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Abstract- In this paper we introduce a restart-CMA-
evolution strategy, where the population size is increased
for each restart (IPOP). By increasing the population
size the search characteristic becomes more global af-
ter each restart. The IPOP-CMA-ES is evaluated on the
test suit of 25 functions designed for the special session
on real-parameter optimization of CEC 2005. Its perfor-
mance is compared to a local restart strategy with con-
stant small population size. On unimodal functions the
performance is similar. On multi-modal functions the
local restart strategy significantly outperforms IPOP in
4 test cases whereas IPOP performs significantly better
in 29 out of 60 tested cases.

1 Introduction

The Covariance Matrix Adaptation Evolution Strategy
(CMA-ES) [5, 7, 4] is an evolution strategy that adapts
the full covariance matrix of a normal search (mutation)
distribution. Compared to many other evolutionary algo-
rithms, an important property of the CMA-ES is its invari-
ance against linear transformations of the search space: the
CMA-ES exhibits the same performances on a given objec-
tive functionf : x ∈ Rn 7→ f(x) ∈ R, wheren ∈ N,
and on the same function where a linear transformation is
applied, i.e. fR : x ∈ Rn 7→ f(Rx) ∈ R whereR de-
notes a full rank linear transformation. This is true only
if a corresponding transformation of the strategy (distribu-
tion) parameters is made. In practice this transformation is
learned by the CMA algorithm.

The CMA-ES efficiently minimizes unimodal objective
functions and is in particular superior on ill-conditioned and
non-separable problems [7, 6]. In [3], Hansen and Kern
show that increasing the population size improves the per-
formance of the CMA-ES on multi-modal functions. Con-
sequently, they suggest a CMA-ES restart strategy with suc-
cessively increasing population size. Such an algorithm, re-
ferred to as IPOP-CMA-ES in the following, is introduced
and investigated here for optimizing the test suit of the CEC
special session on real-parameter optimization [8].

The remainder of this paper is organized as follows: Sec-
tion 2 presents the main lines of the algorithm. Section 3 ex-
plains the experimental procedure. Section 4 presents and
comments the experimental results. The IPOP-CMA-ES is
compared to a restart strategy with constant population size.

2 The restart CMA-ES

The (µW , λ)-CMA-ES In this paper we use the(µW , λ)-
CMA-ES thoroughly described in [3]. We sum up the gen-
eral principle of the algorithm in the following and refer to
[3] for the details.

For generationg + 1, λ offspring are sampled indepen-
dently according to a multi-variate normal distribution

~x
(g+1)
k ∼ N

(
〈~x〉(g)

W , (σ(g))2C(g)
)

for k = 1, . . . , λ

whereN (~m,C) denotes a normally distributed random
vector with mean~m and covariance matrixC. The µ
best offspring are recombined into the new mean value
〈~x〉(g+1)

W =
∑µ

i=1 wi~x
(g+1)
i:λ , where the positive weights

wi ∈ R sum to one. The equations for updating the re-
maining parameters of the normal distribution are given in
[3]: Eqs. 2 and 3 for the covariance matrixC, Eqs. 4 and
5 for the step-sizeσ (cumulative step-size adaptation / path
length control). On convex-quadratic functions, the adap-
tation mechanisms forσ andC allow to achieve log-linear
convergence after an adaptation time which can scale be-
tween0 andn2. The default strategy parameters are given
in [3, Eqs. 6–8]. Only〈~x〉(0)W andσ(0) have to be set depend-
ing on the problem.1

The default population size prescribed for the(µW , λ)-
CMA-ES grows withlog n and equals toλ = 10, 14, 15 for
n = 10, 30, 50. On multi-modal functions the optimal pop-
ulation sizeλ can be considerably greater than the default
population size [3].

The restart (µW , λ)-CMA-ES with increasing pop-
ulation (IPOP-CMA-ES) For the restart strategy the
(µW , λ)-CMA-ES is stopped whenever one stopping crite-
rion as described below is met, and an independent restart
is launched with the population size increased by a factor of
2. For all parameters of the(µW , λ)-CMA-ES the default
values are used (see [3]) except for the population size, start-
ing from the default value but then repeatedly increased. To
our intuition, for the increasing factor, values between1.5
and5 could be reasonable. Preliminary empirical investiga-
tions on the Rastrigin function reveal similar performance
for factors between2 and3. We chose2, to conduct a larger
number of restarts per run.

To decide when to restart the following (default stop-
ping) criteria do apply.2

1A more elaborated algorithm description can be accessed via
http://www.bionik.tu-berlin.de/user/niko/cmatutorial.pdf.

2These stopping criteria were developed before the benchmark function



• Stop if the range of the best objective function val-
ues of the last10 + d30n/λe generations is zero
(equalfunvalhist ), or the range of these func-
tion values and all function values of the recent gen-
eration is belowTolfun = 10−12.

• Stop if the standard deviation of the normal distribu-
tion is smaller thanTolX in all coordinates andσ~pc

(the evolution path from Eq. 2 in [3]) is smaller than
TolX in all components. We setTolX = 10−12σ(0).

• Stop if adding a0.1-standard deviation vector in
a principal axis direction ofC(g) does not change
〈~x〉(g)

W (noeffectaxis )3

• Stop if adding0.2-standard deviation in each coordi-
nate does change〈~x〉(g)

W (noeffectcoord ).

• Stop if the condition number of the covariance matrix
exceeds1014 (conditioncov ).

The distributions of the starting points〈~x〉(0)W and the ini-
tial step-sizesσ(0) are derived from the problem dependent
initial search region and their setting is described in the next
section, as well as the overall stopping criteria for the IPOP-
CMA-ES.

