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INTRODUCTION

The standard  d e f in i t io n  of what "u n iv e rsa l a lg eb ra"  should mean 

was given in  the  1930 's by G. Dr B irkhoff who, r e a l iz in g  th a t  c e r ta in  

theorems about groups, r in g s  and l a t t i c e s  have a common p ro o f, s tu d ie d  

the category  of a lg eb ra s  th a t  such examples su g g est: a lg eb ras  a re  s e ts

w ith a s e t  o f f in i t a r y  o p e ra tio n s  s a t i s fy in g  a s e t  of equations and 

homomorphisms a re  fu n c tio n s  th a t  commute w ith  th e  opera tions*  Such 

c a te g o rie s  o f a lg eb ras  have been much s tu d ie d . See the  re c e n t book of 

P. M. Cohn ([5 ])  and th e  b ib lio g rap h y  th e re .

In  much o f the  l i t e r a t u r e  c i te d  above, one senses a  s tro n g  fe e lin g  

th a t  anyth ing  "a lg eb ra ic "  should be " f in i t a r y " .  In  [27], Slomifiski 

g en e ra liz ed  B irk h o ff 's  schema and considered  s e ts  w ith  a  s e t  o f 

in f in i t a r y  o p e ra tio n s  s a t i s fy in g  a s e t  o f e q u a tio n s . (These a re  th e  

"eq u a tio n a lly  d e fin e ab le  c la s s e s "  we d e fin e  in  1 .1 .7 .)  S lo m in sk i's  

paper has been la rg e ly  ignored . In  th is  paper we w i l l  study  u n iv e rs a l 

a lg eb ra  in  a language th a t  makes no mention o f "o p e ra tio n s"  (see  the  

paragraph a f t e r  nex t) and fo r  which S lom ifisk i's  c a te g o r ie s  o f a lg eb ras  

a re  models as v a l id  as  B irk h o f f 's .  We hope th a t  S lom ifisk i's  im portance 

in  the h is to ry  of u n iv e rsa l a lg eb ra  w i l l  become more apparen t because 

o f our work h e re .

I t  has long been known how to  c o n s tru c t a f re e  a lg eb ra  fu n c to r  

^  £  from th e  ca tego ry , ^ , o f s e ts  to  an e q u a tio n a lly

d e fin eab le  c la s s  £ whose o p e ra tio n s  a re  f i n i t a r y  (see  1 .1 .7 ) .  I t  

was known, too , th a t  th e  c la s s  o f a lg eb ras  f r e e  on f i n i t e l y  many gen­

e ra to rs  co n ta in s  a l l  the  in fo rm ation . Lawvere ([20 ]) developed
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" a lg eb ra ic  th e o r ie s "  in  o rder to  a b s t r a c t  th e  " f re e  p a r t"  o f a  category

of a lg e b ra s ; we d e sc rib e  them b r ie f ly  ( in tro d u c in g  some in e s s e n t ia l

m o d ifica tio n s  fo r  th e  sake of c l a r i t y . )  S ta r t in g  w ith  F as above, the

induced fu n c to r where i s  th e  ca tegory  o f f i n i t e

s e ts  and P P  i s  th e  f u l l  subcategory o f £  generated  by a lg eb ras

f re e  on f i n i t e ly  many g e n e ra to rs , i s  c a lle d  th e  a lg e b ra ic  theo ry  of

£  . 'E' i s  recovered as  the  category  o f fu n c to rs  P  p  ^ ------ -------»<2?

such th a t  ______ -> *1 P ° - ___ - — > i s  re p re se n ta b le , th e  homo-

morphisms being n a tu r a l  tra n s fo rm a tio n s . < 3 ______> H P  p re se rv e s
o

coproducts and e s ta b l is h e s  a b i je c t io n  between th e  o b je c ts  o f £E> and
o

the o b je c ts  o f P  P ; co nverse ly , any fu n c to r ----------» (T P  w ith
o

th ese  p ro p e r tie s  i s  the  a lg e b ra ic  theo ry  of some e q u a tio n a lly  d e fin e ab le  

c la s s  whose o p e ra tio n s  a re  f i n i t a r y .  Slomifiski ([2 7 ]) e s ta b lis h e d  

f r e e .fu n c to r s  fo r  e q u a tio n a lly  d e f in e a b le  c la s s e s  w ith  i n f i n i t a r y  

o p e ra tio n s . L inton combined and g en era lized  the  works o f Lawvere and 

Slomifiski in  [23]. An a lg e b ra ic  theo ry  th e re  i s  ( e s s e n t ia l ly )  the  

same as above b u t re p la c in g  w ith  . This lead s  to  the  fo llow ing  

g rad a tio n  of u n iv e rsa l a lg eb ra : " f in i ta r y "  (B irk h o ff, Lawvere); "w ith

a rank" (S lom ifiski); "w ithout a rank" (L in to n ). In  a sen se , a  theory  

w ithou t a  rank corresponds to  an e q u a tio n a lly  d e fin e ab le  c la s s  whose 

c la s s  of o p e ra tio n s  has unbounded a r i t y ,  b u t a d d it io n a l  co n d itio n s  a re  

re q u ire d  to  prove th e  converse s in ce  th e  famous theorem o f Gaifmann 

shows th a t  th e re  i s  no f re e  fu n c to r fo r  com plete Boolean a lg e b ra s . A 

d iscu ss io n  o f rank (b u t no t in  the  language of th e o r ie s )  appears in

2 .2 .5  -  2 .2 .6 . We w i l l  n o t d iscu ss  a lg e b ra ic  th e o r ie s  fu r th e r  in  th is
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paper, p re fe r r in g  to  use in s te a d  th e  e q u iv a len t n o tio n  of a lg eb ras  over 

a t r i p l e .
X \

q p  * (T ,n ,v ) i s  a  t r i p l e  in  a category  X  i f  K --------- > n ,

1 ^ ----- ^— »T, TT— -— >T such th a t  Tn.V * 1T * hT.y and Ty.y = yT .y.

A ( I P -a lg e b ra  i s  a p a ir  (X ,0  w ith  X a K -o b je c t  and XT—»X a K - 
morphism such th a t  Xn.C = 1 and Xy.£ « £T.£, A T P  -homomorphismA £
from (X ,0  to  (Y,0) i s  a K -m orphism  X »Y such th a t  5 . f  * fT .0 .

I t  has only re c e n tly  been re a l iz e d  th a t  th e  category  of a lg eb ras  over 

a  t r i p l e  prov ides an e x c e lle n t s e t t in g  fo r  u n iv e rsa l a lg eb ra . L inton 

has shown (unpublished , b u t see [23]) how to  d e fin e  "a lg e b ra ic  theory  

over" X  so th a t  th e o r ie s  over X  a re  coex tensive  w ith  t r i p l e s  in  

X  . In  p a r t ic u la r ,  the  c a te g o rie s  th a t  a r i s e  as  th e  a lg eb ras  over a 

theory  over s e ts  (as -in the  preced ing  paragraph) a re  the  c a te g o rie s  

th a t  a r i s e  as the a lg eb ras  over a t r i p l e  in  s e t s .  A sy stem a tic  study  

of "a lg eb ras  over a t r i p l e "  ( in  which we do no t in c lu d e  t r i p l e  cohom­

ology) has no t y e t  been made. This paper i s  an attem pt to  begin  such 

a s tu d y .

Chapter 1 co n ta in s  a  la rg e  f r a c t io n  o f the  c u rre n t fo lk lo re  i f  

" fo lk lo re "  can be defined  to  be what the  au th o r has learn ed  in  seminar 

and co n v ersa tio n s  w ith  Michael B arr, Jon Beck, B i l l  Lawvere and Fred 

L inton during the  p a s t  y ea r; n eed less  to  say , th e  au th o r i s  deeply 

indeb ted  to  th ese  men. T r ip le s  in  a category  were invented by Godement 

( [ J 2 ] )  under th e  name "standard  c o n s tru c tio n " ; th e  m o tiva tion  fo r  th e  

d e f in i t io n  was no t 1 ,1 .2 . Indeed, a lg eb ras  over a t r i p l e  f i r s t  appear 

in  E ilenberg  and Moore ( [ 6 ] ) ,  where s p e c ia l  cases of 1 .2 .1  and 1 .2 .7  

a re  proved. The re la tio n s h ip  between t r i p l e s  and p a ir s  of a d jo in t
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fu n c to rs  has been s tud ied  by Eilenberg-M oore ( [ 6 ] ) ,  Huber ( [1 6 ] ) ,

K le i s l i  ([1 9 ]) and Maranda ( [2 5 ] ) .  Maranda ob tained  fo r  t r i p l e s  what 

Lawvere c a l le d  " s tru c tu re -se m a n tic s"  theory  in  [20 ]. We g e n e ra liz e  

M aranda's r e s u l t  using more gen era l a lg e b ra ic  fu n c to rs  which compare 

c a te g o rie s  of a lgeb ras over t r i p l e s  in  d i f f e r e n t  c a te g o r ie s  (see  1 .4 .3 ) .  

These more general a lg eb ra ic  fu n c to rs  were considered  by Appelgate in  

[1 ] . A ppelgate defined morphisms of t r i p l e s  th a t  correspond c o n tra -  

v a r ia n tly  to  h is  a lg eb ra ic  fu n c to rs ; we in troduce  " in tr a s tru c tu re s "  

which y ie ld  a co v arian t correspondence (see 1 .4 .4 , 1 ,4 .5 ) .  A v e rs io n  

o f Jon B eck 's t r i p l e a b i l i t y  theorem ([3 ])  appears in  1 .2 .9 . L in to n 's  

co n d itio n s  fo r  a  category  of a lg eb ras  to  have l i r a 's  a re  given in  1 .3 . 

The rem aining p a r ts  o f 1 .1  -  1 .5  a re  fo lk lo re . We in tro d u ce  the  n o tio n  

o f " reg u la r t r i p l e "  (1 .2 ,5 )  to  a b s tr a c t  c e r ta in  p ro p e r tie s  o f t r i p l e s  

in  the category  o f s e t s .  Many well-known theorems in  u n iv e rsa l a lg eb ra  

a re  tru e  fo r  the  category o f a lg eb ras  over a re g u la r  t r i p l e .  For 

in s ta n c e , a t r ip le - th e o r e t ic  v e rs io n  of B irk h o ff 's  c h a ra c te r iz a t io n  of 

v a r ie t i e s  in  an e q u a tio n a lly  d e fin eab le  c la s s  ( [ 4 ] ,  o r [5, IV .3 .1 ] )  i s  

t ru e  in  such a s i tu a t io n ,  s e e l .6 .6 .  In.,. 1 .7 , we consider co n d itio n s  on

t r i p l e s  (T ,n ,u ) , ( T '^ ' t V ')  in  'K such th a t  (T T ',nn* , ?) may be 

completed to  a "com posite" t r i p l e .  In  [2 ] , Barr d efined  " d is t r ib u t iv e  

laws" to  do th i s .  We prove a  converse and o b ta in  four eq u iv a len t 

co n d itio n s  in  1 .7 .2 . We a lso  c h a ra c te r iz e  th e  com posite a lg eb ras  in  

terms of the  o r ig in a l  a lg eb ras  in  1 .7 .6 .

In  Chapter 2 we S p e c ia liz e  to  t r i p l e s  in  th e  category  o f s e t s .  

This comes c lo se  to  being o rd in ary  u n iv e rsa l a lg e b ra , bu t we emphasize 

the " in f in i ta r y "  and "no rank" c ase s . We d iscu ss  "o p era tio n s"  in  the
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language of t r i p l e s  in  2 .2 . We prove by a d i r e c t  c o n s tru c tio n  in

2 ,3 .3  th a t  compact T2 spaces i s  a  category  o f a lg e b ra s . A c o ro lla ry  

i s  th a t  the  u su a l ca tego ry  o f compact a lg eb ras  induced by a category  

o f a lg eb ras  (o p e ra tio n s  a re  continuous) i s  i t s e l f  a ca teg o ry  o f a lg eb ras  

(2 .3 .4 ) .  In  p a r t i c u la r ,  compact to p o lo g ic a l dynamics i s  a lg e b ra ic ; th is  

i s  proved in  2 .3 .6  w ith  a  B irkhoff subcategory argum ent. For much 

re c e n t re sea rch  in  to p o lo g ic a l dynamics i t  has been assumed th a t  the  

phase space i s  compact T2; we can prove theorems o f [7 ] , [8] and [9] 

a lg e b ra ic ly  (see 2 .4 , 2 .5 ) ,  which might help  to  ex p la in  th i s .  The 

sea rch  fo r examples o f non t r i v i a l  minimal o r b i t  c lo su re s  should perhaps

be conducted in  w ider spheres th a t  to p o lo g ic a l dynamics. In 2 .6  we gen­

e r a l iz e  Lawvere's c h a ra c te r iz a t io n  o f a b e lia n  c a te g o r ie s  o f  a lg eb ras  

([20 ]) to  the  "no rank" case w ith  the  c o ro lla ry  th a t  any a d d itiv e  

a lg e b ra ic  category  i s  a b e lia n  ( 2 .6 .3 ) .

In  Chapter 2 we make c ru c ia l  use o f the  f a c t  t h a t ,  in  a model

fo r the  c a r te s ia n  power XU i s  th e  s e t  of fu n c tio n s  from n to  X. In

Chapter 3 we study a c la s s  o f c a te g o r ie s  o f " s e ts  w ith  s tru c tu re "  

c a l le d  l a t t i c e  f ib e r in g s  over I f  ^  i s  a l a t t i c e  f ib e r in g  over

s i t s  as a  subcategory  o f i n  such a way th a t  fo r  each 

£ -o b je c t  X and fo r  each s e t  n , th e  s e t  o f £ -morphisms from n to  X 

has a  can o n ica l £ - s t r u c tu r e  which i s  a model fo r  X11 in  £ .  Each 

t r i p l e  {|P  in  ^  and each l a t t i c e  f ib e r in g  £  over <? in d u ces , by 

a B irkhoff subcategory argument ( 3 .4 .5 ) ,  a  re g u la r  t r i p l e  f | p  in  £  
whose a lg eb ras  may be thought o f a s  s e ts  to g e th e r w ith  £ - s t r u c tu r e  

and < | p  -a lg e b ra  s t ru c tu re  "com patib le" in  the  sense th a t  'T P  -o p e ra tio n s  

a re  £ -morphisms. In  th i s  way, the  study  o f P P g e n e ra liz e s  to  P P .

£ = topological spaces is a lattice fibering over cP I f  PT'-alge-
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b ras  = groups th a t  1 T P -a lg e b ra s  = to p o lo g ic a l groups; im p lic i t  in  

th i s  i s  th e  c o n s tru c tio n  o f the  f r e e  to p o lo g ic a l group; over a topolog­

i c a l  space (3 .4 * 8 ). By a B irkhoff subcategory  argum ent, we prove (3 .4 .9 )  

th a t  [ to p o lo g ic a l l in e a r  spaces] i s  th e  ca teg o ry  o f a lg e b ra s  over a 

t r i p l e  in  to p o lo g ic a l spaces.
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the  F o rsc h u n g s in s titu t fu r  Mathematik of the  E idgenttssische Technische 
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CHAPTER 0 . CATEGORY THEORY

The language of t h i s  paper i s  th a t  o f "n a iv e  ca tego ry  th e o ry " , b u t

a l l  th a t  we do can be in te rp re te d  in  a ca teg o ry  of c a te g o r ie s  s a t i s f y ­

ing Law vere's axioms; fo r  th e  fo rm alities  involved  see  [21]; th i s  j u s t ­

i f i e s  our f e a r le s s  use of c e r ta in  " la rg e "  su b ca teg o rie s  of " th e "  c a te ­

gory o f c a te g o rie s  and fu n c to rs . We assume th e  read er i s  conversant 

w ith  elem entary category  theory  a t  th e  le v e l  o f ,  say , th e  f i r s t  f iv e  

c h ap te rs  o f [26], The main requirem ents h e re  a re  l i s t e d  in  0 .1  -  0 ,3 . 

0 .4  -  0 .8  d e a l w ith  elem entary to p ic s  th a t  a re  n o t ,  as  f a r  as we know, 

e a s i ly  found in  th e  l i t e r a t u r e .  More sp e c ia liz e d  to p ic s  a re  reviewed 

a t  v a rio u s  p o in ts  throughout th e  paper,

§0.1 P re lim in a r ie s .

I f  f , g  a re  morphisms in  a c a teg o ry , we compose f i r s t  on th e  l e f t  
f  8

so th a t  fg  = ---------)  *. O ther n o ta tio n s  in  l i e u  o f fg  a re  f .g

and f o g .  I f  f  i s  a fu n c tio n  and i f  x i s  an elem ent o f th e  domain o f

f ,  x evalua ted  under f  i s  denoted "x f"  o r "< x ,f> " . We go as f a r  as

to  w r ite  " (X ,Y )X  " fo r  th e  c la s s  o f X  -morphisms from X to  Y and

"(H,H’) n . t . "  fo r  the  c la s s  of n a tu ra l  tran sfo rm a tio n s  from fi to  11',

b u t i t  would seem too s t i l t e d  to  w r ite  A^ l e t  a lone  1aV_  ̂ , fo r

W  A and we v io la te  our conventions on such acco u n ts . We sometimes 
x i

use  fo r  " i s  d efined  to  mean" and "* " fo r  " i s  denoted to  b e " ,df dn '
d ev ices we learned  from G o ttsch a lk , [3.4]. The symbol [] i s  used fo r  

"end of p ro o f" . A fu n c tio n  i s  b i j e c t iv e  i t  i s  1 - to - l  and o n to .

We w rite  " >—̂ —» " to  a s s e r t  th a t  th e  morphism f  i s  mono; M — — » "
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fo r  e p i;  ("mono" and "ep i"  a re  defined  in  0 .4 .1 ) .  Let K be a  ca teg o ry . 

E ith e r  obj K  or | K  I =dn th e  c la s s  of K - o b je c ts .  For every X in  

obj X  l x =dn the  id e n t i ty  morphism of X; we a lso  w r ite  "X — -—>X".

op =dn th e  dual category  o f K . £* =dn th e  category  of s e ts  and 

fu n c tio n s . X  i s  le g it im a te  =df  fo r  every X, Y in  obj X  , (X,Y) }( 
i s  a s e t ;  in  th i s  case  X  induces a  se t-v a lu e d  fu n c to r K x X  —

^  D ^  . X  th e  ca tegory  whose o b je c ts  a re  K -morphisms

and such th a t  a H. "^-morphism from X — -—>Y to  X ' ------»Y' i s  a

p a i r  o f K -morphisms (X — - — »X ', Y — ^— jY ') w ith  a f '  = fb . K. i s  

3m all *=dj  obj X"* i s  a s e t .  A c la s s  o f X -morphisms has a rep ­

r e s e n ta t iv e  s e t  =d£ th e re  e x is t s  a s e t  R  of K  -morphisms such th a t  

fo r  every f  in  ^  th e re  e x is t s  r  in  R such th a t  f  i s  isom orphic to  

r  in  X

I f  D i s  a  X  -valued  fu n c to r , th e  in v e rse  l im i t  o f D (determ ined 

only w ith in  isomorphism i f  one e x is t s  a t  a l l )  =dn ljLm D, o r more p re­

c is e ly  l£m D » D. We e s ta b l is h  n o ta tio n  fo r  some s p e c ia l  ljm ’s

The i*k  p ro je c tio n  o f a p roduct =dn X ^ ^—» X^. The e q u a liz e r

o f a p a i r  ( f ,g )  of X -m orphism s =dn e q ( f ,g ) .  The (dual o f the) 

s tan d a rd  co n s tru c tio n  of ljLm's from products and e q u a liz e rs  i s  recorded 

in  0 .6 .2 .  The lim  of a fam ily o f form (X^— —>X : i  e I )  i t s  

c o l le c t iv e  p u llb ack , =dn p u llback  ( f  j ) ;  we re se rv e  th e  term  "pu llback" 

fo r  th e  case  crd  1 = 2 . I f  X — -— »Y i s  a K -morphism, th e  k e rn e l 

p a i r  o f f ,  «dn ker p a ir  f ,  th e  p u llback  of f w ith  i t s e l f .  Note

th a t  te rm in a l o b je c t = empty product = empty lim . D ually we have

in i  i iD >lim D, X^------------- » I 1 X^, coeq ( f , g ) ,  c o l le c t iv e  pushout, cok

p a i r  f  and i n i t i a l  o b je c t = empty lim . In  , p roducts a re  as u s u a l,
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e q (f ,g )  » subse t on which f  and g ag ree , pu llback  ( f ^  = [(x^) : fo r  

a l l  i ,  j  = X jfjl*  te rm ina l o b je c t « 1 -p o in t s e t ,  coproducts =

d is jo in t  un ions, co eq (f,g ) i s  obtained  by d iv id in g  out by th e  eq u iv al­

ence r e la t io n  generated by [(x f ,x g ) : x e domain f  = domain g ] ,  pushout 

(f^ ) i s  defined  s im ila r ly  as a q u o tien t of _[J_ range f d and th e  empty 

s e t  i s  the  i n i t i a l  o b je c t . In  th e  category of c a te g o r ie s , ljm ’s a re  

e s s e n t ia l ly  the  same as in  the category  of s e t s ,  bu t l^m 's  a re  very 

com plicated to  d e sc rib e . I f  A i s  a ca teg o ry , has l j jn 's  o f type A 

=df every fu n c to r A — - — has a ljm ; sp e c ia l cases a re  " K  has 

e q u a liz e rs " , e t c . .  W, has l^m 's =d£ has ljm ’s of type A whenever 

A i s  a sm all catego ry . Make s im ila r  d e f in i t io n s  fo r  l im 's .

Let H ----- ^—* c t  be a fu n c to r . H i s  f a i th f u l  fo r  every p a ir

( f ,g )  : X -*• X' in  }{_ , fH = gH im plies f  = g. I f  H i s  f a i th f u l  and

i f  f  i s  a X -m orphism  then fH mono im plies f  mono and fH ep i im plies

f  e p i .  I f  cJL — ^----- >*^1 w ith  HH’ f a i th f u l  then  H i s  f a i t h f u l .  H i s

f u l l  fo r  every X-m orphism  of form XH — -— >X'H th e re  e x is ts  a 

-morphism X— — >X* such th a t  f()H = f .  H i s  an isomorphism of 

ca te g o rie s  i f f  H i s  f u l l ,  f a i th f u l  and b i je c t iv e  on o b je c ts . We con­

clude th is  se c tio n  w ith  Godement's "cinq r& gles" found in  [12] very 

heavy use of which w i l l  be im p lic i t ly  made throughout th is  paper.

Suppose th a t W, X, Y, Z a re  fu n c to rs  and th a t  a i s  a  n a tu ra l  transform

Wam ation from X to  Y. N atural tran sfo rm atio n s  WX --------- »WY and XZ —
aZ

-----------»YZ a re  induced by d e fin in g  K(Wa) = (KW)a and K(aZ) * (Ka)Z

fo r  every o b je c t K. The f iv e  ru le s  concerning th ese  o p e ra tio n s  a re  

(WX)a -  W(Xa) : WXY -»• WXZ; a(YZ) = (aY)Z : WYZ -> XYZ; WaZ =df (Wa)Z 

=W(aZ) i WXZ -*> WYZ; V(a.b)Z -  VaZ.VbZ : VWZ ->• VYZ; ab * aY.Xb =
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Wb.aZ : WY -*■ XZ.

§0.2 The Yoneda Lemma.

Let K   — be a se t-v a lu e d  fu n c to r , and l e t  X be a K  -  '

o b je c t such th a t  (X ,-)}^  i s  s e t-v a lu e d . Thai th e  passages

( (X ,- ) j<  ,H )n .t .   >XH, XH ---------------- -— , H) n. t .

a I * <l^,Xa> x )■ > (X ,- )} f ----------   >H

( X , Y ) X ---- —  >YH

f  |---------- » <x,fH>

are  m utually  in v e rse . In  p a r t i c u la r ,  ( (X ,- ) /(  ,H )n .t .  i s  a s e t .  For 

a proof see [10, pp. 112-114], o r  [26, pp. 97 -99], A se t-v a lu e d  fu n c to r 

i s  re p re se n ta b le  =^  th e re  e x is t s  a K - o b je c t  X such th a t  (X ,-) /{  i s  

se t-v a lu ed  and n a tu ra l ly  eq u iv a len t to  H; in  th i s  case  X i s  th e  re p re ­

sen tin g  o b je c t of H.

§0.3 A djo in t fu n c to rs .

Let X_>------— be a (no t n e c e s s a r i ly  f u l l )  sdcategory  o f )*C,

and l e t  X be a K * -o b jec t. A r e f le c t io n  o f X in  <X =* a ^ -m orph ism  

„ Xn X ^ such th a t  X ^ e obj Ji and such th a t  whenever X — -—> L 

e K  w ith  L e obj cL then th e re  e x is t s  unique X^—-— > L e L such

th a t  Xnf = f .  I f  every /{ .-o b je c t  has a r e f le c t io n  in  X  then  $■ i s

a r e f le c t iv e  subcategorv of JK. and th e re  i s  a r e f le c to r  fu n c to r

  —> cX defined  so as to  make 1 ------   *Ri n a tu r a l ,  R i s

determ ined w ith in  n a tu ra l  equ ivalence. X  i s  f u l l  i f f  R may be chosen

w ith  iR ■ 1 . The d e f in i t io n  of r e f le c to r s  re q u ire s  a s u i ta b le

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



axiom of cho ice . I f  JL  i s  a f u l l  r e f le c t iv e  subcategory  and i f

A — - —> JL w ith  D i--------» l^m Di in  /{ then  D ----------» (l^m Di)R *

lim  D in  X . D ually , d e fin e  c o r e f le c t io n , c o re f le c t iv e  subca tego ry . 

c o r e f le c to r : f u l l  c o re f le c t iv e  su b ca teg o rie s  in h e r i t  lj.m 's .

A l e f t  a d jo in tn e ss  c o n s is ts  o f fu n c to rs  H  <fl —  ----

and n a tu ra l  tran sfo rm a tio n s  UF— -— >-1^ , 1 ^ -----5— »FU (c a lle d  ad-
nF Feju n c tio n s) su b je c t to  th e  a d jo in tn e ss  axioms F --------- > FUF---------- »F

= i  u —V?1 > UFU — U = l j j .  We denote th i s  by "F ”—| U", read  

"F i s  l e f t  a d jo in t to  U” and l e t  e , n be understood , U has a  l e f t  

a d jo in t  th e re  e x is t s  F ■?—*| U. I f  j'C i s  le g it im a te , U has a l e f t  

a d jo in t  i f f  fo r  every K -o b je c t  X th e  fu n c to r (X, (-)U )}{ i s  re p re ­

s e n ta b le . I f  both K and </) a re  le g it im a te  then a l e f t  a d jo in tn e ss

may be expressed in  term s of a  n a tu ra l  equ ivalence ( ( - ) F , - ) t / ^ ----- - — >

( - ,( - )U ) /{  where < f, (X,A)a> = Xn.fU, <gs (X,A)a” 1> = gF.Ae and 

conversely  Xn * <:̂ Xp» (X,XF)o>, Ae = <^11*

1 s t F __ | U. U p re se rv e s  monos and l j jn 's  ( fo r  th e  d e f in i t io n  of

"p rese rv e"  see  0 .8 ) .  U i s  f a i t h f u l  i f f  e i s  po in tw ise  cR - e p i ,  and 

U i s  f u l l  and f a i t h f u l  i f f  e i s  a n a tu ra l  equ iv alen ce . I f  F — | U then 

F and F a re  n a tu ra l ly  e q u iv a le n t. The subcategory  generated  by th e  

image of U i s  a r e f le c t iv e  subcategory  of K »  X — —— >XFU being  th e  

r e f le c t io n .  C onversely, a subcategory  i s  r e f le c t iv e  i f f  i t s  in c lu s io n  

fu n c to r has a l e f t  a d jo in t .  N otice  th a t  a  subcategory  in c lu s io n  i  i s  

a  f u l l  r e f le c t iv e  subcategory  i f f  th e re  e x is t s  R —- | i  w ith  iR — 1 

a n a tu ra l  eq u iv alen ce .

I f  X — | Y and X' =_| Y' then X’X — | YY’ ; the  ad ju n c tio n s
I X ' n Y '  Yp ’ Y

■>='*v ' Vtvw* w iy tv  6  A e
a re  1---- - > X'Y’ --------- !------ »X'XYY’ and YY'X’X ------------, YX______ >1.
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Consider a not n e c e s sa r ily  commutative diagram of fu n c to rs

w ith  F — j U. Then r ,  r" 1 and f ,  f ” 1 a re  re s p e c tiv e ly  m utually  in v e rse  

p a i r s ,  defined  by

(X F,Y )n.t.

XF

r - - i
-► (X ,Y U )n .t., (X .YU)n.t. ->(XF,Y)n.t.

X i^ X F U  ^ Y U * YU tLF Ye XF ——*YUF----- *Y

(UX,Y)n.t. -> (X ,F Y )n .t.,
-  5  -  -  t\X  - F3 -UX » Y h# X -UFUX —> FY

-*(UX,Y)n.t.(X .FY )n.t. -------
- i L  - U* - eY -
X ——̂  FY i-> UX UFY---->Y

This form of the  theorem appears in  [22, p . 321].

F in a lly , we s t a t e  th e  a d jo in t fu n c to r theorem f i r s t  proved by 
U

-»K  be a  fu n c to r , U s a t i s f i e s  th e  s o lu tio n  s e tFreyd, Let fi
co n d itio n  i f  fo r  every K e obj K th e  c la s s  [ f  e K  ' X — £-*AU.for 

some A in  obj <Pl ] has a  re p re se n ta tiv e  s e t .  (Such a re p re se n ta tiv e  

s e t  i s  c a lle d  a so lu tio n  s e t  fo r  K). Let <Pl , K be le g it im a te  and 

assume J) has lj-m 's. The a d jo in t fu n c to r theorem say s: th e re  e x is t s

F — I U i f f  U p reserv es  l im 's  and s a t i s f i e s  th e  so lu tio n  s e t  c o n d itio n .

For th e  r e s t  of Chapter 0 f ix  a category  Y\ .
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§0.4 Epimorphisms.

0 .4 .1  D e f in itio n . Let A — -—? B be a  K  -morphism, f  i s  a s p l i t  

epimorphism i f  th e re  e x is ts  B — -—» A £ K w ith  f f  * 1B. f  i s  a

co eq u a lize r i f  th e re  e x is t  g ,h  in  w ith  f  <= co eq (g ,h ). Define

re g (f )  *= [A — > Y e K  : f ° r  every (a ,b ) : X + A, a f  = bf im p lies  

ag = b g ]. f  i s  a re g u la r  epimorphism i f  fo r  every g in  re g (f )  th e re  

e x is t s  a  unique g in  % w ith  fg  = g . f  i s  an epimorphism i f  fo r  every

(a ,b )  i B -*■ X in  Y\ , f a  = fb  im plies a = b . D ually , we have s p l i t

monomorphism, e q u a liz e r . re g u la r  monomorphism, monomorphism.

0 .4 .2  P ro p o sitio n . Let f  : A -*• B e Y\ . Then f s p l i t  e p i im p lies

f  co eq u a lize r im plies f  re g u la r  e p i im plies f  e p i .

P ro o f. I f  f f  = lg ,  f  = co eq (lA> f f ) . I f  th e re  e x is ts  ( a t b) 

whose co eq u a lizer i s  f  then  fo r every g in  re g (f)  we have ag = bg so 

th a t  the  co eq u a lizer p ro p erty  induces unique g w ith  fg  = g . F in a l ly ,  

suppose f i s  re g u la r  ep i and th a t fa  = fb . D efining g =d£ f a ,  g e re g ( f )

so th e re  e x is t s  unique g w ith  fg ■ g, and a  = g = b .  []

0 .4 .3  P ro p o sitio n . Let f : A B e K  . I f  ker p a ir  ( f ) e x is t s  then

f  co eq u a lizer i f f  f  re g u la r  e p i .

P roof. I f  (a ,b )  * ker p a ir  ( f )  a n d ,i f  f  re g u la r  e p i ,  i t  i s  not

hard to  show th a t f  = c o e q (a ,b ) . []

0 .4 .4  P ro p o sitio n . Let A —-—» B —§—f C e K  • f  {split} e p i and

g { s p li t}  e p i im plies fg { sp li t}  e p i. fg { sp li t}  ep i im plies g
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s p l i t  e p i. []

0 .4 .5  P ro p o sitio n . Let f  : A -»• B e J-f. f  iso  i f f  f  re g u la r  ep i 

and mono.

P ro o f. [Iso] im plies [ s p l i t  ep i and mono] im p lies  [re g u la r  ep i 

and mono]. C onversely, i f  f  i s  re g u la r  e p i and mono, 1A i s  in  re g (f )  

and so induces f  w ith  f f  = 1A. As f f f  = f  and f  i s  e p i ,  f f  = l ff []

0 .4 .6  D e fin itio n . Let f  : A -*■ B e K  • A re g u la r  coimage f a c to r i ­

z a tio n  of f  i s  a f a c to r iz a t io n  f  = A — E—»Q )— - — »B w ith  p re g u la r  

e p i and i  mono, K  has re g u la r  coimage fa c to r iz a t io n s  i f  eveiy: )^ -  

morphism adm its a re g u la r  coimage f a c to r iz a t io n .  The du a l n o tio n  i s  

re g u la r  image f a c to r iz a t io n .

0 .4 .7  P ro p o sitio n . Regular coimage f a c to r iz a t io n s  a re  unique w ith in  

isomorphism.

P roo f. Suppose p ,p ' a re  re g u la r  ep is  and i , i '  a re  monos w ith  p i 

= p * i ' .  p ' i s  in  reg (p ) as i '  i s  mono, so h i s  un iquely  induced w ith  

ph = p ’ « h i '  = i  because p i s  e p i .  h"*1 i s  induced s im i la r ly .  []

0 .4 .8  P ro p o s itio n . Assume K  has re g u la r  coimage f a c to r iz a t io n s .

f  s \yLet A > B  * C e n .. Then f  ,g  re g u la r  e p i im p lies  fg  re g u la r

e p i .  fg  re g u la r  e p i im plies g re g u la r  e p i .  The h y p o th esis  on i s

necessary  in  both  c ase s .

P ro o f. Suppose fg i s  re g u la r  e p i .  F ac to ring  f i r s t  g , then  fp ,

we have from 0 .4 .7  th a t  j i  i s  an isomorphism:
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Hence i  i s  mono and s p l i t  ep i and th e re fo re  an isomorphism, which proves 

g i s  re g u la r  e p i .  No?suppose f ,g  a re  re g u la r  e p i ,  and f a c to r  fg :

A -------   » B  8-------- ?C

As i  i s  mono, p i s  in  r e g ( f )  inducing p such th a t  fp  = p . As j u s t  

proved above, i  i s  re g u la r  e p i;  as i  i s  a lso  mono, i  i s  is o  and fg  i s  

re g u la r  e p i .  The fo u r o b je c t category

a . f a
D   ' f A---------   > B---------2 *C

D

w ith  a i  b , a f  = b f i s  such th a t  fg  = coeq(a,b ) bu t g i s  n o t re g u la r  

e p i .  Using s im ila r  c o n s tru c tio n s  one can show th a t  th e  com position of 

a s p i t  ep i and a co eq u a lize r ( in  e i th e r  o rder) need n o t be re g u la r  

e p i .  []

§0.5 R egular c a te g o r ie s .

0 .5 .1  D e f in it io n . The category  i s  re g u la r  i f  i t  s a t i s f i e s  th e  

fo llow ing  fo u r axioms.

REG 1. K . has re g u la r  coimage f a c to r iz a t io n s .

REG 2 . has lim ’s .

REG 3 . i s  le g it im a te .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10

REG 4. For every X in  obj J-'l the c la s s  of re g u la r  epimorphisms 

w ith  domain X has a  re p re se n ta tiv e  s e t .

0 .5 .2  P ro p o sitio n . Let ]̂C be re g u la r . Then has c o eq u a liz e rs .

P roof. The proof w i l l  no t re q u ire  REG 3. Let ( f ,g )  : X ->Y e 

Hv, and l e t  (R be a re p re se n ta tiv e  s e t  o f re g u la r  epimorphisms w ith  

domain Y. D efine a category  2  w ith  o b je c ts  [Y — 5—» A e (f{ : fa

= g a ] , and such th a t  a morphism from a to  b i s  a R-morphism u w ith  au 

= b . With th e  ev id en t com position, £ i s  a sm all category  and

 - -------------------

A A

u u

i s  a fu n c to r . C onstruct lim  E = L A. As Y .A i s  n a tu ra l

th e re  e x is ts  unique Y— -—»L w ith  t£ a « a  fo r  every a e obj £  * We

c o n s tru c t the  re g u la r  coimage fa c to r iz a t io n  t  = Y L, and

show q * c o e q ( f ,g ) . For each a ,  fq j? a = f t ? a « fa  = ga * g q j?a . 

T herefore fq j = gqj and then  fq = gq as j  i s  mono. Now suppose

fz  « gz. There e x is t s  a re g u la r  coimage f a c to r iz a t io n  z = ak w ith  a

in  obj i . q(j?_k) = t£  k *= ak = z . Since q i s  e p i ,  jS .k  i s  unique
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w ith th is  p ro p e rty . []

§0.6 R eflex ive p a i r s .

0 .6 .1  D e fin itio n . Let ( f ,g )  : A -*■ B be a p a ir  of -morphisms.

( f ,g )  i s  re f le x iv e  i f  th e re  e x is ts  B— - — »A K w ith  df “ 1 « dg.

(The o r ig in  of th e  term inology l i e s  in  th e  f a c t  th a t  when K -
<£.g)( f  ,g) i s  re f le x iv e  i f f  th e  image of th e  induced map A 

con tains th e  d iagonal o f B.)

