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CHAPTER I. PRELIMINARIES: SET THEORY AND CATEGORIES

Chapter I. Preliminaries: Set theory and categories

§1. Naive Set Theory

‘ 1.1 Locate a discussion of Russel’s paradox, and understand it.

Recall that, in naive set theory, any collection of objects that satisfy some property can be
called a set. Russel’s paradox can be illustrated as follows. Let R be the set of all sets that
do not contain themselves. Then, if R ¢ R, then by definition it must be the case that
R € R; similarly, if R € R then it must be the case that R ¢ R. "

1.2 > Prove that if ~ is an equivalence relation on a set .S, then the corresponding family
P, defined in §1.5 is indeed a partition of S; that is, its elements are nonempty, disjoint,
and their union is S. [§1.5]

Let S be a set with an equivalence relation ~. Consider the family of equivalence classes
w.r.t. ~ over S:

P =A{lal.a e S5}

Let [a]. € .. Since ~ is an equivalence relation, by reflexivity we have a ~ a, so [a].
is nonempty. Now, suppose a and b are arbitrary elements in S such that a % b. For
contradiction, suppose that there is an x € [a]. N[b].. This means that x ~ a and = ~ b. By
transitivity, we get that a ~ b; this is a contradiction. Hence the [a]. are disjoint. Finally,
let x € S. Then z € [z]. € Z.. This means that

[a]~EP~

that is, the union of the elements of &2 is S. "

1.3 > Given a partition & on a set .S, show how to define an equivalence relation ~ such

that & = 2. [§1.5]

Define, for a,b € S, a ~ b if and only if there exists an X € & such that « € X and b € X.
We can check that ~ is an equivalence relation as follows.

1. (Reflexivity) 3X € Z,a € X Na € X < a~a.

2. (Symmetry)

a~b <= IXecP acXNbeX < IXec P becXNaceX < b~a.
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3. (Transitivity)

a~bANb~e <= X eZP ace XANbeX)NTY e P, beY NceY)
— X, Y e P (ae X)AN(ceY)N(be XNY)
= XY e X (ae X)N(c Y)A(XmY;é@)
— XY eZ (ae X)N(ceY)N(X=Y)

— X e P (ae X)N(ce X)

<~ an~cC.

We will show that & = &2_.
1. (2 C 2.). Note that

Xe? = Va,be X,V e ZZ, ac Y NbEY
< Va,be X;a~0
— XeZX..

2. (Z.C Z). Given any [a] _ € P, there exists X € & such that a € X. Since
deX = VeP aceYNdEY < a~d < d €ld_

we get X C [a] . Also we have

/

dela, < WeZ (aeY)N(deY)
= VY eZ (ae XNY)A(d €Y)
— WV eZ (XNY#D)A(d€Y)
— W e (Y=X)AN(deY)
— d € X,

which means that [a] _ C X and accordingly [a] = X € &. Therefore, .. C &, and
with 1. we can finally conclude that & and . is equal.

1.4 How many different equivalence relations can be defined on the set {1,2,3}7

From the definition of an equivalence relation and the solution to Exercise [.1.3, we can see
that an equivalence relation on S is equivalent to a partition of S. Thus the number of
equivalence relations on S is equal to the number of partitions of S. Since {1, 2,3} is small
we can determine this by hand:

Zy=1{{1,2,3}}
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Py ={{1},{2},{3}}}
Py ={{1,2},{3}1 }
Ps = {{1},{2,3}}
Py ={{1,3}, {2} }

Thus there can be only 5 equivalence relations defined on {1, 2, 3}. n

1.5 Give an example of a relation that is reflexive and symmetric but not transitive. What
happens if you attempt to use this relation to define a partition on the set? (Hint: Thinking
about the second question will help you answer the first one.)

For a,b € Z, define a ¢ b to be true if and only if |a — b < 1. It is reflexive, since a ¢ a =
la —a| =0 <1 for any a € Z, and it is symmetric since a b= |a —b| = |b— a] = boa for
any a,b € Z. However, it is not transitive. Take for example a = 0,0 = 1,¢ = 2. Then we
have [a —b|=1<1,and |[b—¢c/=1<1,but |a — ¢/ =2 > 1;s0aoband boc, but not aoc.

When we try to build a partition of Z using ¢, we get ”equivalence classes” that are not
disjoint. For example, [2], = {1,2, 3}, but [3], = {2,3,4}. Hence &, is not a partition of Z.

1.6 Define a relation ~ on the set R of real numbers, by setting a ~b <= b—a € Z.
Prove that this is an equivalence relation, and find a ‘compelling’ description for R/ ~. Do
the same for the relation ~ on the plane R x R defined by declaring (a1, as) = (b1, bs) <=
by —a; € Z and by — ay € Z. [§I1.8.1, 11.8.10]

Suppose a,b,c € R. We have that a« —a = 0 € Z, so ~ is reflexive. If a ~ b, then
b—a =k for some k € Z, so a—b = —k € Z, hence b ~ a. So ~ is symmetric. Now,
suppose that a ~ b and b ~ ¢, in particular that b —a =k € Z and c — b =1 € Z. Then
c—a=(c=b+(b—a)=1l+k€Z,s0an~c Son~ is transitive.

An equivalence class [a]., € R/~ is the set of integers Z transposed by some real number
€ € [0,1). That is, for every set X € R /~, there is a real number ¢ € [0, 1) such that every
x € X is of the form k + € for some integer k.

Now we will show that =~ is an equivalence relation over R x R. Supposing a;,as € R xR,
we have a1 —a; = ag—as = 0 € Z, so (a1, a2) =~ (a1, az). If we also suppose that by, b, ¢1,co €
R xR, then symmetry and transitivity can be shown as well: (a1, a2) = (b1,b2) = bj—a; =
k for some integer k and by — as = [ for some integer [, hence a; — by = —k € Z and
ay — by = =1l € Z, so (by,bs) = (a1,a9); also if (aj,as) =~ (by,bs) and (by,be) = (c1,¢2),
then (by,by) — (a1,a2) = (k1,ke) € Z X Z as well as (¢1,¢2) — (b1, by) = (l1,1l2) € Z X Z, so
(c1,¢2) — (ay,a2) = (¢1,¢2) — (b1, b2) + (b1,ba) — (a1,a2) = (k1 + 11, ke + I € Z X Z. Thus ~
is an equivalence relation.

The interpretation of & is similar to ~. An equivalence class X € R x R/ = is just the
2-dimensional integer lattice Z x Z transposed by some pair of values (e, €2) € [0,1) x [0, 1).

-6 -
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Imaginatively, R/ ~ can be viewed as a ring of length 1 by bending the real line R and
gluing the points in the same equivalence class. And R x R/ ~ can be viewed as a torus in
a similar way. -

§2. Functions between sets

2.1 How many different bijections are there between a set S with n elements and itself?

[§1.2.1]

A function f: S — Sis agraph I'y C S x S. Since f is bijective, then for all y € S there
exists a unique z € S such that (z,y) € I'y. We can see that [[';| = n. Since each x must
be unique, all the elements = € S must be present in the first component of exactly one pair
in I'y. Furthermore, if we order the elements (x,y) in I'; by the first component, we can see
that I's is just a permutation on the n elements in S. For example, for S = {1,2,3} one
such I'; is:

{(1,3),(2,2),3,1) }

Since |S| = n, the number of permutations of S is n!. Hence there are n! different bijections
between S and itself. n

2.2 > Prove statement (2) in Proposition 2.1. You may assume that given a family of
disjoint subsets of a set, there is a way to choose one element in each member of the family.

§2.5, V3.3]

Proposition 2.1. Assume A # &, and let f : A — B be a function. Then

(1) f has a left-inverse if and only if f is injective; and
(2) f has a right-inverse if and only if f is surjective.

Let A # @ and suppose f : A — B is a function.

( = ) Suppose there exists a function g that is a right-inverse of f. Then fog = idg.
Let b € B. We have that f(g(b)) = b, so there exists an a = ¢g(b) such that f(a) = b. Hence
f is surjective.

( <) Suppose that f is surjective. We want to construct a function g : B — A such
that f(g(a)) = a for all a € A. Since f is surjective, for all b € B there is an a € A such
that f(a) = b. For each b € B construct a set A of such pairs:

Ay ={(a,;b) [ac A fla) =0}

Note that A, is non-empty for all b € B. So that we can choose one pair (a,b) (a not
necessarily unique) from each set in A = { A, | b € B} to define g: B — A:

g(b) = a, where a is in some (a,b) € A,
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Now, g is a right-inverse of f. To show this, let b € B. Since f in surjective, g has been
defined such that when a = g(b), f(a) = b, so we get that f(g(b)) = (f o g)(b) = b, thus g is
a right-inverse of f. "

2.3 Prove that the inverse of a bijection is a bijection and that the composition of two

bijections is a bijection.

1. Suppose f : A — B is a bijection, and that f~!: B — A is its inverse. We have that
foft=idgand f~'o f =idy. Hence f is the left- and right-inverse of f=!, so f=!
must be a bijection.

2. Let f: B — C and g : A — B be bijections, and consider f o g. To show that f
is injective, let a,a’ € A such that (f o g)(a) = (f o g)(a’). Since f is a bijection,
flg(a)) = f(g9(a')) = g(a) = g(a’). Also, since g is a bijection, g(a) = g(a’) =
a = a'. Hence f o g is injective. Now, let ¢ € C'. Since f is surjective, there is a b € B
such that f(b) = c. Also, since g is surjective, there is an a € A such that g(a) = b;
this means that there is an a € A such that (f o g)(a) = ¢. So f o g is bijective.

2.4 > Prove that ‘isomorphism’ is an equivalence relation (on any set of sets.) [§4.1]

Let S be a set. Then idg is a bijection from S to itself, so S = S. Let T be another set
with S = T, i.e. that there exists a bijection f : S — T. Since f is a bijection, it has an
inverse f~! : T — S, so T = S. Finally, let U also be a set, and assume that there exists
bijections f: S — T and g : T — U, ie. that S =T and T = U. From exercise 1.2.3 we
know that the composition of bijections is itself a bijection. This means that go f : S — U
is a bijection, so S = U. Hence % is an equivalence relation. "

2.5 > Formulate a notion of epimorphism, in the style of the notion of monomorphism seen
in §2.6, and prove a result analogous to Proposition 2.3, for epimorphisms and surjections.

A function f : A — B is an epimorphism if and only if for all sets Z and all functions
b : Z — B, there is a function o' : Z — A such that f od’ = . Now we will show that f is
a surjection if and only if it is an epimorphism.

( =) Suppose that f: A — B is surjective. Let Z be a set and V/ : Z — B a function.
We need to construct a function o’ : Z — A such that foa = V. Fix z € Z. Suppose
b=10(z) € B. Since b € B and f is surjective, there exists an a € A such f(a) = b. Now,
define a’(z) = a this way for each z € Z. Then fod'(z) =V (z) forall z € Z,so foad =V
Hence f is an epimorphism.

( <= ) Suppose that f is an epimorphism. Let &' : B — B be a bijection. Since f is an
epimophism, there is a function a’ : B — A such that fod =1¥. Let b € B. Since l/ is a
bijection, there is a unique element y € B such that 0'(y) = b. Furthermore, we have that
(fod)(y) =b. In other words, a = d/(y) is an element in a such that f(a) = b. Hence f is
surjective, as required. "

-8 -
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2.6 With notation as in Example 2.4, explain how any function f : A — B determines a
section of 4.

Let f: A— Bandlet mq : A X B — A be such that 74(a,b) = a for all (a,b) € A x B.
Construct g : A — A x B defined as g(a) = (a, f(a)) for all @ € A. The function g can be
thought of as ‘determined by’ f. Now, since (74 0g¢)(a) = ma(g(a)) = ma(a, f(a)) = a for all
a € A, g is a right inverse of 74, i.e. g is a section of w4 as required. "

2.7 Let f: A — B be any function. Prove that the graph I'; of f is isomorphic to A.

Recall that sets I'y and A are isomorphic, written I'y = A, if and only if there exists a
bijection g : I'y — A. Let’s construct such a function g, defined to be g(a,b) = a. Keep in
mind that here (a,b) € 'y C A x B.

Let (a',0), (a”, V") € T'y such that f(a',b') = f(a”,b"). For contradiction, suppose that
(a',0') # (a”,b"). Since f(a’,b') =d' =a”" = f(a”,b"), it must be that &' # b”. However, this
would mean that both (a’,0') and (a’,0”) are in I'f; this would mean that f(a’) =0 # b" =
f(a’), which is impossible since f is a function. Hence g is injective.

Let a’ € A. Since f is a well-defined function with A as its domain, there must exists a
pair (a/,b') € I'y for some b’ € B, in particular that g(a’,b") = @'; thus g is surjective, so it
is a bijection. "

2.8 Describe as explicitly as you can all terms in the canonical decomposition (cf. §2.8)
of the function R — C defined by r +— 2™, (This exercise matches one previously. Which
one?)

Let f : R — C be as above. The first piece in the canonical decomposition is the equivalence
relation ~ defined as  ~ 2’ <= f(z) = f(a'), i.e. [z]. is the set of all elements in R that
get mapped to the same element in C by f as z.

The second piece is the set &Z.. This set is the set of all equivalence classes of R over
equality up to f. Note that, since f(z) = e*™@ = cos(2wz) + isin(2wx), f is periodic with
period 1. That is, f(x) = ¥ = e2mie+2r — 2mile+l) — (3 4+ 1). In other words, we can
write & as,

P.={{r+klkeZ}|rel0,1) CR},

and it is here when we notice uncanny similarities to Exercise [.1.6 where x ~ y, for x,y € R,
if and only if z — y € Z, in which we could have written & in the same way.

Now we will explain the mysterious f : . — imf. This function is taking each
equivalence class [z].. over the reals w.r.t. ~ and mapping it to the element in C that f maps
each element 2’ € [x]. to; indeed, since x ~ 2’ is true for z, 2" € R if and only if f(z) = f(2'),
we can see that for any x € R, for all 2’ € [z]., there exists a ¢ € C such that f(2') = c. To
illustrate with the equivalence class over R w.r.t. ~ corresponding to the element 0 € R, we
have [0]. = {...,—2,—1,0,1,2,...}. We can see that e ™™ = ™2™ = 0™ = | = 2™ = 4™

etc; so the function would map [0]. — 1 € C, and so on. Furthermore, we can see that fis

-9-
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surjective, since for y to be in im f is to say that there is an x € R such that f(z) = y; so
there must be an equivalence class [z]|. which is mapped to y by f.

Finally, the simple map from im f — C that simply takes ¢ — c¢. This can be thought
of as a potential “expansion” of the domain of f. It is obviously injective, since (trivially)
c#d = c¢# . However, it may not be surjective: for example, 2 € C is not in im f as
it is defined above. u

2.9 > Show that if A" =2 A” and B’ = B”, and further AANB’' = @ and A”NB" = &, then
AU B = A”U B”. Conclude that the operation A II B is well-defined up to isomorphism
(cf. §2.9) [§2.9, 5.7]

Let A’, A", B', B” be sets as described above. Since A’ = A” and B’ = B”, we know there
exists respective bijections f : A’ — A” and g : B’ — B”. Now, we wish to show that
A'UB' = A"U B". Define a function h: AU B’ — A" U B” such that h(z) = f(x) if z € A’
and g(z) if x € B'.

We will now show that A is a bijection. Let y € A”UB”. Then, since A”NB" = &, either
y € A” or y € B”. Without loss of generality suppose that y € A”. Then, since f: A" — A”
is a bijection, it is surjective, so there exists an x € A’ C AU B’ such that h(z) = f(x) = y.
So h is surjective. Now, suppose that = # o/, for x,2’ € AU B’. If z,2’ € A’ then since
f is injective and h(x) = f(z) for all x € A’, then h(z) # h(z'). Similarly for if z,2" € B’
Now, without loss of generality if z € A" and 2’ € B’ then h(x) = f(x) # g(2') = h(2)
since A” N B"” = &. Hence h is a bijection, so A’ U B’ = A” U B".

Since these constructions of A’, A”, B’, B” correspond to creating “copies” of sets A and B
for use in the disjoint union operation, we have that disjoint union is a well-defined function
up to isomorphism. In particular, since = is an equivalence relation, we can consider 11 to

be well-defined from P~ to A’ U B’. n

2.10 > Show that if A and B are finite sets, then |B*| = 1B [§2.1, 2.11, 1.4.1]

Let A and B be sets with |A| = n and |B| = m, with n, m being non-negative integers.
Recall that B4 denotes the set of functions f : A — B. Now, if A= B =@ or A= @ and
|B| = 1, we get one function, the empty function I'y = @, and 0° = 1° = 1. If |A| = |B| =1,
then we get the singleton function I'y = {(a,b)}, and 1' = 1. If A # @ and B = &, then no
well-defined function can exist from A to B since there will be no value for the elements in
A to take; this explains |B%| = 1B = o4l = 0.

Suppose that B # @ and B is finite. We will show inductively that |B4| = 1B|1.
First, suppose that |A] = 1. Then there are exactly |B| functions from A to B: if B =
{b1,bs, ..., by }, then the functions are {(a,b1)},{(a,bs)}, etc. Hence |B4| = |B|"Y = |B|.
Now, fix k > 2, and assume that |B*| = |B|""! for all sets A such that |A| = k — 1. Suppose
that |[A] = k. Let a € A. (We can do this since |A| = k > 2.) Then, by the inductive
hypothesis, since [A\{a}| = k — 1, |[BAMD| = |B|"Y™. Let F be the set of functions from

- 10 -



CHAPTER I. PRELIMINARIES: SET THEORY AND CATEGORIES

A\{a} to B. Then, for each of those functions f € F', there is |B| “choices” of where to
assign a: one choice for each element in B. Hence, |B#| = |B| 1B|" = | B|"" as required.

2.11 > In view of Exercise 2.10, it is not unreasonable to use 2% to denote the set of
functions from an arbitrary set A to a set with 2 elements (say {0,1}). Prove that there is
a bijection between 24 and the power set of A (cf. §1.2). [§1.2, I11.2.3]

Let S = {0,1}, and consider f : P(A) — 24, defined as
f(X)={(a,1)if a € X, and (a,0) otherwise }

We will show that f is bijective. Let ¢ € 24. Then f is a function from A to S. Let
Ay ={a€ A|gla)=1}. Then A, is a set such that A; € P(A), and f(A;) = g. Hence f
is surjective.

Now, suppose that X, Y C A and f(X) = f(Y). Then, for all a € A, a € X <=
f(X)(a)=1 < f(Y)(a) =1 <= a €Y. Hence f is injective, so 24 = P(A). .

§3. Categories

3.1 Let C be a category. Consider a structure C° with:
e Obj(C) := Obj(C);
e for A, B objects of C? (hence, objects of C), Homcor (A, B) := Hom¢ (B, A)

Show how to make this into a category (that is, define composition of morphisms in C%
and verify the properties listed in §3.1). Intuitively, the ‘opposite’ category C° is simply
obtained by ‘reversing all the arrows’ in C. [5.1, §VIII.1.1, §1X.1.2, IX.1.10]

e For every object A of C, there exists one identity morphism 14 € Homc (A, A). Since
Obj(C) := Obj(C) and Homcer (A, A) := Homc(A, A), for every object A of C°, the
identity on A coincides with 1,4 € C.

e For A, B, C objects of C°? and f € Homcor(A, B) = Hom¢ (B, A), g € Homcor (B, C) =
Homc(C, B), the composition laws in C determines a morphism f % g in Hom¢(C, A),
which deduces the composition defined on C:

Homcor (A, B) x Homcer (B, C)) — Homcor (A, C)
(f,9)—gof=[xg

e Associativity. If f € Homcer (A, B), g € Homcor (B, C), h € Homcor (C, D), then
folgoh)=fo(hxg)=(hxg)xf=hx(gxf)=(gxf)oh={(fog)oh.

- 11 -
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e Identity. For all f € Homcer (A, B), we have

Jola=1axf=f, 1pof=f*xlp=Ff

Thus we get the full construction of C. "

3.2 If Ais a finite set, how large is Endset(A)?

The set Endset(A) is the set of functions f : A — A. Since A is finite, write |A| = n for
some n € Z. By Exercise 1.2.10, we know that |A%| = |A[l = 1. So the the set Endse(A)
has size n". n

3.3 > Formulate precisely what it means to say that 1, is an identity with respect to

composition in Example 3.3, and prove this assertion. [§3.2]

Suppose S is a set, and ~ is a relation on S satisfying the reflexive and transitive property.
Then we can encode this data into a category C:

e Objects: the elements of S;

e Morphisms: if a,b are objects (that is: if a,b € S) then let Hom(a,b) be the set
consisting of the element (a,b) € S x S if a ~ b, and Hom(a, b) = &. otherwise.

Given the composition of two morphisms

HOHI(:<A, B) X HOHI(:<B, C) — HOHI(:<A, C)
(a,b) o (b,c) — (a,c)

we are asked to check 1, = (a, a) is an identity with respect to this composition. .

3.4 Can we define a category in the style of Example 3.3 using the relation < on the set
Z7?

No, we can’t. This is because < isn’t reflexive: £ « for any x € Z. n

3.5 > Explain in what sense Example 3.4 is an instance of the categories considered in
Example 3.3. [§3.2]

Let S be a set. Example 3.4 considers the category S with objects Obj(S) = Z2(S) and
morphisms Homg(A, B) = { (A, B) } if A C B and @ otherwise, for all sets A, B € &. The
category S is an instance of the categories explained in Example 3.3 because C is a reflexive

and transitive relation on the power set of any set S. Indeed, for X,Y, Z C S, we have that
XCXand,if XCYandY C Z, thenif xr € X, thenx €Y and x € Z so X C Z. n
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3.6 > (Assuming some familiarity with linear algebra.) Define a category V by taking
Obj(V) = N and letting Homy(m,n) = the set of m X n matrices with real entries, for all
m,n € N. (We will leave the reader the task of making sense of a matrix with 0 rows or
columns.) Use product of matrices to define composition. Does this category ‘feel’ familiar?
[§VI.2.1, §VIII.1.3]

Yes! It is yet another instance of Example 3.3. The binary relation ~ on N x N holds for all
values (n,m) € N x N, and means that a matrix of size m x n “can be built”. It is reflexive
trivially. It is transitive trivially as well—a matrix of any size can be built. However, it
would also hold, for example, if we had to in some sense “deduce” that a 3 x 3 matrix could
be built using the fact that 3 x 1 and 1 x 3 matrices can be built. "

3.7 > Define carefully the objects and morphisms in Example 3.7, and draw the diagram
corresponding to compositon. [§3.2]

Let C be a category, and A € C. We want to define C*. Let Obj(C#) include all morphisms
f € Hom¢(A, Z) for all Z € Obj(C). For any two objects f,g € Obj(C4), f: A — Z; and
g : A — Zy, we define the morphisms Homca(f,g) to be the morphisms ¢ € Home(Z1, Z5)
such that ¢ = of. Now we must check that these morphisms satisfy the axioms.

1. Let f € Obj(C*) € Homc(A, Z) for some object Z € Obj(C). Then there exists an
identity morphism 1, € Hom¢(Z, Z) since C is a category. This is a morphism such
that f = 1,f, so Homca(f, f) is also nonempty.

2. Let f,g,h € Obj(C#4) such that there are morphisms ¢ € Homeca(f,g) and 7 €
Homeca(g,h). Then there is a morphism v € Homca(f,h), namely 7o, which ex-
ists because of morphism composition in C. For clarity, we write that f : A — 7,
g:A—Zyyh: A— Zy, witho: Z; — Zy and 7 : Zy — Z3. We have g = o f and
h =1g. Hence, vf = 7o f = 79 = h as required.

3. Lastly, let f,g,h,i € Obj(CA) with Z), Z,, Z3, Z4 codomains respectively, and with
o € Homca(f,g), 7 € Homca(g,h), and v € Homca(h,i). Since o, 7, and v are
morphisms in C taking Z; — Z5, etc., morphism composition is associative; hence
morphism composition is associative in C*4 as well.

3.8 > A subcategory C' of a category C consists of a collection of objects of C, with
morphisms Homc (A, B) C Homc¢ (A, B) for all objects A, B € Obj(C’), such that identities
and compositions in C make C" into a category. A subcategory C' is full if Home (A, B) =
Homc¢(A, B) for all A, B € Obj(C’). Construct a category of infinite sets and explain how
it may be viewed as a full subcategory of Set. [4.4,§VI.1.1, §VIII.1.3]
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Let InfSet be a subcategory of Set with Obj(InfSet) being all infinite sets and Homynfser (A, B)
for infinite sets A, B being the functions from A to B. Since Homse (A, B) is just the set
of all functions from A to B and not, say, the set of all functions from subsets of A that
are in Obj(Set) to B, InfSet is full since Homyysset (A, B) = Homse (A, B) for all infinite sets
A, B € Obj(InfSet). .

3.9 > An alternative to the notion of multiset introduced in §2.2 is obtained by consider-
ing sets endowed with equivalence relations; equivalent elements are taken to be multiple
instance of elements ‘of the same kind’. Define a notion of morphism between such en-
hanced sets, obtaining a category MSet containing (a ‘copy’ of) Set as a full subcategory.
(There may be more than one reasonable way to do this! This is intentionally an open-
ended exercise.) Which objects in MSet determine ordinary multisets as defined in §2.2 and
how? Spell out what a morphism of multisets would be from this point of view. (There
are several natural motions of morphisms of multisets. Try to define morphisms in MSet
so that the notion you obtain for ordinary multisets captures your intuitive understanding
of these objects.) [§2.2, §3.2, 4.5]

Define Obj(MSet) as all tuples (S,~) where S is a set and ~ is an equivalence relation
on S. For two multisets S = (S, N),T = (T,~) € Obj(MSet), we define a morphism
f € Hompyset(S,T) to be a set-function f : S — T such that, for 2,y € S, & ~ y —>
f(z) = f(y), and morphism composition the same way as set-functions. Now we verify the
axioms:

1. For a multiset (S,~), we borrow the set-function 1g : S — S and note that it neces-
sarily preserves equivalence, i.e. x ~y = 1lg(z) ~ 15(y).

2. Let there be objects S = (S,~),T = (T,~),U = (U,2) with morphisms f €
Hommset(S,7) and ¢ € Hommset(7,U). Note that gf : S — U is a set-function
since Set is a category. Now, since f is a morphism in MSet, for z,y € S, if v ~ y, then

f(z) = f(y), and since f(x), f(y) € T and g is a morphism in MSet, g(f(z)) = g(f(y)).

