
Equation of Rigid Body



Euler’s Equation of Motion of Rigid Body

𝒦 =
1
2
�⃗�!𝑚�⃗� 𝑚 ̇⃗𝑣 = �⃗�

kinetic energy of a point equation of motion

𝒦 =
1
2
Ω!𝐼"#Ω

kinetic energy of rigid body

𝐼!"Ω̇ + Skew Ω 𝐼!"Ω = �⃗�

equation of motion

1
2
𝐼"#Ω̇ = �⃗�

wrong!!



Euler-Lagrange Equation
• If �⃗�(𝑡) is the solution, for arbitrary perturbation δ�⃗� 𝑡 it holds: 

𝑑
𝑑𝑡

𝜕𝛿ℒ
𝜕𝛿 ⃗̇𝑞

−
𝜕𝛿ℒ
𝜕𝛿�⃗� = 0

Parameterization of deviation

Velocity of the Parameterized deviation
(Ω cannot be put in here)



Trajectory of Rotation

𝑅 𝑡!

𝑅′ 𝑡"

𝑅 𝑡#



Perturbation of Rotation

𝑅 𝑡!

𝑅′ 𝑡"

𝑅 𝑡#𝑅′ 𝑡! 𝑅 𝑡"

𝑅′ 𝑡#

Perturbed rotation  is constrained as 𝑅%!𝑅′ = 𝐼



Perturbation of Rotation

𝑅 𝑡!

𝑅′ 𝑡"

𝑅 𝑡#𝑅′ 𝑡! 𝑅 𝑡"

𝑅′ 𝑡#

𝛿𝑅 𝑡!

𝛿𝑅 𝑡"
𝛿𝑅 𝑡#

Perturbation 𝛿𝑅 get constraint as 𝑅%!𝑅′ = 𝑅 + 𝛿𝑅 ! 𝑅 + 𝛿𝑅 = 𝐼



DoF Elimination for Rotation Perturbation

𝑅 𝑡!

𝑅′ 𝑡"

𝑅 𝑡#𝑅′ 𝑡! 𝑅 𝑡"

𝑅′ 𝑡#

𝛿𝑅 𝑡!
= 𝑅Skew 𝛿Θ

𝛿𝑅 𝑡"
= 𝑅Skew 𝛿Θ

𝛿𝑅 𝑡#
= 𝑅Skew 𝛿Θ

Skew 𝛿Θ ≡ 𝑅!𝛿𝑅𝑅%!𝑅′ = 𝑅 + 𝛿𝑅 ! 𝑅 + 𝛿𝑅 = 𝐼

Skew 𝛿Θ̇ = �̇�!𝛿𝑅 + 𝑅!𝛿�̇�

differentiation



Perturbation of Angular Velocity

Skew 𝛿Θ ≡ 𝑅!𝛿𝑅

Skew 𝛿Θ̇ = �̇�!𝛿𝑅 + 𝑅!𝛿�̇�

Skew Ω = 𝑅!�̇�

Skew 𝛿Ω = 𝛿𝑅!�̇� + 𝑅!𝛿�̇�

Skew 𝛿Ω = Skew 𝛿Θ̇ + 𝛿𝑅!�̇� − �̇�!𝛿𝑅

= Skew 𝛿Θ Skew Ω − Skew Ω Skew 𝛿Θ
= Skew Skew Ω 𝛿Θ

𝛿Ω = 𝛿Θ̇ + Skew Ω 𝛿Θ

perturbation 𝛿𝑅 that satisfy constraint



Rigid Body Floating in Space
• No potential energy & no linear velocity 

ℒ 𝑅, �̇� = 𝒦 −𝒲 =
1
2
Ω!𝐼"#Ω

𝛿ℒ 𝑅, �̇�, 𝛿Θ, 𝛿Θ̇ = 𝛿Ω!𝐼"#Ω

= 𝛿Θ̇ + Skew Ω 𝛿Θ
!
𝐼"# Ω

𝑑
𝑑𝑡

𝜕𝛿ℒ

𝜕𝛿Θ̇
−
𝜕𝛿ℒ
𝜕𝛿Θ

= 0

Euler-Lagrange equation

𝑑
𝑑𝑡

𝐼"#Ω + Skew Ω 𝐼"#Ω = 0

equation of motion (a.k.a Euler’s equation)



Equation of Motion for Rigid Body

𝐼!"Ω̇ + Skew Ω 𝐼!"Ω = 0

equation for reference config

-𝐼!"�̇� + Skew 𝜔 -𝐼!"𝜔 = 0
equation for current config

𝜔 = 𝑅Ω
C𝐼"# = 𝑅𝐼"#𝑅!



Solution of Euler’s Equation

Credit: User Herbye@Wikipedia

precession

rotation

nutation

In general, the rotation axis 𝜔, Ω also move around 

Rotating T-shaped object in zero gravity

Dancing T-handle in zero-g
https://www.youtube.com/watch?v=1n-HMSCDYtM



Solution of Euler’s Equation: Special Case
When angular velocity Ω lined up with eigen-vector of inertia 
tensor 𝐼"#, angular velocities Ω, 𝜔 are constant

𝐼"#Ω̇ + Skew Ω 𝐼"#Ω = 0
𝜆Ω

𝜆Ω×Ω = 0
Ω̇ = 0

Ω = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

C𝐼"#�̇� + Skew 𝜔 C𝐼"#𝜔 = 0

𝜆𝜔

�̇� = 0

𝜔 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝜆𝜔×𝜔 = 0