0 .6 .2  P ro p o sitio n . I f  K has coproducts and i f  every re f le x iv e  p a ir  

of K  -morphisms has a c o eq u a lize r , then  K  has a l l  l im 's .

P ro o f. We r e c a l l  th e  c la s s ic a l  c o n s tru c tio n  of l im 's  from coprod­

u c ts  and c o eq u a liz e rs . Let A -5 ---- » Y\_ , I f  i-£ * j e A w rite  —

Dg > in s te ad  of iD — > jD (we o fte n  do th is  fo r  diagrams 

D) and d e fin e  maps 4>,i|>,q by

in i i j

J l Di
i+jeA

in

B.

in .

->D.

m .

D.
I

j e |A |

coeq(<f>,tiO

Then D.
in .

Je
_5 >coeq(ij>^) = lim  D. We only observe

th a t ($ ,¥ ) i s  a  re f le x iv e  p a i r .  Define d by *nj*d  =
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t r i v i a l  to  check th a t  dcfi = 1 = di|>.

§0.7 C o n tra c tib le  p a i r s .

0 .7 .1  D e f in itio n , Let ( f ,g )  : A ■* B, x : B ■* C be ){-morphism s.

( f ,g )  i s  c o n tra c t ib le  i f  th e re  e x is t s  d : B + A such th a t  d f = lg
( Jc x)

and fdg = gdg. ( f  ,g ,x )  i s  a c o n tra c t ib le  co eq u a lize r i f  g    x

i s  a s p l i t  epimorphism in  K  "*» th a t  i s  i f  th e re  e x is t s  C ----- -—* B,

B *** > A such th a t

U ---------------------------------* f J. -----------------------

X g

J  & X *

commutes. The theory  o f t h i s  s e c tio n  i s  due to  Jon Beck, see  [3 ] ,

0 .7 .2  P ro p o s itio n . Let ( f  ,g ) : A -► B, x : B -*■ C b e / ^  -morphism s.

The follow ing s ta tem en ts  a re  e q u iv a le n t.

a . ( f ,g ,x )  i s  a  c o n tra c t ib le  c o eq u a liz e r .

b . ( f ,g )  i s  c o n tra c t ib le  and x «* c o eq (f,g )

P ro o f. a im plies b . By hypo thesis  fx  * gx and th e re  e x is t s  (d o ,d 1) 

w ith  d xg ® xdQ, d j f  «* 1. As fd jg  * fx d Q = gxdQ = fd xg , ( f ,g )  i s  con­

t r a c t i b l e ,  Now suppose y : B -*• Y w ith  fy «* gy. y =,jf d Qy . Then
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xy = x^Qy “  digy = d ^ y  = y . y I s  unique w ith  th is  p ro p erty  as x i s  e p i.
d,

b im p lies  a . By h y p o thesis  th e re  e x is t s  B ----- 1— >A w ith  d j f  * 1

and fd^g « gd jg , and x * c o e q ( f ,g ) .  We have a t  once th a t  th e re  e x is t s

C  ^2 »B w ith  x^Q * d jg . As x i s  e p i and xdQx * djgx = d jfx  * x ,

d0x -  1 . []

0 .7 .3  C o ro lla ry . Every fu n c to r p reserv es  c o eq u a liz e rs  of c o n tra c t ib le  

p a i r s .  []

0 .7 .4  P ro p o s itio n . I f  K. has e q u a liz e rs  then  every c o n tra c t ib le  p a ir

of b( -morphisms has a c o eq u a liz e r .
di fP ro o f. Let B -----±—> A ■ -> B w ith  d j f  = 1, fd jg  = gd jg . Set

§
c  2_^B  *a f e q ( l fi, d ig ) .  As d jg .d jg  = d j f .d jg  = d Lg th e re  e x is t s

unique B — x C w ith  xdQ = d jg . As d 0 i s  mono and fx d Q = f d xg = 

gdjg * gxd0, fx  = gx. As d Q i s  mono and d Qxd0 « d ^ g  = d Qf xdQ = 1.

I t  fo llow s from 0 .7 .2  th a t  x = c o e q ( f ,g ) .  []

0 .7 .5  P ro p o sitio n . I f  K . has k e rn e l p a ir s  then  every s p l i t  ep i in  

K  i s  a c o n tra c t ib le  c o eq u a liz e r .

P ro o f. Let Y — X —-— »Y = 1. (a ,b )  : K X ker p a i r  ( f ) .

As fd 0f  = f ,  th e re  e x is ts  d^:

X

f
X

aY
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§0,8 C reation  of c o n s tru c tio n s .

Let be a  fu n c to r and l e t  IF be a c la s s  of <ft —valued

fu n c to rs , U {weakly} p reserv es  l^m 's of elem ents of °F D e ^  and 

D —£-> A * lim  D {and lim  DU e x is ts}  im plies kU = lim  DU. U d e te c ts  

l im 's  o f elem ents of 7  =££ D e T  and lim  DU e x is t s  im plies lim  D 

e x i s t s ,  U r e f l e c t s  lim ’s of elem ents of ^  D e F̂ and D >A 

n a tu ra l  w ith  A e obj J) (we id e n tify  A w ith  th e  a p p ro p ria te  constan t 

fu n c to r) such th a t  <U = lim  DU im plies k = lim  D, U c o n s tru c ts  l im 's  

of elem ents of D e T  and DU — X = lim  DU im plies th e re

e x is t s  D — A w ith  icU « k and i< = lim  D. U c re a te s  lim ’s of elem ents 

o f ^  D e ^  and DU — X = lim  DU im plies th e re  e x is t s  unique

D K-» A e eft w ith domain D such th a t  icU = k; moreover ic = lim  D,

Observe th a t  " c re a te s"  im plies a l l  of th e  o th e rs , U c re a te s  isomorphisms 

A e obj <A and AU- * ■■■?X a K -isom orphism  im plies  th e re  e x is ts  

unique A— e <R w ith  domain A such th a t  icU = kj moreover k i s  an 

isomorphism. (Observe th a t  U c re a te s  isomorphisms i f f  U c re a te s  l im 's  

of elem ents o f A  , where E i s  the  one-morphism c a te g o ry ) . An 

o b servation  of L inton i s :  U c re a te s  l^m 's of elem ents of ^  i f f  U

weakly p re se rv e s , d e te c ts  and r e f l e c t s  lim 's  of elem ents of J  and U 

c re a te s  isomorphisms. An im portant d e f in i t io n  fo r  Chapter 1 i s  "U 

c re a te s  coeq u a lizers  of U -c o n tra c tib le  p a irs "  which a r is e s  from "5* 

a l l  U -co n tra c tib le  p a i r s ,  th a t  i s  a l l  fu n c to rs  from • *  • to  A U 

of which a re  c o n tra c t ib le .  We l e t  th e  read er form ulate "U r e f l e c t s  

e p is " ,  "U c re a te s  re g u la r  coimage fa c to r iz a t io n s ,"  e t c . .
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CHAPTER 1 . TRIPLES IN A CATEGORY

§1.1 Algebras over a t r i p l e  ( c f .  f31. T61. [251)

1 .1 .1  D e fin itio n s . Let V\. be a ca tego ry . r | | ' = (T ,n ,y ) i s  a t r i p l e

in  K  w ith  u n i t  rt and m u ltip l ic a tio n  y i f  K    >K i s  a fu n c to r

and i f  1 — 5—> T, TT— -— »T a re  n a tu ra l  tran sfo rm atio n s  su b je c t to  

th e  th re e  axioms:

[-u n itary  axioms.
Tn nT

T ------------------ > TT *--------------------T

' U  I y 

T̂

(\ | ' - a s s o c ia t iv i ty  axiom. TTT PT

Ty

->TT 

y

TT ->T

Let T P  “ (T»h»v) be a t r i p l e  in  K  . A T P " al8 ebra —df  a Pa i*  (Xf 5) 

w ith  X c obj K  > XT——»X e X  su b jec t to  th e  two axioms:

5TXp XT

^-u n ita ry  axiom. 5 -a s s o c ia t iv i ty  axiom.

X i s  the  underly ing  K -o b je c t  o f (X,5) and 5 i s  th e  s t r u c tu r e  map of 

(X ,£). I f  (X,5) and (Y,0) a re  *||* - a lg e b ra s ,  a P  P -homomorphism.
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(X ,£ )  — K Y ,6 ), from (X,£) to  (Y,0) i s  a K -morphism X— -— >Y

su b jec t to  the

P  P-homomorphism axiom. XT
f T

-» YT

->Y

K
TT IT

dn th e  re s u l t in g  category  of f |P - a lg e b r a s . U th e  f a i t h f u l

underly ing  K - o b je c t  fu n c to r

A fu n c to r i s  t r ip le a b le  i f  th e re  e x is t s  a t r i p l e
$ TT

p  p  in  K  and an isomorphism of c a te g o r ie s  ---------> K  such th a t

IT$U -  U.

l.~1^2 H e tir is tic s  in  A. . In  th e  course  o f th i s  paper i t  w i l l  become 

c le a r  th a t  c a te g o r ie s  o f a lg eb ras  th a t  e x is t  in  n a tu re  a re  t r i p l e a b l e .  

R ight now, we show th a t ,  co n v erse ly , th e  catego ry  o f a lg eb ra s  over a 

t r i p l e  has c e r ta in  p ro p e r tie s  expected o f a " r e a l"  catego ry  o f a lg e b ra s . 

Fix a  t r i p l e  P ”P  ■ (T ,n ,y ) in  a catego ry  . There a re  f r e e   ̂| p -
firTT : 1/ * i / Ia lg e b ra s . U has a .c a n o n ic a l l e f t  a d jo in t  A  » d e fin ed  by

f  TT fT TT(X — t— »Y)F = (XT,Xy)— ——> (YT,Yy) . That F i s  w e ll-d e fin e d  fo llow s

from th e  diagram s:

XT- XTh XTT 

Xy
V 

XT

XTTT XyT

XTy

XTT 

Xy

fTT
X T T  Z jYTT

XTT
Xy v

Xy

XT.
fT

Yy

->YT

,  v V
,1^, where (X ,?)eT  -  (XT. XiO— > (X ,0  . Thinking o f

and we prove below th a t  F

&
w ith  ad ju n c tio n s  1^ ——
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X .———» XT as " in c lu s io n  of th e  g e n e ra to rs" , th e  axioms d e fin in g  a

H T -a lg e b ra  say th a t  a s t ru c tu re  map i s  a homomorphic ex ten sio n  of
TT

th e  id e n t i ty  map on g e n e ra to rs . Hence H parod ies c la s s ic a l  u n iv er­

s a l  a lg eb ra  in  th e  sense  th a t  a lg eb ras  a re  can o n ica lly  q u o tie n ts  of 

f r e e s .  This model i s  e n t i r e ly  s a t i s f a c to r y  once we p o in t ou t th a t  f r e e  

a lg eb ras  a re  l i t e r a l l y  f re e  in  th e  u su a l sen se . Suppose (Y,0) i s  a 

*"fP -a lg e b ra  and suppose X —-—* Y t ){ .  The diagram

fT 6XT —-------» YT ---------------- > Y

shows th a t  th e re  e x is t s  (XT,Xy) — -—> (Y,8) e w ith  Xp.f = f ,

namely f  fT .0 . Moreover, f  i s  unique w ith  t h i s  p ro p e rty ; i f

(XT,Xy)  > (Y,0) e w ith  Xn.h = f  then  th e  diagram

shows th a t  h = XpT.hT.e « (Xn,h)T,0 = f T . 0 f . ,  (This argument i s  most 

o f th e  promised proof th a t   j iF ; th e  read er may com plete th e  v e r i ­

f i c a t io n . )

A reasonab le  d e f in i t io n  o f "subalgebra" i s  "monomorphism in  

This i s  eq u iv a len t to  th e  d e f in i t io n  we w i l l  in tro d u ce  in  1 ,2 .2  below. 

We observe now th a t  th e  g en era to rs  "gen era te"  (XT,Xy), i . e .  whenever 

(A ,£) >—-—> (XT,Xu) i s  a subalgebra  and A "co n ta in s"  th e  g en era to rs  

in  th e  sense th a t  th e re  e x is t s  X — - —>A e K w ith  Xq * a . i ,  the i i  i s
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an isomorphism. To prove i t ,

X

a i s  induced in  H w ith  Xh.a = a . 1 , a . i  a re  7~P -homomorphisms
XJ.

agreeing  on g e n e ra to rs , and hence a re  eq u a l. Applying 0 .4 .5 ,  i  i s

mono and s p l i t  e p i, and th e re fo re  is o .

1 .1 .3  The t r i p l e  induced by a p a ir  of a d jo in t  fu n c to rs . As was f i r s t  

po in ted  out in  [16], i f  Si i!—» X  —I—»J-l w ith  F — | U v ia  adjunc­

tio n s  1^ . - —» FU, UF— -—> Ijrj , then (FU,n»FeU) i s  a t r i p l e  in  H .

The proof i s  easy:

FeUFU
^ FUFU FUFUFU

FUFeU

FUFU

I t  i s  eq u ally  easy to  check th a t  i f  T P  i s  a  t r i p l e  in  K  » then  th e
*irt r i p l e  induced by F — | U i s  j u s t  7 P  i t s e l f ;  a l l  t r i p l e s  a r i s e  

in  th is  way. A more com plete study of th i s  c o n s tru c tio n  w i l l  appear 

in  1 .4 .

1 .1 .4  Example: c lo su re  o p e ra to rs . Let th e  category  K  be a q u asi­

ordered c la s s ,  th a t  i s  i f  X,Y e obj X  th e re  i s  a t  most one morphism 

from X to  Y ( in  which case we w rite  "X <_ Y "). A ll diagrams in  X  a re  

commutative, and hence a  t r i p l e  in  K  i s  an o b jec t fu n c tio n
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T \

K ------------ >K such th a t  X < Y im plies  XT <_ YT (T i s  a fu n c to r ) ,

X ^  XT (Xn) and XTT = XT (XTn and Xy); sa id  d i f f e r e n t ly ,  a t r i p l e  

in  K. i s  j u s t  a c lo su re  o p e ra to r T, For such a t r i p l e  T, th e  a lg eb ras  

a re  p re c is e ly  the  T-closed elem ents, as i s  easy to  show,

1 .1 .5  Example: f u l l  r e f le c t iv e  su b ca te g o rie s . Let ){  be a  ca teg o ry .

There i s  a t  l e a s t  one t r i p l e  in  K  » namely the  id e n t i ty  t r i p l e  p  P

TT■ ( 1 ,1 ,1 ) ,  w ith  U = l j ^ .  Less t r i v i a l l y  and more g e n e ra lly  l e t

>------2— » be a f u l l  r e f le c t iv e  subcategory  w ith  r e f l e c to r  F such

th a t  DF = 1 ^  ,  The ad ju n c tio n s  a re  1 — -—^FU and UF ■—- — >1, Xn being 

th e  r e f le c t io n  X -*■ X^ , The induced t r i p l e ,  ("]~P , i s  (FU, 1 —^->FU,

F P -——>FP). (X,5) i s  a *"]~p-algebra i f f  Xn.£ * l y J in  th a t  c a se ,A
Xn.C.Xn = Xn so th a t  £.Xn = 1V1?TT by th e  uniqueness o f re f le c tio n - in d u c e d

XrU
*irmaps. Hence )\ i s  the  f u l l  subcategory  generated  by a l l  o b je c ts

isom orphic in  K  to  some o b je c t in  & , In  p a r t i c u la r ,  i f  obj K. i s

a  union of K  -isomorphism c la s s e s ,  U i s  t r ip le a b le .

1 .1 .6  Example: t r i p le s  v s . monoid o b je c ts .  ( )•{ ,A ,*) i s  a category  

w ith  m u lt ip l ic a t io n  i f  H. i s  a c a teg o ry , A i s  a  K  -o b je c t  and

K  -  K ----------> K  i s  a fu n c to r s a t i s fy in g  th e  axioms: * x 1 . *

s  1 x * . * (* i s  a s so c ia tiv e )  and A * -  = 1 = -  * A ( i s  a  * - u n i t ) .
G

I f  ( K »A» *) i s  a category  w ith  m u lt ip l ic a t io n ,  (G,e,m) i s  a ( K  »A»*)z.
monoid i f  G i s  a X - ° b j e c t » A —- —> G, G * G --- —■> G a re  K -mor**

phisms s a t is fy in g  th e  axioms: m * l . m = ! l * m . m ,  1 * e . ra =

1 * e * 1 , m. (Note: i f  Cat i s  the  category  o f c a te g o r ie s ,  i f  1  i s
G

th e  one-morphism category  (so  th a t  fo r  any category  K  , obj K  =
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fu n c to rs  1 ■* K ) and i f  Cat * Cat --------» Cat i s  c a r te s ia n  product

o f c a te g o rie s  th e  (C at,1 l t x) i s  a ca teg o ry  w ith  m u lt ip l ic a t io n  whose

monoids a re  p re c is e ly  the  c a te g o rie s  w ith  m u lt ip l ic a t io n .)

Let K be a ca teg o ry . H = th e  u su a l fu n c to r ca teg o ry  ofan
fu n c to rs  from K to  K and n a tu ra l  tra n s fo rm a tio n s . Let

H  ^  x K -------  — > be com position . Then ( K ^  > 1^ » °)

i s  a  ca tegory  w ith  m u lt ip l ic a t io n  whose monoids a re  p re c is e ly  th e  

t r i p l e s  in  K •

Turning in  ano ther d ir e c t io n ,  l e t  (G,e,m) be a  ( ) {  ,A, *)-m onoid.

D efine a t r i p l e  * (T ,n,j) in  K by T -*G, Xr> X -— — »X*G,

Xy X*G*G — —>X*G. I t  i s  easy  to  check th a t  ( | p  i s  a t r i p l e .

I f  K  -  S  , crd  A = 1 and * = x then  (G,e,m) i s  an o rd in a ry  monoid 
*11*and * G -se ts , I f  K = to p o lo g ic a l sp aces, crd  A ** 1 and * * x

TTth en  Top = to p o lo g ic a l tran sfo rm a tio n  semigroups w ith  to p o lo g ic a l 

phase semigroup G. I f  K  * a b e lia n  groups, h - ~Z. and * = 0  then

G i s  a r in g  and Ab^ = G-modules. I f  K  = A-modules ( fo r  A a commut-

TTa t iv e  r i n g ) , A = A and * = (x^ theiG  i s  a  A -algebra and A-mod = 

G-modules.

1 .1 .7  Example: e a u a tio n a llv  d e f in e a b le  c la s s e s .  L et ft be a s e t  and 

l e t  f t — - — »obj be a fu n c tio n  (c a l le d  a r i t v ) . An ft-a lgeb ra

a  s e t  X to g e th e r w ith  an u>a-ary o p e ra tio n  X*03—  >X fo r  every

weft, and an ft-homomorphism i s  a fu n c tio n  X — -— > Y such th a t  w . f  =
mo

f  .u  fo r  a l l  w, C la s s ic a l ly , (d a tin g  back to  G. D. B irkho ff c a . 1930 

b u t eq u a lly  so in  th e  re c en t book o f  Cohns [3 ] ) ,  one assumes fu r th e r  

th a t  each ua i s  f i n i t e .  In  t h i s  case  th e  f r e e  ft-a lg eb ra  XF on a s e t
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X i s  con stru c ted  re c u rs iv e ly  as a word a lg eb ra : (x) i s  a word fo r

every x e X; i f  u e fl and i f  Wj, . . .  , WUa a re  words, so i s  W ^ . . .

W W w. The to * s induce o p e ra tio n s  on XF v ia  co n ca ten a tio n . An 
(da-l iua

equation  i s  then  defined  to  mean a p a i r  o f elem ents in  th e  underly ing  

s e t  o f some f r e e  fl-a lg eb ra . I f  E i s  a s e t  o f eq u a tio n s , th e  category  

of (fl.E )-a lg eb ras  i s  th e  f u l l  subcategory of those  fi-a lgebras X such 

th a t  whenever ( e , f )  e Ef~^YF2 and whenever YF — - — i s  an Q-homo- 

morphism, then  eh = fh . A category  a r is in g  as (ft,E )-a lg eb ras  fo r  some 

(fi,E) i s  an e q u a tio n a lly  d e fin e ab le  c l a s s . Four f a c ts  ( ( i ) ,  ( i i )  by 

[27 ], ( i i i ) ,  ( iv )  by L inton unpublished) a re :  ( i )  Foregoing th e  re ­

quirem ent th a t  ua be f i n i t e ,  the underly ing  s e t  fu n c to r U from ft-a lgeb ras 

s t i l l  has a l e f t  a d jo in t ,  namely X «  (UX, U )n ,t .  ("UX" i s  defined  in

2 ,2 .1  below ), ( i i )  Using ( i ) , (H ,E )-a lgebras can s t i l l  be d e fin e d , and 

then  the underly ing  s e t  fu n c to r UE from (fl,E )-a lg eb ras  has a  l e f t  

a d jo in t ,  ( i i i )  U£ i s  t r i p le a b le .  ( iv )  The t r i p l e s  r i s in g  from ( i i i )  

a re  ex ac tly  those  th a t  have a rank (as  in  2 .2 .6  below ). We w i l l  n o t 

prove th ese  theorems h e re .

1 .1 .8  Example: s e ts  w ith  base p o in t .  XT X JJ_ {®} . Xt> =^

X j. XT, Xp XTT -► XT v ia  co lla p s in g  two » ’s to  one. The

a lg eb ras  a re  s e ts  w ith  base p o in t.

1 .1 .9  Example: a b e lian  groups. Let Ab be th e  category  o f a b e lian  

groups and l e t  F, U be th e  u su al f r e e  and underly ing  fu n c to rs . The

xnad ju n ctio n s  a re  " in c lu s io n  o f th e  g en era to rs"  X  >XFU and "add­

i t io n "  (X,+)UF (X>+)-e -> (X ,+), ( x j ) . . . ^ )  x x+ . . .  +xn . De-
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f in in g  ^TP “df  (FU,n,FyU) i t  i s  no t hard to  see d i r e c t ly  th a t
TT = Ab v ia  an u n d e rly in g -resp ec tin g  isomorphism o f c a te g o r ie s . I f  

(X,C) i s  a H T -a lg e b ra ,  "+" may be recovered by x+y =df (x ) (y )5 . This 

approach to  ab e lian  groups i s  "p re se n ta tio n "  in v a r ia n t .  For example, 

an a b e lian  group could be defined  as a s e t  X w ith  b in ary  o p e ra tio n  

X x x  — - —»X s a t is fy in g  th e  equation  x -  ((y -z )  -  (y -x )) = z 

(due to  Higman and Neumann, see  [5 , p . 165, ex . 6 ] .

1 .1 .1 0  Example: complete s e m i la t t ic e s .  By a complete s e m ila t t ic e  we

mean a  p a r t i a l ly  ordered s e t  X in  which every su b se t A C X has a

supremum sup A in  X. In  p a r t ic u la r ,  sup <j> i s  th e  l e a s t  elem ent. N otice

th a t  the  map 2X SUP , X com pletely determ ines the  s t ru c tu re  s in ce

x <_ y i f f  sup [x ,y ] = y .  We w i l l  co n s tru c t a t r i p l e  r fT' *
TT

in  £  w ith  U isom orphic to  J~l — - — > £> where $  i s  th e  category  

o f complete s e m ila tt ic e s  and su p -p reserv ing  maps and U i s  th e  under­

ly in g  s e t  fu n c to r; th e  s t ru c tu re  maps w i l l  indeed be th e  sup maps. Let
y

T be th e  pow er-set fu n c to r , sending X to  2 , and defined  on morphisms 

v ia  d i r e c t  images. Xf) sends x to  [x] and Xy ass ig n s  to  a fam ily  i t s  

union . I f  X i s  a complete s e m ila t t ic e  l e t  X$ (X, su p ) . The v e r i ­

f ic a t io n  th a t q -p  i s  a  t r i p l e  and th a t  $ i s  w e ll-d e fin ed  on o b je c ts

may be s a fe ly  l e f t  to  th e  re a d e r . I f  X,Y a re  complete s e m ila t t ic e s
£  _____ 

and i f  X »Y i s  a  fu n c tio n  then  f  i s  a -homomorphism from

(X, sup) to  (Y, sup) i f f  s u p .f  * fT .sup i f f  f  i s  su p -p re se rv in g . Hence
TT

$ i s  f u l l  and f a i th f u l  and $U = U. As we argued e a r l i e r ,  $ i s  1 - to - l  

on o b je c ts . We prove in  d e t a i l  th a t  $ i s  onto on o b je c ts .  Let (X,5) 

be a q ~ p -a lg e b ra . For x ,y  in  X, d e fin e  x <_ y [x ,y ]£  » y . As
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x = [x ]? , x <. x . I f  x <_ y and y < x then x = [y ,x ]5  = [x,y]C «= y .

Suppose x _< y and y <_ z. Then [x ,z ]£  = [ [ x K , ty »zK ]£  =

[ [ x ] ,  [y ,z]]S T .£  «* [ [x ] ,  [y ,z]]X p .5  = [x ,y ,z ]5  “ [ [ x ,y ] ,  [z]]X y.£

[[x»y]£» [z]C l5 = [y ,z ]£  = z , and x z . Now observe th a t  A C  B

im plies  A5 < BC; fo r  [A?, B£K = [A, B]£T.S « [A, B]Xy.S -  (A U  B)C

* B£. Let A C X. For every a e A, a = [a] 5 A£ because [a] C A,

To see  A£ i s  minimal w ith  th i s  p ro p e rty , suppose x e X and a <_ x £  Ag

fo r  every a  e A. Then [A£, x]£ *> [A, [x]]gT .£  = (A U  [x ])£  =

( U  [ a ,x ]K  = [ [a ,x ] : a e A]Xy.£ = [[a ,x ]S  : a e A]5 * [x]£ * x
aeA

thus proving A£ x as  d e s ire d . The proof th a t  $ i s  an isomorphism 

i s  com plete.

N otice th a t  i f  T were red e fin ed  by XT [AC X : A f i n i t e ]  th en , 

s in c e  a f i n i t e  union o f f i n i t e  s e ts  i s  f i n i t e ,  th e  above argument 

works verbatim  to  produce p a r t i a l l y  ordered s e ts  w ith  f i n i t e  su p s. A 

s im ila r  d iscu ss io n  holds fo r  "co u n tab le" . Hence, w h ile  th e  o r ig in a l  

<TP has no rank (seen e a s i ly  from th e  f re e  a lg e b ra s ) , f | | ’ adm its 

" tru n c a tio n s"  w ith  a ran k . In  f a c t  a l l  t r i p l e s  in  ^  admit tru n c a tio n s  

o f rank W i f  W  i s  a re g u la r  c a rd in a l, see  [2 3 ], (For th e  d e f in i t io n  

o f rank see  2 .2 .6 ) .

A lso, we should p o in t out th a t  th e  category  of com plete l a t t i c e s  

i s  n o t th e  same as th e  category  of complete s e m i la t t ic e s ;  in  th e  form er, 

homomorphisms must a lso  p rese rv e  in f s .  I f  X i s  a  to p o lo g ic a l space ,
X

th e  in c lu s io n  of the  open s e ts  in  2 i s  a su p -p rese rv in g  in f-d e s tro y in g  

map.
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„TT§1.2 P ro p e r tie s  of U .

F ix  a t r i p l e  P J 1 "  (T ,n ,h ) in  a ca tegory  K .

1 .2 .1  P ro p o s itio n . #  c re a te s  l im 's .

P ro o f. Suppose
TT * #

A — ?— i s  a fu n c to r and L — ——> X. i s

IT 6model fo r  lim  DU . For every i  j  e A we have

->X.11

 5------------

which induces a unique -morphism £ such th a t  r i ° r  a i i  i* 

We have

L r
i

X.y
»X.TX,TT

XT

LTT

LT

where a l l  commutes excep t p o ss ib ly  the  f ro n t  fa c es  which then  commute 

s in c e  they  do so follow ed by each T j. This proves (L ,g) i s  a - a l ­

geb ra , and each i s  a  -homomorphism. The same s o r t  of argument 

shows th a t  i f  (Y,6) i s  a  P  p -a lg e b ra  and i f  Y——»L i s  a  P{ -morphism
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then f  i s  a f |P-homomorphism i f f  f i s  a ^|P-homomorphism fo r  a l l  

i ,  from which i t  fo llow s th a t  (L ,£ )------- »D = lim  D in  K  • 1o com­

p le te  the  p ro o f, suppose ( L, £) — a n a tu ra l  tran sfo rm a tio n  w ith  

f lF  » T, and show f  » (L,£) —-— »D. As iF  i s  f a i th f u l  i t  i s  enough to  

Show £ ■ £ . But th i s  i s  c le a r  from the d e f in i t io n  of £ and th e  fa c t  

th a t  ( L, £ ) — —— i s  a ( [ p  -homomorphism fo r  a l l  i .  []

1 .2 .2  Subalgebras, Let (X,£) be a r | | ' - a l g e b r a  and l e t  A) >X

be a -monomorphism. Say th a t  i  (or by abuse of language, A) i s  a

subalgebra  of (X, ) i f  th e re  e x is t s  a K  -morphism AT ^ — >A such

th a t  £0. i  = iT .£ , and denote th i s  by "(A ,£Q) <_ (X ,£ )" . C lea rly  such

£fl i s  unique when i t  e x i s t s .  To prove th a t  (A,£Q) i s  a  -a lg e b ra ,

and hence th a t  i  i s  a f |P-homomorphism, use th e  same diagrams as in
IT IT1 ,2 ,1  rep lac in g  1̂  by i .  As U i s  f a i t h f u l ,  U r e f l e c t s  monomorphisms;

TTas U has a l e f t  a d jo in t ,  U p reserv es  monomorphisms; th e re fo re  a
. Tp

subalgebra  i s  p re c is e ly  a r\ -monomorphism.

1 .2 .3  Q uotien t a lg e b ra s . I f  (X ,£ )— - —> (Y,0) i s  a f]~p-homomorphism, 

say th a t  p (o r by abuse of language (Y ,0)) i s  a q u o tien t o f (X,£) i f

X——» Y i s  a ^  -epim orphism . This im p lies  th a t  (X,£) — ?—»(Y ,0) 

i s  a K F-epim orphism , b u t th e  converse i s  f a l s e ;  indeed the  in c lu s io n  

map of the  n a tu ra l  numbers in  th e  in te g e rs  i s  an epimorphism in  th e  

category  o f monoids, as i s  easy  to  show. Various c la s s i f i c a t io n s  of 

}"v -epimorphisms induce corresponding no tions of q u o tien t a lg eb ras  such

as " re g u la r  q u o tie n t" , " s p l i t  q u o tie n t" , e t c . .

TTGiven (X,£) in  obj Y( , and X — ?— *Y K  - e p i ,  we cannot in
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general say th a t  p i s  or i s  not a q u o tie n t accord ing ly  as th e re  e x is t s  

such th a t  pT.£° = 5 .p. For one th in g , i t  i s  no t c le a r  th a t  £° would 

be unique, a lthough i t  would be c le a r  i f  pT were e p i .  I f  such does 

e x i s t ,  then we have from th e  diagrams

XTT

YTT Yp XT

YT
XT

YT

th a t  (X,C°) i s  a ^ jP -a lg e b ra  p rov id ing  pTT i s  e p i .  Hence th e  s i tu a t io n  

fo r  q u o tien ts  i s  as w ell behaved as fo r  subalgebras p rov id ing  T p re ­

serves epimorphisms.

1 .2 .A P ro p o sitio n , Let T p reserve  re g u la r  coimage f a c to r iz a t io n s ,
TT

Then U c re a te s  re g u la r  coimage f a c to r iz a t io n s .

P ro o f. Let (X ,S)— -  
f

pose X-----

■*(Y,6) be a -homomorphism, and sup- 

fai

By h y p o th esis , fT * XT— i t >------

»Y has re g u la r  coimage fa c to r iz a t io n  f  = x — ?— »I > 1 >Y.

•YT i s  a re g u la r  coimage f a c t ­

o r iz a t io n .

XT PT s TT  i T----------» IT >----------f -» YT

-»I >- -+Y
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Since £ .f  « fT .6  and i  i s  mono, S.p i s  in  reg(pT) which induces unique
p

eQ w ith  pT .e0 * c .p .  Qq*1 “ iT *e as pT i s  e p i* We ^ave ------------*
i

( I , e 0) ---------> (Y,6) and th a t  e Q i s  unique w ith  t h i s  p ro p e rty . To com­

p le te  th e  proof we have only to  show th a t  (X ,£ )— ?— j , ( I ,0 o) i s  re g u la r

in  K  . Let (X ,£ )--------->(A,tc) e reg^C p). Suppose ( s ,x )  : B—>X

a re  K -m orphism s w ith  £,p * x»P» Let £»X be th e  induced homomorphic 

e x ten s io n s . Since £ ,p , x»P a r e homomorphisms ag reeing  on g e n e ra to rs ,

5«P * X*P» ®y th e  hy p o th esis  on a , £ .a * x»a > 80 S»a = B q .s .a  *=

Bi).x*a = X»a » This proves a e re g ^ (p) . As X — ®— >1 i s  a re g u la r  

epimorphism in  H  th e re  e x is t s  unique K -morphism a w ith  p .a  = a . 

C onsulting th e  diagram ,

XT

J
X

pT
aT

IT
aT *

-? at

a

s in ce  a  i s  a ( |p-homomorphism and pT i s  e p i ,  a  i s  a ^JP-homomorphism. []

1 .2 .5  D e f in it io n . P P  i s  a  re g u la r  t r i p l e  i f  K  i s  a re g u la r  

category  and i f  T p rese rv es  re g u la r  coimage f a c to r iz a t io n s .

Most o f th e  t r i p l e s  th a t  we consider in  t h i s  paper a re  r e g u la r .

1 .2 .6  P ro p o s itio n . I f  P P  i s  a re g u la r  t r i p l e  then  i s  a re g u la r

ca teg o ry .

P ro o f. For REG 1 , use  1 .2 .A; fo r  REG 2 u se  1 .2 .1 ;  fo r  REG 3 , U‘ 

i s  f a i t h f u l ;  s in ce  T p reserv es  re g u la r  e p is ,  th e  reason ing  o f 1 .2 .3

„tt
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induces an in je c t io n  [re g u la r  q u o tie n ts  o f (X ,0 1  >----- * [reg u la r

q u o tie n ts  o f X], which takes c a re  o f REG 4 . []

1 .2 .7  P ro p o s itio n . Let °F be a c la s s  o f K  ^ -v a lu ed  fu n c to rs  such 

th a t  T p reserves l ira ’s of elem ents o f iF . Then c re a te s  l im 's

of elem ents o f .

P ro o f. Let A —— » e 7  « Suppose Xi  Jl—* L = lim  DU^.

By h y p o th e sis , X ^ — —T > LT » lim  diF t .  For every i  4  j  e A we have

which induces a unique K-m orphism  £ such th a t  r^T.S *» fo r  a l l

i .  The proof th a t  (L ,£) i s  a y p - a l g e b r a  uses th e  same reason ing  as 

"(X ,£°) i s  a y p - a lg e b r a "  in  1 .2 ,3 . That £ i s  the  only  s t r u c tu r e  map 

making each a  ^|p-homomorphism is  c l e a r .  To complete th e  p roof we 

must show (Xi ,Ci ) — ——i> (L,C) * lim  D. A n a tu ra l  tran sfo rm a tio n  up­

s t a i r s  induces a map dow nstairs which i s  a  yp-hom om orphism  using  th e  

same reason ing  as "a  i s  a  1| | 1-homomorphism" in  1 .2 .4 . []

^—iX e K  . The fo llow ing1 .2 .8  P ro p o s itio n . Let X e obj )Y, XT- 

s ta tem en ts  a re  p a irw ise  e q u iv a le n t,

a .  (X,£) i s  a  * J P -a lg e b ra .

b . (Xy, £T,£) i s  a  c o n tra c tib le  c o eq u a lize r in  H ".

c . 5 *■ cqeq(Xy, £T) in  K.
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P ro o f, a im plies b .

XT ^ --------> XTT----------------» XT

5 £T

Xn J1 5 *.X

_ f

b im plies c . This follow s from 0 ,7 .2 .

c im plies  a . Xy.£ = by h y p o th esis . We have a l l  of the  diagram 

o f "a im plies b" except Xn.£ = 1 which then follow s because £ i s  e p i .  []

1 .2 ,9  P re c ise  t r i p l e a b i l i t y  theorem (Jon Beck. f 3 l ) .  Let ---- —>
be a  fu n c to r . The follow ing sta tem en ts a re  e q u iv a len t.

a .  U i s  t r ip le a b le .

b . II has a  l e f t  a d jo in t and U c re a te s  co eq u a lize rs  of U -co n trac t­

ib le  p a i r s .

P ro o f, a im plies b . We may assume w ithou t lo s s  o f g e n e ra li ty  

th a t  U = U*. has l e f t  a d jo in t F^. I t  i s  immediate th a t  I?' c re a te s  

co eq u a lize rs  of iF -c o n tra c t ib le  p a ir s  from 0 .7 ,3  and 1 .2 .7 .

b im plies a . There e x is t s  F — j U w ith  ad ju n c tio n s  1^  —-— *FU, 

FU— » an<* i nduced t r i p l e  ^JT1 * (T# n ,y) = (FU,n»FeU). Define

a fu n c to r A   — > K  ^  by ( A— «df  (AU,AeU)----— »(BU,BeU).
- TThat $ i s  a w e ll-d e fin ed  fu n c to r such th a t  $U *= U, fo llow s from the  

th re e  diagram s:
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AUFeU

AUFUFU-------------- > AUFU
fUFUAUFU------------ » BUFU

AeUFU

AUFU- AEU

AeU AeU

-4 AU
•v

AU fU

BeU

AU — 4 AUFU

AeU

->BU

 S——> as fo llo w s. Let (X,£) e obj K ^ *  WeDefine

AJ

TT

have

(XFUF
XFe
CF

^F)U = XTT:
Xy

IT

so th a t  by 1 .2 .8 , (XFe,£F) i s  a U -c o n tra c tib le  p a i r ,  U of which has 

as co eq u a lizer XFU — X. By th e  hypo thesis  on U th e re  e x is t s  a  unique 

R  -morphism XF— ^-»(X,C)$- 1 , U of which i s  £; m oreover, \  = coeq(XFe,

£ F ). Before d e fin in g  on morphisms, we v e r ify  th a t  i s  indeed
_ Ae

in v e rse  to  $ on o b je c ts .  I f  A e obj cH, th e  f a c t  th a t  AUF »A i s

an S i -morphism U o f which i s  AUFU ■
AeU •AU proves th a t  Am ” 1 * A.

