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First part, multiple choice

There is exactly one correct answer per question.

Convexity

Question 1 Definition: For a (not necessarily convez) function f : R? — R, an a-level curve (also
known as contour line) corresponds to the set {z € R{f(m) = a} where « € R. We can represent these
curves by drawing them for different values of a. In Figure 1 (a) for example, each heart corresponds to an
a-level line of a certain function f : R* — R and for different values of o € R. The two perpendicular lines
with arrows at the end are the axis of the plot and not level lines.

Which of the four plots in Figure 1 could correspond to the level curves of a convex function f : R? — R.

D B and C.
D A and D.
D A and C.
[ ] AandB.
[ ] B andD.
B CandD.

()

/ ( ©
VA

(a) Level lines A (b) Level lines' B (c) Level lines C (d) Level lines D

Figure 1: Several level lines for four different functions f : R — R

Question 2 Assume we perform constant step-size stochastic gradient descent on f(z) = 1(f1(z)+ f2(x)),
where fi(z) = (z — 1)? and fo(x) = (2 +1)? for x € R, i.e. z441 = 2y — 7V f;,(7;) where at each iteration,
i is chosen uniformly random in {1,2}. Which of the following statements is false:

- For v = 1, we cannot guarantee that the iterates stay in a bounded set.

|:| x = 0 is the global minimum of f.

D Whatever the choice of constant step-size v > 0, the iterates cannot converge as t goes to infinity.

. For v = 2, for any starting point o and after the first iteration, the iterates will belong to {—1,+1}.
Question 3 Considering the same setup as in the question above, but now assuming fi(x) = z? and

fo(z) = e*, x € R. After running T steps of SGD, we find that V f;.(xr) = 0. Which of the following
statements is true:

D 7 is a local minimum but not a global minimum.

-ZET:O.

[ ] 2 is a global (and local) minimum.

D None of the other choices.

For your examination, preferably print documents compiled from auto-
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Question 4  Given a function f : RY — R we want to minimize. We assume at each iteration ¢ a stochastic
oracle is providing us with stochastic gradient g(x;) to run our SGD algorithm: x;11 = x; — yg(x¢). We
consider the following two stochastic oracles:

ga(x) := {3Vf(x)’ w. prob.

(x) = Vf(x), w. prob.
e ~N(0,1), w. prob. BB =

—0.5V f(x), w. prob.

Wi Wi
N|— N[~

‘Which statement is true?

|:| Oracle A and B are both biased.

[ ] Oracle A and B are both unbiased.

B Oracle A is unbiased, oracle B is biased.
D Oracle A is biased, oracle B is unbiased.

Question 5

Assume that we want to fit an affine line through a given point (z1,y;) = (1,1) € R? (datapoint illustrated in
Figure 2). To do so, we want to minimize the function f(a,b) = (y; — (ax1+0b))? using gradient descent from
a starting point (ag, bg) = (0,0). Using an appropriate and strictly positive step-size, the iterates (a, b)ien,
will converge to:

[ ] (a*,b*) = (0,1).
|:| (a*ab*) = (170)
B «.»)=(05,05)
[ ] (a*,b%) = (~1,2).

HINT: do a drawing.

Figure 2: Plot of the datapoint (x1,y1) = (1,1).

Smoothness and gradient descent

Question 6  Define f(x) := ax?® + b for x € R. Consider running gradient descent with a constant-step
size. For which one of the following statements, it is not possible to find a combination of starting point,
step size and positive real numbers a and b where the statement happens at some step ¢.

D Tip1 <0 < @pyo < 24
B <z<0<a.
D Ti41 <0 < 2y < Tpyo.
D Tyy1 # x¢ and Ty = Ty40.

Solution: We have Vf(x) = 2ax. If x; and 2441 have different signs then v > % Hence the sign should
change also in the next step.

For your examination, preferably print documents compiled from auto-
multiple-choice.



EEE BN 2 | +1/4/57+

Question 7 Define f(z) := z* with domain Dy := [—2,2]. Assume we want to find a point z7 with
f(xzr) < € starting from zo € Dy. Among the following statements, which is true and provides the tightest
bound?

|:| Using Nesterov acceleration and an appropriate step size, we have T € (9(%) since f is smooth and
convex over Dy.

