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INTRODUCTION

A trajectory simulation can encounter gimbal lock under specific flight conditions, leading to
incomplete or incorrect trajectory information. The background topics of coordinate systems and
rotation matrices will be discussed in this report, and a method of gimbal lock avoidance will be
introduced.

ANALYSIS
Coordinate Systems

A coordinate system is a concept that describes dimensional space. In three-dimensional
(3D) space, a coordinate system has three axes: X, y, and z. It is often helpful if these axes follow
the right-hand rule, which is a common mnemonic, stating that using a person’s right hand, the right
thumb points along the z-axis, and the curl of the fingers represents a motion from the x-axis to the y-
axis. This can be represented mathematically with the vector cross product:

X=yxZ (1)
F=ZxF 2)
F=ix7 (3)

A common coordinate system reference can be defined by combining two of the four cardinal
directions with either “up” or “down,” as in north (x-axis), up (y-axis), and east (z-axis). In fact, there
are 24 ways of defining a coordinate system in this manner, eight of the most common of which are
shown in table 1. For clarity, it is often desirable to choose a coordinate system where the yaw
angle, when viewed from above, follows the positive clockwise sense of a compass. Other times, it
can be more intuitive to have a pitch angle which, when viewed from the side, is positive in the
upward direction. No matter which coordinate system is chosen, as long as the conventions are
followed properly, the math works out the same.

Table 1
Coordinate system options
X-axis | Y-axis | Z-axis | Abbreviation | Pitch Yaw
North Up East NUE Up | Counterclockwise
North | West Up NWU Down | Counterclockwise
North | Down | West NDW Down Clockwise
North | East | Down NED Up Clockwise
East Up South EUS Up | Counterclockwise
East | North Up ENU Down | Counterclockwise
East | Down | West EDW Down Clockwise
East | South | Down ESD Up Clockwise

A vector in a 3D coordinate system can be described by angular rotations performed in a
specific order about the three coordinate system axes. It is often useful in aerospace applications to
refer to these rotation angles (or Euler angles) as roll, pitch, and yaw. The roll axis goes from the
back to the front of an aircraft, pitch goes from side-to-side, and yaw goes from top to bottom. The
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positive direction for each axis may be reversed in some cases according to the right-hand rule. In
certain coordinate system representations, pitch is about the y-axis and yaw is about the z-axis. In
other coordinate systems, this relationship is reversed.

For the NUE coordinate system, pitch is about the z-axis, and yaw is about the y-axis. For a
vector [x, y, z] in NUE, the rotation angles about each of the axes are defined by equations 4, 5, and
6. Note that the angle about the pitch axis is defined differently than the other angles due to the
order in which the rotation matrices are multiplied together.

6, = tan™! <§> (@)
6, = tan™" (—) (5)
6, = tan™! (# _) (6)

Rotation Matrices

Rotating a vector from one coordinate system to a different coordinate system is done via a
rotation matrix. To rotate a 3D vector from one coordinate system to another, a series of three
rotation matrices are multiplied in a specific order to create one final rotation matrix. The order of
these rotations, according to a common convention used in many aerospace applications, is first
yaw, then pitch, and lastly roll. The individual rotation matrices about the three coordinate system
axes (not necessarily roll, pitch, and yaw) are:

11 0 0
R, =10 cosf, —sinb, (7)
[0 sinf, cos6, |

[ cos 6, 0 sin Hy'
R, = 0 1 0 (8)
| — sin Hy 0 cos Gy_

[cosd, —sinf, O
R, =|sinf, cosf, O (9)
0 0 1

A slightly different, but mathematically identical, way to create the individual rotation matrices
is by using trigonometric definitions in place of trigonometric functions. For the NUE coordinate
system, equations 10, 11, and 12 are listed. Note that these equations differ depending on the
coordinate system; therefore, this method is somewhat suboptimal.
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1 0 0
y z
[0 B
Re=| yi+zt  Jyi+st (10)
lo z Y
L' 722 2+
x 0 z
[\/xz + 72 Vx? + z?
R,=| 0 1 0 (11)
[ z 0 X
Vx? + z? Vx? + z?
Vx? + z? y
JxZ+y? 422 (x?+y? + 22
R, = y VT ¥ 22 (12)
0
JX2+yr+2z2 ([x2+y?+ 22
0 0 1-

Another method of calculating the total rotation matrix is with a direction cosine matrix. This
method requires additional information, namely a reference vector with constant orientation, such as
gravity (g). For the NUE coordinate system, the cross product between the vector [x, v, z] and
gravity is calculated to identify the side-to-side axis. A second cross product identifies the down-to-
up axis. A final concatenation operation combines these axes into a matrix:

. [x,y,2]
L= 13
Jx2 +y?%+ 22 (13)
§ = [0,—9.8,0] (14)

g
s 9 15
9=13] (15)
e gxi (16)
j=kxi (17)
T

Riotar = [j] (18)

k

A final, slightly less intuitive, method to rotate a vector in 3D space is by using quaternions.
Each single-axis rotation is defined by a quaternion based on the angle about that axis. Quaternions
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use their own unique functions for operations such as multiplication and inversion, so to simplify
things, the Matlab code for a three-axis rotation in NUE is shown in equation 22.

