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This paper considers energy-optimal path planning and perpetual endurance for unmanned aerial vehicles
equipped with solar cells on the wings, which collect energy used to drive a propeller. Perpetual endurance is the
ability to collect more energy than is lost during a day. This paper considers two unmanned aerial vehicle missions:
1) to travel between given positions within an allowed duration while maximizing the final value of energy and 2) to
loiter perpetually from a given position, which requires perpetual endurance. For the first mission, the subsequent
problem of energy-optimal path planning features the coupling of the aircraft kinematics and energetics models
through the bank angle. The problem is then formulated as an optimal control problem, with the bank angle and
speed as inputs. Necessary conditions for optimality are formulated and used to study the optimal paths. The power
ratio, a nondimensional number, is shown to predict the qualitative features of the optimal paths. This ratio also
quantifies a design requirement for the second mission. Specifically, perpetual endurance is possible if and only if the
power ratio exceeds a certain threshold. Comparisons are made of this threshold between Earth and Mars.
Implications of the power ratio for unmanned aerial vehicle design are also discussed. Several illustrations are given.

Nomenclature
a = azimuth of the sun, deg
Cp = coefficient of drag
Cp, = parasitic drag coefficient
C = coefficient of lift
D = drag of the aircraft, N
Ey = energy ratio
E; = total energy, J
E;, = energy collected, J
E,. = energy lost, J
e = elevation of the sun, deg
g = gravitational acceleration, m/s>
H = Hamiltonian, W
Hyy = 0°H/V?
Hyy = 02H/0¢pdV
H oy = 02H/0¢?
i = incidence angle of sun rays, deg
Jj = dummy summation index
K = amount whereby the induced drag exceeds that of

an elliptical lift distribution
m = mass, kg

Py = power ratio

Pi, = power collected, W

P = power lost, W

Py = power spectral density of the sun, W/m?
S = surface area of the wing, m?

T = thrust of the aircraft, N

Ty = mission time, s

t = final time, s

t, = initial time, s

% = speed, m/s

Venerayns = SPeed at minimum energy out, m/s
Voower,;,, = Speed at minimum power out, m/s
X = X position, m

w = weight of the aircraft, N
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y = Y position, m

€ = Oswald efficiency factor

Nprop = efficiency of the propeller

Nsol = efficiency of the solar cells

0 = incidence angle of sunlight upon the aircraft, deg
Ay = xcostate, N

Ay =y costate, N

Ay = 1 costate, J

0 = air density, kg/m?

Puw = mass per unit area of the wing, kg/m?
¢ = bank angle, deg

v = heading, deg

I. Introduction

UTURE exploration of Mars, laid out by the Vision for Space
Exploration [1], requires long-endurance unmanned aerial
vehicles (UAVs) that use resources that are plentiful on Mars. One
possible way of achieving this is to use solar-powered UAVs that fly
perpetually, which motivates the problems solved in this paper. The
UAVs considered in this paper are distinguished from the majority of
UAVs by their power source: they are equipped with solar cells on
the upper surface of the wings as well as onboard energy storage.
These solar cells collect energy that is used to drive a propeller.
This paper considers the problem of energy-optimal path planning
for solar-powered UAVs in level flight and quantifies the require-
ment for perpetual endurance in solar-powered flight. Perpetual
endurance is the ability of a UAV to collect more energy from the sun
than it loses in flying during a solar day. These problems feature the
interaction between three subsystems: aircraft kinematics, energy
collection, and energy loss. Although the current literature discusses
methods to optimize UAV aerodynamic design for energy usage,
there is no approach that examines the coupling of energy collection
and energy loss with the aircraft kinematics, and there is no specific
quantification of the requirement for perpetual endurance of solar-
powered flight in terms of aircraft and environmental parameters.
Consequently, the purpose of this paper is twofold: 1) to investigate
the coupling between energy collection, energy loss, and kinematics
and to account for it in optimal path planning and 2) to identify the
requirement for perpetual endurance and show its applicability to
solar-powered aircraft design.
Although the current literature on solar-powered UAVs does not
consider energy-optimal path planning or perpetual flight, a
substantial body of work is available on the analysis and design of
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solar-powered aircraft. A brief review of this literature is as follows.
The feasibility of solar-powered flight is reviewed in [2,3], and the
history of solar-powered flight is discussed in [4—6]. Methods for
analysis and design of solar-powered aircraft are discussed in [4-28].
Specifically, the design of solar-powered aircraft has focused on
geometric configuration 12. Design of full aircraft systems can be

The use of optimal control to generate aircraft trajectories has been
extensively covered in the literature by [30-33] as well as many
others. Generally, the concern has been to fly in a fuel- and energy-
optimal manner [34-36] or in a time-optimal manner [37]. Multiple-
cost optimization (in this case, for fuel and time) is discussed in
[38,39]. Various methods have been employed to optimize aircraft
trajectories, including necessary conditions [40] and parameter
reduction [41].