Now l e t  (X ,£)e • Because $U^ = U we have (XF—i —*(X,5)$"’1)$  *

(XT,Xy)—^  (X, (X ,5)*"1eU). But as  (XT,Xp)—^ > (X ,g )  i s  a  c rea ted

co eq u a lize r (by 1 .2 .8  and "a im plies  b") we must have (X ,£)$ 1eU =£• >

and (X,£)$>_1$ * ( X ,0 . Now we d e fin e  $_1 on morphisms. Let 
£

(X ,£ )---------»(Y,6) be a •|P-hom om orphism .

XFe . I
XFUF

fF

^ ( X .g H " 1

f$ 1

YF- (Y*e)$ -1

fT .0 -  S . f ,  and th e re fo re  (XFe.fF.6)U * Xy.fT.6 * X y .? .f  = € T .£ .f  * 

£T .fT .e * (5F .fF .0)U . Now in  the  proof th a t  = 1 on o b je c ts  we
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in  f a c t  proved th a t  AUF— ——» A = coeq (AUFe,AcUF) in  fo r  a l l

J\ -o b je c ts  A, In  p a r t ic u la r  th e  a d ju n c tio n  UF— s> 1 ^  i s  po in tw ise  

A  - e p i ,  o r e q u iv a le n tly , U i s  f a i t h f u l .  Hence i t  fo llow s th a t  X Fe.fF.0 

* £ F .fF .0 . f4>"’1 i s  then induced by th e  co eq u a lize r p ro p e r ty , and th i s

c le a r ly  makes S’-1 in to  a fu n c to r . The f a c t  th a t  e i s  n a tu r a l :

Ae
AUF

BUF

proves = lj^ on morphisms. Summarizing, we have so f a r  proved

„TTth a t  $ i s  b i je c t iv e  on o b je c ts ,  f u l l  and th a t  $U = U. S ince U is  

f a i t h f u l  so i s  $ , and th i s  com pletes th e  p ro o f. []
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/TT

§1.3 l^m 's in  K  .

F ix  a t r i p l e  = (T ,n ,u ) in  K .

1 .3 .1  P ro p o sitio n  (L in to n ). Let H. have coproducts and l e t  every
*ir

re f le x iv e  p a ir  in  have a c o eq u a liz e r . Then K has lj^m 's.

P ro o f. By 0 .6 .2  i t  i s  s u f f ic ie n t  to  show has coproducts.

I f  4> i s  an i n i t i a l  o b je c t in  K  , then  (<J>T,$vi) i s  i n i t i a l  in  w ith

no assum ptions needed; th is  takes ca re  o f th e  empty coproduct. Now l e t  

[(X ^jSj) : i  e I ]  be a non-empty s e t  o f ^ |P - a lg e b r a s . D efine a 

/^-m orphism  u and ^| P-homomorphisms by

JJ_ (X±T) - - -  (JJX ^T

in
i ln ,T

X.T
l

5  “  [JJL(^i T ) 1T ( I L X . ) T T  (-^-Xi )tJ?(J_[_X.)T  

X =  _ (lL̂ i)T . ,„(]J_X 1 ) T

I t  i s  easy to  see  th a t  J^LCX^n).u = (1 ]X^)n and then th a t  (? ,x )  i s  a 

r e f le x iv e  p a ir  w ith  d ([ [X^)T  EJ.L  ̂[ | 1 (X^T) ]T. By
TT

h y p o th esis , l e t  ( ( [  [X ^T , ( |  I x ^ p )  S— >(Q»0) * coeq(? ,x ) in  K .

We w i l l  show (Q,6) “  11(X^,g^) w ith  in je c t io n s

(IL x p n
X . lLxi ( l L V 1

Consider th e  diagram s:

in.
IL x .  l̂ i Xi )n >(JiX i )TX

i
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XjT
in . T

><lLxi ) T

\  /  \
( j l x  )T

(J lx .)n T

\ /
ilCXiT)

( J l V 111 (iLxi>p
\  /  

(JJXi )TT

EJLL<xiT> 3n
e± iL e i  ^ ( J I x .d t

in
:i - ^ U J i xi (ILx . ) t

» ( J lx  )T T -.qT > QT

X T 
i

h

in .
i

J±(X±T)

[j_L(Xi T) ] n

u lIJLL<x±t)]t

(Jlx )Tn 
(J lX i )T _______   „ (JLLXi )TT * U iV T

The second diagram proves th a t th e  in je c tio n s  a re ,  in  f a c t ,  ( ||'-h o m o -

morphisms. Now suppose given r [|'-homomorphisms ((X ^ ,?^ )-----------*(A,p)

: i  e I ) , and r e f e r  to  th e  f i r s t  diagram . A unique K  -morphism i s

induced w ith  i n ^ a  = a i  fo r  a l l  i .  Let a be th e  homomorphic ex ten sio n
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of a ,  To complete th e  proof we have only to  show C.a * X .a. Noting 

th a t  in ^ .u .a  = in.jT.aT.p = a ^ . p  = S^.a-j^ fo r  a l l  i ,  th i s  fo llow s a t  

once from th e  th ir d  diagram . []

1 .3 .2  C o ro lla ry . I f  A  has l im 's  and i f  T p reserv es  co eq u a lize rs  of 

r e f le x iv e  p a i r s ,  then has l im 's .

P ro o f. Use 1 .2 .7  and 1 .3 .1 . []

1 .3 .3  C o ro lla ry . I f  f]"P i s  a re g u la r  t r i p l e  and i f  W  has coproducts, 

then has l i r a 's .

P ro o f. Use 1 ,2 .6 , 0 .5 ,2  and 1 .3 ,1 , []

D W e i
1 .3 .4  P ro p o s itio n . Let A  * H  be a diagram w ith  XA ---------* L

ei T IT
•= l£n  D. Then (X ^ X -jp ) ----------- > (LT,Ly) = l£n  DF .

TT TTP roof. F p reserves lim 's  because i t  has U fo r  a r ig h t  a d jo in t .  []
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§1,4 A lgebraic  fu n c to rs  and morphisms of t r i p l e s .

In  th i s  s e c tio n  we g e n e ra liz e  the " s tru c tu re -se m a n tic ^ ' theorems 

of [2 0 ], [25] using  th e  t r i p l e  maps of [1 ] ,

1 .4 .1  D e f in it io n s . The ca tego ry  of a d jo in t p a i r s ,  denoted "AD", has

as  i t s  o b je c ts  fu n c to rs  R ----- — t oget her  w ith  sp e c if ie d  l e f t

a d jo in tn e sse s  K  - — » R  , 1 ^  •— -— »FU, UF — -— >1 fl , whereas a

map from A --------- — * K  to  J~l — U'
-> ( th e  rem aining da ta

being understood) i s  a p a i r  o f  fu n c to rs  (H,H) y ie ld in g  a commutative 

sq u are : HU' * UH. With th e  ev id en t com position, AD i s  a c a teg o ry .

The category  of a lg e b ra ic  c a te g o r ie s ,  denoted "AL", i s  the  f u l l  su b ca t­

egory o f AD generated  by o b je c ts  of form )\ + K .  k

,7F

K
-IT

-* T, DF lj.'ir fo r  some t r i p l e  1114 in  some category  Yi .'K
I f  X  i s  a  ca teg o ry , AD( X ) th e  subcategory  of AD whose

morphisms a re  o f form (1 ^  ,H ), and then  AL(K ) *df th e  subcategory  

AL O  AD( R  ) .  Loosely speak ing , AD( ) i s  th e  f ib e r  over K  in  AD, 

and AL( X  ) s im ila r ly .  IF (H,H) i s  an AL-morphism, H i s  c a lle d  an 

H -a lg eb ra ic  fu n c to r . I f  (1 ^  ,H) i s  a morphism in  AL( K ) ,  H i s  c a l le d  

an a lg e b ra ic  fu n c to r .

Let R   ? _ _ ^ K e o b j AD, and l e t  r{ P  * (T ,n ,u ) ■ (FU,n,FeU)

be th e  induced t r i p l e .  We have th e  fu n c to r $ :

A$ = (AU,AeU)
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used in  the  proof o f 1*2.9; i t  was proved th e re  th a t  $ i s  w e ll-d e fin ed  

and th a t  ♦ iF  «= Uj i t  i s  obvious in  f a c t  th a t  F$ *= iF . The AD-morphism 

(1 ^  ,4>) from U to  iF  i s  c a lle d  th e  canon ica l r e f le c t io n  of U in/AL*

We w il l  prove th a t  i t  i s  a  r e f le c t io n  in  1 .4 .3 .

1 .4 .2  P ro p o sitio n . Suppose given a commutative diagram of fu n c to rs

K -+im F

,ir

u
TT*

U

K
H

.TTw ith  F  | U in  obj A D , U in  obj AL and im f >-------» H th e  f u l l

subcategory o f Si generated by o b je c ts  [X F • X £ I H  l l .  Then th e re
— — TT' —

e x is ts  a unique fu n c to r H such th a t  HU = UH and iH = J .

P roo f. Let TP -  (T ,n ,p ) -  ( F U ,h ,F e U )  be the  t r i p l e  in  K  in ­

duced by F “ | U . Let A e  obj J\ , S ince (A U ,A eU ) i s  a  T P -a lg e b ra , 

and in  view of 1 .2 .8 ,

(AUFUF
AUFe

'AUF
Ae AUFeU AeU

-»A)U -  AUTT "t AUT AU
AEUF AEUT

i s  a c o n tra c t ib le  co eq u a lizer in  S\ . By 0 .7 .2 ,  0 .7 .3  and th e  f a c t  
■jpi AEUH

th a t iUH ■ JU we have th a t  AUTH • > AUH i s  th e  co eq u a lize r of
IT* AUFbJ  v

th e  U - c o n tr a c t ib le  p a ir  AUFUpJ ? AUpJ. I t  fo llow s from 1 .2 ,9
. AeUpJ _

th a t  th e re  e x is t s  a  unique TP -homomorphism AUpJ — - —>AH w ith
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IT1
aU AUTH

Ae UH -» AUHj moreover, a = coeq(AUFeJ,AeUpJ). I f

A — -—> B i s  an -morphism, because e i s  n a tu ra l  and a ,b  a re  coequal­

iz e r s  (see  the  diagram below) th e re  e x is t s  unique fH w ith  a .fH  = fU pJ.b , 

which makes H a w e ll-d e fin ed  fu n c to r .

AUFeJ a
AUFUpJ (AUpJ ->AH

AeUpJ

fUFUpJ

BUFeJ

fUpJ

BUFUpJ
BeUpJ

^  BUpJ

i
' fH
l
4/

-*BH

IT
Since aU = AeUH i s  ep i and both o f the  diagrams

AeUH
AUFUH ------------- * AUH

fUFUH * fUpJUJT fHU

BeUH
BUFUH ------ 1-------> BUH

AeUH
AUFUH ------------- ► AUH

fUFUH fU H

BeUH
BUFUH -> BUH

-  IT f
commute, fHU ■ fUH fo r  a rb i t r a r y  A  >B e oft, th a t  i s  HU UH.

Let X e obj K .  XFUpJ — - — >XFH i s  th e  unique H T  -homomorphism w ith
TT*

domain XFUpJ such th a t  xU
XFeUH XUH

XFUFUH-------------- t*XFUH « XFUFUH----------- >XFUH.

So in  p a r t ic u la r ,  XFJ ** XFH. This proves iH « J  on o b je c ts .  Since
_  n ' ir ' n 1 -

iHU * JU and U i s  f a i t h f u l ,  i t  fo llow s th a t  iH * J ,  This com­

p le te s  the  proof o f e x is te n c e . To prove uniqueness, suppose iH -  J ,
-  TT' _  -

UH = HU and show H «* H. As in  th e  preceding paragraph , we need only

show H = fi on o b je c ts . Let A e obj $ .  Then (AUFH 
AeUH

AeH
->AH)U

AUFUH -> AUH. But AUFH ■ AUpJ, and th e re fo re  AH = AH. []
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The next p ro p o s itio n  i s  the  main id e a  o f " s tru c tu re -se m a n tic s"  

th eo ry . In  our c o n tex t, th e  in c lu s io n  AL -*• AD i s  th e  "sem antics" fu n c to r 

and the r e f le c to r  fu n c to r AD AL re s u l t in g  from p assing  to  the  

can o n ica l r e f le c t io n  i s  th e  " s tru c tu re "  fu n c to r .

1 .4 .3  P ro p o s itio n . Let >Fl — - -----> K e obj AD w ith  induced t r i p l e
, , TP
111 ’ and canon ical r e f le c t io n  $. Then U  » U i s  indeed a

r e f le c t io n  o f U in  AL,
TT* TT*P roo f. Suppose U e obj AL, U ------------- »U e AD. We must

prove th e re  e x is t s  unique H such th a t

commutes. The e x is ten ce  proof i s  much l i k e  th a t  o f 1 .4 .2 .  Let (X,£) be 

a -a lg e b ra . (Xy,£T,£) i s  a c o n tra c t ib le  co eq u a lize r in  K ,  and
.i

hence (XyH,£TH,£H) i s  a  c o n tra c t ib le  c o eq u a lize r in  K , and so
EH IT*

XTH — ---- => XH i s  the  co eq u a lize r o f th e  U - c o n t r a c t ib le  p a i r
XFeTT — ___ *

XFUFH i XFH, and th e re  e x is t s  unique ' | P  -homomorphism
CFf

** mm TT1
XFH — - — »(X,5)H w ith  domain XFH and such th a t  xU = £H; f u r th e r ,

x * coeq(XFeH,CFH) so  th a t  each r ||'-hom om orphism  ( X , 0 --------- >(Y,0)

induces unique fH such th a t  x.fH  = fFH .y, as  in  th e  prove o f 1 .4 .2 ;
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~ TTa lso  use th e  reasoning  o f 1 ,4 .2  to  prove th a t  HU A . Now c o n sid e r:

im F
4

im F >-

ir
IT

TT
Since XF,4» » (XT,Xy) fo r  every X e obj K ,  $ maps im F in to  im F , 

T h ere fo re , $H and H agree  on im F and, by 1 , 4 . 2 ,  indeed $>H » H , This
a a U

proves e x is te n c e . To prove un iqueness, suppose $H = H , HU = U H . Then

fcgi^H « * / « •  As $0 i s  onto on o b je c ts ,  i^H = i%  on o b je c ts .  But
tt-  tpi TTt "TT* TT- TT*

i  HU -  i  HU and U i s  f a i t h f u l ,  so i  H = i  H , and by 1 . 4 . 2  we
•* A

have th a t  H -  H , [ ]

1 .4 .4  D e f in it io n s . Let 'T P , r jT l be t r i p l e s  in  H , H  .

(H,x) : *7P * ---- > T P  i s  a t r i p l e  map (o r X i s  an H - tr ip le  map) from

T P  £ £  T P  i f  H : K  -*■ ^  i s  a fu n c to r and HT’ — -—» TH i s  a

n a tu ra l  tran sfo rm atio n  s a t is fy in g  TM1, TM2:

- > i t ’ TX
HT' ->TH HT’TI t * ->THT' TTH

TM1
Hn*

H

Hp’ TM2

X

yH

HT' TH

V
(H ,r) : nr1--->TP *s an in t r a s t r u c tu r e  (o r T i s  an H - in tr a s tru c ­

tu re )  from f J P  to  ^JP  i f  H 'i H  > K  i s  a fu n c to r and

THT'- -»TH i s  a n a tu ra l  tran sfo rm a tio n  s a t i s fy in g  IN I, IN2, 1N3:
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THn'

TH ------------> THT*
THv' MHT'

THT’T ' ------------ j> THT* TTHT'   > THT'

INI

TH

Ft * IN2

r

Tr IN3 

pH
THT' -A TH TTH

( th a t  i s ,  (XTH,XT) i s  a ("j~P -a lg e b ra  and XyH i s  a HT1 -homomorphism). 

The category  of t r i p l e s  and t r i p l e  maps, denoted "OPTR" ("OP" because

maps go backwards, c f ,  1 ,4 ,5  below ), has t r i p l e s  fo r  o b je c ts ,  t r i p l e

:ion 
AH'

maps fo r  morphisms, and com position HT' ----- —> HTP ^ ,A )   ̂Fj~p

df (HH’ , HH'T" __> HT'H' THH'). The category  of t r i p le s

and ih t r a s t r u c tu r e s .  denoted "TR", has t r i p l e s  fo r  o b je c ts ,  in t r a s t r u c -
(H ,r) (H ' , r* )  •

tu re s  fo r  morphisms and com position ' | | ' ___________> • 111 ___________ # ' j | '
THnH'T" THr * TH'

“df (HH'»  THH' T" ------- '---------* THT’H 'T "------------- >THT'H' ----------- >THH’ ) .

I f  K  i s  a  ca tego ry , the  su b ca teg o rie s  0PTR( H ) ,  TR( H ) a re  defined

by con sid erin g  only morphisms of form (1 ^  ,x)»  (1 ^  »r)«

"Q0" o f the  follow ing p ro p o s itio n  can be found in  [1 ] ,

1 .4 ,5  P ro p o sitio n . TR, OPTR a re ,  in  f a c t ,  c a te g o r ie s . The passages 

Q,

.TT
(OPTR)°P _0__ , AL

(H, x) l -> (H,HX) where

( x ,c )

H. TP'

¥
(XH.XA.CH) 

fH

AL 1 TR

(H,H) I > (H ,T J  where (XTH,X ) = - (XT,Xy)H
H *11 dt
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Q z

TR

(h , t)

-4 (OPTR) 

(H,Xr )

op

where Ar  = n H T '.r, 
A a f

a re  c y d ic a l ly - in v e r s e  (meaning a l l  cy c les  = id ) isomorphisms of c a te ­

g o r ie s . For each category  H the  ( ^ 's  e s ta b l i s h ,  by r e s t r i c t i o n ,  

isomorphisms OPTR(j/( ) °P = AL( }{ ) - TR( H )•
P roo f. The program fo r  the  p roof i s :

(a) Prove th a t  th e  Q^'s a re  w e ll-d e fin e d  in  th e  sense th a t

(H,H ) e |A L |, ( H ,r j  e |T R |, (H,A ) e |OPTRU
H

-(b) prove QjQi+iQn* -  id ;

(c) prove (HH' JttP) Q, -  (H ,r_ ) ( H \ r _ )  and ( H ,r J  ( H \ r _ J q 2
H R ’ H H'

-  <H',Ar )
H H

fo r  th e  rem aining d e ta i l s  a re  c le a r .

Qn w e ll-d e fin e d .

XHn’XH 4  XHT'
XHy'

TMl

x nR

XTH

XHT'T 

XAT' 

XTHT' —

TM2

XTX XVH
4 XTTH

£HT' 

XHT' —
XA

£TH

v
4  XTH —

4  XHT'

XA

4  XTH

5H

4  XH

XT
fT

YT
XA £H

XHT’ — :---- 4 XTH --------- >XH

vPY CD im p lies
f

X --------- *Y fHT* fTH

YA

ESCD

__"V

fH

YHT’ 4  YTH >YH
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f  w  , -  fTH

 >• Y e K f (XT,Xy)H --------- -> (YT,Yp)HQj w e ll-d e f in e d . I f  X-

i s  in  th a t  i s  flHT'.YE- = XT-.fTH, and r -  i s  n a tu r a l .  IN I, IN2 and
H H uH

IN3 a re  c le a r  ( fo r  IN3, n o tic e  th a t  XpHU = XyH),

Q2 w e ll-d e f in e d .

HfiV 
H   HT *

nHT' 

nH THT'

TH

T H n' 

1
-»TH

nH T 'T ’ TT' TnHT' TT
H T 'T ' ------------> TH T 'T '   > THT*  > T T H T '------------>TTH

\ l
yHT’

Hy' THy’ N i ' ' IN3
IN2 THT’

\
* nHT’ / r

yH

HT' -> THT' TH

id .  Let (H,H) e obj AL and l e t  X c obj ){ . <(XT,Xy), H, >

(XTH, XT  ̂ .XyH) -  (XTH, XTnHT' .XTT— XyH). But we have 
%  H

TnHT' TIW
THT' --------------------» TTHT'-------------------->TTH

pH
IN3

yHT'1

THT

th e re fo re  <(XT,Xy), H, > » (XTH, XL_) « (XT,Xy)H. I t  fo llow s from
H

1 .4 .2  th a t  H Q ^ Q o ” H.

Q2Q0Qj -  id .  Let (H ,D  e obj TR, and l e t  X e obj K .  (XT,Xy)H^ 

(XTH, XXp.XyH) -  (XTH, XTnHT’ .XTT.XpH) so th a t  rg “ * TnHT* .TT.yH 

(as j u s t  shown above) T.
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Q0Q1Q2 ,= id. Let (H#a) e obj OPTR. (XTH.XT^ ) -  (X l.X y jf i^

(XTH, XTX.XyH) so th a t

rH

nHT* TX yH
HT' -> THT* TTH -» TH

nTH

TH

( H H \  HH1 ) Q 1 *  ( H ,  r  )  ( H \  T — ) .  (X T H H \ X T - - , )  =  (X T ,X y )H H ' =  
* n n nn

(X T H , X r _ )H T -  (XTHH1 ,  X T H n'H ’ T " . X T H r -, . XT5 H ' )  ,
H “ n

(h , r=) < H \ r-* )  Q2 -  < H \ X > (H, X ) .
H 1H, 1H

nHH’ T " T H n 'H 'T ”
HH'T" ------------ frt——----------> THH'T"  * THT'H'T"

[]
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§1.5 A dio in ts o f a lg e b ra ic  fu n c to rs .

44

1 .5 .1  P ro p o sitio n . Let H T  be a t r i p l e  in  H  such th a t  K  has 

co eq u a lizers  o f re f le x iv e  p a i r s .  Let Y (  -- — K * be a  fu n c to r
e

having a l e f t  a d jo in t H w ith  ad ju n c tio n s  1^., -—> HH, Hfl -

Let P  * be a t r i p l e  in  y( and l e t  H be an H -algeb ra ic  fu n c to r . The 

follow ing sta tem en ts  a re  v a l id .

a .  H has a l e f t  a d jo in t .

b . I f  i s  t r i p le a b le ,  H i s  t r ip le a b le .

P ro o f, a .  F ix  a  r |P  -a lg e b ra  (X*,£ * ) . We must show th a t

((X’ , g ' ) ,  (-)H ))* f : y (  »£> i s  re p re se n ta b le . Let X be the

H - tr ip le  map corresponding to  H v ia  the  isomorphisms of 1 .4 .5 .  D efine 

^ -m o rp h ism s  £ ,x , by

t  « X'T'H x>eT>H } X'HHT’H X' ^  > X'HTHH X'**Tg ? X’HT

X -  X
C'H * X'fiq 

T H  > X ’H ---------- > X ' HT

Let C,x: X'T'HT + X’HT be the  corresponding homomorphic ex ten s io n s . 

(5,X) i s  a  re f le x iv e  p a ir  in  To prove i t ,  l e t  X'HT — - —» X'T'HT

be th e  homomorphic ex ten sio n  of X H 

a t iv i ty  o f the  diagram

,» x'n'Hn ■> X'T'HT. The commut-

X ’HHH

X 'H H n 'H  X'HnHH 
TM1

X e T  H
=> X'HTHH> X HHT H

■> X 'H

X ’ Hn

X'HT —— X'T'HT x! h t
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proves th a t  d£ = ^x 'H T '* S im ila r ly ,

X'H ->X'H

X'Hn

X 'n 'H
■ A

C'H-

X'T'H

1

X’HT

X'T'Hn
Y

X'T'HT

•  *
x ’ Hn

X > X'HT

* y TT
proves th a t  dy -  1x »hT» Let X' HT— — » Q " j f  coe<i(c»X> in  ^  • We

TT
w i l l  show Q i s  the  re p re se n tin g  o b je c t . Let (X,£) e r\ , and l e t  

(X' ,5*) —  ---- > (X,?)H be a *TP-homomorphism. We have th a t

S.f'HT.XeT.S * X.f'HT.XeT.S. To prove t h i s ,  f i r s t  observe th a t  (X,g)H
X\ £h

■ (XH, XHT'---->XTH »XH) by 1 .4 .5 , and th en  use  th e  diagram :

X'eT'H X'HAH X'HTe
X'T'H

f 'T 'H

XET H

5 H f ’ TT'-hom.

X’HT

* X'HHT'H
f'HHT'H

&
v Ym&T'H

XHftAft

X'HTHH 
. J  .  

f'HTHH
J  .. YHHTHH

XHHTe

—> X'HT 
f'HT

K
_j. XHHT

i „ 
XeHT'H

i  *
* XHT'H

XlH
XeTHH

K
XTHH

XTe

1
XeTi

-----XT

XHH

XeT
» XHHT

TT
T h ere fo re , each (X,S) in  obj }{ induces a fu n c tio n

((X ’ ,S ’) ,  ( X ,C ) H ) K ,ir ---------------  >(Qt ( X ,5 ) ) K T  sending

(X ',£* ) — -— » (X,£)H to  th e  unique P”P-homomorphism from Q to  (X,£) 

which when preceded by q equals f'HT.XeT.g, (To do t h i s ,  n o tic e  th a t  

f'HT.XeT.£ i s  a -homomorphism), We w i l l  show th a t  a i s  a n a tu ra l
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8eq u iv a len ce . To see  a i s  n a tu r a l ,  l e t  (X,£) --------» (Y,6) e r\ t
(X ',5 *) —  ---- >. (X,£)H c 11 . The diagram on th e  r ig h t  fo llow s from

th e  diagram on th e  l e f t  because q .< f ' ,  -°gH .(Y ,6)a> ® q .< f '.g H , (Y,e)a>

.  XeT 5 _  TT. (X,C)a -ff
XHHT---------- # XT » X ((X ’ ,e ') ,(X ,S )H ) >[ -----,--------- >(Q ,(X ,£))K

YHHT

- o g H

-* YT » Y ((X , , 5 , ),(Y ,e )H ) K  ----------------
YeT 6 (Y ,e)a

” og

(q ,(y  ,e))KTT

f'HT.gHHT.YeT.0 -  f'H T.X eT.S.g -  q .< f ’ , (X,C)a>.g -  q .< f ' ,  (X,S)ct.“ og>. 

To see th a t  (X,£)ct i s  1 - to - l ,  th e  diagram :

X’e XHe

f'HH XeH■> XHHHX'HH

X'HqH XHHnH

f ’HTH
X'HTH * XHHTH ■* XTH

recovers  f '  from <f ’ ,(X , £)<*>.

F in a l ly ,  l e t  X'HT 

Xg. D efine f '  =df X'

- —» (X,S) be a  TP -homomorphism w ith  

* X'HHT'
X 'en ' X’HX « gH 

______ > X’HTH__ I ___ >XH. To
f '

^  (X,5)H i s  acomplete th e  proof o f  (a) we show th a t  ( X ',5 ')

TP “homomorphism, and th a t  g * f'H T.X tT .C . The f i r s t  s ta tem en t fo llow s 

from th e  diagram a t  th e  top o f th e  nex t page, and th e  second statem ent 

fo llow s from th e  diagram a t  th e  bottom  of th e  n ex t page (which says 

th a t  g , f'HT.XeT. ag ree  on th e  g e n e ra to rs ) .
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gHTXHXTX 'en 'T
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b . We use 1 .2 .9 . Let ( f t g) : (X ,£ )—*(Y,0) be XP-homomorphisms

w ith
-  fH _  q 

(X,5)H ___________________  (Y,0)H  >(Q ,S’ )
gH

K «n' ir. Therefore ( f ,g )  i s  a U H -co n trac t-

ib le  p a i r  w ith  coequalizer YH—-—» Q. By h y p o th esis , th e re  e x is t s

unique (Y ,0 )— - —»Q in  » w ith  domain (Y,0) such th a t  qlFli *

YH — 5—>Q; fu r th e r ,  q * c o e q ( f ,g ) . Since qHlF « YH— - —» Q and iF

i s  t r ip le a b le ,  n e c e s sa r ily  qH = (Y,0)H —5— >(<?»£')• Suppose a lso

(Y ,0 )— - —>Q i s  a q j 1 a lg e b r a  w ith  qH ** (Y ,0)H — 5— 3*CQ»'£*)• Then
-  IT q ~qU H = YH » Q, and so q « q, []

1 .5 .2  C o ro lla ry . I f  H e AL( X )

TT
and i f  H has coeq u a lizers  of re f le x iv e  p a i r s ,  then H i s  t r i p l e a b le .  []

1 .5 .3  C o ro lla ry . Let <R- be a category  w ith  co eq u a lizers  o f r e f le x iv e

p a i r s ,  l e t  X P  be a t r i p l e  in  W  and l e t  M   —> ){ be a functor*
H*

Then H has a l e f t  a d jo in t i f f  HU has a l e f t  a d jo in t .
ITP ro o f. Since U has a l e f t  a d jo in t ,  H has a l e f t  a d jo in t im plies

IT
HU has a  l e f t  a d jo in t on g enera l p r in c ip le s .  C onversely, observe th a t  

P ------- >S\ i s  t r ip le a b le ,  and apply 1 .5 .1  to  the  diagram
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1 .5 .4  C o ro lla ry . Let Si ------ > K e obj AD, and l e t  Si have

c o eq u a lize rs  of r e f le x iv e  p a i r s .  Then th e  canon ica l r e f le c t io n  of U 

in  AL (as defined  in  1 .4 .1 )  has a l e f t  a d jo in t .  []

1 .5 .5  The a lg e b ra ic  dimension of an a d jo in t  p a i r .  Let Si -----

e obj AD, and l e t  <P have co eq u a lize rs  of r e f le x iv e  p a i r s .  1 .5 .4
ITy ie ld s  a sequence 4q*4j » • •• o f canon ica l r e f le c t io n s ,  °

TTi TT-“  4 j . l l  ‘ .U 0 ■ . . .  which suggests  the  d e f in i t io n :  dim 4_l <_ n 4r 

i s  an isomorphism, o r e q u iv a le n tly  4n_ l i s  t r i p le a b le .

4^j i s  t r ip le a b le  i f f  dim 4«.j “ 0 . The demension of a r e f l e c t iv e  

subcategory  of a t r ip le a b le  fu n c to r i s  <_ 1 . The dimension of th e  

l a t t i c e  f ib e r in g s  to  be s tu d ied  in  Chapter 3 i s  i n f i n i t e .

Often o b je c ts  in  a  category  induce p a ir s  o f a d jo in t fu n c to rs ; e .g .  

i f  X i s  a to p o lo g ic a l sp ace , th e  se t-v a lu e d  fu n c to r "continuous maps 

from X" has a l e f t  a d jo in t .  We could d e fin e  dim X th e  a lg e b ra ic  

dimension of th is  a d jo in t p a i r .

Apart from th e se  su g g estiv e  rem arks, we w i l l  no t study  a lg e b ra ic  

dim ension in  th is  paper.
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§1.6 B irk tioff su b ca teg o rie s  fo r  re g u la r  t r i p l e s .

1 .6 .1  D e f in it io n s . Let be a  category  and l e t  (8 be a  f u l l  sub­

category  of K  w ith  in c lu s io n  fu n c to r <8 , 1 ,  K .  ®  i s  c lo sed

under p roducts i f  every  model fo r  a product in  Y( o f a  s e t  o f (8 -ob­

j e c t s  l i e s  in  © .  ©  i s  c losed  under su b o b jec ts  i f  every monomorphism

in  )K w ith  range in  ©  l i e s  in  0  , Let 2  be any subcategory  o f 

y( . Define C  the  in te r s e c t io n  o f a l l  f u l l  su b ca teg o rie s  o f K

co n ta in in g  2  and closed  under p roducts  and su b o b jec ts . C learly  C 

i s  th e  sm a lle s t f u l l  subcategory con ta in in g  ^  th a t  i s  c losed  under 

p roducts and su b o b jec ts .

We could e a s i ly  fo rm ulate  th e  above d e f in i t io n s  w ithou t using  f u l l  

su b ca teg o rie s  b u t th e  gain  in  g e n e ra li ty  would be n e g lig ib le  because 

o f th e  o b serv a tio n  th a t  i f  H has f i n i t e  p roducts every H  -morphism 

fa c to rs  as a  mono follow ed by a p ro je c tio n : f  * ( l , f ) , p r 2 . N ote, to o ,
/■—s

th a t  i f  a c a r te s ia n  product o f K-m onos i s  mono then  2  = th e  f u l l  

subcategory  generated  by th e  c la s s  o f monomorphisms in to  p ro ducts  of 

elem ents o f obj C  .

E v iden tly  " /"N 11 i s  a c lo su re  o p e ra to r  on th e  ( la rg e )  l a t t i c e  

of su b ca teg o rie s  o f , and C “  C i f f  2  i s  c losed  under 

products and su b o b jec ts .

1 .6 .2  P ro p o s itio n . Let X  be a re g u la r  ca teg o ry , (8 )— -—> }( a 

f u l l  subcategory . The fo llow ing  s ta tem en ts  a re  e q u iv a le n t,

a . © = ©

b . © i s  a r e f le c t iv e  subcategory  o f in  such a way th a t  fo r
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Y

every Y \ -object X the reflection X  — * Xg of X in (B is a regular

epimorphism; also obj & is a union of H -isomorphism classes*

Proof* a im plies b . Since an isomorphism may be viewed e i th e r  

as a monomorphism or as a unary p ro d u c t, obj i s  a union o f / ^ - i s o ­

morphism c la s s e s .  Let X e obj K  and l e t  R  be a re p re se n ta tiv e  s e t  

of re g u la r  q u o tie n ts  of X. I f  X — -— >B e V( w ith  B e | (P | , th e re  

e x is t s  a re g u la r  coimage fa c to r iz a t io n  f  - X — R >—-—* B w ith  

R e R  . As j  i s  mono and as B e obj f t  , R e obj f t . Hence i  s a t i s ­

f i e s  the  s o lu tio n  s e t  c o n d itio n . But c le a r ly  (B has l im 's  and i

p reserv es  them. I t  fo llow s from th e  a d jo in t fu n c to r theorem th a t  i  

has a  l e f t  a d jo in t ,  th a t  i s  ®  i s  a r e f le c t iv e  subcategory . Now l e t  

X e ob j  K  , and l e t  X — ——> X^ be a r e f le c t io n  of X in  ©  . Form

a re g u la r  coimage fa c to r iz a t io n  of Xq,

Xq ■ p.k. Since I  e obj (9 , x i s  induced w ith  Xq.x * p. As p i s

e p i so i s  x . As Xq.x.k “ p .k  = Xq i t  fo llow s by the  uniqueness of

re f le c tio n -in d u c e d  maps th a t  x .k  = 1. S o x i s  ep i and s p l i t  mono,

hence i s o ,  and Xq i s  a re g u la r  epimorphism because p i s .

b im p lies  a . Let X be a p roduct in  X  o f a s e t  o f ©  -o b je c ts .
aEach p ro je c tio n  fa c to rs  through Xq inducing a map X ^  > X such

th a t  Xq.a * 1^, Hence Xq i s  s p l i t  mono; s in c e  we assume Xq i s  e p i ,A
Xq i s  an isomorphism. Now suppose X i s  a / ^ - o b je c t  adm itting  a 

monomorphism i  to  some o b je c t in  ©  * Then i  fa c to rs  through Xq, and
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hence Xn i s  mono. But then Xn i s  mono and re g u la r  e p i and hence is o .

[]

For 1 .6 .3  -  1 .6 .6  f ix  a re g u la r  t r i p l e  » (T ,q ,y ) i*1 a (re g u la r)

category  .

1 .6 .3  P ro p o sitio n . Let T — —»T be a poin tw ise  re g u la r  epim orphic 

n a tu ra l  tran sfo rm a tio n , and suppose fu r th e r  th a t  fo r  every o b je c t X 

in  obj th e re  e x is t s  a K-m orphism  Xy such th a t  XXX .Xjj = Xy.Xx.

Then fJ P  =df (T ,fj,y) (where h =df nX) i s  a t r i p l e  in  K  and

e OPTR(K')*

P ro o f. The fa c t  th a t  Xx i s  ep i y ie ld s  th e  u n ita ry  axioms. I t  i s  

a lso  so th a t  XXx and XXXX a re  e p i ,  e .g .  XXXX » XXTT.XTXT.XTTX so use 

0 .4 .8  and the fa c t  th a t  T p reserv es  re g u la r  e p i 's .  XXX ep i im plies 

y i s  n a tu ra l ,  and XXXX ep i im plies th e  a s s o c ia t iv i ty  axiom. The read e r 

can provide the  r e q u is i te  diagram s. []

1 .6 .4  The re g u la r  q u o tien t t r i p l e  induced by a ^ - c lo s e d  subcategory . 

