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The Material Point Method (MPM)

Particle to Grid (P2Q)

Particles (Constitutive models)
Snow [Stomakhin et al. 2013],

Foam [Ram et al. 2015, Yue et al. 2015]
Sand [Klar et al. 2015, Pradhana et al 2017]
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The Material Point Method (MPM)
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Contributions

+ Part I: Moving Least Squares Discretization (MLS-MPM)

e Unifying Affine Particle-In-Cell and MPM force discretization
e Weak-form consistent
e Faster and Easier

+ Part 1I: Compatible Particle-in-Cell (CPIC)
e Velocity field discontinuity

@ Enables cutting and rigid body coupling
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e Unifying Affine Particle-In-Cell and MPM force discretization

o Weak-form consistent

o Faster and easier
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1D Curve Fitting

: f(z)
f=argmin  (f(z:) - v:)° |
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1D Curve Fitting
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L east-Squares Transfers in 2D

Figure from A Polynomial Particle-In-Cell Method, Fu et al. 2017
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Figure from A Polynomial Particle-In-Cell Method, Fu et al. 2017
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Figure from A Polynomial Particle-In-Cell Method, Fu et al. 2017
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L east-Squares Transfers in 2D

Figure from A Polynomial Particle-In-Cell Method, Fu et al. 2017
18 DoFs=9 nodes x 2 DoFs per node: Lossless transfer!
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1D Curve Fitting: Spline Interpolation

f(x)
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1D Curve Fitting: Spline Interpolation
f(x)
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“Shape functions” in FEM and MPM



1D Curve Fitting: Spline Interpolation
f(x)

VAN

Super Imposed Shape Functions:
Continuous Function from Discrete DoFs
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Material Point Method
Affine Particle-in-Cell

Moving Least Squares

MLS-MPM
faster & easier



Llude “taichi.h”

/(2%(1+nu) ),
Jector2;

Jp(1l) {} }:

x*inv dx-Vec(6.5 T))
base coord.cast<real>();

sqr(Vec(1.5) ), | (0.75) ar{fx - Vec(l1.9)),
(0.5) * sqr(fx - Vec ) )
r:iexp(hardening * (1. ).Jp)), m Lambda=1ambda 0*e;

r,

Material Point Metho

Vector3 contrib(p.v
grid[b coord.x + 1][base 1]
wii]l.x*w[j].y*(contrib+Vector3(4.0 f*(force+p.B*mass)*dpos));

!

Loy
ol

(g[2]
/= 9[2];
+= dt * Ve r3(0, -100, 0);

eal boundary=0.05,x=(real)i/n,y=real(j)/n;

I (x < boundary||x > l-boundary||y > 1l-boundary) g«Vector3(90);
_ \ (y < boundary) g[1] 0_f, 9[1]);
) Vector2i
aster easler vec wiz
Vec w[3]{V
"

p.B = Mat(o)

|

Affine Particle-in-Cell

Vec(grid[bas

: * grid v;
. souter product(weight *

* inv dx * dt
svd(F, svd
2: 1++)
clamp(sig[i][i], 1.0 f - 2.5e
erminant(F); | vd u * sig
amp(p.Jp * old) / determinant(F),
p.F = F;

Moving Least Squares

1000; i++)
.push_back(Particle((Ve

»,0.4) );add _object(Vec(®©

(frame dt / dt) == 0)
ear(Vector4(0.7
particles)
gul.buffer{(p.x * (inv dx*window size/n)).cast< >()] = Vectord4(0.8);
qui.update();




window
-an =1,0f°f
1.0
ed nu

Lambda ©O=E*nu/((1+nu)*(1-2*nu));
ing Mat Matrix2;
{Vec x : Mat
real Jp

Particle(Vec x, Vec v=Vec(0)) : x(x), v(v) ). F(1), Jp(1l) {} }:

’

Llude “taichi.h”

d: :vector<Particle>
Vector3 grid[n + 1l[n

5 sqr(Vec(1.5 (), \ (0.75) gr{fx - Vec(l.9)),
5) * sqr(fx - V )
r:exp(hardening * (1. 3.Jp)), M lambda=1ambda 0%*e;

