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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

RESEARCH MEMORANDUM

STATIC AEROELASTIC PHENOMENA
OF M-, W-, AND A-WINGS

By Franklin W. Diederich and Kenneth A. Foss
SUMMARY

Spanwise 1ift distributions, lift coefficients, spanwise centers of
pressure, shifts in aerodynamic center, coefficients of damping in roll,
aileron rolling-moment coefficients, and rates of steady roll per unit
aileron deflection have been calculated for nine M-, W-, and A-wings,
as well as for compareble ordinary sweptforward, unswept, and sweptback
wings. Although the calculations are too specific to permit any quanti-
tative conclusions which are generally applicable, certaln gualitative
conclusions are drawn concerning the plan forms most suitable from the
aercelastic point of view. In generzl, there is reason to believe that
certain M and W plan forms exist which are superior aeroelastically and
structurally to ordinary swept wings.

INTRODUCTION

The use of M- and W-wings has been suggested as a means of allevi-
ating the static aercelastic problems of swept wings, such as the shift
of aerodynamic center and the loss of latersl control. The obvious, but
not necessarily most economical, remedy for these static aerocelastic
difficulties consists in stiffening these wings. The sdvantage of an
M- or W-wing over an ordinary swept wing is that, inasmuch as in the M-
or W-wing the over-all effects of bending and torsion deformations tend
to oppose each other, = more flexible structure may be acceptable. The
concept of alleviating static aerocelastic difficulties by such a
balancing process is not new. 1In reference 1, for instance, means are
discussed for achieving this balsnce organically with a swept wing, and
in reference 2 an artificial balancing device (an auxiliary lifting sur-
face mounted on a boom of the tip of a sweptback wing) is analyzed.

In the appendix of the present paper a method based on those of
references 3 and 4 is presented for analyzing the stztic aercelastic
phenomens. of M-, W-, and A-wings, such as chenge in serodynamic loading,
lift-curve slope, and aerodynamic-center shift due to aercelastic effects,
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divergerce, loss of lateral control, and change ir demping in roll &ue
to aeroelastic effects, as well as alleron reversal. -

This method has been used to calculate the foregoing seroelastic

phenomena for three M-, three W-, and three A-wings (including one 1
inverted A-wing). The results of these calculetions are discussed with
particular regsrd to the problem of selecting optimum plan forms for
the rinimization of the adverse effects of static aercelastic phenomena.
Similar celculations have alsc been made for a sweptback, z sweptforward,
and an unswept wing to afford a basis of corparison of the static aero-
elastic phenomensa ci the M-, W-, and A-wings with those of the more con-
ventioral wings. The calculzted aeroeliastic phenomena of the M-, W-,
and A-wings are discussed iIn the light of these comparisons.
SYMBOLS
A aspect reatio, b2/s
a distance of section serodynamic center Irom leading edge,
frection of chord
a pesition of wing aerodynamic cenier measured from leading -
C
edge of mean aerodynamic chord (l - —E)
L CL ¥
it} wing aerodynamic-center shif+t (E - 50)
b wing span
bg span of both ailerons
! span of exposed wing (b - w)
Cy bending moment (semispen rolling-moment) ccefficient,
HMé /QSb
Cy, 1ift coefficient, L/gS
CLa 1lift curve slope
Czd rolling-moment coefficient for a linear antisymmetrical
angle-of-attack distribution with a tip angle cf one
radien, -Cj_ -
B
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damping-in-roll coefficient

rolling-moment coefficlent due to & unit aileron
deflection

pitching-moment coefficient, M@/hsi
chord of wing (measured parallel to air stream)

chord of aileron
section 1ift coefficient, 1/qc

chord at airplane center line

average chord, S/b

b/2
[
0

mean aerodynamic chord, ——07m—M—e——

b/2
c dy

S

span of part of wing, fraction of b/2

bending stiffness in planes pervendicular to elastic
axis

iistance of elastic axis from leading edge, fraction of
chord

dimensionless moment erm (e - a)

distance of center of pressure due to aileron deflection
behind elastic axis, fraction of chord

£,

torsional stiffness in planes perpendicular to elastic
axis

1ift on total wing span
1ift per unit distance zlong span

accumulated bending moment sbout axes parallel to air
stream

ARG
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accumulated bending moment about axes perpendicular to
elastic axis

accumulated single-wing rolling moment about fuselage
center line

tctal wing pitching moment about quarter-chord point of
mean aerocdynamic chord, positive nose up

wing-tip helix angle due to roll

root-rotatior constants defined in equations (33), (34),
and (36), respectively
dynamic pressure
3
b
qCLaOCr(§)

dimensionless dynamic-pressure parameter, ———(——Y———_
GJ) 4

wing ares

accumulated torgue about axes perpendicular to plane of
symmetry

accumulated torque about elastic axis

running torgue in planes parallel to ailr stream (Zelc)
widtk of fuselage at wing root

distance defined in figure 1

streamwise distance of & section aerodynamic center afi
of an unswept reference line through the quarter-chord
point of the mean aerodynamic chord

lateral ordinate (see fig. 1)

dimensionless lateral ordinate, E%E

dirensionless position of lateral center of pressure
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@
Subscripts:

B

H o

A p

eangle of attack measured in planes parallel to air
stream

angle of attack eguivalent to unit aileron deflec-
d.CZ/d.S

tion, ————m

C'ch/dcx.

local dihedrel angle (in & plane through elastic axis)
due to wing deformation along elastic exis

alleron deflection measured in plenes parallel to air
stream

angle of sweepback at elastic axis

taper ratio, ct/bé

angle of twist in planes perpendicular to elastic axis

at point of wing break (point of spanwise discontinuity
of angle of sweep)

at center line of airplane

at divergence
that portion of wing covered by fuselage
geometric (built in or due to airplane attitude)

inner part of wing, not including that part covered by
fuselage

outer part of wing, from wing break to wing tip
at aileron reversal

wing root (located at intersection of elastic axis and
fuselage side)

structural (due to structural deformstion)

wing alone (not including that portion covered by
fuselage)

pertaining to rigid wing (g = 0)

—
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Matrix Notatlon:

Note: Specific matrices are defined where they first occur.

“ “ rectangular matrix

[] square matrix
L1 diagonal matrix
{ } column matrix
LJ row matrix

DESCRIPTION OF THE CALCULATTIONS

Method of the Calculations

The method used to perform the calculations of static aeroelastic
phenonena of M-, W-, and A-wings is presented in the appendix to this
paper; it is based on the method of references 3 and 4 and consists,
like those methods, in integrating by means of numerical and matrix
sechniques the differentizl equations which describe the static aero-
elastic phenomena.

Assumptions

The spanwise 1lift distribution is assumed to be given by suitable
aerodyramic influence coefficients and the local centers of pressure
of tke 1ift due to argle of attack and due to aileron deflection are
assuned to be invariant with angle of attack and aileron deflection.
Both of %‘hese assumptions imply small angles of attack ard aileron
deflection.

A straight elastic axis is assumed to exist in both parts of the
wing, and the wing is assumed to be mounted flexibly at an effective
root perpendicular to the elastic axis through the intersection of the
elastic axis and the fuselage (see fig. 1) so that the root triangle
inmperts rigid-body rotaticns to the wing, the rotations being propor-
tlonal to the roct bending moment snd the root toraque. On the other
hand, the outer part of the wing is assumed to be attached rigidly to
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the inner part, so that, if the inner part were rigid, no rigid-body
rotations would be imparted to the outer part of the wing. All defor-
mations beyond those due to the rigid-body rotations imparted by the
root triangle are then assumed to be given by the elementary theories
of bending and of torsion along the elastic axis.

The angle between the aileron znd the wing is assumed to be
constant along the spaen of the aileron. This assumption implies that
the aileron and wing twist the same amount.

Scope of the Cslculations

The M-, W-, =2nd A-wing plan forms for which calculations have been
made are listed in table 1 as wings 1 to 9. Wings 1 to 3 are M-wings;
wings 4 to 6 are W-wings; wings 7 and 8 are A-wings and wing 9 is an
inverted A-wing. For the sake of comparison, calculations have been
made also for three conventional plan forms - a sweptforward wing, an
unswept wing, and a sweptback wing - listed in table 1 as wings 10, 11,
and 12, respectively. All wings have s taper ratio of 0.5; 211 have
angles of sweep of either zeroc or #45°, and all have an aspect ratio
of 6. Three values of the spanwise position of discontinuity in sweep,
hereinafter referred to as the "break," are included in this series of
plan forms, namely, y* = 0.3, 0.5, and 0.7. All wings were considered

=

to be mounted on a fuselage of width equal to 0.1 of the span.

For all plan forms, symmetricsl 1lift distributions were calculated
for one subsonic and one supersonic flow condition at values of the aero--
elastic parameter & equal to 3.0, and for most plan forms for q = 6.0
as well. Lift distributions were calculated for unit geometric angle of
attack scross the span, for linesr antisymmetric geometric angle of
attack with unit angle at the tip; and for unit effective angle of attack
due to the deflection of an outboard aileron. These 1lift distributions
were integrated to obtain totsl 1lifts, rolling moments, and positions
of the wing center of pressure.

For subsonic speeds the lateral-control parameters were calculated
for 20-pvercent-chord, 50-percent-span outboard allerons, with some addi-
tional calculations for all-movable wing tips extending over the outer
30 percent of the semispan (which may be considered to be 100 percent-
chord ailerons). For supersonic speeds lateral-control calculetions
were made for 20-percent-chord, 30-vercent-span outboard ailerons, with
some additional calculations for 50-percent-span ailerons. (See table 2.)

Basic Data

The spanwise stiffness distributions used in this paper are given
in figure 2. These stiffnesses are based on the constant-stress snslysis
in reference 1 (with modifications occasioned by the wing break), except
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that the stiffnesses were taken proportioneal to the fourth power of the
cherd fror y = 0.7 to 1.0 so that there would be finite stiffness at
the wirg tip. Other structural parameters (including the root-rotation
constant) are given in table 1; the values of the stiffness ratio given
(GI)r
(EI),

of wings of conventional thin-skin construction, having = thickness
ratic of about 10 to 12 percent.

= 0.794] ard o the elastic-axis location (e = 0.45) are typical

For subsonic speeds aerodyremic influence coeificients were calcu-
lated by tke method of reference 5; the marner in which this method was
modified to apply to M-, W-, and A-wings is discussed in the appendix.
The rigid-wing subsonic 1ift distributions used to compute the aero-
dyraric influence coefficients were taxen from reference 6, in which
they were calculsted for Incompressible flow by simplified 1ifting-
surface theory.

FPor supersonic speeds strip theory was used because no suitable
meens (sucn as eerodynamic influence coefficients) were available for
calculeting 1ift distributions for angle-of-astack distributions which
ere not initlaliy known, alilough 1lift distributions can be calculaied
for any given angle-cf-attack distribution by lirearized supersonic
theory. (See, for instance, the methods of refs. 7 and 8.) The devel-
orpment of such coefficlents solely for the vurpose at hand was not con-
sidered justified principally because M-, W-, and A-wings are intended
primarily for flight at subsonic and trensonic speeds. Also, the
results o tne calculaticns of tne present paper can be interpreted as
flexibility corrections to the aerodynamic characteristics of the rigid
wings; if the corrections are relatively small the corrected results
will be reiatively insensitive to the assumptions made in cslculating
the corrections. Tane resulting flexible-wing characteristics are then,
of course, no better than rigid-wing characteristics toc waich the cor-
rections are applied. Inasmuch as ir the present paper the zercelastic
increments are of primary interest, the rigid-wing characteristics were
estimated by strip theory for the sake of simplicity.

The subsonic local aercdynamic-center vpositions were also taken
from reference 6; and the corresponding dimensionless section moment
arms, ej = e - a, are plotted in figure 3. For convenience, the local

aercdynamic centers for supersonic flow were assured to lie along the
45~percent-chord line, so that they coincide with the elastic axis;
thus e; 1s O along the entire span.

Fcr subsonic speeds the values of the dimensionless section moment
erm due to eileron deflection, en, were calculated from the two-

dimensional velues by assuming that the difference between the two and
three-dimensional 1:fts =scts at the sectiorn aerodynamic center as
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described in references & and 9. The values of eo obtained in this
manner are plotted in figure 3. For the wings with rotating tip panels
the values of ep were assumed to be equal to (-ej)- For supersonic
speeds the center of pressure due to ailercon deflection was assumed to
be at 90 percent of the chord; consequently, a value of eo = 0.45 was
used for =211 wings.