- Using Nesterov acceleration and an appropriate step size, we have T € O(%) since f is smooth and
convex over Dy.

D Using vanilla Gradient Descent and an appropriate step size, we have T' € (9(%) since f is smooth
and convex over Dy.

D Using vanilla Gradient Descent and an appropriate step size, we have T € O(log(%)) since f is smooth
and strongly convex over Dy.

Question 8 Consider two algorithms A;, As. For any L-smooth, p-strongly convex function f with
global minimum at x*, assume the error after 7" iterations while initialized at xq satisfies:

L %2 T 1P
Error(A;) = 7||X02TX I Error(As) = (1 — %) lIx0 = x| 2X |
Consider both algorithms for the minimization of a quadratic function f(x) := %XTMX for x € R? where
1 0
M = [0 10_3} when initialized at xo = (1,1). Consider the following statements

A: To get a target error of € = 1072, A, takes fewer iterations.

B: To get a target error of ¢ = 10~7, A, takes fewer iterations.

|:| Only A is true.
[ ] Both A and B are true.
D Neither A nor B is true.
. Ounly B is true.

Projected Gradient Descent

Question 9 Consider the minimization of a L-smooth, convex function f over a closed, convex set X
using the projected gradient descent. with learning rate v = % At iteration t > 0, we have
yer1 =% =YV f(xe),  Xeqr = Ix (yesa).
Which of the following properties is false?
L] £x) > f(x40).
[ (xep1 = %) T (y41 — Xe42) > 0.

L It = xesa 2+ llyeen = xeal® < llxe = yera |
B None of the other choices.

® For your examination, preferably print documents compiled from auto-
multiple-choice.
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Subgradient Descent

Question 10 Consider the function f(x) = 4x — 2% for x € R. The gradient and subgradient at z = 2
are, respectively

[]o, [-1,1]
[ ]o,o.
- 0, doesn’t exist.

[]2,2

Frank-Wolfe

F E D

Figure 3: Gradient direction g over a convex set X.

Question 11  Given the gradient direction g and the convex set X as depicted in the above figure, what
is a solution of the Linear Minimization Oracle LMOx(g) ?

[]D
DAandB
Hr
[]A
[ 1B
[]c

Newton’s Method and Quasi-Newton
Question 12  Define f(z) := z* and g(z) := 23 for x € R. Consider running Newton’s method from an
initial point zo € R on each of these functions. Which one of the following statements is true:

D Newton’s method does not converge to 0 on at least one of the functions.

[ ] Newton’s method converges to 0 on g(x) with the same speed as on f(z).

[ ] Newton’s method converges to 0 on f(z) faster than on g(z).

B Newton’s method converges to 0 on g(z) faster than on f(z).

For your examination, preferably print documents compiled from auto-
multiple-choice.
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Second part, true/false questions

Question 13 (Convexity) If a function is strictly convex, then it is also strongly convex.

[ ] TRUE B rALSE

Question 14 (Strong Convexity) The following level curves (see Question 1 for the definition) could
correspond to the level lines of a strongly convex function f : R? — R.

[ ] TRUE B rALSE

Question 15  (Nonconvex Convergence) For a nonconvex, L-smooth function f with a global minimum,
and running gradient descent with stepsize v := %, we have

1= 1
2
7 2 IVl < o(7). . T>o.
B TRUE [ | FALSE

Question 16 (Coordinate-Wise Smoothness) Let f : x € RY — R be a twice differentiable L-smooth
function that is also smooth along the i-th coordinate with parameter L;, for all i. We have L = maxf=1 L;
if and only if V2 f(x) is diagonal for all x € R%,

[ ] TRUE B rALSE

Question 17 (Coordinate Descent) Depending on the cost of each iteration, randomized coordinate
descent without importance sampling can be faster than gradient descent.

B TRUE [ ] FALSE

Question 18  (Proximal-operator) The proximal mapping of any constant function h i.e. h(x) = ¢, Vx € R?
is an identity mapping.

B TRUE [ ] FALSE

Question 19  (Lasso) For any vector v € R%, the projection onto the ¢1-ball Bie. B = {x: |x|; <1},
always lies on the boundary of the ¢1-ball.