Optimization for solar-powered aircraft is discussed in the
literature. Most path planning has only considered minimum
power consumption during level flight [8]. References [14,17,27]
use an optimization procedure to design the aircraft based upon
expected maneuvers and sunlight availability. Mission design is
found in [28,42—44], with particular emphasis on where and when
to fly. In most references, efficiency through preliminary design is
emphasized. Alternative methods to increase efficiency for solar-
powered aircraft are discussed in [45-47]. Reference [47] achieves
a 30% increase in efficiency by improving the cooling of solar
cells. Energy-efficient flight is discussed in the literature on
dynamic soaring [48-50] and manned gliders [51,52]. However,
nowhere in the literature is there a study optimizing the flight path
itself based upon the interaction of kinematics and solar energetics
or a design requirement for perpetual endurance for solar-powered
flight.

The present paper presents an integrated model of the aircraft
kinematics and energetics that has the following original features.
First, the energy collected and lost depend upon the bank angle of the
aircraft and the position of the sun. The turn rate of the aircraft is also
dependent upon the bank angle. Thus, the aircraft kinematics and
energetics are coupled through the bank angle. Second, the sun is not
assumed to always be present in the sky or to be stationary.
Maneuvers in all light conditions are considered and several regimes
of flight are discussed.

Based on the integrated model, the problem of solar-powered
UAV level-flight path planning is formulated as an optimal control
problem, with the bank angle and speed serving as inputs. The
present paper studies this optimization problem and provides the
following original contributions:

1) The necessary conditions for optimality are formulated.

2) From these necessary conditions, the properties of energy-
optimal paths are derived.

3) Two regimes of optimal flight are identified. The so-called
power ratio, a dimensionless parameter that can be computed before
flight, is shown to correctly predict the regime of optimal flight.

4) An analytic condition for perpetual endurance accounting for
location, time of year, environment, and aircraft parameters is
presented. The condition requires the power ratio to exceed a
threshold: the perpetuity threshold.

5) This paper proves that the requirements for perpetual solar-
powered flight on Mars are always significantly more stringent than
on Earth. Hence, solar-powered UAVs for Mars exploration must
satisfy tighter design specifications than their Earthbound counter-
parts.

The remainder of the paper is as follows. In Sec. II, the model is
presented. In Sec. III, the problem of maximization of the total final
energy of the UAV is formulated. In Sec. IV, the necessary con-
ditions of optimality are used to characterize the optimal paths.
Section V introduces the power ratio, and in Sec. VI, properties of
the optimal paths are presented. In Sec. VII, the perpetuity
threshold is derived and compared between Earth and Mars.
Section VIII provides conclusions and discusses future work.
Derivation of the solar position model, proofs of the propositions,
and derivation of the first- and second-order necessary conditions
are given in [53].

II. Modeling
A. Aircraft Kinematic Model
The bank-to-turn aircraft is assumed to fly in still air at constant
altitude. We use the wind axes [54] for the aircraft, and thus the
assumption of constant-altitude flight induces an assumption of zero
pitch angle. The kinematic model is

x=Vcosy (D
y=Vsiny 2)
. gtang

V= % 3)

where x and y are the Cartesian coordinates of the aircraft, i is the
heading angle, V is the speed, and ¢ is the bank angle.

B. Energy-Collection Model

The aircraft is equipped with solar cells mounted on the top side of
the wings and gains solar energy from the sun shining on the cells.
Let a and e represent the azimuth and elevation angles of the sun,
respectively. Assuming that the wing configuration has zero dihedral
angle, the incidence angle of the sun rays upon the solar cells, 6,
satisfies

cos(8) = cos(¢) sin(e) — cos(e) sin(a — ) sin(¢p) 4)

which is derived in [53]. The power collected by the aircraft is
P (0) = g1 PgS cos(8) if cos(d) >0 5)
P, (0) =0 if cos(h) <0 (6)

where 1 is the efficiency of the solar cell, Py is the solar spectral
density, and S is the total area of the wing. If less than a full wing is
covered by solar cells or cloud cover is present, 1, can be adjusted to
account for these.