The quarter-chord point of the mean serodynamic chord is used as a
reference for pitching moments. Unlike the case of an ordinary wing the
longitudinal location of the mean aserodynamic chord does not coincide
with that of the chord at the station which corresponds to the centroid
or area of the wing. An expression for the distance oi the quarter-
chord point of the mean aerodynamic chord rearward of the intersection
of the quarter-chord line and the plane of symmetry is given in equa-
tion (10) of reference 6; however, attention is called to the fact that
in reference 6 the angle of sweepback refers to the quarter-chord line
rather than the elastic axis.

Results of the Calculations

Spanwvise lift distributions.- The spanwise lift distributions for
the nine M-, W-, A-, and three ordinary wings are presented in figures b
to 15 for itwo or three dynamic pressures including O (the rigid-wing
case) and for subsonic as well as for supersonic speeds. The top parts
of the figures show the 1lift distributions due to a unit airplane or

cC
——L . the lift
cCr

coefficient Cg being that of the given wing for q =

root angle of attack represented by the coefficient

0. The bottom
parts of the figures show the l1lift distributions due to unit effective
_°CT | that

cCZdo
ccy

is, the loading coefficients —= divided by the damping coefficient
c

aileron deflection (agd) represented by the coefficients

can also be construed as

of the rigid wing. The coefficient

572

ce
the product of the coefficients (}C i) and 3 s the first of these

(&
L) o}
coefficients represents the loading coefficient per unit rolling moment

cc
used for

o

of the rigid wing and is analogous to the coefficient <

et
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the 117t distribution due to angle of attack, whereas the second coef-
icient is the wing-tip helix angle per unit effective aileron deflec-
tion of the rigid wing.

The calculations made in refererce 6 which form the basis for the
aerodynamic information used for the subscnic calculations in the pres-
ert paper vertain to a Mach number of 0, and hence, sc do the calculated
resvlts. However, the lift distributions may be expected to be substan-
+iglly unchanged (for small angles of attack) ithroughout the subsonic
region and, except locelly near the fuselage and the wing break and
excert for the unswepit and A-wings through the transonic region as well.
The liftv distributions for supersonic speeds were estimsted by stirip
theory and are, thereicre, independent of Mach number.

If the rigid-wing iift &istributions are irdevendent of Mach number
so ere *the flexible-wing 1lift distributions. However, inasmuch as the
rigid-wing lift-curve slope CLGO enters into the definition of 7§ the

1ift distributions for a given value of q corresvond to different
values of 7§ :Iif CLuo changes with Mach number.

Aerodynemic parsmeters associated with the spanwise 1ift distri-
buticn.- The gquantities CL/CLOf ¥*, &, 015/0250, CZP/CZPO,

and pb/2V are presented in teble 2 =nd the quartities CL/CLO, a,

CZE/CI8 , and pb/2V are also p_otted in figures 16 to 22 against. the
0

dimensionless dynamic pressure ¢ for several of the M-, W-, and A-wings
as well as for the unswept and sweptback wings. The values of CL/CLO

and & glven in table 2 were extrapolsted to the large velues of q
represented in figures 16 tc 22 by the use of the approximatie formulss
in reference 1. The values cf the coefficients Cj, CZP’ and Czs for

dynamic pressures other taan O can be determined from the ratios CL/CLO’
Clp Czpo, and Czq/czso, since the rigid-wing values CLO’ CZPO, and

Cy 8 are presumably known. The values of Cy and C, are given
in table 1; CLO can be obtained from CLGO for any value of the air-
plane angle of attack, and Cza is equal to the product of (pb/2V)q
ard Cy i (The values of (pb/2V)gy are the values of pb/2V given in

takle 2 for ¢ = 0.)
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The rigid-wing values of Cp, and Cig glver in teble 1 for sub-

sonic speeds are those calculated in reference 6 for M = 0; in principle

they can be corrected for subsonic compressibility effects by the three-

. dimensional Prandil-Glsuert rule, but calculations must be availsble for

i M=, W-, and A-wings with many different sweep angles and aspect ratios

before this correction can be effected. The correction for CZDO can
pb

be used for Czso as well; within this approximation (EV) is <then
0

unaffected by compressibility at subsonic sreeds.

The rigid-wing values of CL@ and Czd given in teble 1 for super-

sonic speeds are estimated on the basis of the Ackeret theory for M = 2
and sere intended for qualitative comparisons only. For quantitative
purposes they can be calculated by linearized supersonic theory not only
for M = 2. but for any supersonic Mach number which is not too large
nor too close to 1. For ordinary wings the results of such calculations
are presented in references 10, 11, 12, and 13, for instance.

In considering figures 16 through 22 the fact should be kept in
mind that the abscissa is subject to compressibility effects to the
extent that, as previously mwentioned, for a given value of g & change
in CLQO implies a change in q. Apart from this effect the results

presented in these figues are independent of compressibility effects
provided the 1lift distributions (within a giver speed region) are sub-
stantially unaffected by Mach number.

The dynamic pressures at divergence and at reversal.- The values

of the dimensionless dynamic pressure ¢ &t divergence and &t aileron
reversal are given in table 2. From these values the corresponding
values of gq can be calculated from the definition of d. In cases
for which the lowest (in sbsolute magnitude) dynamic pressures required
to diverge the wing were found to be negative, the next higher criticsl
dynamic pressures were calculated by using the method outlined in this
paper; these values are slso presented in table 2. For the wings with
roteting tips the lowest (in absolute mezgnitude) dynamic pressures
required to reverse lateral conirol were found to be complex.

DISCUSSION

Comparison of the Aeroelastic Properties of the Various Wings

Spanwise 1ift distributions.- The rigid-wing 1ift distribution of
the unswept wing is approximately elliptical at subsonic speeds, and the
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effects of sweepforward and sweepback on the spanwise 1lift distribution
are to shift the load inboasrd and outboard, respectively. As pointed
out in reference 6, the rigid-wing lift distributions calculated therein
for these compounded plan forms at subsonic speeds are similar to those
that could have been estimated qualitatively from the knowledge of the
characteristics of the 1lift distributions of the ordinary swept wings

of which the compounded plan forms may be considered to be composeds In
the case of the M-wing represented in figure %, for instance, the inner
part of the wing behaves aerodynamically like a swepiforward wing with
the characteristic peak in the 1ift distribution near the plane of sym-
netry, (see fig. 13), whereas the outer part behaves like a sweptback
wing with the characteristic loading up of the wing tip (see fig. 15).

As previously mentioned, for supersonic speeds strilp theory was
used to estimate the rigid-wing 1ift distributions as well as the aero-
elastic increments to these distributions. The rigid-wing 1ift distri-
butions are therefore identical for all wings.

At subsonic speeds the effect of aeroelasticlity on the unswept wing
is to increase the 1ift, particularly near the tip, in the symmetric
case, and to decrease the 1ift in the aileron-deflected case. (See
fig. 14.) At supersonic speeds aerocelasticity has no effect on the
symmetric lift distribution because the center of pressure was assumed
to be in a position which coincides with the elastic axis. The decrease
in 1ift in the antisymmetric case is quite pronounced, however, due to
the fact that the moment arms eo (or, more to the point, the sums of

the moment arms ep + e}) are relatively large.

The symmetric 1lift distributions on the sweptforward wing (fig. 13)
at subsonic speeds exhibit an even larger increase in 1lift due to aero-
elastic effects than do those of the unswept wing. AT supersonic speeds
there is also a large increase in 1ift on the sweptforward as compared
to the unswept wing; this increase is due entirely to the bending of the
wing, inasmuch as the moment arm ej 1s zero as for the unswept wing.

The 1ift due to aileron deflection is increased as & result of aero-
elasticity because in the case of the sweptforward wing the bending
effects which tend to increase the lift due to aileron deflection pre-
dominate over the torsion effects which, as in the case of the unswept
wing, tend to decrease this lift. ,

On the sweptback wing (fig. 15) the effect of the bending defor-
mations also predominastes over the torsion deformations but causes a
decrease in 1ift in the symmetric case and augments the effect of the
torsional deformations in the aileron-deflected case as § increases
to produce a large loss of 1lift.

The effects of aeroelastic action on the 1lift distribution of the
compounded plan forms are qualitatively as may be expected from g
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knowledge of the aeroelastic effects on the 1lift distributions on the
constituent parts of the wing. In the case of the M-wing 1 (fig. 4),
for instance, the large sweptback outer part of the wing results in
aeroelastic effects which are similar to those of a sweptback wing in
thet they decrease the 1lift both in the symmetrical case and in the
aileron-deflected case, both at subsonic and supersonic speeds. The
aeroelastic effects on the 1lift distribution on the sweptforward inner
part of the wing are in the opposite direction but not large enough to
result in an increase in 1ift but merely to decrease the loss in 1lift
caused on the inner part of the wing by the aercelastic action of the
outer part of the wing.

The aeroelastic effects on the 1ift distribution of wing 2 (see
fig. 5) are similar to those on the 1ift distribution of wing 1, but
due to the large relative size of the sweptforward inner part of the
wing an increase in 1lift is actually noted in the symmetric case on the
inner part of the wing. As a result of this increase there is a tend-
ency for the aeroelastic effects on the symmetric 1ift distribution to
cancel. If the imner part of the wing were slightly lzrger still, the
1ift and center of pressure would probsbly be substantially unaffected
by aerocelestic action. The loss in lateral control due to zercelastic
action is less than that of wing 1, but still quite large.

In the cazse of wing 3 (fig. 6) the position of constant 1ift and
center of pressure has been passed; the aeroelastic characteristics of
the large sweptforward inner part of the wing dominate the aeroelastic
behavior of the wing in the symmetric case, zlthough in the superscnic
case the opposite aeroelastic characteristics of the sweptback outer
part are sufficiently large to cancel the increase in 1lifi resulting
from the aercelastic behavior imparted to the whole wing by its inner
part, at least near the tip. In the aileron-deflected case the aero-
elastic behavior of the inner part dominates that of the outer part and
results in an increase in 1ift at subsonic speeds. At supersonic speeds,
however, the outer part of the wing dominates the inner part to the
extent that the loss in 1ift is only slightly smaller than that noted
for wings 1 and 2.

The W-wings 4 and 5 (see figs. 7 and 8) have large swepiforward
outward parts which completely dictate the aeroelastiic behavior of the
entire wings; the sweptback inner parts are capeble only of reducing
slightly and locelly the increase in 1lift imposed everywhere on the wing
as a result of the aercelastic action of the outer part of the wing.

The W-wing 6 (see fig. 9) is close to an over-all aeroisoclinic
condition, that is, a condiition of over-all cancellation of the effects
of bending and torsion deformations. In the -subsonic symmetric czse the
1ift, and in the supersonic symmetric case the center of pressure, are
substantially unaffected by aerocelastic action as a result of the balance

SN
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between the aerocelastic tendencies of the inner and outer parts of the
wing. There is an outbozrd shift of ithe center of pressure in the sub-
sonic case, as for wings 4 and 5, but a decrease in 1ift in the super-
sonic case, which is opposite to the behavior of wings 4 and 5. In the "
antisymmetric case, both at subscnic and supersonic speeds, the aero-

elastic behavior of the large sweptback inner part of the wing dominates

that of the whole wing and results in = loss in the 1lift due to aileron
deflection.

In the case of the A-wing T (see fig. 10) as in the case of
W-wings 4 and 5, the behavior of the outer part dominates that of the
sweptback inner part except in the supersonic symretric case, for which
the outer part is largely iractive as far as aeroelastic behavior is
concerned so that the aercelsstic behavior of the sweptback inner part
results in a small decreese in lift. On the other hand, in the case of
A-wing 8 (see Tig. 11} the large sweptback inrer part of the wing domi-
nates its aercelastic behavicr. The aerocelastic action of the unswept
outer part only serves to reduce the resulting loss of 1lift locally to
a small extent. Similarly, the large sweptforward inner part of the
inverted A-wing 9 (see Ffig. 12) largely dominstes the aercelastic
behavicr of that wing, except that at supersonic speeds the twist of
the outer part resulting Irom the lerge moment arm es of the 11ft due
<o aileror deflection is so large that it overshadows the bending effects
0of the inner part of the wing and results In & small loss in the 1lift due
to aileron deflectior.