3 Experimental procedure

The restart-(µW , λ)-CMA-ES with increasing population
size, IPOP-CMA-ES, has been investigated on the25 test
functions described in [8] for dimension10, 30 and50. For
each function a bounded subset[A,B]n of Rn is prescribed.
For each restart the initial point〈~x〉(0)W is sampled uniformly
within this subset and the initial step-sizeσ(0) is equal to
(B − A)/2. The stopping criteria before to restart are de-
scribed in the last section. The overall stopping criteria for
the algorithm prescribed in [8] are: stop aftern× 104 func-
tion evaluations or stop if the objective function error value
is below10−8.

The boundary handling is done according to the standard
implementation of CMA-ES and consists in penalizing the
individuals in the infeasible region.4 For each test function,
25 runs are performed. All performance criteria are evalu-
ated based on the same runs. In particular, the times when to
measure the objective function error value (namely at103,
104, 105 function evaluations) were not used as input pa-
rameter to the algorithm (e.g., to set the maximum number
of function evaluations to adjust an annealing rate).

Test functions The complete definition of the test suit is
available in [8]. The definition of functions 1–12 is based on
classical benchmark functions, that we will refer in the se-
quel also by their name. Functions 1–5 are unimodal and

suit used in this paper was assembled.
3More formally, stop if〈~x〉(g)

W equals to〈~x〉(g)
W + 0.1 σ(g)

√
λi~ui,

wherei = (g mod n) + 1, andλi and~ui are respectively the ith eigen-
value and eigenvector ofC(g), with ‖~ui‖ = 1.

4For details refer to the used MATLAB code, cmaes.m, Version 2.35,
see http://www.bionik.tu-berlin.de/user/niko/formersoftwareversions.html

functions 6–12 are multi-modal. Functions 13–25 result
from the composition of several functions. To prevent ex-
ploitation of symmetry of the search space and of the typi-
cal zero value associated with the global optimum, the local
optimum is shifted to a value different from zero and the
function values of the global optima are non-zero.

Success performances Evaluating and comparing the
performances of different algorithms on multi-modal prob-
lems implies to take into account that some algorithms
may have a small probability of success but converge fast
whereas others may have a larger probability of success but
be slower.

To evaluate the performances of an algorithmA the fol-
lowing success performance criterion has been defined in
[8]

ŜP1 =
Ê(T s

A)
p̂s

, (1)

whereÊ(T s
A) is an estimator of the expected number of ob-

jective function evaluations during a successful run ofA,

Ê(T s
A) =

Nbr. evaluations in all successful runs
Nbr. successful runs

andp̂s an estimator of the probability of success5 of A

p̂s =
Nbr. successful runs

Nbr. runs
.

In [1] we have shown that this performance criterion is a
particular case of a more general criterion. More precisely,
considerT the random variable measuring the overall run-
ning time (or number of function evaluations) before a suc-
cess criterion is met by independent restarts ofA, then the
expectation ofT is equal to

E(T ) =
(1− ps

ps

)
E(Tus

A ) + E(T s
A) (2)

whereps is the probability of success ofA, and E(Tus
A )

and E(T s
A) are the expected number of function evalua-

tions for unsuccessful and successful runs, respectively (see
[1, Eq. 2]). ForE(Tus

A ) = E(T s
A), Eq. 2 simplifies to

E(T ) = E(T s
A)/ps. ThereforeŜP1 estimates the expected

running timeT under this particular assumption.
Taking now into account that the algorithm investigated

in this paper is a restart strategy and that the maximum num-
ber of function evaluations allowed isFEmax = n × 104,
we can derive another success performance criterion (see [1]
for the details). Indeed for a restart strategy it is reasonable
to assume that a run is unsuccessful only because it reaches
FEmax evaluations. Therefore Eq. 2 simplifies into

SP2 =
(1− ps

ps

)
FEmax + E(T s

A) (3)

for which the estimator we will use is

ŜP2 =
(1− p̂s

p̂s

)
FEmax + Ê(T s

A) . (4)

5If p̂s is zeroŜP1 is not computed.



Table 1: Measured CPU-seconds, according to [8], using
MATLAB 7.0.1, Red Hat Linux 2.4, 1GByte RAM, Pen-
tium 4 3GHz processor. Time T2 is the CPU-time for run-
ning the IPOP-CMA-ES until2 × 105 function evaluations
on function 3. Forn = 30 the IPOP-CMA-ES needs on av-
erage0.12 CPU-milliseconds per function evaluation. The
strategy internal time consumption scales withO(n2). The
large values for T1 reflect the large number of objective
functions calls, while for T2 a complete, eventually large,
population is evaluated (serially) within a single function
call. Running the same code using MATLAB 6.5.0, Win-
dows XP, 512MByte, 2.4GHz, increases T0 by more than
a factor of ten, whereas T1 and T2 increase by less than a
factor of two

T0 T1 T2
n = 10 0.4s 32s 17s
n = 30 0.4s 41s 24s
n = 50 0.4s 49s 56s

We also derived the variance of SP2

var(SP2) =
(1− ps

p2
s

)
(FEmax)2 + var(T s

A) , (5)

and consider here its following estimator

̂var(SP2) =
(1− p̂s

p̂s
2

)
(FEmax)2 + ̂var(T s

A). (6)

where ̂var(T s
A) is an estimator for the variance of the num-

ber of objective function evaluations during a successful run
of A.

4 Results

Figure 1 presents the convergence graphs associated to the
median value at each generation. Steps that repeatingly
occur in the graphs, most prominent for function 12, in-
dicate that the larger population sizes achieve better re-
sults. The observed maximal final population size is
λ = 640, 448, 480, which means26, 25, 25 timesλstart =
10, 14, 15, for n = 10, 30, 50, respectively.