During atime interval [t,, ¢/], the energy collected by the aircraft is

E, = / 7 P (B)dr ™

C. Energy-Loss Model

Energy lost by the craft is derived from standard lift, drag and
propulsion models assuming quasi-static equilibrium flight [54]. The
constant-altitude assumption requires L cos(¢) = mg, where L is the
lift and mg is the weight of the aircraft. The equations governing the
power lost driving the propeller, P, are

TV
P (9, V) = 8)

prop

where
T=D )
D =1pV28C), (10)
Cp=Cp, +KC? (an
2

8 (12)

C,=—ir8
L™ pV2Scos ¢

T is the thrust of the aircraft, 1, is the efficiency of the propeller, D
is the drag of the aircraft, Cj, is the coefficient of drag, p is the
atmospheric density, Cp, is the parasitic drag, the aerodynamic
coefficient K = 1/en R represents the amount whereby the induced
drag exceeds that of an elliptical lift distribution, &R = b?/S is the
aspect ratio of the wing, € is the Oswald efficiency factor, and C; is
the coefficient of lift.
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During a time interval [z, t;], the energy lost by the aircraft is

1
o= / P, V)t (13)
10

D. Solar Position Model

Assume that the aircraft flies in the atmosphere of a planet that 1) is
in a circular orbit around the sun with constant angular velocity €2
and 2) has a spin axis that is inclined with respect to its orbital plane
with inclination 7 and constant spin rate w. If the aircraft flies at a
location specified by latitude A and longitude y, the elevation and
azimuth of the sun at that location satisfy

e = arcsin(sin(i) sin(A) sin(£2¢) — cos(A)[cos(S21) cos(y + wr)

hence, the longitude and latitude of the aircraft are fixed during the
mission. The perpetual-loiter problem is then to derive conditions on
the aircraft and environment parameters introduced in Sec. II that
make the mission possible.

IV. Optimal Path Planning

In this section, we derive the necessary conditions for energy-
optimal flight. The optimization problem is to maximize, with
respect to the time histories of the bank angle and speed, the final
energy of the solar-powered aircraft; that is,

A
max Eo al = Ein - Enu 16
¢()V() total ( K) ( )

The necessary conditions for optimality for the maximization

+ cos(i) sin(§21) sin(y + wr)]) (14) problem [Egs. (1-16)] are derived in [30]. Here, these necessary
4 — arctan cos(i) c-os(y + a)t) sin(Q2r) — coAs(S'Z t) sin(y + a)t) . (15)
cos(21) cos(y + wt) sin(X) + sin(27)[cos(}) sin(i) + cos (i) sin(A) sin(y + wr)]

which are derived in [53].

By definition, sunriseis atime ¢, such that e(t,) = Oand é(¢,) > 0.
Sunset is a time ¢, such that e(¢,) =0 and é(¢,) <0. Daylight is
the duration between a sunrise and the next sunset (i.e., #, — f,). The
solar day ty is the interval between two consecutive sunrises. The
daylight duty cycle is the ratio between daylight and solar day: that is,

(ts - tr)/[sd'

E. Model Summary and Limitations

In summary, the integrated model is as follows. The bank angle
and speed determine the heading and the position of the aircraft
through Eqgs. (1-3). The bank angle together with the sun’s
position from Eqgs. (14) and (15) determine the incidence angle
through Eq. (4). The incidence angle of the sun together with the
bank angle and speed determine the energy collected and lost
by the aircraft during flight through Egs. (5-7), (12), and (13),
respectively.

The most significant limitations of the model [Eqgs. (1-13)] are the
assumptions of quasi-static equilibrium flight at constant altitude.
Because these assumptions can be satisfied in practice but are
restrictive, the energy optimization results presented in this paper
provide conservative bounds on what can be achieved when these
assumptions are violated. Removing these assumptions is the subject
of future work.

III. Problem Formulations

This paper considers the following two types of missions with
associated problems.

A. Energy-Optimal Flight

Here, the mission is to fly from a given initial location and heading
(%5, Y0, 9,) to a given final location and heading (x;,y;, ¢;) de-
parting at a given initial time 7, and taking, at most, a given mission
time 7,,. We assume that T, is very short compared with daylight;
hence, the sun is fixed in the sky during the mission. The optimal
path-planning problem is then to find a flight path that accomplishes
the mission in an energy-optimal manner (i.e., while maximizing the
final value of aircraft energy).