3. Associativity can be proven similarly.

Hence MSet as defined above is a category. Now, recall that multisets are defined in
§2.2 as a set S and a multiplicity function m : S — N. So, for any set S and function
m : S — N, if we define the equivalence relation corresponding to m as ~,, then the tuple
(S, ~m) € Obj(MSet). The objects in MSet which don’t correspond to any multiset as defined
in §2.2 are sets S with equivalence relations ~ such that both S and &. are uncountable;
this way, one cannot construct a function m : S — N corresponding to each set in the
partition &, since N is countable. "

3.10 Since the objects of a category C are not (necessarily) sets, it is not clear how to
make sense of a notion of ‘subobject’ in general. In some situations it does make sense
to talk about subobjects, and the subobjects of any given object A in C are in one-to-one
correspondence with the morphisms A — () for a fixed, special object 2 of C, called a
subobject classifier. Show that Set has a subobject classifier.
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Let A € Obj(Set). Any set X C A corresponds to a mapping A — {0,1}; the elements
x € A that are also in X are mapped to 1, and the elements x € A that aren’t in X are
mapped to 0. Hence the “subobject classifier” for Set is 2 = {0, 1}. n

3.11 > Draw the relevant diagrams and define composition and identities for the category
C4®P mentioned in Example 3.9. Do the same for the category C*? mentioned in Example
3.10. [§5.5, 5.12]

Let C be a category, with A, B € Obj(C). The objects of C4¥ are then diagrams:

Namely, tuples (Z, f,g) where Z € Obj(C),¢g € Homc(A, Z), and f € Homc(B,Z). For
objects O1 = (Zy, f1,91) and Oy = (Zs, f2,92) in Obj(C4P), the morphisms between them
are morphisms o € Homc¢(Z, Z2) such that o f; = f, and 0g; = go. This forms the following
commutative diagram:

A
\fl/l f2
Zl —2 ZQ
i
92
B

Given a third object O3 = (Z3, f3,g3), with another morphism 7 : Oy — O3 (which is a
morphism from Z, — Z3), composition in C*4¥ is defined the same way as composition in
C: 70 : Z1 — Zz. Since ¢ and 7 both commute (i.e. of; = fao, 0g1 = g2, Tfo = f3, and
Tgas = g3), then 7o also commutes: 7of; = 7fy = f3 and 7091 = 792 = g3. This is how
we can define composition the same in C*® as in C. Diagrammatically, this is like ”taking
away” the (Za, f2, g2) object in the joint commutative diagram for o and 7:

A £ f3 A fs

N A
N A

92

B gs B

Let C be a category. Fix two morphisms o € Hom¢(C, A) and f € Homc(C, B) with
the same source C, and where A, B,C € Obj(C). We wish to formalize the fibered version
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of CAB: Call, where instead of specifying specific objects in C we use morphisms « and 3
directly.

The objects in C*# are triples (Z, f,g) where Z € Obj(C), f € Homc(A, Z), and g €
Homc (B, Z) such that fa = gf; intuitively, starting with object C we can use a and 3 to
map to objects A and B, respectively, and the objects in C*# specify a fourth object Z and
morphisms f: Z <+ A and g : Z + B that both map to Z.

Morphisms in C*# between objects (Z1, f1, g1) and (Zy, fa, g2) are morphisms o € Homc(Z,, Z5)
such that everything commutes: o fia = foa and 0g18 = g»5. In short, we diverge to A and
B from C', then simultaneously converge to Z; and Z, in such a way that we can continue
to Zy from Z; mapping with o.

§4. Morphisms

4.1 > Composition is defined for two morphisms. If more than two morphisms are given,
e.g.,
ALBLcech DL E

then one may compose them in several ways, for example,

(ih)(gf), (i(hg))f, i((hg)f), etc.

so that at every step one is only composing two morphisms. Prove that the result of any
such nested composition is independent of the placement of the parentheses.

For three morphisms f, g, h in a category C:
AL sl p

we have that (hg)f = h(gf) due to C being a category. Now, fix n > 4 and suppose that all
parenthesizations of n — 1 morphisms are equivalent. Imagine that fi,..., f, are morphisms
in a category C:

oz Bz I 7

Suppose that some parenthesization of f,, f._1,..., f1 is f and furthermore that f = hg,
where h is some parenthesization of f,, ..., fi11, and g is some parenthesization of f;, ..., fi,
where 1 <7 <n. Since h and g are parenthesizations of n — i and ¢« morphisms, respectively,
they can be written in the following forms:

h=(( ((fafoo1)fo—z2) ) fir1)

9= (filfia(---(faf 1)) = fig'
in hence f = hg = h(fig') = (hf;)g'. Inductively, we can “pop” morphisms off the left hand
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side of ¢’ and add them to the right hand side of A, resulting in the canonical form:

[ = (( e ((fnfnfl)fan) T )fl)

4.2 In Example 3.3 we have seen how to construct a category from a set endowed with a
relation, provided this latter is reflexive and transitive. For what types of relations is the
corresponding category a groupoid (cf. Example 4.6)7 [§4.1]

For a reflexive and transitive relation ~ on a set .S, define the category C as follows:
e Objects: Obj(C) = S;
e Morphisms: if a,b are objects (that is: if a,b € S) then let

a,b)t C S xS ifa~b
Homc(a, b) = {(a.0)} _
1%} otherwise
In Example 3.3 we have shown the category. If the relation ~ is endowed with symmetry,
we have

(a,b) € Homc(a,b) = a~b = b~a = (b,a) € Homc¢(b, a).

Since

(a,b)(b,a) = (a,a) =14, (b,a)(a,b) = (b,b) =1,

in fact (a,b) is an isomorphism. From the arbitrariness of the choice of (a,b), we show that
C is a groupoid. Conversely, if C is a groupoid, we can show the relation ~ is symmetric.
To sum up, the category C is a groupoid if and only if the corresponding relation ~ is an
equivalence relation. "

4.3 Let A, B be objects of a category C, and let f € Homc(A, B) be a morphism.
e Prove that if f has a right-inverse, then f is an epimorphism.

e Show that the converse does not hold, by giving an explicit example of a category
and an epimorphism without a right-inverse.

Let A, B,C, and f be as above.

e Suppose that f has a right-inverse g : B — A so that fog: B — B = idg. Let
Z € Obj(C) and p', 8" : A — Z, and suppose that f o f = " o f. Then we apply g
to both sides to get ' o (fog) =p"0(fog) = [ oidg = " oidp since fg = idp,
which in turn implies that 5’ = 3" since idg is the identity.
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e Let C be such that Obj(C) = Z, Homc(a,b) = {(a,b)} if a < b and & otherwise, and
for any objects a,b, ¢ and morphisms f:a — b and g : b — ¢, define go f = {(c,a)}.
Then every morphism f € Homc(a,b) is an epimorphism; this is given in the text.
However, if f:a — b= (a,b) for a # b (hence a < b,) we have that Homc¢ (b, a) = &;
so f in general. This implies that epimorphisms do not in general have right inverses.

4.4 Prove that the composition of two monomorphisms is a monomorphism. Deduce that
one can define a subcategory Chono Of & category C by taking the same objects as in C and
defining Homc, (A, B) to be the subset of Homc (A, B) consisting of monomorphisms, for
all objects A, B. (Cf. Exercise 3.8; of course, in general Cpono is not full in C.) Do the same
for epimorphisms. Can you define a subcategory Conmono Of C by restricting to morphisms
that are not monomorphisms?

Let C be a category with A, B,C € Obj(C), and let f : A - Band g : B — C be
monomorphisms. Let Z € Obj(C) and o/, a” : Z — A. Suppose gfa’ = gfa”. Since g is a
mono, fo/ = fa”. Since f is a mono, o/ = . Therefore (gf)a’ = (9f)a” = o' =", so
gf is a mono.

This means that we can take the category Cnono as detailed in the question. Since
identities are isomorphisms, they are also monomorphisms, so we still have identities. We
just proved that the composition of monomorphisms is a monomorphism, so the composition
of any two appropriate monomorphisms in C,on between, say A and B, and B and C,
respectively, will also be a monomorphism hence in Home, (A, C), so composition “works”
in Cmono-

The Chonmono as described above is not a category since it doesn’t have any identities
(since all identities are monomorphisms.)

Now, fix f : A — B and g : B — C to be epimorphisms. Let Z € Obj(C) and
g, p" . C — Z. Suppose §'gf = p"gf. Since f is an epi, f'g = $”g. Since g is an epi,
B = [". Hence ¢gf is an epi as above.

By the same reasoning as above we deduce that Cepi is a category and Cponepi i nOt a
category. ]

4.5 Give a concrete description of monomorphisms and epimorphisms in the category MSet
you constructed in Exercise 1.3.9. (Your answer will depend on the notion of morphism
you defined in that exercise!)

Recall that, for two multisets S = (S, N),T = (T,~) (where S,T are sets and ~,~ are
equivalence relations on S and T, respectively,) we defined a morphism f : S — T in MSet
to be a normal set-function except with the extra condition that for any s, s’ € S, we require
that f preserves equivalence, so if s ~ s’ then f(s) = f(s').

The notions of monomorphism and epimorphism transfer over as follows.
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1. A morphism f : S~ Tisa monomorphism iff f as a set mapping from S to T is
injective.

2. A morphism f : S — T is an epimorphism iff f as a set mapping from S to T is
surjective.

§5. Universal properties

5.1 Prove that a final object in a category C is initial in the opposite category C,, (cf.
Exercise 1.3.1).

An object F' of Cis final in C if and only if
VA € Obj(C) : Hom¢ (A, F) is a singleton.
That is equivalent to
VA € Obj(C,,) : Homc,, (F, A) is a singleton,

which means F' is initial in the opposite category C,. "

5.2 > Prove that @ is the unique initial object in Set. [§5.1].

Suppose there is another set I which is initial in Set. Then @ ~ I, so |@| = 0 = |I|. But
then vacuously we get that @ = I (since all the elements in & are in I and vice versa,) so &
is the unique initial object in Set. "

5.3 > Prove that final objects are unique up to isomorphism. [§5.1]

Let C be a category and F}, F, be two final objects in C. Then there are unique morphisms
f:Fy — Fyand g : F; — Fj. Since there are only one of each identities 1, and 1p,, then
necessarily gf = 1p, and fg = 1p,, hence f is an isomorphism. "

5.4 What are initial and final objects in the category of ‘pointed sets’ (Example 3.8)7 Are

they unique?

Recall that Set* is the set of pairs (S, s) where S is a set and s € S. We claim that objects
({s},s), i.e. pointed singleton sets, are the initial and final objects in Set*. Note that
there can be no "empty function” between pointed sets, since each set has to have a point.
Suppose (7', t) € Obj(Set*). Then there is only one function f :S — T such that f(s) =t
the function f = {(s,t)}. There is also only one function f : 7" — S, namely the function
that maps each element ¢ in T" to s. Hence singleton pointed sets are initial and final.
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Furthermore, clearly morphisms between pointed sets (S, s) and (7', ¢) such that | S|, |T| >
2, there are more than one function f : S — T'and g : T' — S: we could take f(s) = f(s') =t,
or f(s)=t, f(s')=t.

They are not unique; any singleton pointed set is initial and final. "

‘ 5.5 What are the final objects in the category considered in §5.37 [§5.3] ‘

5.6 Consider the category corresponding to endowing (as in Example 3.3) the set Z* of
positive integers with the divisibility relation. Thus there is exactly one morphism d — m
in this category if and only if d divides m without remainder; there is no morphism between
d and m otherwise. Show that this category has products and coproducts. What are their
‘conventional’ names? [§VIL.5.1]

Let Div be the above category. Let m,n € Obj(Div). We claim that ged(m,n) corresponds to
a final object (namely (ged(m,n), m,n)) in Div,, ,. Note that for any z € Obj(Div) such that
z|mandz | n, z | ged(m,n) (by definition of ged;) hence Hompy,, ,, (2, m, n), (ged(m,n), m,n))
is non-empty. Furthermore, since there can only be at most 1 morphism between any two
objects in Div, (ged(m,n),m,n) is final. The conventional name for this is the ‘greatest
common divisor.’

The coproducts in Div are the ‘least common multiple’. For any z € Z*, if m | z and
n | z, then lem(n,m) | z. Hence ((lem(m,n), m,n), (z,m,n)) is the unique morphism from
(lem(m,n), m,n) in Div™", so (lem(m,n), m,n) is initial. .

‘5.7 Redo Exercise [.2.9, this time using Proposition 5.4. ‘

Suppose A, B, A’, B" are sets with ANB =9, AnB' =@, A= A’ and B= B'. We will
show that there are two isomorphic disjoint unions corresponding to AU B and A’ U B’.

First, take iy : A - AU B,is(a) = a for all @ € A and analogous for B. Then if Z is a
set with morphisms f4: A — Z and fg: B — Z, wecantake o0 : AIlB=AUB — Z,0(x)
to be fa(x) if z € A and fg(x) otherwise. This is analogous to the proof for disjoint union
being a coproduct, hence AIl B = AU B is a disjoint union.

Second, since A~ A" and B= B',let f: A— A" and g : B — B’ be isomorphisms. We
can take ig: A — AU B ia(a) = f(a) for all a € A and similar for ig,. Then if Z is a set
with morphisms f4: A — Z and fg: B — Z, we can take 0 : AU B'= A UB — Z, 0(x)
to be fao f7lif x € A’ and fpo g' otherwise (which works since A’ N B’ = @.) Hence
AT B"= A"U B’ is a disjoint union.

By Proposition 5.4, since both AIl B and A’ IT B’ are initial objects in some auxiliary
category of Set, they are isomorphic, as required. "

5.8 Show that in every category C the products A x B and B x A are isomorphic, if they
exist. (Hint: Observe that they both satisfy the universal property for the product of A
and B; then use Proposition 5.4.)
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Let C be a category with products A x B and B x A. First, consider how f : A x B —
Bx A, f(a,b) = (b,a) is an isomorphism between A x B and B x A (with inverse f~!(b,a) =
(a,b).) Since Bx A is a product in C, for each object Z € Obj(C) with morphisms fg : B — Z
and f4 : A — Z, there is a unique morphism 7 : Z — B X A such that everything commutes.
However, using f we can construct a unique morphism o : Z — A x B in terms of 7 by
taking 0 = f~!'o7. Hence B x A is a product for A x B as well, i.e. B x A is a final object
in some auxiliary category.

Hence, by Proposition 5.4, A x B and B x A are isomorphic. "

5.9 Let C be a category with products. Find a reasonable candidate for the universal
property that the product A x B x C of three objects of C ought to satisfy, and prove that
both (A x B) x C and A x (B x C) satisfy this universal property. Deduce that (A x B) x C

and A x (B x C) are necessarily isomorphic.

Let C be a category with products, and let A, B, C' € Obj(C). The three-product is an object
A x B x C € Obj(C) with morphisms 74 : AXx BxC — A, g : Ax Bx(C — B, and
o @ A X B x C — C such that for all Z € Obj(C) with morphisms f4 : Z — A, fp: Z —
B, fc : Z — C, there is a unique morphism o : Z — A x B x C such that the following

diagram commutes:

fa
A

™

X

7 —2 5 Ax Bx(C

N,

First, we will show that (A x B) x C' is a three-product. Since A x B and Z x C' are
products, there are a unique morphlsms T:AXB — Zand v : Z xC — Z for every
object Z. We can use these two morphisms to build ¢ : A x B x C' — Z for any object Z
as follows: 0 : (Ax B)x C — Z,o(a,b,c) =v(1(a,b),c). Since v and 7 are well-defined and
unique, o is well-defined and unique. Hence (A x B) x C'is a three-product.

Now, consider Ax (Bx(C'). Similarly, this corresponds to unique morphisms 7 : AxZ — Z
and v : BxC — Z from which we can construct o : Ax(BxC) — Z,0(a,b,c) = 7(a,v(b,c)).
By the same logic as above, A x (B x () is a three product.

Thus by Proposition 5.4, (A x B) x C and A x (B x C) are isomorphic. n

G

5.10 Push the envelope a little further still, and define products and coproducts for families
(i.e., indexed sets) of objects of a category.
Do these exist in Set?
It is common to denote the product A x --- x A by A™.
—_———

n times

- 21 -



CHAPTER I. PRELIMINARIES: SET THEORY AND CATEGORIES

Let C be a category and I be a set. Consider {A;};c; with each A; € Obj(C). An infinitary
product [],.; A; € Obj(C) with morphisms {4, };c; must satisfy the universal property that,
for all Z € Obj(C) and morphisms {f4, }ics, there must be a unique o : Z — [[,.; A; such
that oma, = fa, for all ¢ € 1.

These should exist in Set as long as we have the axiom of choice. "

5.11 Let A, resp. B, be a set, endowed with an equivalence relation ~ 4, resp. ~pg. Define
a relation ~ on A X B by setting

(al,bl) ~ (CLQ,bQ) <= a1 ~4A Qo and b1 ~B bQ.
(This is immediately seen to be an equivalence relation.)
e Use the universal property for quotients (§5.3) to establish that there are functions

(A x B)j~ — AJ~oa, (A x B)j~ — Bjry .

e Prove that (A x B)/~, with these two functions, satisfies the universal property for
the product of A/~4 and B/~p.

e Conclude (without further work) that (A x B)/~ = (A/~4) X (B/~p).

Let A, B,~,~4,~p be as above. Let 74 : A x B— Aand g : A X B — B be the product
canonical projections for A and B. Let 72 : Z — Z/~ be the canonical quotient mapping
for all objects Z and equivalence relations ~. Then we can apply the universal property for
quotients twice to get the required two functions:

(A x B)/~ BN Afroy

Ak /4
T2 L 4O A

Ax B

B
71-B

(Ax B)/~ S SN B/~p

ﬂ'frx'\ /’ﬂEB omp

Ax B

Now, we wish to show that (A x B)/~ satisfies the universal property for the product of
A/~ 4 and B/~p. Rename the two functions proved above to be 4 and . Let Z be a set
with morphisms f4 : Z — A/~4 and fp : Z — B/~p. We wish to construct a function o
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so that the following diagram commutes:

fa
Af~oy

Z —% (A x B)/~

P
o

B/~p
B

First, define f: Z — A/~4 xB/~p to be f(z) = (fa(z), f5(z)). Next, we observe that we
can use the quotient universal property with A/~ 4 to get amap 14 : A/~4 — A and likewise
for 15 : B/~p — B. Define 1axp : A/~4 xB/~p — A x B to be 1axp([a]~,, [b]~;) =
(Ta(la)~,), 15([b]~y)). Finally, we can take 0 = 72*Bol,,po f: Z — (A x B)/~ to satisfy
the universal property for product of A/~4 and B/~p (it is uniquely determined by its
respective pieces.)

Therefore, by Proposition 5.4, (A x B)/~ = A/~ XB/~p. ]

5.12 Define the notions of fibered products and fibered coproducts, as terminal objects
of the categories C, g, C*? considered in Example 3.10 (cf. also Exercise 3.11), by stating
carefully the corresponding universal properties.

As it happens, Set has both fibered products and coproducts. Define these objects ‘con-
cretely’, in terms of naive set theory. [11.2.9, I11.6.10, I11.6.11]

In the category C, 3, where C = Set, let A x¢ B = {(a,b) € Ax B | a(a) = B(b)} and let
:AxcB — A, g AXc B — B be projections. Given any f4: Z — Aand fg: Z — B
such that awo f4 = B o fp, define

O’:Z—}AXCB,

2 (fa(2), fB(2)).
a(fa(z)) = B(fp(2)) guarantees that o is well-defined. Then we can check that for all z € Z,
maca(z) = fa(z), mpoo(z) = fs(2),
that is, the following diagram commutes.

fa

)

7 23 Axc B

\
/

f

B
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Suppose that there exists some mapping 1 : Z — A X B such that for all z € Z,

A 077(2) = fA(Z)7 B 077(2) = fB(Z>7

which means n(z) = (fa(2), fs(z)) or n = . Thus we show that there exists a unique
mapping o : Z — A X¢ B such that 7400 = f4, mg o0 = fp, which implies A xc B along
with m4, 7 is a final object in C, . Therefore, A X B together with 7, m; is a fibered
product.

In the category C*#, we can define a reflexive and symmetric relation ~, on the set AL B
as

(21, 4) ~ (22, B) == a '(z1) N~ (22) # 2,
(21, B) ~u (19, 4) == a™H(21) N7 (22) # 2,
(21, A) ~y (19, A) <= 11 = X9,

) ~s (22, B)

($1,B <= T1 = To.

Let ~ be the transitive closure of ~,. Thus we see ~ is an equivalence relation. Let
AUcB=AUB/ ~andletiy : A— AlUg B, ig : B — AUc B be the composition of
inclusions and projections defined in the following diagram, that is i4 = po ja, i = po jp.

o N\

AUB 25 Aue B —2— Z

SETT

We can check that for all ¢ € C, we have

Ha(e)NBTH(B(e) £ 2 = (alc),A) ~ (B(c), B)
= Jaoa(c) ~ jgoB(c)
— pojaoalc) =pojgo e
— ix0a(c) =ipof(c),
which means iq o = ig o f3.
Given any g4 : A — Z and g : B — Z such that g4 o« = gg o 3, define
p:AUec B — Z,
[(z, A)] — ga(z)
[(z, B)] — gp().

¢ is well-defined because if (1, A) ~ (29, B) then there exists ¢ € C such that a(c) = ,
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p(c) = x5, which implies
gaoa(e) =gpoBc) = galrr) = gn(rz) = @ ([(x1, A)]) = ¢ ([(x2, B)]) -

We can check that

~—

[) = gala), Vae A,
]) =98(b), Vbe B,

poiala) = ([(a A
poip(b) = (b B

~—

that is, the following diagram commutes.

A ga
Y
C

AUcB —25 7

/

9B

It is clear that ¢ is the unique mapping such that the diagram commutes. Thus we show
that the fibered coproduct is A Lo B together with two mappings in : A — AlU¢ B,
B B— A Ue B.
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Chapter II. Groups, first encounter

§1. Definition of group

1.1 Write a careful proof that every group is the group of isomorphisms of a groupoid. In

particular, every group is the group of automorphisms of some object in some category.

Assume G is a group. Define a category C as follows:
e Objects: Obj(C) = {x};
e Morphisms: Homc(*, *) = Endc(x) = G.

The composition of homomorphism is corresponding to the multiplication between two ele-
ments in G. The identity morphism on * is 1, = eq, which satisfies for all ¢ € Homc (%, %),

gég = €gg = g,

and
-1 _ -1
g9 =¢€g, g g =E€qg.

Thus any homomorphism g € Home (*, %) is an isomorphism and accordingly C is a groupoid.
Now we see G = Endc(x) is the group of isomorphisms of a groupoid. Moreover, supposing
that * is an object in some category D, G would be the group of automorphisms of *, which
is denoted as Autp(x). n

1.2 Consider the ’sets of numbers’ listed in §1.1, and decide which are made into groups
by conventional operations such as + and -. Even if the answer is negative(for example,
(R, -) is not a group), see if variations on the definition of these sets lead to groups (for
example, (R*, -) is a group; cf. §1.4).

We will consider next sequence of nested sets of numbers:
ZCcQcCcRcC.

Let’s check, that any set above is group under addition: let X be some set from above, then
30 € X such that Va € X : a+ 0 =a = 0+ a; for any element a from X there exists such
be X: b= —a that a+ b= 0= b+ a and associativity also holds.

Now let’s consider multiplication instead of addition. Now we need to modify our sets in
order to get a group: since 0 lies in every group above, it doesn’t have an inverse(we can’t
divide by 0), thus we need to consider X* := X \ {0} in order to get a group. This works
out well for all ’sets of numbers’ — pair (X*,-) is a group, but for Z it does not: only {—1,1}
has inverses under multiplication, therefore ({—1,1},-) form a group. .

1.3 Prove that (gh)™! = h=1g™! for all elements g, h of a group G.
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We have:
(h'g™ ) (gh) = (W (g g))h = (hTle)h=h""h=e
(gh)(h™'g™") = (9(hh™"))g™" = (ge)g™ = gg~' =
Hence h=1g~! is a two-sided inverse of gh. .

1.4 Suppose that ¢g? = e for all elements g of a group G; prove that G is commutative.

For all a,b € G,

abab = e = a(abab)b = ab = (aa)ba(bb) = ab = ba = ab.

1.5 The ‘multiplication table’ of a group is an array compiling the results of all multipli-

cations g e h:

e el ] n |
e e |- h
9 1|9 g”-'h

(Here e is the identity element. Of course the table depends on the order in which the
elements are listed in the top row and leftmost column.) Prove that every row and every
column of the multiplication table of a group contains all elements of the group exactly
once (like Sudoku diagrams!).

Without loss of generality suppose that two elements in a column are equal, i.e. for some
fixed element f we have f e g = feh. Then by (left-)cancellation we get that g = h. Hence
the columns must be the same. "
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§2. Examples of groups

2.1 One can associate an n X n matrix M, with a permutation o € S,,, by letting the entry
at (1,0(2)) be 1, and letting all other entries be 0. For example, the matrix corresponding

to the permutation
1 2 3
g = <3 1 2) & Sg

0
M,=|1
0

would be

0 1
00
10

Prove that, with this notation,
MO"T - MO'M’T

for all o, 7 € S,,, where the product on the right is the ordinary product of matrices.

By introducing the Kronecker delta function
0 ifi+j
0ij = . 7&].
1 ifi=y,
the entry at (¢, 7) of the matrix M,, can be written as

(MUT)i,j = 57(0(2’)),]’

and the entry at (,j) of the matrix M, M, can be written as

n

(Mo M)ij = (Mo)i( M)k =Y Sotirh - Orihy g = D Sty * Okir1() = Oaliyr1(1)»
k=1 k=1 k=1

where the last but one equality holds by the fact
(k) =7 <= k=1"(j).

Noticing that
T(o(i)) =j = a(i) =77'(j),

we see M., = M, M, for all o, 7 € S,,. "

2.2 Prove that if d < n, then S,, contains elements of order d.

The cyclic permutation
o=(123---d)

is an element of order d in S,,. "
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2.3 For every positive integer n find an element of order n in Sy.

The cyclic permutation
c=(123---n)

is an element of order d in S,,. "

2.4 Define a homomorphism Dg — S; by labeling vertices of a square, as we did for a
triangle in §2.2. List the 8 permutations in the image of this homomorphism.

The image of n rotations under the homomorphism are
01 =¢€pg, 02 =(1234), 05=(13)(24), 04, =(1432).
The image of n reflections under the homomorphism are

05 = (1 3), O¢ = (2 4), o7 = (]_ 2)(3 4), gg = (]_ 4)(3 2)

2.11 Prove that the square of every odd integer is congruent to 1 modulo 8.

Given an odd integer 2k + 1, we have
(2k + 1) = 4k(k + 1) + 1,

where k(k + 1) is an even integer. So (2k +1)2 =1 mod 8. .

2.12 Prove that there are no nonzero integers a,b,c such that a® + b*> = 3¢*>. (Hint:
studying the equation [a]? + [b]2 = 3[c]? in Z/4Z, show that a, b, c would all have to be even.
Letting a = 2k, b = 2I,c = 2m, you would have k* + [? = 3m?. What’s wrong with that?)

a® +b* =3¢ = [a]F + [b]] = 3[c];.

Noting that [0]2 = [0]4, [1]2 = [1]4, [2]2 = [0]4, [3]? = [1]4, we see [c]> must be [0]; and so do
[a]? and [b]3. Hence [a]4, [b]4, [b]4 can only be [0]4 or [2]4, which justifies letting a = 2k1,b =
2ly,c = 2m,. After substitution we have k% + > = 3m?2. Repeating this process n times
yields a = 2"k,,, b = 2"l,,,c = 2"m,,. For a sufficiently large number N, the absolute value of
kn, Iy, my must be less than 1. Thus we conclude that a = b = ¢ = 0 is the unique solution
to the equation a® + b = 3c2. n

2.13 Prove that if ged(m,n) = 1, then there exist integers a and b such that am+bn = 1.

(Use Corollary 2.5.) Conversely, prove that if am + bn = 1 for some integers a and b, then
ged(m,n) = 1. [2.15, §V.2.1, V.2.4]
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Applying Corollary 2.5, we have ged(m,n) = 1 if and only if [m], generates Z/nZ. Hence

ged(m,n) =1 <= a[m|, =[1], < [am], =[1], <= am +bn = 1.