According to the requirements, Table 1 reports CPU-
time measurements, Table 2 gives the number of function
evaluations to reach the success criterion (if successful), the
success rate, and the success performances as defined in the
previous section. The objective function error values after
103, 104, 105 andn×104 function evaluations are presented
in Table 5, 6 and 7.

On the ill-conditioned and non-separable function 3, the
performance is exceptionally good whereas many evolu-
tionary algorithms fail to locate the optimum of this convex-
quadratic function. Invariance of the CMA-ES against or-
thogonal transformations leads to similar performance on
functions 9 and 10 which are respectively the Rastrigin
function and the rotated Rastrigin function. If the maxi-
mum number of function evaluations is increased on Rast-
rigin function the success performance values improve (e.g.
on function 10 forn = 30, by a factor of almost three,

givenFEmax = 3 × n × 104). On function 8, the Ackley
function composed with a linear transformation, the success
rate is zero. This result seems to contradict previous re-
sults on the Ackley function [3], but it can be explained by
the different scaling that is applied here: outside the usual
bounds ([−32, 32]n) the Ackley function is almost flat and
the composition with a linear transformation with a condi-
tion number of100 brings this flat region into the search
space. Therefore the function looks like a needle in the
haystack problem. In case of the noisy Schwefel Problem
(function 4) we observe premature convergence for dimen-
sion30 and50 due to a too fast decrease of the step-size.

Comparison with a pure local restart (LR) strategy To
evaluate the impact of the increase of the population after
each restart, we compare the results presented here with a
pure restart strategy,i.e. where the population is kept fixed
after each restart of the(µW , λ)-CMA-ES, presented in [1]
and referred to as LR-CMA-ES in the following. Moreover,
to stress the local search characteristics, in LR-CMA-ES the
initial step-size equals to0.5× 10−2(B −A). Even though
such a small initial step-size suggests that the strategy op-
erates as a pure local search, the step-size adaptation mech-
anism allows yet to search more globally than a pure local
search method. In fact, in some cases the step-size adap-
tation increases the step-size by a factor close to102. The
detailed results for this latter approach are presented in [1].

We test the statistical significance of the differences
observed on the data. Table 3 reports the result of the
Kolmogorov-Smirnov test for comparing the distributions
of the objective function values from Tables 5, 6, and 7
compared to [1]. Table 4 reports results for the two-sided
Wilcoxon rank sum test for equal medians.

From the convergence plots forn = 30 in Fig. 1 we
observe remarkable differences in the convergence graphs
compared to [1] on functions 4, 9–12, 17, and 24. All these
differences are highly significant and favor IPOP-CMA-ES.

The effect of the different initial step-size is significantly
visible after103 function evaluations in all functions at least
for some dimension (Table 4), except for the Ackley func-
tion 8. Unexpectedly, in most cases the larger initial step-
size of IPOP-CMA-ES leads to a better function value dis-
tribution even after103 function evaluations.

According to Table 4, disregarding the initial differ-
ences after a small number of function evaluations, IPOP-
CMA-ES significantly outperforms LR-CMA-ES on the
functions 4, 9–12, 14, 16, 17, 22, and 24. Contrariwise,
on functions 13 (n = 10), 21 (n = 10; 50), and 23
(n = 50) LR-CMA-ES significantly outperforms IPOP-
CMA-ES. For function 21 the diversity of the solutions
found in the local-restart approach suggests that the small
population size is favorable, because it allows to converge
faster to a local minimum and therefore allows to do more
restarts and visit more different local optima before reach-
ing n× 104 function evaluations.
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Figure 1: Best objective function error value (log scale) versus number of function evaluations for the25 problems in
dimension30. For each run the best individual found until the current generation is considered and shown is the median
value of25 runs at each generation. The respective problem number is given in the legend.

Table 2: For the25 problems in dimensionn = 10, n = 30, andn = 50, number of function evaluations (min,7th, median,
19th, maximum, mean and standard deviation) needed to reach the neighborhood of the global optimum with the objective
function error value (accuracy) as given in the Tol column. A run is successful if it reaches Tol beforen × 104 function
evaluations. For functions13 to 25 none of the runs reach the given accuracy. Success rate (ps) and success performance
SP1 and SP2 as defined in Eq. 1 and Eq. 4. Standard deviation for SP2 as defined in Eq. 6.

.

n = 10

Prob. Tol min 7th median 19th max mean std ps SP1 SP2 std(SP2)
1 1e−6 1.44e+3 1.58e+3 1.63e+3 1.65e+3 1.71e+3 1.61e+3 6.14e+1 1.00 1.61e+3 1.61e+3 6.14e+1
2 1e−6 2.20e+3 2.33e+3 2.35e+3 2.44e+3 2.60e+3 2.38e+3 1.06e+2 1.00 2.38e+3 2.38e+3 1.06e+2
3 1e−6 5.84e+3 6.31e+3 6.51e+3 6.71e+3 7.20e+3 6.50e+3 2.92e+2 1.00 6.50e+3 6.50e+3 2.92e+2
4 1e−6 2.52e+3 2.82e+3 2.88e+3 3.03e+3 3.22e+3 2.90e+3 1.68e+2 1.00 2.90e+3 2.90e+3 1.68e+2
5 1e−6 5.36e+3 5.63e+3 5.83e+3 5.97e+3 6.72e+3 5.85e+3 2.89e+2 1.00 5.85e+3 5.85e+3 2.89e+2
6 1e−2 5.67e+3 7.08e+3 8.55e+3 1.37e+4 2.26e+4 1.08e+4 5.00e+3 1.00 1.08e+4 1.08e+4 5.00e+3
7 1e−2 1.49e+3 1.80e+3 5.83e+3 6.24e+3 1.33e+4 4.67e+3 2.83e+3 1.00 4.67e+3 4.67e+3 2.83e+3
8 1e−2 - - - - - - - 0.00 - 0.00e+0 -
9 1e−2 2.33e+4 4.62e+4 7.85e+4 8.31e+4 - 5.75e+4 2.11e+4 0.76 7.57e+4 8.91e+4 6.78e+4
10 1e−2 2.68e+4 4.74e+4 5.15e+4 7.84e+4 - 5.98e+4 1.81e+4 0.92 6.50e+4 6.85e+4 3.57e+4
11 1e−2 3.05e+4 - - - - 6.31e+4 2.56e+4 0.24 2.63e+5 3.80e+5 3.64e+5
12 1e−2 2.37e+3 3.92e+3 3.10e+4 7.18e+4 - 2.88e+4 2.78e+4 0.88 3.27e+4 4.24e+4 4.82e+4

