1st Canadian Mathematical Olympiad 1969

1. If a3/by = ay/bp = az/bs andp, pz, p3 are not all zero, show that for alle N,

< @) " pial+ pea}+ psal
by p1b + p2b3 + p3bf
2. Letc > 1. Determine which of/c+1—,/cand./c—+/c— 1lis larger.

3. Let a hypothenuse of a right-angled triangle has lengtihd the other two sides
have lengths, b. Prove thaa+ b < cv/2. When does the equality hold?

4. LetP be an arbitrary point within an equilateral triangi8C, andPD, PE, PF
be the perpendiculars drawn to the sides of the trianglew3hat

PD+PE+PF 1
AB+BC+CA 2,3

5. Let a triangleABC have side lengtha,b andc. The bisector of the anglé

intersectsAB at D. Prove thaCD = Zzat)%s(g:/Z)'

6. Find the sum 11! +2-2143.3!4-.-+n-nl.
7. Show that there are no integer$, ¢ satisfyinga? + b? = 8c+ 6.

8. Letf : N — Z be a function such thdt(2) = 2, f(mn) = f(m)f(n) for all m,n,
andf(m) > f(n) whenevem > n. Prove thatf (n) = n.

9. If a quadrilateral is inscribed in a circle of radius 1, whthat the length of its
shortest side does not exce¢@.

10. LetABC be a triangle withAC = BC = 1 andZC = 90°. Let P be an arbitrary
point on sideAB andQ, R be the feet of perpendiculars frofhto AC,BC, re-
spectively. Consider the areasARQ, PBR andQCRP. Prove that the largest of
these three areas is at leagf2
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