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Generalized Linear Models
Generalized Linear 
Mixed Models



Generalized Linear Habits
GLMs and GLMMs: Flexible association 
description machines 

With external causal model, causal 
interpretation possible 

But only a fraction of scienti!c phenomena 
expressible as GLM(M)s 

Even when GLM(M)s su"cient, starting with 
theory solves empirical problems

GLM
GLMM
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'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS
 XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ
 XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU
 HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF
 JU
NBLFT QSFEJDUJPOT
 BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF
 UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń
 BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD
 TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM
 JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM
 XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT
 CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM
 CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS
 XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ
 UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF

XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN
 XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM
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'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS
 XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ
 XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU
 HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF
 JU
NBLFT QSFEJDUJPOT
 BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF
 UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń
 BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD
 TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM
 JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM
 XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT
 CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM
 CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS
 XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ
 UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF

XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN
 XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM

volume
radius

height



V = πr2h

V = π(ph)2h

����� (&0.&53*$ 1&01-& ���

h

r

V = πr2h

'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS
 XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ
 XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU
 HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF
 JU
NBLFT QSFEJDUJPOT
 BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF
 UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń
 BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD
 TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM
 JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM
 XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT
 CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM
 CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS
 XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ
 UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF

XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN
 XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM

radius as 
proportion of height
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'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS
 XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ
 XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU
 HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF
 JU
NBLFT QSFEJDUJPOT
 BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF
 UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń
 BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD
 TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM
 JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM
 XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT
 CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM
 CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS
 XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ
 UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF

XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN
 XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM

k k

weight “density”
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'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS
 XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ
 XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU
 HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF
 JU
NBLFT QSFEJDUJPOT
 BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF
 UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń
 BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD
 TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM
 JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM
 XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT
 CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM
 CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS
 XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ
 UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF

XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN
 XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM

W = kπp2h3
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'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS
 XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ
 XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU
 HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF
 JU
NBLFT QSFEJDUJPOT
 BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF
 UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń
 BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD
 TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM
 JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM
 XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT
 CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM
 CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS
 XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ
 UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF

XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN
 XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM

W = kπp2h3

weight (data) height (data)

density proportionality



Wi ∼ Distribution(μi, …)
μi = kπp2H3

i

k ∼ Distribution(…)
p ∼ Distribution(…)

“error” distribution for W

expected W for H

prior for proportionality

prior for density



k ∼ Distribution(…)
p ∼ Distribution(…) prior for proportionality

prior for density

How to set these priors? 
(1) Choose measurement scales 
(2) Simulate 
(3) #ink
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cm3= ×
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k ∼ Distribution(…)
p ∼ Distribution(…) between 0–1, < 0.5

positive real, > 1

How to set these priors? 
(1) Choose measurement scales 
(2) Simulate 
(3) #ink



k ∼ Exponential(0.5)
p ∼ Beta(25,50)

How to set these priors? 
(1) Choose measurement scales 
(2) Simulate 
(3) #ink
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Prior predictive simulation

# prior sim 
n <- 30 
p <- rbeta(n,25,50) 
k <- rexp(n,0.5) 
sigma <- rexp(n,1) 

xseq <- seq(from=0,to=1.3,len=100) 
plot(NULL,xlim=c(0,1.3),ylim=c(0,1.5)) 
for ( i in 1:n ) { 
    mu <- log( pi * k[i] * p[i]^2 * xseq^3 ) 
    lines( xseq , exp(mu + sigma[i]^2/2) , 
lwd=3 , col=col.alpha(2,runif(1,0.4,0.8)) ) 
}
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Wi ∼ Distribution(μi, …)
μi = kπp2H3

i

positive real,  
variance scales with mean

k ∼ Exponential(0.5)
p ∼ Beta(25,50)



Wi ∼ LogNormal(μi, σ)
exp(μi) = kπp2H3

i

k ∼ Exponential(0.5)
p ∼ Beta(25,50)

σ ∼ Exponential(1)

Growth is multiplicative, 
log-normal is natural choice



Wi ∼ LogNormal(μi, σ)
exp(μi) = kπp2H3

i

k ∼ Exponential(0.5)
p ∼ Beta(25,50)