n = 30

Prob. Tol min 7th median 19th max mean std ps SP1 SP2 std(SP2)
1 1e−6 4.15e+3 4.42e+3 4.50e+3 4.58e+3 4.72e+3 4.50e+3 1.33e+2 1.00 4.50e+3 4.50e+3 1.33e+2
2 1e−6 1.20e+4 1.28e+4 1.31e+4 1.32e+4 1.36e+4 1.30e+4 3.52e+2 1.00 1.30e+4 1.30e+4 3.52e+2
3 1e−6 4.15e+4 4.23e+4 4.27e+4 4.30e+4 4.42e+4 4.27e+4 6.06e+2 1.00 4.27e+4 4.27e+4 6.06e+2
4 1e−6 1.94e+4 2.71e+4 - - - 2.36e+4 4.79e+3 0.40 5.90e+4 4.74e+5 5.81e+5
5 1e−6 1.91e+4 5.74e+4 6.83e+4 7.62e+4 1.03e+5 6.59e+4 1.85e+4 1.00 6.59e+4 6.59e+4 1.85e+4
6 1e−2 3.76e+4 4.47e+4 4.83e+4 5.82e+4 1.55e+5 6.00e+4 2.81e+4 1.00 6.00e+4 6.00e+4 2.81e+4
7 1e−2 4.12e+3 4.82e+3 4.97e+3 5.23e+3 1.99e+4 6.11e+3 4.02e+3 1.00 6.11e+3 6.11e+3 4.02e+3
8 1e−2 - - - - - - - 0.00 - 0.00e+0 -
9 1e−2 2.75e+5 2.91e+5 - - - 2.85e+5 6.87e+3 0.36 7.90e+5 8.18e+5 6.67e+5
10 1e−2 2.87e+5 - - - - 2.90e+5 2.44e+3 0.12 2.42e+6 2.49e+6 2.35e+6
11 1e−2 1.99e+5 - - - - 1.99e+5 0.00e+0 0.04 4.98e+6 7.40e+6 7.35e+6
12 1e−2 1.67e+4 1.38e+5 - - - 7.19e+4 7.54e+4 0.32 2.25e+5 7.09e+5 7.77e+5

n = 50

Prob. Tol min 7th median 19th max mean std ps SP1 SP2 std(SP2)
1 1e−6 6.54e+3 6.80e+3 6.89e+3 6.96e+3 7.13e+3 6.88e+3 1.42e+2 1.00 6.88e+3 6.88e+3 1.42e+2
2 1e−6 3.00e+4 3.09e+4 3.11e+4 3.15e+4 3.29e+4 3.13e+4 6.55e+2 1.00 3.13e+4 3.13e+4 6.55e+2
3 1e−6 1.15e+5 1.16e+5 1.17e+5 1.17e+5 1.18e+5 1.17e+5 6.77e+2 1.00 1.17e+5 1.17e+5 6.77e+2
4 1e−6 - - - - - - - 0.00 - 0.00e+0 -
5 1e−6 - - - - - - - 0.00 - 0.00e+0 -
6 1e−2 1.15e+5 1.23e+5 1.36e+5 1.50e+5 3.59e+5 1.58e+5 6.68e+4 1.00 1.58e+5 1.58e+5 6.68e+4
7 1e−2 7.32e+3 7.67e+3 8.00e+3 8.22e+3 1.01e+4 8.03e+3 5.56e+2 1.00 8.03e+3 8.03e+3 5.56e+2
8 1e−2 - - - - - - - 0.00 - 0.00e+0 -
9 1e−2 4.06e+5 4.64e+5 - - - 4.35e+5 2.22e+4 0.28 1.55e+6 1.72e+6 1.52e+6
10 1e−2 4.32e+5 - - - - 4.52e+5 2.00e+4 0.12 3.76e+6 4.12e+6 3.91e+6
11 1e−2 - - - - - - - 0.00 - 0.00e+0 -
12 1e−2 - - - - - - - 0.00 - 0.00e+0 -



Table 3: Results of the Kolmogorov-Smirnov test between IPOP-CMA-ES and LR-CMA-ES for dimensions10, 30, and
50. For each test problem (column) and for each number of function evaluations (FES) being equal to103, 104, 105 and
n × 105 (row), the hypothesis is tested whether the measured objective function value distributions are identical for the
IPOP-CMA-ES and the LR-CMA-ES. Given is the negative base ten logarithm of thep-value. That is, for the upper left
entry we have a significance level ofp = 10−5.8. The 5%-significance level using the (most conservative) Bonferroni
correction for multiple testing evaluates to− log10(0.05/375) ≈ 3.9; that is, entries larger than4 can be well regarded as
statistically significant

n = 10
FES 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1e3 5.8 2.0 2.0 11.5 5.8 0.9 8.8 0.2 8.8 9.7 3.4 1.6 0.1 5.8 5.8 2.0 8.8 0.9 0.6 0.6 1.2 2.0 2.0 7.3 9.7
1e4 0.1 0.4 0.4 9.7 0.1 0.2 0.6 1.6 11.5 11.5 5.8 5.2 0.9 8.0 2.0 3.9 6.5 2.9 1.2 0.9 0.6 2.4 0.9 5.2 1.2
1e5 0.1 0.4 0.4 6.5 0.1 0.2 2.0 0.0 11.5 11.5 7.3 2.9 4.5 10.6 1.2 8.0 9.7 3.4 3.9 3.4 6.5 6.5 2.9 5.2 1.6

