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The essence of decision trees

 Decision trees are like kNN, but with rectangular not polygonal
hypervolumes, dynamic k not fixed k (based on regions not points)

 Partition feature space into tight rectangular hypervolumes of
feature space with constraint that we want y values to be as
pure/similar as possible for records in that hypervolume

* Not so tight that the hypervolumes have too few feature vectors
(records/samples), which tends to overfit the training data

* Prediction for unknown vector:

« predict the mean y for training samples in that hypervolume (regression)
* predict the mode (most common) y in that hypervolume (classification)

 Binary trees just happen to be an efficient implementation

UNIVERSITY OF SAN FRANCISCO



Basic properties of decision tree models

variety

* Decision trees consist of internal decision nodes HTL mﬁcﬂfﬂﬁ .

and leaf nodes that make predictions = virginia

' p etal Iwmlth(m

« Each input record (feature vector) is
contained in exactly one leaf node @ S | o

- Each leaf has 1 or more records whose y'sare "~ =t
as pure as possible (model hyperparameters @

affect number of records per leaf)
 Prediction proceeds from root to leaf, testing var/value combos

* Regressor: leaf predicts average of y for associated records
* Classifier: leaf predicts mode (most common) class

UNIVERSITY OF SAN FRANCISCO
Most images in these slides from package https://github.com/parrt/dtreeviz



https://github.com/parrt/dtreeviz

L et’s reinvent decision trees
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Let’'s create a simple regressor in 1D

Predict MPG Predict a single
from weight constant for
4 te entire region
oW : (the mean)
o £ I
O 301 a ;‘@2/@ Q»k/ : A . .
a T it g Wy YT MSE is h|gh,
S I_Je—ams -~ 2. . .
e 1 : residual variance
(B S oal o 00 : : 1
20 R 4= LT o is high
I ) RO 15 I
5 ‘ s goiom o .
0. il 3 o * Residuals from
| | | | ' point to region
2000 3000 4000 5000 mean
Vehicle Weight
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Improve by partitioning, using multiple lines

WHERE DO
WE SPLIT??

Find ranges of

WGT with similar 40

MPG values, which

yields a lower © 301

MSE At

20 1

10 1

Can only use

horizontal lines,
but can use lots

@ % 00
&% Each region
i et predicts mean
® B¢ 2 i I i
X B, In piecewise
MR fashion
& MOEI. s
‘%,‘ﬂ, Q) O

2000 3000 4000 5000

Vehicle Weight
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Strategy: find split point giving least MSE

Split WGT WGT=2000 is
into two BAD CHOICE:
subregions, | 17, O\ MSE very high
each S . O (subregion y's
predicting 't S ge : % are still
mean g0 ST ! dissimilar)
= Sl { o @ 4 t
; g = \705'\”";‘ ; l; s :
20 e 8 el !
to ‘o8 o aba® WP O |
FUR b
101
2000 3000 4000 5000
Vehicle Weight
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Strategy

Split WGT
into two
subregions,
40 -
each
predicting
mean g 30
=
20 -
10 -

. find split point giving least MSE

/Y
| §
I/
g 4 .
RS I
N Y () 1
2
1 be ;; e : 1.
® o \,91 e |
o ¥ g of
(¢ > N
) a’m I;iﬂﬂ‘@l“‘@
I ) { @
8 ° oy e
2000 3000 4000 5000
Vehicle Weight

WGT=3500 is
ANOTHER

BAD CHOICE:
MSE very high
(still dissimilar)

Note: MSE for
mean model is
same as variance
(average squared
difference from
mean)
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A split exists that gives min MSE for regions

10 1

Slide s1 from left to right over x; range, computing subregion MSE

" )
@qohs E $
i Y
® JB°° e G
s L o
Do 0@ ;
o ®
o & ~
| % q [ ) o
i SLI | [ |
3000 4000 5000
Vehicle Weight

Choose WGT location with min average MSE for subregions

Technique:
Exhaustively
check all feature
values, computing
MSE or variance
of subregions for
each split