B. Perpetual Loiter

Here, the mission is to fly from a given initial location and time
(x,,¥,,t,) so that, over the time interval [¢t,, f, + ty], the aircraft
collects more energy from the sun than it spends flying. We assume
that the aircraft speed is sufficiently small so that its longitude and
latitude do not change significantly over the duration of a solar day;

conditions are applied to the current problem. With states [x, y, ¥]”
and control inputs (¢, V)7, the Hamiltonian is

H(X, Y, 1//7 )‘x’)‘y’)‘wv ¢7 V) = Pin(e) - Pout(¢7 V)

gtan¢
Vv

+ A Veosy + A, Vsiny + Ay, (17)

where 6 depends on ¢ and v through Eq. (4), and A,, A, and A, are
the costates. Here, the only control constraints are that V > 0 and
|p| < 7/s.

Remark 1: It is not necessary to impose a tight constraint on the
magnitude of the bank angle. Indeed, banking requires lifting [see
Eq. (12)], lifting induces drag [see Eq. (10)], drag requires thrust [see
Eq. (9)], which implies power loss [see Eq. (8)]. Because the path
planning aims at achieving optimal final energy, the magnitude of the
bank angle is naturally limited by these phenomena.

The state equations derived from Eq. (16) are

. O0H
x—a—kx— V cos(v) (18)
. O0H .
y_aTy—VSIH(l//) 19)
. O0H _gtan(¢)
V= n, vV 20
The costate equations are
= —0H _0 21
ax
- —0H
Ay = oy 0 (22)
- —0H .
Ay = W =—A,Vcosy¥ + A, Vsiny
— N1 PsgS cOs e cos(a — ) sin ¢ (23)
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The first-order optimality conditions are

%—Z = =70 PsaS(cos(e) cos(@) sin(a — ¥) + sin(e) sin(¢))
4K (mg)*sin(¢) ghy

NropPSVe0s* (§) * Veos' ()

(24)

2 2
g—l‘j = A, cos(Y) + %
3pSV2(Cy, + 4K (mg)? sec(@)?/ P S2V*))
- 2lprop
ghy tan(e) .
=

+ Ay sin(y) — 0 (25)

The second-order Legrendre—Clebsch condition is that the
Hessian of the Hamiltonian be negative semidefinite: that is,

0’H
vy 20
where if
0*H _ | Hyp Hgv ]
(g, V)? - [H¢v Hyy @7
H. = T’pmpnsolpPstZV(_(COS(¢) Sin(e)) + COS(E) sin(a - W) 51n(¢))
¢p —

NoropPSV

" —4K(mg)® sec(p)* + 2sec(¢)’ (ghyMpropS cos(¢) — 4K (mg)?* sin(¢p)) tan(gp)

Equations (18-37) provide necessary conditions for optimality in
the form of a two-point boundary-value problem.

V. Power Ratio

If Eyw <0 in Eq. (16), we have that P, < P,,, on average.
Conversely, if E; >0, we have P;, > P, on average. These
conditions may be expressed as P;,/P., <1 or Pj,/P,,>1,
respectively. When considering a straight unbanked flight path
between an initial location and a final location, this ratio is

_ anropnsol pPstZ Vpowermm Sin(e)

= 38
K= o P Ve + 4K (mg)? =8

where

v s 4KW?
povetnn = \[3C ), p?S2c0s ()

Note the distinction between Vioyer,, and Veperoy ., Where
4KW?
4
Venergymn = T = 131 powery,
Cp, pS2c0s*(9)

We refer to this nondimensional parameter as Py, the power ratio.

On an energy-optimal flight, we can evaluate the energy collected
and energy lost and compute another nondimensional quantity, the
energy ratio Ep, as

(28)

NpropPSV

_ ghy sec(9)’ LK (mg)* sec(¢)” tan(¢)

H,, = (29)

v V2 MoropPSV?
m 2SCC 2
8K(mg)sec(¢)?  3pSV(Cp, + Kngher@r)
HVV = 3 -
T]pmp,OSV anP
2gA, tan(¢g)
+ vaix (30)

We will refer to the flight paths that satisfy these first- and second-
order necessary conditions as extremal paths.
The boundary conditions for point-to-point flight are

x(1,) = x, 3D
y(t,) =Y, (32)
V() =, 33)
x(ty) = x5 (34)
y(tr) =y (35)
V(i) = ¢ (36)

Because the final time is free, then we must also satisfy
Hx,y, 9, A hy by 9. V)], =0, tr<t,+Ty 37)

However, if 1, = 1, + Ty, Eq. (36) does not necessarily hold.