2.15 Let n > 0 be an odd integer.

e Prove that if gcd(m,n) = 1, then ged(2m + n,2n) = 1. (Use Exercise 2.13.)

e Prove that if ged(r, 2n) = 1, then ged(5",n) = 1. (Ditto.)

e Conclude that the function [m], — [2m + nls, is a bijection between (Z/nZ)* and
(Z)2nZ)*.

The number ¢(n) of elements of (Z/nZ)* is Euler’s ¢(n)-function. The reader has just
proved that if n is odd, then ¢(2n) = ¢(n). Much more general formulas will be given later
on (cf. Exercise V.6.8). [VIL5.11]

e Since 2m +n is an odd integer, ged(2m +n, 2n) = 1 is actually equivalent to ged(2m +
n,n) = 1. According to Exercise 11.2.13,

ged(m,n) =1 = am+bn=1 = g(2m+n)+(b—%)n:1.

If a is even, we have shown ged(2m +n,n) = 1. Otherwise we can let @’ = a4+ n be an
even integer and ' = b — m. Then it holds that

%(2m+n)+ (b’——)nzl,

which also implies ged(2m +n,n) = 1.
e If gcd(r,2n) = 1, then r must be an odd integer and accordingly

ged(rn) =1 = ar+bn=1 = 2a (%) +(a+bn=1,

which is ged("5%,n) = 1.

e It is easy to check that the function f : (Z/nZ)* — (Z/2nZ)*, [m], — [2m + n|s, is
well-defined. The fact

f(lmaln) = f(Imaln) == f([2m1 +nlan) = F([2ma +1]2n)
= (2my +n) — (2mae +n) = 2kn
= my —my =kn

= [ma]n = [mals
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indicates that f is injective. For any [r|s, € (Z/2nZ)*, we have

ged(r,2n) =1 = ged (r;n’n> =1 = {%} € (Z/nz)",

(=7 =t

which indicates that f is surjective. Thus we show f is a bijection.

and

2.16 Find the last digit of 123823718238456  (Work in Z/10Z.)

123823718238456 — 718238156 — (741559614 — 94019599614 = | 04 10
which indicates that the last digit of 1238237823843 jg 1, .

2.17 Show that if m =m’ mod n, then ged(m,n) = 1 if and only if ged(m’, n) = 1. [§2.3]

Assume that m —m’ = kn. If ged(m,n) = 1, for any common divisor d of m’ and n
dm', din = d|(m' + kn) = dm = d =1,

which means ged(m/,n) = 1. Likewise, we can show ged(m/,n) =1 = ged(m,n) =1 =

§3. The category Grp

3.1 Let ¢ : G — H be a morphism in a category C with products. Explain why there is
a unique morphism
(pxp):GxG— H x H.

compatible in the evident way with the natural projections.
(This morphism is defined explicitly for C = Set in §3.1.) [§3.1, 3.2]

By the universal property of product in C, there exist a unique morphism (¢ X ¢) : GXG —»
H x H such that the following diagram commutes.

G—72 - H

GxG22TxH
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3.2 Let ¢ :G— H,v: H— K be morphisms in a category with products, and consider
morphisms between the products G x G, H x H, K x K as in Exercise 3.1. Prove that

(V) x () = (¥ x P)(p X ).

(This is part of the commutativity of the diagram displayed in §3.2.)

By the universal property of product in C, there exists a unique morphism
(Vo) X (Yp):GxG— K x K

such that the following diagram commutes.

G v 24
S b
GXGMHXH

G ve H

As the following commutative diagram tells us the composition
(W xP)pexe):GxG—KxK

can make the above diagram commute,

e
Gmf{
uye] TH WK]

GxGZ2HxHY YK x K

o

G—72 - H

P

there must be (@) X () = (¥ x P)(p x ).

3.3 Show that if G, H are abelian groups, then G x H satisfies the universal property for
coproducts in Ab.

Define two monomorphisms:
igiG—>GXH, ai—>(CL,OH)
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ig:H— GxH, b— (0g,b)

We are to show that for any two homomorphisms g : G — M and h : H — M in Ab, the

mapping
v: GxH—M,

(a,b) — g(a) + h(b)

is a homomorphism and makes the following diagram commute.

Exploiting the fact that g, h are homomorphisms and M is an abelian group, it is easy to
check that ¢ preserves the addition operation

¢((a1,b1) + (az,b2)) = @((a1 + az, by + by))

g(a1 + az) + h(by + by)

(9(a1) + g(az)) + (h(b1) + h(b2))
(9(a1) + h(b1)) + (g(az) + h(b2))
¢((a1,b1)) + ¢((as, b2))

and the diagram commutes
poia(a) = ¢((a,0n)) = g(a) + h(0x) = g(a) + On = g(a),

poin(b) =¢((0c,b)) = g(0c) + h(b) = On + h(b) = h(b).

To show the uniqueness of the homomorphism ¢ we have constructed, suppose a homomor-
phism ¢’ can make the diagram commute. Then we have

¢'((a,0)) = ¢'((a,0n) + (0, b)) = ¢ (ic(a)) + ¢'(in (b)) = g(a) + h(b) = ¢((a, b)),

that is ¢’ = . Hence we show that there exist a unique homomorphism ¢ such that the
diagram commutes, which amounts to the universal property for coproducts in Ab.

3.4 Let G, H be groups, and assume that G = H x G. Can you conclude that H is trivial?
(Hint: No. Can you construct a counterexample?)

Consider the function
¢ Z X Lx] — Z|x]

(n, f(x)) — n+xf(2)
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Firstly, we can show ¢ is a homomorphism as follows

e((n1, f1(2)) + (n2, f2(x))) = o((m + n2, f1(z) + f2(2)))
= (n1 +n2) + z(f1(z) + f2(2))
= (n1 +zf1(x)) + (n2 + 2 fo(7))
= ¢(n1, f1(z)) + p(n2, fo(z)).

Secondly, we are to show ¢ is a monomorphism. It follows by
pn, f(z)) =n+zf(r) =0 = n=0, f(z) =0 = kerp ={(0,0)}.
Lastly, since given any f(r) = > -, an2" € Z[x] we have
o (30 o) <ot e = s,
n>1 n>1

we claim ¢ is surjective and indeed an isomorphism. Therefore, as a counterexample we have
Z|x] 2 Z x Z|x] where Z is non-trivial. n

‘3.5 Prove that Q is not the direct product of two nontrivial groups. ‘

Consider the additive group of rationals (Q,+). Assume that ¢ is a isomorphism between
the product G x H = {(a,b)|a € G,b € H} and (Q,+). Note that {eq} x H and G x {ey}
are subgroups in G x H and their intersection is the trivial group {(eg,en)}. It is easy to
check that bijection ¢ satisfies p(AN B) = ¢(A) N p(B). So applying the fact we have

p({(ea,en)}t) = p({eay x HNG x{en}) = p({ea} x H) Np(G x {en}) = {0}

Suppose both ¢({eg} x H) and ¢(G x {eg}) are nontrivial groups. If g € p({ec}tx H)—{0}

and g € (G x {ey}) — {0}, there must be
P T
rp=rg- o =ps o€ el{eat x H)Np(G x{en}),

r
which implies 7p = 0. Since both Pand T are non-zero, it leads to a contradiction. Thus
s

without loss of generality we can assume ¢({eg} x H) is a trivial group {0}. Since ¢ is
isomorphism, we see that for all h € H,

SO<€G7 h) = @(6G,€H> =0 <= h= ex.

That is, H is a trivial group. Therefore, we have shown (Q,+) will never be isomorphic to
the direct product of two nontrivial groups. "
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3.6 Consider the product of the cyclic groups Cy, Cs (cf. §2.3): Cy x C3. By Exercise 3.3,
this group is a coproduct of C5 and C3 in Ab. Show that it is not a coproduct of C5 and
C5 in Grp, as follows:

e find injective homomorphisms Cy — S3, C3 — S3;

e arguing by contradiction, assume that Cy x Cj is a coproduct of Cy, C3, and deduce
that there would be a group homomorphism Cy x C5 — S3 with certain properties;

e show that there is no such homomorphism.

e Monomorphisms g : Cy — S3, h : C3 — S3 can be constructed as follows:

(0 = o) = (1 3 3)-

h([O]g)ze,hdl]s):G f 3)7’1@2}3):@ ; i’)

e Supposing that Cy x C3 is a coproduct of Cy, (5, there would be a unique group
homomorphism ¢ : Cy x C3 — S5 such that the following diagram commutes

Cs
iCQl <
02 X 03 — S3
CT
h
Cs

In other words, for all a € Cs,b € Cs,

p(a,0) = ¢(([0]2,6) + (a,[0]3)) = ¢ (([0]2,0))p((a, [0]3)) = licy (b)) #(ic,(a)) = h(b)g(a)
= ¢((a,[0]s) + ([0]2,0)) = ¢((a, [0]5))(([0]2,0)) = @(icy(a))e(ic; (b)) = g(a)h(b).

1 2 3 1 2 3 1 2 3
g([1]2>h([1]3)—(1 3 2) (3 1 2)_(3 2 1)’
2 3 123y (1 23

1 2 132/ \21 3)’
we see g(a)h(b) # h(b)g(a) not always holds. The derived contradiction shows that
C5 x (3 is not a coproduct of Cy, C3 in Grp.

e Since

3.7 Show that there is a surjective homomorphism Z % Z — Cy%C3. (* denotes coproduct
in Grp.)
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Consider the mapping

o :Lxl — CyxCs
Y gy gz Imals gl s

Since
mi,,n1

(p(l’ y “ e xmkynkxmllynll P ajm;g/yn;c)
:x[mﬂgy[nﬂs . x[mk]zy[nk]sx[m'lhy[nﬂa . x[mﬁclzy[n;b,

mi, ni

=p(ay" a2y ey
 is a homomorphism. It is clear that ¢ is surjective. Thus we show there exists a surjective
homomorphism Z x Z — Cy x Cs. "

3.8 Define a group G with two generators x, y, subject (only) to the relations z% = eq, y® =

eq. Prove that G is a coproduct of Cy and Cj5 in Grp. (The reader will obtain an even more
concrete description for Cy * C5 in Exercise 9.14; it is called the modular group.) [§3.4,
9.14]

Given the maps i1 : Cy — G,[m]|z — 2™ and iy : C3 — G,[n]s — y", we can check
that i1, 7o are homomorphisms. We are to show that for every group H endowed with two
homomorphisms f; : Cy — H, fy : C5 — H , there would be a unique group homomorphism
¢ : G — H such that the following diagram commutes

Cs

N\

G—~H

|

Cs

or

p(i1([m]2)) = e(@™) = @(z)™ = fi([m]2),
e(ia([n]3)) = (y") = (y)

Define ¢ : G — H as ¢(x™y") = fi([m]s2) fo([n]3), &(y"a™) = fa([n]3) f1([m]2). It is clear to
see ¢ makes the diagram commute. Moreover, if ¢ makes the diagram commute, it follows

that for all z™y"™, y"z™ € G,
p(a™y") = p(@™)e(y") = fi([m]2) f2([nls),

p(y"z™) = p(y")e(@™) = fo[n]s) fr([m]2),

which implies ¢ = ¢. Thus we can conclude G is the coproduct of Cy and C3 in Grp.
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§4. Group homomorphisms

4.1 Check that the function 7', defined in §4.1 is well-defined, and makes the diagram
commute. Verify that it is a group homomorphism. Why is the hypothesis m|n necessary?

§4.1]

In §4.1 the function 7 is defined as

) L LInl — Z/mZ

m

[a]n — [a]m
with the condition m|n. We can check that 77 is well-defined as
[a1], = [as]n, <= a1 —az =kn = (kl)m = [a1], = [as]m <= 7 ([a1]n) = 70 ([a2]n).

Note 7 (mn(a)) = 7 (al,) = [a]m = mm(a). The diagram in §4.1 must commute.

I

Since
T([aln + [bln) = [a + bl = [a]m + bl = 75 ([a]n) + 70 (b)),

it follows that 7 is a group homomorphism. Actually we have shown that without the
hypothesis m|n, 77> may not be well-defined. n

4.2 Show that the homomorphism 7r§ X Wg : Cy — (5 x (5 is not an isomorphism. In fact,

is there any isomorphism Cy — Cy x C57

Let calculate the order of each non-zero element in both C, and Cy x Cs. For the group Cy,
21a] =2, |[1]a] = [[3]] = 4.
For the group Cy x Cj,

|([2, [0]2)] = [([0]2, [1]2)[ = [([1]2, [1]2)] = 2.

Since isomorphism must preserve the order, we can assert that there is no such isomorphism
04 — 02 X CQ. [ ]

4.3 Prove that a group of order n is isomorphic to Z/nZ if and only if it contains an
element of order n. [§4.3]
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Assume some group G is isomorphic to Z/nZ. Since |[1],| = n and isomorphism preserves
the order, we can affirm that there is an element of order n in G.

Conversely, assume there is a group G of order n in which ¢ is an element of order n. By
definition we see g%, g',¢?--- ¢! are distinct pairwise. Noticing group G has exactly n
elements, G must consist of ¢°, g, g*--- g" 1. We can easily check that the function

f:G—Z/nZ
g* — [kln

is an isomorphism. "

4.4 Prove that no two of the groups (Z, +), (Q, +), (R, +) are isomorphic to one another.

Can you decide whether (R,+), (C,+) are isomorphic to one another? (Cf. Exercise
VL1.1)

Suppose there exists an isomorphism f : Z — Q. Let f(1) =p/q (p,q € Z). If p =1, for all
n € 7, we have

n 1
fln)=—+# —.
If p # 1, for all n € Z, we have
np ,p+1
fy="L 222
q q

In both cases, it implies f(Z) ¢ Q. Hence we see f is not a surjection, which contradicts
the fact that f : Z — Q is an isomorphism. Comparing the cardinality of Z, Q, R

|Z] = |Q| < [R],

we see there exist no such isomorphisms like f: Z - Ror f: Q — R.
We can prove (R, +), (C,+) are isomorphic, if considering the both as vector spaces over Q.
The proof is given in Exercise VI.1.1. "

4.5 Prove that the groups (R \ {0},-) and (C\ {0}, -) are not isomorphic.

Suppose f : R — C is an isomorphism. Then there exists a real number x such that f(z) = i.

Since isomorphism preserves the identity, we have

F(1)=1= fz).

which indicates z* = 1. Noticing that z € R, there must be 22 = 1. Now we see
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which derives a contradiction. Thus we can conclude that groups (R\ {0},-) and (C\ {0}, -)
are not isomorphic.

4.6 We have seen that (R, +) and (R.o, ) are isomorphic (Example 4.4). Are the groups
(Q,+) and (Q~g, -) isomorphic?

Suppose f : Q — Q- is an isomorphism. Since isomorphism preserves the multiplication,

we have - (n | %> _; (%)” (n € Zoo),

which implies

Assume - -
b b1 Py P
f)y==="9"2—"%

Q_ q1 9o “'lel

where p;, q; are pairwise distinct positive prime numbers. Then let

M:max{p,q}—i—l > maX{Th'" y Ty 81,00 7Sl}‘

1
1 prlpTQ ) prk ﬁ

f (_) = ( £1 ?92 ]zl ¢ Q?
M 4y 42" - q

which can be proved by contradiction. In fact, Suppose

Thus we assert

or say
M M
pb™ = qa™,
where a, b are coprime. Note that b, a™ are also coprime and that the prime factorization of
. Mt R o .
a™ can be written as a}"a)"> - .. a; " where a; are pairwise distinct positive prime numbers.

That forces
71T Tk Mty Mty M tj
p—p1p2"'pl —N'al CL2 "'CL]- .

Noticing that a; must coincide with one number in {py,ps,- - pr}, we can assume a; = p;
without loss of generality. However, since M > max{ry,--- ,ry}, we see the exponent of
py is distinct from that of aq, which violates the unique factorization property of Z. Hence
we get a contradiction and verify f (%) ¢ Q. Moreover, it contradicts our assumption that
f:Q — Qg is an isomorphism. Eventually we show that the groups (Q,+) and (Qo,-)
are not isomorphic.
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4.7 Let G be a group. Prove that the function G — G defined by g — ¢! is a homomor-
phism if and only if G is abelian. Prove that g — ¢? is a homomorphism if and only if G
is abelian.

Given the function
f:G—dd

g9
we have
flg192) = (192) ™ =g '91 ", flg1)flg2) = g1 93"
If G is abelian, it is clear to see f(g192) = f(g1)f(g2). If f is a homomorphism, Vhy, he € G,

hihy = (hy'hi')™h = f(hy'hit) = f(hy ') f(hTY) = hohy.

Given the function
h :G—G@G
g—g
we have
Mg192) = (9192)* = 91920192,  h(91)h(g2) = 6395 = G1919292-

If G is abelian, it is clear to see h(g192) = h(g1)h(g2). If his a homomorphism, by cancellation
we have

h(glg2) = h(gl)h(!b) = §2091 = 9192-

4.8 Let G be a group, and g € G. Prove that the function 7, : G — G defined by
(Va € G) : y,(a) = gag™ is an automorphism of G. (The automorphisms 7, are called
‘inner” automorphisms of G.) Prove that the function G — Aut(G) defined by g — v, is a
homomorphism. Prove that this homomorphism is trivial if and only if G is abelian.

Since
Yg(ab) = gabg™" = gag~'gbg™" = y4(a)v,(b),

g is an automorphism of G. For all a € G, we have

Yor9:(@) = 9192095 97" = 74 (92095 ") = (74, ©7g,)(a),

which implies v,,4, = Vg1 © Vgo and g — 7, is @ homomorphism. If G is abelian, for all g the
homomorphism

Y4(a) =gag™' = g9 la=a

is the identity in Aut(G). That is, the homomorphism g +— ~, is trivial. If the homomorphism
g — 7, is trivial, we have for all g,a € G,

gag—" = a,
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which implies for all a,b € G,
ab = bab'b = ba.

Thus we show the homomorphism g — 7, is trivial if and only if G is abelian. n

4.9 Prove that if m, n are positive integers such that ged(m,n) = 1, then C,,,, = C,, x C,,.

Define a function
o :Cp xC, — Cun

([a]m, [bln) — [anp + bmg]mn
where [pn],, = [1],, and [gm], = [1]., as ged(m,n) = 1 guarantees the existence of p, g (see
textbook p56). First of all, we have to check whether ¢ is well-defined. Note that
[(anpy + bmq1) — (anpz + bmps)]m = [a(pin — pan) + b(@m — gam)|m = [0];n

[(anp1 + bmay) — (anps + bmps)], = [a(pin — pan) + b(gim — gam)], = [0],,
and ged(m,n) = 1. Thus we have

[(anl + meh) - (Cmp2 + bmp2)]mn = [O]mna

or
[(M’Lpl + bmq1]mn - [anp2 + bme]mn

Then we show ¢ is a homomorphism.

e(([ar)ms [b1]n) + ([az]m, [b2]n)) = ¢(lar + aslm, [br + bo]n)
= [(a1 + a2)np + (by + ba)mq|mn
= [a1np + bymq|mn + [aznp + bamqlmn
= @([ar]m, [b1]n) + @([azlm, [b2]n)-

In order to show ¢ is a monomorphism, we can check

p(larlm, [01]n) = @((az)m, [ba]n)

— [a1np + bymqlmn = [aanp + bomq)mn
— [(a1 — az)np + (by — b2)m@lmn = [0)mn
= [(a1 — a2)np + (b1 — ba)mglim = [a1 — azlm = [0,
[(a1 = a2)np + (b1 — b2)mgl,, = (b1 — ba]n = (0],
= |a1]m = [az)m, [b1]m = [bo)m.
Since |C,, x C,| = |Cpn| = mn, we can conclude ¢ is an isomorphism. Thus we complete

proving C.,,, = C,,, x C,,.

- 4] -



CHAPTER II. GROUPS, FIRST ENCOUNTER

§5. Free groups

5.1 Does the category .4 defined in §5.2 have final objects? If so, what are they?

Yes, they are functions from A to any trivial group, for example T' = {t}.

G2

| A

A

For any object (j,G) in .#4, the trivial homomorphism ¢ : g + t is the unique homomor-
phism such that the diagram commutes. That is, Hom((j, G), (e,T)) = {p}. ]

5.2 Since trivial groups T are initial in Grp, one may be led to think that (e, T") should
be initial in .Z#4, for every A: e would be defined by sending every element of A to the
(only) element in 7" ; and for any other group G, there is a unique homomorphism 7' — G.
Explain why (e, T') is not initial in #4 (unless A = &).

Let G = Cy = {[0], [1]2}. Note that ¢ o e(A) must be the trivial subgroup {[0]2}. If z € A
and j(x) = [1]2, we see g o e # j and the following diagram does not commute.

T—*2-@G

1A

A

That implies (e, T') is not initial in .#4 unless A = @. ]

5.3 Use the universal property of free groups to prove that the map j : A — F(A) is
injective, for all sets A. (Hint: it suffices to show that for every two elements a, b of A there
is a group G and a set-function f : A — G such that f(a) = f(b). Why? and how do you
construct f and G?) [§I11.6.3]

Let G = S4 be the symmetric group over A. Define functions g, : A — A, z — a sending
every element of A to a. Since g, € S4, we can define an injection

fA— Sy
a—> (g

In light of the commutative diagram
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we have Va,b € A,

5.4 1In the ‘concrete’ construction of free groups, one can try to reduce words by performing
cancellations in any order; the ‘elementary reductions’ used in the text(that is, from left to
right) is only one possibility. Prove that the result of iterating cancellations on a word is
independent of the order in which the cancellations are performed. Deduce the associativity
of the product in F'(A) from this. [§5.3]

We use induction on the length of w. If w is reduced, there is nothing to show. If not, there
must be some pair of symbols that can be cancelled, say the underlined pair

(Let’s allow x to denote any element of A’, with the understanding that if # = a=! then
x7! = a.) If we show that we can obtain every reduced form of w by cancelling the pair zz~!
first, the proposition will follow by induction, because the word w* = --- 2z~ ! --- is shorter.

Let wqy be a reduced form of w. It is obtained from w by some sequence of cancellations.
The first case is that our pair zaz~! is cancelled at some step in this sequence. If so, we may
as well cancel zz~! first. So this case is settled. On the other hand, since wy is reduced, the
pair zz~! can not remain in wy. At least one of the two symbols must be cancelled at some

time. If the pair itself is not cancelled, the first cancellation involving the pair must look like
...Zflﬁfl... or %flx

Notice that the word obtained by this cancellation is the same as the one obtained by
cancelling the pair zz~!. So at this stage we may cancel the original pair instead. Then we
are back in the first case, so the proposition is proved.

5.5 Verify explicitly that H®4 is a group.

Assume the A is a set and H is an abelian group. H%4 are defined as follows
H% .= {a: A — Hla(a) # ey for only finitely many elements a € A}.

Now that H®4 C H# := Homse (A, H), we can first show (H#,+) is a group, where for all
¢,v € HA, ¢ + ) is defined by

(Va € A) : (¢ +¢)(a) := ¢(a) + ¢(a).

Here is the verification:
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e Identity: Define a function € : A — H,a > egy sending all elements in A to eg. Then
for any o € H4 we have

Va e A): (a+¢)(a) = ala) +(a) = afa),

which is @ + € = a. Because of the commutativity of the operation + defined on H4,
¢ is the identity indeed.

e Associativity: This follows by the associativity in H:
(Va € A): ((a+P)+7)(a) = (a+F)(a) +7(a) = ala) + (B+7)(a) = (a+ (6+7))(a).
e Inverse: Every function ¢ € H* has inverse —¢ defined by
(Va € A) : (—=¢)(a) = —¢(a).

Thus H* makes a group.
Then it is time to show H®4 is a subgroup of H#. For all a, 3 € H® let N, = {a €

Ala(a) #en}, Ng={a € Alf(a) # e}, No—p = {a € Al(a — B)(a) # en}. Since
(Va € A) : (a = B)(a) = ala) = B(a),

we have
(= B)(a) # en = a(a) # ex or B(a) # en,

which implies N,_3 C N, U Ng. Note that N,, Ng are both finite sets, which forces N,_g
to be finite. So there must be a — 8 € H®4. Now we see H®4 is closed under additions and
inverses. And eya = ¢ € H®4 means that H®4 is nonempty. Finally we can conclude H®4
is a subgroup of H4. "

5.6 Prove that the group F({z,y}) (visualized in Example 5.3) is a coproduct Z * Z of
Z by itself in the category Grp. (Hint: with due care, the universal property for one turns
into the universal property for the other.) [§3.4, 3.7, 5.7]

Define two homomorphisms

ih: 2 — F({z,y}), n+—a",
iy: 7 — F({z,y}), n+—y"™

We need to show that for any group G with two homomorphisms f1, fs : Z — G, there exists
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a unique homomorphism ¢ such that the following diagram commutes.

Given the notation of indicator function

1 ifzeA,
1a(x) := {

0 ifazd¢A,
we can define a function

¢: F({z,y}) — G,
Azt = fi(ng) M fy(ng) M GO f () Yoy Cn) £ (g Py ) e (g

and check that it is a homomorphism indeed. For all n € Z, we have
(poir)(n) =¢(z") = fi(n),
(poiz)(n) = e(y") = fo(n),

that is, the diagram commutes. Now we see ¢ exists. For the uniqueness of ¢, let ¢* be
another homomorphism that makes diagram commute. For all 2" ---2;* € F({z,y}), z; €
{z,y}, we have

@ (2") -t (2™)
= (;0*(7;1(n1)>1{w}(Zl)gp*(iQ(nl))l{y}(21) - 90*(il(nk))l{w}(zl)¢*(i2(nk))l{y}(zl)
= (nl)l{z}(z1)f2(n1)l{y}(z1) . fl(nk)l{z}(zn)fQ(nk)l{y}(zn)

To sum up, we have shown that the group F({z,y}) is a coproduct Z x Z of Z by itself in
the category Grp. "

5.7 Extend the result of Exercise 5.6 to free groups F({z1,...,z,}) and to free abelian
groups F®({xy,...,z,}). [§3.4, §5.4]

Let * be coproduct. Then we have ZxZ*---xZ = F({x1,...,2,}), as the following dia-
—_—

n times
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gram demonstrates:

Dually, let x be product. Then we have Z x Z x --- x 7, = F®({zy, -+ ,2,}), as the fol-

n times

lowing diagram demonstrates:

)

/
G L F({xy,. . xn)) :

5.8 Still more generally, prove that (A1l B) = F(A) * F(B) and that F®*(AIl B) =
F®(A)® F®(B) for all sets A, B. (That is, the constructions F', F** 'preserve coproducts’.)

In order to show F(A) % F(B) is a free group generated by A Il B, we should first set an
appropriate function ¢ : AIl B — F(A) x F(B) and then prove that given any (0, G) there
exists a unique group homomorphism ¢ such that the following diagram commutes.

Al B i

The complete proof can be divided into three steps, by decomposing the following diagram
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into parts.

A—2 L FA)

B—" - F(B)

Step 1. Construct ¢y : AIl B — F(A) % F(B).
Define injective functions

ih:A— AIIB, a+—— (a,l1),
is: B—s ALLB, b (b,2),
j1: A— F(A), a+——a,
Jo: B— F(B), br—b.