In general, the effects of aerocelasticity on the spanwise 1lift dis-
tributions may be seen to be much less for certain compounded plan forms
(wing 6, for example} than for ordinary swept wings.

Inasmuch as strip theory was used in the calculations for super-
sonic speeds the results fcr supersonic speeds cannot be expected to be
as accurate as those for subsonic speeds. If more realistic values of
the 1ift distributions are desired for superscnic speeds the incrementis
due to aerocelastic action shown in figures Lk to 15 can be applied %o
rigid-wing lift distributions calculated by linearized supersonic theory.
These increments are probably quite accurate, because the integrating
matrices used in the present paper have the effect of rounding off any
1ift distribution to which they are applied; the aeroelastic effects
would have been overestimated slightly if strip theory had been used
rigorously.

Lerodynamic parameters associated with the lift distributions.- The
1ift and serodyramic center are determined by the symmetrical spanwise
1ift distributions; similarly, the rolling-moment coefficient due to
aileron deflection and wing-tip helix angle per unit aileron deflection
are determined by the corresponding antisymmetric 1ift distributions. -
The effects discussed in this section are therefore direct consequences
of those discussed in the preceding section.

AN
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The effects of zeroelasticity on some of the serodynamic properties
of the unswept wing are shown in figure 21. They result in an increase
in 1ift and a loss in the rolling power and rate of roll at subsonic
speeds; the rate at which latersl control is lost, slowly at first and
then more rapidly, is typical of wings for which qR/qD i1s positive,

as discussed in reference 9. At supersonic speeds the 1ift is unaf-
fected, but the losses in lateral control and rolling velocity sre even
greater ihan at subsonic speeds. The rate at which the control is lost
with increasing a is constant, a phenomenon typicel of wings with
infinite ap-

Although the lateral control of the sweptforward wing is improved
by aercelastic action, the increase in 1ift and the ocutboard shift in
center of pressure are so large (see ‘table 2) as to mske this type of
plan form undesirsble. The sweptback wing 12 (fig. 22), on the other
hand, experiences a loss in leteral control which is even greater than
that of the unswept wing. The rate at which control is lost is rapid
gt first, then slower; as is typical of wings with qR/qD negative.

The sweptback wing loses some l1lift and its center of pressure moves
inboard as a result of zeroelastic action. This movement of the center
of pressure 1is accompanied by a shift of the aerodynamic center forward
and, hence, a loss in the static-stability mergin. The loss of control
and the shift of the aerodynamic center are disadvantages of the swept-
back wing from the aeroelastic point of view and the aim of this anal-
¥ysis 1s to determine whether there are compounded plan forms which are
substantially superior to the sweptback wing in this respect.

As noted in the preceding section, there are among the nine com-
pounded plan forms considered some which exhibit little or no loss in
1ift due to aileron deflection and little shift in spanwise center of
pressure as a result of zeroelastic actions. (Of course, the fore-and-
aft movement of the center of pressure varies with the spanwise shift
in a more complicated manner than in the case of the ordinary swept
wings as a result of the complicated geometry of the compounded wings.)
As shown in figures 16, 18, and 20, the aerodynamic-center shift of
wings 1, 6, and 8 is smaller than for that of the sweptback wing
(fig. 22), =nd the shift for wings 2 and 7 (figs. 17 and 19) is practi-
cally nil. However, the loss of lateral control of wings 1 and 2 is
only slightly less, and that of wing 8 is actually slightly greater,
than that of the sweptback wing. At low dynamic pressures (d less
than 6) wings 6 and 7 suffer relatively litile loss of control. These
five wings are typical of the others, as may be seen from itsble 2,
except that the other wings actually experience a gain in lstersl con-
trol. However, this gasin is purchased at the price of greater shift of
aerodynemic center (all but wing 5) or low divergence speed (particulerly
wings 4, 5, and 9) with the resuliing tendency to general sercelastic
instability. Thus, although some of the compounded plan forms have
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generslly mcre favorable aeroelastic characteristics than does the
sweptback wing, some show little improvement and others are actually
inferior» to the sweptback wing from the aeroelastic point of view.

Dynamric pressures at divergence and et reversal.- For ordinary
unswept wings the dynamic pressure is usuelly primariiy of interest es
a reference quantity which serves as an index for the severity of static
aercelastic pheonomena. Only for sweptforward wings does the divergence
speed have any physical significance, and for these wings it is likely
to be so low as to rule out the use of the wings because stiffening the
wings would require & prchibitive amount of structural materizl. On
the other hand, the dynamic pressure required to diverge sweptback wings
is negative, so that its only sigrificance 1s as a reference parameter.

The significance of the dynamic pressures listed in table 2 can be
assessed by the fact that =z sweptforward wing is likely to diverge at
relatively low dynamic pressures. (See refs. 3 and 1k, Zor instance.)
Therefore, a velue of T = 6 may be expected to be attained by a
Tighter-Syve zirplane at sbout Mach nurber 1 at low altitudes. Tkis
value of § is seer to be close to the value of divergence for some
of the W-wings and the inverted A-wing; the sweptforward wing would
diverge at an ever lower value of ¢. 8Similerly, at & value of T = 6
several o the M-wings would experience sileron reversal ait supersonic
speeds. However, more definite statements cannot be made unless the
vhysical parameters that enter into the defirniiion of ¢, that is, the
dynamic pressure of operation as well as tke geometric and structurel
oroperties of a given wing, are known.

An interesting use of the Cynemic pressure as a reference pzram-
eter was pointed out in refererce 1. As tae sweep of an ordinary wing
is varied from urswept to sweptback, or as the stiffness-ratio GJ/EI
cr the elastic-axis lccation of = sweptback wing is varied, the dyramic
pressure required for divergence goes to infinity and then reverses sign
at a parsiculer combinaticn of structurel, geometric, and aerodynamic
parameters. For this combination of parameters ihe bending and torsion
deformaticns lead to forces which tend to cancel eacn other; in otner
words, the serodynamic loads give rise to deformsations which do not give
rise tc any further aerodynamic loads. Thils phenomenon is referred to
as aerolsoclinicism, and its significance is that under these conditions
the 1ift and center of pressure are substantially invarisnt with dynamic
pressure. As pointed out in references 1 and 9, there are certain dis-
advantages attached to this condition; the lateral-control properties of
such a wing are nct likely to be superior and the dynamic character-
istics may well be inferior» to those of a wing which is not operating
g% aerolsoclinic conditicns. For the ordinary wings represented in
table 2, for instance, irterpolation (on the reciprocals of the dynamic
pressure at divergence) indicates that a wing with about 12° sweepback
would be substantislly aeroisoclinic at subsonic speeds; at supersonic
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speeds the unswept wing is aeroisoclinic. Thnat the unswept wing at
supersonic speeds and probebly also the wing with 12° sweepback ati sub-
sonic speeds are subject to large losses of lzteral conirol can be seen
from teble 2.

Some of the compounded wings represented in itable 2 appesr to be
close to an over-all type of aeroisoclinicism because thelr dynemic
pressure at divergence is very high. However, as a result of the more
complicated geomretry and the consequently more complicated structural
properties of the compounded wings the fact that the dynamic pressure
at divergence is epproaching infinity is no longer a certain indication
that the wing is spproaching an aeroisoclinic condition. This subject
will be discussed in some detzil in the next section.

In contrast to the compounded wings with very high values of ﬁD,
some of the compounded wings have dynamic pressures at divergence which
are sufficiently low to be of concern, particulsrly plan forms of
wings 4, 5, end 9. These plan forms, and probsbly plan form 3 also,
must therefore be considered to be impractical from the aeroelastic
point of wview.

In contrast to the dynamic pressure at divergence the dynamic pres-
sure &t alleron reversal is almost always of physicel significance;
unswept and particularly sweptback wings designed for high-speed flight
are usually designed with resistance to reversal as one of the major
structural design requirements. The dynamic pressure at reversal also
serves as an Index for the zercelastic effects on the lateral control
of = wing, but in itself it is only a crude index; for instance, although
the wing represented in figure 17 has a higher subsonic reversal speed
than the one represented in figure 18, it has much less control power in
the dynamic pressure range of primary concern (below q = 6). As men-
tioned previously this phenomenon may be predicted qualitatively from
the ratio of the dynamic pressure at reversal to that at divergence.

If, however, more complete informstion concerning the dependence of the
rolling power and the maneuverability on the dynamic pressure is avail-
eble, the dynamic pressure &t reversal loses most of its significance.

In view of the foregoing considerations no quantitative deductions
should be made from the values of dp giver in table 2. On the other

hand, one conclusion may be drawn from them: Whereas the value of ﬁD
given in table 2 vary from -13L to +«, the values of Eﬁ vary from 11.7

%0 20.3 in the subsonic case and from 5.11 %o 11.07 in the supersonic
case; these numbers indicate that although the zeroelastic effects on
the aerodynamic properties associated with level flight can be changed
radicelly by a suitable compounding of the plan form the aerodynamic
properties associated with rolling can be varied only within certain
limits. That this is true for the process of balancing the effects of

A
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bending and torsion deformations in general has been noted in refer-
ences 1, 2, and 9. However, this conciusion must not be taken tco
literelly; the 1imits within which the lateral control power cen ke
varied by compounding sre sufficliently wide to permit the seiection of
a satisfactory configuraticn in many cases.

Extension of the Cslculated Results tc Other Flan Forms

The process of compounding plan forms gives rise To two new geo-
metrical parameters - the angle of sweep of the outer part of the wing
and the position of the wing breek - in addition to the three param-
eters which define the geometry of the more conventional plan forms,
nemely, the angle of sweep, the teper ratio, and the aspect ratio.
Although the 9 compounded plan forms considered in this peper are typi-
cal of suchk rlan forms, they fzll short of the minimum number required
to represent adegquately all such plar forms that may be of interest.

An attempt is made in this section to deduce the static aercelastic
characteristics of some related plan forms.

- b
The values of the psrsmeters Cj /C he, C c and (EL)

* & L/ LO’ 3 '1,8/ 260, oV 8=1
at a value of § = 3 are plotted in figure 23 as functions of the spean-
wise position of the bresk end as functions of the angle of sweepback of
+the outer panel in figure 24. Also plotted are the lowest and second
lowest {ir absolute magnitude) values of .

Tre series represented in figure 23(a) ccrnsists of plan forms which
vary from a sweptback wing (y*B = O) through a range of M-wings with

py = =Ny = -45C  and varying positions of the break to a sweptlorward
wirg (y*B = 1.0). At ¢ = 3.0 the shift in aerodynamic center Aa is

seen t0 be O at both subsonlc and supersonic speeds for the wing with
y*g = 0.55, and tke loss in the lateral control power a:s subsonic and

supersonic speeds is zerc Zor the wings with y*p = 0.68 and 0.8k,

respectively. For gll these wings Eb is positive, but for the wings
with y*p = 0.55 and y¥*p = 0.68 it is sufficiently aigh to be of no
concern. (The second-lowest value of Eb for subscnic speeds and for
small values of yﬁB is too large to be represented in the figure; it
decreases from -80 to -120 as y*B increases from O to 0.3.) The rate

of roll or lateral maneuverability is affected oniy slighily by a change
in y*B, as a result of the fact that changes in the rolling power are

accompanied by almcst equal changes in the damping roll.
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The series represented in figure 23(b) consisis of plan forms which
vary from a sweptiorward wing (y*B = O) through a range of W-wings with
Ay = -Ag = 4k5°  and varying positions of the break to a swepiback wing
(y*B = 1.0). When y*p is sbout 0.6 the shift in aerodynemic center
and the loss or gain in the laterzl control power are almost zero at
49 = 3.0. However, the speed required to diverge this wing is relatively
low. For wings with y¥g less than 0.6 there is a gein in the lateral-
control power due to aeroelastic action, but ED is even lower; for
wings with y*B greater than 0.6 the dynamic pressure required to

diverge the wings is higher, but there is some loss in control power.
Again, the rate of steady roll is affected only slightly by a variation

of y*B.

