
Grid & Mesh Interpolation



Continuum Approximation
• Drastically reducing degrees of freedom (DoFs)



Linear Interpolation (1D)

𝑡 1 − 𝑡

𝑓! 𝑓"𝑓(𝑡)

𝑓 0 = 𝑓!

𝑓 1 = 𝑓"



Linear Interpolation (1D)

𝑡 1 − 𝑡

𝑓! 𝑓"𝑓(𝑡)

𝑓 𝑡 = 1 − 𝑡 𝑓! + 𝑡𝑓"

𝑓 0 = 𝑓!

𝑓 1 = 𝑓"

Weights sums to 1



Bilinear Interpolation (2D)

𝑓 0,0 = 𝑓!
𝑓 1,0 = 𝑓"𝑓(𝑠, 𝑡)

𝑠 1 − 𝑠

𝑡

1 − 𝑡

𝑓! 𝑓"

𝑓#𝑓$

𝑓 1,1 = 𝑓#
𝑓 0,1 = 𝑓$



Bilinear Interpolation (2D)

𝑓(𝑠, 𝑡)

𝑠 1 − 𝑠

𝑡

1 − 𝑡

𝑓! 𝑓"

𝑓#𝑓$

𝑓 𝑠, 𝑡 = 1 − 𝑠 1 − 𝑡 𝑓! + 𝑠 1 − 𝑡 𝑓" + 𝑠𝑡𝑓# + 1 − 𝑠 𝑡𝑓$

Weights sums to 1



Bilinear Interpolation (2D)

𝑓(𝑠, 𝑡)

𝑠 1 − 𝑠

𝑡

1 − 𝑡

𝑓! 𝑓"

𝑓#𝑓$

𝑓(𝑠, 𝑡) = 1 − 𝑠 1 − 𝑡 𝑓! + 𝑡𝑓$ + 𝑠 1 − 𝑡 𝑓" + 𝑡𝑓#

𝑓(𝑠, 𝑡) is Linear in horizontal & 
vertical directions (not in an 
oblique direction)



Trilinear Interpolation (3D)

𝑠 1 − 𝑠

𝑡

1 − 𝑡

𝑡
1 − 𝑡

𝑓 𝑠, 𝑡, 𝑢 =
1 − 𝑠 1 − 𝑡 1 − 𝑢 𝑓! +
𝑠 1 − 𝑡 1 − 𝑢 𝑓" +
𝑠𝑡 1 − 𝑢 𝑓# +
1 − 𝑠 𝑡 1 − 𝑢 𝑓$ +
1 − 𝑠 1 − 𝑡 𝑢𝑓% +
𝑠 1 − 𝑡 𝑢𝑓& +
𝑠𝑡𝑢𝑓' +
1 − 𝑠 𝑡𝑢𝑓(

𝑓#

𝑓"𝑓!

𝑓'𝑓(
𝑓%

𝑓&



Trilinear Interpolation (3D)

𝑠 1 − 𝑠

𝑡

1 − 𝑡

𝑡
1 − 𝑡

𝑓 𝑠, 𝑡, 𝑢 =
1 − 𝑠 1 − 𝑡 1 − 𝑢 𝑓! +
𝑠 1 − 𝑡 1 − 𝑢 𝑓" +
𝑠𝑡 1 − 𝑢 𝑓# +
1 − 𝑠 𝑡 1 − 𝑢 𝑓$ +
1 − 𝑠 1 − 𝑡 𝑢𝑓% +
𝑠 1 − 𝑡 𝑢𝑓& +
𝑠𝑡𝑢𝑓' +
1 − 𝑠 𝑡𝑢𝑓(

𝑓#

𝑓"𝑓!

𝑓'𝑓(
𝑓%

𝑓&



Barycentric Coordinates for a Triangle

𝑓) = 𝑓(𝐿!, 𝐿", 𝐿#)= 𝐿!𝑓! + 𝐿"𝑓" + 𝐿#𝑓#

𝑓#

𝑓"

𝑓!