Let f1, fo be the homomorphisms specified by the coproduct in Grp. Since A Il B is a
coproduct in Set, the universal property guarantees a unique mapping ¢ : AIl B — F(A)
F(B) such that the following diagram commutes

A & F(A)

,1 I
AUB- - -2~ F(A) * F(B)
@2 )
B & F(B)

That is,
AyY: ANIB — F(A)« F(B) (¢Yoiy=fioj1)A(Wpoiy= fy07s).

Step 2. Prove the existence of g.

A—2 L F(A)
j. NRELD)
1
0 R
ALl B G
7
TZ’Q ‘ . /3!%)2
B—2 - F(B)
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Given some (6, G), according to the universal property of free groups F'(A), F(B), we have

N F(A) — G (p10j1=001),
3'¢2F(B)—>G (§020j2:00i2).

F(A)

Then according to the universal property of coproduct F(A) * F(B) in Grp, we have
Ng:FA)«F(B) — G (gofi=¢1)A(gof2=2)
The commutative diagram tells us
goyoig=gofioji=pr0j =001,
gooiz=go fr0]y =307 =001,

Note that AIl B = i;(A) Uiy(B). For all x € AIl B, z must be either i1(a) or iz(b). If
x = 11(a), then
go(x)=goroii(a)=00ii(a) =0(z).
If x = iy(b), then
go(x)=goroiy(b) =00iyb) =0(x).
Hence we show that given some (6, G) there exists g : F'(A)*F(B) — G such that goy = 6.

Step 3. Prove the uniqueness of g.
Assume there exists another homomorphism h such that h oy = 6. We have

ho fioji=hovoi =001y,
hofyojo=howoiy=~0o0i,.

Since

N F(A) — G (p10j1 =001),
3y F(B) — G (pa0jy =0o0iy),
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there must be
hO fl = ¥1,
ho fa= .

Again by universal property
Ng: F(A)«F(B) — G (gofi=v1)A(go fo= )

we get h = g, which implies g is unique.

Conclusion.

To sum up, we prove that there exists a unique group homomorphism ¢ such that the first
diagram in this proof commutes. As a result, we have F(AIl B) = F(A) x F'(B). Note that
if Grp turns into Ab, the method of diagram chasing applied here also works. In the light of
the following diagram, we can get F®°(A 1l B) = F*(A) ® F®(B) step by step.

A 1L, pab(A)
i1 fl h \<'0\1\
ALB- Y~ Fo(A) @ Fo(B) -2 @
12 0 f2 — %0
B L. pab(B)
| |
5.9 Let G = Z®N. Prove that G x G 2 G.
Define a function
p:GXxXGE—G

((al,a27 : "), (bl,bz, : )) — (Ghbl,az,bm : )

It is plain to check that ¢ is a homomorphism

ol((ay, ag, ), (b, ba,---)) + ((a;, by, -+, (B, by, )]
=p[((a1 + a},as + ab,--+), (by + b}, by + by, - -+ )]
=(ay + a, by + b}, as + ay, by + by, -+ )
=(a1,b1,a2,by,--+) + (ay, b}, ah, by, -+ -)
=¢[((ar, a2, ), (b, ba, -+ )] + o[((ay, @y, -+ ), (b1, b5, - ))].

Since ker p = {(0,0,---)} and ¢(G x G) = G, we can conclude that ¢ is an isomorphism
and accordingly G x G = G. "
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5.10 — Let F' = F(A).

e Define an equivalence relation ~ on F' by setting f ~ f’ if and only if f — f' = 2¢ for
some g € F. Prove that F// ~ is a finite set if and only if A is finite, and in that case
|F/ ~ | =21,

e Assume F%(B) = F®(A). If A is finite, prove that so is B, and A = B as sets.
(This result holds for free groups as well, and without any finiteness hypothesis. See
Exercises 7.13 and VI.1.20.)

7.4, 7.13]

o If |A| = o0, let F = F®(A) = Z% and accordingly every element of Z®* can be
written uniquely as a finite sum

Z maj(a), mq # 0 for only finitely many a.
acA

Apparently, the elements in j(A) = {j(a)|a € A} are not equivalent pairwise. Note
that j is an injection. Hence we see

F/ ~ | > [j(A)] = A> .

In other words, F'/ ~ is a finite set only if A is finite.
If [Al = n < oo, we can set F' = F®(A) = Z%". Assume f = (aj,aq, - ,a,),
1= (a},dy, -+ ,al,). Then f ~ f"if and only if a; — a} € 27 (i = 1,2,--- ,n). Let [f]
denote the equivalence class including f. Thus we get

F/N: {[(kl?k"Z?'.. 7/{;”)]‘]{;1:001‘ 17 i:1727”. 7n}

and accordingly |F/ ~ | = 214l
e Assume ¢ : F%(A) — F®(B) is a group isomorphism. Since for all f, f' € F®(A),
fref = dgeF™(A), f-f =2
= Jp(g) € FB), o(f) — o(f') = 20(9)
= o(f) ~e(f)

in Set we have
F®(A)) ~~F*B)/ ~.

If A is finite, then F'®(A)/ ~ is finite. Furthermore it follows that
F(A) ~ | = [F(B)/ ~| = 24 = 281 — |4] = |B]|.

Hence we see B is finite and A =2 B in Set .
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§6. Subgroups

6.1 — (If you know about matrices.) The group of invertible n x n matrices with entries
in R is denoted GL,(R) (Example 1.5). Similarly, GL,(C) denotes the group of n x n
invertible matrices with complex entries. Consider the following sets of matrices:

o SL.(R) = {M € GL,(R)|det(M) = 1};

SL,(C) = {M € GL,(C)| det(M) = 1};

On(R) = {M € GL,(R)|MM" = M'M = I,,}:
o SO,(R) = {M € 0,(R)| det(M) = 1};

o U(n) = {M € GL,(C)|MM' = MM = I,};
o SU(n) = {M € U(n)|det(M) = 1}.

Here In stands for the n x n identity matrix, M? is the transpose of M, M is the conjugate
transpose of M, and det(M) denotes the determinant of M. Find all possible inclusions
among these sets, and prove that in every case the smaller set is a subgroup of the larger
one.

These sets of matrices have compelling geometric interpretations: for example, SO?*(R) is
the group of ‘rotations’ in R?®. [8.8, 9.1, II1.1.4, VI.6.16]

The following diagram commutes, where all arrows are inclusions.

GL,(R) — GL,(C)

SL,,(R) — SL,(C)

On(R)

U(n)

SO, (R) —— SU(n)

6.2 — Prove that the set of 2 x 2 matrices

a b
0 d
with a, b, d in C and ad # 0 is a subgroup of GLy(C). More generally, prove that the set of

n x n complex matrices (a;;)1<; j<n With a;; = 0 for i > j, and ay; - - - ap, # 0, is a subgroup
of GL,(C). (These matrices are called "upper triangular’, for evident reasons.) [IV.1.20]
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Let A, B are n x n upper triangular matrices. If ¢ > j,

n i—1 n i—1 n
(AB)” = Z aikbkj = Z aikbkj + Z aikbkj = Z Obkj + Z aikO = 0,
k=1 k=1 k=i k=1 k=i

which means the set of upper triangular matrices is closed with respect to the matrix mul-
tiplication. Thus it is a subgroup of GL,(C). .

6.3 — Prove that every matrix in SU(2) may be written in the form
a+bi cH+di
—c+di a—bi

where a,b,c,d € R and a® + b*> + ¢* + d* = 1. (Thus, SU(2) may be realized as a three-
dimensional sphere embedded in R*; in particular, it is simply connected.)[8.9, T11.2.5]

Let

Q21 A22

A= (“” a”) € SU(2)

and we have

AAT = (@1 G2 (G aan) lai|? + |a12|®  an@a1 + apGzz) (1 0
— e = Hi - ) 5| =
a21 Q22 A12 Q22 G21G11 + G22G12 |CL21| + |a22| 0 1

and
det(A) = G112 = A11A922 — A12Q91 = 1
Q21 A22
Note
. a11 iz ‘<111|2 |CL12’2 . |CL11‘2 |CL11|2—1‘|6112|2 . |CL11|2 1‘_ N
a11a12 = a11012 = _ | = _— _ | = _ = —a21011
a21 A2 a21a11 Q22012 Q21G11 QA21G11 + A22012 agiar; 0
= Gu1(a2 + az) =0,
and
3T — Gl an i) _ a11G21 Q12022 _ 11021 Q11021 + 12022 _ a11G21 0‘ — andsn
Q21 (92 |Cl21|2 |6122|2 |Cl21|2 |6L21|2+ |CL22|2 |6l21|2 1

= ag1(a1; — ag) =0.

If ay; # 0, it must be @13 + ag; = 0. If @y = 0, then |ai9]? = 1, ajpaz; = 0 and accordingly
a9 = 0. Since —ajpa91 = 1 = aqaa12, we also have @15 + ao; = 0, that is a0 = ¢+ di, a9 =
—c+ di. Likewise, we can show @17 — aso = 0 and a1 = a + bi, ass = a — bi. And we have

\a11]2 + |G12\2 =+ ++d?=1.
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6.4 Let G be a group, and g € G. Verify that the image of the exponential map ¢, : Z — G
is a cyclic group (in the sense of Definition 4.7).

If |g| = oo, then ¢* # ¢7(i # j). Define
0L — €,(Z),n— g"

and we can check it is an isomorphism.
If |g| = k, then eg, g,¢?, -+, ¢g"* ! are distinct. Define

0 LKL — €,(Z),[n]x — g"

and we can check it is an isomorphism.
Since €,(Z) is isomorphic to Z or Z/kZ, we show €,(Z) is a cyclic group. n

6.6 Prove that the union of a family of subgroups of a group G is not necessarily a
subgroup of GG. In fact:

e Let H, H' be subgroups of a group GG. Prove that H U H’ is a subgroup of G only if
HCH or H C H.

e On the other hand, let Hy C H; C Hy C --- be subgroups of a group G. Prove that
Ui>oH; is a subgroup of G.

e Let H U H' be a subgroup of G. Suppose neither H C H' nor H' C H hold. Let
a € H-—H ,be H —-H, h=ab! € HUH' In the case of h € H, we have
b= h7'a € H, contradiction! In the case of h € H’, we have a = hb € H’', contradiction
again! Therefore, there must be H C H or H' C H.

e For all a,b € Uj>oH;, we can suppose a € H;,b € Hj and we have a,b € Hyaxqjr}-
Then ab € Hpaxgjry € UisoH;, implies that U;>qH; is closed and that Uj>oH; is a
subgroup of G.

6.7 — Show that inner automorphisms (cf. Exercise 11.4.8) form a subgroup of Aut(G);
this subgroup is denoted Inn(G). Prove that Inn(G) is cyclic if and only if Inn(G) is trivial
if and only if G is abelian. (Hint: Assume that Inn(G) is cyclic; with notation as in Exercise
4.8, this means that there exists an element a € G such that Vg € G dn € Z v, = 7.
In particular, gag™' = a"aa™ = a. Thus a commutes with every g in G. Therefore...)
Deduce that if Aut(G) is cyclic then G is abelian. [7.10, IV.1.5]

n
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With notation as in Exercise 4.8, we assume v, € Inn(G) is defined by
Vh e G (14(h) = ghg™).
We have

Inn(G) is cyclic
<= I, € Inn(G), Inn(G) = (7,)
<= 3JaecGVgeGIneZ(y=")
= JacGVgeGIneZ(yla)= gag~' =~"(a) = a"aa"" = a)
—> da € G Vg € G (ga = ag)
= Vh € G,7,(h) = aha™ = haa ' = h
= Inn(G) = (id)
= Inn(G) is trivial

Inn(@G) is trivial
= Vg € GVh e G (y,(h)=ghg ' =h)
— Vg € GVYh € G (gh = hg)
<= ( is abelian

G is abelian
= Vg € GVh e (y,(h)=ghg ' =h)
= Inn(G) = {id}
— Inn(G) is cyclic

If Aut(G) is cyclic, its subgroup Inn(G) is also cyclic. As we have shown, that means G is
abelian. ]

6.8 Prove that an abelian group G is finitely generated if and only if there is a surjective

homomorphism
2® - DL—-G
—_———

n times

for some n.

Given any set H C G, there exists a unique homomorphism ¢g such that the following
diagram commutes.

Feb(H) 22 G

1A

H
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The homomorphism image ¢y (F®(H)) < G is called the subgroup generated by H in G,
denoted by (H).

If G is finitely generated, there is a finite subset G,, C G with n elements such that
or(F®(G,)) = ¢u(Z®") = G. And @y is exactly the surjective homomorphism that we
need.

If there is a surjective homomorphism ¢ : Z®" — G for some n. Suppose

wZ]-i:(Oa"'aoa 1 707"'a0)'—>gi
1-th place

and G, = {91, 92, -+ ,gn}. Then define
j: G, — 7% g — 1,

We can check the following diagram commutes

which means (G,,) = ¥(Z®"). Since v is surjective, we have (G,,) = G. Hence we show G is
finitely generated. u

6.9 Prove that every finitely generated subgroup of Q is cyclic. Prove that Q is not finitely
generated.

Given any two rationals

_h

a==€Q (p,q)=1,
0
az = P2 €Q, (p2;2) = 1,
42
there exists r = ﬁ € Q such that (aj,as) < (r;). Then for some ag we have (ay, az, ag) <
(ri,a3) < (ro). In general, let’s set B, = {a1,a9, - ,a,}. If (B,) < (r,_1). we have
(Bps1) = (Bn,ans1) < (rp_1,an41) < (rp). By induction we can prove (aj,as, -+ ,a,) <
(rn—1) for n € N,. Since the subgroups of a cyclic group are also cyclic, we see finitely
generated subgroup (aj, az, - ,a,) < Q is cyclic.
Supposing Q is finitely generated, Q must be a cyclic group, which contradicts the fact.
Thus we show Q is not finitely generated. "
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6.10 — The set of 2 x 2 matrices with integer entries and determinant 1 is denoted SLo(Z):

SLy(Z) = @ b such that a,b,¢,d € Z, ad —bc =1 ;.
c d

Prove that SLy(Z) is generated by the matrices:

0 -1 11
5—(1 O) and t—(o 1).

Let H be the subgroup generated by s and t. We can check that both

. ]. —p R . 1 0 R
P_<O 1)—t and Q—(_q 1)—3 tis

are in H. Given an arbitrary matrix

m = (‘i Z) € SLy(Z),

it suffices to show that we can obtain the identity I, by multiplying m by matrices in H.
Note that

a b 1 —p\ [(a b—pa a b 1 0\ [fa—qb b

c d)\0 1) \e¢ d—pc)’ c d)\—-q 1) \c—qd d)’
and ¢, d cannot be nonzero simultaneously. Without loss of generality, we can assume that
0 < ¢ < d and perform Euclidean algorithm. Let p; = L%J ,di = d — pyc < c. Multiplying m
by P, = (1 P 1) on the right yields

0 1
mlszl (CL b_pla).
C d1

Then let ¢; = Lﬁj ,c1 = ¢ — qi1dy < dy and right multiplying m by Q; = ( 1q 2) yields
—q1

o= i (100 p0) 6.

We can repeat this procedure until some d; or ¢; reduce to 0. The Euclidean algorithm
generates a sequence
d>c>dy >cp >dy>cg >

If ¢;, d; never reduce to 0, we will get an infinite decreasing positive sequence, which is
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impossible. Suppose dy is the first number reducing to 0. Then

a b
mon—1 = mPQ1 -+ Py = (CNNl 6\]) € SLy(Z),

0 —1
MmoN—1 = (1 0 )

and moy_15~! = I,. Suppose cy is the first number reducing to 0. Then

which implies

b
MoN = mPlQl . PNQN _ (aé\f d]]\\[[) - SLQ(Z),

10
monN = (O 1> = IQ.

We have shown that we can obtain the identity I by multiplying m by matrices in H, that

which implies

is, m can be represented as a product of matrices in H. Thus we can conclude SLy(Z) is
generated by s and ¢. "

6.13 — Draw and compare the lattices of subgroups of C5 x Cy and Cy4. Drawthe lattice
of subgroups of S3, and compare it with the one for Cy. [7.1]

Lattices of subgroups Cs x Cy and Cy are drawn as follows:

{(0,0),(0,1),(1,0), (1, 1)} {0,1,2,3}

{(0,0)} {0}
02 X Cg C4

Lattices of subgroups S5 and Cg are drawn as follows:
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{(1),(12), (13), (23), (123), (132)}

{(1), (12)} {(1), (123), (132)}

{0}

§7. Quotient groups

7.1 © List all subgroups of S5 (cf. Exercise 11.6.13) and determine which subgroups are
normal and which are not normal. [§7.1]

The subgroups of S5 are {(1)},{(1), (12)}, {(1), (13)},{(1), (23)},{(1),(123),(132)} and S;.
We can check that {(1)}, {(1), (123), (132)}, S3 are normal subgroups while others are not. m

7.2 Is the image of a group homomorphism necessarily a normal subgroup of the target? ‘

No. According to exercise 7.1 we have seen not all subgroups are normal. Suppose H is a
subgroup of G but not normal. Then H itself is the image of the inclusion homomorphism
1 : H — G, which makes a counterexample. "

7.3 > Verify that the equivalent conditions for normality given in §7.1 are indeed equiva-
lent. [§7.1]
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That a subgroup N of G is normal has four equivalent conditions:

(i) Vg € G, gNg~ ' = N;

)
(i) Vg € G, gNg~" C N;
(iii) Vg € G, gN C Ng;

)

(iv) Vg € G, gN = Ng.

(i) = (ii) is straightforward.

(i) = (iii). For any g € G, the element a € gN can be written as a = gny(n; € N).
Since gnig~! € gNg~! C N, there exists an ny € N such that gng~! = ny, which implies
gny = neg € Ng. Thus we have gV C Ng.

(iii) = (iv). Given any g € G, for all n; € N, the element g~'n; € g7'N; also belongs to
Ng~!, which implies that there exists noy € N such that ¢g~'n; = nog~!, namely nig = gns.
Thus we get Ng C gN and accordingly gN = Ng.

(iv) = (i). For any g € G, the element b € gNg~! can be written as a = gn;g~*(n; € N).
Since gn; € gN = Ng, there exists an no € N such that gn; = nyg, which implies gn,;g~! =
ny € N. Thus we have

Vge G, gNg'CN
= Vg 'eqG, g '(gNg')gCgNg™'
—VgeG, NCgNg"

Hence we have Vg € G, gNg~' = N. .

7.4 Prove that the relation defined in Exercise 11.5.10 on a free abelian group F = F%(A)
is compatible with the group structure. Determine the quotient F'/ ~ as a better known

group.

For all f, f',h € F,
fof = f-f=29(g€eF) = (ht[)—(h+f)=29, (g€ F) <= h+f~h+t[.

Since F' is abelian, wee see the relation ~ defined on a free abelian group F = F®(A) is
compatible with the group structure. By the notation of quotient group, we have

F/~ = F/2F,

where 2F = {2g € F'|g € F}. .

- 59 -



CHAPTER II. GROUPS, FIRST ENCOUNTER

7.5 — Define an equivalence relation ~ on SLy(Z) by letting A ~ A" <— A’ = £A.
Prove that ~ is compatible with the group structure. The quotient SLy(Z)/ ~ is denoted
PSLy(Z), and is called the modular group; it would be a serious contender in a context
for ‘the most important group in mathematics’, due to its role in algebraic geometry and
number theory. Prove that PSLy(7Z) is generated by the (cosets of the) matrices

0 -1 1 -1
( 10 ) and ( 10 ) .
(You will not need to work very hard, if you use the result of Exercise 6.10.) Note that the

first has order 2 in PSLy(Z), the second has order 3, and their product has infinite order.
9.14]

For all Al; AQ, B e SLQ(Z),
Al ~ A2 S A2 = :l:Al <~ BAQ = j:BAl < BAl ~ BAQ

Hence ~ is compatible with the group structure and PSLs(Z) = SLo(Z)/{ls,—I>}. In
Exercise 6.10 we have shown SLy(Z) is generated by the matrices

0 -1 11
5—(1 O) and t—(o 1).

It is clear that SLo(Z) can also be generated by the matrices

0 -1 1 -1
5(1 O) and ts(l 0),

which implies PSLy(Z) is generated by the cosets of the matrices s and ts. "

7.6 Let G be a group, and let n be a positive integer. Consider the relation
a~b <= (g€ G)ab ™t = g".
e Show that in general ~ is not an equivalence relation.

e Prove that ~ is an equivalence relation if G is commutative, and determine the

corresponding subgroup of G.

e Let G be the symmetric group Sy and let n = 2. We can check that

but (3 4)(1 2)~' = (1 2)(3 4) is not the square of any element in Sj.
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1 = em implies ~ is reflexive. Since

e Suppose that G is commutative. aa™
a~b = ab'=g"(geG) = bla=g " (g €G) = br~a,

~ is symmetric. Since GG is commutative, we have

a~bb~c = ab ' =gy bc ! =gY (91,92 € G)
= ac”! =ab"'bcT = 919y = (9192)" (9192 € G) = a~c,
which means ~ is transitive. Thus we show that ~ is an equivalence relation. Since

a~b = ab™' =g¢" = ga(gh)~' = (ag)(bg) "' = g" = ga ~ gb,ag ~ by,

we see ~ is compatible with the group G and the equivalence class of the identity
H ={¢"|g € G} is a subgroup of G.

7.7 Let G be a group, n a positive integer, and let H C G be the subgroup generated by
all elements of order n in GG. Prove that H is normal.

For all h € H,g € G, we have
(ghg™" )" =gh"g™' = g9~ =eq = ghg™' € H,

which means gHg~! C H for all g € G. Thus we show that H is normal. n

7.10 - Let G be a group, and H C G a subgroup. With notation as in Exercise 11.6.7,
show that H is normal in G if and only if Vy € Inn(G),y(H) C H. Conclude that if H is
normal in G then there is an interesting homomorphism Inn(G) — Aut(H). [8.25]

Consistent with the notation as in Exercise I1.6.7, suppose
Vg : G — G, h— ghg™.
Then we have
Vv, € Inn(G),y,(H) C H <= Vg€ G,gHg ' C H <= H is normal in G.

Thus we see that if H is normal in G, v can be restricted to H so that v|y : H — H is an
automorphism on H. Let

i:Inn(G) — Aut(H), v+— v|n

and with the property of v we have shown in Exercise 11.4.8, it is straightforward to check
that

i('Ym'sz) = i(’ngz) = '79192|h = ('791’7g2)|h = 791|h7g2|h = i('791)i('7g2)~
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That is, 7 is the interest homomorphism Inn(G) — Aut(H) that we expect. n

7.11 > Let G be a group, and let [G, G] be the subgroup of G generated by all elements
of the form aba='b~'. (This is the commutator subgroup of G; we will return to it in
§IV.3.3.) Prove that [G,G] is normal in G. (Hint: with notations in Exercise 11.4.8,
gaba=tbtg™t = ~,(aba'b"1).) Prove that [G, G| is normal in G. [7.12, §IV.3.3]

Since for all g € G,aba™'b™! € |G, G], we have

gaba™ b g™t = gag~gbg~'ga" g gb™ g™t = (gag™")(gbg ™) (gag ™) " (gbg™H) T € G, G,

it follows that that [G, G] is normal in G. Then we can show [G,G] is normal in G by

[91]l92] = [9192) = [9192(95 91 ' 9201)] = [9201] = [9alln], Vo], lg2] € [G, G].

7.12 > Let F' = F(A) be a free group, and let f : A — G be a set-function from the set A
to a commutative group G. Prove that f induces a unique homomorphism F/[F, F| — G,
where [F, F] is the commutator subgroup of F' defined in Exercise 11.7.11. (Use Theorem
7.12.) Conclude that F/[F, F| ~ F®(A). (Use Proposition 1.5.4.) [§6.4, 7.13, V1.1.20]

By the universal property of free group, there exists a unique homomorphism ¢ : F' — G
such that Va € A, ¢(j(a)) = f(a) where j : A — F(A) is a inclusion. Note that G is
commutative, we have

plaba™'b™") = p(a)p(b)p(a) (b))~ = eq,

which implies [F, F] C kery. Theorem 7.12 indicates that there exists a unique group
homomorphism ¢ : F/[F, F] — G so that ¢ o™ = ¢. Now we deduce that the diagram

NG
P

)

commutes. For the diagram we see pomoj = f. Suppose there exists 1 such that Yomwoj = f,
which amounts to (¢ o m) 0 j = ¢ o j. By the uniqueness of ¢ we have ) o™ = ¢. Then
by the uniqueness of ¢ we have ¢ = ¢. Thus we show that there exists unique ¢ such
that ¢ om o j = f. According to the property of free abelian group, we can conclude that
F/[F,F] ~ F®(A). u
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7.13 — Let A, B be sets, and F(A), F(B) the corresponding free groups. Assume F'(A) ~
F(B). If A is finite, prove that so is B, and A ~ B. (Use Exercise 11.7.12 to upgrade
Exercise 11.5.10.) [5.10, VI.1.20]

Exercise I1.7.12 tells us that the free abelian group generated by a set is merely determined
by its free group, which means

F(A) ~ F(B) = F(A)/[F(A),F(A)] ~ F(B)/[F(B),F(B)] = F®(B) = F*®(A).

Then under the auspices of the conclusion in Exercise I11.5.10 we complete the proof. "

§8. Canonical decomposition and Lagrange’s theorem

8.1 If a group H may be realized as a subgroup of two groups GG; and Gs, and

Gy G

H H’

does it follows that G = G4. Give a proof or a counterexample.

A counterexample is given as follows. Take H = (5, the cyclic group of order 3. Take
G1 = D¢ and Go = Cg, then one sees both G;/H and Gy/H are Cy. But obviously Gy and
(G5 are not isomorphic, one being abelian while the other is not. "

8.2 — Extend Example 8.6 as follows. Suppose G is a group, and H C G is a subgroup of
index 2: that is, such that there are precisely two (say, left) cosets of H in G. Prove that
H is normal in G. [9.11, IV.1.16]

Since [G/H] = 2, there must be G/H = {H,G — H}. For any g € G:
e if ge H, then gH = Hg = H;
o if ge G— H, then gH # H and Hg # H. Thus we have gH = Hg=G — H.

In either case gH = Hg holds for all ¢ € GG, which implies H is normal in G. "

8.7 Let (A|Z), resp. (A'|Z') be presentations for two groups G, resp. G'(cf. §8.2); we
may assume that A, A’ are disjoint. Prove that the group G * G’ presented by

(AUA|ZUZR)

satisfies the universal property for the coproduct of G and G’ in Grp. (Use the universal

properties of both free groups and quotients to construct natural homomorphisms G —
GxG, G - GxG'.) [§3.4, §8.2, 9.14].
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Assume that F(A)/R = (A|%), F(A")/R' = (A|%'), and F(AILA")/R" = (AU A'|Z U R').

/\

A)JR-Y~FATA)/R" <Y~ F(A)/R
4 I [
A F(AILA) A

AIT A

According to Lemma I1.1, there exist unique ¢ and ' such that
pok=mojoi, Yokl =mojoi
Define
§ :F(AILA)/R' — G
Hai} «{ai} - {an} « {a Y — F([{a ) S ({ar}]) - - f(Han DS ({an ).

where * means the junction of words and {a;} = a;1 * a0 % - - * @iy, 0 € A (1 <i<n, 1<
j < my) and {aj} = af) * ajy * - ¥ Gy, @iy € A (1 <0 <n, 1< 5" <mj). Tt is routine to
check that ¢ is a well-defined homomorphism such that

oy =f, 5oy = f.
Then verify that if 4 is a homomorphism such that
oth=f, dor) = [

there must be & = 8. After these tasks are done, we can conclude that F(AILA')/R” satisfies
the universal property of coproduct.