[ ] TRUE B rALSE

For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 20  (Frank-Wolfe) Consider the two constrained optimization problems min(xl,x?)e[o,l]ﬂﬂ% + 23
with initial iterate zo = [1,1] ", and min (g, 2,)€[0,10]x[0,1] (21/10)% + 23 with initial iterate 2o = [10,1] T, after
any number of iterations of the Frank-Wolfe algorithm, the optimization error for those two problems will
be the same.

B TRrRUE [ ] FALSE

Question 21 (SGD) For L-smooth and convex functions. If we use an appropriate step-size sequence
then Stochastic Gradient Descent (SGD) is guaranteed to strictly reduce the loss at each iteration.

[ ] TRUE B rALSE

For your examination, preferably print documents compiled from auto-
multiple-choice.
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Solution:

Third part, open questions

Answer in the space provided! Your answer must be justified with all steps. Do not cross any checkboxes,
they are reserved for correction.

In the whole exercise, we consider a convex and differentiable function f : R — R and denote by x* €
arg min, cpa f(x) one of its global minima.

Convexity Preliminaries

Until the end of this section, we assume that the function f is L-smooth and p-strongly convex.

Question 22: 1 point. Prove the following inequalities for x € R%:

/’(’ * * L *
Ll =1 < £60 - £6¢) < 5 x— x|

ey b

Solution: Use the definition with y = x*.

Question 23: 3 point. Prove the following inequalities for x € R

S IVI60I? < 0= (x") < V0,

ERESEY ©

Solution: Use the definition for y = x =1V f(x) to get 5+ ||V f(x)||? < f(x) — f(y). Use then the fact
that f(y) > f(x).

Question 24: 1 point. Prove finally the following inequalities for x € R%:
1 \va 2 < * |12 < 1 v 2
IV < llx - x| < EH I

[ I

Solution: Simple combination of previous questions.

For your examination, preferably print documents compiled from auto-
multiple-choice.
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The Polyak stepsize rule

In this section, we consider the iterates of the gradient descent algorithm on the function f with stepsize
sequence (7y;);>o defined as:

Xt+1 = Xt — ’thf(xt) fOI' t Z 0, (1)

initialized at xo € RY. We investigate here a particular stepsize choice which is due to the Russian mathe-
matician Boris Polyak, one of the founding father of modern optimization. Let us start by controlling the
decrease of the distance to x*, a minimizer of the function f.

Question 25: 1 point. Show that the iterates (x;) defined in Eq. (1) satisfy for ¢ > 0:

e1 = X% < flxe = x*[2 = 29 (F(xe) = F(x7)) + 27V f (o) ° (2)

[l I

Solution: [xc41 — x*[? = [, — x*2 — 290V £ )T (0 — %) + IV S < e — x*[12 — 2 x0) -
F(x*) + 72|V f(x¢)||? where the last inequality follows from convexity.

Boris Polyak argued that the optimal stepsize sequence should be chosen so that it minimizes the previous
upper bound on ||x;;1 — x*||? defined in Eq. (2). In the next question we derive such a formula.

Question 26: 2 points. Let t > 0 and define v, = arg min, > [lxy—x*[|2 =27 (f (x¢) — £ (x*)) +72[V f (x¢) ||*.
Derive the correct formula for ;.

[l -

.f‘(xt)—f(x*)

Solution: Setting the derivative w.r.t.~y to zero we obtain v, = TG E One point for the formula, and

one point for the justification using convexity.

This stepsize is called the Polyak stepsize. From now on, we consider the iterates of gradient descent defined
in Eq. (1) where the sequence (7;) is defined in the previous question.

In the following sections, we study the rates of convergence of the gradient-descent algorithm with such
stepsize. We denote by X the iterate which satisfies f(Xr) = ming<;<r—1 f(x¢)-

Question 27: 1 point. Show that the iterates (x;) defined with the Polyak stepsize satisfy for ¢ > 0:

*H2 o (f(Xt) — f(X*))2
IVFx)I?

[xep1 — x*]1 < Jlxe — x

[l I

Solution: |[|x¢41 —x*||* = [|x¢ = x*[|* = 29V f(x¢) T (% = x*) + 27 [V (x0) 1P < [Ixe — x*1? = 29 (f (xe) —
F(x*) + 2|V f(x¢)]|? where the last inequality follows from convexity.