n = 30
FES 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1e3 9.7 11.5 10.6 11.5 10.6 10.6 11.5 0.9 10.6 11.5 3.9 9.7 0.9 8.8 2.4 2.9 11.5 11.5 10.6 11.5 7.3 8.8 10.6 11.5 11.5
1e4 0.0 2.9 7.3 9.7 0.4 0.9 1.6 0.4 11.5 11.5 7.3 3.4 0.4 8.8 1.2 0.2 10.6 8.8 9.7 10.6 0.1 5.8 0.2 8.0 4.5
1e5 0.0 2.0 0.1 8.0 0.4 0.1 1.2 3.4 11.5 11.5 8.0 6.5 0.2 7.3 2.9 5.2 7.3 9.7 11.5 9.7 0.0 10.6 0.1 8.0 2.4
3e5 0.0 2.0 0.1 8.0 0.4 0.4 1.2 0.9 11.5 11.5 9.7 8.0 1.6 8.0 2.4 8.0 7.3 7.3 9.7 7.3 0.1 9.7 1.2 8.0 2.4

n = 50
FES 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1e3 11.5 11.5 11.5 11.5 5.8 10.6 11.5 0.4 11.5 11.5 5.2 11.5 4.5 8.8 2.0 8.8 11.5 11.5 10.6 11.5 11.5 9.7 11.5 11.5 11.5
1e4 0.9 8.8 11.5 11.5 1.2 0.6 5.8 0.1 11.5 11.5 10.6 3.4 0.4 8.0 0.9 2.0 11.5 4.5 8.0 6.5 11.5 9.7 3.4 3.4 11.5
1e5 0.9 0.2 3.4 5.8 1.2 0.2 0.6 0.1 11.5 11.5 11.5 8.0 0.9 9.7 5.8 5.2 10.6 5.8 5.8 8.0 11.5 11.5 3.4 2.4 1.2
5e5 0.9 0.2 0.1 2.0 0.6 0.4 0.6 1.2 11.5 11.5 11.5 7.3 0.1 7.3 5.2 9.7 10.6 3.4 2.4 2.9 11.5 11.5 10.6 2.4 1.6

Table 4: Results of the two-sided Wilcoxon rank sum test for median function values between IPOP-CMA-ES and LR-
CMA-ES for dimensions10 , 30, and50. For each test problem (column) and for each number of function evaluations
(FES) being equal to103, 104, 105, andn× 105 (row), the hypothesis is tested whether the median for IPOP-CMA-ES and
LR-CMA-ES are the same. Given is the negative base ten logarithm of thep-value. That is, for the upper left entry we have
a significance level ofp = 10−6.7 ≈ 2× 10−7. The plus indicates that the median was lower (better) for LR-CMA-ES, the
star denotes cases where this is statistically significant. The5%-significance level using the (most conservative) Bonferroni
correction for multiple testing evaluates to− log10(0.05/375) ≈ 3.9; that is, entries larger than4 can be well regarded as
statistically significant.

n = 10
FES 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1e3 6.7 3.2 +2.1 8.8 6.2 0.8 7.1 +0.0 7.6 8.0 3.7 0.6 +0.0 6.3 4.6 1.9 8.3 0.7 0.6 1.4 0.8 2.8 +0.8 4.7 7.6
1e4 +0.0 0.6 0.4 8.5 0.0 +0.4 1.4 +1.7 8.9 8.9 5.3 4.0 +0.6 6.7 2.5 4.3 6.5 2.6 1.5 1.0 0.0 1.8 +0.6 6.0 1.1
1e5 +0.0 0.6 0.4 6.9 0.0 0.4 2.3 0.5 8.9 8.8 6.6 3.4 +

∗4.4 8.6 0.3 7.0 8.1 4.1 4.6 4.7 +
∗5.4 5.7 1.6 5.6 2.0

n = 30
FES 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1e3 8.5 +

∗8.8 +
∗8.7 8.8 8.5 8.8 8.8 +1.3 8.3 8.8 +

∗4.3 +
∗8.0 1.0 6.7 2.8 3.8 8.8 8.8 8.8 8.8 8.0 7.7 8.1 8.8 8.8

1e4 0.0 3.2 +
∗7.5 8.5 0.3 0.4 2.1 +0.3 8.8 8.8 6.7 3.0 +0.3 6.7 2.1 0.3 8.4 8.2 7.8 8.6 0.9 5.4 +0.0 4.5 3.9

1e5 0.0 2.4 +0.5 7.4 0.2 0.2 2.3 +3.4 8.9 8.9 7.9 5.8 +0.2 6.1 2.6 3.3 7.1 6.4 8.8 6.4 0.5 8.8 0.4 4.5 2.5
3e5 0.0 2.4 +0.5 7.4 0.2 0.6 2.3 2.6 8.8 8.9 8.3 6.4 +1.5 7.5 0.2 5.5 7.2 3.5 6.4 3.5 1.4 8.6 1.2 4.5 2.5

n = 50
FES 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1e3 8.8 +

∗8.8 +
∗8.8 8.8 6.7 8.6 8.8 +0.4 8.8 8.8 +

∗4.1 +
∗8.8 +

∗4.1 8.1 +0.2 8.4 8.8 8.8 8.7 8.8 8.8 8.6 8.8 8.8 8.8
1e4 0.7 +

∗8.2 +
∗8.8 8.8 +1.0 0.4 5.0 +0.4 8.8 8.8 7.9 1.0 +0.3 7.2 +0.8 1.0 8.8 3.7 6.3 4.6 +