8.17 > Assume G is a finite abelian group, and let p be a prime divisor of |G|. Prove that
there exists an element in G of order p. (Hint: let g be any element of GG, and consider
the subgroup (g); use the fact that this subgroup is cyclic to show that there is an element
h € {(g) in G of prime order ¢. If ¢ = p you are done; else, use the quotient G/(h) and
induction.) [§8.5,8.18,8.20, §IV.2.1]

Suppose the proposition to be poven holds for k = |G| < N —1. Now assume that k = |G| =
N. Let g be any element of G such that g # e and consider the cyclic group (g). We are to
show that there is an element h € (g) of prime order ¢. If |(g)| is prime, simply take h = g.
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If |{g)| is not prime, we can assume that |(g)| = rs, where r, s € Z and r is prime. Note

] = gl _ s _rs_

a ged(s, |g|) N ged(s, rs) S

We can take h = ¢g°. Therefore, there is an element h € (g) such that ¢ = |h| is prime. If
q = p, the proof is completed. Otherwise, let G; = G/(h). It still follows that G is a finite
abelian group and p is a prime divisor of |G4]. Since k = |G1| = N/q < N — 1, by induction
it follows that there exists an element x(h) € G; of order p. Thus we have

2P(h)y =(h) = 2P =h" —= 2P =h"" —= (@) =ec¢ = |2 |p = |z =1orp.
If 29 = e, then
z¥(h) =(h) = |z(h)| ¢ = plq

which leads to a contradiction. Thus there must be |z¢] = p, which means the proposition
holds when k = |G| = N. By induction we prove that there exists an element in G of order

p.

8.18 Let G be an abelian group of order 2n, where n is odd. Prove that G has exactly
one element of order 2. (It has at least one, for example by Exercise 8.17. Use Lagrange’s
theorem to establish that it cannot have more than one.) Does the same conclusion hold if
G is not necessarily commutative?

By Exercise 8.17, G has exactly one element of order 2. Suppose a, b are two distinct elements
of order 2. Consider the generated subgroup

(a,b) = {e,a,b,ab}.

According to Lagrange’s theorem, since |(a,b)| = 4, there must be 4|2n or 2|n, where n is
odd. That is a contradiction. Thus we see G' cannot have two distinct elements of order 2,
which implies that G has exactly one element of order 2.

§9. Group actions

§10. Group objects in categories
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Chapter III Rings and modules

§1. Definition of ring

1.1 > Prove that if 0 =1 in a ring R, then R is a zero-ring. [§1.2]

For any « in the ring R, we have
l-z=uz, 0-z=0.

Since 0 = 1 we see that x = 0, which implies R is a ring with only one element 0. "

1.2 = Let S be a set, and define operations on the power set &(S) of S by setting
VA, B € Z(5)
A+B:=(AUB)\(AnB) , A-B=ANB

Prove that (#(5),+, ) is a commutative ring. [2.3, 3.15]

First, we need to check that (£2(S),+) is an abelian group:

e associativity:

(A+B)+C
((AUB)\(ANB))+C
((AUB)N(A°UB)) +C

= (AN (A°UBY)U(BN(A°UBY))+C
= (ANBYHYU(A°NB)+C
(
(
(
= (

(ANBHYU (A NB)NCHU(((ANBYYU(A°NB)“N0O)

(ANBNCHUANBNCY))U((A°UB)N(AUBY)NO)
(ANB“NCYUANBNCY))U((A°NBYYU(ANB)NC)
ANBNCOUANBNCY)UANBNCYU(ANBNCO)

=(AN(BNC)U(BNC)NU((A°NBNCY) U (A°NB°NC))
= (AN(B°UC)N(BUC)U((A°NBNCY)U(A’NBYNC))
=(AN((BNCHU (B NC))UA“N(BNC)U (B NC)))
A+ )
= A+

+((BNC%)uU(B°n0)
+ (B+ C);

e commutativity:

A+B=(AUB)\(ANB)=(BUA)\(BNA)=B+A;
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e additive identity: the additive identity is & since

A+ =(AU)\(ANn@)=A;\o=A

e inverse: the inverse of some set A is just itself since

A+A=(AUANANA) = A\A=o.

Then we have to show that (£2(.S), ) is a commutative monoid, which clearly holds with the
multiplicative identity S. What is left to show is the distributive properties and the check
is straightforward.

(A+B)-C
= ((ANBYYU (AN B)NnC
= (ANB°NCYU(A°NBNC)
= (ANnCNn(BUCY))uU((A°UC)n(BNQC))
—(ANCN(BNO)YU(ANC) N(BNC))
=A-C+B-C.

1.3 — Let R be a ring, and let S be any set. Explain how to endow the set R of set-
functions S — R of two operations +, - so as to make R into a ring, such that R® is just
a copy of R if S is a singleton. [2.3]

To make (R%,+,-) aring , for all f, g € R® we define addition and multiplication as

f+9g:5S— R, z+—— f(z)+g(2)
f9g:S— R, x+— f(x)-g(z).
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1.4 > The set of n X n matrices with entries in a ring R isdenoted M, (R). Prove that
componentwise addition and matrix multiplication makes M,,(R) into a ring, for any ring
R. The notation gl,(R) is also commonly used, especially R = R or C (although this
indicates one is considering them as Lie algebras) in parallel with the analogous notation
for the corresponding groups of units, cf. Exercise 11.6.1. In fact, the parallel continues
with the definition of the following sets of matrices:

o sly(R) = {M € gL, (R)[tr(M) = 0};

e 5,(C)={M € gl,(C)|tr(M) = 0};

e 50,(R) = {M € sl,(R)|M + M' = 0};
e su(n) = {M € sl,,(C)|M + M = 0}.

Here tr(M) is the trace of M, that is, the sum of its diagonal entries. The other notation
matches the notation used in Exercise [1.6.1. Can we make rings of these sets, by endowing
them of ordinary addition and multiplication of matrices? (These sets are all Lie algebras,
cf. Exercise VI.1.4.) [§1.2, 2.4, 5.9, VI.1.2, VI.1.4]

It is plain to show M, (R) is a ring according to the definition. For multiplicative associa-
tivity, it follows that for all A, B,C' € M, (R),

((AB)C)as

= Z(AB)a,z’Ci,é
i=1

= Z (Z aa,jbj,i> Ci
i=1 \j=1

=D > (b cis

i=1 j=1

=D aay (bjicis)

j=1 n=1
n n

ZE Aaj E bj.iCis
j=1 i=1
n

:E e, (BC)js
7=1

= (A(BCO))as-

Under the ordinary addition and multiplication of matrices, sl,(R),sl,(C),s0,(R), su,(C)
are not rings. In fact, they are not closed under the multiplication. "
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1.5 Let R be aring. If a,b are zero-divisors in R, is a + b necessarily a zero-divisor? ‘

That is not true. Let’s take Z/6Z as an counterexample. Though both [2]¢ and [3]s are
zero-divisors, their sum [5)g is not a zero-divisor. n

1.6 — An element a of a ring R is nilpotent if a™ = 0 for some n.
1. Prove that if a and b are nilpotent in R and ab = ba, then a + b is also nilpotent.

2. Is the hypothesis ab = ba in the previous statement necessary for its conclusion to
hold?

[3.12]

1. Assume that ™ = 0™ = 0 and let & = 2max{n, m}. If ab = ba, we can get
k k
2

(a+b)f=> "V akphr ¢ f " akphr = f "Var04 f Vo-hr =0
a D a P a D a P s
k k
p=5+1 p=5+1

p=0 p=0

which means a + b is also nilpotent.
2. The hypothesis ab = ba is necessary. A counterexample can be found in the ring gl,(R).

Let
0 0 1 - 00
—\0 0/’ ~\1 0

and then we have a?> = b?> = 0. In other words, a and b are nilpotent. However, by
diagonalization we see that

Q-G OEYE DAY

Thus in such case, a + b is no longer nilpotent.

1.8 Prove that 2 = &1 are the only solutions to the equation 2 = 1 in an integral domain.
Find a ring in which the equation 22> = 1 has more than 2 solutions.

It clearly holds that 1-1 =1 and (=1)-(—=1) = ((—=1) x (=1))1 -1 = 1. That is to say,
x = £1 are the solutions to the equation 2 = 1. Note that if there exists = in an integral
domain such that 22 = 1, then we have

(x—1)-(z+1)=2*-1=0,

which implies x — 1 =0 or z + 1 = 0. Therefore, we can assert x = +1 are the solutions. In
the ring Z/8Z, [3]s and [5]g are also the solutions to the equation x? = 1. ]
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1.10 Let R be aring. Prove that if a € R is a right unit, and has two or more left-inverses,
then a is not a left-zero-divisor, and is a right-zero-divisor.

Since a € R is a right unit, it cannot be a left-zero-divisor. Assume there exist two distinct
elements x,y € R such that xa = ya = 1 and it deduces (y — x)a = 0. Thus we show that a
a right-zero-divisor. "

1.11 Construct a field with 4 elements: as mentioned in the text, the underlying abelian
group will have to be Z/2Z x Z/2Z; (0,0) will be the zero element, and (1, 1) will be the
multiplicative identity. The question is what (0,1) - (0,1), (0,1) - (1,0), (1,0) - (1,0) must
be, in order to get a field. [§1.2, §V.5.1]

Define
(07 1) : (0’ 1) = (O’ 1)7 (07 1) : (1’0) = (O’O)7 (170) : (1v0) = (1,0),

and the the rest definition of multiplication will be determined uniquely according to field
properties. For example, we have no alternatives but to define

(0,1)-(1,1) =(0,1) - ((0,1) + (1,0)) = (0,1) - (0,1) + (0,1) - (1,0) = (0,1) 4+ (0,0) = (0, 1).

Then we can check Z /27 x 7,/27 forms a field by definition. n
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1.12 Just as complex numbers may be viewed as combinations a + bi, where a,b € R,
and 7 satisfies the relation 7> = —1 (and commutes with R), we may construct a ring H by
considering linear combinations a + bi + ¢j + dk where a,b,c,d € R, and 7, j, k commute

with R and satisfy the following relations:
P==k=-1 , ij=—ji=k , jk=—-kj=1i , ki=—ik=j.

Addition in H is defined componentwise, while multiplication is defined by imposing dis-
tributivity and applying the relations. For example,

(14+i+j)-2+k)=1-24+0-24+5-2+1-k+i-k+j-k=24214+2j+k—j+i=2+3i+j+k.
(i) Verify that this prescription does indeed define a ring.
(ii) Compute (a + bi+ ¢j + dk)(a — bi — ¢j — dk), where a, b, c,d € R.

(iii) Prove that H is a division ring. Elements of H are called quaternions. Note that Qg :=
{#£1, £, +5, £k} forms a subgroup of the group of units of Hj it is a noncommutative
group of order 8, called the quaternionic group.

(iv) List all subgroups of Qs, and prove that they are all normal.
(v) Prove that Qg, Dg are not isomorphic.

(vi) Prove that Qg admits the presentation (x,y|z?y=2,y*, zyz~1y).

[§I1.7.1, 2.4, IV.1.12, IV.5.16, IV.5.17, V.6.19)

(i) Verifying the (H, +) is a abelian group is immediate and we just omitted it. It is easy
to see the multiplicative identity is 1 and the distributive properties are guaranteed by
definition. The check of the associativity of multiplication looks straightforward but
tedious.

((a1 + byt + c1j + dik) - (ag + bai + cof + dok)) - (as + bsi + ¢35 + dsk)
= [—c3 (agcr + arey + bady — bids) — b (aghy + ar1by — cody + ¢1ds)

+ a3 (a1ag — biby — c1¢9 — dydy) — d3 (—baycy + bica + asdy + ayds))]

+ [—c3 (=bacr + bicy + agdy + arda) + ag (azby + arby — cody + ¢1dy)

+ b3 (a1a9 — biby — c1c9 — dydy) + d3 (azcy + arca + bady — byds)]i

+ [b3 (—bacy + bica + asdy + ards) + ag (agcr + ajcy + bady — bids)

+ ¢z (arag — biby — c1co — didy) — d3 (aghy 4 arby — cady + c1dy)]j

+ [ag (—bacy + bicg + asdy + ards) — b (ager + ajcy + bady — bids)

+ ¢3 (agby + a1by — cody + c1d2) + ds (a1ag — biby — c1c0 — dids)]k
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(a1 4 byi + c1j + dik) - ((ag + bai + cof + dok) - (as + bsi + ¢35 + dsk))
= [—d (agds + asds — bz + bacg) — 1 (azcs + ases + bydy — bads)

— by (ashy + asbs — c3ds + cads) + ay (agas — babs — cac3 — dads))

+ [c1 (asdy + asds — bsca + bacs) — dy (azco + ascs + bsds — bads)

+ ay (asby + asbs — c3ds + cads) + by (agasz — babs — cocy — dads))i

+ [=b1 (as3dy + agds — byca + bacg) + ay (agea + agcs + bydy — bads)

+ dy (agby + azbs — csda + cods) + ¢1 (agas — babs — cacs — dads)]j

+ [a1 (agdy + agds — byco + bacg) + by (azcs + ases + bydy — bads)

— ¢ (asby + asbs — c3da + cads3) + dy (agasz — babs — cocs — daods)|k

(ii) Expand it by distributive properties and we get

(a+bi+cj+dk)(a—bi —cj— dk)
= a® — abi — acj — adk + abi + b*> — bek + bdj + acj + bek + ¢ — edi + adk — bdj + cdi + d*
—a®+ b0+ A+ d2

(iii) Applying the results in (ii) we see that for any non-zero element a + bi + ¢j + dk € H,

, , a—bi—cj—dk a—bi—cj—dk , ,
(a+bl+c‘7+dk)'a2+b2+c2+d2 :a2+b2+c2+d2-(a+bz+0j+dk:):1,

which implies a + b7 + ¢j + dk is a two-sided unit. Thus we show that H is a division
ring.

(1V> QS has 6 Subgroups: {1}7 {17 _1}7 {17 _17i7 _2}7 {17 _17j7 _j}a {17 _17 ka _k}7 Q8~ We
can just prove that they are all normal by the definition of normal subgroups.

(v) Note that Dg = {e,r,r% 13, 51, S9, 83,54} has 7 subgroups: {e}, {e,r,r% 3}, {e, s},
{e,s2}, {e,s3}, {e,s4}, Ds, while Qg has 6 subgroups. Thus Qg, Dg are not isomorphic.

(vi) Let P = (z,y|lr*y2,y*, xyz~'y). The relation z?y~2 = e implies 22 = y? and the
relation zyz 'y = e implies yr = yr~'a? = 27y 12? = 23y32? = 23y° = 23y. First,
we can always replace yx by 23y until we obtain a word of the form z%y’. Then applying
r* = y* = e and replace y? by 22, we can transform it into the form zy/ with 0 < i < 3

and 0 < 7 < 1. Thus we see P has at most 8 elements.

Next we will complete our proof by means of the Lemma I1.1 in the appendix. Define
a mapping

f:{x7y}—>Q8a Zﬁf—)i,
Yy —J.

- 792 -



CHAPTER III RINGS AND MODULES

Let ¢ : F({z,y}) — Qs be the unique homomorphism induced by the universal prop-
erty of free group. Since

p(x?y™?) =72 =1,
oy =j' =1,
playz~ly) =iji'j =1,

we see Z = {x?y~ 2, y*, xyz 'y} C ker p. And it is immediate to show that Qg can be
generated by {7, j}. Thus according to the lemma, there exists a unique homomorphism
¥ P — Qg such that f =1 o7 ot and actually v is surjective.

p\
] ~ 3w

~N

F({e,y}) £~ = Qs

| 4

{z, v}

Hence we get the inequality of cardinality |P| > |Qs|. Since we have shown |P| < 8 =
|Qs|, there must be |P| = |Qg| = 8, which implies # is indeed an isomorphism. Finally
we conclude that Qg = (z, y|2?y =2, y*, xyz~'y) and complete our proof.

1.14 © Let R be aring, and let f(z),g(x) € R[z] be nonzero polynomials. Prove that

deg(f(x) + g(x)) < max(deg(f(x)), deg(g(2)))-

Assuming that R is an integral domain, prove that

deg(f(x) - g(x)) = deg(f(x)) + deg(g(x)).

[§1.3]

Assume

f(z) = Zaixi, g(z) = Zbimi, a;,b; € R

>0 >0

and n,m are respectively the largest integers p,q for which a,, b, are non-zero. In others
words, we have a,, # 0, a; = 0 for ¢« > n and b,, # 0, b; = 0 for i > m. Since

max{n,m}
f@) +g(x) = (ai+b)a’ = Y (a;+b),
1>0 =0
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we see that

deg(f(z) + g(x)) < max{n, m} = max(deg(f(x)), deg(g(z))).

Now Suppose that R is an integral domain. Noticing a, # 0 and b,, # 0 implies a,b,, # 0,
we can see

n—+m
f($) ’ g(l’) = Z Z aibjxiJrj = Z Z aibjxi+j
k>0 i+j=k k=0 i+j=k

has a degree of n + m. That is,

deg(f(x) - g(x)) = deg(f(z)) + deg(g(z)).

1.15 > Prove that R[z] is an integral domain if and only if R is an integral domain. [§1.3]

Assume R is an integral domain. Exercise I11.1.14 tells us if f(z), g(x) € R[z] are nonzero
polynomials, we have

deg(f(x) - g(x)) = deg(f(x)) + deg(g(x)),

which implies f(z)-g(x) is also nonzero polynomial. Thus we show R[z] is a integral domain.
Conversely, assume R[z] is an integral domain. Note that given any a,b € R, they also
belong to R[x]. Hence we obtain

a#0,b#0 = ab# 0,

which means R is an integral domain. "

1.16 Let R be a ring, and consider the ring of power series R[[z]] (cf. §1.3).

1. Prove that a power series ag + a1z + az? + - -+ is a unit in R[[z]] if and only if ag is
a unit in R. What is the inverse of 1 — z in R[[z]]?

2. Prove that R][z]] is an integral domain if and only if R is.

1. If ag is a unit in R then we can assume there exists by € R such that agby = 1. Let

f@) =Y ana", gle) =3 b,

n>0 n>0

where

bn = —bo Zaibn,i, n > 1.
i=1
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Noticing that
n n
apb, = —apby Zaibnﬂ‘ = - Z&ibn—i, n>1,
i=1 i=1

we have

f(x)g(x) = Z Z Qpibiz"

n>0 i=0

=1+ Z i aibn—ixn

n>1 i=0

=1+ Z (aobn + zn: aibn_i> x"
i=1

n>1

=1+ Z (apby, — agby,) "

n>1

=1

Hence we show f(z) = ag + ayx + asx® + - -+ is a unit.

For the other direction, supposing f(z) = ag + a1z + agz* + - -+ is a unit, then there
exists g(x) = by + by + byx® + - - - such that

f(z)g(x) = aghy + Z Z a;bp_ix" = 1.

n>1 =0

By comparing the both sides of the equality we can find agbg = 1, which implies aq is

a unit in R.
We can check that the inverse of 1 — z in R[[z]] is 1 + 2 + 2% + -+ since
(1 —x)Zx’ = Z:L’Z - Z:U”l =1
i>0 i>0 i>0

2. Suppose R is an integral domain. If f(z), g(x) € R[z] are nonzero polynomials, we
can assume that

f(z) = Zaixi, g(x) = Zbixi, a;,b; € R

i>0 i>0

and that n, m are respectively the smallest integers p, ¢ for which a,, b, are non-zero.
In others words, we have a,, # 0, a; = 0 for i < n and b,, # 0, b; = 0 for i < m.
Noticing a,, # 0 and b,, # 0 implies a,b,, # 0, we can see

f(l‘) g(q}) = Z Z aibsz’+j — anbmxn-l—m + Z Z aibj[EH—j £ 0.

k>0 i+j=k k>ntm41 i+j=k
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Thus we show R[[z]] is an integral domain.

Conversely, assume that R[[z]] is an integral domain. Note that given any a,b € R,
they also belong to R[[x]]. Hence we obtain

a#0,b#0 = ab#0,

which means that R is also an integral domain.

§2. The category Ring

2.1 Prove that if there is a homomorphism from a zero-ring to a ring R, then R is a

zero-ring [§2.1]

Suppose that ¢ is a homomorphism from a zero-ring O to a ring R. Since ¢(0p) = Og,
v(lp) = 1g, 0o = 1o, we have Or = 1g, which implies that R is a zero-ring. .

2.4 Define functions H — gl,(R) and H — gl,(C) (cf. Exercise I11.1.4 and 1.12) by

a b c d

) . -b a —-d c
a+bi+cj+dk— e d a4 —b
—d —c b a

) . at+bi c+di
a+bz+cy+dkr—>(_c+di a—bi)

for all a,b,c,d € R. Prove that both functions are injective ring homomorphisms. Thus,
quaternions may be viewed as real or complex matrices.

Let f be the function H — gl,(R) described above. For simplicity, we omit trivial check and
only verify f preserves multiplication

f((a1 4+ byt + c1j + dik) - (ag + boi + cof + dok))
= f((a1a2 — ble — C1Co — dldg) —+ (a2b1 + ale — C2d1 + Cldg)i
+ (a201 + ajco + bZdl — bldg)] + (agdl + Gldz — b261 + blcg)k)

aq bl C1 dl (05} b2 Co dg

- —bl aq —d1 C1 —bQ (05} —d2 Co
B —c; dy a;  —b —cy dy az —by

—dy —c b ay —dy —cy by 45)

= f(a1 + blz + Clj + dlk’)f(ag + bQZ + ng + dQI{Z)
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2.5 The norm of a quaternion w = a + bi + ¢j + dk, with a, b, c,d € R, is the real number
N(w) = a® + b* + ¢* + d*>. Prove that the function from the multiplicative group H* of
nonzero quaternions to the multiplicative group RT of positive real numbers, defined by
assigning to each nonzero quaternion its norm, is a homomorphism. Prove that the kernel
of this homomorphism is isomorphic to SUz(C) (cf. Exercise 11.6.3). [4.10,1V.5.17 V.6.19]

According to Exercise 111.2.4, w € H* can be viewed as a matrix i(w) € gly,(C) where
i : H — gl,(C) is a monomorphism in Ring. Then the function N : H* — R can be just
viewed as the determinant mapping det : i(H*) C gl,(C) — R*. More precisely, it means
N = detoi. We can check that

N(wlwg) = det(z(wlwg)) = det(z(wl)z(wg)) = det(z(wl)) det(z(wg)) = N(wl)N(wg)

and
w e ker N <= N(w) =det(i(w)) =1 < i(w) € SUy(C).

Therefore, N is a homomorphism and ker NV isomorphic to SU,(C). n

2.6 Verify the ‘extension property’ of polynomial rings, stated in Example 2.3. [§2.2]

Define the following ring homomorphisms

a:R— S, r—ar)
e: R— R[z], r+—r,

and functions
J: {S}—>R[{E], s> T,
i:{s} — S, sr—s.

Assume that s € S is an element commuting with «(r) for all r € R, we are to show that
there exists a unique ring homomorphism @ : R[z] — S such that the following diagram

commutes.
R

R[z] 2 >

zl/

Uniqueness. If @ exists, then the postulated commutativity of the diagram means that for
all f(z)=7>_,50an € R[z], there must be

x))=a <Z ana:”) = Za(an)a(m‘)” = Za (an) s

n>0 n>0 n>0
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That is, @ is unique.
Existence. The only choice is to define

@: R[z] — S, Zanx"HZa(an)s”

n>0 n>0
and to check whether it is a ring homomorphism.

1. Preserving addition:

2. Preserving multiplication:

a (Z "y bnx”> —a (Z > aibjx”>

n>0 n>0 n>0 i+j=n

3. Preserving identity element:
&(IR) = Oé(lR> = 15.

Integrating the two parts we finally conclude there exists a unique ring homomorphism @
such that the diagram commutes.
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2.7 Let R =17/27Z, and let f(x) = 2> —x; note f(x) # 0. What is the polynomial function
R — R determined by f(x)? [§2.2, §V.4.2, §V.5.1]

It determines a function f : Z/27Z — 7 /27 sends all elements to identity, that is, f([0]2) =
[0]2, f([1]2) = [0]2. .

‘2.8 Prove that every subring of a field is an integral domain. ‘

Suppose ¢ : R < K is a inclusion homomorphism. If a # 0, we have
ab=ac = p(a)p(b) = p(a)p(c) = ¢(b) = ¢(c) = b=c.

Due to the community of field it also holds that ba = ca. Thus we show R is an integral
domain. .

2.9 — The center of a ring R consists of the elements a such that ar = ra for all r € R.
Prove that the center is a subring of R. Prove that the center of a division ring is a field.

[2.11, IV.2.17, VIL.5.14,VIL.5.16]

Denote the center of R by Z(R). We can check that
1. for all z,y € Z(R), for all r € R,

(x—y)r=ar—yr=rz—ry=r(zr—y) = x—y € Z(R);

2. forall r € R,
lr=rl = 1€ Z(R);

3. for all x,y € Z(R), for all r € R,

(xy)r = zry =r(zvy) = zy € Z(R).

Thus we show that Z(R) is a subring of R. If R is a division ring, then Z(R) is a also a
division ring. Note that for all z,y € Z(R), zy = yx, we see that Z(R) is a commutative
division ring, namely field. "

2.10 — The centralizer of an element a of a ring R consists of the elements r € R such
that ar = ra. Prove that the centralizer of a is a subring of R, for every a € R. Prove that
the center of R is the intersection of all its centralizers. Prove that every centralizer in a
division ring is a division ring. [2.11, IV.2.17, VIIL.5.16]

Denote the centralizer of an element a of R by Z,(R). That is,
Zo(R)={r e R|ar =ra}.
We can check that
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1. for all z,y € Z,(R),

(x—yla=za—ya=ar—ay =a(r —y) = = —y € Z,(R);

la=al = 1€ Z,(R);
3. for all z,y € Z,(R),

(xy)a = xay = a(xy) = xy € Z,(R).

Thus we show that Z,(R) is a subring of R.

By definition we have Z(R) C Z,(R) for all a € R, which implies Z(R) C (,cp Za(R).
Assume s € (,cp Za(R), then we see sa = as for all a € R, which means s € Z(R) and
accordingly (V,cp Zo(R) € Z(R). Thus we deduce that Z(R) = (,cp Za(R).

If R is a division ring and r € Z,(R), we can assume that there exists a € R such as

ar = ra, which means that

1

rar)yr~t =r"t(ra)r !

— rta=ar .

According to the definition of Z,(R), we see r~! € Z,(R). Thus we show that Z,(R) is a
division ring. -

2.11 — Let R be a division ring consisting of p? elements, where p is a prime. Prove that
R is commutative, as follows:

e If R is not commutative, then its center C' (Exercise 111.2.9) is a proper subring of R.
Prove that C' would then consist of p elements.

e Let r € R,r ¢ C. Prove that the centralizer of r (Exercise I11.2.10) contains both r
and C'.

e Deduce that the centralizer of r is the whole of R.
e Derive a contradiction, and conclude that R had to be commutative (hence, a field).

This is a particular case of Wedderburn’s theorem: every finite division ring is a field.