Choose split point
giving min MSE
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Now split those 2 regions to get 4 regions

40 -

MPG

20 1

10 1

Slide s2 from left to s1, computing MSEs; choose x location with min avg MSE
Slide s3 from s1 to right, computing MSEs; choose x location with min avg MSE

. o,
o X ¥
¢ (?9 : 3
| o o g
i ¢ P
| . ® ey e "
| $2 s1 | $3 | |
2000 3000 4000 5000
Vehicle Weight

Split s1 stays,
recursively split
left/right regions to
get splits s2, s3

Kinda like binary
search or other
divide-and-conquer
strategy
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40

MPG

20

10

Recursive call-tree from model training
gives regions defined by splits s1,s2,s3

2 331‘ s3 )

2000 3000 4000
Vehicle Weight

5000

Split (recurse) until one of:
 All potential splits do not reduce MSE
* All nodes have min num samples

« Max number of splits reached

 Etc...

s1=split(1000,5000)

T

s2=split(1000,s1)  s3=split(s1,5000)

N\ N\

[1000,52) [s2,51) [s1,53) [$3,5000)
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Hardcoded non-tree model implementation

10 1

® i

o i
& o] i

g e
* T .
é : ‘E;j :“a; m@ @

s2  s1 s3 |

2000 3000 4000 5000
Vehicle Weight

To partition space, test in
recursion/split order

if
if
if
if

x<sl and x<sZ2: predict

x<sl and x>=s2: predict
x>=s1 and x<s3: predict
x>=s1 and x>=s3: predict

Note repeated comparisons!

UNIVERSITY OF SAN FRANCISCO



Factor the split comparisons for efficiency

40 | | |
_ fpe i
. : :
o SO® 5
O 30 ﬂfa@i ' i
o £ |
= ® B e
T © > @
® @ -
207 é é L;@ 0] ,@H@
| i
| | Ll °
10] s2  s1 s3 |
2000 3000 4000 5000
Vehicle Weight

1f x<sl:
1f x<s2: predict
else: predict
else:
1f x<s3: predict
else: predict

But, don’t want to hardcode model!
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Represent nested conditionals as tree

40
- 3 i
® (1L 1
30| °‘eord o V¢
a ¢ B
= * BT
20 : T f‘:f@f@rgé
i ) e o0 PN
197 52 sl s3 ‘
2000 3000 4000 5000
Vehicle Weight

We morph tree of recursion from training into decision tree!

Internal nodes test features  s2
Leaves predict region mean ’ﬂf

,0/"
ezse"<83
br Pre Cqy
eq’ cp th

s1

33_

UNIVERSITY OF SAN FRANCISCO

rotate 90°



1D feature space vs dtreeviz decision tree

40 o
@ 35?)0% i
_Q—@’_w 5
8 30 e Q% “ ® e
= o TN
L5090 0 ¢ o®
207 - %/Qig“%@?@\\()(w Y >
$ oSt ol
; | Yoma “’%ﬁ, ) "
10 52 st s3 -
2000 3000 4000 5000
Vehicle Weight

https://qgithub.com/parrt/msds621/blob/master/notebooks/trees/partitioning.ipynb

™ 40 . i
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‘ 1 L) e 1% S o ‘
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2 & e 1
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n=94 n=97 n=108 n=93
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https://github.com/parrt/msds621/blob/master/notebooks/trees/partitioning.ipynb

2D regressor feature space (heatmap, 3D)

Regression tree depth 4, training R?=0.786
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An aside: partitioning, tree viz done with
custom library

* Do “pip 1nstall dtreeviz’

« Partially built with Prince Grover, previous MSDS student

» See https://qgithub.com/parrt/dtreeviz and the article for more
detail: https://explained.ai/decision-tree-viz/index.html

« Advice: never accept status quo; always strive for more / better

« See “How to lead a fulfilling life by being dissatisfied” buried in
my talk on decision tree viz

https://twitter.com/the antlr quy/status/1120359898062000128

UNIVERSITY OF SAN FRANCISCO


https://github.com/parrt/dtreeviz
https://explained.ai/decision-tree-viz/index.html
https://twitter.com/the_antlr_guy/status/1120359898062000128