∗9.6 8.5 +0.3 0.4 8.8
1e5 0.7 0.3 +3.1 4.9 1.1 0.0 0.5 +0.1 8.8 8.9 8.8 5.9 0.5 7.4 6.1 3.9 8.6 2.5 2.2 4.4 +

∗10.0 8.8 +0.3 +0.0 2.0
5e5 0.7 0.3 +0.3 2.6 +0.5 +0.3 0.5 2.0 8.9 8.8 8.8 6.3 +0.1 7.4 2.0 7.1 8.6 +0.3 0.1 0.1 +

∗10.0 8.8 +
∗7.6 +0.0 2.1

5 Summary and conclusions

In this paper we have investigated the IPOP-CMA-ES, a
restart CMA-ES with a population size successively in-
creased by a factor of two. The algorithm has been tested on
25 benchmark functions and compared with a pure restart
CMA-ES with constant population size where the initial
step-size is small. As expected, increasing the population
size is usually the better choice, and IPOP-CMA-ES signifi-
cantly outperforms the pure restart approach on many multi-
modal problems. On unimodal non-noisy functions no rele-
vant differences are observed and IPOP-CMA-ES performs
as well as the standard(µW , λ)-CMA-ES.

To draw a final conclusion we emphasize two important
aspects that have to be taken into account when judging the

performance of any search algorithm. First, as for the stan-
dard (µW , λ)-CMA-ES, the IPOP-CMA-ES isquasi pa-
rameter free.6 In the presented experiments only the ini-

6Remark that the number of parameters in the description of an algo-
rithm is somewhat arbitrary: the more general the description, the more pa-
rameters appear. Therefore, the existence or absence of parameters in the
algorithm description cannot have influence on the assessment of the num-
ber of parameters that need to be (empirically or heuristically) determined
each time the algorithm is applied. For the CMA-ES, strategy parameters
have been chosen in advance, based on principle algorithmic considera-
tions and in-depth empirical investigations on a few simple test functions.
To our experience the strategy parameters (e.g.a learning rate, a time hori-
zon, or a damping factor) mostly depend on algorithmic internal consider-
ations and on the search space dimension, and to a much lesser extend on
the specific objective function the algorithm is applied to. Nevertheless, it
is possible to improve the performance by tuning strategy parameters and
stopping criteria on most (all?) functions.



Table 5: Best objective function error value reached after103, 104 and105 function evaluations (FES) respectively (rows)
on the25 test problems (columns) in dimensionn = 10. Given are minimum,7th, median,19th, and maximum value,
as well as mean value and standard deviation from25 runs. A run is stopped whenever the objective function error value
drops below10−8 and its final value is used for all larger FES.

FES Prob. 1 2 3 4 5 6 7 8 9 10 11 12
min 1.88e−3 6.22e+0 1.07e+6 8.86e+1 6.71e+0 1.12e+1 6.51e−1 2.05e+1 5.02e+0 6.11e+0 2.33e+0 3.26e+1

7th 7.56e−3 2.40e+1 5.73e+6 5.81e+2 1.25e+1 1.27e+2 7.28e−1 2.07e+1 1.43e+1 3.63e+1 6.54e+0 2.82e+2
med. 1.34e−2 4.35e+1 1.14e+7 1.58e+3 2.16e+1 1.91e+3 9.06e−1 2.08e+1 2.75e+1 4.56e+1 8.21e+0 2.28e+3

1e3 19th 2.46e−2 8.36e+1 2.39e+7 4.28e+3 3.76e+1 3.15e+3 9.74e−1 2.08e+1 4.70e+1 5.14e+1 9.35e+0 8.37e+4
max 4.68e−2 1.70e+2 5.67e+7 1.75e+4 6.71e+1 9.89e+5 1.11e+0 2.09e+1 5.91e+1 6.37e+1 1.13e+1 1.29e+5
mean 1.70e−2 5.83e+1 1.68e+7 3.00e+3 2.81e+1 4.30e+4 8.69e−1 2.08e+1 3.07e+1 4.17e+1 7.97e+0 3.59e+4
std 1.20e−2 4.74e+1 1.59e+7 3.83e+3 1.85e+1 1.97e+5 1.38e−1 9.93e−2 1.72e+1 1.57e+1 2.22e+0 4.95e+4
min 1.84e−9 2.21e−9 2.21e−9 1.71e−9 2.46e−9 3.29e−9 9.31e−10 2.03e+1 1.99e+0 2.98e+0 3.38e−1 3.42e−9

7th 3.75e−9 3.27e−9 4.61e−9 3.85e−9 5.02e−9 4.49e−9 2.81e−9 2.05e+1 4.97e+0 4.97e+0 2.79e+0 6.66e−9
med. 5.65e−9 4.53e−9 5.51e−9 4.78e−9 6.33e−9 7.37e−9 5.46e−9 2.06e+1 5.97e+0 6.96e+0 4.65e+0 1.88e+1

1e4 19th 6.42e−9 5.71e−9 6.58e−9 6.46e−9 8.60e−9 3.99e+0 7.77e−9 2.06e+1 7.96e+0 7.96e+0 5.72e+0 1.35e+3
max 9.34e−9 7.67e−9 9.66e−9 7.80e−9 9.84e−9 2.63e+2 1.48e−2 2.07e+1 1.09e+1 1.59e+1 7.87e+0 6.34e+4
mean 5.20e−9 4.70e−9 5.60e−9 5.02e−9 6.58e−9 1.17e+1 2.27e−3 2.05e+1 6.21e+0 7.16e+0 4.42e+0 2.98e+3
std 1.94e−9 1.56e−9 1.93e−9 1.71e−9 2.17e−9 5.24e+1 4.32e−3 8.62e−2 2.10e+0 3.12e+0 2.10e+0 1.26e+4
min 1.84e−9 2.21e−9 2.21e−9 1.71e−9 2.46e−9 1.44e−9 6.22e−10 2.00e+1 1.52e−10 1.50e−10 5.27e−10 1.08e−9