The series represented in figure 23(c) consists of plan forms which
vary from an unswept wing (y*B = O) through a range of A-wings with

A; = 459, Aj =0 and varying positions of the break to an ordinary
sweptback wing (y*B = l.O)ﬂ The aerodynamic-center shift is very smeall
when y*B is less tkan 0.5, but this result is due to the fact that
one-half or more of the wings is unswept. There is some loss in lateral-
control power for all of ithese wings but the loss is very small when y¥*p

is less than 0.3. The dynemic pressure at divergence is positive for
most of the wings represented in figure 23(c) but sufficiently large to
be of no concern. The rate of roll is substantielly constant for y*g

less than 0.4t and does not vary much for greater values of y*g-

A series of A-type wings with A5 = h5°, y¥g = 0.3 and.;arying Ao
is represented in figure 2ui(a); when A, 1is 0, they reduce to a A-wing
with A3 = 459; when Ay is positive they are intermediate between a
A-wing and an ordinary sweptback wing; and when Ay 1s negative, they
are intermediate between a A-wing and = W-wing. t subsonic speeds the
wing with Ag = -10° has no shift in serodynamic center nor loss in
lateral control; at supersonic speeds the wing with A.o = 0 has no
shift in aerodynamic center, and the wing with A, = -25° has no loss
in control. Thre divergence speed of all three wings is probably sufii-

ciently high not to be of concern. The rolling speed does not vary much
between the various wings represented in this figure.

The wings represented in figure 24(b) differ from those represented
in figure 2Lk(a) only in that their break is at 7O percent rather than
30 percent of the semispan. Tne condition of zero zerodynamic-center
shift can be achieved orly at subsonic speeds in this series (with
Mg = -220) and the condition of no loss of lateral control power, not
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at all. The rete of roll is about the same for all the wings repre-
sented in figure 24(b) and only little lower ihan tkat of the wings
represented in figure 23 and in figure 24(a). The divergence speed is
sufficiently high for all the wings represented in figure 24(b) not to
be of ccncern.

A series of inverted A-type wings is represented in figure 24(c);
the wings di®fer from those represented in figure 24(b) only in that
thelr inner parts are sweptforward rather than sweptback. The condi-
ticn of zero aerodynamic-center shift is not attained by any of these
wings, and althoughk their lateral-control power is more than adequate,
their divergence speed is so low as to rule out most of these wings for
practical purposes.

The relation between the behavior of ED and the achievement of

the aeroisoclinic condition can now be considered on tne basis of fig-
ures 23 and 24k. In the case of ordinary swepi wings the higher values
of ab (correspording to the higher mcdes} are much larger ir absolute

value than the lowest; a case where the two lowest values coincide in
absolute magnitude does not appear to arise for most ordinary swept

.

wings. Consegquently, iT for <These ordinary swept wings ﬁb is plotted

as a “unction of the angle of sweepback or, more generally, as a func-
tion of the parameter k defined in references 1, 3, 4, and 9 (or the
perameter d/a of ref. 14), which contains the stiffness ratio GJ/EJ,
the aspect ratio and the moment arm e; in addition to the angle of

sweepback, there is only one value of the parameter for which ﬁb goes
to infinity.

For the compounded wings, however, the two lowest values of ED

frequently have the same absolute magnitude. For instance, in fig-
ure 23(a) the lowest value of ¥, 1is negative at subsonic speeds for

all values of y¥p less than 0.59 and the second lowest value is posi-
tive for values of y*p greater than sbout 0.35 and less then 0.59. At
y*B = 0.59 +the two values of ﬁb coincide ir absoclute magnitude, and
at values of y*B greater than 0.55 the lowest value of ﬁb is posl-

tive and the second lowest value is negative. Conseguently, the lowest
vaiue of ab never approsaches infinity; it merely Jjumps from negative

to positve at y*B = 0.59. The same phenomenon occurs at supersonic
speeds at y*B = 0.7l. The second lowest value of Eb goes to infinity
twice, at yﬁB = 0.35 and 0.75 at subsonic speeds and y*B = 0.50

and 0.87 at supersonic speeds.

L 4
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For the family of wings represented in figure 23(a) the aerodynamic-
center shift was noted to be O at y*B = 0.55 for both subsonic and
supersonic speeds. The change in lift-curve slope due to aeroelastic
action is O for y*z = 0.53 for subsonic speeds and y¥*p = 0.63 at
supersonic speeds. The conditions of either zero aerodynamic-center
shift or zero lift increase may be considered to define the over-azll
seroisoclinic condition. Inspection of figures 23 and 2 indicates
that the jump of the lowest value of ¢ from negative to positive
tends to occur when the wing is close to an over-all aeroisoclinic con-
dition, but more definite conclusions cannot be drawn.

The values of @ shown in figure 24(a) vary with the angle of
sweep of the outer part of the wing in much the same manner as they do
for ordinary swept wings with the angle of sweep of the entire wing.
The lowest value of ED goes to infinity at Ay = 120 ard -2° at sub-
sonic and supersonic speeds, respectively. These values of A, s&re also
the angles at which the change in the 1ift and the shift of the aero-
dynemic center are zero, although at subsonic speeds the aerodynamic-
center shift is also zero at A, = -18°. On the other hand, the values
of ¥, shown in figures 2k(b) and 2h4(c) vary with A, in an entirely
different manner. The lowest values of ﬁD never change signj; the
second lowest values of ﬁb go to infinity at Ay, = 21° ana Ng = -6°
at subsonic and supersonic speeds, respectively, in Tigure 24k(b) and
at Ag = 33° and O, respectively, in figure 24(c). Eowever, these
velues of A5 have no significance insofar as the 1ift, aerodynamic-
center shift, and lateral control power are concerned, as may be seen
from figures 24(b) and 24(c). Consequently, eny deductions concerning
the zeroelastic phenomena of interest can be drawn only from the behav-
ior of the lowest velue (in sbsolute magnitude) of ED.

The Optimum Compounded Plan Form

On the basis of the preceding discussion the problem of the selec-
tion of an optimum compounded plan form can now be broached, the term
optimum being used in the sense of most favorable aerocelastic character-
istics at the least sacrifice in aerodynamic and structural performance.
In view of the relatively small number of plan forms considered in this
paper and gnasmuch as no dynamic aercelastic calculztions have been made,
the following discussion can shed light on only a few zspects of the
problem.

The desired static aeroelastic characteristics.- The desired static
eaeroelastic characteristics are, approximately in the order of their
importance:
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(1) The shift of the aerodynamic center should be small if it is
forward, as it is in almost all cases of practical interest.

(2) There should be no loss in the rate of roll nor in the lateral
control power.

(3) There should be no appreciaeble change in the lift-curve slope.

(4) The dypamic pressure required for divergence should be either
negative or, if positive, at least 25 percent higher than
the highest expected dynamic pressure in the given speed
range.

In the case of airplares designed tc fly occasionally at high supersonic
Mach nurbers (say 2 or greater) these conditions should be satisfied as
much as possible at those Mach numbers es well as at subsonic speeds.

The selection of a plan form possessing some of these character-
istics can now be discussed on the basis of a union effected between the
three series of plan forms represented in figure 23 witn those repre-
sented in figure 24, a process which gives rise to plan forms of which
the inner vart is either swept back or swept forwerd at an angle of 45 s
but of which both the outer part and the position of the wing break ere
arbitrary. In ccnsidering all these combined resulis the fact must be
kept in mind that they still aprply to a guite restricted cless of wings.
The aspect ratio of all wings is 6, the taper ratio 0.5, and the angle
oF sweep 45° or -45C, the span of the outboard aileron i1s 50 perceni of
the wing span (unless another ailercn configuration is speci flea), and
the structures are of s certain kind, namely the stiffness distributions
vary substantially as dictated by constant-stress considerations (as
outlined in ref. 1), and GJ/EI = 0.794%. The conclusions reached in
this section mey not be valid for any wing with taper rstio, aileron
configuration (in the case of conclusions ccncerning latersl-control
properties), stiffness ratio, and variation of the siiffnesses GJ
and EI (particularly near the wing tip) which differ greatly from the
vaiues used in the calculations described in this paper.

The information pertinent to this discussion is summarized in fig-
ures 25 and 26. Tke plan forms represented in figures 25(&) and. 26(a)
have an inner part sweptback L45° , and those represented in figures 25(b)
and 26{b) have an inner part which is sweptforward L45°. The location of
the break and the angle of sweepback of the outer vart are arbitrary and
constitute the coordinates of these figures. The curves shown are the
loci of the points representing plan forms whnich have a zero eserodynamic-
center shift at §q = 3.0 (in the case of fig. 25) and no loss in lateral
control at § = 3.0 (in the case of fig. 26). The aerodynamic-center
shifts for all wings represented in figure 25 are negative, except that
those represented by pvoints on or between the two lines for zero shift
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have a zero or a very small positive shift, respectively. The rolling-
moment rztio is less than 1 in the region above and greater in the
regions below the lines of no loss of lateral control shown in figure 26.

A comparison of figure 25 with figure 26 indicates that a wing with
the inner part swept forward h5° must have the break at T2 percent span
and the outer part swept back 60° in order to have no shift in aero-
dynamic center nor loss in lateral control at subsonic speeds. No wing
with the inner part swept forward 45° can seatisfy both of those condi-
tions at supersonic speeds. When the inner part of the wing is swept
back, however, almost all the wings represented by the line for subsonic
speeds in figure 26(a) should be satisfactory at subsonic speeds because
they have no loss in lateral control and only a small forward shift of
the zerodynamic center. Of this group of wings those on the lower part
of the curve (y*B greater than 0.55 or Ag 1less than -hoo) should be

satisfactory at supersonic speeds as well as subsonic speeds because
they should have only a small rearward shift of the zerodynamic center
and only a small loss in the laterzl control. Probably the optimum
wings among those considered here are the ones with y¥g = 0.58 to 0.60

and corresponding values of Ay from -40° to -45°.

The number and range of geometric and structural variables covered
by the cazlculations described in this paper is insufficient to permit
any generalization of the figures cited in the preceding paragraph. In
a given case sufficient calculations should be made to permit the prepa-
ration of charts similar to those of figures 25 and 26 for several values
of the sweep angle of the inner part of the wing and, unless they are
decided ‘upon beforehand, for several aspect and taper ratios. Also, if
the stiffness-ratio GJ/EI can be varied without increasing the struc-
tural weight, several values of the ratio should be considered. Further-
more, inasmuch as the simultanecus achievement of zero aerodynamic-center
shift and zero lateral-conirol loss a2t both subsonic and supersonic
speeds in an aerodynamically acceptable wing is unlikely, it would be
desirable to plot on charts of the type represented by figures 25 and 26
lines of constant aerodynamic-center shift and lines of constant lzteral-
control loss, respectively, in addition to lines of zero shift and zero
loss in order to facilitate the selection of an optimum compromise plan
form. (The number of plan forms for which calculations have been made
is insufficient to permit the plotting of such contour lines on figs. 25
and 26.) This procedure implies a great number of calculations, despite
the fact that many plan forms with obviously undesirable aerodynamic
characteristics can be eliminated from consideration beforehand, as will
be pointed out in a subsequeni section.

The ro-shift a2nd no-loss requirements can, of course, also be sstis-
Tied simultaneously by choosing a wing with zero aerodynsmic-center shift
and equipping it with an all-movable'wing tip. This procedure has the
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advantage of providing greatly increased rigid-wing rolling performance,
particularly at supersonic speeds, in addition to the decreased loss in
thls performance as a result of seroelastic action. However, this
advantage 1is offset to =z large extent by the mechanical and flutter
problems which beset such a configuration. Only if the wing under con-
sideration has its break far outboard, say 85 percent or more of the
semispan, and the lateral control provided by rotating the portion of
the wing outboard of the break is sufficient i1s this configuration
likely to be practical.

The desired dynamic aercelastic characteristics.- The desired
dynamic aeroelastic characteristics are, substantially,

(1) That the inertis effects on the serodynamic center and the
lateral control should be small or in such a direction as
to oppose any adverse static aercelastic effects

(2) That the flutter speed be higher than any expected flying
speed at all altitudes

(3) That the dynemic response of the wing to atmospheric excita-
tion give rise to no excessive stresses

The inertia effects on the aerodynamic-center shift will be small
if the wing weight represents a small fraction of the airplane weight,
and the inertla effects on the lateral-control power are not likely to
be importent because the rate of steady roll (which is independent of
inertia effects) is usually considered to be more important than the
control power (which is an index of the attainable rolling acceleration).

The flutter and dynamic-response chearacteristics of wings designed
on the basis of a balance of torsion and bending deformations masy well
be inferior to that of an ordinary swept wing because they are likely
0 be more flexible. Careful flutter studies must therefore be made in
each case. When necessary, however, it may be possible in some cases
to ralse the flutter speed at relatively low weight penalty by taking
‘advantage of the large moment arms available for mass balancing. A
high wing-flutter speed (relative to the highest flying speed at the
given altitude) usually implies satisfactory dynamic-response charac-
teristics, provided the airplane as a whole is stable.