Material Point Metho

coord.y + 1] +=
(contrib+Vector3(4.0 f*(force+p.B*mass)*

boundary=0.05,x=(real)i/n,y=real(j)/n;

I (X < bounda 1-boundary| |y > 1-boundary)
- | (y < ) g[l]=std: :max(0.0 f, q[1]);

particle:
Vector2i base coord

faster & easier S

Vec(f

Affine Particle-in-Cell

p.B = Mat(@

ec{grid[bas
wil].x * w[]
: * grid v;
:outer_product{weight *

¥ inv dx dt) * p.B)
svd(F, U, sig, svd v);
2; 1+t)
Lamp(sig[i]| 1. - 2.5¢e-2 1, 1.0
determinant(F); | vd U * sig * transpos
Jp new = clamp(p.Jp * old) / determinant(F),

Moving Least Squares

Implement Interactive MLS-MPM within

p

gul.buffer[(p.x )).cast<int>()] = Vectord(0.8);
qui.update();

88 lines of code (comments included)! —»




From MPM to MLS-MPM

MLS Shape function

Shape/Test function B-spline weighted by B-spline

Lumped mass matrix m; = ;mpwip * m; = ;mpwip
MOmen/’f\uPrlnCCPoZn(t]ribution 1y Cp (X1 = Xp Jwip mpCy (Xi — Xp )Jwip
Momentursr;[réscintribution AtV, gi (Fn)Fnvaw AiQA Vo gi (Fp)Fy (i = xp)uip

Ve'%iilyuféiiie”t ot = St veg)” | Veptl=cp

Deformation Gradient
Update

Fn+1 (I + At GV"H (Xn)) Fn Fn+1 (I + At (9V"+1( n))
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MLS Shape function

Shape/Test function B-spline weighted by B-spline
Lumped mass matrix m; = Zmpwip ‘ m; = Zmpwip
P P
APIC PZG m, Cn(X — X )w. n
, , p i p/)Wip m, Cl (X; — Xp )w;
Momentum Contribution g Pp B /=P
Stress ow 4 ov
. . A 0 Fn FnT z At VO | L FnT - 73
Momentum Contribution Vp GF( p) VWip Ax? aF( p Fp (X0 — Xp i
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4
+1
Reconstruction P A2 Z@

Velocity Gradient - P e
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Deformation Gradient
Update
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MLS Shape function
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MLS Shape function

Shape/Test function B-spline weighted by B-spline
Lumped mass matrix mi =) MWy * mit =) mpwiy
P P
APIC P2G moC™ (x5 — xo)wip .
, , p i p/)Wip m, Cl (X; — Xp )w;
Momentum Contribution g bp PP
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From MPM to MLS-MPM

MLS Shape function

Shape/Test function B-spline weighted by B-spline
Lumped mass matrix m; = Zmpwz'p ‘ m,; = Zmpwip
P P
APIC P2G m, C (X; — Xy )ws
, , p i p/)Wip m, Cl(x; — Xp )w;
Momentum Contribution g Pp b /=p
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. . A 0 Fn FnT z At VO | L FnT - 73
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Reconstruction P A2 Z@

Velocity Gradient i1 il e AT nil  ntl
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Deformation Gradient
Update
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Performance

Timing (ms) .~ Reference | Ours (MPM)

Ours* (MPM)

Ours* (MLS-MPM)

P2G (1 thread) 4760 (1X)

5744 (0.83X)

2685 (1.77X)

1283 (3.71%)

P2G (4 threads) | 1220 (1x) | 1525 (0.80%) 688 (1.77X) 328 (3.72X)
G2P (1 thread) 8255 (1x) | 7476 (1.10x) 1144 (7.21%) 589 (14.01X)
G2P (4 threads) | 2070 (1X) | 2011 (1.03%) 313 (6.61X) 163 (12.70%)

1

Reference: Tampubolon et al. 2017.
Multi-species simulation of porous sand and water mixtures
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Baseline: Traditional MPM
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Timing (ms)