[1V.2.17, VIL5.16]

If R is not commutative, then its center Z(R) is a proper subring of R, which means |Z(R)| <
p?. By considering Z(R) as a subgroup of the underlying abelian group R, we can deduce
that |Z(R)| divides p* according to the Lagrange theorem. Thus we see that Z(R) consist
of p elements. Given any r € R — Z(R), in Exercise 111.2.10 we have shown that Z,(R) is
a subring of R and Z(R) € Z,(R). By the definition of Z,(R), it is clear that r € Z.(R).
Hence we have Z(R) U {r} C Z,(R) and |Z.(R)| > p. Again by Lagrange theorem we have
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|Z,(R)| divides p*, which forces |Z,(R)| = p*. Thus we show that Z.(R) = R. Note that
Z.(R) = Rfor all a € Z(R). We have Z,(R) = R for all a € R. In Exercise I11.2.10, we have
derived that (,cx Za(R) € Z(R), which implies R € Z(R). Thus we have Z(R) = R, which
contradicts with the previous deduction that Z(R) is a proper subring of R. Therefore, we
can conclude that R is commutative. "

2.15 For m > 1, the abelian groups (Z,+) and (mZ,+) are manifestly isomorphic: the
function ¢ : Z — mZ,n — mn is a group isomorphism. Use this isomorphism to transfer
the structure of ‘ring without identity’ (mZ, +, -) back onto Z : give an explicit formula for
the ‘multiplication’ e this defines on Z (that is, such that ¢(a @ b) = ¢(a) - ¢(b)). Explain
why structures induced by different positive integers m are non-isomorphic as ‘rings without
1.

(This shows that there are many different ways to give a structure of ring without identity
to the group (Z,+). Compare this observation with Exercise 2.16.) [§2.1]

§3. Ideals and quotient rings

3.1 Prove that the image of a ring homomorphism ¢ : R — S is a subring of S. What
can you say about ¢, if its image is an ideal of S7 What can you say about ¢, if its kernel

is a subring of R?

We can see that im ¢ is a subring of S' from the canonical decomposition

)

R=——= R/ker ¢ ; imp¢ S

Ifimpis an ideal, then s € 5,1 €imyp = s € imp. Soimp = S and ¢ is an epimorphism.
Since ker ¢ is a ideal, if it is also a subring, we have ker p = R. "

3.2 Let o : R — S be a ring homomorphism, and let J be an ideal of S. Prove that
I =¢71(J) is an ideal of R. [§3.1]

In Ab we see ¢ !(J) is a subgroup of R. For all r € R, a € p~1(J), we have
o(ra) = ¢o(r)p(a) € J = rae ¢ '(J).

Similarly we can obtain ar € p~!(J). Therefore, we conclude that I = ¢~!(J) is an ideal of
R. n
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3.3 — Let ¢: R— S be aring homomorphism, and let J be an ideal of R.
e Show that ¢(.J) need not be an ideal of S.
e Assume that ¢ is surjective; then prove that ¢(J) is an ideal of S.

e Assume that ¢ is surjective, and let I = ker ¢; thus we may identify S with R/I. Let
J = ¢(J), an ideal of R/I by the previous point. Prove that
R/I , R
J o I+J

(Of course this is just a rehash of Proposition 3.11.) [4.11]

e Let p:Z — Q and J = Z. It is clear that ¢(J) = Z is not an ideal of Q.

e Assume that ¢ is surjective. In Ab we see p(J) is a subgroup of S. For all ¢’ = ¢(a) €
o(J), " =p(r) €S,

ra€J = r'd =o(r)pa) = ¢(ra) € p(J).

Similarly we can obtain a'r’ € ¢(J). Therefore, we conclude that ¢(.J) is an ideal of

S.

e Assume that @ is surjective. The universal property yields a unique homomorphism

Vv:R/I — R/(I+J),
r+I—r+1+J.

Since

kerp ={r+I1e€R/I|rel+J}
={a+b+1c€R/I|aclbe ]}
={b+1€R/I|beJ}
={e(b) e S|be J}
=o(J)=J
and 1 is surjective,
R/I R/l , R
J kery I+ J

3.7 Let R be a ring, and let a € R. Prove that Ra is a left-ideal of R, and aR is a

right-ideal of R. Prove that a is a left-, resp. right-unit if and only if R = aR, resp.
R = Ra.
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For all r € R, r(Ra) C Ra, (aR)r C aR. Therefore, Ra is a left-ideal of R, and aR is a
right-ideal of R. Since aR C R, R C aR actually amounts to R = aR.

a is a left-unit <= e Rjab=1 = Vre R,r =abr € aR — R CaR

RCaR = Vre R, I e Rr=ar = I’ cR,ar' =1 <= ais a left-unit

Therefore, a is a left-unit if and only if R = aR. Similarly we can prove a is a right-unit if
and only if R = Ra. "

3.8 Prove that a ring R is a division ring if and only if its only left-ideals and right-ideals
are {0} and R.

In particular, a commutative ring R is a field if and only if the only ideals of R are {0} and
R. [3.9, §4.3]

Assume the only left-ideals and right-ideals that ring R have are {0} and R. If a # 0, we
have Ra = aR = R. As a result of Exercise I11.3.7, it implies that a is two-side unit and
that accordingly R is a division ring.

Now assume that R is a division ring. Suppose [ is a nonzero left-ideal of R and that
a € I is not 0. Note that the condition of division ring guarantees there exists b € R such
that ba = 1. Since for all r € R, r = (rb)a € I, there must be [ = R. Supposing that I’ is
a nonzero right-ideal of R and that o’ € I’ is not 0, in a similar way we can deduce I’ = R.
Therefore, we conclude that the only left-ideals of R and right-ideals of R are {0} and R. =

3.11 Let R be a ring containing C as a subring. Prove that there are no ring homomor-
phisms R — R.

Suppose f: R — R is a homomorphism. On the one hand, we have
f(1)=f(1+1)=f(1)* > 0.
On the other hand, we can calculate f(1) by
f(1) = f(=ixi) = —f(i)* <0,

which forces f(1) to be 0. Thus we see f sends some nonzero element in R to 0 in R, which
is a contradiction. "

3.12 Let R be a commutative ring. Prove that the set of nilpotent elements of R is an
ideal of R. (Cf. Exercise III.1.6. This ideal is called the nilradical of R.)
Find a non-commutative ring in which the set of nilpotent elements is not an ideal. [3.13,

4.18, V.3.13, §VIIL.2.3]
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Suppose N is the set of nilpotent elements of R. In Exercise I11.1.6 we have shown that if
R is commutative, then a +b € N for all a,b € N. Since for allr € R, a € N,

a"=0 = r"a"=d"r" =0 = ra,ar € N,

we prove that N is an ideal of R. A counterexample for non-commutative ring can be found
in the ring gl,(R), as is shown in Exercise II1.1.6. n

3.13 - Let R be a commutative ring, and let N be its nilradical (cf. Exercise 111.3.12).
Prove that R/N contains no nonzero nilpotent elements. (Such a ring is said to be reduced.)

4.6, VIL2.8]

Suppose there exists a nilpotent element r + N € R/N and n > 0 such that
r"+N=N <= r" € N.

Then we have ™ = 0 for some m > 0, which implies » € N. Therefore, the only nilpotent
element in R/N is N. ]

3.14 - Prove that the characteristic of an integral domain is either 0 or a prime integer.

Do you know any ring of characteristic 17

Suppose the characteristic of the integral domain R is pq where p,q are positive prime
integers. Then we have plr # 0 and ¢lg # 0, since the order of 15 is pg. However, we can
deduce

(P1r)(qlr) = pglgr = O,

which contradicts the assumption that R is an integral domain.

If the characteristic of the integral domain R is 1, then the inclusion homomorphism
1 : Z — R will send all integers to Og, which means O = 1 and R is actually a zero ring
instead of an integral domain. Thus the characteristic of an integral domain is either be 0
or a prime integer. "

3.15 — A ring R is boolean if a? = a for all a € R. Prove that Z(S) is boolean, for
every set S (cf. Exercise I11.1.2). Prove that every boolean ring is commutative, and

has characteristic 2. Prove that if an integral domain R is boolean, then R = Z/2Z.
[4.23, V.6.3]

Since AN A= Aforall Ae Z(S5), 2(95) is boolean.
Assume that R is a boolean ring. For any = € R,

r+r=(+a) ="+’ +2°+2’=z+r+r+2r = r+2=0 = r=—=
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For any a,b € R,
a+b=(a+b?*=ad>+ab+ba+b*=a+ab+ba+b = ab= —ba = ba.

Thus we show every boolean ring is commutative. Since 1z + 1z = Og, boolean ring has
characteristic 2.
If an integral domain R is boolean, we can define

VY Z2)27 — R,
[n]g —n - 1g.

¥ is well-defined since for all n,k € Z, n-1p = (n + 2k) - 1g. Since ([0]2) # ¥([1]2), ¥
is injective. For any a € R, we have a(a — 1g) = Ogr. Since R is an integral domain, there
must be a = Og or a — 1g = 0, which implies ¢ is surjective. Therefore, we show 9 is an
isomorphism and R = Z/27Z. .

3.17 Let I,J be ideals of a ring R. State and prove a precise result relating the ideals
(I+J)/ITof R/T and J/(INJ)of R/(INJ). [§3.3]

As abelian groups, the second isomorphism theorem ensures (I + J)/I = J/(INJ). n

§4. Ideals and quotients: remarks and examples. Prime and maxi-
mal ideals

4.2 Prove that the homomorphic image of a Noetherian ring is Noetherian. That is, prove
that if ¢ : R — S is a surjective ring homomorphism, and R is Noetherian, then § is
Noetherian. [§6.4]

According to Exercise I11.3.2, given any ideal J of S, we see ¢~ !(J) is an ideal of R. Since
R is a Noetherian ring, we have ¢~!(J) = (ay,as,- - ,a,). Since ¢ is surjective, there must

be
J =0 (J) = (plar), p(az), -, p(an)),

which means J is finitely generated. Thus we conclude S is Noetherian. "

4.3 Prove that the ideal (2, ) of Z[z] is not principal.

Suppose (f) = (2, ). Since it is easy to see f # 0 and f # 1, there must be
2=9gf = f=2.
However, it is impossible to find some h € Z[x] such that
2+x=hf =2h,
which leads to a contradiction. Thus we show that the ideal (2, x) of Z[z] is not principal. =
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4.5 Let I,J be ideals in a commutative ring R, such that I + J = (1). Prove that
1J=10J.[§41]

For any k € I.J, we can assume that k = ab, (a € I, b € J). Note that k € aJ = J and
ke Ib=1. It deduces that £k € I N J. Thus we show IJ C INJ.

Supposel € INJ. If 1 =a+b(a € 1,be J), Then we havel = 1%l = (a+b)l = al+1b € IJ,
which implies that I N J C IJ. Therefore, we show IJ =1NJ. "

4.6 Let I,J be ideals in a commutative ring R. Assume that R/(1.J) is reduced (that is,
it has no nonzero nilpotent elements; cf. Exercise 111.3.13). Prove that IJ =1NJ.

The notation (I.J) suggests R is commutative. As is shown in Exercise 111.4.5, it holds that
I1J C InNnJ. Thus we are left to show I NJ C IJ. Suppose [ € I N J. The condition that
R/(1J) is reduced tells that Vr € R,

rel] = rell

Noticing [ € I and [ € J, it is clear that [? € I.J which implies | € I.J. There we show
I'nJ C1J and complete the proof. "

4.7 > Let R = k be a field. Prove that every nonzero (principal) ideal in k[z] is generated
by a unique monic polynomial. [§4.2, §VI.7.2]

Suppose [ is an nonzero ideal in k[x] and the least degree of nonzero polynomials in [ is
d. Since k is a field, we can find a monic polynomial f(z) = koz? + kyadtt + .-+ + 24 in
I. Given any g(z) € I, there exist unique polynomials ¢(z),r(x) € k[z] such that g(z) =
f(z)g(x) + r(z) and degr(z) < deg f(x) = d. Since r(z) = g(x) — f(x)q(z) € I and the
least degree of nonzero polynomials in [ is d, there must be r(x) = 0. Thus we show that
I is generated by a monic polynomial f(x). Suppose I = (f(z)) can be also generated by a
monic polynomial f(z). Then we have f(z) = cf(x) for some ¢ # 0. Since the two monic
polynomials f(z), f(x) have the same degree, they are forced to be equal. Therefore, we
conclude that every nonzero ideal in k[z] is generated by a unique monic polynomial. "

4.8 > Let R be a ring, and f(z) € R[z] a monic polynomial. Prove that f(z) is not a
(left-, or right-) zero-divisor. [§4.2, 4.9]

Suppose f(x) = 2% +aq_127 '+ - -+ a2+ ap is a monic polynomial in R[z] and f(x)g(z) = 0
for some g(z) = bx® + by_12° ' + -+ + bix + by € R[z]. Since the term of the degree of
d+ s of f(x)g(x) is byx?™®, there must be b, = 0. Then the term of the degree of d + s — 1
of f(z)g(x) is bs_12*"*~* which implies b,_; = 0. Repeating this process we can show that
bs =bs_1 =+ =0by =0, that is, g(z) = 0. Thus we see f(x) is not a left-zero-divisor. In a
similar way we can show that f(x) is not a right-zero-divisor. "
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4.10 - Let d be an integer that is not the square of an integer, and consider the subset
of C defined by
Q(Vd) :={a+bVd|a,b € Q}

e Prove that Q(v/d) is a subring of C.

e Define a function N : Q(v/d) — Q by N(a + bv/d) := a® — b*d. Prove that
N(zw) = N(2)N(w), and that N(z) #£ 0 if z € Q(V/d), 2 # 0

The function N is a ‘norm’; it is very useful in the study of Q(v/d) and of its subrings.
(Cf. also Exercise I11.2.5.)

e Prove that Q(v/d) is a field, and in fact the smallest subfield of C containing both
Q and V/d. (Use N.)

e Prove that Q(v/d) = Q[t]/ (> — d) . (Cf. Example 4.8.)
[V.1.17,V.2.18, V.6.13, VIL.1.12]

We only show the check on multiplication

(a1 + bivVd)(as + bsVd) = (aras + bibad) + (arbs + asby)Vd € Q(Vd).

e It is immediate to check N(zw) = N(2)N(w). Let z € Q(v/d) and z = a + bv/d # 0.
Suppose N(z) = a? — b*d = 0. If b = 0, we have a = 0, which contradicts with
a+bvd # 0. Otherwise we have b # 0 and d = (a/b)?. Thus we get a contradiction
again.

e We have known Q(v/d) is a commutative ring. For any z = a + bv/d € Q(+/d) such
that z # 0,
N(2) = (a+ bVd)(a — bV/d) = a®> — b?d # 0.

Therefore

(e+0) (55~ ) =
and Q(V/d) is a field.
e The mapping
7 QUl/ (£~ d) — Q(Va),
a+bt+ (t* —d) — a+ bVd.
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is well-defined since if (a; + bit) — (az + bot) = g(t)(t* — d), then

Blar + bit + (12 — d)) — Plas + bot + (£* — d)) = <a1 + bl\/c_l) - (ag + bz\/8>

o) (43 -a)

It is clear that © preserves addition. Then we can check P preserve multiplication:

QO ((CLl -+ blt -+ (t2 d))(az + bgt + (tQ d)))
@ ( a1ao + a1b2 + azbl)t + blbth ( d))
@( a1a2 + b1b2 ) (a1b2 + a2b1>t + blbg(t2 — d) + (t2 — d))

= (ayaz + b1bod) + (a1by + ale)\/a
(a1 + b1 \/_> (CLQ + bg\/g)
? (a1 +bit + (t* —d)) P (as + bot + (£ — d)) .

Thus we see @ is a ring homomorphism. Note
a+bt+ (1P —d) ekerp <= a+bVd=0 < a=0=0.

It implies that ker p = {0+ (t* — d)} and @ is injective. It is clear that ¥ is surjective.
Therefore, % is an isomorphism and Q(v/d) = Q[t]/ (£* — d).

4.11 Let R be a commutative ring, a € R, and fi(z),..., f.(z) € R[z].

e Prove the equality of ideals
(fl(x)a s 7fr(l’),l' - Cl) = (fl(a)v - '7fr<a>7$ - CL)

e Prove the useful substitution trick
R[z] o~ R
(fl(x)a"'afr<x)7$_a> B (fl(a)a"'afr(a))

(Hint: Exercise I11.3.3.)

e According to the polynomial remainder theorem, we have
filz) = (z — a)q(z) + fi(a),

which suffices to show that (fi(z),..., fr(x),x —a) = (fi(a),..., fr(a),z —a).
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e Define

¢ : R[z] — R,
f(@) — f(a).

We can check that ¢ is a surjective ring homomorphism and ker ¢ = (z—a). According

to Exercise I11.3.3, we have

Rlz] Rlz]

~J

(fl(x)’ 7f7°(x)7x —CL) (fl(a)"" >fr(a)7x_a) (fl(a),"- ,fT(CL))’

where

(fi(a),--- (@) = (fila) + (2 = a),-- -, frla) + (z — a)).

The ring isomorphism

which completes the proof.

4.12 > Let R be a commutative ring, and aq,- - , a, elements of R. Prove that
R[atl,...,xn] ~ R
(x1 —ay,...,Tn — ay)
[VIL.2.2]
R~ R[ZL‘l] ~ R[{L‘l,$2]

(Il - a1) (Il — Q1,%2 — GQ)

The mapping

' R[zy,... 2, N Rz, ..., xp 1] ’
(x1—ay, ..., T, — ay) (x1— a1, ..., Tp1 — Ap_1)
flry, - xy) + (1 —ay,...,xp —ap) —> f(T1, ,Tpo1,0n) + (X1 —aq, ..., Tpoy

- an—l)
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is well-defined since if fi (1, -+ ,2,) — fa (21, ,2) = > gi(z1, -+, 2,)(x; — a;), then
i=1

7 (Al m) =7 (Rl ) = Ao san ) = folon, a0, a)

n—1
= gi(m1 Tt 00) (@ — a) + ga () (a0 — an)
=1

n—1
= gi(m1 - T, an) (@ — ).
=1

It is clear that @ preserves addition and multiplication. Thus we see ¥ is a ring homomor-
phism. Note

flxy, - ,x,) € kerp

n—1
<~ f(xla e 7$n717an) = Zgi(xlv' o 7xn717an>(xi - ai)
=1
n—1
= flen, e, wn) = > gl T, 00) (@ — @) + a1, Ty, ) (X0 — an)
=1
— flxy, - ,2,) € (r1 —a1,...,x, —ay),

where the last but one line can be deduced by the polynomial remainder theorem if we fix
x1,- -+ ,T,—1 and regard x, as a variable. It implies that kerp = {0+ (21 — a1, ..., 2, —an)}
and @ is injective. It is clear that © is surjective. Therefore, P is an isomorphism and

Rz R (@1, x5 ~ o Rlzy, ..., x,]

R= = = = .
(11 —ay) (71 — a1, 79 — ay) ($1—a17-~7$n—an)
]
4.13 > Let R be an integral domain. For all k = 1,... n prove that (xy,...,z) is prime
in R[xq,...,x,].[54.3]
Note R R
[:Ula T 7xn] o [karla T 7:671] [$l>“ ' 7$k] ~ R[$k+1," . ’xn] ‘
(1'1,"‘ ,l’k) (xla"' ,l’k)
Since R is an integral domain, we can deduece R [xgy1,- - ,x,] is an integral domain. There-
fore, (z1,--- ,xy) is prime in R [z, -+, x,). n
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4.17 - (If you know a little topology...) Let K be a compact topological space, and let
R be the ring of continuous real-valued functions on K, with addition and multiplication
defined pointwise.

(i) For p € K, let M, = {f € R|f(p) = 0}. Prove that M, is a maximal ideal in R

(ii) Prove that if fi,..., f, € R have no common zeros, then (fi,...,f,) = (1) (Hint:
consider fZ+---+ f?)

(iii) Prove that every maximal ideal M in R is of the form M, for some p € K. (Hint: you
will use the compactness of K and (ii).)

If further K is Hausdorff (and, as Bourbaki would have it, compact spaces are Hausdorff),
then Urysohn’s lemma shows that for any two points p # ¢ in K there exists a function
f € R such that f(p) =0 and f(¢q) = 1. If this is the case, conclude that p — M, defines
a bijection from K to the set of maximal ideals of R. (The set of maximal ideals of a
commutative ring R is called the mazimal spectrum of R; it is contained in the (prime)
spectrum Spec R defined in $4.3. Relating commutative rings and ’geometric’ entities such
as topological spaces is the business of algebraic geometry.)

The compactness hypothesis is necessary: cf. Exercise V.3.10. [V.3.10]

(i) Suppose all functions in R that have same value in a neighborhood of p are identified. It
is easy to check that M, is an ideal and R/M,, is commutative. Given any f € R— M,,
we have f(p) # 0 and

1
(f + M,) (?"‘Mp) =1+ M,
Therefore, R/M, is a field and M), is a maximal ideal in R.

(i) If f1,..., fr € R have no common zeros, (f1,..., f;) = (1) follows from

Zf} +f2f 8

(iii) Suppose M is a maximal ideal in R but there is no such p € K that M = M,. Thus
for any a € K, there exists f, € M such that f,(a) # 0. Since f, is continous, there
exists a open neighborhood of a denoted by U, such that

Vo € U, f(x) # 0.

Note that {U,}.cx is a open cover of K. According to the compactness of K, we

can suppose {U,,,U,,, -+ ,U,, } covers K. Since given any = € K, there exists i €
{1,2,--- ,n} such that = € U, and f,,(z) # 0, we can deduce that f,,, fp,, -, fp, € R
have no common zeros. The conclusion of (ii) tells us (f,,, fp,, -+ fp.) = (1), which

implies M = (1). However, this contradicts with the assumption that M is a maximal
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ideal. Therefore, we prove that every maximal ideal M in R is of the form M, for some
peEK.
If further K is Hausdorff, for any two points p # ¢ in K, there exists a function f € R
such that f(p) =0 and f(q) = 1, which implies

feM, f¢M, = M,# M,.
Thus we see the mapping

¢ : K — maximal spectrum of R,
pr— M,

is injective. In (iii) we have shown that ¢ is surjective. Therefore, ¢ is a bijection. "

4.23 A ring R has Krull dimension 0 if every prime ideal in R is maximal. Prove that
fields and boolean rings (Exercise 111.3.15) have Krull dimension 0.

Assume that R is a field. If I be a prime ideal in R, then R/I is an integral domain. Given
any r + I € R/I, we have

r+D '+ D=0"+Dr+1)=1g+1,

which means R/I is a field. Thus I is maximal and R has Krull dimension 0.
Assume that R is a boolean ring. If I be a prime ideal in R, then R/I is an integral
domain. Given any r + I € R/I, we have

(r+Dr+D)=r+T=r+1 = (r+1)((r+1)—(1g+1)) =0+ 1,

which implies
T+[:OR+IOYT+[:1R+I.

Thus we see R/I = 7Z/27 and R/I is a field. ]

§5. Modules over a ring

5.1 © Let R be a ring. The opposite ring R° is obtained from R by reversing the multi-
plication: that is, the product a e b in R° is defined to be ba € R. Prove that the identity
map R — R° is an isomorphism if and only if R is commutative. Prove that M,,(R) is iso-
morphic to its opposite (not via the identity map!). Explain how to turn right- R-modules
into left- R-modules and conversely, if R = R°. [§5.1,VIIL.5.19 |

Let ¢ denote the identity map R — R°. If R is commutative, we have

i(ab) =ab=0bea =1i(b) ei(a) =i(a)ei(D).
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Given that i(a + b) = a + b and identity map is a bijection, we see that i is an isomorphism.
If 7 is an isomorphism, we have

ab=bea=i'(bea)=1i"(b)i '(a)= ba,

which implies that R is commutative.
Suppose A, B € M, (R). We can show that the transpose of matrix -7 : A — AT is an

isomorphism by checking
(AB)T = BTAT = AT ¢ BT,

Let M be a right- R-module with right multiplication ®. If R = R° and f : R — R° is an
isomorphism, then

f(ab) = f(a) e f(b) = f(b)f(a)

Define left multiplication ®f, as
rorm:=mao f(r), Vr € R,m € M.
We can check that

1lorm=mao f(1) =1,

(rs)orm=mo f(rs) =mo (f(s)f(r)) = (mo f(s) o f(r)
=(sOLm)® f(r) =r O (s ©Lm),

r@L(ml—i—mz):(ml—i—mg)@f(r):m1®f(r)+m2®f(r):r®Lm1+r®Lm2.

Therefore, we show that M is a left- R-module with right multiplication ®jy,.
If M is a left- R-module with left multiplication * and f : R — R° is an isomorphism,
then we can show that M is a right- R-module with right multiplication %r defined as

mxpr = fr), Vr € R,m e M.

5.3 > Let M be a module over a ring R. Prove that 0-m = 0 and that (—=1) -m = —m,
for all m € M. [§5.2]

0-m=(0+0)-m=0-m+0-m = 0-m=0,
0=(1-1)-m=1-m+(-1)-m = (-1)-m=—-m.
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5.4 — Let R be a ring. A nonzero R-module M is simple (or irreducible) if its only
submodules are {0} and M. Let M, N be simple modules, and let ¢ : M — N be a
homomorphism of R-modules. Prove that either ¢ = 0, or ¢ is an isomorphism. (This
rather innocent statement is known as Schur’s lemma.) [5.10, 6.16, VI.1.16]

For convenience, we talk about the identity of modules up to isomorphism. Since the nonzero
R-module M is simple, ker ¢ is either {0} or M. Thus imyp = M/ ker ¢ is either {0} or M.
Note that imp C N is either {0} or N. If imp = {0}, then we have ¢ = 0. If imp = M,
then we have imp = M = N. Therefore we show that either ¢ = 0, or ¢ is an isomorphism.

5.5 Let R be a commutative ring, viewed as an R-module over itself, and let M be an
R-module. Prove that Hompg_yjoq(R, M) = M as R-modules.

Define
¢ : Hompg_npoa(R, M) — M,
fr— f(1)
Since
e(f+9)=(f+9)1)=f(1)+9(1) = o(f) +¢(9),
e(rf)=(f)A) =rf(1)=re(f),

we see ¢ is a homomorphism. If o(f1) = ¢(f2), we have fi(1) = fo(1). Multiply both sides
by any r € R and we get

rfi(l) =rfe(l) = filr) = fa(r),
which means f; = f;. Thus we show ¢ is injective. Given any m € M, let

hpm : R — M,
r—>rm

Since @(hy,) = hy,(1) = m, we show that ¢ is surjective. Therefore, we conclude that ¢ is
an isomorphism and Hompg_j0q (R, M) = M as R-modules. "

5.6 Let G be an abelian group. Prove that if G has a structure of Q-vector space, then
it has only one such structure. (Hint: First prove that every nonidentity element of G has
necessarily infinite order. Alternative hint: The unique ring homomorphism Z — Q is an

epimorphism.)

