))) 
      ((QUOTE T) 
       (CONS 
        (SUBST X Y (CAR Z)) 
        (SUBST X Y (CDR Z)))))))



Summary
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Print is about 120 bytes


Read is about 260 bytes


Eval is about 520 bytes


Nexts steps


Error handling


Implement backspace 

Add octal literals

(QUOTE SUBST) 
(QUOTE 
  (LAMBDA (X Y Z) 
    (COND 
      ((ATOM Z) 
       (COND 
         ((EQ Y Z) X) 
         ((QUOTE T) Z))) 
      ((QUOTE T) 
       (CONS 
        (SUBST X Y (CAR Z)) 
        (SUBST X Y (CDR Z)))))))



Code examples
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(QUOTE T) 
(QUOTE T) 

(QUOTE F) 
(QUOTE F) 

(QUOTE NOT) 
(QUOTE 
  (LAMBDA (P) 
    (COND 
      (P F) 
      (T T)))) 

(QUOTE AND) 
(QUOTE 
  (LAMBDA (P Q) 
    (COND 
      (P Q) 
      (T F)))) 

(QUOTE OR) 
(QUOTE 
  (LAMBDA (P Q) 
    (COND 
      (P T) 
      (T Q)))) 

(QUOTE EQUAL) 
(QUOTE 
  (LAMBDA (X Y) 
    (COND 
      ( (AND (ATOM X) (ATOM Y)) 
        (EQ X Y)) 
      ( (AND (NOT (ATOM X)) (NOT (ATOM Y))) 
        (AND 
          (EQUAL (CAR X) (CAR Y)) 
          (EQUAL (CDR X) (CDR Y)))) 
      (T F))))

(QUOTE AMONG) 
(QUOTE 
  (LAMBDA (X Y) 
    (COND 
      ( (NOT (ATOM Y)) 
        (COND 
          ((EQUAL X (CAR Y)) T) 
          (T (AMONG X (CDR Y))))) 
      (T F))))

(QUOTE SUBST) 
(QUOTE 
  (LAMBDA (X Y Z) 
    (COND 
      ((ATOM Z) 
       (COND 
         ((EQ Y Z) X) 
         ((QUOTE T) Z))) 
      ((QUOTE T) 
       (CONS 
        (SUBST X Y (CAR Z)) 
        (SUBST X Y (CDR Z)))))))



Code examples

76

(QUOTE SUBST) 
(QUOTE 
  (LAMBDA (X Y Z) 
    (COND 
      ((ATOM Z) 
       (COND 
         ((EQ Y Z) X) 
         ((QUOTE T) Z))) 
      ((QUOTE T) 
       (CONS 
        (SUBST X Y (CAR Z)) 
        (SUBST X Y (CDR Z)))))))

(SUBST 
  (QUOTE (AN S EXPRESSION) 
  (QUOTE AWESOME) 
  (QUOTE (THIS IS AWESOME))) 

(THIS IS (AN S EXPRESSION)) 



Questions?