𝑓)

𝐿! =
𝐴𝑟𝑒𝑎(𝑝, 2,3)
𝐴𝑟𝑒𝑎(1,2,3)

𝐿" =
𝐴𝑟𝑒𝑎(1, 𝑝, 3)
𝐴𝑟𝑒𝑎(1,2,3)

𝐿# =
𝐴𝑟𝑒𝑎(1,2, 𝑝)
𝐴𝑟𝑒𝑎(1,2,3)



Barycentric Coordinates for a Tetrahedron
𝑓) = 𝑓(𝐿!, 𝐿", 𝐿#, 𝐿$)
= 𝐿!𝑓! + 𝐿"𝑓" + 𝐿#𝑓# + 𝐿$𝑓$

𝑓#

𝑓"

𝑓!

𝑓)𝐿! =
𝑉𝑜𝑙𝑢𝑚𝑒(𝑝, 2,3,4)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)

𝐿" =
𝑉𝑜𝑙𝑢𝑚𝑒(1, 𝑝, 3,4)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)

𝐿# =
𝑉𝑜𝑙𝑢𝑚𝑒(1,2, 𝑝, 4)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)

𝑓$

𝐿$ =
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3, 𝑝)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)



Barycentric Coordinates for a Tetrahedron
𝑓) = 𝑓(𝐿!, 𝐿", 𝐿#, 𝐿$)
= 𝐿!𝑓! + 𝐿"𝑓" + 𝐿#𝑓# + 𝐿$𝑓$

𝑓#

𝑓"

𝑓!

𝑓)𝐿! =
𝑉𝑜𝑙𝑢𝑚𝑒(𝑝, 2,3,4)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)

𝐿" =
𝑉𝑜𝑙𝑢𝑚𝑒(1, 𝑝, 3,4)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)

𝐿# =
𝑉𝑜𝑙𝑢𝑚𝑒(1,2, 𝑝, 4)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)

𝑓$

𝐿$ =
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3, 𝑝)
𝑉𝑜𝑙𝑢𝑚𝑒(1,2,3,4)



Differentiation of 
Interpolated Values



Volume of Tetrahedron from Parallelepiped

𝑐

�⃗�

𝑏

• Volume of parallelepiped: V = �⃗� ⋅ 𝑏×𝑐

• Volume of tetrahedron: V = ⁄1 6 �⃗� ⋅ 𝑏×𝑐



Differential of Scalar Triple Product

𝑏 �⃗�

�⃗�

𝑊(�⃗�) = 𝑏 ⋅ �⃗�×�⃗�

𝜕𝑊
𝜕�⃗�

= 𝑏×�⃗�

= �⃗� ⋅ 𝑏×�⃗� The volume is linear
to the position



Volume of Tetrahedron

𝑝#

𝑝"

𝑝!

�⃗�

𝑝$

𝑉𝑜𝑙𝑢𝑚𝑒 �⃗�, 𝑝", 𝑝#, 𝑝$
= ⁄1 6 �⃗� − 𝑝" ⋅ 𝑝$ − 𝑝" × 𝑝# − 𝑝"

𝐿! =
𝑉𝑜𝑙𝑢𝑚𝑒(�⃗�, 𝑝", 𝑝#, 𝑝$)
𝑉𝑜𝑙𝑢𝑚𝑒(𝑝!, 𝑝", 𝑝#, 𝑝$)

𝜕𝐿!
𝜕�⃗�

=
⁄1 6 𝑝$ − 𝑝" × 𝑝# − 𝑝"
𝑉𝑜𝑙𝑢𝑚𝑒(𝑝!, 𝑝", 𝑝#, 𝑝$)



Gradient of Interpolated Value

𝑓+⃗ = 𝑓(𝐿!, 𝐿", 𝐿#, 𝐿$)
= 𝐿!𝑓! + 𝐿"𝑓" + 𝐿#𝑓# + 𝐿$𝑓$

𝑓#

𝑓"

𝑓!