Assume that G has two structures of Q-vector space with scalar multiplication operations -
and * respectively. Note that 1-¢g=1x%g = g for all g € G. With the conventional notation
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>, g =ng, we have for all g € G,

il-g:il*g:ng — (il)-g: (il)*g:ng = n-g=n*xg=ng.
i=1 i=1 i=1 j

Since

it holds that for all h € G,
il h= Z—*h:>2 h——*h 0 — m- (= h—Ln) =0
im1 m m

According to the property of vector space, we have m = 0 or % -h — % x h = 0. However,
m is a positive integer, which forces % -h = % x h. Thus we can deduce that for all h € G,

n,m e Ly,
1 1
n-(—-h)zn*(—*h) — ﬁ-hzﬁ*h.
m m m m

In other words, for all h € G, ¢ € Q, we have g - h = ¢ h. Note that (—¢q) -h = (—¢q) xh
and 0-h = 0 x h, finally we obtain that for all h € G, q € Q,

q-h=qxh.

Therefore, the two scalar multiplication operations - and * coincide, which completes the
proof. "

5.7 Let K be a field, and let £ C K be a subfield of K. Show that K is a vector space
over k (and in fact a k-algebra) in a natural way. In this situation, we say that K is an

extension of k.

Define the scalar multiplication - as

a-x:=ax, Va e k,z € K.
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Then we can check that for all a,b € k, z,y € K,

Therefore, K is a k-vector space and a k-algebra as well. "

5.8 What is the initial object of the category R-Alg?

The ring R can be seen as a R-algebra if it is endowed with a scalar multiplication - in a
natural way, that is
reTi=rx, Vre R,z € R.

Given any R-algebra A, define the following map

f:R— A,
T’I—>T'1A.

We can check that

flrid+ry) =(r1+7r2) - la=ri-1a+ry-1a=f(r) + f(r2),
f(T17"2) = (7“17"2) g =ry- (7’2 ) 1A) =T (1A(7“2 ) 1A)) = (7‘1 : 1A)(7"2 : 1A) = f(ﬁ)f(rz),
f(7’1'7”2):f(Tﬂ’z):7“1'(7"2'1A):7’1'f(7’2)~

Hence f is a morphism in the category R-Alg.
Suppose g : R — A is a morphism in R-Alg. Then for all ry,r, € R,

g(rira) = g(r1-ra) = g(r1)g(r2) = ri-g(r2) =11 (1ag(ra)) = (r1 - La)g(ra).
Take r5 = 1 and then for all r; € R,
g(r1)g(1r) = (r1 - 1a)g9(1r) = g(r1) =71 - 14

Thus we have g = f. Therefore, we show that for any R-algebra A, there exists a unique
morphism f: R — A in R-Alg. In other words, R is the initial object of the category R-Alg.

5.9 - Let R be a commutative ring, and let M be an R-module. Prove that the operation
of composition on the R-module Endg_moq(M) makes the latter an R-algebra in a natural
way.

Prove that M,,(R) (cf. Exercise I11.1.4 ) is an R-algebra, in a natural way. [VI.1.12, VI.2.3]
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In textbook we have show that Endg_moq(M) is an R-module with natural addition and
scalar multiplication. We can check that for all f,g,h € Endg_moa(M), 7,8 € R, x € M,

Thus we prove that the operation of composition o on the R-module Endg_moq(M) makes
Endr_mod(M) an R-algebra.

In Exercise I11.1.4 we have shown that M, (R) is a ring. Let the scalar multiplication -
be componentwise multiplication, namely

r- (aij)nxn = (Taij)nxny Vr € R7 (aij)an € MH(R)
We can check that

g - (@ij)nxn = (1rAi;)nxn = (Qij)nxn,
(1 +8) + (aij)nxn = (1 + 8)@ij)nxn = (Tij)nxn + (8@i5)nxn
7 (ij)nxn + 8+ (Qij Jnxn,
7 (@) im0 pn) = 7 (@i + i), = (r (@i +7035)), 0
wxn T (T0i3) s =1 (@05) s 7 (D)

(
(18) * (i) s, = ((18)ai) sy = 7 (8ig) 0 =T (5 : (“ij)nm) )

(7 (@) ) (5 (i) ) = (Pig)nxn(8Dis)nxn = <Z (rar) (Sbkj)>

= (raq;)

k=1
= ((7‘8) > az‘kbkj> = (rs) - (Z aikbkj>
k=1 nxn k=1 nxn
= (TS) ’ ((aij)nxn (bU)an) )
Therefore, M,,(R) is an R-algebra. .

5.11 > Let R be a commutative ring, and let M be an R-module. Prove that there is a
bijection between the set of R[z]-module structures on M (extending the given R-module
structure) and Endg_mod(M). [$VI.7.1]

According to Exercise 111.5.9, Endg_moq(M) has an R-algebra structure, which can induce
an R[z]-module structure on Endg_mod(M). That is, for all f(z) =1 +rz+ -+ ra™ €
R[I], Y < EIldR,MOd(M),

f@)-p:=flp)=ro+rme+- - +r"
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Given any ¢ € Endg_mod(M), define the following R[z]-module structures on M with scalar
multiplication -,

f(@)-gm:=(f())(m),  Vf(z)e Rlz],me M.

What we need is to show that the map ¢ +— - is a bijection.

If -, = -, we have (f(¢))(m) = (f(n))(m). Take f(x) = = and then we have p(m) = n(m)
for all m € M, which implies ¢ = . Hence the map ¢ > -, is injective.

Suppose e is a scalar multiplication which makes M an R[z]-module.

o f(x)e(m+mn)=f(zx)em+ f(x)en
o (f(x) +g(x)) em = f(x) em+g(z)em
o (f(z)g(x)) em = [f(x)e(g(x)em)

e lem=m

§6. Products, coproducts, etc. in R-Mod

6.3 Let R be aring, M an R-module, and p : M — M an R-module homomorphism such
that p*> = p. (Such a map is called a projection.) Prove that M = kerp & imp.

For any x € ker p Nimp, we can assume x = py and deduce that 0 = px = p?y = py = x.
Thus we have kerp Nimp = {0}. Furthermore, for any m € M,

p(m —p(m)) = p(m) — p*(m) = p(m) — p(m) =0 = m — p(m) € kerp.

This implies m = (m — p(m)) + p(m) € ker p @ imp, thereby establishing the isomorphism
M = kerp @ imp. "

6.16 > Let R be aring. A (left-) R-module M is cyclic if M = (m) for some m € M.
Prove that simple modules (cf. Exercise I11.5.4) are cyclic. Prove that an R-module M is

cyclic if and only if M = R/I for some (left-)ideal I. Prove that every quotient of a cyclic
module is cyclic. [6.17, §VI.4.1]

Let M be a simple module and m € M. We see (m) is a submodule of M. Since the
submodule of simple modules can only be {0} or itself, there must be (m) = M, which
implies M is cyclic.

If M = R/I for some (left-)ideal I, we can suppose f : R/I — M is an isomorphism.
Since for any m € M, there exists r + I € R/I such that

m=f(r+1)=rf(lg+1),
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we have M = (f(1g + I)). Thus we show M is cyclic.
If M is cyclic, we can suppose M = (m) where m € M. Define

0:R' — M,
r— rm.

Since any element in M is in the form of rm where »r € R and m € M, ¢ must be sur-
jective. Note that ¢ preseves addition and scalar mutiplication, which implies ¢ is a ring
homomorphism. Thus we have R/ ker ¢ = M, where ker ¢ is an ideal of R.

Suppose M = (my) is a cyclic module and M/N is a quotient of M. Given any element
m+ N € M/N, we have

m+N=rmo+ N =r(mo+ N), r€R,

which implies M /N = (mg+ N). Therefore, we show that every quotient of a cyclic module
is cyclic.

6.17 — Let M be a cyclic R-module, so that M = R/I for a (left-)ideal I (Exercise
[11.6.16), and let N be another R-module.

e Prove that Homp_\joa(M,N) = {n € N | (Va € I),an =0}

e For a,b € Z, prove that Homg_\10q(Z/aZ,Z/bZ) = 7./ ged(a, b)Z.

7.7]

e First of all it is easy to check
{neN|(Vael),an=0}

is a module. Let M = (mg) and let ¢ : R/I — M,r + I — rmy be an isomorphism.
Define

¢ : Hompg yoa(M,N) — {n € N | (Va € I),an = 0},
fr— f(mo) = f(¥(1r + 1)),

where f(¢Y(1g+ 1)) € {n € N | (Va € I),an = 0} holds because

Vacl, af(P(lp+1)) = flap(lg+1)) = f(Y(a(lr+1))) = f(¥(0r + 1)) = On.

It is straightforward to check ¢ is a homomorphism. Note

f(rmo) =rf(mo) =rf(v(1g+ 1)), VreR.
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We have

p(f) =¢lg) = fWAr+1)=9W(r+1) = [=y,

which implies ¢ is a monomorphism.

For any ng € {n € N | (Va € I),an = 0}, let

foIM—>N,

rmgy — ng.
It is clear to see fy € Hompg_pjoa(M, N) and
©(fo) = fo(mo) = no.
Thus ¢ is an epimorphism. Therefore, we show that ¢ is an isomorphism and

Homp pmod(M,N) ={n € N | (Va € I),an = 0}.

e What is left to show is
{Inly € ZJVZ : (Vk € aZ),k[n], = 0} = Z/ ged(a, b)Z.
Note
Vk € aZ,kn]l, =0 < Vr € Z,b|ran <= b|an <= b/ged(a,b) | n.
We have
{[n]y € ZJVZ : (Vk € aZ),k[n], = 0} = {[n]y € Z/bVZ : b/ gcd(a,b) | n}.
Define

h:{[nly € Z/VZ : b/ gcd(a,b) | n} — Z/ ged(a, b)Z,
[kb/ ng(a’7 b)]b — [k]gcd(a,b)-

Since h is the restriction of the projection 7 : Z/bZ — Z/ ged(a, b)Z, h is a homomor-
phism. Noticing A is surjective and

[{[n]y € Z/VZ : b/ ged(a, b) | n}| = |Z/ ged(a, b)Z| = ged(a, b),
we can conclude

Hompg moa(Z/aZ,Z/VZ) = {[n], € Z/VZ : b/ ged(a,b) | n} = Z/ ged(a, b)Z.
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§7. Complexes and homology

7.1 Assume that the complex
i —= 00— M —0—---

is exact. Prove that M = 0. [§7.3]

Assume that f: 0 — M and g : M — 0. Since the the complex is exact, we have

{0} =im f =kerg =M.

7.2 Assume that the complex

i —= 00— M —M —0— -

is exact. Prove that M = M'.

Suppose that that f : M — M’. According to the exactness of the complex, we have f is
injective and surjective. Thus we show that M = M. "

7.3 Assume that the complex
i 0—L—M-ESM —N-—0—---

is exact. Show that, up to natural identifications, L = ker ¢ and N = coker .

Suppose that f: L — M and g : M’ — N. According to the exactness of the complex, we
have f is injective, g is surjective. Thus we have

kerp=imf =L

and
coker o = M'/imp = M’/ ker g = N.

7.4 Construct short exact sequences of Z-modules
0 —Z%™N — 7% 7 —0

and
0 — ZN s 78N 78N

(Hint: David Hilbert’s Grand Hotel.)
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Assume
00—z Shygen 9y g

Define a monomorphism

fil(z1, 29, 23,--+)) = (0,21, 29, - -)

and an epimorphism
91((v1, 29,23, -+ )) = 1.
It is clear to see g1 o fi = 0, which implies the exactness of the complex.
Given the complex
0 — Z&N L2y geN 2, 76N
where
fg((l’l,l'Q, T3, T4, )) = (xh 07 T2, 07 e )
and
92((x17$27x37 Ty, )) = (x27$47x67 xg,: - )7

we can check that fy is a monomorphism, g, is an epimorphism and g, o fo = 0. Therefore,
we have constructed a short exact sequence. "

7.5 > Assume that the complex
o —>L— M —N —---

is exact, and that L and N are Noetherian. Prove that M is Noetherian. [§7.1]

Suppose that f: L — M and g : M — N. According to the exactness of the complex, we
have ker g = im f. Since N is Noetherian and im g is a submodule of N, im g is Noetherian.
Note that img = M/kerg = M/im f, we see M/im f is Noetherian. Since L is Noetherian
and im f = L/ ker f, we have im f is Noetherian. Since M /im f and im f are both Noetherian,
we can conclude M is Noetherian. "
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7.7 > Let
0O—M—N—P—0

be a short exact sequence of R-modules, and let L be an R-module.

(i) Prove that there is an exact sequence

0— HomR_Mod(P, L) — HOHIR_MOd(N7 L) — HOHIR_MOd(M, L)

(ii) Redo Exercise I11.6.17. (Use the exact sequence 0 - I — R — R/I — 0.)

111 onstruct an example showing tha e rightmost homomorphism 1n (1) need not be
iii) Construct le showing that the right t h hi in (i d not b
onto.

(iv) Show that if if the original sequence splits, then the rightmost homomorphism in (i)
is onto.

(7.9, VIIL.3.14, $VIIL.5.1]

(i) Suppose that
0—M-LNZp—o

Define

g* : HomR-Mod(P7 L) — HomR_Mod(N, L)
pH=>yoyg

and

f* : HOHIR_MOd(N, L) — HOHlR_MOd(M, L)
Ypr—yof

Since ¢ is surjective,
9 (p1) =g"(p2) = prog=p209 = 1=,
which means g* is injective. Since im f = ker g, for all ¢ € Hompg \0a(2V, L), we have

Y Eker ff <= Yof=0 <= kerg=imf C kere
<= Jp € Hompg pmoa(P, L),y = pog <= ¢ € img".

The deduction
ker g C kervp = Jp € Hompmoa(P, L), = pog

holds because N/ ker g = img = P and the following diagram commute
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N J P
|
I —
I Jp:=1poj

|
¥
L

N/ ker g Z

where j is an isomorphism from P to N/ker g. Thus we show ker f* = im g* and
0 — Hompytoa (P, L) <= Hom pygoa (N, L) - Hom gagoa(M, L)

is an exact sequence.

(i)
0— HomR_MOd(I, N) — HOIHR_MOd(R, N) — HOHIR_MOd(R/[, N)
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Chapter IV. Groups, second encounter

§1. The conjugation action

1.1 > Let p be a prime integer, let G be a p-group, and let S be a set such that |S| #
0 mod p. If G acts on S, prove that the action must have fixed points. [§1.1 §2.3]

let Z be the fixed-point set of the action. We have
|Z| =|S| mod p.

Since |S| # 0 mod p, there must be |Z| # 0, which implies the action must have fixed points.

1.2 Find the center of Dy,. (The answer depends on the parity of n. You have actually
done this already: Exercise 11.2.7. This time, use a presentation.)

Doy = (r,s| 1" =5 = (sr)* =¢)
It is clear that r's’ € Z(Ds,) if and only if r’s’ commutes with r and s. That is,
(r's')r =r(r's’) <= slr=rs <= j=0
and
(r's?)s = s(r's’) <= r's=sr" <= i=0orn.

Therefore,

Z(Day) = {e,r"}.

1.4 > Let G be a group, and let N be a subgroup of Z(G). Prove that N is normal in
G.[§2.2]

Since for all g € G, a € N,
gag—t =agg"' =a €N,

we see N is normal in G.

1.5 > Let G be a group. Prove that G/Z(G) is isomorphic to the group Inn(G) of inner
automorphisms of G. (Cf. Exercise 11.4.8.) Then prove Lemma 1.5 again by using the
result of Exercise I1.6.7. [§1.2]

- 105 -




CHAPTER IV. GROUPS, SECOND ENCOUNTER

Define
f:G/Z(G) — Inn(G)
9Z(G) — (74 1 a— gag™t).

We can check that f is a homomorphism

f(gngZ(G)) = Y192 = VY1 Vg2 = f(ng(G))f(QQZ(G))

Since
gZ(G) eker f < v,=idg & Va € G,gag”' =a = g€ Z(G),

we have

ker f = Z(G),

which means f is injective. It is clear that f is surjective. Thus we show f is an isomorphism

and G/Z(G) = Inn(G).

1.6 > Let p,q be prime integers, and let G be a group of order pq. Prove that either G is
commutative, or the center of G is trivial. Conclude (using Corollary 1.9) that every group

of order p?, for a prime p, is commutative. [§1.3]

Since Z(G) <G, it follows that |Z(G)| € {1,p,q,pq}. Suppose |Z(G)| = p or q, we have
|G/Z(G)| = p or q. Since groups of prime orders are cyclic, G/Z(Q) is cyclic. According to
Lemma 1.5, it implies G/Z(G) = {e¢}, which yields a contradiction. Hence |Z(G)| =1 or pq,
that is,

Z(G) ={eg} or G.

Therefore, we prove that either G is commutative, or the center of G is trivial.
Let G be a group of order p?. According to Corollary 1.9, the center of the nontrivial
p-group G is nontrivial. Therefore, G must be commutative.
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Chapter V. Irreducibility and factorization in integral
domains

§1. Chain conditions and existence of factorizations

Remember that in this section all rings are taken to be commutative.

1.1 > Let R be a Noetherian ring, and let I be an ideal of R. Prove that R/I is a
Noetherian ring. [§1.1]

Let m: R — R/I be the projection. According to Exercise I11.4.2, the homomorphic image
of the Noetherian ring R is Noetherian. That is, 7(R) = R/I is Noetherian. ]

1.2 Prove that if R[x] is Noetherian, so is R. (This is a ‘converse’ to Hilbert’s basis
theorem.)

According to Exercise V.1.1, R[z| is Noetherian implies R [z] / (x) is Noetherian. Since in
Exercise I11.4.12 we have shown that

R=Rx]/(x),

we see R is Noetherian. n
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§4. Unique factorization in polynomial rings

4.7

> A subset S of a commutative ring R is a multiplicative subset (or multiplicatively

closed) if (i) 1 € S and (ii) s,t € S = st € S. Define a relation on the set of pairs (a, s)

with

a € R,s € 5 as follows:

(a,8) ~ (d',s') <= (Tt € 8),t(s'a—sd") = 0.

Note that if R is an integral domain and S = R\{0}, then S is a multiplicative subset, and
the relation agrees with the relation introduced in §4.2.

Prove that the relation ~ is an equivalence relation.

Denote by ¢ the equivalence class of (a,s), and define the same operations +, - on
such ‘fractions’ as the ones introduced in the special case of §4.2. Prove that these
operations are well-defined.

The set S~'R of fractions, endowed with the operations +, - is the localization of R
at the multiplicative subset S. Prove that S™!R is a commutative ring and that the
function @ — § defines a ring homomorphism £: R — § 1R,

Prove that £(s) is invertible for every s € S.

Prove that R — S™!'R is initial among ring homomorphisms f : R — R’ such that
f(s) is invertible in R’ for every s € S.

Prove that S7!R is an integral domain if R is an integral domain.

Prove that S™'R is the zero-ring if and only if 0 € S.

[4.8,4.9,4.11,4.15, VIL2.16, VIIL.1.4, VIIL2.5, VIIL.2.6, VIIL.2.12, §IX.9.1]

Reflexivity.
I(sa —sa) =0 = (a,s) ~ (a,s).
Symmetry.

(a,s) ~ (d',¢') = (3t e S),t(sa—sa’)=0
< (3t e 9),t(sd —s'a)=0 < (d,s) ~ (a,s).
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Transitivity.

t15'a) — (t1s)(tas'a”)
)

= (t28")(t1sa’) — (t15)(t28"a’)
=0
= (a,s) ~ (a",s").
e Define
ﬂ+%:a182+(12817 ﬂ.%:alagi
S1 So 5182 S So  S1S9

If & = Z—,/l, then there exists t € S such that ts}a; = ts1a). Hence
1

t(s)82)(arse + azsy) — t(s182)(a)se + azs))

t(

=t (8] 52a189 + 8800251 — S| 820159 — $]52a251) @
0,

! / 1 !
51520152 + §1820251 — 81520152 — 818261281)
I

which implies

a; N ay  a18y+apsy  ajsy+axsy  ay  ag

$1  S9 5159 S} 59 S| s

a/

@2 = 22 in a similar way, we can prove
S92 S5

/ !/ /
a a9 @189 + a98; 1S9 + A9S1 aq ay
_— —|— _— = = 7 = — —|— .
S1 S9 51852 5189 S1 So

Therefore, + is well-defined.

If & = =+ and 2 = 22, then there exists t1,t; € S such that t;s{a; = tys1a] and
1 2

toshay = tasqal,. Hence we have

(tlsllal) (tzSIQCLQ) — (tlsla'l) <t282a/2)

= (tis1a)(t252a5) — (t15101)(f25205)
0,

(t1ta)(s)sharas — sy89a7ay)
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which implies

a; ay ajay ajay, a) a

S1 S2 8189 sish S
Therefore, - is well-defined.

e It is straightforward to check that ST!'R is a commutative ring. Define

(:R— SR
a
ar— —.
1
Then
b b
em+w=“1 = S 2= tla) + (),
ab a b
Hence /¢ is a ring homomorphism.
e Since
Us)l _ls) 5 _ 1
l1s s s 1

{(s) is invertible in ST'R for every s € S.

SR~ R

| A4

R

Suppose f : R — R’ is a ring homomorphism such that f(s) is invertible in R’ for
every s € S. Define

g:S'R— R
a

% f(9)7 a).
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We can check that g is a ring homomorphism as follows:

a; Qo S$1Q2 + Soaq
gl—+—)=9(———
S1 So S1S52

= f(s152) " f(s1a2 + s201)

o(53) =0 (5%)
= f(s152) 7" f(araz)
= f(s1) 7" flar) f(s2) " flaz)

= () (%),

Since

a

9(t(@) = ¢ () = F() 7 f(a) = f(a)

we see g gives a commutative diagram.

Suppose ¢’ is another ring homomorphism such that ¢’ o ¢ = f. Then we have

which implies ¢ = ¢’. Therefore, £ : R — S™!R is initial among ring homomorphisms
f R — R such that f(s) is invertible in R’ for every s € S.
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CHAPTER V. IRREDUCIBILITY AND FACTORIZATION IN INTEGRAL DOMAINS

e If R is an integral domain, then for any ¢+, $2 € 57 'R, we have

ay  ap a1ay 0
D) 5189 1

That means S™'R is an integral domain.

e If 0 € S, then for any a,d’ € R, 5,8’ € S, there exists 0 € S such that 0(s'a — sa’) = 0.
Therefore, S~'R only contains 1 element, which implies S™'R is a zero-ring.

4.8 - Let S be a multiplicative subset of a commutative ring R, as in Exercise V.4.7. For
every R-module M, define a relation ~ on the set of pairs (m, s), where m € M and s € S:

(m,s) ~ (m',s") < (3t € S),t(s'm —sm’) = 0.

Prove that this is an equivalence relation, and define an S~ R-module structure on the set
S~LM of equivalence classes, compatible with the R-module structure on M. The module
S~IM is the localization of M at S. [4.9, 4.11, 4.14, VIII.1.4, VII1.2.5, VIII.2.6]

We can check that ~ is an equivalence relation as follows:

Reflexivity.
(F1€S),1-(sm—sm)=0 = (m,s) ~ (m,s).
Symmetry.
(m,s) ~ (m',s") <= (3t € S5),t(s'm—sa’) =0
< (Tt e 9),t(sm'—sm)=0 < (m,s) ~ (m,s).
Transitivity.
(m7 8) ~ (m/ S,> (m/ S/) ~ (m// 8//)
= (Ft1,t2 € 9), tl(sm—sm) ty (8"m' —s'm") =0
= (Jt1tes’ € 5), titas’ (8"m — sm”) = (t28”")(t18'm) — (t18)(t2s'm”)

= ( 28 )(t18m> — (tls')(tgs”m’)

e}

= (m,s) ~ (m",s").
Denote by 2 the equivalence class of (m, s). The addtion of S™'M is defined as follows:

mi 1 mo . So1M 1 + S$1M9

S1 59 5152
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We can show that the addition is well-defined and makes S™'M an abelian group.
Define the scalar multiplication of S™'R on S™'M as follows:

a m am

S1  S2 5152.

We can show that the scalar multiplication is well-defined as follows:

a a m m

/7 /

= (1,62 € 9),t1 (510" — sja) = 0,ty (sgm’ — shm) =0
= (Ftitz € 9), t1ta (s)s5am — sysea’'m’) =0

am a'm’

5189 Sish

We can check that the scalar multiplication is compatible with the addition as follows:

a [ my mo a S3Mo + S9Mmy as3ma + asamy amq ams a my a ms
+ = = = +

S1 52 53 S1 5253 515253 5152 5153 51 S2 S1 837

aj n as\ m S2a1 + S102 M Saaim + S1a2m aym n asm am n asm
53 5152 S3 515283 5153 5253 S1 53 S2 837

S1 52
<a1 a2> m aiaam _ (aag)m  ai(agm)  ayagm @ (a2 m)

S2 83

S1 52

S3 B 5152 53 B (8132)53 B 31(5253) B 51 5253 B S1
1m B 1m ~m
s

1s s
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Chapter VI. Linear algebra

§1. Free modules revisited

1.1 - Prove that R and C are isomorphic as Q-vector spaces. (In particular, (R,+ ) and
(C,+) are isomorphic as groups.) [I1.4.4]

The Q-vector space R is a free Q-module, it adimits a basis B. We can show that B is a
infinite set by showing that for any positive integer n, there exists a linearly independent
subset B,, such that |B,| = n. An example is B, = {1,m,--- , 7"}, given the fact that 7 is
trascendent over Q. Let

B'=B| J{vi|be B}.

Then we see B’ is a basis of C and |B’| = |B|. Therefore, R and C are isomorphic as Q-vector
spaces. .

1.4 Let V be a vector space over a field k. A Lie bracket on V is an operation [-,-] :
V x V. — V such that

o Vu,v,weV), (Ya,bek),

[au + bv, w] = alu,w] + blv,w], [w,au+ bv] = alw,u] + blw, v],

o (VveV),|v,v] =0,
o and (Vu,v,w € V), [[u,v],w] + [[v, w], u] + [[w, u],v] = 0.

(This axiom is called the Jacobi identity.) A vector space endowed with a Lie bracket is
called a Lie algebra. Define a category of Lie algebras over a given field. Prove the following:

e In a Lie algebra V, [u,v] = —[v,u| for all u,v € V.

e If V is a k-algebra (Definition II1.5.7), then [v, w] := vw — wv defines a Lie bracket
on V', so that V is a Lie algebra in a natural way.

e This makes gl,(R), g[,(C) into Lie algebras. The sets listed in Exercise I11.1.4 are all
Lie algebras, with respect to a Lie bracket induced from gl.

e 5uy(C) and so3(R) are isomorphic as Lie algebras over R.
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1.5 > Let R be an integral domain. Prove or disprove the following:
e Every linearly independent subset of a free R-module may be completed to a basis.
e Every generating subset of a free R-module contains a basis.

[§1.3]

e False. Given the Z-module Z, {2} is a linearly independent subset of Z, but it cannot
be completed to a basis because the dimension of Z is 1.

e False. Given the Z-module Z, {2, 3} is a generating subset of Z, but it does not contain
a basis because neither {2} and {3} can generate Z.