Y Pu(B)dr

= - 39
[ Poy($, V)dt &

R

where Ej defines two flight regimes, which we call the drag regime
and the solar regime, corresponding to Er <1 and Ez > 1,
respectively.

Although Py does not depend on (¢, ¥, a), it turns out that it
closely approximates Ep, as can be seen in Table 1. Table 1 rep-
resents typical energy-optimal flight paths, generated with con-

Table 1 Comparison of P, and E; on an
energy-optimal paths

Py Ey Error (Pg — ER)/Eg, %
2.3492 2.3511 —0.08
2.2016 22125 —0.49
2.0771 2.0745 0.13
1.9112 1.9307 —1.01
1.7704 1.7822 —0.66
1.6304 1.6226 0.48
1.4810 1.4548 1.80
1.3149 1.2983 1.28
1.1526 1.1551 —0.22
1.0068 1.0041 0.27
0.9385 0.9496 —1.17
0.7861 0.8180 -3.9
0.6315 0.6864 —38.00
0.4751 0.5470 —13.14
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Table 2 Simulation conditions

Condition Value
Initial position (x,,y,), m (0,0)
Initial energy E,, J 0
Initial heading v, deg 127
Final position (x;, y), m (700,1300)
Mission time T, s 300
Velocity of minimum power Ve, . » M/S 15
Vehicle parameters [53]

ditions similar to those described in Table 2. Thus, we have the
following:

Experimental fact 1: Py can be used instead of E, to determine the
regime of the optimal flight.

VI. Properties of Extremal Flight Paths

From the necessary conditions, we formulate the following
propositions.

Proposition 1: If Py is sufficiently small, then ¢(r) =0 and
V = Venergy,,,, €nerate a path that satisfies the necessary conditions
for optimal flight, and ¢, < ¢, + T).

Note that, in practice, small Py implies Pr < 1. However,
Proposition 1 does not mean that P, < 1 implies ¢(f) =0 and
V = Venergy,;,, Zenerate the only path that satisfies the necessary
conditions of optimality. It is possible to find additional paths
satisfying the necessary conditions in which P <1 and ¢(f) # 0
[53].

Proposition 2: If Py > 1, and T), and Py are sufficiently large,
then the optimal path must satisfy #; = ¢, + Tj; and V =V,

Owermm °

T 0
=
8
g
(&)
-
S . . . .
m 0 50 100 150 200 250 300
Time (sec)
2 s
g
£ 'SJ
2 145
.“i
S 1 s : s -
; 50 100 150 200 250 300
Time (sec)
a) Bank angle and velocity
2000
>
-2000
0 100 200 300
Time (sec)
4000
£ 2000
-
0
0 100 200 300
Time (sec)
200
=
s 0
>
-200
0 100 200 300
Time (sec)

c) States and Costates

£
&

‘,\w(kg m2/s)
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Proposition 2 implies that when P > 1 and is large enough, and
T is large enough, the optimal path takes as much time as allowed,
flying at the most advantageous speed. Propositions 1 and 2 are
proven in [53], based on Experimental Fact 1.

A. Characteristics of Optimal Paths

The same set of simulation conditions was used for each result
presented in this section. These conditions are shown in Table 2.

Figures 1 and 2 are representative samples of optimal flight paths.
Each flight path was then evaluated based upon flight duration and
total energy at the end of flight. A summary of the conditions and
results for Fig. 1 is presented in Table 3.

Of particular note in Fig. 1 is the positive value of E, at the
end of flight, indicating a net gain of energy. The flight duration is
equal to T),. The final time ¢, is free in this problem subject to
t; < t, + Ty The aircraft also only made a slow, sweeping turn with
|¢(#)| < 1 at all times. Throughout the flight, the speed remained a
constant 15 m/s. The results from this flight are in accordance with
Proposition 2.

A summary of the conditions and results for Fig. 2 is presented in
Table 4. The major difference with the previous case is that the sun
has set. During this flight, the bank angle is close to 0 deg, indicating
almost no turning. The only turn was at the beginning of flight to
obtain a direct heading toward the destination. The control inputs
during this turn indicate a high bank angle for a short duration. The
flight duration was only 80 s, much less than 7',. In this case, the total
energy at the end of the flight was negative, indicating that more
energy was lost than collected. The speed throughout the flight
remained at a constant 19 m/s. The results from this flight are in
accordance with Proposition 1.