Classifiers
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Classifiers split feature space too

Predict wine
from proline

« Internal decision nodes test features just like regressor trees
« Leaves predict most common target category (mode) not mean
« Find split that decreases average impurity of left/right subregions

(we'll need a definition of impurity for categories)

(7))
—_

S A W Jp——

| | |

250 500 750 1000 1250 1500 1750
proline

https://github.com/parrt/msds621/blob/master/notebooks/trees/partitioning.ipynb

. Sl .- SN
0 i
A
278 75500 1680
proline

@&
Q.

n=111 n=67
class 1 class 0
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https://github.com/parrt/msds621/blob/master/notebooks/trees/partitioning.ipynb

Split s1 subregions into more subregions

s2

All splits use same proline variable

,
278 755.00 1680

I ]
1 0 3 I proline
O o ?)& 8§71 | /< >
5 «Qﬂfﬁ?@%} ST ° g ) N
 ~hy SO0 ~ OO @ . 28
PO308 BB P, o 8
| | ; | | ... | == P
T T 1 T T T T 278 g%ﬁge 1680
250 500 750 1000 1250 1500 1750 iy £

proline

proline

/ —— / <
4 /
e § Q N
A
\34 \/ re K
n= class 0
n=44
class 1 n=77 hico
I 2

Still not very pure though
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5 - ©
To improve predictions: 4 o0
Use 2 features and S.] lage  Oolo®g B
split 2D feature S | 0 0°0f
space into regions & ;] @S o
O T;@ Q’I( O D
1 ) & OO(QOC)@L) ; .
N6) 0G0
0 T T S|1 T T T 1
Training looks for (feature, split point) 250 500 750 1000 1250 1500 1750
combos giving more pure subregions. proline

To test: decision nodes compare single feature

value in subset of records to split point
UNIVERSITY OF SAN FRANCISCO
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I
©)

To improve predictions: 41 o R
Use 2 features and =
split 2D feature S

space into regions K 3

Training looks for (feature, split point) 250 500 750 1000 1250 1500 1750
combos giving more pure subregions. proline

To test: decision nodes compare single feature

value in subset of records to split point
UNIVERSITY OF SAN FRANCISCO



Compare depth=2 trees for 1D, 2D vars

A o
278 .00
prol prol
< \ /< >
28 16
"oss A A
. 1.24
flavanoid flavanoi d
0
278 468.00

SSSSSS
SSSSSSSSSSSS

SSSSSS
SSSSSS
rrrrr

All splits use same proline variable Splits use proline and flavanoid
UNIVERSITY OF SAN FRANCISCO
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For bigger trees, can ey

do nonfancy plot, leaf plots
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NOde |mpur|ty Glnl |mpur|ty g_k=20ase,entropyscaledtoO..1/2

* Measures y’'s uncertainty, like entropy but fasQ:
* Minimize gini during node splitting
* Let p; be the fraction of y values

with class i and k = num of classes Ofo - T p
L Di

k k k
Gini(y) = Zpi [ij} = Zpi(l —pi) =1-— szz
i=1

i=1 i i=1

« Gini range is 0..(k-1)/k
* Max uncertainty is when all pi = pj-
p; =1/k sogini=1— §<=1k—2= 1-1/k=(k-1/k

* Min uncertainty is when a single p; = 1 and other p; = 0

See https://qithub.com/parrt/msds621/blob/master/notebooks/trees/gini-impurity.ipynb UNIVERSITY OF SAN FRANCISCO



https://github.com/parrt/msds621/blob/master/notebooks/trees/gini-impurity.ipynb

Tree structure’s effect on
prediction error

UNIVERSITY OF SAN FRANCISCO



Hyperparameter
max_depth

Restricts how many splits tree
can make, preventing tree from
getting too specific to training
set (zeroing in on outliers)