𝑓+⃗

𝑓$

𝜕𝑓+⃗
𝜕�⃗�

=
𝜕𝐿!
𝜕�⃗�

𝑓! +
𝜕𝐿"
𝜕�⃗�

𝑓" +
𝜕𝐿#
𝜕�⃗�

𝑓# +
𝜕𝐿$
𝜕�⃗�

𝑓$

differentiation



Integration of Polynomial 
over Simplex



Integration Rule for Triangle

Baldoni, Velleda, Nicole Berline, Jesus De Loera, Ma4hias Köppe, and Michèle Vergne. "How to integrate a polynomial over a
simplex." Mathema'cs of Computa'on 80, no. 273 (2011): 297−325. https://arxiv.org/abs/0809.2083

D
+⃗∈-./

𝐿!/ 𝐿"
0𝐿#1𝑑�⃗� =

2! 𝑖! 𝑗! 𝑘! 𝐴𝑟𝑒𝑎
2 + 𝑖 + 𝑗 + 𝑘 !

𝑓 �⃗� = 𝐿!/ 𝐿"
0𝐿#1

�⃗�

https://arxiv.org/abs/0809.2083


Example of Integration over Triangle

1
&⃗∈()*

𝐿!𝑑�⃗� = 1
&⃗∈()*

𝐿!!𝐿"+𝐿#+𝑑�⃗� =
2! 1! 0! 0! 𝐴𝑟𝑒𝑎
2 + 1 + 0 + 0 !

=
1
3
𝐴𝑟𝑒𝑎

1
&⃗∈()*

𝐿!𝐿"𝑑�⃗� = 1
&⃗∈()*

𝐿!!𝐿"!𝐿#+𝑑�⃗� =
2! 1! 1! 0! 𝐴𝑟𝑒𝑎
2 + 1 + 1 + 0 !

=
1
12
𝐴𝑟𝑒𝑎

1
&⃗∈()*

𝐿!"𝑑�⃗� = 1
&⃗∈()*

𝐿!"𝐿"+𝐿#+𝑑�⃗� =
2! 2! 0! 0! 𝐴𝑟𝑒𝑎
2 + 2 + 0 + 0 !

=
1
6
𝐴𝑟𝑒𝑎

1
&⃗∈()*

𝐿,𝐿-𝑑�⃗� =
1
12
𝐴𝑟𝑒𝑎(1 + 𝛿,-)



Center of The Gravity of a Triangle in 3D

�⃗� = 𝐿!𝑝! + 𝐿"𝑝" + 𝐿#𝑝#

�⃗�𝑝23 =
1

𝐴𝑟𝑒𝑎
D
+⃗∈456

�⃗�𝑑�⃗�

=
1

𝐴𝑟𝑒𝑎
D
+⃗∈456

𝐿!𝑝! + 𝐿"𝑝" + 𝐿#𝑝#𝑑�⃗�

=
1
3
𝑝! + 𝑝" + 𝑝#



Inertia Tensor of a Triangle in 3D
𝐼*. = 1

&⃗∈/01
−Skew �⃗� Skew �⃗� 𝑑�⃗�

= 1
&⃗∈/01

−Skew 𝐿!�⃗�! + 𝐿"�⃗�" + 𝐿#�⃗�# Skew 𝐿!�⃗�! + 𝐿"�⃗�" + 𝐿#�⃗�# 𝑑�⃗�

= 1
&⃗∈/01

C
!2,2#

C
!2-2#

−Skew 𝐿,�⃗�- Skew 𝐿,�⃗�- 𝑑�⃗�

= C
!2,2#

C
!2-2#

−Skew �⃗�, Skew �⃗�- 1
&⃗∈/01

𝐿,𝐿-𝑑�⃗�

= C
!2,2#

C
!2-2#

�⃗�,(�⃗�-𝐼 − �⃗�,⨂�⃗�-
𝐴𝑟𝑒𝑎
12 (1 + 𝛿,-) �⃗� = 𝐿!𝑝! + 𝐿"𝑝" + 𝐿#𝑝#



Integration Rule for Tetrahedron

Baldoni, Velleda, Nicole Berline, Jesus De Loera, Ma4hias Köppe, and Michèle Vergne. "How to integrate a polynomial over a
simplex." Mathema'cs of Computa'on 80, no. 273 (2011): 297−325. https://arxiv.org/abs/0809.2083

D
+⃗∈4<=

𝐿!/ 𝐿"
0𝐿#1𝐿$> 𝑑�⃗� =

3! 𝑖! 𝑗! 𝑘! 𝑙! 𝑉𝑜𝑙𝑢𝑚𝑒
3 + 𝑖 + 𝑗 + 𝑘 + 𝑙 !