§4. Presentations and resolutions

4.1 > Prove that if R is an integral domain and M is an R-module, then Tor(M) is
a submodule of M. Give an example showing that the hypothesis that R is an integral
domain is necessary. [§4.1]

Given any my, mg € Tor(M ), we can suppose there exist ry, 7y € R such that rym; = 0(ry #
0) and remg = 0(re # 0). Since R is an integral domain, we have ry75 # 0. Thus, there exist
nonzero element riry € R such that

rira(my + mg) = ro(rimy) + ri(roms) = 0,

which implies my + mq € Tor(M).
Given any r € R, m € Tor(M), we can suppose

rom =0
where 79 € R and 1y # 0. Thus we have
ro(rm) = r(rom) = 0,

which implies rm € Tor(M). Therefore, we show that Tor(M) is a submodule of M.
Z/6Z is not an integral domain and Z/6Z is a Z/6Z-module. Since

Tor(Z/6Z) = {[0]s, [2]s, [3]6},

we have [2|g + [3]¢ = [b]¢ ¢ Tor(Z/6Z), which implies Tor(Z/6Z) is not a submodule of
7/6Z + +. "
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4.4 > Let R be a commutative ring, and M an R-module.
e Prove that Ann(M) is an ideal of R.

e If R is an integral domain and M is finitely generated, prove that M is torsion if and
only if Ann(M) # 0.

e Give an example of a torsion module M over an integral domain, such that Ann(M) =
0. (Of course this example cannot be finitely generated!)

[64.2, §5.3]

e Ann(M) is defined as
Anmn(M) ={r € R|Vm € M,rm = 0}.
Given any 1,72 € Ann(M), we have
Vm € M, (ry + ro)m = rym + rom = 0,

which implies 71 +ry € Ann(M).
Given any r € R, s € Ann(M), we have

VYm € M, (rs)m =r(sm) =0,
which implies rs € Ann(M).

e If Ann(M) # 0, there exists nonzero r € R such that and rm = 0 for any m € M,
which implies M is a torsion module.

Assume that M is torsion and is generated by {mq, msg,--- ,m,}. There exist nonzero
elements ry,79,--- , 7, € R such that
rIMy = TroMme = -+ = T,ymy, = 0.

Let ro = ryry - - - 1,. Since R is an integral domain, ro # 0. Given any m € M, we have
m = kiymq + kama + - - - + k,my,

and
rom = kiry -+ rp(rima) + -+ Ky rasa(ramy) = 0.

Thus we show o € Ann(M) and Ann(M) # 0.

e Q/Z is a module over the integral domain Z. Since
v E} €Q/Z, 3qeZ, q [ﬂ = [0],
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we see Q/Z is a torsion module. If r € Ann(M), then for all g € Z,
1
r{—] =0 <= qr = r=0orr>gq.
q

Therefore, there must be r = 0, which means Ann(M) = 0.
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Chapter VII. Fields

§1. Field extensions, I

1.1 © Prove that if £ C K is a field extension, then chark = char K. Prove that the
category Fld has no initial object. [§1.1]

Since Z is initial in Ring, we have unique ring homomorphisms i, : Z — k and ix : Z — K.
Note that the inclusion j : k — K is a ring homomorphism, we have ix = j 0 7;. Since

keriyx = ker(j oiy) = iy ' (ker j) = 4, ' ({0}) = ker iy,

we have char k = char K. If there exists one initial object A in Fld, all the objects in Fld will
have the same characteristic as A. This contradicts with the fact that charZ, # charZs;. =

1.3 > Let £ C F be a field extension, and let o € F. Prove that the field k(«) consists of
all the elements of F' which may be written as rational functions in «a, with coefficients in
k. Why does this not give (in general) an onto homomorphism k(t) — k(a)?[§1.2, §1.3]

Since k(«) is smallest subfield of F' containing both & and «, for any ¢(t) € k() we have
g(a) € k(a). Thus we can define the evaluation mapping

evy : k(t) — k(a)
9(t) — g(@).

It is clear to see ev,(k(t)) C k(a) and k(a) C evy(k(t)), which means k(a) = ev,(k(t)). If
evy : k(t) — k() is an onto field homomorphism, then ev, must be a field isomorphism. If
we consider the simple extension Q C Q(v/2), we will find that

ev 5(0) =ev 5(t* — 1) =0,

which contradicts the fact that ev 5 is an isomorphism. "

1.4 Let k C k(a) be a simple extension, with « transcendental over k. Let £ be a subfield
of k(«) properly containing k. Prove that k(«) is a finite extension of E.

The field extension E C k(«) is finitely generated because F(a) = k(a). Since E be a
subfield of k(a) properly containing k, we can suppose that there exist f, g € k[t] such that

g # 0, deg f > 0 and
f(e)

mEE.

Then let
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It is immediate that h(a) = 0, which means « is algebraic over E. Thus we show that
E C E(a) is a finite extension, or equivalently k() is a finite extension of E. .

1.5 > (Cf. Example 1.4.)
e Prove that there is exactly one subfield of R isomorphic to Q[t]/ (t* — 2).
e Prove that there are exactly three subfields of C isomorphic to Q[t]/ (t* — 2).

From a ‘topological’ point of view, one of these copies of Q[t]/ (> — 2) looks very different
from the other two: it is not dense in C, but the others are. [§1.2]

e We will show that Q(v/2) is the unique subfield of R isomorphic to Q[t]/ (t* — 2).

First we assert that Q[t]/ (£ — 2) = Q(v/2). To prove this, notice that Q[t] is a PID
and t? — 2 is irreducible over Q[t], which implies (£ — 2) is a maximal ideal of Q[t] and
Qlt]/ (t* — 2) is a field. Then we can check that

¢ Qlt]/ (£ —2) — Q(V2)
p(t) + (£ = 2) — p(V2)

is an isomorphism.

Suppose that F is a subfield of R and ¢ : Q[t]/ (t* —2) — F is an isomorphism. Let
t=t+ (t*—2) € Q[t]/ (t* — 2). Since ¢(t) € F C R, we have

v =2=v(F-2)=0 = v =V2or V2 = QV2)CF.

For any = € F, there exists g = g1t + g2 + (t* — 2) € Q[t]/ (t* — 2) such that ¥ (g) = =,
where q1, ¢ € Q. If ¢ = 0, we have

T—q@=99—-q¢)=0 = $ZQ2€@(\/§>‘
If ¢ # 0, we have
(x = q2)* — 25 = ¥((9 — @2)* = 243) = Y (qit* — 245 + (£ — 2)) = 0,

which implies z = +¢v2 + ¢ € Q(\/§) Thus we have F' C Q(\/i) Therefore
F = Q(V/2), which guarantees the uniqueness of Q(v/2).

e We can show that
QV2).0 (‘”T@ﬂ) 0 (‘“Tﬁ’ﬁ)
are all isomorphic to Q[t]/ (> —2). Q(+/2) is not dense in C.
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1.6 ©> Let k C F be a field extension, and let f(z) € k[z] be a polynomial. Prove that
Autg(F) acts on the set of roots of f(z) contained in F. Provide examples showing that
this action need not be transitive or faithful. [§1.2, §1.3]

Let Sy be the set of roots of f(z) contained in F'. Note that for any ¢ € Aut,(F') and any
a € Sy, o can be extend to Fz] and o(f) = f. Since

flo(@)) =a(f)(o(a)) =o(f(a)) =0(0) =0 = o(a) € 5,
we can define the mapping

- Autk(F) X Sf — Sf
(0,0) — 0 - a :=0o(a).

Since for any o1, 09 € Autg(F') and any root a of f(x),
o1 (09 - ) = 01 - 03(a) = 01(02(0)) = (07 0 09) () = (07 0 09) - v,

we see that Autg(F') acts on the set of roots of f(x) contained in F'. .

1.7 Let k C F be a field extension, and let o € F' be algebraic over k.

e Suppose p(x) € k[x] is an irreducible monic polynomial such that p(a) = 0; prove
that p(x) is the minimal polynomial of o over k, in the sense of Proposition 1.3.

o Let f(x) € k[z]. Prove that f(«) = 0 if and only if p(z) | f(z).

e Show that the minimal polynomial of « is the minimal polynomial of a certain k-linear
transformation of F', in the sense of Definition VI.6.12.

e Suppose ¢(z) is the minimal polynomial of a over k. Since degq(z) < degp(zx), we
have Euclidean division in the Euclidean domain k[z| as follows

p(x) = m(z)q(r) +r(x), degr(r) < degq(x).

Taking © = «, there must be r(a) = 0. Since ¢(z) is the minimal polynomial, we
can assert r(x) = 0 and accordingly ¢(z) | p(z). The irreducibility of p(z) means

p(z) = q(x).

e It is clear that p(z) | f(x) = f(a) = p(a)h(a) = 0. To show f(a) =0 = p(x) |
f(z), we can just follow the same procedure as the first problem.

e Suppose p(x) € k[x] is the minimal polynomial of . We can easily check that

T,: F — F,

mr— am
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is a k-linear transformation. Since for any m € F',

p(To)(m) = co + s Tum + caTem + - + ¢, Tom
= co+ cram + cod®m + - + ¢, a™m

= (co+cra+ca® + -+ + ") m =0,

we have p(T,) = 0. Since p(z) is an irreducible monic polynomial, p(z) is exactly the
minimal polynomial of 7.

1.8 — Let f(x) € k[z] be a polynomial over a field k of degree d, and let ay, ..., ay be the
roots of f(z) in an extension of k where the polynomial factors completely. For a subset
I € {1,...,d}, denote by «o; the sum >, ; a;. Assume that o; € k only for I = () and
I ={1,...,d}. Prove that f(x) is irreducible over k. [7.14]

Suppose f(x) = (x —ay)--- (v — aq) is reducible over k and g(z) = [[,c,(x — o) € k[z] is a
factor of f, where I C {1,...,d}. Note the coefficient of the n — 1-th degree term of g(z) is

—Zaﬁék‘.

el

We derive a contradiction. Hence we can conclude that f(z) is irreducible over k. n

1.10 — Let k be a field. Prove that the ring of square n x n matrices M,,(k) contains an
isomorphic copy of every extension of k of degree < n. (Hint: If £ C F is an extension of
degree n and « € F, then ‘multiplication by o’ is a k-linear transformation of F'.) [5.20]

Suppose k C F' is an extension of degree n and o € F', then

T,:F —F,

mr— am

is a k-linear transformation of F', which is isomorphic to a matrix Ay, € M, (k) in Vecty.
What is left to do is to show that Ap, s = ATQ+AT[3, Ar, 5= ATQATﬂ and AT1F = I,,xn, which
amounts to T = T, + T, Tog = 113 and Ty, = idp. The verification is straightforward.

1.11 — Let k C F be a finite field extension, and let p(z) be the characteristic polynomial
of the k-linear transformation of F' given by multiplication by «. Prove that p(a) = 0.

This gives an effective way to find a polynomial satisfied by an element of an extension.
Use it to find a polynomial satisfied by v/2 + v/3 over Q, and compare this method with
the one used in Example 1.19. [1.12]
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In Exercise VII.1.7 we show that the minimal polynomial of « coincides with the minimal
polynomial of T,. Denote the minimal polynomial as f(z). Then we have f(a) = 0 and
f(z) | p(x), which implies p(a) = 0.

Consider the field extension Q C Q(\/ﬁ, \/3) and the algebraic element o = v/2 + v/3.
Since 1,v/2,v/3,v/6 is a basis of Q(v/2,v/3), we can represent the linear transformation by

a matrix A as follows
(71, V2, T3, TG
<\/§+\/§,2+\/6,3+\/6,3\/§+2\/§>

2 30

1,v2,V/3, \/6)

O = = O

0 0
0 0
11

O N W

= (1,\/5, V3, \/6) A.
The characteristic polynomial of A is

p(z) = det(x] — A) = z* — 102 + 1.

1.12 — Let k C F be a finite field extension, and let a € F. The norm of o, Nycr(a), is
the determinant of the linear transformation of F’ given by multiplication by « (cf. Exercise
VIIL.1.11, Definition VI.6.4). Prove that the norm is multiplicative: for a, 8 € F,

Nicr(aB) = Nycr(a) Nicr(8).

Compute the norm of a complex number viewed as an element of the extension R C C (and
marvel at the excellent choice of terminology). Do the same for elements of an extension
@(\/Zl) of Q, where d is an integer that is not a square, and compare the result with Exercise
[11.4.10. [1.13, 1.14, 1.15, 4.19, 6.18, VIIIL.1.5]

consider the field extension R C C and a complex number w = a 4+ b1 € C. Given a basis
1, 7 of C, denote the matrix representation of the linear transformation F': z — wz as A.
Then we have

(F(1), F(i))
= (a+ bi,—b+ ai)

-aaf; )

= (1,7) A.
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The norm Nrcc(w) = det(A) = a® + b?.
consider the field extension Q C Q <\/c_i) and a number ¢ = a + bv/d € Q <\/8> Given

a basis 1, vd of Q <\/a>, denote the matrix representation of the linear transformation

(Fa).7 (va))
:<a—|—b\/_bd+a\/_>
:< )(a bd)

(1va) s

The norm Nycgya)(c) = det(B) = a* — db*.

F : 2+ cx as B. Then we have

1.13 - Define the trace trycp(a) of an element « of a finite extension F' of a field k by
following the lead of Exercise VII.1.12. Prove that the trace is additive:

trrcr(a + B) = trrcp(a) + trrcr(B)

for a, 8 € F'. Compute the trace of an element of an extension Q C Q(\/E), for d an integer
that is not a square. [1.14, 1.15, 4.19, VIII.1.5]

Given c=a+bV/d € Q <\/E>, the trace trocq /g (c) = tr(B) = 2a. .

1.14 — Let k C k(a) be a simple algebraic extension, and let 2¢ + ag_12¢ 1 + -+ - + ag be
the minimal polynomial of o over k. Prove that

trick(a) (@) = —ag—1  and  Nicp) (@) = (—1)%a.

(Cf. Exercise VII.1.12 and Exercise VII.1.13). [4.19]

Since p(z) = 2¢ + ag_12%* + - - - + ag is the minimal polynomial of o, we see 1,a,--- , «
is the basis of the k-vector space k(a) and

pla) =a’+ag 10 4 +ag=0
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The matrix representation of the linear map F': z — «az is

(F(1), F(a), - F(a"))

000 - 0 —aop

100 - 0 —a

010 - 0 —a
= (170470527"' 7ad71) . . ’

0 00 0 —Qg—2

0 00 1 —ag-1
=(L,a)A

Thus we have
treck(a) (@) = tr(A) = —aq—y
and

Nicra) (@) = det(A) = (=1)(—ag) = (—1)%ao.

1.16 > Let £k C L C F be fields, and let o € F. If k C k(«) is a finite extension, then
L C L(«) is finite and [L(«) : L] < [k(a) : k]. [§1.3]

Since k C k(a) is a finite extension, it is a simple algebraic extension and there exists a
minimal polynomial p(f) of a over k. Since p(t) can be seen as a polynomial in L and
p(a) =0, we have L C L(«) is finite. Since the degree of the minimal polynomial of a over
L is not greater than the degree of p(t), we have [L(«) : L] < [k(a) : k. .

1.20 Let p be a prime integer, and let o = ¥/2 € R. Let g(z) € Q[z] be any nonconstant
polynomial of degree < p. Prove that « may be expressed as a polynomial in g(«) with
rational coefficients.

Prove that an analogous statement for V2 is false.

It is easy to see that Q C Q(g(«)) € Q(«). Since f(t) = P — 2 is irredicible over Q and
f(a) =0, Q C Q) is a p degree extension. If p is a prime integer, then the degree fo the
finite extension Q C Q(g(«)) is 1 or p. Note that g(a) ¢ Q. There must be Q(g(«)) = Q(a).
Thus we see there exists h € Q[z] such that a = h(g(«)) with rational coefficients.

If p = 4, then we can take g(z) = 2. Now we have g(a) = v/2. For the tower of
field extensions Q C Q(\/ﬁ) C Q(\‘Vi), it is easy to check that both Q C @(\/5) and
Q(v/2) € Q(v/2) are quadratic extensions. Hence the intermediate field Q(1/2) is not equal
toQ or Q({‘/?) Therefore, we can conclude that o = +v/2 cannot be expressed as a polynomial
in g(a) = v/2 with rational coefficients. ]
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1.22 Let £ C F be a field extension, and let o € F,3 € F be algebraic, of degree d, e,
resp. Assume d, e are relatively prime, and let p(x) be the minimal polynomial of 8 over
k. Prove p(z) is irreducible over k(a).

By the tower properties of finite field extensions k C k(«) C k(a, 8) and k C k(B) C k(«, 5),
we have d divides [k(a, §) : k] and e divides [k(a, §) : k]. Since d and e are relatively prime,
we have [k(a, B) : k] > de. Since p(f) = 0, the minimal polynomial of 8 over k(«) divides
p(z), which implies [k(a)(8) : k(a)] < deg(p) = e. By the tower property of finite field
extensions k C k(a) C k(«, ), we have [k(a, 8) : k] < de, which forces [k(a, B) : k] = de
and [k(a) () : k(a)] = deg( ) = e. Thus we see p(x) is the minimal polynomial of 5 over
k(a), and hence p(z) is irreducible over k(«). n

1.23 Express /2 explicitly as a polynomial function in v/24 v/3 with rational coefficients.

Suppose f(z) = a + bx + cx® + dz? is a polynomial in Q[z].

a+b(\/§+\/§)+c(\/§+\/§)2+d(\/§+\/§>3

:a+b<\/§+\/§>+c<5+2\/6>+d(11\/§+9\/§)
=a+5c+ (b+ 11d)V2 + (b + 9d)V3 + 2¢V6

Solve
a+5=0
b+1ld=1
b+9d =10
2c=10

and we get a =0,b = —%, c=0,d= % Therefore, v/2 can be expressed as

Va1 (vVa+va) = L (va+va) - 2 (Va+va).
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1.25 = Let € := /24 V2.

Find the minimal polynomial of £ over Q, and show that Q(§) has degree 4 over Q.
Prove that v/2 — v/2 is another root of the minimal polynomial of &.
Prove that v/2 — /2 € Q(¢). (Hint: (a+ b)(a —b) = a® — V?.)

By Proposition 1.5, sending ¢ to v/2 — /2 defines an automorphism of Q(¢) over Q.
Find the matrix of this automorphism w.r.t. the basis 1, &, €2, 3.

Prove that Autg(Q(€)) is cyclic of order 4.

Let
p(z) = (:r2—2)2—2:x4—4x2+2.

By Eisenstein’s criterion, p(x) is irreducible over Q. Since p(§) = 0, p(z) is the minimal
polynomial of £ over Q. Therefore, Q(£) has degree 4 over Q.

It is straightforward to check that p ( 2 — \/5) =0.

\/7 \/2— )2+v2) V2 @2
2+ V2 ¢

2+/2

Suppose o is an automorphism of Q(¢) over Q sending ¢ to v/2 — v/2. We need express
a(1),0(£),0(£%),0(&3) as the linear combination of 1,&,£% &3, Note

o6 =2-Va=g- 2

! as a linear combination of £ and £2. Suppose there exists a,b € Q

We may express 3

such that 1
— = aé + be>.
§

Then we have
ag? +b£4
= a(2+V2) +b(6 +4v?2)

= 2a 4 6b + (a + 4b)V2
:1’

- 126 -



CHAPTER VII. FIELDS

which implies a = 2, b = —% and % =2( — %53 Therefore,

2 1
0(5):§—Z=€—2(2£—553> = -3¢ +¢’
o (&)

0§ =2-vV2=4-¢

o (&) = (5—3) (4—52)=—£3+6£—§=—£3+6£—8(25—%£3)

§ §

and the matrix representation of o w.r.t. the basis 1, &, €2, €3 is

(0(1),0(5).0(8%), 0 (&)

1 0 4 0
B s . |0 =3 0 —10

o 1 0 3
= (L,&¢%,¢%) A.

e Since

10¢ + 363,

:1:'1:\/2—1—\/5, x2:\/2—\/§, :cgz—\/2+\/§, :1:'4:—\/2—\/5

are the all roots of p(x) over Q and Q(¢) = Q(zy, 72, 73, 24), we see Q C Q(&) is a
Galois extension and the Galois group Autg(Q(§)) is of order 4. By calculating the

characteristic polynomial of A

we have A* = I. Since A? # I, the order of ¢ € Autg(Q(¢)) is 4. Therefore,

Autg(Q(€)) is a cyclic group of order 4.

§3. Geometric impossibilities

‘3.14 Prove that the regular 9-gon is not constructible.—
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Suppose & = e?™/9. We can check that the 9th cyclotomic polynomial

y(z) = 2%+ 2° + 1,

is the minimal polynomial £ over Q. Therefore, Q() is a extension of degree 6 over Q. Since
6 is not a power of 2, the regular 9-gon is not constructible. "

3.15 > Prove that if 2¥ + 1 is prime, then k is a power of 2. [§3.3] ‘

If £ = 0, the proposition is trivial. If & # 0, we can suppose k = n2™ where n is an odd
number. Since

2k + 1 = (22m)n + 1= (22m + 1) (2(n—l)2m o 2(n—2)2m 4t 22~2m - 22m =+ 1)

is prime, there msut be n = 1, which implies £ is a power of 2. "

§4. Field extensions, II

4.2 Describe the splitting field of 2 + 23 + 1 over Q. Do the same for 2% + 4.

Suppose £ = e 5. Then 2% 4+ 23 + 1 is the 9th cyclotomic polynomial
Py(z) =28 +2° +1=(z—¢) (x—§2) (x—§4) (x—§5) (x—§7) (x—fs).

The splitting field of ®y(z) over Q is Q(&,&2,&4,6°,£7,¢€8).

vt d= (2 +20) (2 —20) = (2 — (1+9)(z — (=1 —i))(z — (=1 +i))(xz — (1 —1i)).

The splitting field of z* + 4 over Q is Q(1 + i, —1 —4,—1 44,1 — i) = Q(4). .

4.3 > Find the order of the automorphism group of the splitting field of z* + 2 over Q (cf.
Example 4.6). [$4.1]

o2 V) - VE) = (o= ) (o= D) (- T (- ),

The splitting field of 2% + 2 over Q is Q <%’ _;[;", _31/";, ﬂ—\;%) =Q (V2,i).

For the field extension Q C Q(\‘l/Q), since the minimal polynomial of v/2 over Q is z* — 2,
we have [Q(v/2) : Q] = 4. For the field extension Q(v/2) C Q(+/2,4), since the minimal
polynomial of i over Q(v/2) is 2 + 1, we have [Q(v/2,i) : Q(v/2)] = 2. By the tower

property, we have

[Q(V2,1) : Q] = [Q(V2,7) : Q(V2)][Q(V2) : Q] =2 x 4 = 8.
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Since Q C Q(v/2,1) is a Galois extension, the order of the Galois group Autg (Q({‘/ﬁ, @)) is
8. "

4.4 Prove that the field Q(v/2) is not the splitting field of any polynomial over Q.

The polynomial p(z) = 2* — 2 € Q[z] has root over Q(v/2) because p (v/2) = 0. However,
p(z) = (93 - \4/§> (:v + \7§> (:x - \7§2> (:)3 + \4/§z>

does not split over Q(f/i) because v/2i 7 @({4/5), which implies that Q C Q({‘/?) is not a
normal extension and is not the splitting field of any polynomial over Q. "
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Chapter VIII. Linear Algebra, reprise

§1. Preliminaries, reprise

1.1 Let .# : C — D be a covariant functor, and assume that both C and D have products.
Prove that for all objects A, B of C, there is a unique morphism .# (Ax B) — .F (A) x.# (B)
such that the relevant diagram involving natural projections commutes.

If D has coproducts (denoted II) and ¢ : C' — D is contravariant, prove that there is
a unique morphism ¥ (A) 1 ¥ (B) — ¢4 (A1l B) (again, such that an appropriate diagram
commutes).

According to the universal property of .% (A x B) in D, we have

F(Ax B)

Similarly, according to the universal property of ¢4(A) 1 ¥4 (B) in D, we have

G (A1l B)

%(iCQ) E'T w

G(A)——G(A) 11Y(B) ~— 9(B)

’LDl 7,D2

1.2 © Let % : C — D be a fully faithful functor. If A, B are objects in C, prove that
A= Bin Cif and only if #(A) = Z#(B) in D. [§1.3]

If A= B in C, then there exists f : A — B and g : B — A such that f o g = idg and
go f =1idy. Since Z is a functor, we have Z (f)o % (g) = idz(p) and F(g) o F(f) = idz(a).
Hence #(A) = .#(B) in D.

If #(A) = .Z#(B) in D, there exists f' : F(A) - F(B) and ¢ : #(B) — .#(A) such
that f' o ¢’ =id#) and ¢’ o f' = id#a). Since .F is fully faithful, there exists f: A — B
and g : B — A such that .7 (f) = f’ and #(g) = ¢’. Now we have

F (fog)=F(f)oF(g) =fogd =idzm),
F(gof)=F(g)o F(f) =g o[ =idzwu),
which implies fog=idg and go f =ids. Hence A = B in C. "

1.3 Recall (§I1.1) that a group G may be thought of as a groupoid G with a single object.
Prove that defining the action of G on an object of a category C is equivalent to defining
a functor G — C.
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Suppose a group G acts on an object B of a category C and G is the groupoid with a single
object A with Endg(A) = G . Then the functor G — C is defined by G(A) — B and

G(g) —» g for all g € G.
Conversely, suppose G is a groupoid with a single object A and F' : G — C is a functor
that maps A to B in C. Then the group action on B is defined by

Aut(; (A) — Autc(B)7
9— Flg).

1.4 — Let R be a commutative ring, and let S C R be a multiplicative subset in the
sense of Exercise V.4.7 . Prove that ‘localization is a functor’: associating with every R-
module M the localization S™' M (Exercise V.4.8) and with every R-module homomorphism
¢ : M — N the naturally induced homomorphism S™'M — S™!N defines a covariant
functor from the category of R-modules to the category of S~'R modules. [1.25]

The functor .# : R-Mod — S™'R-Mod is defined as follows:
e object mapping: M s ST1M;
e morphism mapping ¢ — F(¢) is given by the following commutative diagram

Z(p)

STIM = ~=S"IN

We can check that .% is a functor by checking the functoriality of .%#
F (poy) =F(p) o F(¥),
which can be derived from the following commutative diagram.

s Z¥L gy Z¥) g1

R

M N L
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Appendix

Lemma II.1 (von Dyck) Given a presentation (A|Z) = F(A)/R, where A is the set of
generators, #Z € F(A) is the set of relators and R is the smallest normal subgroup of F(A)
containing Z. Define inclusion mapping i : A — F(A) and projection 7 : F(A) — F(A)/R.
If fis a mapping from A to a group G, and every relations in # holds in G via f, that is,
Z C ker ¢ where ¢ is the unique homomorphism induced by the universal property of free
group, then there exists a unique homomorphism v : F/(A)/R — G such that f = omoi.
If G is generated by f(A), then v is surjective.

F(A)/R

Proof of the lemma. Since R is the smallest normal subgroup of F(A) containing % and
the normal subgroup ker ¢ contains %, we must have R C ker ¢. Then according to Theorem
7.12, there exists a unique homomorphism v : F(A)/R — G such that ¢ = 1 o m, which
means the whole diagram commutes. If there exists a homomorphism ¢ : F(A)/R — G such
that f = ( o7 o4, then we have p oi = ( o7 o4, which implies p(t) = ((n(t)) for all t € A.
Note that a homomorphism defined on F'(A) can be specified only by its valuation on the
set of generators A, we can assert that ¢ = (om. Since there exists a unique homomorphism
¢ : F(A)/R — G such that ¢ = ¥ om, we have ( = ¢. Thus we show that there exists a
unique homomorphism ¢ : F(A)/R — G such that f =Y omoi.

Moreover, if G is generated by f(A), then imy = G, since f(A) = (7 (i(A4))) C imy
implies G C im. J
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