For your examination, preferably print documents compiled from auto-
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Analysis under bounded gradients assumption

We assume in this section that the function f has bounded gradients, i.e., there exists B > 0 such that

|V f(x)|| < B for all x € R”.
Question 28: 3 points. Let T > 1. Show the following inequality:

Bllxo — x|

lfffl N
TZ%G&Q—f@))S 7T

HOESEY ©

Solution:  Using the bounded gradient assumption and Eq. (3) yields ||x;41 — x
x,)—F(x*))2

—UCZCO and thus (f(x:) — f(x*))? < B2 (| = x*|2 = i1 — x*|2).

Summing from ¢t =0---T gives that Zfzo(f(xt) — f(x%))? < B?||xo — x*||%.

1P = e

—x? <

Using the Cauchy-Schwarz inequality, we obtain ZtT:O(f(xt) —f(x*) < ﬁ\/ZtT:O (f(x) — f(x

We assume until the end of the section that the function f is p-strongly convex.

Question 29: 1 point. Show for ¢ > 0:
12| — x4

_ <2 < _oex|12
e = %2 < e — x| .

ey F

Solution:

For your examination, preferably print documents compiled from auto-
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2 * 12
For t > 0, let us denote by 3; = %. We have then proven that:

Brr1 < Be(1 = Br).
Question 30: & points. Show that for ¢ > 0:

[ L] L s

Solution: [y < 1 from the previous question. Then 0 < 1/8; < 1/8i41(1 — Bt) < 1/Be41 — ﬂtﬂ—il In

addition, 2 > 1. Thus 1/8: +1<1/Bi1+1. Expending, we get that 1/8;11 >t + 2

> Bita
Question 30 directly translates into a bound on the function values. But we will get a different one through

a different analysis. Let us assume that 7' > 2 is even (odd T would lead to similar result).

Question 31: 2 points. Let T' > 2 be an even number. Show that
-— 2 16B
< (2T

[l -

. T * 2 T * * 2 *
Solution: F 3, 7ol f(xe) = f(x*)]* < 27 31 n(llxe —x* |1 =[x —x*|?) = 27 (|x/2 —x*|* = || x7 —
2 .4
x*|2) < 2B |lxryn — x*|12. And [[xzjp — x*|[2 < 4B/ /(T/2). Thus 2 3 o [f(x:) — f(x*))? < 1655

Question 32: 2 points. Let T > 2 be an even number. Compare the bound on f(Xr) — f(x*) implied by
Question 30 and 31 and explain which one is tighter.

[l -

Solution: Using that the gradients are bounded we get... Using question 31, we directly have the result.
Although not proven here, a similar bound that the one proved in Question 32 also holds for any odd
number 7.

Analysis under smoothness assumption
We assume in this section that the function f is L-smooth.

Question 33: 2 points. Let T > 1. Show that

1T—l

2L||xp — x*||?
T .

(f(xe) — f(x) < T

t=0

[l -

Solution: We first show that |x;41 — x*[|? < [|x; — x*[|? — %Lf(x*) using questions 23 and 27. This
implies the result by direct summation.
We assume until the end of the section that the function f is p-strongly convex.

Question 34: 2 points. Let T' > 1. Show that

Floer) = () < 5o —x*2(1 — /(A1)

[l -

Solution: We have that ||x;11 — x*||? < [|x; — x*||? — %Lf(x*) < (1 — p/AL)||x; — x*||? using strong
convexity and question 22. By direct expansion we obtain then that ||x7 —x*||? < (1 —pu/(4L))T||xo — x*|2.
Using again question 22 and the smoothness gives the final bound.

® For your examination, preferably print documents compiled from auto-
multiple-choice.
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Conclusion

Your results imply that

Bl|xo — x*|| 2L||xo —x*||*> 4B% L
JT T VT2

f&r) = f(x) < min{ o — x*[|*(1 —u/(4L))T_1}-

Question 35: I point. Compare this result with what you have seen in the course.
Yy |

Solution: This is adaptive!

Question 36: I point. Point out a major issue with the applicability of the Polyak stepsize-rule in practice.
Y F

Solution: The value f(x*) is unkown!

Question 37: 1 point. Do you see an application in modern machine learning where this should not be an
issue?

[ 1 M

Solution: Overparameterized nets can reach zero loss

For your examination, preferably print documents compiled from auto-
multiple-choice.



