
Statistical Rethinking

14. Correlated Features

2023



Bangladesh 1989, Party Like It’s

Estimand 1: C in each district 

Estimand 2: E!ect of U 

Estimand 3: E!ects of K and A

C
A

UK
kids urbanity

contraceptive 
use

age
D
district



Bangladesh 1989, Party Like It’s

Estimand 1: C in each district 

Estimand 2: E!ect of U 

Estimand 3: E!ects of K and A

C
A

UK
kids urbanity

contraceptive 
use

age
D
district



0 10 20 30 40 50 60

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

district

pr
ob

 u
se

 c
on

tra
ce

pt
io

n

0 10 20 30 40 50 60

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

district

pr
ob

 u
se

 c
on

tra
ce

pt
io

n

rural

urban



Multilevel Adventures
Clusters: Kinds of groups in the 
data (districts) 

Features: Aspects of the model 
(parameters) that vary by cluster 
(rural, urban) 

"ere is useful information to 
transfer across features 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Adding Correlated Features
One prior distribution for each cluster 

One feature: One-dimensional 
distribution 

Two features: Two-D distribution 

N features: N-dimensional distribution 

Hard part: Learning associations

αj ∼ Normal(ᾱ, σ)

[αj, βj] ∼ MVNormal([ᾱ, β̄], Σ)

αj,1..N ∼ MVNormal(A, Σ)
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mCDUnc <- ulam( 
    alist( 
        C ~ bernoulli(p), 
        logit(p) <- a[D] + b[D]*U, 
        # define effects using other parameters 
        save> vector[61]:a <<- abar + za*sigma, 
        save> vector[61]:b <<- bbar + zb*tau, 
        # z-scored effects 
        vector[61]:za ~ normal(0,1), 
        vector[61]:zb ~ normal(0,1), 
        # ye olde hyper-priors 
        c(abar,bbar) ~ normal(0,1), 
        c(sigma,tau) ~ exponential(1) 
    ) , data=dat , chains=4 , cores=4 )

Ci ∼ Bernoulli(pi)

αj = ᾱ + zα,j × σ

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

zα,j ∼ Normal(0,1)
zβ,j ∼ Normal(0,1)

βj = β̄ + zβ,j × τ



dat <- list( 
    C = d$use.contraception, 
    D = as.integer(d$district), 
    U = ifelse(d$urban==1,1,0) ) 

# total U 
mCDU <- ulam( 
    alist( 
        C ~ bernoulli(p), 
        logit(p) <- a[D] + b[D]*U, 
        vector[61]:a ~ normal(abar,sigma), 
        vector[61]:b ~ normal(bbar,tau), 
        c(abar,bbar) ~ normal(0,1), 
        c(sigma,tau) ~ exponential(1) 
    ) , data=dat , chains=4 , cores=4 )

Ci ∼ Bernoulli(pi)

αj ∼ Normal(ᾱ, σ)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

βj ∼ Normal(β̄, τ)



Ci ∼ Bernoulli(pi)

αj ∼ Normal(ᾱ, σ)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

βj ∼ Normal(β̄, τ)
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[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

αj ∼ Normal(ᾱ, σ)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

βj ∼ Normal(β̄, τ)
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[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)
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[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)
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PAUSE



mCDUcov <- ulam( 
    alist( 
        C ~ bernoulli(p), 
        logit(p) <- a[D] + b[D]*U, 

        # define effects using other parameters 
        transpars> vector[61]:a <<- v[,1], 
        transpars> vector[61]:b <<- v[,2], 

        # priors - centered correlated varying effects 
        matrix[61,2]:v ~ multi_normal(abar,Rho,sigma), 
        vector[2]:abar ~ normal(0,1), 
        corr_matrix[2]:Rho ~ lkj_corr(4), 
        vector[2]:sigma ~ exponential(1) 
    ) , data=dat , chains=4 , cores=4 )

[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)



mCDUcov <- ulam( 
    alist( 
        C ~ bernoulli(p), 
        logit(p) <- a[D] + b[D]*U, 

        # define effects using other parameters 
        transpars> vector[61]:a <<- v[,1], 
        transpars> vector[61]:b <<- v[,2], 

        # priors - centered correlated varying effects 
        matrix[61,2]:v ~ multi_normal(abar,Rho,sigma), 
        vector[2]:abar ~ normal(0,1), 
        corr_matrix[2]:Rho ~ lkj_corr(4), 
        vector[2]:sigma ~ exponential(1) 
    ) , data=dat , chains=4 , cores=4 )