Let <8 c be a subcategory such th a t  (8 = (B . By 1 .2 .6  K^

i s  a re g u la r  ca tegory , so th a t  by 1 ,6 .2  ®  is  a f u l l  r e f le c t iv e  sub­

category  w ith  re g u la r  epimorphic r e f le c t io n s .  In  p a r t ic u la r ,  fo r  each

K XXle t  (XT,Xy)----------> (XT,£X) be a re g u la r  epim orphic re ­

f le c t io n  of (XT,Xy) in  0  . By th e  r e f le c t io n  p ro p e rty , each 

K -morphism X — ~—> Y induces unique fT such th a t  XX.fT: “  fT,3PX which

e s ta b lis h e s  a fu n c to r K  “— * W and a po in tw ise  re g u la r  epim orphic
X -

n a tu ra l  transfo rm ation  T  > T.
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For every X e o b j  Y( , the  f a c t  th a t  5X i s  a H T  -homomorphism 

and th e  r e f le c t io n  p ro p erty  induce Xu:

X*T ~ XT1
XTT > XTT> XTT

X
By 1 .6 .3 , r f P  = (Ttn l ,y )  i s  a t r i p l e  in  Y{ and *TP --------> r f P  i s

.TV
an OPTR( b{) -morphism. i s  c a lle d  th e  re g u la r  q u o tie n t t r i p l e  in ­

duced by (0  •

1 .6 .5  D e f in it io n s . A f u l l  subcategory  © of Y ( i s  c lo sed  under
TT i/TT

U - c o n tr a c t ib le  co eq u a lizers  every  A  -morphism e x p re s s ib le  as

th e  co eq u a lize r o f a p a i r  o f ^8 -morphisms, iF o f which i s  c o n tra c t ib le  

in  Ylt l i e s  in  © . For each subcategory of d e f in e  C
th e  in te r s e c t io n  o f a l l  su b ca teg o rie s  of Y\ co n ta in in g  ^ and closed

\ s K  vunder p ro d u c ts , subalgebras su b o b jec ts  in  A  ) and U - c o n tr a c t ib le
yTTc o eq u a liz e rs . A ** -c lo sed  subcategory  of \ \  i s  c a lle d  a B irkhoff 

IT
sub category  of M %

In  an eq u a tio n a lly  d e fin eab le  c x j s s ,  B irkhoff su b ca teg o rie s  a r i s e  

by imposing new equations and converse ly ; t h i s  was proved by G. D. 

B irkhoff [4 ] , hence th e  term inology . The nex t p ro p o s itio n  i s  the  

t r i p l e - th e o r e t i c  v e rs io n  of th i s  theorem.

1 .6 .6  P ro p o s itio n . Let cP  be a  subcategory  o f YC ,̂ Set

TP *pp to  be th e  re g u la r  q u o tie n t t r i p l e  induced by J"), and
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and d e fin e  ^  to  be th e  image ( l i t e r a l l y )  of th e  induced a lg e b ra ic

fu n c to r T~. - °~— > in  AL( )T )  . Define 0  to  be th e  f u l l
TT

subcategory generated  by a l l  co eq u a lize rs  of U - c o n t r a c t ib le  p a ir s  of 

tR -morphisms. Then th6 fo llow ing  conclusions a re  v a l id .

a . (8 i s  a subcategory  and £ - 8 - e.
b . X0-  i s  an isomorphism onto (B 5 hence th e  r e s t r i c t i o n  of 

to  any B irkhoff subcategory i s  t r i p l e a b le .

c . I f  ( B, $ ) — (Q,a ) e  K T w ith  (B,£) e  | tR | and B - - 1 - > Q 

s p l i t  ep i in  V\t then ( Q ,a )  e  | $ | .
•f

P roof. Let (X ,i ) ,  (Y,6) z obj ^ 4 and l e t  X f  >Y z K .  

C onsider:
xx i

XT XT

fT fT
\ •

0
YT -» YT Y

I f  f  is  a TP -homomorphism then th e  o u te r  re c ta n g le  commutes so th a t  

f  i s  a TP -homomorphism as XX i s  e p i .  T here fo re , Xo-  i s  a  f u l l  

fu n c to r . That XX i s  ep i a lso  c le a r ly  im p lies  th a t  Xo-  i s  1 - to - l  on 

o b je c ts .  Xo-  i s  f a i th f u l  as a re  a l l  a lg e b ra ic  fu n c to rs . This proves 

th a t  (B i s  a  f u l l  subcategory  o f and th a t  X0-  i s  an isomorphism 

onto (B. Next we e s ta b l is h  th a t  ®  -  ( 8 .  Let [ ( X i , i i )  : i  e I ]  be 

a  s e t  o f TP - a lg e b ra s , and s e t  ( X , 5 ) *df T T ( X i , i i ) ,  (X,£) =df 

TT (Xi t  X ^ X ,^ ) . Consider th e  diagram :
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XT
PJ^T

XX

XT

X

pr.Tr i

defn . £ 

Pr ±

X.T

X X 
i

->  X±T

X,

The o u te r  square commutes fo r  a l l  i  by the  d e f in i t io n  of (X ,£ )• Hence 

£ .p r^  * X X .i.p ^  fo r  a l l  i  and £ = XX.£ , th a t  i s  (X,£) e obj (6  • This 

shows th a t  ®  i s  c losed  under p ro d u c ts . Let (B,£) be a f J P - a lg e b r a ,  

and l e t  (A,6) >— -—> (B,BX.£) be a subalgeb ra .

6
T

AT

IT

BX
iT

BT BT

I f  a.AX -  B.AX then  a .0  * B.0 s in ce  i  i s  mono. T herefore 6 e reg(Ax)

which induces unique £fl such th a t  AX.£0 = 0. As Ax is  e p i ,  (A ,£q) ^

(B ,5 ). This proves (8 i s  c losed  under subalg eb ras . More general
IT

than  showing th a t  uO i s  c lo sed  under U - c o n tr a c t ib le  c o eq u a liz e rs , we

show th a t  <8 i s  c lo sed  under - s p l i t  epimorphisms, which w i l l  a lso
•m ^  p

take care of (c). Let (B,£) be a n~P- algebra and let (B,---------BX,£)-»

(Q,6) be a f[”P-homomorphism such th a t  th e re  e x is ts  Q —-—> B e Vi 
w ith  s .p  = 1q. In  th e  diagram a t  the  top of th e  nex t page, a l l  commutes 

(in c lu d in g  the o u te r  f ig u re )  except p o ss ib ly  (* ) . But as BX i s  e p i,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

BT
BA

QTBT
ST

BTQT

BAsT

QT(*) BT

P Q

(*) then commutes. Since pT and OA a re  e p i ,  so i s  pT; s im i la r ly ,  pTT

i s  e p i .  By 1 .2 .3 , (0 , sT .£ .p ) i s  a r f P - a lg e b r a .  That (Q,0) *

(Q, QA.sT,£.p) i s  a lso  c le a r  from the  above diagram . Hence (Q,6) e

obj (B , and (B ■ ® ,

Now suppose (X,£) e obj </}. The r e f le c t io n  p ro p e rty  induces % 
w ith  XA.£ “ £• I t  i s  n o t hard  to  show th a t  (X,£) i s  a ^ | | ' - a lg e b ra ;  

use th e  facts th a t  XAA ■ XTA.XAT, and i s  e p i .  We have proved so f a r  

th a t  ® ® , so in  f a c t  cFl ($ . To see  th a t  (8 ^
observe th a t  i f  (X,£) i s  a -a lg e b ra  then £ i s  th e  co eq u a liz e r of

Ip \ y*Tp •»
th e  U -c o n tr a c t ib le  p a ir  o f f \  -morphisms (Xy,£T) and hence th a t

£ IT
(XT, XTA.Xp) > (X, XA.£) i s  the  co eq u a lizer o f th e  U - c o n t r a c t ib le

p a i r  o f <8 -morphisms (XTy, £T). That C" i s  obvious. []

1 .6 .7  LF-Birkhoff su b ca te g o rie s . There a re  c e r ta in  c a te g o rie s  K  in  

which the  re g u la r  monomorphisms a re  th e  n a tu ra l  " su b o b jec ts" . For
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in s ta n c e  i f  K  = to p o lo g ic a l sp aces , th e  re g u la r  monomorphisras a re  

the  r e la t iv e  subspaces (we prove a g e n e ra liz a tio n  in  3.1*9) whereas 

th e  id e n t i ty  fu n c tio n  of a  s e t  X from d is c r e te  X to  in d is c r e te  X i s  

a j u s t  p la in  monomorphism th a t  i s  su re ly  no subspace. In  3 .4 .3  we w i l l  

show th a t  th e  category o f topo log ized  groups, whose o b je c ts  a re  s e ts  

w ith  both  group and to p o lo g ic a l s t ru c tu re s  bu t no r e la t io n s  between 

th e se  s t ru c tu re s  and whose morphisms a re  continuous group homomorphisms, 

i s  t r ip le a b le  over spaces v ia  a  re g u la r  t r i p l e .  The f u l l  subcategory

o f to p o lo g ic a l groups, where now th e  group o p e ra tio n s  a re  continW iu?,

TTi s  c lo sed  under p ro d u c ts , U - c o n t r a c t ib le  co eq u a lize rs  and th e  u su a l 

to p o lo g ic a l subgroups whose in c lu s io n  i s  a r e l a t iv e  subspace and no t 

j u s t  1—to —1 continuous; i t  i s  n o t ,  however, a B irkhoff subcategory  in  

th e  sense  of 1 ,6 .5 . The q u estio n  a r is e s  w hether we can o b ta in  a  theory  

o f B irkhoff su b ca teg o rie s  under the  t r a n s i t io n  "suba lgeb ra  w ith  mono

u nderly ing" )- » "subalgebra  w ith  re g u la r  mono underly ing" by m odifying

th e  n o tio n  o f " re g u la r  t r i p l e " .  The answer i s  in  th e  a f f irm a tiv e  and th e  

m o d ifica tio n  req u ired  i s  s l i g h t ,  as we s h a l l  now s e e . We w i l l  use th i s  

technique to  prove th a t  [ to p o lo g ic a l groups] i s  t r i p l e a b le  over [topolog­

i c a l  spaces] in  3 .4*4; th e  le v e l  o f g e n e ra l i ty  th e re  w i l l  a llow  an 

a r b i t r a r y  l a t t i c e  f ib e r in g  in  p lace  o f to p o lo g ic a l sp aces , hence the  

"LF" in  th e  d e f in i t io n s  we now e s ta b l is h .

1 .6 .7 A D e f in it io n s . P a ra l le l in g  0 ,5 .1 ,  a category  Yi i s  L F -regu lar 

i f  i t  s a t i s f i e s  the fo llow ing  fo u r axioms.

LFR1. has re g u la r  image f a c to r iz a t io n s .

LFR2. /'C has l im 's
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LFR3. b(. i s  le g it im a te .

LFR4, For each K - o b je c t  A, th e  c la s s  of epimorphisms w ith  

domain A has a re p re se n ta tiv e  s e t .

A t r i p l e  in  \K i s  L F -regu lar i f  i s  L F -regu lar and T

p reserv es  epimorphisms. For th e  r e s t  of th i s  s e c t io n , f i x  an L F -regu lar
j vTP

t r i p l e  ,r]_P  in  ] \ . An LF-B irkhoff subcategory  of K  i s  a f u l l  sub­

category  o f K T  which i s  c losed  under p ro d u c ts , r e l a t iv e  subalgebras

(“ df suba lg eb ras  whose underly ing  K -morphism i s  a re g u la r  mono) and 
TT

U - c o n tr a c t ib le  c o eq u a liz e rs .

Define th e  LF-m odification  o f a s ta tem en t by s u b s t i tu t in g  "LF- 

re g u la r  t r i p l e "  fo r  " re g u la r  t r i p l e " ,  "ep i"  fo r  " re g u la r  ep i"  and 

'te g u la r  mono" fo r  "mono". For example, th e  d e f in i t io n  o f L F -regu lar 

category  i s  the  L F-m odification o f 0 ,5 ,1 .

The fo llow ing  p ro p o s itio n  g e n e ra liz e s  [18, Theorem C] where i t  

i s  proved fo r  to p o lo g ic a l sp aces.

1.6.7B  P ro p o s itio n . Let (S be a f u l l  subcategory  of ^ . Then 

i s  c lo sed  under products and re g u la r  monomorphisms i f f  $  i s  a r e f le c ­

t iv e  subcategory  w ith  epimorphic r e f le c t io n s  and obj ©  i s  a  union of 

K  -isom orphism  c la s s e s .

P ro o f. Use th e  L F -m odification  of th e  proof of 1 .6 ,2 .  []

Note: C learly  8  i s  c lo sed  under lj.m 's i f  i t  i s  c lo sed  under

p roducts and re g u la r  monomorphisms, bu t th e  converse i s  f a l s e .  For 

in s ta n c e  th e  subcategory {P} C ^  c o n s is tin g  of th e  1 -p o in t s e t ,  P , 

i s  c lo sed  under l im 's  bu t 4> -► P i s  a re g u la r  mono.
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1.6.7C P ro p o sitio n . The L F-m odification of 1 .6 .3  i s  t r u e .

P roof. Use 0 .4 .4  in s te ad  of 0 .4 .8 . []

1.6.7D P ro p o s itio n . The LF-m odification of 1 .6 .4  i s  v a l id .  []

1.6.7E  P ro p o sitio n . The L F-m odification of 1 .6 .6  i s  v a l id .  Hence 

the  theory  of LF-Birkhoff su b ca teg o ries  fo r  L F -regular t r i p l e s  i s  as 

good as th e  theory  o f B irkhoff su b ca teg o ries  fo r  re g u la r  t r i p l e s .

P roof. The only p a r t  of th e  proof th a t  i s  no t immediate v ia  

LF-m odification i s f in  the  language o f th e  proof of 1 .6 .6 ,  the  argument 

th a t  $  i s  c losed  under r e la t iv e  subalgeb ras. C onsulting th e  c o rre s ­

ponding diagram , we have th a t AX i s  ep i and i  i s  re g u la r  mono. Hence 

i T . |  e r e g ( i)  inducing unique £0 w ith  l Q. i  = iT .g . AA.l0 «* 6 as i  i s  

mono. []
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§1.7 Composite t r i p l e s .

For th i s  s e c tio n  l e t  111 ’ = (T ,n ,y ) , 

a category  Y\ •

|_ | = (H ,e#m) be t r i p l e s  in

1 .7 .1  D e fin itio n s . An | [—1- d is t r ib u t iv e  law on T P i s  an H - t r ip le  map 

(H,X) s a t i s fy in g  axioms

Hi lHHHT —  ----* HTH  >THH

mT

HT

D2

X

Tm

-> TH

TT ^
^ l i f t i n g  of | |—| over U i s  a t r i p l e  |p-I = (H ,etm) in  n- such th a t

TT TT \y&' JL
flU = U H and such th a t  fo r  every (X,g) e ri ,  (X,£)SU * Xe and

TT TP

(X,5)3U^\» Xm. An II—I- in f r a s t r u c tu r e  on TP i s  an H - in f ra s tru c tu re

---------- > i

TT TeT ^

V H4

' t

T Te------------ >

THT TmT
THTHT --------------?THHT  » THT

THTH

THT IN5

-> THH
Tm

TH

M
A T P -  I H  composite t r i p l e  i s  a n a tu ra l  tran sfo rm a tio n  THTH >TH

such th a t  T P  IIH *df (TH,ne,M) i s  a t r i p l e  in  K " » such th a t

T P  --------   ,  T P  I H    ll-l

a re  0PTR( T ) -morphisms and such th a t  Cl and C2 commute:
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THTHH
MH

THH TTHTH
TM

-> TTH

THTm Cl Tm yHTH C2

M > M

pH

THTH -» TH THTH TH

The re sp e c tiv e  c la s s e s  o f a l l  such [X], [ [ |—| J , [T ], [Ivl ] .  R” 1 of 

th e  fo llow ing  p ro p o s itio n  i s  found in  [2 ] .

1 .7 .2  P ro p o sitio n . D efine correspondences

[X]  ^  [ N  ] ---- ^ — ► tr] ---- — A x ]

as in  1 .4 .5 . Also d e fin e

t r ] --------------- £_____ ^ IM],

r rH Tm
THT— »TH I—* THTH — > THH---- ?TH

IM]

M

-> IX].

HHTe M
THTH— »TH i—» H T ------>THTH —»TH

Then Q0, Q1# Q2, R2 , R3 a re  a l l  w e ll-d e fin e d ; f u r th e r ,  ^  R3 

th e  system
Qo[ x ] --- - - - - - - - - - - - - - - - - - - - >[ | | - | ]

<h 

tr]

Q2 and

A

[M]

c o n s is ts  of c y c lic a l ly - in v e rs e  b i je c t io n s .  

P roo f. We b u ild  on th e  proof of 1 .4 .5 .

Qq w e ll-d e f in e d .
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XeTXT

D1

XTe

XTH

Xe

XHX XXH £HH
XHHT — ----> XHTH   * XTHH  ^ XHH

XmT D2

XHT
XX

XTm Xm

-> XTH -> XH

XTe
■> (XT,Xy)H i s  a -homomorphism, th a tQj w e ll-d e f in e d . (XT,Xy) 

i s  XTeT.XT = Xy.XTe which i s  IN4. Fix X in  obj and d e fin e  £ by

(XTHH,£) =df (XTH.XDS = (XT,Xy)flH. As (XTHT,XTHy)
xrH

a f] T - homomorPhlsm » so i s  (XTHTH.XTHT) -

xr
(X T H .x r) i s

(XTHH,5) « y ie ld in g  
XXm

XTHT.C = X T H r.x rH . On th e  o th e r  hand, (XTHH,£) -------------  ̂ (XTH,XT) i s

a ^|p-homomorphism by h y p o thesis  so th a t  XTmT.Xr = £.XTm. P astin g  

to g e th e r along £ proves IN5.

R2 w e ll-d e fin ed .

THne
TH THTH

THn •THTe

THT
INI

THe
TH

TH-

TH
neTH

THTH

TeTHnTH

TTH
IN4

TeH
TH

TH

Tm Tm

TH *TH
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THTH TmTHTHTHTH - > THHTH ---------j>THTH

THrH IN5 TH

THTH — ---- > THHH —— —* THH

THTm

THTH
TH

THm

-4 THH
Tm

Tm

->TH

Te
T

ne

1

H

TeTe  HHTHTHTT

nHHTHnHTHTe'eT

THHTHT INIIN4

Te THe

Tm

THH TmH
THHH ------------- 9 THH

TTH TTm
TTHTH---------- » TTRH  >TTH

THTm THm Tm nHTH pHH

TH * Tm • V TH ' Tm
pH

THTH -» THH -»TH THTH 9 THH -» TH

Rjwell-defined.

nHTe
-> THHT

'

HTe nHTH nH e 
OPTRHTH

rjHnH

He

nHTe M
J  > THTH ----------- »TH

t)H

THTenHT Te e 
(PTR

TeTHT
TeTe

eT

J J
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HnHTe nHTeH HH

. v THTHH -----
HM

■> THHHHT -

nHTHTH nHTH THTeHHTHTeHnH'

,THTmTHTHHTHTH
ClnHnHT

TmtlHTHT
THM

THTHTHTHTHT
mT

MTOPTR

MTHTHT

THTenHT
Mv

HT
nHTe 4 THTH

TMnHTeT MT
TTH4 THTHTHTT

THTe /TnHTH•nHTHTHTeT

THTHHTHT yHTHTHTHTe

HTHTe
v

THTHTH
nHTHTH MTH

THTHTe e HTHTH 
OPTR

HM
THM

HTH

nHTHHTe
nHTe

^  THTH THHT

R2R3 » Q2. Let T e [T ], That nHTe.TH.Tm = nHT.T fo llow s from:

nHT
THTHT

THTenHTe

THTH TH
THeTH

THH
Tm
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= id .  Let M e [M], I f  T *df MRsQqQ! then (X T H ,X r) =

(XT.Xp) H. -  (XTHfXTXm«XyH) -  (XTH, XTpHTe.XTM.XyH). C onsulting 
AM M

th e  diagram :

THTH
ThHTeH

TTHTHH
TMR

TTHH
TTHTeH

TnHTH
'Tm pHHTTHTH TTHTm

TM
THH* TTHTTHTH

TmpHyHTH

THTH

we have MR3QqQ1R2 “ TpHTe. TMH. pHH, Tm = M. []

1 .7 .3  D e f in it io n .i ; We d e fin e  a new fu n c to r Jby forming :the

(u su a l model o f th e ) pu llback  in  th e  category  of c a te g o r ie s

,CirjH)_ _

(TTJH)

K , yffl-
-> K

us

KIT Uor
. f t

/ I j p  | I I \  »Jp  y

Hence obj f t  * * [(X ,£ ,a ) : (X ,?) e | f t  | and (Xfa) e | ft  | ] ,

a f t  '^ -m orphism  (X ,£ ,a ) ---- -— ^ ( X '. g ' . a ' )  i s  a ft -morphism

X —-—> X’ which i s  bo th  a f | | ' -  and an | |—|-homomorphism and U ^* 

i s  th e  obvious underly ing  f t -o b je c t  fu n c to r .

The p roof of th e  fo llow ing  p ro p o s itio n  may be s a fe ly  l e f t  to  th e  

re a d e r .
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1 . 7 . 4  P roposition*  The follow ing s ta tem en ts  a re  v a l id .

a . Ut e * ^  c re a te s  l im 's .

b . ^  c re a te s  co eq u a lize rs  o f U ^* '^ - c o n t r a c t ib l e  p a i r s .
nr ih} (tt ih)

c« U * i s  t r ip le a b le  i f f  U * has a l e f t  a d jo in t .

d . I f  f]”P  , | |—| a re  re g u la r  then U ^* c re a te s  re g u la r  coimage
(it m)

fa c to r iz a t io n s  and K * i s  re g u la r . []

1 . 7 . 5  D e f in itio n . I t  i s  p e r fe c t ly  c le a r  what "subalgebra" and "co -
(ir p ) i y  Cn*, W)

e q u a liz e r  o f  U * - c o n tr a c t ib le  p a i r ” mean in  r\ (indeed we

have a lread y  used th e  l a t t e r ) ; d e fin e  th e  n o tio n  of ^ - c l o s e d  subca t­

egory acco rd in g ly . The term  "B irkhoff subcategory" w i l l  be reserved  

fo r  the  re g u la r  t r i p l e  c ase . Note th a t  i f  (8 c )< < ” .« >  i s

^  -c lo se d  and th a t  i f  U the  r e s t r i c t i o n  o f U ^ ’ to  6  , then

i t  i s  obvious th a t  U c re a te s  co eq u a lize rs  o f U -c o n tra c tib le  p a i r s .  Hence 

U i s  t r ip le a b le  i f f  U has a l e f t  a d jo in t .

1 . 7 . 6  P ro p o s itio n . Let M e [M] be a (11' -  ||*~| composite t r i p l e ,  and 

l e t  X, | | - | , r  correspond to  M under th e  b i je c t io n s  o f 1 .7 * 2 .  Let

be th e  f u l l  subcategory of r.
generated by those objects (X,£,a)

s a t i s fy in g  th e  composite law :

aTXHT -----------------------   J.XT

XX 

XTH

XH —

CL
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and l e t  if) ---------* H* be the  r e s t r i c t i o n  o f U ^* ^  to  ^ . D efine

B  — - df  ( K ¥  u ia  , K .  Define

(j5 ^   ̂ y{ =^£ th e  underly ing  K* -o b je c t fu n c to r from (TH,ne,M)-

a lg e b ra s . Then U, V, W a re  isom orphic o b je c ts  in  AD( \ { ) ,  w ith  W in
\ /  D (17» IH)AL( I 'x ) .  Moreover, i s  a -c lo sed  subcategory of / l  .

P roof. Noting th a t  (x,^)H  = (XH,Xx.£H), i t  i s  t r i v i a l  to  check

th a t  ((X ,C ),u) I—» (X ,£ ,a) e s ta b lis h e s  an isomorphism of U w ith  V. To

see th a t  i s  a ^ - c l o s e d  subcategory , l e t  (X ,f ; ,a )— -— >(Y,6,6)

be a  morphism in
K o r, B)

and consider th e  diagram:

YHT-.
YX

XHT
YTYTHfTHXX aT

I6H
XTH XT

YHfH

XH

A ll commutes except p o ss ib ly  the  l e f t  and r ig h t  fa c e s . I f  f  i s  mono, 

r ig h t  im plies l e f t .  I f  f  i s  s p l i t  e p i ,  so i s  fHT and l e f t  im p lies 

r ig h t .  I f  f i s  a  ty p ic a l  p ro je c tio n  from a p ro d u c t, r i g h t 's  imply 

l e f t .  We tu rn  now to  th e  proof th a t U i s  isom orphic w ith  W. Define

 1---- >(? by (X ,$,a)4' =d{ (X,£H.a) • The diagrams

fTHXne XTH
XTeXn

XT
XH

X

XH

n  --------

SH
[ fH

--------  ̂ a  xn

J 5'H
; X*H

a
f

-------->>x'
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XM

by 1 ,7 .2
XTXH XyM XTH* XTTHHXTHTH

XyHH
£HTH

XTHHXTHH

XHCHHXHTH Xm

XHHCL
oTH

otH

XHXTH

prove th a t  U  »W i s  an AD(}{) -morphism. The f a c t  th a t  Te, nH

are  OPTR-morphisms induces a lg e b ra ic  fu n c to rs

Te»~ , e  c nH°" K IH

and hence a fu n c to r C*  —> * d efined  by (X,w)^

( X ,  Te.w, n H . u ) .  i 1 i s  d e fin ed  on morphisms by imposing U ^ »  * W.

The f i r s t  th in g  to  observe i s  th a t  <[XTH,XM)V = (XTH,xr,XTm) as fo llow s

from the  diagram :

XTHnHXTHTe XTHH* XTHTH ^XTHT

INIXTHXXTHeT
XTXH

XTHHT

XTHHXTTHH 1 .7 ,2XTmT

XTTm
Xym XTmXTXXTHT

XTTH
XyH

1 .7 .2 XTH
xr
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The same diagram proves th a t  XTHX.XrH.XTm = XTmT.Xr which shows th a t

(XTH,XM)y e obj cR . Given a r b i t r a r y  (X,w) e obj ^  ,

(XTH,XM)Y ^ ( X .u O i  i s  a K  (1T# IH)-morphism w ith  XTH —  »X

s p l i t  e p i in  H » so s in ce  <fi. i s  a '" '- c lo s e d  subca tego ry , (XjuOT e

obj R  . Hence re d e fin e  C — , and ¥ i s  w e ll-d e f in e d . Noting

th a t  (XTH.XM)^ -  (XTH,Xr,XTm)T = (XTH.XTH.XTm) = (XTH,XM), i t  fo llow s

from 1 .4 ,2  th a t  ¥¥ ■= l g .  Hence ¥ i s  f u l l  and onto on o b je c ts .

C lea rly  T i s  f a i t h f u l .  To complete th e  prqof we show th a t  Y i s  1 - to - l
1

on o b je c ts .  Let (X ,£,a)4’ = (Y,£,f3)¥. C learly  X = Y and (X ,£H ,a)-------»
1

(X, 6H.6) i s  a homomorphism. As Y is  f u l l ,  (X,£)------ > (X,0) and

( X ,a ) --------->(X,6) a re  homomorphisms so th a t  £ » 0 , a * 0. []

1 .7 .7  P ro p o s itio n . Let H T '» IIH re g u la r  t r i p l e s ,  l e t  M e [M] 

and l e t  ($ be a  ^ - c lo s e d  subcategory of K 01' IH ̂ . Then  ̂| | 1 11—|

i s  re g u la r  and & n  k ™  i s  t r ip le a b le ,  []
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§1,8 Subalgebras fo r  regu lar, t r i p l e s .

70

1 .8 .1  D e fin itio n s . Let b\ be a  ca teg o ry . I f  X —*Y i s  a -mor­

phism and i f  f  * X —E—» I  >—^—> Y i s  a re g u la r  coimage fa c to r iz a t io n  

of f ,  we in tro d u ce  the n o ta tio n s  coim f  X —£—» I  and im f 

I  )—-—> Y. I f  A > * > X —-—> Y we a lso  denote im i . f  by "Af>—> Y".

I f  X — -—» Y____il_( B, we denote th e  pu llback  of j  along f  by "Bf 1)—>X".

That Bf 1 X i s  a monomorphism i s  e a s i ly  v e r i f ie d .  Depending on Wt 
such co n stru c tio n s  may n o t e x i s t ;  i f  W -  0  th e  o rd in a ry  images and

in v e rse  images work. I f  A > A > X «J!__<B in  , A C B i  fa c to rs

(n e c e ssa r ily  uniquely  and by a mono) through B. Given any fam ily of 

monomorphisms in to  an o b je c t , th e  c o l le c t iv e  pu llback  i s  c a lle d  the  

in te r s e c t io n  o f the  fam ily , and we use the  sy m b o l " " ,  Again, i t  i s  

e a s i ly  v e r i f i e s  th a t  the  in te r s e c t io n  i s  a su b o b jec t. When ^
t h i s  c o n s tru c tio n  i s  the  o rd inary  in te r s e c t io n  of su b se ts .

Let be a t r i p l e  in  j ^ ,  l e t  (X,£) be a f]"p -a lg e b ra  and l e t

A )—-—* X e y ( . The subalgebra  of (X,£) generated  by A,

<A> )—i (X ,£ ), i s  defined  to  be the  in te r s e c t io n  :

H  < (X ,0  s A C D] >--------- , (X,C)

When <A> e x is t s  i t  i s  in  f a c t  the  sm a lle s t subalgebra  of (X,£) con tain ing  

A.

For th e  r e s t  o f th i s  s e c t io n , l e t  *7"P » i H  be re 8u l a r  t r i p l e s  

in  a category  Y\ ,

. ■,, i
1 .8 .2  P ro p o sitio n . Let (X,£) be a > 11 '- a lg e b r a ,  and l e t  A) > X.
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The fo llow ing sta tem en ts a re  v a l id .

a .  <A> * im iT .^ .

b. I f  (x,5)— -— >(*,6) e y( , <A>f -  <Af?. 

P ro o f, a . The diagram

An
-> AT

iT

_»>im iT . £

proves th a t  A C im iT a£, and hence <A> C im iT .£ . C onversely, consider

kT XT<A>TAT

» r

* <A> >

j T , e  reg (p ) because k i s  mono. T h ere fo re , im iT .S  C <A>.

b .

AT iT XT

(Af)T
jT

fT 

^  YT

Af
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<Af> «= im jT .0  = im pT .jT .0  * im iT .S .f  « <A>f. []

Note: Observe, in  th e  above, th a t  iT .£  i s  th e  homomorphic

ex ten sio n  o f i .

Of (H) _____

1 .8 .3  D e fin itio n . (X,£,ct) e obj K * i s  a T P  -  lj» l , quasicom posite 

a lg eb ra  i f  fo r  every Y\ -monomorphism A ; * > X, th e  ^ -su b a lg e b ra

generated  by A i s  <<A>^>^* (What we mean by "subalgebra  generated  by" 

h e re  i s  c lea r* ) E q u iv a le n tly , i f  A i s  a ( | p  -su b a lg e b ra , so i s  <A>|g*

1 . 8*4  P ro p o sitio n . Let f[ P  | | - |  be a  I H  com posite t r i p l e  and

l e t  (X ,£ ,a) e obj Then (X ,£ ,a) i s  a  r [T '“ I H  quasicom posite

algebra*

Proof* By 1 ,7 .6 ,  (X ,£ ,o) qua a lg eb ra  over th e  t r i p l e  (TH,qe,M) 

i s  (X,CH.a). Let A >—-—> X. By 1 .8 .2 ,  = im iTH.£H.ot. S im ila r ly ,

we c o n s tru c t from th e  coimage f a c to r iz a t io n  iT .fi = AT — - —» <A>̂ .
1 dH jH a

>— -— »X. Hence we have ATH--------- »<A>,jpH ----------?XH --------»X, so th a t

<<A>nT> -  im jH .a « im pH .jH .a .  im iTH.SH.a -  <A> . []
u In TIB

1 .8 .5  P ro p o s itio n . Let $  be a ^ - c l o s e d  subcategory  of K <v. »  

Cir ih)
c o n s is tin g  of HT4-  IIt I; quasicom posite a lg e b ra s . Then U U * 

r e s t r i c t e d  to  (B i s  t r i p le a b le .

P ro o f. By 1 .7 .4 ,  1 .7 ,5  we need only show U has a l e f t  a d jo in t .  

S ince (8 i s  c lo sed  under ljlm 's , (8 has and tj p re se rv es  l jm 's ,  S ince
K /Wn |IJ\

* i s  le g it im a te , the  a d jo in t  fu n c to r  theorem a p p lie s .  We need 

only show U s a t i s f i e s  th e  so lu tio n  s e t  c o n d itio n . Let K e  obj K  .
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Let ^  be a re p re se n ta tiv e  s e t  o f re g u la r  epimorphisms w ith  domain K,

L et he a re p re se n ta tiv e  s e t  of s p l i t  epimorphisms w ith  domain of

form LT fo r  some L in  Let s$>3 be a re p re se n ta tiv e  s e t  o f s p l i t

epimorphisms w ith  domain of form LH fo r  some L in  S z» Now suppose
f \y d(X ,g ,o) e obj n and K -------»X e A . There e x is t s  L e sd\ w ith

f  * K _E ^L  >—- —»X, There e x is t s  a model fo r  <L>^I such th a t  th e

canon ical s p l i t  epimorphism LT —— » <L> i s  in  sSz ; (we can always

tra n s p o r t  a s t ru c tu re  map through a -isom orphism ). S im ila r ly  th e re

e x is t s  a s p l i t  epimorphism <L > e - ^ 3 . Hence we have

* <<L>TP>(!

K

proved th a t  f  fa c to rs  through a s e t  o f o b je c ts  • The c ru c ia l

p o in t i s  our. hypothesis  which says th a t  « L > i s  i n  |(B | .  []
TT In

1*8.5 w i l l  be used to  c o n s tru c t compact a lg eb ras  in  2 .3*4.
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§2.1 Some p ro p e r tie s  of

2 .1 .1  P ro p o sitio n . In  the  category  of s e t s ,  £  , th e  fo llow ing n o tio n s  

a re  e q u iv a len t: c o n tra c tib le  c o eq u a liz e r , s p l i t  epimorphism, c o eq u a liz e r ,

re g u la r  epimorphism, onto  fu n c tio n .

P roo f. F ix X ——> Y e  ^  . F i r s t  suppose f  i s  an epimorphism.

I f  th e re  e x is t s  y e Y -  im f  i t  i s  c le a r  how to  d e fin e  (a ,b )  : Y -► {0,1}

w ith  f . a  * f .b  b u t a ^ b ; hence f  i s  on to . I f  f  i s  o n to , then  fo r  

every y e Y th e re  e x is ts  yd e X w ith  <yd,f> * y , so th a t  f  i s  s p l i t  

e p i .  E q u iv a len tly , f i s  a c o n tra c t ib le  co eq u a lizer by 0 .7 .5 .  []

2 .1 .2  P ro p o sitio n . Every t r i p l e  in  s e ts  i s  re g u la r .

P ro o f. That ^  i s  a re g u la r  category  i s  well-known; o rd inary  

image fa c to r iz a t io n s  provide the  re g u la r  coimage fa c to r iz a t io n s  by 

2 .1 .1 ;  they a re  a ls o , in  f a c t ,  re g u la r  image f a c to r iz a t io n s .  Now l e t  

f | | 1 *= (T ,n t y) be a t r i p l e  in  ^  . C learly  T p rese rv es  a l l  epimorphisms 

and a l l  monomorphisms w ith  non-empty domain s in c e  th e se  a re  s p l i t .  To 

complete th e  proof we must show C(f> >—— * X)T i s  mono. I f  <pT * th is

i s  c le a r .  O therw ise, th e re  e x is ts  a fu n c tio n  X — <j> T. Since
TT TT

(<I>T,-) ^  = (4>,(—)U ) So = P (from now on we w i l l  use "P" to  denote
ITthe  1 -p o in t s e t ) ,  d»T i s  an i n i t i a l  o b je c t in  S> . T herefo re , 

iT
^T ------- > XT----------» $TT ------- » <f>T ** l ^ j  and iT i s  mono. []
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2; 1 .3  P roposition*  Define fu n c to rs  ----- -— » $  ( i  "  1 ,2 ) by

(X Y)TX - d f P — * P and (X —— > Y)T2 - df $ $ ( i f  X -  ♦ « Y ),

<j> -»• P ( i f  X = <p + Y) o r P + P ( i f  X ^ (j> /  Y). Let Y P  » (T ,q ,y ) be a

t r i p l e  in  ^ . The fo llow ing sta tem en ts  a re  e q u iv a le n t.

a . T i s  f a i t h f u l .

b . T i s  no t n a tu ra l ly  eq u iv a len t to  e i th e r  Tj or T2 .
TT

c . There e x is ts  (X,g) e obj £  w ith crd  X > 1, 

d» q i s  po in tw ise  mono.

P ro o f. a im plies  b . C lea r, as T j, T2 a re  n o t f a i t h f u l .  

b im plies  c . As 1 ^  = (P »■*)£> and q e ( l g  » T ) n .t . ,  i t  follow s 

from th e  Yoneda lemma th a t  PT f  <J>. For each s e t  X, observe X t  <p im plies 

XT i  <f>. Since we assume T i s  no t n a tu ra l ly  eq u iv a len t to  Tj o r T2 th e re  

e x is t s  a s e t  X w ith  crd XT > 1 . But then  (XT,Xp) i s  a  Y P “a^8e^r a «

c im plies  d . Let Y be a s e t .  By tak in g  s u f f ic ie n t ly  la rg e  powers, 

th e  hypo thesis  guarantees th a t  th e re  is  a Y P  -a lg e b ra  ( X , £ )  and a 

monomorphism Y ;—-—> X ,  As X q , £  * 1 ,  Xq i s  mono, so i . X q  * Y q . i T  i s
A

mono and then Yq i s  mono.

d im plies  a . I f  ( f , g )  : X -* Y ,  and i f  f T  « gT then  f . Y q  = g . Y q  

by n a tu r a l i ty  and then f  « g as Yq i s  mono. []

2 .1 .4  D e f in itio n . Let Y P  be a t r i p l e  in  S?» Say th a t  Y P  i s  con~ 

s i s  te n t  i f  Y P  s a t i s f i e s  any of th e  eq u iv a len t co n d itio n s  o f 2 .1 .3 .