The desired structural characteristics.- For the purposes of this
discussion the desirable structural characteristics are that the weight
of the structure of a compounded wing be no higher than that of a com-
parable ordinary swept wing. The break regulres locally a certain
amount of material not needed in an ordinery wing, and the large torgues
near the root of an M- or W-wing require additional torsion-resisting
material. However, the bending moments are much smaller than for an




NACA RM L52J21 ] 25

ordinery wing, and the saving in flexure-resistant mesterial may be so
large as to compensate for the aforementioned increases in structural
meterial. Thus the weight of a compounded wing may be little, if any,
higher than that of an ordinary wing.

The desired aerodynsmic characterisitics.- Within the scope of this
discussion the desired aerodynamic characteristics are that the drag
and the stability characteristics of the compounded wing be no worse
and better, respectively, than those of a comparsble sweptback wing.

A few tests have shown that the stability characteristics of M- and
W-wings can, indeed, be superior to those of ordinary swept wings. The
drag of a compounded wing is likely to be higher than that of an ordi-
nary swept wing, as has been shown by tests at subsonic, transonilic¢, and
supersonic speeds (see ref. 15, for instance) and as may be inferred
from calculations for ordinary swept wings at supersonic speeds (see
refs. 16 and 17, for instance). The whole question of whether to use
M- and W-wings thus hinges primarily on the problem of whether the
saving in structural weight afforded by these configurations in achieving
the desired stability and control characteristics is worth the drag
venalty.

The additional drag of a compounded wing as compared to an ordinary
sweptback wing arises from three sources: +the fact that part of the
wing may have a relatively low sweep angle, the fact that in the cese
of an M-wing the inner part of the wing may be swepiforward (giving rise
to fuselage interference drag), and the Tact that in the case of a W-wing
the bresk itself is the source of a certain amount of interference drag.

When the results of static aerocelastic analyses of a varlety of
plan forms are summarized on charts similar to figures 25 and 26 some
of the plan forms brought to light by these charts can be eliminated
because they are likely to be subject to one or more of the afore-
mentioned types of drag. 1In figures 25 and 26, for example, the plan
forms represented by points within the wedge-shaped regions labeled
"eerodynamically undesirable" have too much of their area swept at too
low an angle to compete with a completely swept wing. (These regions
are based on qualitative estimates and are shown primarily for illus-
trative purposes.)

Similar reasoning may be employed in connection with the inter-
ference drag. In figures 25(a) and 26(a), the plan forms represented
by points sbove the wedge-shaped regions are likely to have higher drag
than do those represented by points below this region, because the
difference in sweep angle between the inner znd outer portions of the
wing is much greater for the former than for the latter. The reverse
is true for figures 25(b) and 26(b). Also, the plan forms revresented
by points in figures 25(a) and 26(a) are likely to have less drag than
those represented by poirts in figures 25(b) and 26(b) because the
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interference drag caused by the bresk cf a W-wing is likely to be less
then that caused by the root of an M-wing as a result of the smaller .
chords involved, particularly if the break of the W-wing is near the

Tip.

Finally, experimental or theoretical drag studies must be used to
decide which, if any, of the remasiring plan forms may be suitable for
any given purpose, the theoretical studies being useful primarily for
supersonic speeds. If there are any satisfactory compcunded plan forms,
these studies shculd be followed by further studies aimed at reducing
the drag of these wings. For instance, there is a possibility that the
interference drag at subsonic speeds may be reduced by using fences.
Also, the drsg caused by the region of the wing which has a relatively
low sweep angle can be reduced by resorting to thinner airfoil sections
ir that region; the resulting weight penalty should be very small,
recause that region is likely to contain only & small part of the wing
areg and be in a region where the stresses are relatively low. Thus,
when large adverse static aeroelasiic effects are anticipated, as for
wings with low wing loadirg designed Zor low load factors and intended
for high-speed low-altitude flight, compounded plan forms may well
constitute the best solution.

CONCLUDING REMARKS

Celculations have been made of the static aerocelestic character-
istics of nine M-, W-, and A-wings by using the best zvailable zero- )
dynamic and strucsural Informaticn. Alithough the number of plan forms
considered is too small and the ceslculations toc specific tc permit of
quantitative conclusions wnich are generally applicable, certain quali-
tative conclusions have been drawn. The question of the plan form with
thre optimum static serocelastic characteristics has Leen discussed on
the basis ol these conclusions. In general, there is reason tc believe
that by suitable compounding pian forms can be obtained which are
superior aercelastically and structurally to ordinary swept wings.

Langley Aeronauticsl Laborsatory,
National Advisory Committee for Aeronsutics,
Langley Field, Va.
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APPENDIX

METHOD OF CALCULATING STATIC AEROELASTIC PHENOMENA
OF M-, W-, AND A-WINGS
Symmetrical Flight Conditions
The serodynamic influence coefficients.- In keeping with the assump-

tions concerning the aerodynamic properties of the wing, the 1ift on sec-
tions parallel to the air stream is given by

il o, W, @

r

where [Q] is an aerodynamic influence-coefficient matrix. A method of

calculating such a matrix from known rigid-wing additional 1lift distri-
butions is given in reference 5. The matrix obtained in this manner is

[Q] = %['%C—{I kll_l_| + ELI_I £ -;%,- I:l.,_.] +
Wo fo

(1 - k) {a} |z UWECLI{I (2)
Yo

where Ll_l is & unit matrix, I:lr] is a square metrix defined by

m] =] - | (3)
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and -{l}' is a column metrix, each element of which is unity. The row

matrix L;[J serves to integrate the 1ift distribution and is based

on Simrpson's rule with = modification which assumes that the 1ift goes
to zerc with infinite slope at the wing tip. (See ref. 3.) The param-
eter kl is given in reference 5 in terms of the plan-form parameter

F = A
Clg cos A
5m 08 A
by the relation
F Il + + 2
K, = ()

For M-, W-, and A-wings <this methcd requires some modification.

For the purpcse at hand the expression for [g] (eq. (2)) can be
written as -

= |CC
[q] = cc_rL':C_EZ_l K|1] + {1 - K+ %Lﬂf ;—Cc%}f [1r:| +
: o

Yo

(2 - m)x 3 {1} L]:"l"[%glw

L
0

In veference 5 the factor K ({which may be considered to be the ratio
cf the 1ift coefficient due to a unit symmetrical twist to the dimen-
sionless latersl center of pressure of the additional 1lift distribution)
end the related Zactor K' used Tor antisymmetrical 1ift conditions are
shown to be 1 according to lifting-line theory, and the method of calcu-
lating aprroximate aerodynamic influence coefficients presented in refer-
ence 5 is baséd on the assunption that these factors are L. The calcu-~
lations made in reference 6 have shown, however, that these factors are
not 1 for M-, W-, and A-wings. The values of K and K' are therefore
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obtained from the spasnwise 1ift distributions and associated aero-
dynamic parameters presented in reference 6. They are introduced in

the matrix [é] (respectively the matrix [?é] in the antisymmetric

case) in such a way (see eg. (2)) as to yield the correct spanwise 1lift
distribution for any angle-of-attack distribution which consists of a
linear superposition of = constant angle of attack and a linear twist
in the symmetric case, and of a linear twist and a 50-percent-semispan
outboard-aileron deflection in the antisymmetric case. Specificaliy,

C
Iq
K - ( )““y* (5)

1 CCz
CLay J -"'*(T) v
0

cl1,

Also, inasmuch as the plan-form parameter F 1is & funcition ofi the
cosine of the sweep angle, there is some question as to which value
should be chosen in the case of & A-wing or of an M- or W-wing with
angles of sweep in the inner and outer parts of the wing which diifer
in ebsolute magnitude. For the calculations made by the method of the
present paper an average value of cos A deduced by

1
cosAEf cos A
o]

dy*

oljo

has been used.

This procedure 1s believed to furnish results with sufficient
accuracy for the purpose intended, because the values of the 1lift dis-

tributions calculated by the matrices E@] and [?%] are not very

sensitive to the value of F. Since, when X and K' are 1, the
matrices Eg] and [?é] reduce to those presented in reference 5,

which are valid for a1l angle-of-attack distributions, there is reason
to believe that the matrices [9] and [?%} used in the present paper

yileld 1ift distributions for angle-of-ettack distributions other than
the aforementioned ones with sufficient accuracy for the purpose
intended. A few calculations by means of the method used in refer-
ence 6 and of the mairices of the present paver for parsbolic symmetric
and antisymmetric twists have yielded results in excellent agreement
with each other.
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IT strip theory is used, as has been done in the calculations for
supersonic flow, the aerodynamic Influence-coefficient matrix is

[e] - L—r'l (6)

The aeroelsstic equation.- The running lozd on each part of the

wing can be written as
CCZ
G - ee{el) o

and. the running torque in planes pardllel tc the air stream for
uncambered wing sections is

{} = aer Lﬂ {—}} (8)

The subscripis i =zad o used orn the matrices of equations (7) and (8)
in she following analysis refer, respectively, to the inner and outer
parts of the wing.

The single ard double integrations required to obtain the accumu-
lated torques anrd bending moments from the running torques and loads

are performed by means of iIntegrating matrices [i] and [?I], respec-

tively. These matrices are based on Simpson's rule and are similar to
<hose described in reference 3. When a modification is made at the
wing tip which takes into account the infinite slope of the spanwise
lift distribution at the wing tip at subsonic speeds, this fact is
described by adding a prime mark to the matrices. For the sake of

definiteness the matrices [ii] and [iIf] appropriate Tor subsonic
speeds will be used in the Zollowing derivation.
The integrating matrices used in the calculetions described in the

present paper are given in table 3. They pertain to the stations used
in the calculations, namely:

For ordinary wings: y¥ = O. 0.25, 0.4%, 0.55, 0.7, 0.85

0.1, 0.2, 0.3, 0.kk, 0.58, 0.72,
0.86

1,
For wings with y¥g = 0.3: y*
¥*

For wings with y*g = 0.5: 0.1, 0.2333, 0.3667, 0.5, 0.625,

0.75, 0.875

For wings with y*g = 0.7: y* = 0.1, 0.25, 0.4, 0.55, 0.7, 0.8, 0.9
-
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In the calculations of the aerodynamic influence coefficients, stations
were taken at y¥ = 0, 0.05, and 0.1 on the pariti of the wing covered

by the fuselage for all wings. The matrices LF:J and L}Iﬁj are not
st in tabl ; they ere the s s th trices | I and | II
hown in table 3; ey are e same a e matrice L.%Ji L_ lJi

for the wings with y*B = 0.3, except that when used as matrices L;fJ
and L}Iij they refer to the stations y* = 0, 0.05, and 0.} rather

than the values given in table 3, namely y¥ = 0.1, 0.2, and 0.3.

The accunulated bending moment M about axes parallel to the air
stream can then be obtained directly by using the matrix [EIC] to

rerfiorm the indicated double integration. Similarly, at a given sec-
tion parallel to the air stream the accumulated torque about an axis
which passes through the shear center of that section and is percen-
diculer to the plane of symmetry can be found by performing a singl

integration by means of the [ﬁi] metrix of the running torgue and

then subtracting from this result the product of the accumulated bending
moment at the section and the tangent of the angle of sweepback outboard
of the sectiom.

Thus

e}, - diE(_g_)e (], {3, (9)
0, - a.23) B27, 1, (20
{3}, = s 2[, 8, - ten A (11)

{T}, = 6 BT {t}_ - ten AO{M}O (12)

The prime marks on {hi}i and {if}: indicate that the moments carried

across the wing bresk from the outer part of the wing are not included.
In these equations the station at the wing break may be considered

to be the last one on the inner part of the wing or the first one on the

outer part of the wing or both. In the following derivation the last-
named alternative is implied, except where specified otherwise.
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In order to ©ind the bending and twisting deformations along the
wing, the accumulated bending momens M, about axes perpendicular to

the elasiic axis and the sccumulated torgue Tp about the elastic axis

must be xnowrn. These new moments &t zny stztior may bpe cbtained by
means of the transformation

KA cos A -sin A M
) (13)
TA sin A cos A T

n

wnich yields

a;2(2 >
{1»1'_,\}1 _()_ [11] {z} - a4 % ein Ai[I]i{t}i (1k)

cos ﬁ

b2
{MA} = _O_<A2_)—EI:| {Z} dq g sin Ao[ICI,){t} (15)

(o]
G O

A
H
Gl
1l
ol

'_l
Io

5 cos Ai[i]i{i}i (16)

|o

{I‘A}c = &, 3 cos A [TT] {t}_ (17)

When the moments carried across the wing break from the outer part of
the wing are sdded o the moments [@'AJ znd. E?'é] the following
i i

expressions arxe obsained:
JE\&A} {M A} + cos(Ay - Ag)ljag|l {yA} - sin(ay - Ao)|al] {TA}

B 2
) 1, - o7 ool (1068 (26
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{?@}i = {?'A}i + sin(fy - o)"lB"i{yd}o + cos(Ag - Ao)”lB”i{?é}o (29)

where the matrix "13"_ is a rectanguler matrix defined as
i

H P
o O
.
. L]
o o

||1]3||i =l ... .. (20)

10. ..