=1
8

]
8

1000}

y position (m)

0]
=]

0~ %m 6 50 1000 1800

% position (m)

b) Flight path
0.1
0
0.1
0 100 200 300
Time (sec)
02
. _/J
0.2
0 100 200 300
Time (sec)
200
0 J
-200
0 100 200 300
Time (sec)

Fig. 1 Example of an energy-optimal flight path based on Table 3. Dots are placed every 20 s.
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XY Plot for Flight Trajectory with Final (700,1300)

1200+

1000

800

600

y position {m)

400

200

0 -400 -200 i1 200 400 600 600 1000
x position {m)

Fig. 2 Example of an energy-optimal flight path based on Table 4. Dots
are placed every 5 s.

As shown in Figs. 1 and 2, the flight-path characteristics vary
widely as the elevation is changed. Figure 3 is obtained by varying
the elevation of the sun and recording the total energy of the resulting
optimal flight path, whereas the remaining aircraft, environmental,
and mission parameters are fixed. The elevation is varied from 0O to
90 deg. Although the total energy of the aircraft at the end of flight
remains positive, a nearly sinusoidal relationship between elevation
and energy emerges. This relationship persists until the total energy
becomes negative. At this transition point, the trend departs from
a nearly sinusoidal function, which suggests a change in regime.
The dashed line in the figure represents the total energy acquired
during a straight flight directly toward the final position. The
transition exhibited in Fig. 3 supports the use of the power ratio as a
predictor of the optimal regime.

Disturbances such as wind can affect the flight path of the UAV.
These disturbances are considered in [33].

B. Extremal Path Summary

In summary, extremal flight paths can be obtained as follows.
When Pj <1, extremal flight paths are best described by
Proposition 1. When Py > 1, extremal flight paths satisfy
Proposition 2. From Propositions 1 and 2, the velocity in both
regimes is not an independent control, but is instead dependent upon
the regime and the bank angle.

Table 3 Figure 1 simulation conditions and results

Condition Value
Sun position (a, ), deg (0,45)
Solar spectral density Py, W/m? 380
Final heading v/, deg 180
Flight duration ¢, — 7, s 300
Total final energy E7, J 6764
Energy in E;,, J 12,646

Table 4 Figure 2 simulation conditions and results

Condition Value
Sun position (a, ), deg (0,0)
Solar spectral density Py, W/m? 380
Final heading ¢, deg 61
Flight duration t;, — 7,, s 80
Total final energy E, J —1776.1)
Energy in E;,, J 0

12000 T T T T T T T T

— Optimal Flight Total Energy
10000 | |_—— — Straight Flight Total Energy

8000 B

5000 - A

Total Energy (J)

4000 - B

2000 - - B

_znnn 1 1 1 1 1 1 1 1
0 10 20 30 40 50 B0 70 80 90

Elevation (deg)

Fig. 3 Total energy at end of flight as a function of solar elevation.

VII. Perpetuity Threshold
A. Derivation of the Perpetuity Threshold
For perpetual endurance, it is required that, over the duration of a
solar day, the energy collected by the aircraft exceed or be equal to
the energy lost: that is,
E.

n

>1 (40)

=

out

From Eqs. (7) and (13), this is equivalent to

f,’jl P;,(0)dt

e —— (41)
S Pou($. V)dt
where we need only consider the daylight hours for the power
collected. Here, ¢, is the time of sunrise on a solar day, ¢, is the next
time of sunset, and ¢,, is the time of sunrise on the next solar day.
Because the final conditions for loiter are free and banking
requires energy (see Remark 1), energy-optimal loitering paths have
zero bank angle and a speed equal to V.., . - We use that fact in
Eq. (5) and the time invariance of P, to show that Eq. (41) is
equivalent to

tg -
nsolPstsz SIH(e(t))dt Z 1 (42)
Poultsd

Let e be the average elevation of the sun; that is, let e satisfy

sin(2) = % [ " sin(e(r))dt 3)

We can simplify Eq. (42) as

nsolPst Sin(é(t))(ts — tr)

> 1 (44)
P out t sd

Comparing this with Eq. (38), this inequality is equivalent to

Pr(e) = _ta (45)

s— L

Hence, Eq. (45) solves the perpetuity problem by establishing the
following:

Proposition 3: Perpetual endurance is possible if and only if the
power ratio, evaluated at the average sun elevation, exceeds the
reciprocal of the daylight duty cycle.