(This term inology goes back to  Lawvere, [2 0 ] .)  In view o f (c) in  2 .1 ,3 , 

the  in c o n s is te n t case i s  no t in te r e s t in g .

Whenever X,T a re  s e ts  we w i l l  always choose as a model fo r  th e
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r

c a r te s ia n  power X the  s e t  of a l l  fu n c tio n s  from T to  X to g e th e r 

w ith  th e  va rio u s  y -ev a lu a tio n  maps. Of course  we must invoke s p e c ia l  

p ro p e r tie s  o f th e  ca tego ry  of s e t s  to  do t h i s .

For th e  balance  o f th i s  s e c tio n  f ix  a  t r i p l e  *rj”P  = (T/i ,y ) in  S* .

2 .1 .5  P ro p o s itio n . The fo llow ing  s ta tem en ts  a re  v a l id .

a . Let (X,g) be a f]~ p -a lgeb ra  and l e t  £  ? >A be a fu n c tio n .

Then X ^— —---- *. X^ i s  a r 11' -homomorphism.

b . L et (X,g) — - —>(Y,0) be a 1̂ P-homomorphism and l e t  T be

a s e t .  Then X^-— » Y^ i s  a *7T'",h°ini0 ,norPkism.

P roo f.
po-

X X X *_____> YF

p r p r
Y Y

\f

Pr .

-5. Y []

2 .1 .6  P ro p o s itio n . Let (A, g )̂ —> (X, $  be a subalgebra  in  ,

and l e t  A >— T be a 1 - to - l  fu n c tio n  (■= mono in  £  ) .  F * ,
d r

[ r — X s A f  C A]. Then F <, X F.
k r

P ro o f. The in c lu s io n  map F > > X a r is e s  as th e  p u llb ack :

*AA
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2 .1 .7  P ro p o s itio n . Let (X,S) be a H T - a lg e b ra  and l e t  r  ,A be s e t s .

The fo llow ing  sta tem en ts a re  v a l id .

r r A (rA) .,
a . X -----------> (X ) , p h> - ° p ,  i s  a r j | 1-monomorphism.

b . Let F C rA, l e t  G < XA and d e fin e  H =df [p : p e X̂  and 

Fp C  G]. Then H £  Xr .

P ro o f, a .  The com m utativity o f each diagrams

xr _______ 5______ , (xA)(r<1)

Pr  h
a— >r

shows th a t  t, i s  a PP-homomorphism. Let A —-— * T be th e  co n stan t
P

fu n c tio n  induced by y fo r  each y e T, I f  p ,q  a re  in  X w ith  -op  = -oq, 

then fo r  a l l  y e Twe have yp « y .p  * y .q  ■ yq so th a t  p = q . (The case 

r *= $ re q u ire s  s e p a ra te  p ro o f , bu t i s  t r i v i a l . )

bj, M «df [rA— >XA : Ff C G], N =df [r A ~°P , *A : p e Xr ] .

Then M & (XA)  ̂ by 2 .1 .6 .  N <_ (XA) by ( a ) .  The fu n c tio n

M fl N -------> Xr  , -«p |—) p i s  th e  r e s t r i c t i o n  of e” 1 to  M /lN , I t s

image i s  H, so H < X , [J

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

§2.2 O perations.

2 .2 .1  D e fin itio n . Let n be a  s e t ,  "R aising  to  the  nth  power" i s  a 

fu n c to r

S  £ ____
X —- — >Y I > Xn ■ f ° .  , Yn

More g e n e ra lly , i f  iR — -—> ^  i s  any se t-v a lu e d  fu n c to r , d e fin e  

J3 ----9!!----> £ =df uin.

For th i s  s e c tio n , f ix  a t r i p l e  HT* = (T ,n ,y ) in  .S>, For sim -
ir ¥ ir

p l i c i t y  w rite  U *dn U , F *dn F , e * d n  e  .

2 .2 .2  P ro p o sitio n . Let n be a  s e t .  The fo llow ing fo u r c la s s e s  a re  

s e ts  and a re  isom orphic by th e  in d ic a ted  correspondences ( in  terms of 

th e  f i r s t  s e t . )

a .  ( l n ,T ) n . t .  l n----1—*T

b . (Un ,U )n .t .  Un — HL-»UT gU j> U

c . ( l nF ,F ) n . t .  l nF .■■8F - ) TF —

d . nT < ln , nn — HI— *nT>

Proof. Use the diagrams

n
S?

U /  \  l n

and th e  lemma of 0 .3  to  check (b) = (a) * ( c ) .  (a) * (d) i s  j u s t  the

Yoneda Lemma. []
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2.2.3 Definition. Any of the four sorts of thing in 2.2.2 deserve to 

be called an n-ary operation of P P  • Fo* definiteness, define P P  (n) 

for each set n by P P  (n) (ln,T)n.t.. If (X,£) is a PP-algebra

and i f  g e HT* d e fin e  th e  fu n c tio n  Xn

th a t  i s  £g i s  the (X, component of the  n a tu ra l  tran sfo rm a tio n  from 

Un to  U corresponding to  g. £g i s  c a lle d  an n -a ry  o p e ra tio n  o f (X,£) 

and the  s e t  of a l l  such i s  denoted by "O ^C X jO ".

2 .2 .4  P ro p o sitio n . Let (X ,£ ), (Y ,6) be P P - a lg e b r a s ,  and l e t  x 

be a  fu n c tio n . The fo llow ing  sta tem en ts  a re  e q u iv a le n t.

a . f  i s  a P P  -homomorphism.

b . For every s e t  n and fo r  every g e P P  (n) th e  diagram

commutes.

c . (*) commutes fo r  every g c PP(X ) .  

P roof, a im p lies  b .

Xn -------

f n

Yg

XT

fT

YT

X

b im plies c . obvious
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c im p lies  a . Consider th e  diagram of "a  im p lies  b" w ith  n = X.

Let x e XT. By th e  Yoneda Lemma th e re  e x is t s  g e P P  (x) w ith  < lx ,Xg>

-  x . We have < x ,£ .f>  *= < lx ,£ 8 .f>  » < lx , f X.08> = <lx ,X g .fT .6 > * <x,fT*0>. []

2 .2 .5  P ro p o s itio n . For each s e t  n d e fin e  nT0 nT -  [im nn], and 

d e fin e  P P 0(n) *df th e  su b se t o f TP corresponding to  nTQ; ( i f  

i  e n ,  th e  (X ,£)tb  component o f th e  corresponding g i s  th e  i tb  p ro je c t ­

io n ) .  Let W be a c a rd in a l number. The fo llow ing  sta tem en ts  a re  

e q u iv a le n t.

a .  For every p p - a l g e b r a  (X»£), s e t  n and g e P P 0 (n) th e re  

e x is t s  a  su b se t m > n and th e re  e x is t s  h e P P  (»») w ith  crd  m <

V f  and Xn —i i - » X  = Xn i o“ Xm— > X.

b . I f  n i s  a s e t  and i f  x e nT then  th e re  e x is t s  a su b se t 

m >—i —» n w ith  crd  m < W and x e im(mT — ——» nT) .

c .  For every * 11 '- a lg e b r a  (X ,€ ), su b se t A >=r-*-X and x e <A> -  At 

th e re  e x is t s  a su b se t F C A w ith  crd  F < and x e <F>.

P ro o f. a im plies  b . Let n be a  s e t ,  x e nT0. There e x is t s  

unique g e PP Q(n) w ith  <ln ,ng> = x . By h y p o th e s is , th e re  e x is t s  

m>— - —»n and h e PP(m) w ith  crd m < Vp and nTg.np « i®-«nTh.np.

We have th e  diagram a t  th e  top o f th e  nex t page which shows x =

<ljn,mh.iT> as d e s ire d .

b im p lies  c . We use 1 .8 .2 .  Let (X,£) be a P | ' - a l g e b r a ,  l e t  

A>—- — »X and l e t  x e <A> -  A. Consider

kTFT - -  -  -----> AT ______________ ><A>T 11  . XT
-P 4

An <A>n

F  k  * A --------- i --------- > <A>---------------------
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nnT
nTTnT

ng
nTg

ny
nT

io -

nThmh nh
nnT ny nTnTTnTmT

(diagram fo r  "a  im plies  b")

As <A> * im jT .iT .5  th e re  e x is t s  y e AT w ith  < y ,jT .iT .£>  *» x . By 

hypo thesis  th e re  e x is ts  F>—- —> A w ith  crd F < W" and y e  im kT. 

T herefo re , x e im kT .jT .iT .j; « <F>.

c im p lies  a .  Let (X,£) be a -a lg e b ra , l e t  n be a s e t  and l e t

g e T P 0 <n>‘ Set x =(j£ < ln ,ng> e nT0. As nT = <im nn>, we have by 

hypo thesis  th a t  th e re  e x is t s  m>— -— »n w ith  crd m < 'ft and x e 

<m(nn)>. From the diagram:

iT nnT
mT-------------------------> nT ------------- ■-------------> nTT

nh nTn

we have <m(nn)> * im iT.nnT.ny * im iT . Hence th e re  e x is t s  y e mT w ith  

<y,iT> » x . There e x is t s  unique h e (rJ P  (m) w ith  < lm,mh> = x . Using 

the  Yoneda Lemma, we check th a t  Xg = io - .x h :
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fT<x> nT —   »XT>

II
iT fT<y , mT - ■ ■■» nT  XT>

2 .2 .6  D efin ition*  'IT ' hsis a rank th e re  e x is ts  a c a rd in a l number 

w ith  e i th e r  o f the th re e  eq u iv a len t p ro p e r tie s  o f 2 .2 .5 . In  th is

case we also say "rnk('yp ) £ W*"* TP âs a ran̂  ĉ en there 

exists a least {regular} W with mk(f|~p ) £  W"; i t  is  called the 

{regular} rank of TP * and is  written ,,{r}rnk(r|P  )"• rrnk(f]~p ) £

Vi0 i s  c la s s ic a l  u n iv e rsa l a lg eb ra . 2 .2 .5  (a) says th a t  o p e ra tio n s  a re  

f in i t a r y ,  (a) i f f  (c) i s  a c la s s ic a l  theorem fo r  “ W’q which

may be found in  [5 ] . For p e rsp ec tiv e  on “ rank" see [23 ].

2 .2 .7  Example: 6 - s e t s .  Let G be a monoid, (jr (-xG,e,m) the  

r e s u l t in g  t r i p l e  in  s e ts  as in  1 .1 .6 . Let n be a s e t  and l e t  ( i ,g )  e 

nxG. The re s u l t in g  n a tu ra l  tran sfo rm atio n  5 e (jr (n) has Xth component

Xn -------------------------  ,X * G
f  f x l

n  I----------> <({i,g), nxG— :----- > XxG>

th a t  i s  Xn — P-rA  x  ■ ^  * —» XXG. I t  fo llow s a t  once th a t  rnk( ( j r  )

* 2 .  The only im portant o p era tio n s  of a G -set X x g —- —» X a re  th e

G-indexed unary op era tio n s  a g = X __; X x g a ; X. N o tice ,

to o , th a t  th e  symbol e may be not-too-am biguously  used as th e  monoid 

u n i t ,  fo r  they  correspond under th e  Yoneda correspondence; nor a re  th e  

symbols g ambiguous.

fn  * x

In  p a r t ic u la r ,  5g *= Xg.S « i ° - , € h . [}
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2 .2 .8  P ro p o sitio n , Let (X,£) be a r f P - a lg e b r a ,  and l e t  n be a 

s e t .  The follow ing s ta tem en ts  a re  v a l id .

a .  Cfn (X,C) i s  the  subalgebra  of X^xn  ̂ generated  by th e  e v a lu a tio n  

maps [Xn ——̂ —> X : i  e n ] .

b . n T  E *0^(X ,£) i s  a  * | p-homomorphism on to .

<l n .n g > Zg

P ro o f. Consider th e  fu n c tio n  n — eV -> X ^   ̂ sending i  to  ev^.

For a l l  f  e Xn , g e ^JT* (n) we have th e  diagram :

evl

ng

nT evT

^ [ X(Xn) jn

(Xn)

" X
(xn )

r  --------- --------->

x  g

]T
p rfT

?

5 (xn )
defn .

C(XH)

1 Pr f
-------- *

.(Xn)

Xg

XT

Since <1^ , evn .p r^ n > = f  th i s  shows th a t  £ * evT.i;v~ / » and hence £ i s
(xn)

a  ^]~P-homomorphism. Using 1 .8 ,2  we have C^(X,£) * im t, - im (evT.£ )

* <im ev> * <[ev^]>, []

r m  i2 .2 .9  P ro p o sitio n . Let (X,£) be a * |P - a lg e b r a ,  and l e t  A> *X ,

The fo llow ing  sta tem en ts  a re  v a l id .

a .  <A> = i  < ^(X ,5 ).

b . A ■ <A> i f f  fo r  every g in  f J J ^ A ) ,  kA 
fa c to rs  through i .

iA
*A x -58 -»x
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P ro o f, a . I f  a e A, <ev_, X^X *-----p r*-~» X> = a . Hence using

2 .2 .8  we have <A> * <[eva : a e A] p r.>  « <[eva J>pri  * C?^(X,C) p rA

«i©A(x,U.
b . I f  (A,£0) <. (X,§) th e  d e s ired  fa c to r iz a t io n  i s  Sg . C onversely,

suppose i A.S® fa c to rs  through A fo r  a l l  g e ^ fP (A )• E valuating  a t

l |  we have i  C?.(X,£i) = <A> C A. []
A A

2 .2 .1 0  P ro p o sitio n . Let (X,g) be a  *e t  (A ,50) >--------=>(X,g)

be a subalgebra and l e t  n  be a s e t .  Then

On(x,0

? 8

i s  a f |p-homomorphism on to .

P ro o f. Let g e fJ J^ n ) . 2 .1 .5  and th e  diagram on th e  l e f t  produce

On (A,S(|) > -  a<a">

- o i

©n ( x , o  ,--------- > x (xn) > x (An>

th e  image fa c to r iz a t io n  of fj"P-homomorphisms on the r ig h t .  []

2 .2 .1 1  P ro p o s itio n . Let (Y,0) be a q u o tie n t a lg eb ra  o f (X ,€ ). Then
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i s  a TP -homomorphism onto.

Proof. There e x is t s  Y -*X — — »Y w ith  i . f  « l y and w ith  f

a TP -homomorphism. Let g £ TP (n) an^ consider the  diagram:

„n Xg 5XT -*X

fn fT
Yg / , 0

YT

i n .£ 8 , f  * i n . f n .0 8 ■ ( i . f ) n 68  =* 08 . Therefore c i s  w e ll-d e fin ed  and 

in  fa c t  5 * i n o-of which i s  a TP-homomorphism by 2 .1 .5 . []

2 .2 .1 2  P ro p o sitio n . Let [ ( X ^ ,^ )  : i  s I ]  be a s e t  of T P  “^ S ^ r a s

and l e t  n be a  s e t .  Then Q  (TTx,»£) — -—»TT(5 (X .t £ ) defined  byn i  n * x
I—> i s  a  T P  “monomorphism.

Proof. Let g e TP • T̂ ie com m utativity o f th e  diagram:

T V  - - - - »  <TTxi>” _ _ _ (TrX l>8_ _ _ » (T I V * + T IX

Xi

Pr,

Xlg

P ^ T

+ xlT h

i

Pr ,

X

fo r  a l l  i  (where X i s  th e  canon ical b i je c t io n )  proves th a t  58S = X?®, 

and hence th a t  C i s  1 - to - l .  S ince each (X ^ ,^ )  i s  a q u o tie n t a lg eb ra  

o f (TFx1 ,€ ) ,  i t  follow s from 2 . 2 . 1 1  th a t  each Cpr^ i s  a homomorphism, 

so th a t  in  f a c t  C i s  a homomorphism. []
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Fix ano ther t r i p l e  *yp “  (Tth»y) in

(m t  < iiA

2 .2 .13  P ro p o s itio n , Let (X ,£,£) e  obj £5? * . The fo llow ing

sta tem en ts  a re  e q u iv a len t,
/s /

a . i s  a -homomorphism fo r  a l l  g e  rf P  (n),, fo r  a l l  n ,
_____ rrr\

b , \  i s  a (| P  -homomorphism fo r  a l l  h e  (r]_P (m), fo r  a l l  m.

P roo f. This fo llow s from 2 .2 .4 ,  2 .2 .1 2  and th e  symmetry o f:

(£8 ) m
(Xn )m    > X

(X“ ) n .h
n K

n f 8 ''X _____________________?________________> X .  [ ]

(TT TT) _ _
2 .2 .14  D e f in it io n s . (Xf S,S) e obj £? * i s  a HTP-^TP b ia lg e b ra  

i f  i t  s a t i s f i e s  e i th e r  o f th e  eq u iv a len t co n d itio n s  of 2.2.13,. The
*jp]

f u l l  subcategory  of p -* T P  b ia lg e b ra s  w il l  be denoted " <£> * "

and th e  r e s t r i c t i o n  o f to  b ia lg e b ra s  w i l l  be denoted " u ^ »

I f  u W "  i s  t r i p le a b le ,  th e  r e s u l t in g  t r i p l e  i s  c a l le d  th e  ten so r 

product of and p  P  and i s  denoted "1 j P (?) n T 1'1* *s an °Pen
  A/

q u estio n  whether o r n o t *yp (?) 11P always e x i s t s .  A c o n s tru c tiv e  

proof can be given i f  bo th  ,r]~P and ‘ p  p  have a rank by g e n e ra liz in g  

Freyd*s proof in  [11].

2 .2 .1 5  P ro p o sitio n . The fo llow ing sta tem en ts  a re  v a l id .

a .  S ’ i s  a  '" '-c lo s e d  subcategory of

b . [ U ™  s a t i s f i e s  th e  so lu tio n  s e t  co n d itio n ] i f f

i s  t r ip le a b le ]  im plies [u ^ *  i s  t r ip le a b le ]  i f f  s a t i s f i e s
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th e  s o lu tio n  s e t  c o n d itio n ] .

P ro o f. The diagram used in  2 .2 .1 2  shows "c lo sed  under p ro d u c ts" . 

Consider the  diagram:

fnT

fT
XT

X

I f  ( X ,f i , i ) — -—* (Y ,8 ,0 ) , a l l  commutes except p o ss ib ly  th e  l e f t  and 

r ig h t  s id e s .  Hence i f  f  i s  mono then r ig h t  im plies l e f t j  i f  f  i s  e p i 

then  so i s  f nT so l e f t  im plies r ig h t .  This proves ( a ) . To prove ( b ) , 

th e  a d jo in t  functorem  and 1 . 6 . 6  ap p ly , so th i s  i s  summing up th e  theory  

o f 1 .7 .4 , 1 .7 .5 . []

2 .2 .1 6  P ro p o sitio n . Monoids a c t  a lg e b ra ic a l ly  on a lg e b ra s . More 

p re c is e ly ,  l e t  G be a  monoid w ith  a sso c ia te d  t r i p l e  ( jr  = ( -  * G ,e,m ).
/ "  , ,  , ,  _  . Q5r

Then th e re  e x is ts  a  ( j r - H i  com posite t r i p l e  ( j ' j ] '  w ith  £  =

pa r t £CUi a r t  (jr ®  n~P always e x i s t s .
p Q

P roof. We c o n s tru c t a l i f t i n g  o f ' | P  over U . I f  (X,ct) e £o »

d e fin e  (X ,a)T (XT, 5) where XT x G °   ̂ XT sends (x ,g )  to
e -e  e —gh gh e h  e h

<x,aBT>, Since a ■ a T «* I  T « 1 and a  » a  T » a a T ■ a*Ta TX XT
* a®a^, (XT,a) i s  a G -se t, I f  (X,a) — -— > (Y,g) i s  a ( j r  -homomorphism, 

th a t  i s  i f  f|5® *» a^f fo r  a l l  g , then we have fT x l .P  = o .fT  and so T
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i s  a fu n c to r such th a t  TU *= U T. As n i s  n a tu r a l ,  Xn * l . a  = a.Xn;

a ls o ,  as p i s  n a tu r a l ,  Xp x l . a  = If.Xp. Hence we have a l i f t i n g  <r|~P =

•  wm « G(T ,n ,p ) over U . Now remembering th a t ,  in  th e  language of 1 .4 ,5 ,

(X,C)H ■ (XH, XX.f-H), we have from 1 .7 .6  th a t  ^  ® ^  i s  the  f u l l  sub-
,  / n iirt

category  o f ( X ,a ,0 * s  in  S  * s a t i s fy in g  CL in  th e  diagram  below:

ag » a gT-

XT
( l ,g )

-#XT x G
” I

XT

5
(*)

€ * 1
CL

X
( 1 . 8 )

\

, . _ A  X

'
X a

a V

_ X

.  £  '"Jp
Suppose (X ,a ,£ ) e £> . Then (*) U CL commutes fo r  every g e G, th a t

i s  each a g i s  a  f | P-homomorphism. I t  fo llow s from 2 .2 .7  th a t  every

& f  p  TP 1
-o p e ra tio n  i s  a  r | p-homomorphism, and (X,a,'£) e S ' * . Con-

lG TT]
v e rs e ly , l e t  (X ,a ,£ ) e obj S ’ * . Then (*) (J  CL and (*) commute

fo r  every g in  G. But c le a r ly  every elem ent o f XT x G i s  in  th e  image 

o f some ( l , g ) .  T herefore CL commutes. []

TT
2 .2 .1 7  D e f in it io n . Let (X,g) e & , and l e t  A be a su b se t of X. Look

a t  th e  f a c to r iz a t io n  A yJi—> <A> > J —» X. Because <A>^ ^___> XA _< X^

we have a  f a c to r iz a t io n

aa  >------- !5— > <aa > , m , <A>A1— L —  ,  XA

IT
Say th a t  subalgebras commute w ith  powers in  c§ i f  m i s  always an 

isomorphism, fo r  a l l  (X,£)» A.
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2 .2 .1 8  P ro p o sitio n , Suppose th a t  subalgebras commute w ith  powers in
_  ^  _____ ^

So . Then every TP "TP b ia lg e b ra  i s  a TP “TP quasicom posite

a lg e b ra , and hence TP ®  TP e x is t s .

P ro o f. Let (X ,£ ,i)  e £ 2  and l e t  (A,£0)> »(X,5) be

a su b a lg eb ra . For eabh g in  TP (A) consider th e  diagram;

A
£8/  <A>,

<A>, TT
TT

AA

By 2 .2 .9 ,  £8 /AA fa c to rs  through A. Applying our h y p o th es is , < a > <jj. 

i s  generated  as a 11 | ̂ a lg eb ra  by i A and C8 i s  a  TP “homomorphism. Hence 

im (58 /<A>irA) C <A> ^by  1 . 8 . 2 . I t  fo llow s from 2 .2 .9  (b) th a t  c A ^  i s  

a  su balgeb ra . That TP ®  TP e x is ts  now fo llow s from 1*8.5 . []
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§2.3 Compact a lg e b ra s .

2.3*1 F i l t e r  th eo ry . Let X be a s e t ,  F  C 2X. F  C «d [A C X : 

th e re  e x is t s  F e F  w ith  F C A], F "  i s  a f i l t e r  on X i f  F  + <j>,

(j) t  F ,  A,B e F  im plies  A fi B e F  and J1 « F ° .  An u l t r a f i l t e r

on X i s  an in c lu s io n  maximal f i l t e r  on X. XB =d£ [ ^U. : i s  an

u l t r a f i l t e r  on X]. I f  A C  X, A =df [F f l  A : F e T  ] .  I f  <F

i s  a f i l t e r  on X, i t  i s  t r i v i a l  to  v e r ify  th a t  A i F  i f f  I  A A1 i s

a f i l t e r  on A' i f f  ( F A  A ')c i s  a f i l t e r  on X (where A' =dn th e  com­

plement in  X of A.)

2.1.3A  Lemma. Let F  be a  f i l t e r  on X. Then h e X8 i f f  fo r  every

P ro o f. I f  A i  <F ,  ( F A  A ')c i s  a  f i l t e r  f in e r ,  hence equal to ,  

F "  • T herefore A' e F  . C onversely, l e t  ^  be a f i l t e r  co n ta in in g  

T .  I f  G e ^ ) , G' (f J1 so th a t G e F  . []

2.1.3B  Lemma. Let F  be a  f i l t e r  on X. Then j' « F I t ^  E x& 1

F "  c ^ u .

P ro o f. Let A C X, A i J' . ( F A  A’) c i s  a f i l t e r  on X. By

Z orn 's  Lemma (a  nested  union of f i l t e r s  i s  a  f i l t e r )  every f i l t e r  i s

con tained  in  an u l t r a f i l t e r .  Hence th e re  e x is t s  °IA e XB w ith  

(F"A A ')C C We have F C °U. , A £ ^  proving A ^

n [Vc xe : T  c Vi. []

2 .3 .2  Topological lemmas. Let (X, be a to p o lo g ic a l space ,
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l e t  T " C  2X and l e t  x e X. R eca ll th a t  J' converges to  x «=df

0 3 rH x (where 71 x *dn th e  neighborhood f i l t e r  o f x ) t *dn
c>- q-y  ---------7 x . More g e n e ra lly , i f  A C X, T ----->■ A *dn th e re  e x is t s

x e A w ith  A --7 x . I f  X — -— >Y i s  a fu n c tio n , A f  =d£ the

f i l t e r  [Ff : F e ^  ]c C  2Y.

2.3.2A  Lemma. This i s  due to  E l l i s  and G o ttscha lk ; see [7 ] , Lemma 7.

Let (X, j ^ ) ,  (X’ , j ^ ' )  be to p o lo g ic a l sp aces , l e t  X —-—>Y be a fu n c tio n

and l e t  x e X. Then f  i s  continuous a t  x i f f  fo r  every %i. e Xg,

lA. 7 x im plies TAf  p-xf.

P ro o f. Let ZL e Xg, l A  7 x . Let V e There e x is t s

W e T \  w ith  Wf C V .  As W e 'lA , V e l A f . Now th e  converse . For

every t l  ^x we have Zif Z) ^  ^  lA ff”1 ZD
By 2 .3 .1B , 7 ) x -  fZ lU  t l i  ?x] D  [1

2.3.2B  Lemma. Let (X, be a to p o lo g ic a l space , and l e t  A C X.

Then A i s  open i f f  fo r  every 7/t e Xg, Zl  t-a im p lie s  A e Zl.
P ro o f. A i s  open i f f  A e n -n  .  n  n  u  .  nu.  »
———  r  xeA x xeA U-r-x. K-tA

2.3.2C  Lemma. Let (X,4) be a  to p o lo g ic a l sp ace , X —-—> X’ an onto 

fu n c tio n . Let Ĵ >> be the  q u o tie n t topology induced by f .  Then i f  

(X, ) i s  compact T2 and i f  (X, j$ ) — -—» (X ', j ^ ')  i s  c lo sed  then

(X ', j^ ')  i s  compact T2,

P ro o f. This i s  s tan d a rd . See [1 7 ], ch ap te r 5 , theorem 20, p . 148, []

2 .3 .3  P ro p o s itio n . Let ( f 5 be th e  category  o f compact T2 spaces w ith
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underly ing  s e t  fu n c to r (2°------------- > . Then U i s  t r i p le a b le .

P roof. A f a i r l y  sh o rt proof can be given using 1 .2 .9 .  We o f f e r

in s te a d  a  d i r e c t  c o n stru c tio n  which makes th e  t r i p l e  very  e x p l ic i t  and 

thereby  o f fe rs  an independent d e f in i t io n  o f a compact T2 space .

I f  X i s  a s e t  and i f  x e X, A C X, d e fin e  x [B C X : x e B],

A [ XL e X$ i  A e XL ] .  I t  i s  t r i v i a l  to  v e r ify  th e  fo llow ing :

£ e X3 , {x> ■ {*}, a /1  i  * A H  B, A' “ A' ,  ^ = <j>. Define /j3 * (3»n»y)

$  — •— ;  g

f  f s  xn
X ------- *-Y X 3  — *Y3,----------------- X --------->XB

^  1 > °U f  x I---- » x

Xy
XBB ------------------   > XB

I » [A C X : A e ]

We w i l l  show th a t  fp  i s  a t r i p l e  in  w ith  = U.

F u n c to r ia l i tv  of B. Let CU. e XB» X — -—»Y. I f  A,B e %Lt 
Af P Bf 3  (A O B ) f ,  so i t  i s  c le a r  th a t  ^ t f  i s  a f i l t e r  on Y. I f  

A C  Y, e i th e r  A f*1 o r (Af*1) ’ e (A by 2 .3 .1A. I f  Af" 1 e Zl then 

A 3 A f"1f  e °lXi im plies  A e ciAt\ o therw ise  A f ^ 'e  ^  and A* D A’f ” 1!  

-  (Af**1) 9f  D V f  im plies A* c °U f .  By 2.3.1A , “U f  e Y3. I f  

X — -—>Y — ^—>Z in  , and i f  v/ C  2X then ^  (fg ) = ( ^ F f)g  

i s  im m ediate, a f a c t  we use im p lic i t ly  from now on.

N a tu ra litv  o f h. This reduces to  th e  a s s e r t io n  th a t  fo r  each

£ cx e X and each fu n c tio n  X — »Y we have [Af : x e A] ® [B : x f e B ],
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which i s  clear*

N a tu ra litv  o f u* Let V! e XBB« I f  A,B C X w ith  A,B e W then

a D b »  a O b  e I f  A C  X w ith  1 e  ^  then  A’ ■ A* e W . This

proves Xy i s  w ell-defined*  Now l e t  X — -—> Y be a function* J-f e XBB.

< )-Pt f $ B ,Y v> ■ [ < ^ fB s X  e b-f ]° Yy

» [B c  Y ! 6  e [ c ^ fg  : X. e ] C]

« [B C Y ! 3 i\ . e . X f B  C B]

» [B C X : V  ‘‘U  e c ^ . B e  'U ( f g ) ]

“ [ B C Y :  ]& e  i f  V  ^  e 1 . 3 A e ^  *B 9  Af ]

< t Xy.f3> » [A C X ! A e  W  ] fB

* [Af : A C X & A e  )r? ]°

« [B c  x  : 3 A C X.A £ yf & B o  Af]

Let B e < )■?, X y ,f8>. There e x is ts  A C  X w ith  A e ^  and B 3  Af.

cf\. A. For every °lk t A, A e and B 3  Af. T herefore B e

< t fgg.Yy>, Two maximal f i l t e r s  a re  equal i f  one i s  contained  in

th e  o th e r . T herefore ffJ&.Yy = Xy.fB* th a t  i s  y i s  n a tu r a l .

U nitary  axioms. Let ^  e XB.

< , XnB.Xy> ■ [AXti : A e °(A 1° Xy

■ [B C X :  3 A e ^  . B ]  [x ! x  e  A]]

* [B C X : 3 a e .  x e A im plies x e B]

« u

<CU, XBn.Xy> -  [ X'C-XB : V. i X  ] Xy
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[A C X

u
I t  e A)

A ss o c ia tiv ity  axiom. Let £1 e X3B8.

<£2, Xu3.Xy> = I <pl Xy : i ]  e  S ]°  Xy

» [ A C X !  1 J-l e £2 . J) Xy C A]

* [A C  X : 3 J? e  £2 V i f  e  , A £ K  ]

<0, X3y.Xy> » [ i  C XB : 1  £ !2 ] Xy

« [A C  X : A e £2]

Let A e <£2, X3y.Xy>. A. Then <$ e £2 and i f  E cPl im p lies

A e i f . Hence A e <£2, Xy3«Xy>. T herefore y3 .y  *= gy .y . This com pletes 

th e  argument th a t  ^  i s  a t r i p l e .

D efine a  fu n c to r (? -------- » by [(X, s£) — -—» (X*, j ^ ' ) ]  $
f 5jl“df  ̂ — =—» (X ',C ^/)»  where Xg ___r__>X i s  th e  convergence

map sending each u l t r a f i l t e r  to  th e  unique p o in t to  which i t  converges.

Xn,£^ * 1 because x -----7 x in  a l l  to p o lo g ie s . Now l e t  (X, s£) e

obj C 9 and l e t  I f  e X33. x *d{ < 1 / ,£  ^  B.S^ > * [ J, ^  :

e Vf ]°  We must show th a t  < l f  , Xy> ® [A C X : A e ]

 7 x . Let B°Pen r T\ , There e x is t s  cH e l " f  such th a t
x

W e  i ]  C B, Therefore e <£• im plies e B

im plies th e re  e x is t s  b e B such th a t  CIX 7 b . As B e 71 » B e
b

so ^U. e B. T herefore B D e 1/ and B e  If, as we wished to  show. 

Thus f a r  $ i s  w e ll-d e fin ed  on o b je c ts .  Now suppose (X, $ ) ,  (X ', j ^ ' )  

e obj C  , and l e t  X —- —>X' be a fu n c tio n , f  i s  a p  -homomorphism 

i f f  fB .£„/ * S 0 »f fo r  every 1 /  e Xg and fo r  every x e X,
V  SO
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\{.  ,x  im plies ‘l i t   ? x f  i f f  (by 2.3.2A) ,f  i s  con tinuous.

T herefore  $ i s  w e ll-d e fin ed  on morphisms and f u l l .  I t  i s  a lso  c le a r ly  

f a i t h f u l  and s a t i s f i e s  * U, Moreover i t  i s  immediate from 2.3.2B

th a t  $ i s  1—to —1 on o b je c ts .  To complete th e  proof we show th a t  $ i s  

onto  on o b je c ts .  Let X be a s e t ,  and d e fin e  a topology J  on XB by
A

• •
tak in g  [A : A C X] as a b a se ; we may do th is  s in c e  th e  A 's a re  c losed

under f i n i t e  in te r s e c t io n s ;  e x p l i c i t l y ,  every open s e t  i s  a union of

A ’s  and converse ly . Let e XS3« ^   r^-fX y, because i f

W X(1 » [A c  X : A £ i f  ] £ 8  then B e [ A C X : A e ^ ] ,  th a t  i s

B c Moreover i f  lA e XB and i)-f ------7<̂ /{ i t  fo llow s th a t  °IX »

Xy. For i f  A c , then  K  £ A e and hence A e [B C X:B e <K ]

» Xy, This proves th a t  (X$, -«^x) e ^  an<* ^y)  * = (X$,Xy).

L et >—-—> XB, and co n sid e r the  diagram

^ B  --------------- —----------------* X3B

i
i  ^

d  >----------------------------------»X3

One sees im m ediately th a t  d  i s  a subalgebra  o f (XB,Xy) i f f  every

i f f  d .  i s  c lo sed .

Now l e t  (X,5) be any Jp -a lg e b ra . (XB»Xy) ——» (X,£) i s  a homo­

morphism o n to . Let $  be th e  q u o tie n t topology induced by £ on X.

Let d .  C  XB. d  c losed  i f f  d  _< (XB,Xy) im plies  d ?  <, (x »£) 

im plies  ( &OC1 < (XB.Xy) i f f  ( d O C * 1 i s  c lo sed  in  (XB, s$ ) i f f  

d ?  i s  c losed  in  (X, £ ) •  T herefore  (  i s  a c lo sed  mapping. By 2 .3 .2 C ,
A

(X,£) c obj C  . F in a l ly ,  l e t  °lA e XB and show %i 7 5 . Let
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'iJlf, e A e A  . There e x is t s  B C X w ith  e B C A?” 1. For a l l  b

eB , b * 6 5  e A?” 1? * A. Therefore A D B e ll and A e ti  . []

2 .3 .4  P ro p o sitio n , For every t r i p l e  *~{~Pin  s e t s » every *71"*- fJ3 b ia l ­

gebra i s  a  < T P - ^  quasicom posite a lg eb ra . In  p a r t ic u la r  ( | p  ®  jj3 

always e x is t s .
.ie

P roof. Subalgebras « c losed  s e ts  in  S  [th e  argument we used 

fo r  f r e e  a lg eb ras  in  2 ,3 .3  i s  g e n e ra l] . A w ell known to p o lo g ic a l theorem 

i s  "product o f the c lo su res  =* c lo su re  of th e  p ro d u c t" . Now use 2 .2 .1 8 . []

H”P ® 0  -a lg e b ra s  a re  c a lle d  compact H~P-a lg e b ra s .

2 .3 .5  Example: d is c re te  a c tio n s  w ith  compact phase space . Let G be

a d is c r e te  monoid, w ith  a s so c ia te d  t r i p l e  ( j r .  The category  of compact
,0  6 0 8

T2 tran sfo rm a tio n  semigroups w ith  phase semigroup G i s  ip  . W e
o

have on ly  to  observe th a t  s in ce  G is  d is c r e te ,  X x G -------»X i s  con-
01®tinuous i f f  each X --------- *X i s  continuous.