@]

in which the number of rows is equal to the number of stations on the
inner part of the wing and the number of columns is equal to the number
of stations on the outer part of the wing. The diagonal matrix l?*B - y;]

is composed of the dimensionless moment arms of the normal shear at the
wing break about the stations on the inner part of the wing. The term
of ecuation (18) in which it occurs revresents the contribution of the
vertical shear at the wing break to the bending moment at sections on the
inner part of the wing.

The preceding equations may be combined as follows:
2 cc cc
b { Z: I
M c (—) L — + llp — (21

(22)

P},

]
0
0
H
o
\./
r—r
L
o]
o
r—"—)
L_v_.)

Tat, =

i
[Te]
[¢)
)
TN
A
n
3l
L
He
oy
(OIO
H]O
[

+ Il 1ot} (23)
o

]
Q
0

at =« r(%’)2 ., {g;—z (24)
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the matrices [u:] and ['r] (with subscripts) being defined as

2

B = By - o gy e AL 2| (25

cos(fy -
el = o0 TR gy [0+ 2y - o gl B, -

% 2 sin ag s, 1|21 ] (26)

= doe 1 Cr + ' €1¢
LI i R N “-o[ljotﬂo (27)
(a4
[] " a; %;—2- cos A4[T] l; _l (28)
T
sin(A; - A - s
Il = a0 =gtk ), r], +
Con e;¢
&, ﬁ cos Ai"lB"i[Iao Ei—“ (29)
o
Er]oo = d, ;——j; cos AOEEJO cr—l (30)

According to simple beam theory, the equations of equilibrium of
the deformed wing are

0 Lo (31
dcosA)
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for twisting about the elastic sxis and

BT —SL o Ma (32)

(e )
cos A

for bending slong the elastic exis. These equations may be integrated

to obtain @ and I' with the matrix [i]" given in table 3. This
integrating matrix is (as explained in ref. 3) the double transpose of
[?] if the stations taken along the wing span are equally spaced.

The wing root is considered to be the wing section perpendicular to
the elastic axis which pesses through the intersection of the elastic
axis and the side of the fuselage. Unlike the case of an unswept wing
there are rotations of this section when the wing is subjected to bending
moments and torques. These rotations have the nature of rigid-body rota-
tions imparted to the rest of the wing and are caused by the flexibility
of the root triangle and of the carry-through bay inside the fuselage.
They can be calculated by analyzing these components in detail and can
be expressed in terms of the four dimensionless flexibility constants
defined in reference 3:

cF)r’i‘/‘:["[\‘r

Q% e /(T n (33)

CPI‘ dj\f
q =T (3h
% We/(GJ)r 3*)

r. /T
rT/ Ar
we [(EI)

T
IM/MAr

QI‘M = m (36)

(35)

W, being defined as in figure 1. They must then be added to the values
@ and I' obtained from equations (31) and (32). As pointed out in

reference 3, the values of (GJ), and (EI), serve only for reference

€

purposes, so that their exact values are immaterisl. The values cobtained
by extrapolating curves of GJ and EI plotted along the span to the
root station are probably the most convenient ones to use.
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The resulting expressions for the wing deformations are

-~

b

d; = |1|_(GJ)‘| | Wg COS A4 -
{q;} (GT)y cos Ay I:I]i GJ - 3 N s '% le‘[lo] {—‘/;}1 "

We cos iy [10] {MA_} (37)

_ do% E[] rl!'(GJ)r_l {T} (38)
(G7)w cos Ag -0 | GT | Lo

iy}
<%
o
I

—~

a: § (=1) W COS Ay
= E
{P}i B (EI}, cos A ¥ LEI r" * e_ b QI‘ [10] {1\}

|
i
e
H

: o, (63, (39)

and

c10 2 (GJ)
- 4o
{P}o (EI) cos AO ‘I (o)

where the values of @ and ' on the outer panel are measured rela-
tive to the station at the wing break rather thar tc the station at the

wing root. The matrix [10] is & square matrix which has as many
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columns as these stations on the inner part of the wing and is defined
by

H = O
o o o
o o o
o oo

B P

RPN

o
o

Rigid-body-rotation constanis could zlso be introduced to take
into account the effect of local distortions in the vicinity of the
wing break on the deformations of the ouier part of the wing. No such
constants have, however, been used in the calculations described in
this paper because no simple method of calculating them weas available,
and if they had been calculated for a specific case, the results would
not necessarily have applied to other cases. Also, inasmuch as they
affect only the deformations of the outer part of the wing, whereas
those considered in the preceding paragrephs affect the entire wing
{(and even those do not have & large effect on the wing deformations
except for wings of low aspect ratio), there is good reason to believe®
that the rigid-body-deformation constants appropriate to the wing break
can be neglected.

The angle of attack due to structural deformations ag is related
to ® and I' (for small angles) by

{§%}i = cos Ai{ﬁ%i - sin Ai{ﬁ}i (41)

{éé}o = "lB"o{?é}i + cos_Ao{ﬁ}a - sin.Ao{?}o (42)

where the rectangular meirix “13"0 defined by

(@]
e}

o ...
...

b =[- - - -
O . -« .

0. ..

(o)
[

(43)

o
[
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has as many rows as there are stations on the outer part of the wing
and as many columns as there are stations on the inner part of the wing.

The substitution of equations (37) end (39) into equation (k1),
and of ecuations (38) znd (40) into equation (42) yields

202 ), 3, - (o, 0, } -

£, -

€9, - ol £, * o (1,09, - [KMJO{TA}O} (i

where the matrices I:K] are defired by

v (GT) W s A (aJ)
(o, = elals |7 rA’- ' _e__;%—i (G@f i (EI)Z e AiQFT)I:lO] (o)
_ @)y A v (BD) |
E‘Ml; "4 (B1),. ve 431l EI —L
Wg COS Aj (aF)
___b_jzﬁl (QQM - (EI)r tan A:‘LQI'M) [:10] (¥7)
r
1 (GJ)
], - o, |2 o)
(G7) oo (BI) '
B, - o 1oz ven a2, | 22 (i)
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The combination of equations (21), (22}, (23), (24), (Lk}, and (45)
then gives

B aenfy) [Plulls &,

= (50)

{Gs}o ey Isll,; [®] ., {%}o

where the matrices [?] and "B” (with subscripts) are defined as

EI I:KT:Ii[T]ii il [KM]i[“]ii (51)
Il =[], [, - ], B, -
Iol, - 18], ue (53

Bl = Ial =l + [er] [, - [ [, (54)

Equation (50) may be written as

£, - 22 [J{”} -

The matrix [ﬁ] is defined as

..ol .
B ., =
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in cormbining the four submatrices the order of the resuliing metrix
may be reduced by one because the station at the breax is represented
twice - by two rows and two colummns. The combination is effected by

omitting the Tirst rows of the subratrices "B"oi and [E]oo and by
adding the first column of tke submatrices |3, ~anda [B] _ to tae

last columns of submatrices [B]ii and "B"oi’ respectively.

Substitution of equation (1) into equa3sion (55) yields the desired
aeroelastic equation Tor synmetrlc flight

{ag, = 3[a]{}, (57)

where the dimensionless parameter ¢ is defined by

3
qC c(2
3 - L?EJT(E) (58)

and the aeroelastic matrix [A] is defined by

[4] = [8] [e] (59)

Solution of aerocelastic equation for dynamic pressure at diver-

gence.- The condition for divergence is thet the elements of {ﬁ}s be

finite wken the geometric angle-of-attack {Fé} is zero along tne
entire span; therefore, the value of the parameter ¢ at divergence

is the lowest real positive wvslue of ED which satisfies the equation

{og} = Gt (60)

If the lowest root 1s real ard disitinct, it can be computed by simple
iteration. Often, however, the dominant roois of the matrix Dﬂ for

M- and W-wings are not very well distinct and the simple iteration

L
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procedure does not converge. If the matrix [}] does have two domi-

nant roots distinct Ffrom the others, the iteration procedure converges
rapidly to the following relation between successive iteration columns:

e 1 e - (gl o) 107 62)- 0763 -

where ab(l) and §D<2) are the dominant characteristiic values and
{?ﬁ} is the trial column for -{#é}. This equation represents as many

linear algebraic equations as there are rows or columns in the matrix [}].

.
Each equation involves the two unknowns — 1 and 1 + 22;\:
(Vg (2) CREO R )

and any two of the equations cen be solved for these unknowns, and, hence,
for ab(l) and ab(e). (See also ref. 18.)

If the simple iteration of equation (60) yields a small negative
value of ED, there is the possibility that for these compounded con-

figurations the next larger values (in the absolute sense) may be posi-
tive and still low enough to be of concern. The next higher value of

ab may be found in the following manner. The modal column {?é}w(l)

obtained by the simple iteration of equation (60) is orthogonal to a
modal row Lﬁj(e) which corresponds to the second mode of divergence
and satisfies the relation

18]¢2) = 5[] @[]

The orthogonal relationship between 4Ey€} (1) and ij(e) may be
w

expressed by

LBJ(E){QS}J(I) =0

18]®® = [s]®[8]
{ L Y
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where the mstrix [S] is defined by

[; O . .. 0 asl(l%/asn(l)

o 0 ... O ase(la/asn(l)

Gl -1l -] . ... . .

o 0 ... O 1

o
o
o

The substitution of LﬁJ(E)[ﬁ] fer L?J(E) yields

2] = 5le P

The first mode of divergence has been eliminated in this equation; hence,
~ (2Y

the value of qD(E’ may be cbtained by simple iterztion. Thne correct

value of ab(e) mey zlso be cottained by the iteraticn of E{]Eﬂ with

& colummn matrix, although the mcdsl column obtained is spurious in the
sense that it will not satisfy equation (60). (See also ref. 18.)

Solution of the aercelastic equation at subcritical conditions.-
Equation (57) may be rearranged tc read

(121 - 3l 3, - {oah, (62)

because

{ = {es} + {2} (€2)

The total angle of attack can then ke found for any type of geometrical
angle ol attack by solvirg the simulzereous egustions represented by
metrix equation (51), using the given geometrical angle-of-attack distri-
butions as the "knowns" on the right side of ecuation (61). Then the
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corresponding 1ift distribution is obtained by premultiplying the angle-

of-attack distribution by the matrix [ﬁ]. For instance, the additional

1ift distribution for the flexible wing is obtained by setting o edqual
to unity along the entire semispan in equation (61) and then premulti-

plying the resulting column {?} by [é], namely

—1 & = [q]{a, (63)

cCr,
W

Within the limitations of the assumptions in the derivation of the
matrix [Q] (see ref. 5), the 1ift distribution on that part of the
wing covered by the fuselage is provortional to the rigid-wing 1if't
distribution in that region and is determined in magnitude by the angle
of attack at the wing root; specifically,

A G - L S (6L)
chL ip chL
oy o}

£ %o

Integration of the 1lift distribution represented by equations (63)
end (64) yields the 1lift coefficient,

Cp, = ;‘—S
c cc cc
B E_r b Zr I. ._I chji ¥ dil_I]Ji ch]'i

o

e cey
6011’ {g—rcL%}o (65)
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SOl

the bending-mwoment coefficient

Li

and

lﬂwié

) Eél: “Log <_) l'If{chL } " l_ [,

cc cc
¥ —t s (ay + ZY|1q0 —t
TR Pt SRS LA E2 Bl IR CHIEE ) = I R e
°‘0 i Ldo (o]

(66)
where <The rcw matrices LF%J ard L;I%J are the first rows of the
invegrating matrices [I] [Iﬂ s respectively.