Remark 2: Note that the right-hand side of Eq. (45) is always
greater than or equal to 1. Therefore, perpetual endurance always
requires that the power ratio, evaluated at the average sun elevation,
be greater than or equal to 1.
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B. Comparative Analysis of the Perpetuity Thresholds on Earth
and Mars

The results of Sec. VILA provide a threshold, dependent upon
location and time of year, that must be exceeded by the power ratio
for loitering flight. Note that design parameters and environmental
parameters affect the power ratio. If we fix the design of the aircraft,
we can examine the effect of environmental parameters on the power
ratio. Furthermore, we can compare the design requirements for
perpetual endurance between Earth and Mars.

The perpetuity threshold has been shown to be the ratio fy/
(t, — t,). We can compare this ratio, as a function of mean anomaly
Q¢ and latitude, between Earth and Mars, as shown in Figs. 4 and 5.
Note that the perpetuity threshold approaches infinity when the
daylight duty cycle approaches zero, and we have limited the plot to
thresholds smaller than 6. The arctic regions are those latitudes above
90° — i and below —90° + i. During part of the year, these regions
can have extended periods of darkness (i.e., arctic winter) or light
(i.e., arctic summer); that is, there are no local sunrises or sunsets for
multiple rotations of the planet. For arctic summer, the power ratio
need only exceed 1 for perpetual endurance. We have not considered
arctic winter in this paper because requirements on battery size put
this case outside the scope of practical solar-powered aircraft.

Table 5 compares the planetary characteristics of Earth and Mars.

Map of Perpetuity Threshold over a Planetary Year
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Fig. 4 Map of perpetuity threshold on Earth.

Map of Perpetuity Threshold over a Planetary Year
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Fig. 5 Map of perpetuity threshold on Mars.

Table 5 Planetary characteristics of Earth and Mars

Characteristics Earth Mars
Duration of solar day 74, h 23.93 24.62
Days in year 365.25 687
Inclination i of axis, deg 23.5 25

The maximum deviation between the thresholds on Earth and
Mars is 6.3%, with a mean deviation of —5 x 1072%. The perpetuity
thresholds between Earth and Mars are therefore similar because the
maximum and average deviations are small.

C. Comparative Analysis of the Power Ratios on Earth and Mars
The power ratio (38) can be rewritten as

4 716.3.3¢3
Py =[0.402P 1) sin(e)ﬁg%l[ y M] (46)
Cp,m
highlighting the separate roles of environmental and aircraft
parameters, respectively. Furthermore, if a constant loading and
thickness are assumed across the wing planform, we can set
m = p,,S, where p,, is the mass per unit area of the wing. This
simplifies Eq. (46) as

4 3303
. 2| o Mprop€” T AR
Pr =[0.402P 1, 51n(e)ﬁgg]|: ! 132,76

} (47)
D, Fw
which indicates that to increase the power ratio, a low wing density
and high aspect ratio should be used. Remarkably, to date, all
successful solar-powered aircraft have low wing density and high
aspect ratio [4]. The second term in the right-hand side of Eq. (47)
elucidates why this is so.

To compare the power ratios of a given aircraft on Earth and Mars,
rewrite Eq. (47) as

4 3 SAR3 P
Pr = 0.4021,,, sin(e) /o€ " ( /P ) 48)

pg) g% \4/ CD,,

where Py, p, g, and Cp | are all determined by the planet. Note that
Cp, depends on the Reynolds number of the aircraft, which itself
depends upon viscosity and atmospheric density. The contribution of
Py, p, g, and Cp to the power ratio (48) is the term

Psd«/ﬁ
82/Co,

for which the values on Earth and Mars can be compared. Table 6
compares the constant environmental parameters Py, p, and g on
Earth and Mars.

Note that the quantity Py .,/p/ g2 is 4.9 times larger on Earth than
on Mars. Reference [55] also compares solar-powered flight on Earth
and Mars and reaches a similar conclusion, but without accounting
for parasitic drag. We must indeed consider Cp,, in Eq. (49). Because
Cp, depends upon velocity, atmospheric density, and viscosity, a
comparison of its values on Earth and Mars is not straightforward.
Figure 6 illustrates this comparison over a range of speeds. Note that
Cp, is always smaller for Earth than for Mars.

Combining the results of Table 6 and Fig. 6 leads to the following
conclusion: The power ratio of an aircraft on Earth is always at least
4.9 times larger than the power ratio of the same aircraft on Mars.