2 .3 .6  P ro p o sitio n . Compact to p o lo g ic a l dynamics i s  t r i p l e a b le .  More 

p re c is e ly ,  l e t  G be a monoid w ith  a sso c ia te d  t r i p l e  Gf . Let s$ be

any topology on the  underly ing  s e t  o f G. (B th e  f u l l  subcategory
, G ® $  n

of <i3 generated  by o b je c ts  (X ,a ,£ ) such th a t  (X,£) x (G, <£ )

6(X,?) i s  con tinuous. Then D i s  a B irkhoff subcategory of
r o  G ® l 8
O  , and in  p a r t ic u la r  i s  t r ip le a b le .  (Compact to p o lo g ic a l dy­

namics i s  recovered by in s is t in g  th a t  be com patible w ith  G; in  th is

case  (B t s  o r tg  acco rd ing ly  as G i s  a monoid o r a group.) dn G G
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Proof* Consider a product o f (38 - o b je c ts ,  (X ,a ,£ ) * [ | ( X ^ a ^ , ^ ) » 

Using 1 .7 .4  i t  i s  c le a r  th a t  (X,o) « TT^Xi» a i )  and <x »5) “  TT^Xi » ^ *  

Hence a t  the  le v e l of s e ts  we have

X x G
a

p r . x l Pr <

+  X±

By the  tychonoff theorem, (X,£) = T R Xi»5;j_) in  th e  category  o f a l l  top­

o lo g ic a l spaces. Hence a i s  continuous as each a .p r^  i s ,  and (X ,a ,^)

e obj 6 . Next, l e t  (A ,aQ,C0) )— > (X ,a ,5) in  wi t h  (X ,a ,?)

in  obj (8 . We have

A x G

i  x 1

X x G

13
Now a l l  monomorphisms in  5o become r e la t iv e  subspaces when viewed 

in  the  category of a l l  to p o lo g ic a l spaces because every a lg e b ra ic  mono­

morphism i s  an isomorphism in to .  T herefore a 0 i s  continuous because 

i  x l . a  i s .

To show th a t  $  i s  c lo sed  under q u o tie n ts  i t  s u f f ic e s  to  prove 

th e  fo llow ing  to p o lo g ica l lemma: consider th e  s i tu a t io n

X x H -*X

f  x 1

Y x H

where X, H, Y are  to p o lo g ica l spaces w ith  X compact and Y T2 and where
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a i s  continuous and f  i s  continuous onto* Then b i s  con tinuous. To 

prove i t ,  we use 2 .3 .2A . Let t i  be an u l t r a f i l t e r  on Y * H such th a t

U   7<y,h) e Y X H. Y  =df “U ( f  x 1)“ 1. Y  is  a filter  on

XX H. I f  A C X x H such th a t  A(f x l )  £ U then as f  * 1 i s  o n to ,

A '( f  x 1) D [A(f x 1 ) ] ’ e Zi, T herefore  Y  is  an u l t r a f i l t e r  on

X x H. As X i s  compact th e re  e x is t s  x e X such th a t  Y  P*x ------7 x .

A lso, ‘V p t 'g  ■ "W * x i )  *Pr H "  ^  Pr H ------  ̂ (y»h)prR -  h . I f  V, W

e Y  * VPr x x WprH ^  ^  W)prx x (V f) W)prR 3  V H W e r  so th a t

‘Y  D V prX X p rH -----7 <x »h)* T herefore  T ( f  x 1 ) p rX “

%if» p r converges both  to  y and to  x f ;  s in c e  Y i s  T2, xf = y . Hence 
X

^ b  = Y ( f  x l).b  » Y a .f   r (x,h)a,f = (y,h)b as desired. []
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Let G be a to p o lo g ic a l group, and l e t  (X ,a ,£ ) e obj tg g . The 

enveloping sem igroup, E, of (X ,a ,5 ) i s  d e fin ed  in  [7] to  be th e  p o in t-  

w ise c lo su re  in  (X,£) of th e  t r a n s i t io n  group [ag : g e  G]. R eca lling

th a t  subalgebras in  tg  a re  computed in  £?
G

G® ^ , (X,a, 0  is  a G  -  f t

quasicom posite a lg eb ra  and E « <<!„>„>„ * <iv >t -  • This o b se rv a tio n
* G Ip a

su g g ests  th a t  we can always d e fin e  th e  enveloping semigroup of an a lg e -
TT

b r a .  In  th e  n ex t two se c tio n s  we en la rg e  to  th e  a n a ly s is  o f tg ^

of [7 ] , [8 ] and [9 ] ,

For th i s  s e c tio n  f i x  a c o n s is te n t t r i p l e  *"J~P «= (T ,n ,y ) in

U „ir TT
"dn U » F "dn F » e "Hn e

IT
dn

2 .4 .1  D e fin itio n  and p ro p o s itio n . G^ (o r sim ply G) f]~P (P) 

( l ,T ) n . t .  Also d e fin e

G x G 

(g.h)
-i G

gh V
g»h 1 ---------> TT  »• T.

*
Then (G,») i s  a monoid w ith  u n it  n» and, l e t t i n g  G  » (U ,U )n ,t . ,

* (F .,F )n .t. be th e  b i je c t io n s  o f 2 .2 .2 ,  4» i s  a monoid isomorphism

and tji' i s  a  monoid antiisom orphism .

P ro o f. For (X,£) e |^*®jand g ,h  e G we have

X » XT Xh

XTh
XTT

X(g*h)

XT
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which proves (g»h)ij> » gK h^ , and we have Xn.5 * 1̂ , which proves **

1^. Therefore (G, *) i s  a monoid and i|> i s  a monoid isomorphism. We have

XhTXgT XTT 4 XTXT

XTyXhTT

XTTT
X(h.g)T

XyT

XnT XTXTT <-

TherieforeU  of th e  equations XgF.XFe.XhF.XFe = (X(h*g)F.XFe, XnF.XFe = 

a re  v a l id ,  and then the  eq u atio n s  them selves a re  v a l id  because U is  

f a i t h f u l .  Therefore if)' i s  a monoid antiisom orphism . []

2 .A.2 P ro p o sitio n  and d e f in i t io n .  Let (X ,0  be a P P - a lg e b r a ,  Then 

®  (X,£) * [5® ! g e G) * <1 > C (X ,C )X» This su b se t of XX, both  a
r  A

(I | ' -suba lgeb ra  and a monoid under com position, i s  c a lle d  the  enveloping

semigroup of (X ,£) and i s  denoted "Ex"» or l,E"*

E , „  _ * "blends" PT and G in  th e  fo llow ing sen se : in  th e  commutat- (PT,Py)
iv e  diagram:

PT

\

5 is  a PP-homomorphism and ijiis a monoid homomorphism and if  (X,£)

* (PT,Py) then a re  isomorphisms.

P ro o f. That Op(X,5) ■ <lx> and th a t  Pg H ^  is  a PP-homo-
j

morphism were proved in  2 .2 .8 . Two arguments th a t  E i s  a submonoid o f X
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( i )  [p e  E : Ep C E] i s  a subalgebra  o f E (by 2 ,1 .7  (b )) co n ta in ­

ing l x so th a t EE <= E; more p re c is e ly ,

( i i )  £8 i s  the  (X ,£)th  component of th e  n a tu ra l  tran sfo rm a tio n

U ■+ U corresponding to  g , so by 2 ,4 .1 ,  £gCh « C8’h .

I t  follow s immediately from ( i i )  th a t  i s  a  monoid homomorphism.

To complete the  proof we must show th a t  G —*■ E(pT pyj i s  1 - t o - l .  But

P T s
PT ---------------------  > PTT  » PT

PnT

■> PT

expresses Pg in  terms of (Pp) 8  * PTg.Pp. []

2 .4 .3  P ro p o sitio n . Every -a lg e b ra  may be in te rp re te d  as a G ^-set 

w ith  a lg eb ra ic  s t ru c tu re .  More p re c is e ly , th e re  i s  a f o r g e tf u l  fu n c to r

which i s  t r i p le a b le ,  where Or th e  t r i p l e  a sso c ia te d

w ith  G « G .IT
aEP roof. Define (X,£)4» -  (X.ct^) where X x G — - >X i s  d efined

by (x ,g )a  “ j f  <x,£g>. I t  fo llow s from 2 ,4 ,2  th a t  (X,o ) i s  a G -se t.
£ *

I f  (X,C) — -— > (Y ,6) i s  a r 111 -homomorphism, then  in  p a r t i c u la r  f  

commutes w ith  unary o p e ra tio n s  (by 2 .2 .4 )  and hence (X ,a^ )— -— >(Y ,a0)

i s  e q u iv a rian t (we sometimes c a l l  G -set homomorphisms " e q u iv a r ia n t" ) .

c ITHence $ i s  a w e ll-d e fin ed  fu n c to r and $U = U , I t  fo llow s from 1 .5 .2  

th a t  $ i s  t r ip le a b le .  []

2 .4 .4  P ro p o sitio n . Let (X,£) be a ,r]~ p -a lg eb ra , l e t  A be a s e t  and 

l e t  (A ,£0) <_ ( x \ £ ) .  Then fo r  every g in  G, -*■ A ** -o£8.
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Proof* Denoting pr^ “ dn Pr X/A» we have

Ag t

K oFor every x e A, a e A and g e G we have <A, aS0> = <a,CQ.pr^> 

< a ,p r ,£;g> ■ <A?»£8> * <A,a.£®>. []
A

2 ,A,5 P ro n o s itio n . Let (Y ,6 ) be a q u o tie n t a lg eb ra  o f  (X ,S ). Then th e  

fo llow ing  sta tem en ts  a re  v a lid *

a .  E_ -^<ex, ey) £
TT

-> E,Y

p .e 8

i s  a w e ll-d e f in e d  b ije c tio n *

b . Every G -eq u iv arian t map — -—> E^ i s  a  ̂[ | ' -homomorphism;

indeed f  = £

c . I f  X i s  s in g ly  g en era ted , X i s  a  q u o tie n t o f  Ex *

d . x • E EE » -*°?g i s  a -monoid isomorphism,
X X

P roo f, a .b ,  Ci i s  a ' ( ! ' -homomorphism by 2 .2 .1 1 . Hence ? ®
“ ---------- —  ly  p

1Y 3 E^ P°~ j. i s  a -homormophism by 2 .1 .5 .  Hence

£ i s  w e ll-d e fin e d , p « <1Y, t, > proves th a t  £ i s  1 - t o - l .  Now l e t
a  p

f  / t i \Ex  be e q u iv a r ia n t ( in  p a r t ic u la r  f m ight be a '[J*-homomorphism.)

Using 2 .4 .4 ,  we have, fo r  each g e G, th e  diagram :
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and th e re fo re  <£g ,f>  «* <lx . 5®,f> ■ <lx , (-oC8) . ^  = <1^* f . ( - ° 0g)> * 

<lx,f>.e8 = <58. c >.
P r Xnc . We assume th e re  e x is t s  x Q e X w ith  X = <Xo>* Then --------—>X

is  onto because x0 » <1 , p r >,X x Q
d . x i s  a w e ll-d e fin ed  b i je c t io n  by 2 .4 .A. In  view o f (c) we can 

apply 2 .2 .1 1  to  in su re  th a t  x” 1 i s  a T P -Isom orph ism . But x” 1 i s  a 

monoid isomorphism because (-oS8) . (-oS*1) = []

2 .A. 6 D e f in it io n s . Let (X,5) be a  (X P -a lg e b ra . The l e a s t  subalgebra  

o f X (“ 0  tA : A < X] ■ «J>>) w i l l  be denoted ° r  "Ox" o r

I f  A _< X, A i s  a minimal subalgebra  o f X i f  A i s  an atom in  th e  complete 

l a t t i c e  of ^ || '- s u b a lg e b r a s  o f X. I f  A i s  e i th e r  a minimal subalgebra  

of X o r 0 , say th a t  A i s  a  preminimal subalgebra  o f  X. X i s  i t s e l f  

minimal o r preminimal i t  has such a p ro perty  qua subalgeb ra  o f i t ­

s e l f .  C lea rly  a subalgebra  i s  minimal o r preminimal i f f  i t  has such a 

p ro perty  qua a lg eb ra ,

2 .A .7 P ro p o s itio n . The fo llow ing  s ta tem en ts  a re  v a l id .
TT ___

a .  (<j>T,<j>y) i s  an i n i t i a l  o b je c t in  £? and fo r  every   ̂111 -a lg e b ra

(X ,£ ), 0 ( ^  -  im (*T -► (X ,U ) .

b . I f  (X,£) — -—> (Y ,8 ) i s  a T P  "homomorphism then  0xf  = Oy.

In p a r t i c u la r ,  i f  A < X then 0^ = 0X.

c . I f  (X ,0  i s  a  T P - a lg e b r a  and i f  A i s  a non-empty s e t  then

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



°XA * —~" X : x e Ox and x i s  c o n s ta n tly  x ] ,  and hence each p ro j-
A P r Xe c tio n  X ---------- * X e s ta b lis h e s  an isomorphism of 0 ^  w ith  0X# Ele­

ments o f 0xA a re  sa id  to  be co n stan tly  ze ro ,

d . Let X be a -a lg e b ra  and l e t  A £  X. Then A i s  preminimal 

i f f  fo r  every x e A -  0 , A = <x>.

e . Let X — -—> Y be a P P  -homomorphism and l e t  A £  X, Then

A preminimal im plies Af prem inim al.

f .  Let X be a  ’P P  -a lg e b ra , l e t  x c X, and l e t  I  £  Ex » Then

1 preminimal im plies x l prem inim al.
_ _  i

P ro o f. a . For each fJ P  -a lg e b ra  (X,£) th e  unique <|> --------»X has
i T £

unique homomorphic ex tension  <pT ---------> XT--------* X whose image i s  «j>>

by 1 . 8 . 2 .

b . I f  B £  Xf then B = Bf- 1f . Hence f  induces an o rd e r-p rese rv in g  

s u r je c t io n  [A ; A £  X] — [B : B £  Bf ] .  In  p a r t ic u la r ,  0xf  * 0x f .

As Xf £  Y, Oy £  Xf so th a t  0xf £  0y . As 0xf £  Xf £  Y, 0y £  Xf so th a t

0X f - ° Y -
c . For each element x of X denote A ---------* X to  be th e  induced

A
co n stan t fu n c tio n . There e x is ts  X e A by h y p o th esis , [x : x e 0X]

* [x : x e X] 0  0X But [x : x e X] £  X  ̂ s in ce  i t  i s  th e  co l­

le c t iv e  e q u a liz e r  of a l l  th e  p ro je c tio n s . Therefore 0 ^  £  [x : x e 0X]
A *£  X . Conversely, O ^ .p r^  = 0X by (b ) , proving every x w ith  x in  C>x

i s  in  ty A.

cU I f  A i s  preminimal and i f  x e A -  0 then  0 <x> C A which

im plies th a t  <x> ** A. Conversely, i f  x e A -  0 im plies <x> = A and i f  

0 # B £  A, then th e re  e x is ts  x e B -  0 , whence A * <x> C B C A.

e . Use the  o rd e r-p rese rv in g  s u r je c t io n  of (b ) .
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f ,  prx i s  a homomorphism, so use ( e ) . []

2 .4 .8  P ro p o s itio n . The fo llow ing  s ta tem en ts  a re  v a l id .

a . ( i )  4T * 4 i f f  ( i i )  th e re  e x is t s  an a lg eb ra  s t ru c tu re  on 4 i f f

( i i i )  for every ^JP-algebra (X ,£ ), 0X ■ 4 i f f  (iv) there exists a

HT1-algebra (X,£) with 0X = 4 .

b . PT * P im plies <j>T * <().
TT

c . <f>T ® 4> and (X,?) e obj £> im plies  Ex 3  0X«
IT

d . I f  fT * ♦ and i f  (X,£) e  obj S then -  0X i f f  X * P.

P ro o f. a . ( i )  im plies  ( i i ) .  I f  «j>T »= <{> then  (d>»1^) i s  a  r j | ' -

a lg eb ra . ( i i )  im plies ( i i i ) .  For every 11 | ' -a lg e b ra  X, 0X i s  a quot­

ie n t  of <t>T so th a t  [ th e re  e x is t s  <j»T ■> ] im plies  0X = <j>. ( i i i )  im p lies

( i v ) . This i s  obvious as th e re  e x is t s  a t  l e a s t  one ^ j~ P -algebra ,

(P , PT -*■ P) fo r  in s ta n c e , ( iv )  im plies  ( i ) .  I f  (X,£) i s  a f 111 -a lg e b ra  

and i f  0X =4 then 4 -*■ 0X extends to  a homomorphism <t>T 0X = 4 , so 

<pT « (j,.

b . 4 "*■ P induces a monomorphism <j>T >—> PT by 2 .1 .2 ,  so crd  <j>T < ,1 . 

Suppose crd  4T m 1 . Then (4T,4u) * (P , PT ->■ P) and fo r  every  P - a l -

gebra (X ,? ), crd  X = crd (P,X)£o * crd  ( 4T,XT) So <, 1 , which c o n tra ­

d ic ts  our s tand ing  hypo thesis  th a t  r | P  be c o n s is te n t .

c .  This i s  c le a r  from (a) as Ex i s  never empty.

d . Suppose <j>T ^ 4 and X i s  a  f]”p - a lg e b r a .  By ( a ) ,  X ^ 4 , so we

have from 2 ,4 .7  (c) th a t  Ex = 0 im plies  l x i s  co n stan t im p lies  X = P.

C onversely, Ep = P i s  obvious, so we must show 4T 4 4 im p lies  P = 0 .

This i s  c le a r  as 4T ■* P i s  o n to . []
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2 .4 .9  D e fiiii t id n s . Let M be an a b s tr a c t  monoid. A r ig h t  id e a l  in  M 

«=df a non-empty su b se t I  C M such th a t  IM C  I ,  An a b s t r a c t  co n stan t 

of M *=d£ an elem ent p e M such th a t  fo r  every q e M, qp = p . I f  I  i s  

a r ig h t  id e a l in  M then

I  i s  ({i-minimal th e  s e t  o f r ig h t  id e a ls  contained  in  I  = {I};

I  i s  AC-minimal th e  s e t  o f r ig h t  id e a ls  con tained  in  I  *

U p e M : p a b s t r a c t  c o n s ta n t] , I} ;

I  i s  q P -m in im a l =d£ I  i s  <t>-minimal (<|>T = <{>)

I  i s  AC-minimal (4>T ^ ()i)

2 .4 .1 0  P ro p o sitio n . Let M be an a b s tr a c t  monoid and s e t  I  =d£

[p e M : p a b s tr a c t  c o n s ta n t] . Then I  = <j> o r  I  i s  a ^-m inim al r ig h t  id e a l .

P ro o f. Suppose p e I ,  q e M. For every r  e M we have r(p q ) = (rp )q

■ pq so  IM C  M. Now suppose <p £ J  C  I ,  JM C  J .  Let j  e J .  Then fo r

every i  e I ,  i  * j i  e J  proves I  C  J .  []

2 .4 .1 1  P ro p o s itio n . Let (X,£) be a q P - a l g e b r a ,  E *d£ E^x x e  X, 

p e E, I  C  E. The fo llow ing  sta tem en ts  a re  v a l id .

a . <x> « xE.

b . <p> *» pE,

c . l a  r ig h t  id e a l  im p lies  p i  a r ig h t  id e a l ,

d . <j> # I  <. E im plies  I  i s  a r ig h t  id e a l .

P ro o f, a . <x> » <1„ pr„> * <1„> pr ® E pr ■ xE,  —- X r x  X x x

b . By ( a ) ,  <p> « pE£ » [p (-o£8) : g e G] * [p£ 8 J g e G] * pE.

c . pIE C p i ;  I  t  $ im p lies  p i £ <f>.

d . [q e E : Iq  C I ]  <. E and co n ta in s  1 . []
" A
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2 .4 .1 2  Proposition*  Suppose <j>T ^ <j>. Let X be a  f 11' -a lg e b ra , E

E .̂, Define I  [p e E : p a b s tr a c t  c o n s ta n t] , J  “df [p e E 5 P

constan t fu n c tio n ] . Then I  » 0g = J .

P roof. X f  <|> by 2 .4 .8  (a) so by 2 ,4 ,7  (c) 0£ C  J .  J  C  I  i s  

c le a r .  Now suppose p e I , < j > ^ A C E .  There e x is t s  a e A and, as A i s  

a r ig h t  id e a l  (by 2 .4 .1 1 (d )) , we have p » ap e A. T herefore I  C  f )

[A <_ X : A /  <()] which by 2 .4 ,8  (a) i s  equal to  f )  [A ! A <_ X] * 0^. []

2 .4 .13  P ro p o s itio n . Let X be a (\ | ' -a lg e b ra , E * E , I C E ,  TheA
follow ing sta tem en ts  a re  e q u iv a le n t,

a . 1 i s  a minimal subalgebra  of E.

b . I  i s  a f |P -m in im a l r ig h t  id e a l in  th e  a b s tr a c t  monoid E.

c . 1 i s  a r ig h t  id e a l  p ro p e rly  co n ta in in g  0 ^ and i s  minimal w ith  

t h i s  p ro p e rty .

P roof. By 2 .4 .8  (a) and 2 .4 .1 2  we have 0̂ . == <j> (<jiT “ <f>), 0£ * 

[a b s tra c t  co n stan ts] ($T ^ <j>). In  view of 2 .4 .1 0 , (b) i f f  (c) i s  c le a r .

a im p lies  c . 0 ^  I  C  E so I  i s  a r ig h t  id e a l by 2 .4 .1 1  (d ) ,  and 

I  p ro p erly  con ta in s  0 . Suppose 0 ^  J  C  I  w ith  JE C  J .  Let p e

J  -  0 . Then 0 ^  pE C  J  and pE < J  (by 2 .4 .1 1  (b )) so th a t  I  ■ pE

C  J  C  I .

c im plies  a . As 1 e E, I  « IE * pE. As 0 Q I  th e re  e x is ts" ' X p£l
p e l  w ith  0 ^  pE C l ,  Since pE i s  a r ig h t  id e a l ,  pE * I .  By 2 .4 .1 1

(b ) ,  th e re fo re  I  <, E, Now suppose 0 ^  J  < E. J i s a  r ig h t  id e a l  by

2 .4 .1 1  (d ) , and hence J  * I .  []

2 .4 .14  P ro p o sitio n . I f  4>T ■ <J> then  the  fo llow ing a re  e q u iv a len t.
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a* Every non-empty -a lg e b ra  con ta in s a minimal subalgeb ra .

b . Every r ig h t  id e a l  in  G » G con ta in s a <j>-minimal r ig h t  id e a l .

c . G co n ta in s a <j>-minimal r ig h t  id e a l .

P ro o f, a im plies b . By 2 .4 .2 ,  G = Epp qua monoid. Let I  be a

r ig h t  id e a l  in  EpT. Let p e I .  pEpT C l.  As pEpT <. EpT th e re  e x is t s

a  minimal subalgebra A <_ pE__. By 2 .4 .1 3 , A i s  a ^-m inimal r ig h t  id e a l ,P i
and c le a r ly  A C  I .

b im plies c . Obvious, as G ^ <J>.

c im plies a . As G = Epip qua monoid, Epip has a (j>-minimal r ig h t

id e a l ,  and hence (by 2 .4 ,13 ) a minimal subalgebra . Let 4> ^ (X,£) e 

obj £> Then th e re  e x is t s  PT — -— > (X,5 ) e £> . As PT = EpT qua

a lg eb ra  (by 2 .4 .2 )  th e re  e x is t s  a  minimal subalgebra  A <_ PT. Af i s  

non-empty and preminimal (by 2 ,4 ,7  ( e ) ) .  Since <j>T «* <f>, "0" means "em pty", 

so indeed Af i s  minimal. []

Note: 2 .4 .14  (c im plies b) i s  tru e  fo r  any a b s tr a c t  monoid M. To 

prove i t ,  observe M = G^ fo r  = (M x - ,  , ) ( th e  d iscu ss io n  of 2 ,2 ,7

e s s e n t ia l ly  proves th is )  and <f> x M * <|> so th a t  2 .4 .14  a p p lie s  to  f 11' .

The fo llow ing p ro p o s itio n  g e n e ra liz e s  th e  main e x is te n c e  theorem

fo r  minimal o rb i t  c lo su res  in  to p o lo g ic a l dynamics, namely [13, 2 .2 2 ] ,

, TT® (8
2 .4 .15  P ro p o sitio n . I f  $T «= $ and i f  ^ (X,a,C) e obj S  then

th e re  e x is t s  a minimal ^JP  ® jp> -su b a lg eb ra  o f X.

P roof. Since (X ,a,5) i s  a H P "  jp  quasicom posite a lg eb ra  (by

2 .3 .4 ) ,  0V « «<£> > = <(}i> = <f>. There e x is ts  a non-empty su b a lg eb ra ,
x  IT IP IP
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namely X, Every in c lu s io n  n e s t  o f non-empty subalgebras has non-empty 

in te r s e c t io n  by compactness. By Zorn’s Lemma, th e re  e x is t s  a minimal 

subalgebra . []

2 .A .16 D e fin itio n . Let X be a  -a lg e b ra , X i s  d i s t a l  i f  Ex -  0 

i s  a  subgroup of b i je c t io n s  of X, The f u l l  subcategory of d i s t a l

* T P -a lgeb ras w i l l  be denoted " " o r " ^) " ,
TT

TT
2 .4 .17  P ro p o s itio n . I f  <j>T «* | )  i s  a B irkhoff subcategory  of S ’ .

P ro o f. Let X -  TTXi  w ith  each X  ̂ e obj £) . For every g e G, £ 8

* TTS® by Proof of 2 ,2 .12  w ith  n = 1, S ince "non-zero" means "non­

empty", each (£®) 1 e x is t s  in  Ex so th a t  ( 5 g ) - 1  = e x is t s  in
x i  x

E , Hence X i s  d i s t a l .  The argument fo r  subalgebras i s  c le a r  from 
X

2 ,2 .1 0 , The argument fo r  q u o tie n ts  i s  c le a r  from 2 .2 .1 1  and th e  f a c t

th a t a monoid q u o tie n t of a group i s  a group. []

2 .4 .1 8  P ro p o s itio n . Let X be a P P ~ a lg e b ra  w ith  l x t  0 (see  2 .4 .8  (d ) ) ,

and l e t  E = E . The fo llow ing sta tem en ts  a re  e q u iv a le n t,A
a . X i s  d i s t a l .

b . E i s  a minimal subalgebra  o f X^.

c . For every p e E, p i  0 im plies  pE «* E.

P ro o f, a  im plies  b . Suppose 0 K £  E, There e x is t s  p e K, p I 0 ,

T herefore  p" 1 e x is t s  in  E and l x e pE < E so th a t  E*=pE C K C E .  

b im p lies  c . This i s  c le a r .

c im p lies  a .  Since 1 i 0 , [p e E j p I 0] ^ <{i. Let p e E, p I 0 . 

By h y p o th e s is , pE » E and th e re  e x is t s  q e E w ith  p .q  = l y . I f  ijiT * ((>,
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q i  0 . I f  (jiT ^ from 2 .4 ,8  (d) we have crd  X > I  so , s in c e  q i s  o n to , 

q i s  n o t co n stan t and s t i l l  q i  0. But then qE * E and th e re  e x is t s  r

e E w ith  q . r  “ 1^. T herefore q i s  b i j e c t iv e  and p” 1 = q e E. []

2 .4 .1 9  D e f in it io n . Let tP ( fo r  "p ro p erty ") be a f u l l  subcategory  of 

So ^  whose o b je c ts  a re  a union of ^^ -iso m o rp h ism  c la s s e s . Let U e

obj U i s  a u n iv e rsa l (P minimal a lg eb ra  U s a t i s f i e s  ( i ) - ( i i i )

( i )  U e obj (P and U i s  a  minimal ( |P - a lg e b r a .

( i i )  Every minimal  ̂| p - a lg e b r a  in  (P i s  a ^]~P -q u o tie n t of U.

( i i i )  I f  V s a t i s f i e s  ( i )  and ( i i )  then  U = V,
TT

When (j * , we say sim ply "u n iv e rsa l minimal a lg e b ra " .

2 .4 .2 0  P ro p o s itio n . Assume <j>T = $ . Let (8 be a B irkhoff subcategory
TP /o

of £§ • and s e t  U “df th e  f r e e  (p  -a lg e b ra  on one g e n e ra to r . Then th e

fo llow ing  s ta tem en ts  a re  e q u iv a le n t.

a . U i s  d i s t a l .

b . U i s  m inim al.

c . U i s  a u n iv e rsa l (B minimal a lg e b ra .

P ro o f. We remark th a t  n o tio n s  such as " su b a lg eb ra" , "0X" , " s in g ly  -

g en era ted " , "minimal" and "enveloping semigroup" in  a B irkhoff su b ca te -
TT

gory a re  eq u a lly  computed in  so th a t  we need not sp e c ify  where U

is  m inim al, e t c . .

a  im p lies  c . Let be the  t r i p l e  corresponding to  ® . Since

<f>T i s  a q u o tie n t of <j>T « <J>, Hence 1^ i  0 and 2 .4 .1 8  a p p lie s  to  show

Ey i s  m inim al. But U ** PT = E^ by 2 .4 .2 , which proves th a t  U i s  minimal 

C learly  every s in g ly -g en e ra ted  (8-a lg e b ra , every minimal (B -a lg e b ra  in
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f
p a r t i c u la r ,  i s  a q u o tie n t of U, Now observe th a t  i f  U  > U i s  a

(8 -homomorphism w ith  non-zero image then f  i s  an isomorphism. C learly

f  i s  o n to . To see th a t  f  i s  1 - to - l  l e t  u be th e  f r e e  6  -g en e ra to r of

U. There e x is t s  x e U w ith  x f = u« Let g be the  unique (8 -homomorphism

U — - —> U such th a t  ug * x . Since fg = ly  on g e n e ra to rs , fg  ■ l y and f

i s  1—to —1. I f  V s a t i s f i e s  2 .4 .19  ( i ) ,  ( i i )  then  th e re  e x is t  epimorphisms 
r  y

U  »V -------»U; as *s an isomorphism, £ i s  1 - to - l  and U = V.

c im plies b . This i s  c le a r ,

b im plies a . I f  U i s  m inim al, so i s  Ey = PT <= U. By 2 .4 .1 8 , U

i s  d i s t a l .  []

2 .4 .2 1  Computations in  £§ . Let H be a  monoid w ith  a sso c ia ted

t r i p l e  ||—| ,  G =df G ^ .  P(H®  g) * (P x H)g = Hg, so elem ents of G

are  in  b i je c t iv e  correspondence w ith  u l t r a f i l t e r s  on H, I f  °H e Hg, 

th e  X**1 component of the  corresponding n a tu ra l  tran sfo rm atio n  g ^  e 

(1 , H ® g )n .t .  i s  given by the  Yoneda correspondence as

Xg ^  (X X H)g

P — — > X 1—> <%L , Hg -(X ,1)g > (X x H) g >

th a t  i s ,  Xg^ sends x to  th e  u l t r a f i l t e r  [{x} x A : A e V. ]C. The

in te re s te d  read er may compute th e  monoid o p e ra tio n  Hg x Hg -----------»Hg

as e\X»(Y  = [A C H : 3 V e T V v eV ]u e 'I/ . Uv C A]. Hence 

ClX»CV' i s  a  canon ical u l t r a f i l t e r  con ta in in g  the f i l t e r  ; th a t

y y  i s  n o t an u l t r a f i l t e r  was k in d ly  po in ted  out to  us by Robert E l l i s ,  

To compute the g enera l enveloping sem igroup, l e t  (X ,a ,£) s obj 

an(j re can  th a t  th e  s t ru c tu re  map w ith  re sp ec t to  th e  composite
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t r i p l e  | |—| jp » | | - |  ® B  i s  (X,aB.£;). T herefore  (a8 .£ ) i s  de­

sc r ib ed  by x h* [{x} x U : U e °li ] c |—> [xU : U e ^  ]c >—? 

( x ' i t ) g .  In words, th e  unary o p e ra tio n  induced by ^  sends x e X to  

th e  unique p o in t of X to  which th e  u l t r a f i l t e r  x ^  on X converges. 

N otice  th a t  i f  ^X. * h , x h—* ( x ^ ) ?  i s  j u s t  a , th a t  i s  E^x ^  i s  a 

submonoid (though no t a subalgebra) o f E^x a
I t  i s  proved in  17, lemma A] th a t  th e  u su a l n o tio n  of " d i s ta l "  used

in  to p o lo g ica l dynamics co in c id es  w ith  the p ro p erty  th a t  p i s  1 - to - l

fo r  every p e E . That th i s  i s  th e  same as our d e f in i t io n  w i l l  fo llowX
from 2 .5 .18  below,

2 .4 .2 2  Open q u estio n . I f  H i s  a monoid w ith  a sso c ia te d  t r i p l e  ||—| ,

e fli jjj
, o f Jo has a  u n iv e rsa l min­

im al s e t  U. We w i l l  prove th i s  in  2 .5 .16  using  methods s im ila r  to  th e  

proof of E l l i s  in  [9 ] ,  in  th e  case of (8 « £ ̂  ®  ̂ , The questio n  

a r is e s  whether a  proof more l ik e  th a t  o f 2 ,4 .2 0  can be g iven , th a t  i s  

w hether one could show U were a  f r e e  a lgeb ra  on one g en era to r w ith  

re sp ec t to  some t r i p l e  reasonab ly  a sso c ia te d  w ith  0 .  2 .4 .2 0  (b)

shows th a t  B irkhoff subcategory arguments a re  doomed to  f a i l u r e ,  fo r  

i t  i s  known th a t  in  U need no t be d i s t a l .  The case of groups

in  semigroups shows th a t  good t r ip le a b le  su b ca teg o rie s  need n o t, in  

f a c t ,  be B irkhoff su b ca te g o rie s ; th a t  i s ,  we can add new o p e ra tio n s  

( in  th is  case " in v e rse") in  a d d itio n  to  new eq u a tio n s .

in gj
2 .4 .2 3  Example: <t>T i  <f> i s  necessary  in  2 .4 .1 2 . Consider £  

where H <= Z . Let S1 —-—* S1 be th e  homeomorphism induced by
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[0 ,1] ---------------> [0 ,1]

x i----- ) x2

and id e n tify in g  0 = 1 ,  This induces th e  d is c r e te  flow

s 1 x z ------ > S1

(x , n) (----- > <x, an >

The enveloping semigroup c o n s is ts  of th e  powers [an : n e ] and 

th e  co n stan t fu n c tio n  0 = 1 .
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§2,5 Almost p e r io d ic i ty .

For t h i s  s e c tio n  l e t  ‘T P  = (T ,n,tO  be a t r i p l e  in  &,

2 .5 .1  D e f in it io n s . Let X, r  be s e t s .  The d is c re te  topology on X i s  

denoted " x being understood . I f  x e X, “df t *ie comPa c t

T2 topology on X obtained  by d is c r e t i f y in g  X -  {x} and re p la c in g  x w ith  

th e  topology of th e  1 -p o in t c o m p ac tif ica tio n . In  th e  language o f 2 .3 , 

(X, “ (X»5) where Xg — -—» X, ^ 5  = y ( i f  th e re  e x is t s  y e X

w ith  = y) and * x (o th e rw ise ). I f  j$  i s  any topology on X,

th e  induced c a r te s ia n  power topology on X . The f in e  power topology

on XF th e  topology <$A • I t  i s  c le a r  th a t  i f  ( j : y e T) i s

any

a i Y

T-indexed fam ily  o f to p o lo g ies  on X then ^  i s  c o a rse r than

• Observe th a t  i f  A C  (X^, _*§^) and i f  x e X then  x e A i f f  fo r  

every f i n i t e  su b se t F o f r  th e re  e x is t s  a e A w ith x and a ag reeing  on F.

p |*  i s  a fine-pow ered t r i p l e  p j ' fp t r i p l e ,  f o r  every 

T P - a lg e b r a  ( X , £ )  and fo r  every su b se t r  cr  X and fo r  every subalgeb ra
I*

A (X,?) , A i s  c losed  in  the  f in e  power topology on X . P~p i s  a 

weakly fine-pow ered t r i p l e ,  p  p  wfp t r i p l e , *§£ fo r  every (X,?) 

and r  as above and fo r  every x e X , <x> i s  c losed  in  th e  f in e  power 

topology on X^. C learly  p p  fp t r i p l e  im plies f | | ' wfp t r i p l e ,  bu t 

th e  converse i s  f a ls e  fo r  th e  id e n t i ty  t r i p l e .

2 .5 .2  Remarks. i s  can o n ica lly  a lim  of compact T2 to p o lo g ies  on

X**. In  f a c t  * sup [ A r : x e X] ( th a t  supremums a re  lim ’s i s
w

a ty p ic a l  l a t t i c e  f ib e r in g  p ro p e rty , as i s  seen from th e  proof o f 3 .1 .6 ) ,
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I f  X i s  f i n i t e ,  /  = $  fo r  a l l  x e X. O therw ise, assume X is
d (x)

o r o ri n f i n i t e .  Surely  C  fo r a l l  x . Conversely, l e t  F be a
a r

f i n i t e  su b se t of T, F  >X a fu n c tio n . Then U =d£ [ f  e X : f /F  = a]

i s  a b a s ic  open s e t  in  j$ , There e x is ts  x e X -  im a . Since any
r

subse t o f  X n o t con tain ing  x i s  open in  (X, ) we have U e •
r 0 0  0 0

This m otivates our attem pt to  use  5*3 , as a "p ro to type" fo r  to p o lo g iesa
of th e  form s$ where sb i s  compact T2. We in tro d u ce  th e  no tion  of 

jo in t ly  alm ost p e rio d ic  su b se t, and prove some theorems follow ing a 

p a t te rn  s e t  by W, H, G ottschalk  in  [14], The im portan t 2 .5 .12  i s  proved 

fo r  wfp t r i p l e s  which, in  f a c t ,  i s  where th e  f in e  power topology comes 

in .  By a method s im ila r  to  th a t  of E l l i s  in  [9] we show th a t  i f  • | P 

wfp t r i p l e  and i f  $T = $ 9 then any minimal subalgebra of PT i s  a univ­

e r s a l  minimal s e t .  The main d iffe re n c e  in  our method i s  th a t  we sub­

s t i t u t e  2 .5 .1 5  ( a ) ,  (b) fo r  compactness argum ents. We begin  now w ith  

some observations th a t  ensure the  ex is ten ce  of enough wfp t r i p l e s  to  

make a l l  t h i s  worth w hile .

2 .5 .3  Remark. I f  PT i s  f i n i t e  then wfp t r i p l e .  Examples in c lu d e  

Boolean a lg e b ra s , s e t s ,  G -sets fo r  f i n i t e  G, complete s e m ila tt ic e s  and 

o th e rs .  Such t r i p le s  a re  u n lik e ly  to  provide in te r e s t in g  minimal a l ­

gebras, however.