σ ∼ Exponential(1)

mu in log-normal is mean of log, 
not mean of observed

Growth is multiplicative, 
log-normal is natural choice



## R code 16.2 
dat <- list(W=d$w,H=d$h) 
m16.1 <- ulam( 
    alist( 
        W ~ dlnorm( mu , sigma ), 
        exp(mu) <- 3.141593 * k * p^2 * H^3, 
        p ~ beta( 25 , 50 ), 
        k ~ exponential( 0.5 ), 
        sigma ~ exponential( 1 ) 
    ), data=dat , chains=4 , cores=4 ) 

Wi ∼ LogNormal(μi, σ)
exp(μi) = kπp2H3

i

k ∼ Exponential(0.5)
p ∼ Beta(25,50)

σ ∼ Exponential(1)
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dat <- list(W=d$w,H=d$h) 
m16.1 <- ulam( 
    alist( 
        W ~ dlnorm( mu , sigma ), 
        exp(mu) <- 3.141593 * k * p^2 * H^3, 
        p ~ beta( 25 , 50 ), 
        k ~ exponential( 0.5 ), 
        sigma ~ exponential( 1 ) 
    ), data=dat , chains=4 , cores=4 ) 
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Poor !t for children 
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μi = kπp2H3
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How to set these priors? 
(1) Choose measurement scales 
(2) Simulate 
(3) #ink
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μi = kπp2H3
i

How to set these priors? 
(1) Choose measurement scales 
(2) Simulate 
(3) #ink
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(1) = kπp2(1)3

How to set these priors? 
(1) Choose measurement scales 
(2) Simulate 
(3) #ink

(1) = πθ(1)3

θ ≈ π−1
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mWH2 <- ulam( 
    alist( 
        W ~ dlnorm( mu , sigma ), 
        exp(mu) <- H^3 , 
        sigma ~ exponential( 1 ) 
    ), data=dat , chains=4 , cores=4 ) 

Wi ∼ LogNormal(μi, σ)
exp(μi) = H3

i
σ ∼ Exponential(1)

In dimensionless model, W is H3



mWH2 <- ulam( 
    alist( 
        W ~ dlnorm( mu , sigma ), 
        exp(mu) <- H^3 , 
        sigma ~ exponential( 1 ) 
    ), data=dat , chains=4 , cores=4 ) 
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mWH2 <- ulam( 
    alist( 
        W ~ dlnorm( mu , sigma ), 
        exp(mu) <- H^3 , 
        sigma ~ exponential( 1 ) 
    ), data=dat , chains=4 , cores=4 ) 
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## R code 16.2 
dat <- list(W=d$w,H=d$h) 
m16.1 <- ulam( 
    alist( 
        W ~ dlnorm( mu , sigma ), 
        exp(mu) <- 3.141593 * k * p^2 * H^3, 
        p ~ beta( 25 , 50 ), 
        k ~ exponential( 0.5 ), 
        sigma ~ exponential( 1 ) 
    ), data=dat , chains=4 , cores=4 ) 



Geometric People
Most of the relationship H –> W is just 
relationship between length and volume 

Changes in body shape explain poor !t 
for children? 

Problems provide insight when model is 
scienti!c instead of purely statistical 

#ere is no empiricism without theory
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V = πr2h

'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS
 XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ
 XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU
 HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF
 JU
NBLFT QSFEJDUJPOT
 BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF
 UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń
 BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD
 TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM
 JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM
 XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT
 CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM
 CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS
 XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ
 UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF

XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN
 XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM

W = kπp2h3
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of

a

b

Fig. 3 Experimental set-up. Illustration of the apparatus, including the a majority and b minority demonstrations. Upon dropping the ball into the pipe, a
reward was automatically released from the apparatus
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therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
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Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.
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sampled as part of a larger research endeavour of the Comparative Cognitive
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Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
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ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
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(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
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stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
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applying subjective cutoffs with respect to the number of participants per age or
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
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parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
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children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of

a

b

Fig. 3 Experimental set-up. Illustration of the apparatus, including the a majority and b minority demonstrations. Upon dropping the ball into the pipe, a
reward was automatically released from the apparatus

NATURE COMMUNICATIONS | DOI: 10.1038/s41467-018-04468-2 ARTICLE

NATURE COMMUNICATIONS | �(2018)�9:2076� | DOI: 10.1038/s41467-018-04468-2 |www.nature.com/naturecommunications 5



Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
experimenters. The demonstrations were counterbalanced in terms of order of
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Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
Namibia (Fig. 2b). This cross-sectional detail corroborates the
necessity to study ‘the social learning of social learning strate-
gies’38,39. Indeed, our broader finding, revealing the culture-
general notion of the U-shaped majority preference, highlights
the importance of assessing ontogenetic trajectories for charting
cultural variation.