(49)

D. Comparison of Requirements for Perpetual Endurance on Earth
and Mars

The results of Secs. VIL.A-VII.C. allow us to make the following
general statement: For a given latitude and time of year, it is always
easier to design an aircraft to fly perpetually on Earth than on Mars.
Several items contribute to this statement:
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Fig. 6 Comparison of Cp,, on Earth and Mars.

1) The perpetuity thresholds for a given date and latitude are
almost identical on both planets.

2) The contribution of environmental parameters in the power
ratio is always at least 4.9 times larger on Earth than on Mars.

E. Examples

The University of Michigan SolarBubbles Student Team has been
designing, building, and testing an aircraft for solar-powered flight. It
is named Huitzilopochtli, or Hui for short, after the sun god of the
Aztecs, and is a glider-based aircraft used for engineering education
and as an autonomous vehicle test platform. Its primary area of flight
is near Ann Arbor, Michigan, at a latitude of 42.22° N and longitude
of —83.75° W. We will assume an arbitrary flight date of 6 August.

Reference [53] provides the design parameters for the Hui aircraft.
From the analysis in Sec. VII, the power ratio of Hui on Earth is 8.86.
Because this power ratio exceeds the perpetuity threshold in Table 7,
Hui is capable of perpetual endurance on Earth. Moreover, the power
ratio of Hui on Mars is 1.8. Because the perpetuity thresholds on
Earth and Mars are very similar, we conclude that the Hui would also
be capable of perpetual endurance on Mars.

The Gossamer Penguin was the first manned solar-powered
aircraft. Builtin 1979 and based upon the Pathfinder solar panel, this
aircraft was flown several times across the Mojave desert. The design
parameters and assumptions about this aircraft are shown in [53]. If
we again compare the power ratio of this aircraft between Earth and
Mars, we find that it is 1.03 on Earth and only 0.21 on Mars. Hence,

Table 6 Environmental parameters on Earth

and Mars
Parameters Earth Mars
Py, W/m? 1353 589
g, m/s? 9.86 3.71
p, kg/m? 1.29 0.015
P /p/g, (kg/m?) 49.63 10.10

Table 7 Perpetuity parameters

Parameters Values
Mean anomaly 21, deg 136
Duration of solar day ¢4, h 24
Duration of daylight ¢, — ¢,, h 14.2
Perpetuity threshold P 1.7
Average elevation e, deg 45.95

the Gossamer is capable of solar-powered flight on Earth but would
not have that capability on Mars.

The preceding examples illustrate that some solar-powered
aircraft are quite capable of perpetual endurance on both Earth and
Mars, but others can only fly perpetually on Earth.

F. Effect of Altitude on the Power Ratio

The threshold of power ratio for perpetual flight depends on date
and location. In [42], the maximum altitude that a solar-powered
aircraft could achieve without onboard energy storage was found.
Here, the effect of altitude on the power ratio, and thus on the
endurance of a solar-powered aircraft, is discussed.

As shown in Eq. (48), several parameters of the power ratio are
environmental. All of these parameters are dependent upon altitude
in some way. Although planets differ, a general statement can be
made that p, g, and Cj, decrease with altitude, whereas P, increases
with altitude.

By taking all the altitude-dependent environmental parameters
into account, the total power collected is shown in Fig. 7.

We have shown in [53] that there is a maximum altitude, a
so-called solar ceiling, at which solar-powered aircraft can fly and
that there is a optimal altitude for the aircraft to fly. These locations
cannot be computed analytically but can be found numerically.
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Fig. 7 Total power for Hui at altitude; the best use of power occurs at
15 km with a gain of 126.6 W.
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VIII. Conclusions

Path planning for solar-powered unmanned aerial vehicles (UAVs)
can be improved if a model that couples the kinematics with the
energetics through the bank angle of the aircraft is used. By
identifying and predicting the regime of optimal flight through use of
the power ratio, significant energy savings can be made. In addition,
the similarity in looks of solar-powered UAVs is not accidental:
analysis of the powerratio shows thatitis required for efficient design.

During perpetual flight, a positive total energy balance must be
achieved over a solar day. By translating this requirement on the
power ratio, we obtain that perpetual solar-powered flight is
achievable if and only if the power ratio, evaluated at the average sun
elevation, is greater than or equal to the reciprocal of the daylight
duty cycle. A comparative analysis of the environmental factors in
the power ratio leads to the conclusion that perpetual solar-powered
flight is significantly more difficult on Mars than on Earth.
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