TI* an
2 .5 .4  P ro p o sitio n . I f  th e re  e x is ts  an a lg e b ra ic  fu n c to r $s S  - * • £ ? *

ss u w ith  f]~P fp t r i p l e ,  then •’IP  fp  t r i p l e .

P roo f. Let (X,£) be a •y p -a lg e b ra ,  l e t  r C X and l e t  A <_ (X ,£)r . 
r rThen (X,£) $ * (X,£)$; (no ting  th a t  $ p reserv es  lim ’s by 1 ,5 .2 )  and
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so A i s  closed in  ^

2 .5 .5 - P ro p o sitio n . Let | '  be an o ther t r i p l e  in  S? w ith  8  c

(Ilf'S) a t r i p i eab ie  ^  -c lo sed  subcategory  w ith  t r i p l e  $  . Then
___ rCl * ^

i f  e i th e r  fp  t r i p l e  o r r 111 fp t r i p l e ,  then  ib fp  t r i p l e .

P ro o f. Let (X,f;,f;) be a (B -a lg e b ra , and l e t  r  C  X, A <_ (X ,£ ,£ )r .

Then A <_ (X ,5)r  and A <_ ( X , |) r . [J

r o  IT  ®  |B
2 .5 .6  C o ro lla ry . Any B irkhoff subcategory of is comes from an

fp t r i p l e .

P roof. By 2 .5 .5  we need only observe jp fp t r i p l e .  Indeed, i f

(X,£) e T C  X, A <_ (X ,£)r  then A i s  c lo sed  in  $ ,  where (X,£)

= (X, a $ ) ,  and hence A i s  c losed  in  s$ ^• Ud

. .  i
2 .5 .7  D e fin itio n . Let (X,£) be a '( P - a l g e b r a ,  and l e t  T> »X e

^0 , i  i s  a jo in t ly  alm ost p e rio d ic  in je c t io n ,  i  j t a p i ,  <i> i s
r

a minimal subalgebra o f X . I f  T  C  X, r  i s  a jo in t ly  alm ost p e r io d ic  

su b se t, T j t a p s ,  th e  in c lu s io n  map of r  i s  j t a p i .  We co n sid er 

th e  s e t  o f isomorphism c la s se s  o f monomorphisms in to  X p a r t i a l l y  ordered  

by th e  in c lu s io n  r e la t io n  d iscussed  in  1 .8 .1 .  Subsets o f X a re  p a r t i a l l y  

o rdered  by o rd inary  in c lu s io n , i  m x jtap i i  maximally j t a p i ;  r  m xjtaps 

=dn ** maximally j t a p s .  I f  x e X, x i s  an alm ost p e rio d ic  p o in t of X,

=dn x aP Pfc» “ d f {x }  3 ta Ps *

2 .5 .8  P ro p o sitio n . Let (X,£) be a ^ fP -a lg eb ra , l e t  r  >—-—> X , and 

l e t  A )—-—> X, The fo llow ing s ta tem en ts  a re  v a l id .
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a . i  j t a p i  im p lies  im i  j t a p s ;  co n verse ly ,

b . A j ta p s  im plies  j  j t a p i .

c . i  m x jtap i im plies  im i  m xjtaps; con v erse ly ,

d . A m xjtaps im plies  j  m x jtap i.
p •? r  p - lo .  im i

P roof, a . F ac to r r*— _— »im i  >—s— » X ■ i .  Then X  ». X

is  an isomorphism sending <i> to  <j>.

b . This i s  by d e f in i t io n .

c . Suppose A i  X j t a p s ,  im i  C A.

r >----------------   » x
\

a s
s

As i  m xjtap i and j  j t a p i  by ( b ) , a i s  a b i je c t io n

T)— -— X m xjtap i such th a t  a  e x i s t s :

T >----------------  » X
K

\

\
s A

Then im i  j t a p s  by (a) and im i  0  A im plies im i  *= A im plies  a i s  a 

b i je c t io n .  []

_  i  j
2 .5 .9  P ro p o s itio n . Let (X,g) be a r | j ' - a lg e b r a  and l e t  A) » r> > X
w ith  i , j  no t c o n sta n tly  0 and j  j t a p i .  Then i . j  j t a p i .

r  i ° -  AP ro o f. Consider X ------------ »X . < i.j>  » < j . ( io - ) >  = < j> io -. Hence

< i.j>  i s  prem inim al. But i . j  £ 0 im plies  < i ,j>  £ 0 . []

C lea rly  a e x i s t s ,  

and im i  = A.

d . Suppose
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2.5*10 P ro p o sitio n . Let (X ,0>— — -*(Y,e) e r >—-—> X j t a p i .

Then i . f  j t a p i .
r  - o f  rP roo f. X ----------- > Y i s  a homomorphism sending <i> to  < i.f> . I f

i  i s  no t c o n s ta n t, n e i th e r  i s  i . f  s in ce  f  i s  mono. O therw ise, i  i s  a 

non-zero  elem ent of X. But OYf**1 *= O^ff" 1 = 0^ (both  e q u a l i t ie s  because 

f  i s  mono) so th a t  i . f  k 0 . E ith e r  way, < i.f>  9* 0 . []

• p
2 .5 .1 1  P ro p o sitio n . Let r  >—-—» (X ,£ ), ® $ P e <i > C  X . Then the

fo llow ing  statem ents a re  v a l id ,

a .  i  j t a p i  im plies p j t a p i .

b . i  m xjtap i im plies p m x jtap i.

P ro o f, a .  As p M )  <p > * <i>. Hence we need only show p i s  

1 - to - l .  Suppose Yl, y2 e r  w ith  y ^ p  -  y 2 .p .  Let {y1 ,y 2 } )_ J — » r  be

in c lu s io n , l e t  D be th e  d iagonal of X{T1 ,Y2 >. D < X {Y1*Y2 } on g enera l
Cfir

p r in c ip le s  ( i t s  in c lu s io n  map i s  c a te g o r ic a lly  induced in  b  ) .  Since 

<p>jo- ** <j.p> and j . p  e D» <P>j«- C D . On th e  o th e r hand, *p>jo- «

< i> jo - ® < j.i> . T herefore j . i  e D, and j . i  i s  c o n s ta n t. As i  i s  mono,

j  i s  c o n s ta n t, and y j « Y2 «

b . p j t a p i  by ( a ) .  Now suppose

~ z r
w ith  p j t a p i .  Consider X  -------» X . Since <p>jo- = <j . p > -

■ <i> th e re  e x is ts  i  e <p> w ith  j . i  = i .  C learly  i  i s  n o t c o n stan tly  

0 and so i  i s  no t c o n sta n tly  0 . From ( a ) ,  i  j t a p i .  Since i  m xjtap i 

and j . i  » i ,  j  i s  an isomorphism, as we wiLshed to  p rove. []
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2 .5 .1 2  P ro p o sitio n . Assume f j p  wfp t r i p l e .  Let (X,£) be a P f * - a l ­

gebra , l e t  4 ) ----^— »■X j ta p s  and l e t  r>— — ^X j t a p i .  The follow ing

sta tem en ts  a re  v a lid .

a .  A extends to  a  m xjtaps.

b . i  extends to  a m x jtap i.

P roo f, a . W « „  [I  C I : I j ta p s  & Z 0  A ], M5 * <j>. Let 
1 1 d r  ^

(Z^) be a chain in  V f, Z U Za , w ith  in c lu s io n s  Za > “ » X,

Z>— - —>X. Consider th e  r e s t r i c t io n  maps XS J—̂ —»XSa . For a l l  a

we have <i>pr * < i >. I t  fo llow s a t  once th a t  <i> j* 0 (a  chain  i sot a
never empty). To show <i> i s  m inim al, l e t  p e  <i> -  0 and show <p> =

<i>. S ince p i s  n o t c o n s ta n tly  0 th e re  e x is t  o j ,  cj2 e E w ith  p /{ o 1,o 2 } 

no t co n s tan tly  0 . There e x is t s  w ith  {a 'j,a2 } C 2a by the  n ested ­

n ess . T herefore a > a 0 im plies < p /la > * <!>• b e t F C I  be f i n i t e .

By the  nestedness th e re  e x is ts  a >_ a 0 w ith  F C Za » As <p>prQ ®

<p/Z > = <i > th e re  e x is ts  q e <p> w ith  q/Z * i  , so in  p a r t i c u la r ,ot ct ct ex

q/F « i /F .  As F i s  a r b i t r a r y ,  th i s  proves th a t  i  i s  in  th e  f in e  power

c lo su re  <p> of <p>. As |̂™P wfp t r i p l e ,  <p> = <p>. T herefo re , <i>

C  <p> C  <i>. By Z orn 's  Lemma, has a maximal elem ent.

b . We have im i  j ta p s  by 2 ,5 .8 ,  so from (a) th e re  e x is t s  A m xjtaps

w ith  im i  C a . The in c lu s io n  map of A extends i  and i s  m xjtap i by

2 .5 .8 .  []

X
2 .5 .1 3  D e fin itio n . Let (X,£) be a fj~P -a lg e b ra  and l e t  I  C X .

I* [p e I  s pp = p & p i 0 ] ,

2 .5 .1 4  P ro p o sitio n . Let (X,£;) be a -a lg e b ra  and l e t  I  be a
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rpp-m in im al r ig h t  id e a l in  Ex , Then fo r every p e l  and u e 1% 

u .p  = p; sa id  d i f f e r e n t ly ,  elem ents in  I  a re  determ ined on im u fo r  

any u e !*•

P ro o f. Suppose p e I» u e I~ . As u I 0 and uu = u e u l ,  u l  <£ 0 . 

As u l C IE C  I  and u l  i s  a r ig h t  id e a l ,  we conclude u l  * I .  T herefore  

th e re  e x is t s  q e I  w ith  uq = p. We have up * uuq = uq = p . []

2 ,5 .1 5  P ro p o s itio n , Assume p fp  wfp t r i p l e .  Let (X,g) be a q ~ P -a l­

gebra , l e t  E => Ex and l e t  I  be a q~P-m inim al r ig h t  id e a l in  E. Then 

th e  follow ing s ta tem en ts  a re  v a l id ,
j

a . I f  X I(£0X then  th e re  e x is t s  u e I A w ith  Xu 0X«

b . The passage u h  im u e s ta b lis h e s  a b i je c t io n  from [u e I* :

Xu 0XJ to  [A C X : A m xjtaps & A 0  XI <£? 0X]

c . I f  A m xjtaps w ith  in c lu s io n  map i  such th a t  A 0  XI <3tT 0X 

then I  — » <i> C  x \  p v-» p/A i s  a f]~P-isomorphism,

d . I f  J  i s  a  q~P-m inim al r ig h t  id e a l in  E and i f  th e re  e x is t s

x e X I0  XJ w ith  x ap p t ,  then I  = J  qua q ~ p -a lg e b ra s ,

e . I f  XI <tl 0X then  every p  P-endomorphism of I  w ith  non-zero  

image i s  an isomorphism.

P ro o f. I f  XI cp. 0 th e re  e x is t s  x e X w ith  x l  <tZ 0 , By

2 ,4 .7  ( f ) ,  x ap p t .  Hence {x} extends to  a m xjtaps by 2 ,5 .1 2 , Hence

whenever XI (J2 0 , [A C  X : A m xjtaps & A f) XI <32 0] i s  non-empty.

Now suppose A m xjtaps, A D XI <£? 0 . Let A >— - —»X be in c lu s io n ,

and l e t  I — -—> X̂  be the  r e s t r i c t i o n  homomorphism p i—» p/A . As

p rA s, X maps E » <lx> in to  < i> , we have It; £  <i>. By h y p o th e s is ,

th e re  e x is t s  x e A and p e l  w ith  xp i  0. I t  fo llow s pt; * p/A i s  no t
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co n sta n tly  0 . As <i> i s  minimal and l£  ^ 0 , £ i s  o n to . This im plies  

th a t  th e re  e x is t s  u e I  w ith  u/A * i .  C lea rly  A C  im u; we show in

f a c t  th a t  A ■ im u as fo llo w s. Let x e Xi I f  x e A, su re ly  xu e A.

O therw ise, suppose x e X -  A. Consider the  r e s t r i c t i o n  homomorphism
Y  Y f A  LJX -----— X . As A j ta p s  th e re  e x is t s  y e A, y i  0 . As yu = y ,

we have u I 0 , <u> » I  and u/(A U{x}) i  0 from which we d e riv e  0 f  

<U/(A U {x}) > = <u>x ** Ix  which proves <u/(A U (x})> i s  m inim al. Since 

i  has no p roper j t a p  ex ten s io n s , n e c e s s a r i ly  u/(A U {x}) f a i l s  to  be 

1 - to - l .  But u/A ■ i  i s  1 - t o - l .  So th e re  e x is t s  6 e A w ith  xu = 6u =

6 e A. This shows im u = A. Since u / a  = i  we have in  f a c t  th a t  uu = u .

T herefore  u e I* and in  p a r t ic u la r  (a) i s  e s ta b lis h e d .

Now l e t  u e I* w ith  Xu 0^, A >—^—»X im u . Consider

I  —-—» <i> C X^, p i-* p/A. C learly  <i> ^ 0 . uu » u im p lies  u / a  = 

i  and hence I? * <u>£ * <i> and <i> i s  m inim al, which proves A j t a p s .

By 2 .5 .1 2  th e re  e x is t s  A m xjtaps, A C A. As proved above, th e re  e x is t s  

v e I* w ith  im v = A. For a l l  x e X, xu e A C A so th a t  uv *= u . By 

2 .5 .1 4 , uv = v .  T herefore A = im u  * im v = i  and A m xjtaps. The 

proof of (b) i s  com plete.

To prove ( c ) , l e t  A > »X m xjtaps w ith  A 0  XI <£T 0 . We have

a lread y  observed th a t  I — <i> C x \  p p/A i s  o n to , and th a t

th e re  e x is t s  u e I* w ith  im u « A. Hence i f  p ,q  e l  then  p/A = q/A

i f f  up = uq i f f  p * q (by 2 .5 .14 ) and £ i s  an isomorphism. To prove 

(d) extend (x} to  a m xjtaps A C  X and observe th a t  A 0  XI 0 and

A 0 XJ <£r 0 so th a t  by (c) 1= <i> =J.

F in a l ly ,  we prove ( e ) .  We assume XI Cy£~ 0 so th e re  e x is t s  A a: X

m xjtaps w ith  I  = < i> . Let <i> — -—> < i >  be a  ("]-p-endom orphism  which
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has a non-zero  image. C learly  f  i s  on to . We must show f  i s  1 - to - l .

In  view of 2 .4 .4 , and the  fa c ts  th a t  f  commutes w ith  unary o p era tio n s  

and th a t  E = [5s  : g e G] we have commutative diagrams

f<i>  > <i>

-o p  -op
v \r

<i>  ---------------------- > <i>

fo r  a l l  p e l .  Also th e re  e x is t s  unique u e I* w ith  im u = A. We have

i f  «* ( i . u ) f  *= ( i f ) . u  so th a t  im i f  C  im u = A. Since i f  i 0 i t

fo llow s from 2 .5 .11  (b) and 2 .5 .8  (c) th a t  im i f  * A. Let p e l .  By

(c) th e re  e x is t s  unique p e l  w ith  i . p  = p . T herefore p f = ( i . p ) f  = 

( i f ) . p .  I f  q e I  w ith  pf *= qf then  i f . p  ® i f . q .  As im i f  = A, p **

p/A = q/A = q . [J

2 .5 .1 6  P ro p o s itio n . Assume ( | P wfp t r i p l e  such th a t  q»T = q>• Then 

i f  PT has a minimal subalgebra U, U i s  a u n iv e rs a l minimal s e t .

P ro o f. Suppose such U e x is t s .  I f  M i s  a minimal f["P -a lg eb ra  

th e re  e x is t s  U >—► PT — whi ch i s  n e c e s sa r ily  onto s in ce  "non-zero" 

means "non-empty". PT = Ep^ by 2 .4 .2 . Let U _< Ep ,̂ correspond to  U.

Then U i s  a minimal subalgebra  and hence a ^|"P-m inim al r ig h t  id e a l  by 

2 .4 .1 3 . C learly  (PT)U C PT ^ <J> and hence i t  fo llow s from 2 .5 .15  (e) th a t  

every P  P -endomorphism of U i s  an isomorphism. The r e s t  o f th e  d e ta i l s  

a re  c le a r .  {]

2 .5 .1 7  D e fin itio n . Say th a t  a P”P - a lg e b ra  (X,£) i s  weakly d i s t a l  i f  

fo r  every  p e E^ -  0 , p i s  1 - to - l .  C learly  d i s t a l  im p lies  weakly d i s t a l .
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2 .5 .1 8  P ro p o sitio n . Assume (r]”P  wfp t r i p l e .  Let (X,£) be a 

^ |p - a lg e b r a  which i s  weakly d i s t a l .  I f  th e re  e x is ts  a  ̂| | *-minimal 

r ig h t  id e a l I  C Ex w ith  XI <£: 0 ,  then (X,£) i s  d i s t a l .

P roo f. Suppose such I  e x i s t s .  By 2 .5 .15  (a) th e re  e x is t s  u e I~ . 

S ince u ^ 0 , u i s  1 - to - l .  For every x e X, xuu = xu im plies xu = x and 

u = 1Y. But by 2 .5 .1 5 , X = im u i s  m xjtaps. T herefore  E i s  minim al.
A

As our hypothesis on I  makes ljj = 0 im possib le , by 2 .4 ,18  we a re  done. []
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§2.6 T rip le ab le  ab elia tl C ateg o ries .

2 .6 .1  Review of a d d itiv e  and a b e lia n  c a te g o r ie s . The read e r i s  assumed, 

in  t h i s  s e c t io n , to  be fa m il ia r  w ith  th e  elem entary theory  of a d d itiv e  

and a b e lia n  c a te g o r ie s . We sk etch  here  only a few b a s ic  d e f in i t io n s ;  

see  [10] and [26] fo r  d e ta i le d  acco u n ts . Let //\ be the  t r i p l e  of 

ab e lia n  groups over s e ts  and l e t  be a ca teg o ry , Y\ i s  a d d itiv e  

i f  P\ i s  le g it im a te , has f i n i t e  products and coproducts, and th e re  

e x is t s  a fu n c to r x whose com position w ith  i s

= The th ir d  co n d itio n  says th a t  each (X,Y)/^ i s  provided

w ith  an a b e lia n  group s tru c tu re  so th a t  com position d i s t r ib u te s  over

a d d itio n  on th e  l e f t  and r ig h t .  I f  Y ( i s  a d d itiv e  i t  has th e  fo llow ing

p ro p e r t ie s .  has a zero o b je c t 0 , th a t  i s  an o b je c t which i s  a t  th e

same tim e i n i t i a l  and te rm in a l. I f  X, Y e obj K ,  th e  unique zero 

map X —̂  Y X —» 0 —> Y co in c id es  w ith  th e  id e n t i ty  of th e  ab e lian

group (X,Y)) \̂ . That product » coproduct i s  tru e  in  th e  f i n i t e  non-empty 

case to o ; i f  X, Y e obj th e re  i s  a d i r e c t  sum system

Y" \  Y
^ ^ [ 0 , 1 ]

©  Y

^ ^ ( 1 , 0 )  '  [1*0]
X X

w ith  X[.|Y = X@Y « X * Y, In je c t io n s  a re  defined  in  term s of p ro je c tio n s  

and v ic e  v e rsa  as th e  n o ta tio n  in d ic a te s .  I f  (x , y) : X -*■ Y e b( then

x + y -  X — , X ©  X _ if» ? L - » Y  -  X —-X*y) > Y © Y ____ ^1 ,1 ] ) Y.

-x  = X   —=>X —- —>Y = X —- —»Y ----- -—>Y, where (-1 ) + 1 = o .
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Every o b je c t in  i s  an a b e lia n  group o b je c t : th a t  i s  when X e obj )*(
^  [1 ,1 ] . -1  

i s  equipped w ith  a d d itio n  X ©  X --------------> X, in v e rs io n  X > X
and zero 0 ■+ X, then  th e  u su a l diagrams commute ( c f .  1 .1 ,6 ) ,

}*{ i s  ab e lian  i f  K  has a  0 o b je c t ,  H  has f i n i t e  products and

coproducts, every K  -morphism has a k e rn e l (=dn ker f ,  =df e q ( f ,o ) )

and a cokernel (»dn cok f ,  c o e q ( f ,o ) ) ,  and every {monoHepi} i s

normal (= ,r  {=ker f  }{■= cok f} fo r  some f ) , Every a b e lian  category  i s  
d r

a d d it iv e .

For th e  r e s t  of th is  s e c tio n  f ix  a t r i p l e  HfP in  £) , and l e t  / / \  
be th e  t r i p l e  of ab e lian  groups.

2 .6 ,2  P ro p o s itio n . The fo llow ing sta tem en ts  a re  v a l id .

r °  [IT A]a .  ro  ■ .* i s  an a b e lia n  ca teg o ry ,

b . The underly ing  group fu n c to r ^ — - — > c re a te s  0

o b je c ts ,  o maps, co k ern e ls , d i r e c t  sum system s, exact sequences and in  

f a c t  a l l  l i r a 's  and f i n i t e  l im 's .
co pr, /a]

c . Epimorphisms a re  onto in  , ;

P ro o f. 0 (P , PT -*■ P, PA -► P) i s  a  te rm in a l o b je c t in  S’ ,

I f  (X ,£ ,a) e obj th en  0 —- —* (X,ct) i s  an /A-homomorphism;

i t  i s  a lso  an -A -o p e ra t io n , hence a -homomorphism. I f  0 ■—-—> (X ,£ ,a) 

i s  a T P - A  “homomorphism i t  i s  an / / \  -homomorphism in  p a r t ic u la r  so 

th a t  x *= o . That V c re a te s  0 o b je c ts  and o maps i s  now c le a r .

Let <X,£,a)  (X ,£ ,a) e CfW, f and l e t  <X,5) — ► (0,u>)
A

“df co^ f  i n S’ • From s p e c ia l  knowledge of ab e lian  groups, we may 

w r ite  X — 5—> o ■ X —- —» X/R as th e  co eq u a lizer of i t s  k e rn e l p a ir
fO p rj - ~

( in  S’ ) R X where R = [(x ,y )  e X x X s x - y e i m f ]  and pr
th  pr2 - -i s  th e  i  p ro je c tio n  X x x  * X ( i  ■ 1 , 2 ) ,  F ac to rin g  f  **
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(X#g )  »(im  f ,  £0) )----- > (X,£) e and observing th a t  the  A - o p e r ­

a tio n  X x X —- — >X i s  a r fP  -homomorphism, we have th a t  R in h e r i ts  a 

unique *7P - s t r u c tu r e  making p rx , p r2 -homomorphisms because R i s  

j u s t  th e  in v erse  image of im f  under - .  The top row of th e  diagram

il
i s  a co eq u a lizer in  x> (by 1 .3 .A) which uniquely  induces 6, Hence

th e re  e x is t s  unique 6 adm itting  (X ,? ,a )— -— <?, /A)

and (Q ,0,u) £ obj ^  by 2 .2 .1 5  (a) s in ce  q i s  on to . We a lso

have q * cok f  in  ^  as fo llo w s, fq «= o in  S ’ ^  because
- o  A ~ ~  _  j* ~ ~  _  pJ [IT, A ]

fq * o in  £» . Suppose (X ,£ ',a)__JL _>(Q ,8#w) c b  w ith  fq «=

t  * -o. Then th e re  e x is ts  unique (Q,«) — -— >(Q,“) e b  w ith  q t « q . t  

i s  a lso  a HT* -homomorphism because q t i s  and qT i s  ep i ( c f .  th e  th ird  

diagram in  th e  proof of 1 .2 .4 ) .  This dem onstrates th a t  V c re a te s  coker­

n e ls .

c °  ITo see  th a t  V c re a te s  d i r e c t  sum system s, l e t  X, Y e obj 70 
and suppose given a , b

( l ,o )  ( o , l )

.p r, /a]

X *

Then th e re  e x is t s  unique c e such th a t  ( l , o ) . c  = a and ( o , l )  ,c  » b ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



127
a x b + /A

and moreover c = X * Y  » 0 * Q ------* 0 . Since th e  /r\-o p e ra tio n

+ i s  a ^|p-homomorphism, so i s  c . This shows th a t  V c re a te s  d i r e c t

sum system s.

A ll rem aining d e ta i ls  in  (b) w i l l  fo llow  from standard  theorems 

about a b e lian  ca te g o rie s  (and th e  f a c t  th a t  V c re a te s  l im 's  and im ages, 

reasoning as in  1 .7 .4 ) ,  so we w il l  go on to  prove ( a ) .  We have only  to  

show th a t  monos and ep is  a re  norm al. Let X — -—*Y be an epimorphism 

in  S  ^ , and l e t  Y — Q cok f  in  £>  ̂ ^ , As f  q = o and

fo  » o , q = o , Since V c re a te s  c o k em e ls , cok f  = o in  , and hence 

applying a well-known p ro p erty  o f the  category  o f a b e lian  groups we see

th a t  f  i s  onto (which, in  p a ss in g , proves ( c ) ) .  Since V c re a te s  k e rn e ls
^/A

and co k ern e ls , th e  f a c t  th a t  f  * cok ker f  in  b  im plies  th a t  f  =
[TT, /A] i  [TT, A]

cok ker f in  b  . I f  X >------- > Y i s  mono in  b  , we do n o t

know £k p r io r i  th a t  i  i s  1 - to - l  s in ce  our u su a l argument V p reserv es

monos re q u ire s  V to  have a  l e f t  a d jo in t .  However, i  i s  indeed 1 - to - l

and i  = k e r cok i  by d u a liz in g  the  argument used fo r  e p is .  []

2 .6 .3  P ro p o sitio n . The follow ing sta tem en ts  a re  e q u iv a len t.

c? ^a .  rO i s  a b e lia n .
coTT

b . b? i s  a d d it iv e .

«• TP -  TP ® / \  •
d« There e x is t s  a  t r i p l e  11 ( 1 in  S  w ith  1111 = ‘ 111 ®  .

P ro o f, a, im plies b . Every a b e lian  category  i s  a d d it iv e . 

b im plies c . Each f]~P-a lg e b ra  X i s  an ab e lian  group o b je c t w ith

ad d itio n  X © X  — — i X, in verse  X --------- *X and zero 0 — -— »X.

The group o p e ra tio n s  a re  ( ||^-homomorphisms by c o n s tru c tio n , and
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(f  ©  f ) . [ l , l ]  = [1 ,1 ]•£  for each f [ |'-homomorphism f .  Hence we have

defined  a fu n c to r ^  which commutes w ith  th e  underly ing
t/jr at o qr

s e t  fu n c to rs . Let *  —> S  be the  underly ing  £  -o b je c t
^[TT, A]

fu n c to r . C learly  $$ = I g 11’* Now l e t  X e obj !b> • Let
m i  eX x X ------- » X, X --------- *X, 0-------- » X be th e  o p e ra tio n s  corresponding

to  X qua ab e lian  group. Then m, i ,  e a re  -homomorphisms. As 0
r° f l .o  ]i s  i n i t i a l  in  b  , n e c e s s a r i ly  e » o and then X --:------» X * X

= 1 = X — — > X x X —-—> X i s  known. Since
X

X _ —  ̂ X x X <____ * jj_____ . X

"  X

pjTT
“ ^11? *n * we concl u^e m “  [ !» ! ] •  i  * -1  by th e  f a c t  th a t  in v e rses  

a re  unique in  a  group. This proves $$ = 1, 

c im plies d. This i s  obvious. 

d im plies a . This fo llow s from 2 .6 .2 ,  []

2 .6 .4  Remark. I f  r n k ( ,J P )  _< V"/o* ^  *S aljel* an ^  i s  t *,e

underly ing  s e t  fu n c to r from th e  category  o f r ig h t  modules over th e  

endomorphism r in g  o f PT, This has been observed by Lawve^ [2 0 ] , using  

[26, 4 .1 ] .  Hence i f  o p e ra tio n s  a re  f i n i t a r y  th e  only t r i p le a b le  ab e lian  

c a te g o rie s  a re  th e  obvious ones. ®  jf\ ® compact a b e lia n  groups.

A more ex o tic  example i s  g iven by:

2 .6 .5  Example: l a t t i c e  groups. Let ( | P  be th e  t r i p l e  fo r  complete 

s e m ila t t ic e s  d escribed  in  1 .1 .1 0 . I t  i s  easy to  show th a t  i f  A C  

(X,£) e obj £? , <A> » [sup B : B C A], I f  A C  (X ,a ,5 ) e obj Cj)̂ » ^  

w ith  A <_ (X,a) and i f  B, C C  A then  sup B -  sup C * sup(b -  c :
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b e B. c e C) e <A> because i s  a TP -homomorphism. Hence a l l
TT

/ / \  -T P  bialgebras are /A -T P  quasicomposite algebras and hence

/ \  ® TP = TP ® / / \  e x i s t s ,  rnk (TP ® / \  ) > V/o* because
|P is a TP ® /A -^g^ra.

2 .6 .6  Remark. 2 ,6 ,3  shows th a t  a category  which i s  a d d itiv e  b u t n o t 

a b e lian  i s  no t t r ip le a b le  over any underly ing  s e t  fu n c to r . For in s ta n c e , 

no se t-v a lu e d  fu n c to r from th e  category  of to r s io n - f r e e  groups i s  

t r i p le a b le .
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CHAPTER 3. TRIPLES IN A LATTICE FIBERING

§3.1 L a tt ic e  f ib e r in g s  over a ca tego ry .

3.1«1 D e f in itio n s . Let £ Y( be a  fu n c to r . An £ -morphism

X — -—» Y is  c a r te s ia n  i f  th e  c o n d itio n s :

i
i
i

h ,
i
b
X * Y

in £

Zb

in  K
a

Xb ^ Yb

induce unique Z  »X in  t  w ith  h f = g and hb » a .  b i s  a f ib r a t io n

i f  fo r  every Y e obj E , K — ^-»Yb e K ,  th e re  e x is t s  Ya*-----  —»Y

6  w ith  fb “ a and f  a c a r te s ia n  morphism. D ually , X — -—=>■ Y in

2  i s  op c a r te s ia n  i f  Z <—— -*Y in  C- and f b .a  = gb inin  K
induce unique Y ------- > Z I n  t  w ith  fh * g and hb * a , and b i s  an

a f
o p f ib ra tio n  i f  Xb -------* K induces X -------> Xa^ o p c a r te s ia n  w ith  fb =

a . Say th a t b i s  a f ib e r in g  i f  b i s  both a f ib r a t io n  and an o p f ib ra tio n .

For a comprehensive account of th e  theory  of f ib r a t io n s  see the

paper o f Gray [15J as w e ll as the  re fe ren ces  c i te d  th e re .  The s o r t

o f f ib r a t io n s  we consider in  th is  ch ap te r a re  so much sim pler than the

g en era l case th a t  we give an independent trea tm en t.

3 .1 .2  D e fin itio n s . As noted in  1 .1 .A, a quasi-o rdered  s e t  (meaning 

i s  re f le x iv e  and t r a n s i t iv e )  may be thought of as  a  sm all category
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in  which a l l  diagrams a re  commutative. Hence we may a s c r ib e  fu n c to r ia l  

p ro p e r tie s  to  o rd e r-p rese rv in g  maps. POS the  category  of p a r t i a l l y  

ordered s e ts  and o rd e r-p rese rv in g  maps which have a r ig h t  a d jo in t .  I f  

X, Y e obj POS and i f  X — -— >Y i s  o rd e r-p re se rv in g , observe th a t  an 

o rder p reserv ing  map Y — - —»X i s  r ig h t  a d jo in t to  f  i f f  fo r  every 

x e X, y £ Y i t  i s  th e  case th a t  x <_ xfg  and ygf <_ y . CSL = th e  

category  of complete s e m ila t t ic e s  as d escribed  in  1 .1 .1 0 .

3 .1 .3  P ro p o sitio n . CSL i s  a f u l l  subcategory of POS.

Proof. Let X, Y e obj CSL, X — -— »Y o rd e r-p re se rv in g . I f  f 

has a r ig h t  a d jo in t then f  p reserv es  sups s in ce  sups a re  coproducts.
g

Conversely, suppose f  i s  su p -p re se rv in g . Define Y — -— >X by yg 

sup [x : x f < y ] ,  g i s  c le a r ly  o rd e r-p re se rv in g , x _< sup [x : 

x f <, x^f J = xQfg  and ygf » (sup [x : x f _< y ] ) f  = sup [xf : x f ,< y]

<. y« []

3 .1 .4  D e f in it io n s . Let £  — - — be a fu n c to r , and l e t  K e obj . 

The f ib e r  over K, K  ̂ o r  Kb” 1, the  subcategory o f a l l  & -morphisms 

f  such th a t  fb * 1R, K* i s  alw ays, in  f a c t ,  a subcategory  bu t may be 

empty. I f  b i s  f a i t h f u l ,  K* i s  a quasi-o rd ered  c la s s .

an o rd er f ib e r in g  over Y{ i f  b s a t i s f i e s  th e  

the  fo llow ing th re e  axioms.

0F1. b i s  a f ib e r in g .

0F2, b i s  f a i th f u l

0F3. For every K e obj K" th e  quasi-o rd ered  c la s s  i s ,  in  f a c t ,  

a p a r t i a l l y  ordered s e t .
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In d ea lin g  w ith  o rd er f ib e r in g s ,  we th in k  of an £  -morphism as 

a K. -morphism which i s  "ad m iss ib le " , and use the  same symbol u p s ta i r s  

and do w n sta irs; e .g .  X £  Y e K* i f f  X —- —»Y e .

3 .1 .5  P ro p o s itio n . Let K" be a  ca teg o ry . Then th e re  i s  a  canonical

id e n t i f ic a t io n  [o rd er f ib e r in g s  over f t  ] <------— » [fu n c to rs  from

f t  to  POS].

P roof. Let be an o rd er f ib e r in g  over f t . Let

K — -—>L — > M e f t ,  and l e t  X e K*. Consider the  diagram :

Xf

X

X(fg)

fg
 »X (fg)*  i s  induced because X * Xf^ i s  o p c a r te s ia n , so

th a t  Xf^g^ ——> X (fg)^ i s  induced because Xf * — » Xf*g* i s  op-

*8* 1  X (fg)* . But X (fg)^ -  *■ Xfc a r te s ia n .  T herefore Xf g £  X ( fg ) . . But X(fg)   —» Xf g is

induced as  X — —>X(fg)^ i s  o p c a r te s ia n , so X (fg)^ <_ Xf^g^. By 

0F3, Xf^g^ *» XCfg)^. In  view of th i s  o b se rv a tio n  we may d e fin e  a 

fu n c to r

K -»POS

f f

I * Xf

K  > L I---- > K*    > L*

Xf^ i s  determ ined un iq u e ly , n o t j u s t  w ith in  isomorphism ( f o r  l e t  g = 

1 ) .  f*  i s  o rd e r-p re se rv in g  as X <_ X' e K* induces:
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x  -  X f *    y

/  \X1 / f  f  / I

^  \  ' 'Vi * *
Yf f *

prove f* — | f* . 1* = 1 i s  c le a r  and (fg )*  = f*g* has a lread y  been

proved* This d e fin es  x.

To d e fin e  x"1, l e t  ---------------* POS be a fu n c to r  and d efin e

Hx"1 as fo llo w s. D efine a category £ by obj £ [(K ,a) : K e

obj K  & a e KH]. ( K, a ) — (L, g) i s  an £ -morphism *df 

K —-—> L z yC and <a,fH> < g. Composition i s  defined  a t  the  le v e l

k .  e i s  a category  and th e re  i s  an obvious f a i th f u l  fu n c to r

For every K e obj Y(. , (K,a) __< (K,g) in  i f f

<a,ljjH> _< g i f f  a  _< M o  th a t  fo r  a l l  p r a c t ic a l  purposes <= KH, So

f a r  we have 0F2, 0F3; we tu rn  now to  0F1. Let K  >L e Kt and

l e t  (K,a) e Ka . 6 ~df C le a rly , (K,d) —-—9 (L ,g) e E* I f

f
(K,o) --------------------- » (L ,g)

in  ^  , and /

/  g

(H,y)

xn
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-» (M,y) e
f

->K4

then <S,gH> *» « a ,fH > , gH> * <a,hH> <_ y proves (L,g) —

, Hence b i s  an o p f ib ra tio n . Now l e t  (L ,g) e L* Let L * --------7 a*

be a r ig h t  a d jo in t to  fH. a < g ,f> . As <a,fH> = <g,f.fH> <_ g , 

(K,a ) f  - >(L ,g) e £ .  I f

K

M

in  ^  , and

(K,o) -
\

(L,g)

in £

<M,y)

then <y,gH> _< <Y,gH,fH,f> « <<Y,hH>,f> <g,f> = a which proves

(M,y) — ^  (K,a) e £ ,  This completes th e  proof th a t  t ” 1 i s  w e ll-  

d e fin ed , While t , t -1  a re  not q u ite  m utually  in v e rse  i t  i s  c le a r  th a t  

t t " 1 and t - 1 t d i f f e r  n e g lig ib ly  from th e  re sp e c tiv e  id e n t i ty  fu n c tio n s , 

which completes th e  p ro o f. []

Note: t as above i s  a c tu a lly  the  o b je c t func tion  o f an equivalence

of c a te g o r ie s . The range i s  the  u su a l fu n c to r category  POS . The 

corresponding morphisms of o rder f ib e r in g s  a re  fu n c to rs  p

I  h *  £ '

H

such th a t  pb* - b and such th a t  p p reserves a l l  c a r te s ia n  and o p c a r te s ia n  

morphisms. See [15, 1 .9 ] ,
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3 .1 .6  P ro p o sitio n , Let £ -----   » ^  be a  f a i th f u l  fu n c to r . The

follow ing th re e  s e ts  of axioms a re  e q u iv a le n t.