[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)
61 districts, 2 features each
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mCDUcov <- ulam( 
    alist( 
        C ~ bernoulli(p), 
        logit(p) <- a[D] + b[D]*U, 
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        transpars> vector[61]:a <<- v[,1], 
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        # priors - centered correlated varying effects 
        matrix[61,2]:v ~ multi_normal(abar,Rho,sigma), 
        vector[2]:abar ~ normal(0,1), 
        corr_matrix[2]:Rho ~ lkj_corr(4), 
        vector[2]:sigma ~ exponential(1) 
    ) , data=dat , chains=4 , cores=4 )

[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])
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[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Centered priors



[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Centered priors

Ci ∼ Bernoulli(pi)

σ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Zj,k ∼ Normal(0,1)
v = (diag(σ)LZ)⊺

α = ᾱ + v_,1

β = β̄ + v_,2

Non-centered priors



Ci ∼ Bernoulli(pi)

σ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Zj,k ∼ Normal(0,1)
v = (diag(σ)LZ)⊺

α = ᾱ + v_,1

β = β̄ + v_,2



# covariance - non-centered 
mCDUcov_nc <- ulam( 
    alist( 
        C ~ bernoulli(p), 
        logit(p) <- a[D] + b[D]*U, 

        # define effects using other parameters 
        # this is the non-centered Cholesky machine 
        transpars> vector[61]:a <<- abar[1] + v[,1], 
        transpars> vector[61]:b <<- abar[2] + v[,2], 
        transpars> matrix[61,2]:v <- 
            compose_noncentered( sigma , L_Rho , Z ), 

        # priors - note that none have parameters inside them 
        # that is what makes them non-centered 
        matrix[2,61]:Z ~ normal( 0 , 1 ), 
        vector[2]:abar ~ normal(0,1), 
        cholesky_factor_corr[2]:L_Rho ~ lkj_corr_cholesky( 4 ), 
        vector[2]:sigma ~ exponential(1), 

        # convert Cholesky to Corr matrix 
        gq> matrix[2,2]:Rho <<- Chol_to_Corr(L_Rho) 
    ) , data=dat , chains=4 , cores=4 )

Ci ∼ Bernoulli(pi)

σ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Zj,k ∼ Normal(0,1)
v = (diag(σ)LZ)⊺

α = ᾱ + v_,1

β = β̄ + v_,2
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α = ᾱ + v_,1

β = β̄ + v_,2



Correlated features

-1.0 -0.5 0.0 0.5 1.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

posterior correlation a,b

D
en
si
ty

posterior

prior



Correlated features

-1.0 -0.5 0.0 0.5 1.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

posterior correlation a,b

D
en
si
ty

posterior

prior

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

-1
.0

-0
.5

0.
0

0.
5

1.
0

1.
5

2.
0

a

b



-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

-1
.0

-0
.5

0.
0

0.
5

1.
0

1.
5

2.
0

a

b
un-correlated features correlated features

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

-1
.0

-0
.5

0.
0

0.
5

1.
0

1.
5

2.
0

a

b



0 10 20 30 40 50 60

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

district

pr
ob

 u
se

 c
on

tra
ce

pt
io

n

0 10 20 30 40 50 60

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

district

pr
ob

 u
se

 c
on

tra
ce

pt
io

n

un-correlated features

correlated features



0.1 0.2 0.3 0.4 0.5 0.6

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

prob C (rural)

pr
ob

 C
 (u

rb
an

)

un-correlated features



0.1 0.2 0.3 0.4 0.5 0.6

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

prob C (rural)

pr
ob

 C
 (u

rb
an

)

un-correlated features
correlated features



Bangladesh 1989, Party Like It’s

Estimand 1: C in each district 

Estimand 2: E!ect of U 

Estimand 3: E!ects of K and A

C
A

UK
kids urbanity

contraceptive 
use

age
D
district



Bangladesh 1989, Party Like It’s

Estimand 1: C in each district 

Estimand 2: E!ect of U 

Estimand 3: E!ects of K and A

C
A

UK
kids urbanity

contraceptive 
use

age
D
district



Bangladesh 1989, Party Like It’s

Estimand 1: C in each district 

Estimand 2: E!ect of U 

Estimand 3: E!ects of K and A

C
A

UK
kids urbanity

contraceptive 
use

age
D
district



Bangladesh 1989, Party Like It’s

Estimand 1: C in each district 

Estimand 2: E!ect of U 

Estimand 3: E!ects of K and A

C
A

UK
kids urbanity

contraceptive 
use

age
D
district

Synthetic data & testing



Correlated Varying E!ects
Priors that learn correlation 
structure: 
(1) partial pooling across features 
(2) learn correlations 

Varying e!ects can be correlated 
even if the prior doesn’t learn the 
correlations 