7th 3.75e−9 3.27e−9 4.61e−9 3.85e−9 5.02e−9 3.81e−9 1.65e−9 2.00e+1 3.46e−10 3.34e−10 3.48e−2 2.81e−9
med. 5.65e−9 4.53e−9 5.51e−9 4.78e−9 6.33e−9 4.69e−9 2.84e−9 2.00e+1 6.14e−10 5.64e−10 6.34e−1 3.89e−9

1e5 19th 6.42e−9 5.71e−9 6.58e−9 6.46e−9 8.60e−9 5.67e−9 5.46e−9 2.00e+1 3.50e−9 1.08e−9 1.64e+0 5.94e−9
max 9.34e−9 7.67e−9 9.66e−9 7.80e−9 9.84e−9 8.13e−9 7.77e−9 2.00e+1 9.95e−1 9.95e−1 3.19e+0 7.12e+2
mean 5.20e−9 4.70e−9 5.60e−9 5.02e−9 6.58e−9 4.87e−9 3.31e−9 2.00e+1 2.39e−1 7.96e−2 9.34e−1 2.93e+1
std 1.94e−9 1.56e−9 1.93e−9 1.71e−9 2.17e−9 1.66e−9 2.02e−9 3.89e−3 4.34e−1 2.75e−1 9.00e−1 1.42e+2

FES Prob. 13 14 15 16 17 18 19 20 21 22 23 24 25
min 2.26e+0 4.07e+0 2.21e+2 1.12e+2 1.43e+2 3.04e+2 3.04e+2 3.01e+2 5.00e+2 7.86e+2 5.59e+2 2.00e+2 3.86e+2

7th 3.35e+0 4.19e+0 4.03e+2 1.73e+2 1.90e+2 7.33e+2 8.01e+2 7.85e+2 5.01e+2 7.97e+2 1.09e+3 2.15e+2 3.94e+2
med. 3.75e+0 4.29e+0 4.16e+2 2.07e+2 2.37e+2 8.09e+2 9.65e+2 8.03e+2 8.87e+2 8.02e+2 1.26e+3 5.10e+2 3.99e+2

1e3 19th 4.51e+0 4.37e+0 4.41e+2 2.38e+2 2.69e+2 1.02e+3 1.02e+3 9.83e+2 1.25e+3 8.57e+2 1.27e+3 9.76e+2 4.03e+2
max 5.28e+0 4.52e+0 5.89e+2 4.05e+2 1.01e+3 1.06e+3 1.06e+3 1.07e+3 1.27e+3 9.49e+2 1.28e+3 9.94e+2 5.05e+2
mean 3.84e+0 4.28e+0 4.12e+2 2.19e+2 2.74e+2 8.43e+2 8.86e+2 8.50e+2 9.05e+2 8.29e+2 1.08e+3 5.89e+2 4.06e+2
std 8.05e−1 1.33e−1 7.98e+1 7.15e+1 1.73e+2 2.14e+2 1.97e+2 1.62e+2 3.40e+2 4.81e+1 2.94e+2 3.31e+2 2.99e+1
min 4.94e−1 2.95e+0 1.69e+2 7.95e+1 1.17e+2 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.41e+2 5.59e+2 2.00e+2 3.74e+2

7th 7.50e−1 3.75e+0 2.00e+2 1.02e+2 1.28e+2 3.00e+2 3.57e+2 5.47e+2 5.00e+2 7.58e+2 5.59e+2 2.00e+2 3.80e+2
med. 9.77e−1 3.99e+0 3.00e+2 1.09e+2 1.38e+2 5.28e+2 8.00e+2 7.22e+2 5.00e+2 7.66e+2 1.23e+3 2.00e+2 3.82e+2

1e4 19th 1.11e+0 4.08e+0 4.00e+2 1.16e+2 1.70e+2 8.00e+2 8.08e+2 8.00e+2 8.56e+2 8.00e+2 1.27e+3 2.00e+2 3.84e+2
max 1.84e+0 4.51e+0 5.00e+2 1.69e+2 9.99e+2 1.03e+3 1.03e+3 9.90e+2 1.25e+3 8.98e+2 1.28e+3 9.72e+2 3.89e+2
mean 9.71e−1 3.91e+0 2.99e+2 1.11e+2 1.95e+2 6.02e+2 6.75e+2 6.85e+2 7.05e+2 7.81e+2 9.49e+2 3.04e+2 3.82e+2
std 3.18e−1 3.05e−1 1.02e+2 1.66e+1 1.85e+2 2.76e+2 2.52e+2 2.26e+2 3.00e+2 3.95e+1 3.52e+2 2.58e+2 3.42e+0
min 4.07e−1 2.08e+0 1.69e+2 7.92e+1 9.48e+1 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.16e+2 5.59e+2 2.00e+2 3.70e+2

7th 6.44e−1 2.75e+0 2.00e+2 9.05e+1 1.13e+2 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.23e+2 5.59e+2 2.00e+2 3.71e+2
med. 6.82e−1 3.00e+0 2.00e+2 9.13e+1 1.22e+2 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.30e+2 5.59e+2 2.00e+2 3.74e+2