Set I .  LF1, b i s  an o rd er f ib e r in g .

LF2. is  a com plete l a t t i c e  fo r  a l l  K e obj Y( .

Set I I .  0F3 and

LF3. b c o n s tru c ts  l im 's  and l im 's  ( fo r  th e  d e f in i t io n  of 

" co n s tru c t"  see  0 .8 ) ,
Mr

LF4, b has l e f t  and r ig h t  ad jo in tn e sse s  b — | b — | b
^  1 + + 1 

w ith  bb «a 1^  * bb and ad ju n c tio n s  1 ^  *bb, bb --------

bb — -— >1^ , 1^ ——> bb ( th a t  i s  fo r  every X e obj £ , Xbb

X <_;Xb£.)

Set I I I .  LF2 and

LF5, b c o n s tru c ts  p u llbacks and pushouts,

LF6. Every /^-m orphism  K — -—»L has a l i f t i n g  to  an

0  -morphism X — -—» Y.

P roo f. I  im plies I I ,  0F3 i s  subsumed in  LFl. L et A

be a diagram w ith  A sm all, and suppose th a t  K  --------» D^b = lim  Db.
* * ? i.  _   ^By 0F1 and LF2, d e fin e  X =^  sup [D^S^ ] e K*. Since each

G **iDi  e C » so i s  each X ---------------->D I f  Y  — is  n a tu r a l ,

th e re  e x is ts  unique Yb — -— *K e Y (  w ith  f£ j  = f ° r  Since

* f  * £ feach DjSj i s  c a r te s ia n ,  each Y  > ® i^i e an(  ̂ hence Y  » X

e £  • This proves th a t b c o n s tru c ts  lim -'s . That b c o n s tru c ts  l im 's

i s  proved d u a lly . L a s tly , we show LF4. For each K "-o b jec t K l e t  Kb

fthe l e a s t  ( r e s p , ,  Kb the  g re a te s t)  elem ent o f K^. I f  K  *L
i /  •*- 1 "*■ * f  *■ f  ■*" G

e Y\ , K b > (Lb)f -------- » Lb = Kb  ?Lb e C so th a t

(K — -—»L)b * Kb —-—» Lb i s  w e ll-d e f in e d . Dually (K —-—> L)b
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4  f  ■<- *►

Kb— ~—>Lb is  w e ll-d e fin e d . That b , b behave as  s ta te d  in  LF4 i s  c le a r , 

I I  im plies  I I I .  LF5 i s  subsumed in  LF3. LF6 i s  c le a r  from LF4.

We show LF2. I f  X e K*, Kb ■ » X 1 - -> Kb e £  by LF4, so th a t  K,
T

has a l e a s t  elem ent Kb and a g re a te s t  element Kb. Let (X^ : i  e I )

C  be a non-empty s u b se t. As (K — -— : i  e I)  i s  a model fo r  the

c o l le c t iv e  p u llb ack  o f b o f the  c  -diagram  (X j * Kb : i  e I) ,

th e re  i s  a  co n stru c ted  p u llb ack  (sup [X^] —^ : i  e I )  • That

sup [Xi ] i s  the  supremum in  K* of 1X>] i s  c le a r .  In f  [X ^ i s  co n stru c ted
<- 1

d u a lly  as the  c o l le c t iv e  pushout of (Kb -------> X^).

I l l  im p lies  I ,  LF2: and 0F2 a re  stand ing  and 0F3 i s  subsumed in  LF2.

f  \SWe must show 0F1. Let K  »L e rlt Y e  L^, Define Kb, Lb to  be

th e  g re a te s t  elem ents o f K*, L* which we may do by LF2, By LF6, th e re

e x s i t s  X, ->X£ e f . The pushout diagram 

f
K

K

in  K  o f b o f Kb f—  X i— -—>X2 i s  co n stru c ted  in  as

*1

1
K
Kb

X2
I

.

*
-» Q

T herefo re  Kb f  f——> Lb = Kb » Q

•>
Kb -» Lb (r-

-)Lb e 

1

£ Now b of

has p u llb ack
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K   ̂ L

ie  £which allow s us to  d e fin e  Yf ---------* Y by th e  constructed  pu llback

Y f * ---------
I 
I
J 1
1/

Kb  i  > Lb

4e £That Yf -------- * Y i s  c a r te s ia n  i s  c le a r ,  and b i s  a f ib r a t io n .  The

proof th a t  b i s  an o p f ib ra tio n  i s  d u a l. []

3 .1 .7  D e fin itio n  and rem arks. I f  a f a i th f u l  func to r 

s a t i s f i e s  any of th e  th re e  eq u iv a len t s e ts  of axioms of 3 .1 .6 , then-b  

i s  a l a t t i c e  f ib e r in g  over K . b i s  then  both a f ib r a t io n  and an 

o p f ib ra tio n  in  th e  sense of [15] and a "pu llback  s tr ip p in g  fu n c to r"  in  

the  sense o f Kennison [18]; (th e  l a t t e r  is  tru e  w ith in e s s e n t ia l  changes.) 

Our proof o f " I  im plies  LF3" in  3 ,1 .6  can, e s s e n t ia l ly ,  be found in  [18 ], 

I f  (K   — »X.b j i  e I )  is  g iven , d e fin e  con*(K  -—» X.b)
X J-

Sfc f j“ jjf suplX^f^ ----- ±— e K*. I t  i s  th e  sm a lle s t element o f K* adm itting
JL f •

each f^ ,  and a map in to  con (K - —± * s adm issib le  i f f  i t  i s  

adm issib le  followed by each con*(K — ^ — >Xjb)_  ̂ X^. D ually ,

d e fin e  con*(Xi b — l i —  ̂L) =d£ inf[X.£ — —^ X ^ * )  g L*.

The id e n t i f ic a t io n  t  o f 3 .1 .5  s e ts  up an id e n t i f ic a t io n  between 

l a t t i c e  f ib e r in g s  over and fu n c to rs  from Y ( to  CSL, as i s  immed­

i a t e  from 3 ,1 .3  and 3 .1 .6  ( s e t  I ) .

For th e  r e s t  o f th i s  se c tio n  f ix  a l a t t i c e  f ib e r in g  £  ------------------,
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3 .1 .8  P ro p o sitio n . The follow ing sta tem en ts  a re  v a l id .

a . £  i s  le g it im a te  i f f  f t  i s ,

b . For every sm all category  A, 6 has lim 's  ( r e s p . ,  l im 's )  of

type A i f f  f t  does.

c . b p reserves and r e f le c t s  monos and e p is .

P roof. f t  i s  a f u l l  r e f le c t iv e  subcategory of 6  v^ith in c lu s io n

b and r e f le c to r  b , and a f u l l  c o re f le c t iv e  subcategory o f £  w ith  in -  
■<*

Plusion  b and r e f le c to r  b .

a . I f  £ i s  le g i t im a te , so i s  ft  being a subcategory of £ .

C onversely, ft  le g it im a te  and b f a i th f u l  im plies £ le g it im a te .

b . £  has im plies K  has because f u l l  r e f le c t iv e  su b ca teg o rie s  

in h e r i t  l im 's  and f u l l  c o re f le c t iv e  subca tego ries  in h e r i t  l im 's .  The

converse i s  c le a r  from LF3.

c^  b is  f a i th f u l  and has l e f t  and r ig h t  a d jo in ts .  []

The follow ing sta tem en ts3 ,1 .9 ’/ P ro p o sitio n . Let X — 

are  eq u iv a len t.

a . X — £—»Y i s  a re g u la r  e p i.
P 15b , X  >Y i s  o p c a rte s ia n  and Xb — -—*Yb i s  a re g u la r  e p i .

P roof, a im plies b . Suppose

Zb

in and m

Since g e reg  ^(p )»  th e re  e x is ts  Y  >Z w ith ph *» g , and h = h as
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Xb— 2— » Yb i s  ep i (3 .1 .8  ( c ) ) .  Hence X — - —>Y is  o p c a r te s ia n .

To see Xb— E—>Yb i s  re g u la r  e p i ,  l e t  g e r e g ^ ( p ) .  C learly

X g > XgA e reg^(p) so th a t  th e re  e x is t s  Y — — »XS* w ith  ph » g.
h ] /  PY b > Zb i s  the only K -morphism w ith  th i s  p roperty  s in ce  ; X b  > Yb

i s  e p i (by 3 .1 .g ( c ) ) .

b im plies a . Let X — -— > Z e reg  ^ (p) . C learly  Xb — - —>■ Zb
h  .  .

e r e g ^ ( p ) ,  so th e re  e x is t s  unique Yb  Zb e K w ith  ph * g .

Y —- —> Z e £ as p i s  o p c a r te s ia n . []

3 .1 .10  P ro p o sitio n . The fo llow ing  sta tem en ts  a re  v a l id .

a . b c o n s tru c ts  re g u la r  image f a c to r iz a t io n s  and re g u la r  coimage 

f a c to r iz a t io n s .

b . £  i s  re g u la r  i f f  hf  i s  and £  i s  L F -regu lar i f f  h( i s .

P roof, a .  Let X —-—> Y e £ and l e t  Xb —-—» I  >----- -—> Yb

« xb — -— >Yb be a re g u la r  coimage f a c to r iz a t io n  in  K .  Then 

X — > Y = X — Xp* >- 1 ■> Y where Xp* — — *Y e £  because 

X — Xp* i s  o p c a r te s ia n . i  i s  mono by 3 .1 .8  (c) and p i s  re g u la r  

ep i by 3 .1 .9 . The proof th a t  b c o n s tru c ts  re g u la r  image f a c to r iz a t io n s  

i s  d u a l.

b . £  s a t i s f i e s  LFR2 i f f  h( does and £  s a t i s f i e s  LFR3 i f f  h\
does by 3 .1 .8 .  By 3 .1 .8  ( c ) ,  3 .1 .9  and ( a ) ,  £  s a t i s f i e s  LFR1 i f f

h( does. Let X e obj £  , and l e t  ^  be th e  c la s s  o f epimorphisms 

w ith  domain X, As b p re se rv es  epimorphisms, ^ b  i s  a c la s s  n f  ep i­

morphisms w ith  domain Xb. I f  is  a re p re se n ta tiv e  s e t  fo r  ^ b ,

<R .  [Y — Z e £  : Yb fb - » Zb e f (  0] i s  a re p re s e n ta t iv e

s e t  fo r  J1 , I t  i s  a  s e t  because (flQ i s  and because each K* i s  a s e t .
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I f  X — -—>Y £ th e re  e x i s t  /^-isom orphism s a , 8 and K— i — »L
n  o  B

e n  0 w ith  f.B  * ct.g. Because X  >Xot* anc* Y a re  0P”
ot— i g e-1 c

c a r te s ia n ,  X<x* ------ —» X, X a* * YB* and YB* ----------- » Y a re  C -
f  q  ■+

morph ism s. I t  follow s th a t  X  > Y i s  isom orphic in  c  to

Xa^ — -—> YB* e (/=“{ . We have shown LFR4 fo r  b\ im plies  LFR4 fo r  £ .

That REG4 fo r  K  im plies REG4 fo r  £ i s  proved s im ila r ly ,  no tin g  th a t

b p re se rv es  re g u la r  epimorphisms by 3 .1 .9 . '  Consider Y( as a f u l l

subcategory of £ with inclusion Kb is  a union of £ -isomorphism

c la s s e s .  As bb = 1 ^ ,,  as every K b-morphism i s  o p c a r te s ia n  and by

3 .1 .9 ,  b p reserv es  re g u la r  epimorphisms. b p reserv es  epimorphisms as
4*
bb = 1̂ / and b r e f le c t s  epimorphisms,. I t  i s  now easy to  see  th a t  LFR4 

fo r  £ im plies LFR4 fo r  b{ and th a t  REG4 fo r  £ im p lies REG4 fo r 

K  • The rem aining d e ta i l s  a re  c le a r .  []
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3 .2 .1  Example; t r i v i a l  l a t t i c e  f ib e r in g s . Let X  be a ca tegory  and

l e t  F be a complete l a t t i c e .  The constan t fu n c to r X  —* CSL, K — -— »L 
1

i—* F  *F induces the  t r i v i a l  l a t t i c e  f ib e r in g  w ith  f ib e r  F,

X x F -1 1 1  > X .

3 .2 .2  Example: s e ts  and r e la t io n s .  Let k be a non-negative in te g e r  

and l e t  n be a s e t .  ^ ( n =df tb e  c a te 8ory whose o b je c ts  a re

t (X,  'J') : X e obj S  t ^  e Xn ( P k] ,  where ( P k i s  th e  kth  i t e r a t e  

of th e  power s e t  o p e ra to r (P ,  X i—» 2X. An -morphism

( X , ^ ) — -—>(Yt $1) i s  a fu n c tio n  X — -— such th a t  ^ ( f n)
f l > |  ^

C *~J. Composition i s  the  obvious one. ' £3 * th e  category

such th a t  obj C ^ n »k) = obj £  (n k ) » bu t (x , ^ ) — -—#■ (Y» o ^ )  i s  

adm issib le  i f  J b a nr l c  T .  There a re  obvious underly ing  s e t

fu n c to rs  ^ ( n ,k) b ^n »k  ̂ > & » — b n̂ *.._  > $3 . The

proof th a t  th ese  a re  l a t t i c e  f ib e r in g s  i s  easy; we ta b u la te  th e  main 

c o n s tru c tio n s :

b (n»k) b (n ,k )

(X,  ^ ) < ( X ,  £>)  <f r c ~ } )  ~ C ~ J

sup tcx , ^ ) ]  cx, u ^ )  (x ,

^  [(x, cx, n y t ) (x, u y ±)

(x, ^ ) f *  ( Y ,  s&Jfn )  ( Y ,  [A : A ( f n ) - 1  e  ^  ] )

a ,D ) f*  (x t 5 ^ ) ( f nr l )

For the  r e s t  o f th is  se c tio n  f ix  a l a t t i c e  f ib e r in g  £  b  ̂ X -
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be a f u l l  subcategory such th a t3 .2 .3  P ro p o sitio n . Let CQ 

fo r  every K e. obj K , KQ = d f  K* 0  0 I s ,  under th e  subset p a r t i a l

o rd e r , a complete l a t t i c e  w ith  le a s t  element 0(K) and g re a te s t  element 

1(K), Assume fu r th e r  th a t fo r  every K" -morphism K —- —? L we have 

th a t  0(K) — — > 0(L) e < ,̂ and th a t  1(K) — — 1(L) e £ .  F in a lly , 

assume e i th e r  of th e  two hypotheses:

a . For every K  ) L e K and fo r  every Y e L0, Yf*—^->Y e *£
b . For every K — -— >L e and fo r  every X e LQ, X — >XfA e £ q. 

Then ---1-2 ? b/ £  Q i s  a l a t t i c e  f ib e r in g .

P roof. We prove LF1, LF2. Everything i s  given except 0F1 which 

we prove now. Let K — -—>L e K ,  Y e LQ. I f  (a) i s  assumed, then

,Y i s  c a r te s ia n  w ith  re sp e c t to  b 0 because £Q i s  f u l l .  O ther-Yf* f

w ise , assume (b ) . There e x is ts  a l i f t i n g  X —-—> Y e £ot namely

0(K) f  . n / r \  ^  . v  ~ v e i l  _     r v  - v  .  v ____ ?  v v  * £  J .0(L) -» Y. D efine Yf° =df su p ^ fX  e  K Q : X  e
C learly  Yf° Yf * suPk- [X e K* : X  >Y e £ ] ,  so Yf°  »Y =

Yf®------—> Yf * -— »Y e Now suppose

Zb

L

in K . and in eo*

Consider,

Zg*

i
+

Yf

Z — -— »Zg* e by h y p o th es is , and i s  o p c a rte s ia n  in  , so th a t
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Zg*  —>Y e ^ q. By th e  d e f in i t io n  of Y f°, Zg* _< Y f°. I t  fo llow s

th a t  Z _JL_» Zg* ^  ̂Yf0 e £ q, Hence b 0 i s  a f ib r a t i o n .  The

proof th a t  b Q i s  an o p f ib ra tio n  i s  d u a l. []

3 .2 .4  A pp lications of 3 .2 .3  to  3 .2 .2 . 

e . .  Topological spaces C

b . Uniform spaces C

c . Q uasi-ordered s e ts  C  S  •
(2 , 1)

d. M easureable spaces (=df s e ts  w ith  o -r in g  thereon) and 

m easureable tran sfo rm atio n s  C

3 .2 .5  P ro p o sitio n . £  o p  — ---- > K ° P i s  a l a t t i c e  f ib e r in g  over

K op. n

3 .2 .6  P ro p o s itio n . I f  £ — ----- , ‘F  ------------—* H a re  l a t t i c e

f ib e r in g s  then  so i s  £ ------------* £ 2  .

P roo f. LF3 and th a t  be i s  f a i th f u l  a re  c le a r  and LF4 i s  easy

w ith  be 88 cb, be = cIj .  To show 0F3, suppose Xbc » X'bc and X _< X' <_ X.
•v

Then Xb _< X'b _< Xb in  (Xbc)c**1 so th a t  Xb = X 'b; then X < X1 X in

Xbb” 1 and so X *= X '. []

QA -°b  \ / A3 .2 .7  P ro p o s itio n . Let A be a sm all c a teg o ry . Then C ------------- * /(

i s  a l a t t i c e  f ib e r in g  over

P roo f. LF3 i s  c le a r  as l im i ts  a re  co n stru c ted  po in tw ise  in  fu n c to r

c a te g o r ie s . LF4 i s  easy using  - ° b ,  -o b . I f  a,B e (F ,G )n .t . and i f

ab ® Bb then  a = B s ince  b i s  f a i t h f u l ;  th e re fo re  -°b  i s  f a i t h f u l .  To
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prove 0F3, l e t  G e obj . GA i s  a s e t  because th e re  i s  an in je c t io n

G* ;—* TTT (IX e | £  | : Xb = iG] x [x  e j £  | : Xb = jG ]) . Suppose 
i-* \j£A

H, H' e.GA w ith  H <_ H' _< H. For a l l  i  e obj A, iH <_ iH ' <_ iH, so H = H' 

on o b je c ts .  As H.b = H '.b  and as b is  f a i t h f u l ,  H = H*. []

3 .2 .8  P ro p o sitio n . Let Si —— > X be any K -va lued  fu n c to r and 

c o n s tru c t ( th e  u sual model in  th e  category  o f c a te g o rie s  o f) th e  pu llback

f

si — ------------- >K

Then b i s  a l a t t i c e  f ib e r in g  over cfl.
P ro o f. Let Y( — - ------- > CLS be th e  fu n c to r corresponding to  b .

I t  i s  e a s i ly  checked th a t  b i s  th e  l a t t i c e  f ib e r in g  corresponding 

to  3 ^ —— » Y{ H. > CLS. []
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§3.3 L a ttic e  f ib e r in g s  over s e t s .

For th is  s e c tio n  l e t  ■ f  - L - . S  be a l a t t i c e  f ib e r in g  over

3 .3 .1  P ro p o sitio n . £  i s  le g it im a te , has l im 's  and l im 's  and i s

re g u la r  and L F -regu lar. Because a l l  e p is  and monos in  •S are re g u la r , 

fo r  each £ -morphism f ,  f  i s  c a r te s ia n  mono i f f  f i s  an e q u a liz e r , and

f  i s  o p cartes ian  e p i i f f  f  i s  a c o eq u a lize r . []

3 .3 .2  D e f in itio n . I f  A —»X is  a "good" subobject = .„  e q u a lize r
' a t

* c a r te s ia n  mono in  £  w rite  "A «  X." Observe th a t  i f  X e obj £

and i f  A >—-—» Xb then  A << X can o n ica lly  v ia  Ai*  —> A. Think

of r e la t iv iz a t io n  of su b se ts  of a to p o lo g ica l space.

3 .3 .3  Review of autonomous c a te g o r ie s . A se t-v a lu ed  fu n c to r

R  — - -----> S? to g e th e r w ith  a l i f t e d  hom -functor R  x R  ---------- » R

and n a tu ra l  tran sfo rm a tio n  (- ,-)< $  —-—> HOM.U is  autonomous i f  th e

follow ing f iv e  axioms ho ld :

A l. iR i s  le g it im a te .

A2. U i s  f a i th f u l

A3, y i s  a n a tu ra l  equivalence

^4 . ROM is  coheren t in  the sense th a t  fo r  every A,B,C e obj R  
the  usual b i je c t io n  (AU, (BU,CU) S ) 3  * (BU, (AU,CU) S )S  in  S  

s e ts  up by r e s t r i c t io n  (and through y) an ^  -isomorphism 

(A, (B,c)HOM)HOM * (B, (A,C)H0M)H0M n a tu ra l  in  A,B,C.

A5. For every A e obj R  , the  fu n c to r R  —(At )HOM ^
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has a s tro n g  l e f t  a d jo in t J~l --------------  >J-l , th a t  i s  th e re  i s  an

equivalence n a tu ra l  in  B and C: ( (A,B)HOM,C)HOM = (B,C ® A)HOM,

For an account o f the  theory  and examples see  [2 2 ], The only 

r e s u l t  we mention i s  the  s u p e m a tu ra l i ty  lemma of [22, 3 .1 5 ] , which i s

as fo llo w s. Let A  -----  —» £) be autonomous and assume fu r th e r

th a t  U p reserves l im 's .  Let A  — - — >■ A be a s tro n g  fu n c to r , th a t

is  fo r  a l l  A,B e obj , the fu n c tio n  (A,B)c/? ------------- » (AH,BH)A

induced by H l i f t s  to  (A,B)HOM Ha »b > (AH,BH)HOM. Then fo r  a l l  

A e obj A  , th e  in c lu s io n  of s e ts  (through y ) :

( (A,-)HOM,H)n.t. >------- > ( ( A , - ) P  ,H U )n .t.

i s  o n to . Hence <(A,-)HOM, H )n .t .  ** AHU.

3 .3 .4  D iscussion . Let S  — L . S  be a se t-v a lu ed  fu n c to r . Two 

questions a r i s e  n a tu a lly  a t  th i s  p o in t, namely: i f  U i s  t r i p le a b le ,

when i s  U autonomous? I f  U i s  a l a t t i c e  f ib e r in g ,  when i s  U autonomous?

The f i r s t  question  has been answered by Freyd in  [11] and Linton
<ir ___ ^ ' _ _

in  [24]: U i s  autonomous i f f  AT1 = A P  ® T P  • (These proofs a re

in  the  language o f e q u a tio n a lly  d e fin eab le  c la s s e s ,  b u t ,  as  in d ic a te d '

in  [2 4 ] , i t  is  s t i l l  t ru e  when ^ | | 1 has no ra n k .)

The second questio n  has a  p le a sa n t answer: alw ays. We prove th is

s h o r t ly .  Hence a l a t t i c e  f ib e r in g  £ —-—> & over s e ts  has th e

fo llow ing  p ro p e r tie s :

a .  £  i s  re g u la r .

b . £ -morphisms a re ,  in  p a r t ,  fu n c tio n s  o f s e t s .
E foc . (E,F)HOM i s  a t  l e a s t  a subob ject of th e  c a r te s ia n  power F .
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d . There i s  a Yoneda Lemma fo r  s tro n g  fu n c to rs  v ia  s u p e rn a tu ra l i ty .  

This in d ic a te s  th a t  a la rg e  p a r t  o f th e  work in  Chapter 2 m ight g en era l­

iz e  to  c e r ta in  t r i p l e s  in  a l a t t i c e  f ib e r in g  over s e t s .  We w i l l  make 

some in d ic a tio n s  in  th is  d ire c t io n  in  th e  nex t s e c tio n .

3 .3 .5  P ro p o s itio n . The fo llow ing  sta tem en ts  a re  v a l id .

a . I f  X e  obj ?  , and i f  r — A i s  a fu n c tio n  of s e ts  then

X*— poT 7? e £ .
b . I f  X ?--> Y e £ and i f  r  i s  a  s e t  then XF— —P > Yf  c £  . 

P ro o f. R eca ll how powers a re  co n stru c ted  and use th e  proof of

2 .1 .5 . []

3 .3 .6  P ro p o sitio n i s  autonomous.

P ro o f. I f  X, Y e obj E d e fin e  (X,Y)HOM =df (X,Y) £ «  YXb,

I f  X’ — — »X, Y — i —>■ Y* e £ , then YXb  *g > Y,X b e £ by

3 .3 .5 ,  and maps (X,Y)HOM in to  (X',Y')HOM so th a t  (X,Y)HOM — ° - g> (X ^Y 1

£  . T herefo re  £ ° p x £
HOM

E i s  a w e ll-d e fin e d  fu n c to r

and in  f a c t  HOM.b = (-,-)E so th a t  we tak e  y to  be the id e n t i ty  n a t­

u ra l  tra n s fo rm a tio n . To prove coherence, l e t  X,Y,Z s obj £. and d efin e

V , z by

y z ’
(X, (Y,Z)HOM)HOM -------- *-*-— ;------> (X,Z)HOM

.Yb

p r

(X,Z)HOM

We may do th i s  because fo r  every y e Yb, ” <>Pr y ■*-s an ^-m orphism  by

)HOM
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h (?3.3*5, I f  X  (Y,Z)HOM e c then fo r  every x e Xb,

Pr x<h‘ *X,Y,Z* (X,Z)HOM

» <x,h> e £  and hence, by th e  d e f in i t io n  of HOM, we have <h,i^x ^  z> 

e (Y,(X,Z)HOM)HOM. Therefore we re d e fin e  ^ by

(X, (Y,Z)HOM)HOM — X-*YJ Z----> (Y, (X,Z)HOM)HOM e £  . By d e f in i t io n ,

^X y 2 *s 3u s t  usual  in te rchange  b i je c t io n  (Xb, (Y b,Zb)§ ) S '

(Yb, (Xb,Zb) ) S  a t  th e  le v e l of s e t s ;  s in ce  the  l a t t e r  i s  n a tu r a l ,  

th e  former i s  fo rced  to  b e . 'I’x y Z_1 = 'hf X Z c le a r .  This demon­

s t r a t e s  coherence of HOMi

Fix A e obj £ . For a l l  X e obj £ d e fin e  X® A =
df

con*[(X - > X x A : a e A) U (A X x A : x e X )]. Hence

a fu n c tio n  X® A —-—>Y i s  adm issib le  in  £ i f f  f i s  s e p a ra te ly  

a d m issib le , th a t  i s  each s l i c e  xf = A — —» X x A —-—>Y, 

f g = X — » X x A —-— »Y i s  adm issib le  in  £ ; in  e f f e c t ,

X ® A i s  a "u n iv e rsa l b i l in e a r  ju n c tio n " . 0  i s  in  f a c t  a fu n c to r in
<7

both v a r ia b le s  which we may see as fo llo w s. I f  X ------- * X ', A —_—>A'

c £ then  f  ® g f  x g e 2 as Is  seen from

( x ,l )(l»a)
X x A *

X’

and f u n c to r ia l i ty  is  c le a r .

For each X,Y z obj £ d e fin e  y e £
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(X© A, Y)HOM
X,Y (X, (A,Y)HOM)HOM

P*

(A,Y)HOM 

EbC learly  y *s w e ll-d e fin ed  as an £  -morphism in to  (A,Y)HOM . I f

h e  (X ®  A, Y)HOM and i f  a e Ab then indeed

X <h> aXt Y> (A,Y)H0M
Pr . ( l , a )

X ® A -------

£  , and so djj y takes va lu es  in  (X, (A,Y)HOM)HOM. For a l l  X,Y

e obj £  d e fin e  fi v by
A , I

(X, (A,Y)HOM)HOM 3X,Y (X ® AtY)HOM

Pr .

v
(A,Y)HOM

Pr ,

Pr (x ,a )

V

•XI) ^ AJ)C learly  $ v i s  w e ll-d e fin ed  as an £ -morphism in to  x . I fA|
h e (X, (A,Y)HOM)HOM then fo r a l l  a ,  x ve have

X
( l , a )

X ® A <- ( x , l )

<a,h>
<h,3. <x.h>
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where h corresponds to  h under (A, (X,Y)HOM)HOM -  (X, (A,Y)HOM)HOM 

and th e re fo re  3„ v takes va lu es  in  (X ® A,Y)HOM. That a  and 6 a re  

n a tu ra l  and m utually in v e rse  follow s from th e  f a c t  th a t  a t  the  le v e l of 

s e t s ,  a ,  3 a re  th e  u su a l equ ivalences (Xb, (Ab,Yb) -

(Xb x Ab, Yb) . []
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§3.4 T r ip le s  in  a l a t t i c e  f ib e r in g .

For t h i s  s e c tio n  f ix  a l a t t i c e  f ib e r in g  £  - 5 - . K  over H , and 

f i x  a t r i p l e  fj~P 88 (T ,n ,y ) in  b(t

3 .4 .1  Remark. I f  b i s  t r ip le a b le  then b c re a te s  isomorphisms so th a t  

fo r  every K e obj , kf> —-— > K?> i s  an isomorphism. T herefore

K* has only  one elem ent, and in  a l l  e s s e n t ia l s  b i s  th e  id e n t i ty  fu n c to r

o f K .

I y (b IT) u M )  c
3 .4 .2  D e f in i t io n , n .  '   —---- > =df th e  (u sua l model

in  th e  category  o f c a te g o rie s  fo r  the) pu llback

^ _________________, K V

j >
I
J' b V -
e  •---------- :--------------------------- •

An o b je c t in  t th en , i s  a )f\ -o b je c t  K to g e th e r w ith  an £ *

s t ru c tu re  and a ^ (~ P -s tru c tu re , bu t no r e la t io n s  between them; a 

y/  (b ,TT) _morph istn i s a K  -morphism which i s  adm issib le  both  as an 

, ^  -morphism and as a }{ -morphism.

/ (b 7T) u ^ \ S
3 .4 .3  P ro p o s itio n . > r\ i s  t r i p l e a b l e ,  and

 ---------* y("^ *s a ^a t t *ce f ib e r in g .

P ro o f. The second sta tem en t fo llow s from 3 ,2 .8 . The prove the  

f i r s t ,  we d e fin e  th e  canon ica l l i f t i n g  o f p  j 1 over b to  be th e  t r i p l e
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df
* -----  fT » Y : X —-—» Y e £  & (Yb,6) e obj K ^ ) . I f

f]~P = (T ,n ,y ) defined  as fo llo w s. For every X e obj £  , XT

con t,xox > YbT

X — ——> X* e  £ ,  (X - J l —>X')T =df XT — >X' T.

(h .f )T

e ->Y

proves th a t  hT i s  w e ll-d e fin ed . Therefore £  

w ith  Tb = bT. For X e obj t  d e fin e  Xp =df X

Xbn fT
X ---------------------► XT  * YT •

-» £  i s  a  fu n c to r

&bn -*XT. The diagram

->Y

Ybn

Y

/o   _ XbV
proves Xri e C • Noting th a t  TTb = bTT, d e fin e  Xy XTT-----------t>XT,

Xy e £ by th e  d e f in i t io n  of (XT)T, That f|~P = (T ,n ,y ) i s  a t r i p l e

in  £  i s  now c le a r .  To complete th e  p ro o f, observe th a t  the  passage 

5(X, XT— 2-»X) I— >

w ith  U(b ^ .  [j

£ 3T(X, XbT  —?-X) i s  an isomorphism of U

For th e  balance of th is  s e c t io n , H  =df

3 .6 .4  D e f in itio n . = the  f u l l  subcategory o f S ’

generated  by [(X, XbT ^

(b,T0

-»X) : fo r  every s e t  n and fo r  every g e 

rjTUn), Xn $S >X e I  ] .  U ^ 1 r e s t r i c t e d to
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r o l b . T T ]  r j ( b , l O

3 .4 .5  P ro p d sitio n . o  i s  an LF-Birkhoff subcategory  o f b  »
and hence U t r ip le a b le .

P roof. F ix n e obj S , g e ̂ jy tn ) . I f  (X.,0 - TT^xi»^i^  in

[b*i r l . then

„n Pr i n

^ Xi
n

Pr i

shows th a t  C8 .p r^  e £ fo r  a l l  i  so th a t  e £ . T herefore 

i s  closed under p roducts . A s im ila r  argument using th e  diagram

inn 1 ,n

«0

A y
V

-+ X

shows th a t  ^ is  c losed under r e la t iv e  su b o b jec ts . Let

(X .C )  V- —»(Y,0) e So w ith  p s p l i t  sp i in  6  » and w ith  (X,f;)

S ’ There e x is ts  Y — -— >X e £  w ith sp = ly .

pn is  s p l i t  ep i in  £  . I t  fo llow s from 0 .4 ,2  and 3 .1 .9  th a t  
n

X11 — E— > Yn i s  o p ca rte s ian  in  c . The diagram

sp = 1Y. As sn .p n = 1 ,x An
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then shows that (Y,0) e []

3 .4 .6  P ro p o sitio n . Let ^ JP  = (T,r),y) be the  t r i p l e  in  ^  corresponding

to  S’ v ia  tl>e p o in tw ise  onto OPTR-morphism  ̂j ------- » P P  of

1 ,6 .4 . The fo llow ing s ta tem en ts  a re  v a l id .

a ,  T i s  a s tro n g  fu n c to r ,
ti n *b . For every s e t  n th e  passage ( l g  , T ) n , t .  -----» ( l g  , T ) n . t ,

d efined  by lg  n--- - — I—* I f * * — -—> ^ J—~— ont o»

P roof, a . r L e t X,Y e obj 8 » We must show th a t

(X,Y)HOM ---- --------------* (XT,YT)HOM is  an £ -morphism. Before proving

the  general case , assume th a t  fo r  some s t ru c tu re  map 0, (Y,0) t  obj

C* tb ,TF]  ̂ Let j  e xx. As XT — — »XT i s  onto th e re  e x is t s  x e XT
X g

w ith <x,XA> » x . Let l g  ---- 2—>T be th e  unique n a tu ra l  tran sfo rm a tio n

such th a t <1 ,Xg> = x . The diagram:A

* ZTYT

and th e  hypo thesis  on Y p ro v e . th a t  Y  ̂— ——* YT i s  an £ -morphism.

Let k the  r e s t r i c t i o n  of Yg to  (X,Y)HOM. By th e  Yoneda correspondence

and the  f a c t  th a t  A i s  n a tu r a l ,  we have k.YX = <x, (-)T,YA> = <x, XX.(-)T>

= <x, (-)T > . I t  fo llow s a t  once from th e  diagram a t th e  to p , l e f t  of th e

nex t page th a t  T i s  an 6 -morphism. The gen era l case  then follow s X,Y
fb TTl

from th e  diagram a t  th e  to p , r ig h t  because (YT,Yy) e obj £  * ,
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(X ,Y)H O M
X ,Y

(X T,YT)H O M

YT
YA

pr~ r  x

YT

(X .Y )H O M

-oYn

(X ,YT)H O M

rX ,Y

X ,Y T

-#■ (XT.YT)H OM

-oYp

(XT,YTT)HOM

b. Let n be a s e t .  C learly  ( I g ) ”  * (n&, -)HOM. By ( a ) ,  we
n ■*have th e  s u p e rn a tu ra li ty  b i je c t io n  ( 1 g , T ) n , t .  « nbTb, The s u r je c t io n

V

m nAb n *
( l g  ,T) = nT -  nbTb -------- » nbTb * ( ( l g )  , T ) n . t .

i s  e a s i ly  checked to  be th e  d e s ired  one. []

^A jjT ^JD iscussion^ Let ------> P T 1 **e as in  3 .4 .6 . Let (X,g) e
■fp _

<$bj £ and l e t  x e XT. There e x is t s  x e XT w ith  <x,XA> = x and th e re
X g

e x is ts  l it -»? w ith  <1Y, Xg> ® x . By 3 .4 .6  (b) ,

1 ^ ^ ^ ; T — -—» T indeed has £ -morphisms fo r  components. I t
X r  ~

follow s th a t  th e re  e x is t s  l £  ---------* T w ith  <1^, Xc> = x , namely t, =

g.A. This c ru c ia l  f a c t  s e ts  th e  s tag e  fo r  g e n e ra liz in g  th e  theory  o f
<%/

Chapter 2 to  t r i p l e s  of form 1| | 1. A deeper a n a ly s is  must w ait fo r  a 

l a t e r  pap er.

3 .4 .8  A pp lications of 3 .4 .5 . The fo r g e tf u l  fu n c to r from to p o lo g ic a l 

groups to  to p o lo g ic a l spaces i s  t r i p le a b le .  N otice th a t  we have proved 

th e  ex is ten ce  of a f r e e  to p o lo g ic a l group over a to p o lo g ic a l space . 

S im ila r ly , the  fo r g e t f u l  fu n c to r from quasi-o rd ered  groups to  q u asi­

ordered s e ts  i s  t r i p l e a b l e ,  and th e re  e x is ts  a f r e e  quasi-o rd ered  group 

over each q u asi-o rd e red  s e t .
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3 .4 .9  Example• to p o lo g ica l l in e a r  spaces. The ca teg o ry , o f

to p o lo g ica l l in e a r  spaces i s  in  f a c t  th e  f u l l  subcategory of & 
fo r  6 = to p o lo g ica l spaces and * r e a l  v ec to r spaces, generated

by those V e obj £o r  wh i ch th e  a c tio n  IR x V ——»V is

continuous w ith  re sp ec t to  the  usual topology of IR . To show th a t  

°Y I s  closed under products and r e la t iv e  subob jec ts  use the  same 

diagrams as in  2 .3 .6 . Let X —- —, Q e p Sp i i t  ep i in

 ̂, and w ith  X an o b je c t in  cr. We have the  diagram:

1 x p
!R X x  ----------------------- > I/? X Q

As 1 x p i s  s p l i t  e p i , 1 x p i s  o p c a r te s ia n . As a i s  an £  -morphism, 

so i s  y . []
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