𝑓 �⃗� = 𝐿!/ 𝐿"
0𝐿#1𝐿$>

https://arxiv.org/abs/0809.2083


Example of Integration over Tetrahedra

1
&⃗∈(34

𝐿!𝑑�⃗� = 1
&⃗∈()*

𝐿!!𝐿"+𝐿#+𝐿$+𝑑�⃗� =
3! 1! 0! 0! 0! 𝑉𝑜𝑙𝑢𝑚𝑒
3 + 1 + 0 + 0 + 0 !

=
1
4
𝑉𝑜𝑙𝑢𝑚𝑒

1
&⃗∈(34

𝐿!𝐿"𝑑�⃗� = 1
&⃗∈()*

𝐿!!𝐿"!𝐿#+𝐿$+𝑑�⃗� =
2! 1! 1! 0! 0! 𝑉𝑜𝑙𝑢𝑚𝑒
3 + 1 + 1 + 0 + 0 ! =

1
20𝑉𝑜𝑙𝑢𝑚𝑒

1
&⃗∈(34

𝐿!"𝑑�⃗� = 1
&⃗∈()*

𝐿!"𝐿"+𝐿#+𝐿$+𝑑�⃗� =
3! 2! 0! 0! 0! 𝑉𝑜𝑙𝑢𝑚𝑒
3 + 2 + 0 + 0 + 0 !

=
1
10
𝑉𝑜𝑙𝑢𝑚𝑒

1
&⃗∈(34

𝐿,𝐿-𝑑�⃗� =
1
20𝑉𝑜𝑙𝑢𝑚𝑒(1 + 𝛿,-)



Inertia Tensor of a Tetrahedron
𝐼*. = 1

&⃗∈/34
−Skew �⃗� Skew �⃗� 𝑑�⃗�

= ?
%⃗∈'()

−Skew 𝐿!𝑝! + 𝐿"𝑝" + 𝐿#𝑝# + 𝐿*𝑝* Skew 𝐿!𝑝! + 𝐿"𝑝" + 𝐿#𝑝# + 𝐿*𝑝* 𝑑�⃗�

= 1
&⃗∈/34

C
!2,2$

C
!2-2$

−Skew 𝐿,�⃗�- Skew 𝐿,�⃗�- 𝑑�⃗�

= C
!2,2$

C
!2-2$

−Skew �⃗�, Skew �⃗�- 1
&⃗∈/34

𝐿,𝐿-𝑑�⃗�

= C
!2,2$

C
!2-2$

�⃗�,(�⃗�-𝐼 − �⃗�,⨂�⃗�-
𝑉𝑜𝑙𝑢𝑚𝑒
20

(1 + 𝛿,-)
�⃗� = 𝐿!𝑝! + 𝐿"𝑝" + 𝐿#𝑝# + 𝐿$𝑝$



Inertia Tensor of a Solid 3D Triangle Mesh 
• Summing over inertia tensors of tetrahedra connecting the origin

of the coordinate and the three corner points of the triangle

𝐼/FG.H/I = K
H∈-./

𝐼/FG.H/I 0, 𝑝!H , 𝑝"H , 𝑝#H

0
𝑝!"

𝑝#"

positive volume

𝑝$"
negative volume



Inertia Tensor = How Hard to Rotate

Credit: Lucas Vieira @ Wikipedia

𝒦 =
1
2
𝑀 �⃗�23

"
+
1
2
Ω-𝐼/FΩ

Same radius, same mass, 
different speed!?

Galileo Galilei