6 (7]

Q, = [cos—=, sin—=, 0,0] (19)
2 2
6 6

Qy = [cos%, 0, sin%, 0] (20)
6 0

Q, = [cos—=, 0,0, sin—] (21)
2 2

quatrotate (quatinv (quatmultiply (quatmultiply (Qx, Q) , Qy)),[xy,z]) (22)

Trajectory Simulations

A trajectory simulation is a physics-based mathematical model that propagates an object’s
physical state forward in time. The coordinate system defines the directions in which the equations
of motion operate. For a three-degree-of-freedom (3-DOF) point mass trajectory simulation, the
force of gravity acts in the earth frame while the forces of drag and lift operate in the body frame.
The total force can be calculated in either the earth frame or the body frame as follows, noting that
the “T” superscript refers to the matrix transpose:

Fearth = RrollRpitchRyaw (Fdrag + Flift) + Fgravity (23)

Fbody = Fdrag + Flift + (RrollRpitchRyaw)TFgravity (24)

A six-degree-of-freedom (6-DOF) trajectory simulation uses the same coordinate system
convention with the addition of rotational moments that act about a center of gravity. One major
difference between a 6-DOF and a 3-DOF is that a 6-DOF obtains Euler angles from the angular
rates that are calculated at each time step while a 3-DOF obtains Euler angles from the velocity
vector, with the assumption that the projectile body axis will always be aligned to the velocity vector.
This assumption allows the 3-DOF to calculate a rotation matrix directly from the velocity vector,
which is a helpful simplification of the physics but one that can cause the problem discussed in the
next section.

Gimbal Lock

An issue that can arise during the formation of a rotation matrix is called gimbal lock (ref. 1),
referring to the loss of one degree of freedom in a three-axis gimbal when two gimbals rotate about
the same axis. This issue occurs mainly in 3-DOFs when the flight path angle approaches +90 deg
in the presence of a force in the body frame normal to the velocity vector, such as a lift force. In
simple terms, the projectile is unable to determine which direction is up and which direction is to the
side because of a discontinuity in the mathematical functions that make up any of the variations of
rotation matrix. Put another way, when the projectile is pointed down, which way is up? Each
formulation of rotation matrix mentioned previously experiences gimbal lock.
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There are at least three commonly-suggested solutions to the problem of gimbal lock in a
trajectory simulation. One is to use quaternions. This solution works well in a 6-DOF, but
guaternions are unable to solve gimbal lock in a 3-DOF because the quaternion rotation matrix is
formed using Euler angles, which is where the discontinuity arises in the first place (ref. 2).

A second method is to use a series of rules when setting up the rotation matrix. For example,
the angle about the y-axis can be defined differently depending on whether the x-value of the velocity
vector is positive or negative. The problem with this method is that there is a tendency for a rule to
solve the problem in one test case while exacerbating the problem in a different test case. Plus, one
rule tends to lead to another rule, which leads to another rule, etc. The complication of this method
makes it largely untenable.

A third method is to switch coordinate systems at or near the trigonometric discontinuities.
For example, the simulation can use the NUE coordinate system until the angle about the z-axis
approaches -90, then switch to down-north-east. This method has been shown to work in a 6-DOF
(ref. 3), but the author was unable to achieve a working solution in a 3-DOF.

Finally, the actual working method of avoiding gimbal lock is to form a direction cosine matrix
using a position pointing vector instead of gravity. The pointing vector is simply the projectile’s
current position subtracted from a target’s position. For scenarios that apply a lift force in a constant
direction, the target should be a position in space in the direction of desired travel, preferably at a
distance that is unattainably far away in order to avoid causing the velocity vector to be coincident
with the position pointing vector. Equations 25 through 30 are nearly identical to the gravity-based
direction cosine method, with some slight changes to the order of operations.

. [x,y,2]
= 25
Jx2 +y?%+ 22 (25)
7= _)target - 77Zprojectile (26)
K=1ix? (27)
.k
k=— (28)
k|
j=hkxi (29)
" T
l
Riotal = []:] (30)
k

Test Case

A simple test case was set up to demonstrate the concept. An object with a mass of 10 kg
and a diameter of 0.1 m, with an initial speed of 250 m/s at a flight path angle of 80 deg and a roll
angle of zero, was subjected to a constant gravitational acceleration of 9.8 m/s? in air at a constant
density of 1.225 kg/m3. The object had a drag coefficient of 0.3 and a lift coefficient of 0.9, and the
lift force was applied in the downward direction starting at 20 sec in flight. A very simple trajectory
simulation was run to calculate the ground impact point of the object. One simulation was run with a
standard rotation matrix, and a second simulation was run using the direction cosine matrix based on
a target position. Figure 1 shows the position of the object, specifically as it approaches vertical and
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either experiences gimbal lock or avoids it. Figure 2 shows the flight path angle of the object as it
either gets locked into the angular discontinuity around -90 deg or simply passes through it.
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Trajectory w/ Gimbal Lock
— — — Trajectory w/o Gimbal Lock
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Figure 1

Height versus range of two trajectory calculation methods showing the appearance and the
avoidance of gimbal lock
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Figure 2
Flight path angle versus time showing one trajectory approaching and getting locked at -90 deg while
another trajectory avoids it

Discussion

A key application of this technology is in the early development of highly-maneuverable
projectiles. It is often desireable, in light of cost and time constraints, to quantify a projectile’s
maneuverability in a realistic simulation environment without the complication and potential
aerodynamic instability of a 6-DOF. The use of a 3-DOF reduces the amount of aerodynamic
information required up front, and the method of gimbal lock avoidance discussed in this report can
produce useful trajectory estimates for projectiles whose maneuverability enables the reversal of
forward velocity.

CONCLUSIONS

An investigation into coordinate systems and rotation matrices yielded some elucidation as to
the source of gimbal lock in trajectory simulations. A variety of solutions were attempted, finally
settling on the direction cosine matrix formed with a target position vector. lIts effectiveness was
demonstrated with a simple three-degree-of-freedom trajectory simulation.
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