Ethical obligation to do our best
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Correlated Varying E!ects
Priors that learn correlation 
structure: 
(1) partial pooling across features 
(2) learn correlations 

Varying e!ects can be correlated 
even if the prior doesn’t learn the 
correlations 

Ethical obligation to do our best



Course Schedule
Week 1 Bayesian inference Chapters 1, 2, 3
Week 2 Linear models & Causal Inference Chapter 4
Week 3 Causes, Confounds & Colliders Chapters 5 & 6
Week 4 Over#tting / MCMC Chapters 7, 8, 9
Week 5 Generalized Linear Models Chapters 10, 11
Week 6 Ordered categories & Multilevel models Chapters 12 & 13
Week 7 More Multilevel models Chapters 13 & 14
Week 8 Multilevel Tactics & Gaussian Processes Chapter 14
Week 9 Measurement & Missingness Chapter 15
Week 10 Generalized Linear Madness Chapter 16

https://github.com/rmcelreath/stat_rethinking_2023
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Inconvenient Posteriors
Ine$cient MCMC can be caused by 
steep curvature 

Hamiltonian simulation has trouble 
exploring surface 

“Divergent transitions” 

Transforming priors can help
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Divergent transitions

Outlook good

n_eff = 148log-probability
n_eff = 550sigma[1] n_eff = 232sigma[2]



v ∼ Normal(0,0.5)
x ∼ Normal(0, exp(v))



v ∼ Normal(0,_)
x ∼ Normal(0, exp(v))



v ∼ Normal(0,3)
x ∼ Normal(0, exp(v))

divergent transitions



Divergent transitions
Why? Same step size not optimal 
everywhere 

High curvature = simulation cannot 
follow surface 

What can we do? 

(1) use a smaller step size 

(2) reparameterize!

v ∼ Normal(0,3)
x ∼ Normal(0, exp(v))



v ∼ Normal(0,3)
x ∼ Normal(0, exp(v))

Small step size

Small step size helps, but 
makes exploration slow



v ∼ Normal(0,3)
x ∼ Normal(0, exp(v))

“Centered”



v ∼ Normal(0,3)
z ∼ Normal(0,1)
x = z exp(v)

v ∼ Normal(0,3)
x ∼ Normal(0, exp(v))

“Centered” “Non-centered”



v ∼ Normal(0,3)
z ∼ Normal(0,1)
x = z exp(v)

v ∼ Normal(0,3)
x ∼ Normal(0, exp(v))

“Centered” “Non-centered”



m13.7 <- ulam( 
    alist( 
        v ~ normal(0,3), 
        x ~ normal(0,exp(v)) 
    ), data=list(N=1) , chains=4 ) 

m13.7nc <- ulam( 
    alist( 
        v ~ normal(0,3), 
        z ~ normal(0,1), 
        gq> real[1]:x <<- z*exp(v) 
    ), data=list(N=1) , chains=4 )



m13.7 <- ulam( 
    alist( 
        v ~ normal(0,3), 
        x ~ normal(0,exp(v)) 
    ), data=list(N=1) , chains=4 ) 

m13.7nc <- ulam( 
    alist( 
        v ~ normal(0,3), 
        z ~ normal(0,1), 
        gq> real[1]:x <<- z*exp(v) 
    ), data=list(N=1) , chains=4 )

Warning: 112 of 2000 (6.0%) transitions ended with a divergence. 
> precis( m13.7 ) 
   mean     sd   5.5%  94.5% n_eff Rhat4 
v  1.41   2.37  -1.84   5.93     7  1.46 
x 35.93 168.42 -21.15 258.86    30  1.19

> precis( m13.7nc ) 
    mean     sd   5.5% 94.5% n_eff Rhat4 
v  -0.04   3.12  -5.17  4.84  1380     1 
z  -0.01   0.96  -1.60  1.51  1495     1 
x -19.34 899.98 -30.81 24.86  1874     1
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[αj, βj] ∼ MVNormal([ᾱ, β̄], R, [σ, τ])

Ci ∼ Bernoulli(pi)

σ, τ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Centered priors

Ci ∼ Bernoulli(pi)

σ ∼ Exponential(1)

logit(pi) = αD[i] + βD[i]Ui

ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Zj,k ∼ Normal(0,1)
v = (diag(σ)LZ)⊺

α = ᾱ + v_,1

β = β̄ + v_,2

Non-centered priors



v = ([σ1 0
0 σ2] LZ)

⊺

Ci ∼ Bernoulli(pi)
logit(pi) = αD[i] + βD[i]Ui

Zj,k ∼ Normal(0,1)
v = (diag(σ)LZ)⊺

α = ᾱ + v_,1

β = β̄ + v_,2

σ ∼ Exponential(1)
ᾱ, β̄ ∼ Normal(0,1)