In comparison to other animal species, humans show extra-
ordinary variability across societies1,2. We propose that in order
to apprehend human uniqueness, we need to understand the
dynamic interplay between human ontogeny and the emergence
of culture. An encompassing theory of the human mind must
therefore consider the ways in which human psychology adapts
to, and shapes, social and ecological contexts, as well as the
universal foundations that enable this reciprocal interaction.

Methods
Sampling procedure and data handling. Nine societies were opportunistically
sampled as part of a larger research endeavour of the Comparative Cognitive
Anthropology research group of the Max Planck Institute for Evolutionary
Anthropology (Leipzig, Germany) and the Max Planck Institute for Psycho-
linguistics (Nijmegen, the Netherlands) led by DBMH (2009–2013). At the
respective research sites, subjects were opportunistically recruited (i.e., all available
parents and respective children were approached for participation in the experi-
ment), leading to a slightly unbalanced study sample (Supplementary Tables 1 and

2). At each field site, informed consent forms (in the local language) signed by the
children’s parents, parental representatives, local authorities, community elders
and/or teachers were obtained prior to testing the children. All study procedures
were approved by the Max Planck Institute for Evolutionary Anthropology,
Leipzig, Germany.

When conditions permitted, sessions were video-recorded for later scrutiny. All
video-recorded sessions (80% of all sessions) were checked for (i) procedural
adequacy, and (ii) corroboration of live-scored responses by two independent
coders. Digression from the outlined procedure was judged in light of the a priori
formulated inclusion criteria (Supplementary Table 3). Corroboration of the live-
scored responses was optimal (100%).

Participants. We tested 681 children (341 boys, 340 girls, age range 4–14 years)
across nine societies based on availability at the respective field sites (Supple-
mentary Notes 1). Prior to analysis, we formulated and applied inclusion criteria
(Supplementary Table 3) after which we obtained a sample including 657 children
(331 boys, 326 girls, age range 4–14 years). For reasons of suspected commu-
nication between participants during the experiment, we excluded all children from
Pangkalan Bun (28 children, age range: 6–7 years) from the analyses (see Sup-
plementary Notes 2 for the script used to detect out-of-scale correlation between
successive responses). We furthermore excluded all children from Samoa (24
children, age range: 5–8 years) due to the impossibility of obtaining reliable model
estimates (see Supplementary Notes 2 and Supplementary Fig. 3 for the model
stability results). Excluding Samoa did not qualitatively change the results (see
Supplementary Notes). The final sample comprised 605 children (306 boys, 299
girls, age range: 4–14 years, mean age ± SD: 8.11 ± 2.50 years) from seven different
societies [Brazil, Central African Republic (BaAka), Germany, Indonesia, Namibia
(≠Akhoe Hai//om), Kenya (Samburu) and Zambia (Bemba)]. We refrained from
applying subjective cutoffs with respect to the number of participants per age or
culture. Generalised linear models are robust against unbalanced designs if model
stability measures are taken into account.

Design. We used a one-shot design to maximise data independency. Instructions
to the children were standardised and given in the local language by trained
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Social Conformity

Majority choice consistent with many 
strategies 

Random color: Choose majority 1/3 of time 

Random demonstrator: 3/4 of time 

Random demonstration: 1/2 of time

Note that within the developmental U-shaped pattern with
respect to the majority bias, cultural variation could be identified
by comparing preferences within age categories. For instance, the
4–6-year olds from Indonesia, Kenya and Zambia seem sub-
stantially less inclined to follow the majority than their counter-
parts from Brazil, the Central African Republic, Germany and
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N <- 100 # number of children 

# half choose random color 
# sample from 1,2,3 at random for each 
y1 <- sample( 1:3 , size=N/2 , replace=TRUE ) 

# half follow majority 
y2 <- rep( 2 , N/2 ) 

# combine and shuffle y1 and y2 
y <- sample( c(y1,y2) ) 
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State-Based Model
Majority choice does not indicate 
majority preference 

Instead infer the unobserved strategy 
(state) of each child 

Strategy space: 
(1) Majority (2) Minority  
(3) Maverick (4) Random Color 
(5) Follow First
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Yi ∼ Categorical(θ) Probability of (1) unchosen, 
(2) majority, (3) minority

vector with probability 
of each choice



Yi ∼ Categorical(θ)

θj =
5

∑
S=1

pS Pr(Y = j |S)