X

1.75 -~
1.50 -
1.25
1.00 -
0.75 A
0.50 -
0.25 -
0.00 -

Synthetic dataset, tree depth 1

S

s <

0.0

0.5

1.0 1.5 2.0
x1
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Hyperparameter min_samples_leaf

* |dea: don’t split regions w/less than min_samples_leaf records
« Similar to limiting height of tree but finer granularity of control
« More direct control of generality than tree height

« Degenerate case where min_samples leaf=n
« What does such a regressor predict?
» What does such a classifier predict?
» Describe accuracy of this extreme model

* If we trained on many different training sets pulled from same data
distribution, how stable would the test set prediction error be? (What

does that say about variance/generality?)

https://github.com/parrt/msds621/blob/master/notebooks/trees/decision-trees.ipynb UNIVERSITY OF SAN FRANCISCO



https://github.com/parrt/msds621/blob/master/notebooks/trees/decision-trees.ipynb

2D tesselation Synthetic dataset, 1 samples/leaf

varying min .
samples/leaf L5 -
In action

1.0 A
As min leaf size gets bigger, R
more general but less 0.5 4
accurate '

0.0 -

0.0 0.5 1.0 1.5 2.0
X1
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Trees for 200,100,550 samples per leaf

(Boston housing data, n=506 records) AM @6 94
 Leaves have fewer & fewer elements, but tree is biggerLSTAT@,,/{;4O " &

- Variance of y in leaves shrinks with samples/leaf, o
which is training goal; increase accuracy by AM@b.54  CRIN@6.99
reducing impurity P

LSTAT@§/;66 & CRIM¢@\O.55 ® |
LSTAT@9.72 | S o
LSTAT@9.72 e N e “‘ L 2
/ \ Vi j | - INDU$@9.95 ---------- R -
/< > RM@6.63 LSTAT@16.09 e San MEDVLIBSS  MEDVEISTO
A T I T S P
n=2_12. n=2_94. MEE;/1=1214‘39 MEI;);/1=815.60 MEIrZ])l/1=52(§).3O MEI;);/;;E.% MEE;\L;%O.% MEE;\L;%MS
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What happens with very small leaves?

Max depth 5
5 - . Check out that lonely blue dot in sea of
yellow! (let's assume tiny region is blue)

4 D
o We let model get overly specific; it's overfit
O 5|
% = >, D Accuracy on training set is very high, but at
% o0 the cost of generality; test set error is higher
= 21 & than necessary

1 -

0

250 500 750 1000 1250 1500 1750

proline
(Wine data set) UNIVERSITY OF SAN FRANCISCO



How could we (likely) improve generality?

Max depth 3 or

Max depth 5 min samples / leaf 10
5 - O
5 - O
Blue dot now gets classified as yellow
O 4 -
O 00 ¢
_'g © OQ)Q & oS ©
cC (@) 3 Q0o O R e 5 9
g % 56 0°a9 P %O 0 DO
© > o X i o © &
— © OO0 O e O
h = 27 37%R% 09 0
°Q &0

250 500 750 1000 1250 1500 1750
proline

250 500 750 1000 1250 1500 1750
proline

(Wine data set) UNIVERSITY OF SAN FRANCISCO



Key takeaways

 Trees partition feature space into rectangular hypervolumes of
similar features but also with pure/similar y values for records in
that hypervolume

e Decision trees have internal decision nodes that test variables at
split points and leaf nodes that make predictions

 Leaves predict mean (regressor) or mode (classifier) of samples
« Partitioning subject to reducing MSE (y variance) or Gini impurity

 Limiting tree height or increasing leaf size reduces accuracy but
Improves generality

* (We’ll have whole lecture on training these beasts)
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Lab time

* Partitioning feature space

https://qgithub.com/parrt/msds621/blob/master/labs/trees/partitioning-feature-space.ipynb

UNIVERSITY OF SAN FRANCISCO


https://github.com/parrt/msds621/blob/master/labs/trees/partitioning-feature-space.ipynb