Similarly the piiching-moment coefficient is
Cau ='—Eg
gSe
Cy w ip % ccy _ccy
=-==C —I = + 4. I +
c T '—l—]flﬁ‘l crCr, j I—:LJ LAI chL
Bify) i
CC; .
I 6
o

the parameter x being the strearwise distance of the local aerodynamic
center rearward of an unswept reference line througn the quarter-chord

The lateral center of pressure ¥F¥ and the position of the wing
serodynamic center & may be calculated “rom the 1:ft and moment
coefficients given by ecuating (65), (66), and (67) as fcllows:

S,

point of the mean zerodynamic chord.
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c

i*:c_B (68)
L

s-1_%n

Antisymmetrical Flight Condition - Damping in Roll

The aerodynamic influence coefficients.- Equation (l) holds for
antisymmetric 1ift distributions provided the aerodynamic influence-

coefficient matrix [Q] is replaced by a matrix [?%]. A method for

calculeting this matrix is given in reference 5 but, as is true for the
symmetric 1lift distributions, certain modifications have.to be made in
the case of M-, W-, and A-wings. The modified matrix is

Cy
AR~ o o |ge]

¥o

El'K‘+(f)Echcj; (=] +

1-k
3 %
— &3 ) {l}lfll_l y*ccz (o)
dol.,
0
where the parameter k3 is
.
Fl + l—g + 4
kg = (71)
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and where the constant K' obtained from the rigid-wing lift distri-
butions due tc aileron deflection and due tc antisymmetrical linear
twist is

K! = (72)

Again, if strip thecory Is assumed for supersonic Tlow, E%J becomes

_ [Qa] = [-f—r] (73)

The aeroelastic equation.- Equations (57) and (61) apply to anti-
symmetrical loadings provided the aeroelastic metrix Bﬂ is replaced

by & matrix E’l.a_] defined by

(4] - B[] (7

Solution of the seroelastic equation.- The unit antisymmetrical
Zinear 1if's distribution for the flexivle wing is obtained by setiing
Qg equal to y¥ 1in the antisymmetrical equivalent of equation {61)

and premultivlying the resulting column {a} by [?é], as follows
W

Ccl

= [Qa]{dd, (75)

[ CZ
% w

Equation (64), which gives the symmetrical 1if% on that part of the wing
span covered by the fuselage, also gpplies to antisymnetrical 1ift and is

———
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ccy
the parameters Iy, Zro, and ————

now perteining to the anti-
Cr LQO
symmetrical case.

The demping-in-roll coefficient can be obtained by integrating
this spenwise 1ift distribution, so that

sl fE) sl oDl

(76)
Antisymmetrical Flight Condition - Wing Loading

Due to Aileronrn Deflection

The azeroelastic equation.- The running load on a flexible wing with
aileron deflected is

AT = B

where the suverscripts (%s) end (8) refer to the 1lift distributions
dve to wing deformation ard unit aileron deflection, respectively.
correspording ruaning torque is

The

2]

£ = qe 2 L ccz (%s

i

k7
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The subscripts i and o used ir tae fcllowing znalysis on the matrices
oF equations (T78) and (77) refer, agsin, to the inner and outer part of
the wing, respectively.

Trhe use of the two preceding expressions in equatiorns (14) to (24)

yields
M_A}i _ qcr@-e [‘*]1-{(: z} (%) [4]11{ } (8 )

(%s)

CCZ _ CCZ (5)
T e R C e (79)
[o] (o]

{MA} - e, {[]oo{ccz (%s) . [I:]oo ?:Tz}c(s)}

CCZ (S) CCZ (8)
), - seelg) SE1 {2 } B, }
ccC (G'S) cc (5)
Il {c—z} + 17, {—Z} (81)
r o r o

{m = eesl2) < B, °°1} . Erl,o{ 1} e

)
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where the matrices [ﬁ] and ['T'J (with subscripts) are the same as

eqcC
the corresponding matrixes [u] and [T] ;s except that L:L‘I must be
T

r

|enc
replaced everywhere by the diagonsl metrix - Lc——-l, thus,

il

2
[ﬁ] L= c:js- L E[I:li + 4y i sin Al[l]ll}_i_——I (83)

- cos(fy - A do
Jil, = 2 - f:o; - )“13"i|:112|0 + — Ail:’.'*B - vl 1 -
o 2 ain o[£ 22 &2

[H],, - =[] + 2, s st a5 1,122 (85)

cos A
o

[Fl = -as 55 cos aslEl, L_ll (86)

1o = 00 e ], B, -

|7

c encC
dg 0—75 cos AiulBHi[I':loLc—i—_’o (87)

Y
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[‘T’] = -dg ;—;—2- cos AOE[']O :—ii‘l (88)
o

Substitutior of equatiors (79) to (82) intc equations (4k&) and (45)
yields

~ 2
= _ - ec) (%)
3. O {—Z}
< - _X\e < - > 4
[ (63) .. £
&3, o, B, ({2}
- ~ - -C i o W/
(~ )
— (3)
- - ccz
) E1,,ls0, < {.cr_}i "
(60 e ® ’
.. Bl.o) | {22}
- o ° v,

the various matrices |B| (with subscripts) being defined as
(8], = (e, 7Dy - el L8, (0)
I8l - a1 07N, - Dol 5, (92)
I3, - Illsllofﬁji.; (92)

EE]OO - "lB“O[E:IiO * [KT]o |:.-T.:!OO - [KM:]QEI]OO (93)

ey



NACA RM 152721

Equation (89) mey then be rewritten as

{os}, = ( CJ) {[] {Cc z}

where

except thet, again,

Bl.l5l;,

[B] B”oi []-3] oo

. 5] {z} }

in the processes oi constructing the matrix

(9k)

(95)

El

from its sitbmatrices, it is reduced in order in the same manner as the

metrix Dﬂ.

The sger

CCL

ocelastic equation for sileron deflection is then obtained by
substituting equations (74) and (75) in equation (9L4), so that

l:[_l'l - a@aﬂ{%}w(a) _ 'C"ll:ﬁ] ce, (8)

(96)

Solution of the seroelastic equation.- Equetion {96) can be solved
in the s=

set of
norent

Czs =

knowns defined by the right
coefficient dve to a unit

2z cc
+ LT wy ‘r_ —_—t
15, 2 F L, (%) 1y T,

ch LQO

(%s)

ol e W i

same manner =s5 equation (61). Once it has been solved for a given

side of equation (96), the roiling-
aileron deilection can be obtained from

(97)
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where

n

(CL
CCZ

)
g = [ fog o (98)

The rate of roll per unit aileron deflection is then given by

Cy
(%3)5 - -C_i (99)

Is Cza is for unit effective sileror deflection (unit aGS) instead

of unit actual aileron deflectior then

c
y I
EZ S
— = _qas —_—
(QV) - Cy (100)
=1 °

The ccnditicn for aileron reversal is that the rollirg-moment coef-
ficient Cz8 be zero. Combining the row integrating matrices of equa-

tion (97) into ore row mairix, and settirg the resulting expression
equel to zero yilelds

Crg, * % czdol_no_l [Q,a]{cr,s}w(a) =0 (101)

the row metrix |ITp| being defined by

|150] = i_i—IIQI—;’LIIOa!oJ - |_:r10_|r | 102)

where, as in the case of thke matrices Eﬁ] ard [ﬁ], <he order of the

first row matrix on the right side of ecuation (102} is of order one
lower than the sum 97 <he orders of the constituent row matrices, because
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in combinirg these constituent row matrices the first element of sub-
matrix L;IQJO is added to the last element of LfIQJi‘ These sub-

matrices are, in turn, defined by

o], = F|%°lT, + & ‘{-,'LIJJ (103)

[T%o],, EEE 457 rref_+ do<di + %)LI'_[OJ (10k)

and the row matrix lEIQJ is defined by

ILEIQJV=S_£—(—€)——LII_I£. —t l1oo0...0] (105)
s [ do c

cCH
The quantities (ECQ ) are the same as those used in the derivation
d/f
0

of the matrix [?3] in equation (70).

Division of equation (101) by CZS yields
(o]

%o
_2CTSO|IIOI [Qa]{“é}w(s) (106)

end subsequent premultiplication of this equation by the column metrix
ccz (3)
Cp

yields
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(3)

'c';cTZ— T { , } EIQI[Q@]{“} () (107)
%o

W

o (8)
This expression may row be used to eliminate —t from egus-
cI‘"Lao

tion (96) with the result that
{o},® = G[ag] {ma} @ (108)

wkere the aiieron reversal matrix [%é] is defined as

(8)

ol (63,0 e

CCZ

chLGO

a] =[] -

~

Tne value of q at aileron reversal is the lowest real positive value

¢t Yy which salisfies equation (108},
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TABLE 1
GEOMETFZC, SIRUCTURAL, AND AERCDYNAMIC PAREMETZRS
Aercdyremnic parsxeters
Jeomeiric ard structural parameters
Wing Subsanic Supersonic
nunter
. - . ! " Maca | G c Mach |cC c
Flan fora Tyre * Az &y |¥p|Wh| e (G.T)r/\.EI)r nutter 5 ldc aumter L°O I"o
1 M M 0.5]-45° | u5° |o0.3]0.1]0.45 0.7k [+] 3.63 |0.370 2 2.83 | 0.393
———
. 2 M M - B N S T = 194 c<3-5h).379 2 |[=2.83] .33
e
3 M M S -4591 w5 | 7| 2| .05 794 1] 3.46 ] .378 2 2.85| .393
4 W W sl owse s | 3| ] s TSk o |[3.55] .39} 2 |2.83| .393
5 W W SE B 5 ] L5 . T94 G 3.5T | .368| 2 2.83| .33
5 w ¥ 5| w° -4 | 7| 2 b5 TSk o |[3.57| 38| 2 {2.837 .353
T C,//\L/\ A s| wse] oo] 3] 1| s .5k o ha6) ao| 2 |2.50| .3b7
8 é\\' A S5 % 0 a7 A k5 79U o 3.65 | %8| 2 2.7 | -376
—
g V Inv. A .5 | -us® | 7| 1| L5 .75k a 3.55 | .hoo 2 2.TL§ .37€
10 v i::_:‘"uj‘,_ 5| k5P | e==-f---| 2| .15 L9 0 3.33 | .3t2| 2 2.83| .393
2 | — Uzswert 5{ 0% -—-—|--=| .= | .45 79k [+ Lz 3| = 2.3¢ | .320
¥ 12 /\ f:ii‘-‘ I3 LB (R I B N TSk 0 3.u8 | 355 2 2.83| -393
Roct rotaticn consiants NACA —
A Q] g 4 Gy | 9 | e
-45°( o | -0.%01}-1.60}-0.25 | 0.0896
o¢{ o ]o 0 2 o
w¢| o 0.40 | 1.60 | -0.25 |0.0896
Allercn parazeters
bg/b | cafc| S
211 wicgs 0.5| o.2]c.5
f Subsonic |- eble Sigs c.3| 1.0]2.0
e, All wings 0.3 9.210.2
Supezsonic Ordinary wings 0.5{ 0.2}0.2
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TABLE 2