Probability of (1) unchosen, 
(2) majority, (3) minority

Probability 
of choice j average over 

strategies prior 
probability 
strategy S

probability choice j 
assuming strategy S



p ∼ Dirichlet([4,4,4,4,4])

Yi ∼ Categorical(θ)

θj =
5

∑
S=1

pS Pr(Y = j |S)

Probability of (1) unchosen, 
(2) majority, (3) minority

Prior for strategy space



p ∼ Dirichlet([4,4,4,4,4])

Yi ∼ Categorical(θ)

θj =
5

∑
S=1

pS Pr(Y = j |S)

data{ 
    int N; 
    int y[N]; 
    int majority_first[N]; 
} 
parameters{ 
    simplex[5] p; 
} 
model{ 
    vector[5] theta_j; 
     
    // prior 
    p ~ dirichlet( rep_vector(4,5) ); 
     
    // probability of data 
    for ( i in 1:N ) { 
        theta_j = rep_vector(0,5); // clear it out 
        if ( y[i]==2 ) theta_j[1]=1; // majority 
        if ( y[i]==3 ) theta_j[2]=1; // minority 
        if ( y[i]==1 ) theta_j[3]=1; // maverick 
        theta_j[4]=1.0/3.0;          // random color 
        if ( majority_first[i]==1 )  // follow first 
            if ( y[i]==2 ) theta_j[5]=1; 
        else 
            if ( y[i]==3 ) theta_j[5]=1; 
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            if ( y[i]==3 ) theta_j[5]=1; 
         
        // compute log( p_S * Pr(y_i|S) ) 
        for ( S in 1:5 )  
            theta_j[S] = log(p[S]) + log(theta_j[S]); 

        // compute average log-probability of y_i 
        target += log_sum_exp( theta_j ); 
    } 
}
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State-Based Models
What we want: Latent states 

What we have: Emissions 

Typically lots of uncertainty, but 
being honest is only ethical choice 

Large family: Movement, learning, 
population dynamics, international 
relations, family planning, …



PAUSE



Population Dynamics
Latent states can be time varying 

Example: Ecological dynamics, 
numbers of di%erent species over 
time 

Estimand: How do di%erent species 
interact; how do interactions 
in&uence population dynamics
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dH
dt

= Ht × (birth rate) − Ht × (death rate)

dL
dt

= Lt × (birth rate) − Lt × (death rate)



dH
dt

= Ht bH − Ht(Lt mH)

dL
dt

= Lt × (birth rate) − Lt × (death rate)

birth rate 
of hares

impact of lynx 
on hares



dH
dt

= Ht bH − Ht(Lt mH)

dL
dt

= Lt(Ht bL) − Lt mL

birth rate 
of hares

impact of lynx 
on hares

birth rate of lynx 
depends upon hares



dH
dt

= Ht bH − Ht(Lt mH) dL
dt

= Lt(Ht bL) − Lt mL

ht ∼ LogNormal(log(pHHt), σH) lt ∼ LogNormal(log(pLLt), σL)

HT = H1 + ∫
T

1

dH
dt

dt LT = L1 + ∫
T

1

dL
dt

dt



dH
dt

= Ht bH − Ht(Lt mH) dL
dt

= Lt(Ht bL) − Lt mL

ht ∼ LogNormal(log(pHHt), σH) lt ∼ LogNormal(log(pLLt), σL)

HT = H1 + ∫
T

1

dH
dt

dt LT = L1 + ∫
T

1

dL
dt
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observed 
hare pelts

observed 
lynx pelts



dH
dt

= Ht bH − Ht(Lt mH) dL
dt

= Lt(Ht bL) − Lt mL

ht ∼ LogNormal(log(pHHt), σH) lt ∼ LogNormal(log(pLLt), σL)