R ∼ LKJCorr(4)

Matrix v is back on non-
standard, correlated scale



a 61-by-2 
matrix v = ([σ1 0

0 σ2] LZ)
⊺
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standard deviations
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standard deviations

a 61-by-2 
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Cholesky  factor of 
correlation matrix 
across features
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diagonal matrix of 
standard deviations

a 61-by-2 
matrix

Cholesky  factor of 
correlation matrix 
across features

2-by-61 matrix of 
feature z-scores
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diagonal matrix of 
standard deviations

transpose! 
!ips rows and columnsa 61-by-2 

matrix

Cholesky  factor of 
correlation matrix 
across features

2-by-61 matrix of 
feature z-scores

v = ([σ1 0
0 σ2] LZ)
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I. NOTICES SCIENTIFIQUES 

Commandan t  BENOIT '. 

NOTE SUR UNE IVIETHODE DE RESOLUTION DES EflUA- 
TIONS NOR~IALES PROVENANT DE L'APPLICATION BE 
LA METHODE DES IVIOINDRES CARRIES A UN SYSTEME 
D'EQUATIONS LINP.AIRES EN NOI~IBRE INF~.RIEUR A 
CELUI DES INCONNUES. - -  APPLICATION DE LA MP~- 
THODE A LA RF.SOLUTION D'UN Su DEFINI 
D'P.QUATIONS LINEAIRES. 

(Procdd~ du Commandant CnoLl~S~'~-.) 

Le C o m m a n d a n t  d' kr t i l ler ie  Cholesky,  du Service g6ographi -  
que de l ' :krm6e, tu6 pendan t  la g rande  guer re ,  a imagin6 ,  au 
cours  de recherches sur  la compensa t ion  des r6seaux g6od6si- 
ques,  un  proc6d6 tr~s ing,~nieux de r6solut ion des  6quat ions  
d i t e s  normales, obtenues  par app l i ca t ion  de la m6thode  des 
m o i n d r e s  carr6s '~ des 6quations l in6aires  en h o m b r e  inf6r ieur  
h celui  des inconnues ,  l i e n  a conclu une m6thode  g6n6rale de 
r6solu t ion  des 6quat ions l in6aires.  

Nous suivrons ,  pour  la d6mons t ra t ion  de cette m6thode,  la 
p rogres s ion  m6me qui a ser~i au C o m m a n d a n t  Cholesky pour  
l ' i m a g i n e r .  

x. De l'~krtillerie coloniale, ancien officier g6od6sien au Service 
g~ographique de l'Xrm@ et au Service g6ographique de l 'Indo-Chine, 
Membre du Comit6 national franc ais de Gdoddsie et G6oph3-sique. 

2. Sur le Commandant Cholesky, tu6 h l 'ennemi le 3~ ao6t I9~8, 
voir la notice biographique insdr6e dans le volume du B~dlelin g~o- 
d~sique de x922 intitul6 : Unior~ 9~od~siq~le et ggophysique inlernalio- 
hale, Premibre Assemblde 9~n~rale, Rome, mai 1929, Seclion de G~o- 
dgsie, Toulouse, Privat, I 9~ ,  in-8 ~ 2~I p., pp. x59 ~ x6i. 
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André-Louis Cholesky (1875–1918)

Note on a method for solving normal equations 
resulting from the application of the method of 
least squares to a system of linear equations of 
smaller number than the unknowns.

!e artillery commander Cholesky, of the Geographical 
Service of the army, killed during the Great War, imagined, 
during research on the compensation of the geodesic 
networks, a very ingenious process of solving the equations 
known as normal, obtained by application of the method of 
the least squares to linear equations in lower number than 
that of the unknowns.



# define 2D Gaussian with correlation 0.6 
N <- 1e4 
sigma1 <- 2 
sigma2 <- 0.5 
rho <- 0.6 

# independent z-scores 
z1 <- rnorm( N ) 
z2 <- rnorm( N ) 

# use Cholesky to blend in correlation 
a1 <- z1 * sigma1 
a2 <- ( rho*z1 + sqrt( 1-rho^2 )*z2 )*sigma2
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> cor(z1,z2) 
[1] -0.0005542644 
> cor(a1,a2) 
[1] 0.5999334 
> sd(a1) 
[1] 1.997036 
> sd(a2) 
[1] 0.4989456
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Transformed Priors

Both centered and non-centered 
better in di!erent contexts 

Centered: Lots of data in each 
cluster (data probability dominant) 

Non-centered: Many clusters, sparse 
evidence (prior dominant)