SUMMARY OF IESULDS

[ c C4
Aileron c p ) b
Wirg configu- 2. a e L =k = ol (
| com 1) 3y q ¥ 8 |C, | C1 Mg
mubex \ rationl ‘o %o % o=t
k] (1) -9.43-183.5| :8.5 o 1.000 o.hu'o.zea 1.000 | 1.000 | o.5k2
3.0 .864| .s17 .226| .T73| .609 het
i 6.0 .781| .397| .196| .633| .3719 .32
2 (1) -15..9 65.9 | 20.3 go —.coc} -%30] .257)1.000/( 1.000 557
i , 2.0 966} 48| .253| .875| .696 A3
; 5.0 .su9) .hoS| .23 .788| .483 L2l
3 {3 | ~1.85 17.1 o 1.000{ .46| .288]1.c00| 1.000 .573
5.0 1.2hc| .L35| .2k7]1.263] 1.047 Lhbie
6.¢1 1.726| .L58| .1 1.878 | 1.176 .359
4 ) 5.70 18.2 o 1.0c0| .4051 .325(1.000} 1.000 .558
3.0{ 1.i60| .453) .266]1.8181{ 1.586 LL87
5 (1) 8.07 16.8 o} 1.co00| .b29| .264 ] 1.000( 2.000 AT
3.0 —.2lik]| .370| .30.|1.490| 1.288 b2
3 (1) 16.53 ot o —.co0| .450| .20l .00 | 1.000 1
.01 .9831 ke .2811:x.053| .85¢C 137
5.0{ .687{ .479{ .301(1i..50 695 .325
5 {2} 16.62 Complex| O 1.co0| .450! .270} 1.000 | 1.000 .655
3.0| .¢83] ..51° .281)1.053] 1.12k 655
g.c| .¢87] .~79: .301|1.1501] 1.319 T
T ) 2h,73 15.0 o 1.000| .448| .244%| 1.000/| 1.c00 554
3.0 1.076| .461| .252| 1.119| .g20 s
5.0| 2.175| .»76| .262| =.273| .809 .352
a (1) -20.66 0.7} iL.9 0 ~.000}) .466) .329) 1.000| 1.000 54T
' 3.0| .899| .us8| .295| .seu| .56 .S
; 6.6 .S2c a5 275 751 =87 .268
8 () -2C.£5 70.7 | Compiex| o ~.00c| .46| .319( 1.00c| 1.000 .69%
3.0/ .8991 .k58| .296} .884| .8Th .691
5.0] .82¢| .u51} .275| .791| .7714 .683
9 (1) 6.32 1.7 0 1.000| .18 .278| 1.co0| 1.000 .570
3.0 1.582} .468}) .155] .93&]| 1.451 28
10 (1) 7.7 1.3 o] 1.000| .378( .374| _.coo} 1.00C .586€
3.0f 1.=06| .%07| .311|2.171] 1.83% LSk
L {2 28.3c i7.3 o 1.c00| .k25| .239} 1.000| 1.000 572
3.0 ».c86] .433]| .2s0l)1.215{ .927 Lb7s5
6.0 1.194( .hhp| .pu1|1.262| .834 .378
12 (1) -8.82| -78.L| —uh.% 0 —.ccof .55} .310{ 1.000 | 1.000 .565
z.0| .816) ..z8}F .262| .751| .5TC .b28 1
€.0] .705| .423| .221| .602) .322 .302 I

lA:i.'_erorl confligurstions: ~ NACA. e
) 2 s

; S0-pexrcer=—semispen ouvitbozrd cileror, £0 pevcert choxd.
3C-perceni-senizpen cuiboard sileror, 100 percent chord.
ei

et
£y
\Ei
(3) 2V-percent-semispsn cutboard sileror, 20 percent ctord.
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TABIE 2 - Conciuded

SUMMARY OF RESULTS

(t) Supersonic flow

Aileron ¢z C;
Wirg | configu- ED Ty g -C—I‘— 7* s | == _5 (g":
nuc-her I‘&T.ionl CI'O o zp [ 7‘5 ev S=1
(8] 0

1 (3) -4.561 -L7.5 | 5.55]lo 1.000 | 0.4k | 0.450 | 2.000)| 1.000 } 0.1397
3.0 .823¢ .39k| .372| .648| .2%0} .0538

6.0 .7h7| .363| .326| .hok| -.029| -.0081

2 (3) -5.75 | Complex | 5.65 |0 1.000| .kLk| .50} 1.000f 1.000]| .1397
3.0 .902]| .M2| .k36f .751] .263]| .0545

6.0 .870| .392| .430]| .63k] -.027| -.0060

3 (3) -12.70 15.8 5.7k llo 1.000 | .444| .490 | 1.000| 1.000| .1397
3.0| 1.302| .458] .ho2|1.105| .sk2{ .0686

6.0{ 1.303] .b712| .357)| :.326] -.049} -.0052

b (3) 6.03 10.85 || o 1.000}| .kkk| 450} 1.0c0f :.000| .1397
3.0 1.k27] .523| .337)|1.%02| 1.584| .1163

5 (3) 7.61 11.07{|o 1.000| .k:k} .55 {1.000]| 1.000] .1397
3.0| 1.193( .493}| .hko|1.t9k| 1.288( .1=20k

6 (3) -15.k4 18.9 8.7k ilo ~.000| .u44| .450 | 1.000| 1.0c0| .1397
3.0| .92k| .k32| .49 .926| .650| .098L

6.0/ .96:| .k32| .391| .%05| .328} .0506

i (3) -13Lk.05 8.l o 1.000{ .44kt .4s0|c.00c| 1.000| .1397
2.0 .997} .437¢ .uho| .s8z| .633| .o%01

6.0 .9%0| .435| .437| .962| .277| .okoZ

8 (3) -8.29 | -19¢.1 7.10 llo 1.000| .kkk] _L50]1.000] 1.000]) .1397
3.6| .861] .42 .343| .739| .k1O] .OTTS

6.0 .7681 .37€{ .277| .588| .08k .0200

9 (2) 8.0k 7.h3 o 1.000| .s4| .4501{1.000| 1.000] .1397
3.0} 1.323] .s01] .320]21.584| .983] .0867

10 (3) 4.70 8.x1{lo 1.000| .kkk] .4501}3.000( 1.000| .1397
3.0| 1.765] .56k | .125 2.6i5} 2.001| .1069

10 (1) k.70 6.60 [Jo | 1.000| .4kk| .k%0 |1.000} 1.000} .2200
3.0| .765| .56%| .125712.615( 1.633} .137k

11 (3) o 8.50 l|o 1.000 | .4k | k50 | 1.000] 1.000( .1397
3.0f 1.000| .44k | .450 | 2.000| .6%7| .0612

5.0| 1.000 | .kkk| _Lkso{1.000]| .264| .0278

11 (1) ™ g.60 {|o 1.000 | .kkk| _kso|1.000| 1.000 2200
3.0| 1.000| .444| .k50|1.000| . .1025

i2 (3) k22| -39.3 5.11 ||o i.000| M4k | 450 | 1.000} 1.000 .1397
3.0 .S20| .382( .275( .623} .215} .0482

6.0 .732| .350| .185| .465} -.057| -.0L72

12 (1) -h.22 | -39.3 8.57 (10 1.000 | .44} .4s0 | . 1.000 | .2200
3.0 .820 .382 275 | 623 .355 .1255

lAileron configurations:

(1) S0—percent—semispen outboard aileror, 20 perceant chord.

(2) 30-percent-semispzn outbeard eileron, 100 percert chord.

(3) 30-percenz-semispan outboard alleror, 20 percen:i chord.

59
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.2

0.€5667

0.16567

-33333

.
[

-.01042

[¥8]

+33233

-.0k187

.66667

.165667

TABLE 3

THE INTZGRATING MATRICES

NACA RM 152721

(2) y*p =0.3
xd,
¥ .30 Ll .58 72 .86
.30{0.06667(0.25000|0.1833310.17895 0.270004
il -.01667| 11667 .20000| .17895| .27000
.58|o .01667| .1166T7| .17895( .27000
72{0 -.01667| .09562{ .27000
.85|0 o 03771 .18667
(1]
o
y* .30 b .58 .72 .86
.30/0 .04500]0.07833 [0.10052 [0.22776
J4k|-.00167| .00500( .oLooO| .064T3| .17376
.58l0 .00167| .00500| .0289k| .11976
.72|0 -.001567]-.00185( .06576
.86{0 0 .00431| .01676
&'
y* .30 iy .58 .T2 .86
.300 c 9
44| .08333| .13333{-.01667 o]
.58 .08333] .21667| .11667}-.01667]|0
.72} .08333| .21667] .20000| .11667|-.01667
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TASLE 3 - Continued 1

THE INTEGRATING MATRICES

3

[z1; ESIN
¥* -1 .2333 | .3567 5 A 5 .625 .75 -875
.1 0.11111}0.%1667{0-33333|0.13889 .5 |0.08333|0.31250(0.20286|0.33750
.2333| -.02778] .19Lkhu]| _36111| .13889 .6251 -.02083| .14583| .22369| .33750
.3667|0 -.02778| .22222 .13889 .75 o -.02083| .11953| .33750
.5 0 0 0 o} 87510 0 -.obk71h4| .23333

=i [rz ],
y* -1 2333 | .3667 -5 * S5 .625 LT5 875
1 0 0.12300 [0 .25000{0.12500 .5 |0 0.07031|0.0985%]0.27150
.2333| -.00k63| .01389] .13k26| .0T78T0 .€25( -.00260| .00781| .ok522] .18713
.3667]0 -.00463| .02778 .o324i- .75 |0 -.00260{-.00289| .10275
5 0 0 0 0 875l0 0 -.00673| .02619

EilN Bl
¥ -1 -2333 | .3667 5 ¥* 5 625 75 -875
1 0 0 0 0 .5 |o 0 0 o)
.2333| .13889]| .22222|-.02778|0 .625| .10k17| .1666T|-.02083|0
L3667 .13889| .36111| .194kk|-.02778 .75 | .10417] .27083| .14583|-.02083
.5 .13889| .33333| .41667| .11111 .875| .10417] .27083| .25000( .2k583
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\ TASIE 3 - Cortinued
TEE INTEGRATING MATRICES
(e} y*p = 0.7
(. 1]
Z Q
¥ .10 .23 .0 .55 .T0 y* .7 .8 .9 4
.10/0.08333|0.32235¢ (0.22927(0.27¢83|0.10417 .7 o.111i1.o:§é£;;“;Th5222
.25[-.02083| .14583| .25000| .270831 .10427 B8|-.02773| .15937 -:L56601
.40]0 -.02083} .1:583( .27033] .10kL7 .9/0 ) -_““—:06285 .31111
3510 0 -.02083( .16667| .i0k17
70lC 0 0 0 0
7], Ezd,
¥ 0 25 e .35 0 y* 7 8 -9
100 0.07031(0.2224010.2209%|0.09635 .Tlo 0.09k27|0. 3280k
25|-.002501 .00731| .0éz50| .1&323] 07031 .8|-.00k63] -.00514 .18267-
.20 0 -.00260| .00781| .07552| .okk27 .90 -.01197| .046B56
5510 0 -.00260| .025583| .01823
.70|0 0 o) 0 0
' '
[Ed R LA
¥ .10 .25 .20 .55 .70 ¥ .7 .8 .9
.1010 o) 0 0 o} 7|0 0 0
25| 10417 .25667]|-.C2083|0 0 L8] .13839| .e22222(-.02778
ot L1c4i7| .270831 .14283(-.020830 | .Gl .13889 .36111] .194kL
551 .10417( .27083| .25000{ .14583(-.02083 SRR
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TABLE 3 - Concluded

- TEE INTEGRATING MATRICES
. (d) y*g = 1 or 0 (oxdinary wings)
=1,
y* 10 .25 .40 .55 .70 .85
.10 0.05556 0.20833 0.15278 0.16667 0.14913 0.22500
.25 -.01389 .09722 16667 .1666T .1k913 .22500
ho 0 ~.01389 09722 .1666T .14913 22500
.55 o) 0 -.01389 .09722 .14913 .22500
.70 o o ! -.01389 .07968 .22500
.85 ) o} o] 0 -.031%3 .15556
fr,
. ¥* .10 .25 ko .55 .70 .85
0 0 0.03125 0.054k0 0.08333 0.09k66 0.19567
) .25 -.00116 .003k7 02778 05556 .06980 . 15817
.ho o] -.00116 003kT 02778 .0k4hg5 .12067
.55 o} 0 -.00116 .00347 .02010 .08317
70 0 0 0 -.00116 -.00129 .0L567
.85 0 o} 0 o} -.00299 .01154
EA
¥ .10 25 ko 55 .70 .85
10 0 0 0 0 o 0
.25 .069L) 11111 -.01389 0 0 0
.o 06544 .18056 .09722 -.01389 0 o
.55 .069kL .18056 .16667 09722 -.01389 o
. .70 L0694k .18056 16667 16667 .09722 -.01389
.85 .069LkL .18056 . 16667 16667 .16667 .09722
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Figure 1.- Definitions of geometric parameters.
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Figure 8.- Spanwise 1ift distributions for wing 5. (W-wing; y*B = 0.5.)
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Figure 8.- Concluded.
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Figure 18.- Aercelastic characteristics of wing 6. (W—wing; y*B = 0.7.)
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Figure 2k.- Variation of aeroelastic characteristics with sweep of outer
wing panel.
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Figure 25.- Combinations of .Ao anc y*B for wing configurations having

zero aercdynaric-cenier shift (AX = 0) at g = 3.0.
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Figure 26.- Combinations of A, and y*B for wing configurations having

no loss in lateral control (07'6 = CZSO) at q = 3.0.
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