HT = H1 + ∫
T

1

dH
dt

dt LT = L1 + ∫
T

1

dL
dt

dt

cumulative changes 
in H until time T

cumulative changes 
in L until time T

observed 
hare pelts

observed 
lynx pelts



Prior Simulation



functions { 
  real[] dpop_dt( real t,                 // time 
                real[] pop_init,          // initial state {lynx, hares} 
                real[] theta,             // parameters 
                real[] x_r, int[] x_i) {  // unused 
    real L = pop_init[1]; 
    real H = pop_init[2]; 
    real bh = theta[1]; 
    real mh = theta[2]; 
    real ml = theta[3]; 
    real bl = theta[4]; 
    // differential equations 
    real dH_dt = (bh - mh * L) * H; 
    real dL_dt = (bl * H - ml) * L; 
    return { dL_dt , dH_dt }; 
  } 
} 
data { 
  int<lower=0> N;              // number of measurement times 
  real<lower=0> pelts[N,2];    // measured populations 
} 
transformed data{ 
  real times_measured[N-1];    // N-1 because first time is initial state 
  for ( i in 2:N ) times_measured[i-1] = i; 
} 
parameters { 
  real<lower=0> theta[4];      // { bh, mh, ml, bl } 
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parameters { 
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Computes 
cumulative 
change to time t
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cumulative 
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dt

= Lt(Ht bL) − Lt mL



} 
parameters { 
  real<lower=0> theta[4];      // { bh, mh, ml, bl } 
  real<lower=0> pop_init[2];   // initial population state 
  real<lower=0> sigma[2];      // measurement errors 
  real<lower=0,upper=1> p[2];  // trap rate 
} 
transformed parameters { 
  real pop[N, 2]; 
  pop[1,1] = pop_init[1]; 
  pop[1,2] = pop_init[2]; 
  pop[2:N,1:2] = integrate_ode_rk45( 
    dpop_dt, pop_init, 0, times_measured, theta, 
    rep_array(0.0, 0), rep_array(0, 0), 
    1e-5, 1e-3, 5e2); 
} 
model { 
  // priors 
  theta[{1,3}] ~ normal( 1 , 0.5 );    // bh,ml 
  theta[{2,4}] ~ normal( 0.05, 0.05 ); // mh,bl 
  sigma ~ exponential( 1 ); 
  pop_init ~ lognormal( log(10) , 1 ); 
  p ~ beta(40,200); 
  // observation model 
  // connect latent population state to observed pelts 
  for ( t in 1:N ) 
    for ( k in 1:2 ) 
      pelts[t,k] ~ lognormal( log(pop[t,k]*p[k]) , sigma[k] ); 

Compute 
population state 
for each time



  pop[1,1] = pop_init[1]; 
  pop[1,2] = pop_init[2]; 
  pop[2:N,1:2] = integrate_ode_rk45( 
    dpop_dt, pop_init, 0, times_measured, theta, 
    rep_array(0.0, 0), rep_array(0, 0), 
    1e-5, 1e-3, 5e2); 
} 
model { 
  // priors 
  theta[{1,3}] ~ normal( 1 , 0.5 );    // bh,ml 
  theta[{2,4}] ~ normal( 0.05, 0.05 ); // mh,bl 
  sigma ~ exponential( 1 ); 
  pop_init ~ lognormal( log(10) , 1 ); 
  p ~ beta(40,200); 
  // observation model 
  // connect latent population state to observed pelts 
  for ( t in 1:N ) 
    for ( k in 1:2 ) 
      pelts[t,k] ~ lognormal( log(pop[t,k]*p[k]) , sigma[k] ); 
} 
generated quantities { 
  real pelts_pred[N,2]; 
  for ( t in 1:N ) 
    for ( k in 1:2 ) 
      pelts_pred[t,k] = lognormal_rng( log(pop[t,k]*p[k]) , sigma[k] ); 
}

Probability of 
data, given 
latent population





Population Dynamics
Ecologies much more complex 

Other animals prey on hare 

Without causal model, little hope to 
understand interventions 

Same framework very successful in 
!sheries management



Science Before Statistics
Epicycles get you only so far 

Scienti!c models also &awed, but 
&aws are more productive 

#eory necessary for empiricism 

Be patient; mastery takes time; 
experts learn safe habits Student learning di%erential equations



Course Schedule
Week 1 Bayesian inference Chapters 1, 2, 3
Week 2 Linear models & Causal Inference Chapter 4
Week 3 Causes, Confounds & Colliders Chapters 5 & 6
Week 4 Over!tting / MCMC Chapters 7, 8, 9
Week 5 Generalized Linear Models Chapters 10, 11
Week 6 Ordered categories & Multilevel models Chapters 12 & 13
Week 7 More Multilevel models Chapters 13 & 14
Week 8 Social Networks & Gaussian Processes Chapter 14
Week 9 Measurement & Missingness Chapter 15
Week 10 Generalized Linear Madness Chapter 16

https://github.com/rmcelreath/stat_rethinking_2023

https://github.com/rmcelreath/stat_rethinking_2023