- Reference | Ours ((MPM)  Ours® (MPM)  Ours® (MLS-MPM)

P2G (1 thread) 4760 (1X) | 5744 (0.83x) 2685 (1.77X) 1283 (3.71X)
P2G (4 threads) | 1220 (1x) | 1525 (0.80%) 688 (1.77X) 328 (3.72X)
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G2P (4 threads) | 2070 (1x) | 2011 (1.03%) 313 (6.61X) 163 (12.70X)

Optimized Traditional MPM

(Low-level performance engineering)
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- Reference | Ours (MPM)

Ours* (MPM)  Ours* (MLS-MPM)

P2G (1 thread) 4760 (1X) | 5744 (0.83x) 2685 (1.77X) 1283 (3.71X)
P2G (4 threads) | 1220 (1x) | 1525 (0.80%) 688 (1.77X) 328 (3.72X)
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Optimized MLS-MPM

(algorithmic improvement)



Performance

Timing (ms)

.~ Reference | Ours (MPM)

2.10x faster P2G
1.94x faster G2P

P2G (1 thread) 4760 (1X) | 5744 (0.83x) | 2685 (1.77%)
P2G (4 threads) | 1220 (1x) | 1525 (0.80%) 688 (1.77X)
G2P (1 thread) 8255 (1x) | 7476 (1.10x) | 1144 (7.21X)
G2P (4 threads) | 2070 (1x) | 2011 (1.03%) 313 (6.61X)

Ours* (MPM) | [Ours*™ (MLS-MPM)

1283 (3.71X)
328 (3.72X)

589 (14.01X)
163 (12.70X)

Optimized MLS-MPM
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e Unifying Affine Particle-In-Cell and MPM force discretization

o Weak-form consistent

o Faster and easier
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e Unifying Affine Particle-In-Cell and MPM force discretization
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Contributions

+ Part 1l: Compatible Particle-in-Cell

e Velocity field discontinuity
@ Enables cutting and rigid body coupling
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Velocity Discontinuity (Compatible Particle-in-Cell, CPIC)




Velocity Discontinuity (Compatible Particle-in-Cell, CPIC)




Boundary mesh Grid distance Grid color

Reconstructed normal Reconstructed distance
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Two-way Rigid Body Coupling

Particle to rigid body Rigid body to particle
(P2G) (G2P)
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Li et al., A terradynamics of legged
locomotion on granular media. Science 2013

This direction should be faster =——p
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Contributions

+ Part 1l: Compatible Particle-in-Cell

e Velocity field discontinuity
@ Enables cutting and rigid body coupling
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Reproducible every demo with a python script:
git clone https://github.com/yuanming-hu/taichi_mpm


https://github.com/yuanming-hu/taichi_mpm

Reproducible every demo with a python script:
git clone https://github.com/yuanming-hu/taichi_mpm

or use the taichi project manager: ti install mpm


https://github.com/yuanming-hu/taichi_mpm

Reproducible every demo with a python script:
git clone https://github.com/yuanming-hu/taichi_mpm

or use the taichi project manager: ti install mpm

Thank you!
Questions are welcome!


https://github.com/yuanming-hu/taichi_mpm

From MPM to MLS-MPM

MLS Shape function

Shape/Test function B-spline ‘ weighted by B-spline
Lumped mass matrix my = mpwip
APIC P2G my O (xi — Xp)wiy

Momentum Contribution

Stress ovw 4 O
a AtV) — (F2)F' Vw; AtV —— (F)F)" (x; — Xp)w;
Momentum Contribution 8F( p) “ip | Ag2 aF( p Fp (%0 — Xp)wip
APIC G2P Affine Velocity 4
. C, — /Uz'(Xf,; — X )wi
Reconstruction b Ax? Z P/

Velocity Gradient
Evaluation

VV;L L _ S ol T (Vw? )T

7 [/

VV 1 — Cn+1

n
p

Deformation Gradient

n+1 n—+1
Update F' = (F 4 AtVvI ) B

p