1e5 19th 7.61e−1 3.28e+0 2.00e+2 9.25e+1 1.30e+2 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.32e+2 5.59e+2 2.00e+2 3.76e+2
max 1.05e+0 3.51e+0 4.00e+2 9.68e+1 2.04e+2 7.18e+2 7.69e+2 3.00e+2 5.00e+2 7.44e+2 5.59e+2 2.00e+2 3.79e+2
mean 6.96e−1 3.01e+0 2.28e+2 9.13e+1 1.23e+2 3.32e+2 3.26e+2 3.00e+2 5.00e+2 7.29e+2 5.59e+2 2.00e+2 3.74e+2
std 1.50e−1 3.49e−1 6.80e+1 3.49e+0 2.09e+1 1.12e+2 9.93e+1 0.00e+0 3.48e−13 6.86e+0 3.24e−11 2.29e−6 3.22e+0

tial search region is defined problem dependent; no (fur-
ther) adjustment of parameters is conducted. Second, the
IPOP-CMA-ES has severalinvariance properties [2], like
invariance against order preserving transformations of the
objective function value and invariance against linear trans-
formations of the search space [7]. Invariance properties are
highly desirable, because they imply uniform performance
on classes of functions and therefore allow for generaliza-
tion of the empirical results. We believe that parameter tun-
ing and invariances need to be carefully regarded for a con-
clusive performance evaluation of search algorithms.

Altogether, results of this paper together with previ-
ous results for the CMA-ES with large population size [3]
give evidence that IPOP-CMA-ES is a remarkably well per-
forming search algorithm for non-linear, non-convex, non-
separable global optimization problems.
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Table 6: Best objective function error values reached in dimensionn = 30, see caption of Table 5 for details
FES Prob. 1 2 3 4 5 6 7 8 9 10 11 12

min 4.49e+2 1.12e+5 3.84e+8 6.13e+5 6.21e+3 3.26e+6 4.10e+1 2.12e+1 2.19e+2 2.43e+2 4.17e+1 4.23e+5

7th 5.48e+2 1.73e+5 8.00e+8 1.12e+6 9.57e+3 7.31e+6 9.39e+1 2.12e+1 2.45e+2 2.65e+2 4.43e+1 1.62e+6
med. 7.40e+2 2.35e+5 1.00e+9 1.44e+6 1.09e+4 1.23e+7 1.20e+2 2.12e+1 2.50e+2 2.74e+2 4.55e+1 1.75e+6

1e3 19th 1.04e+3 2.94e+5 1.38e+9 1.87e+6 1.24e+4 1.99e+7 1.59e+2 2.13e+1 2.66e+2 2.88e+2 4.71e+1 1.90e+6
max 1.61e+3 3.83e+5 2.07e+9 3.29e+6 1.42e+4 6.81e+7 3.26e+2 2.13e+1 2.87e+2 3.08e+2 4.83e+1 2.16e+6
mean 8.16e+2 2.39e+5 1.07e+9 1.55e+6 1.07e+4 1.77e+7 1.39e+2 2.12e+1 2.53e+2 2.77e+2 4.54e+1 1.67e+6
std 3.01e+2 7.80e+4 4.43e+8 6.15e+5 2.13e+3 1.62e+7 7.17e+1 4.35e−2 1.65e+1 1.90e+1 1.76e+0 4.06e+5
min 3.98e−9 2.29e−3 1.24e+6 4.88e+2 5.00e−2 1.77e+1 3.93e−9 2.10e+1 2.39e+1 3.08e+1 7.44e+0 1.34e+1

7th 4.70e−9 1.60e−2 3.41e+6 1.46e+3 1.00e+3 2.28e+1 4.85e−9 2.11e+1 4.28e+1 4.38e+1 1.39e+1 6.25e+2
med. 5.20e−9 2.57e−2 4.90e+6 3.51e+3 1.32e+3 2.58e+1 5.69e−9 2.11e+1 4.88e+1 5.27e+1 1.57e+1 3.02e+3

1e4 19th 6.10e−9 3.99e−2 8.21e+6 5.18e+4 2.04e+3 2.22e+2 6.95e−9 2.11e+1 5.47e+1 5.87e+1 1.85e+1 1.96e+4
max 7.51e−9 7.49e−2 1.42e+7 2.88e+5 3.20e+3 2.66e+3 2.46e−2 2.12e+1 7.96e+1 8.26e+1 2.28e+1 1.71e+6
mean 5.42e−9 2.73e−2 6.11e+6 4.26e+4 1.51e+3 4.60e+2 1.77e−3 2.11e+1 4.78e+1 5.14e+1 1.58e+1 2.51e+5
std 9.80e−10 1.79e−2 3.79e+6 7.43e+4 8.82e+2 8.29e+2 5.52e−3 4.04e−2 1.15e+1 1.25e+1 3.97e+0 5.77e+5
min 3.98e−9 4.48e−9 4.07e−9 6.06e−9 7.15e−9 4.05e−9 1.76e−9 2.00e+1 2.98e+0 9.95e−1 7.43e−2 4.27e−9

7th 4.70e−9 5.59e−9 4.78e−9 8.75e−9 8.06e−9 5.31e−9 4.59e−9 2.02e+1 4.97e+0 5.97e+0 7.23e+0 6.01e−2
med. 5.20e−9 6.13e−9 5.44e−9 1.93e+1 8.61e−9 6.32e−9 5.41e−9 2.09e+1 6.96e+0 6.96e+0 9.23e+0 3.85e+2

1e5 19th 6.10e−9 6.85e−9 6.16e−9 2.72e+3 9.34e−9 7.52e−9 6.17e−9 2.10e+1 8.95e+0 8.95e+0 1.13e+1 1.57e+3
max 7.51e−9 8.41e−9 8.66e−9 1.57e+5 2.51e−6 3.99e+0 7.81e−9 2.11e+1 1.19e+1 1.09e+1 1.39e+1 1.37e+6
mean 5.42e−9 6.22e−9 5.55e−9 1.27e+4 1.08e−7 4.78e−1 5.31e−9 2.07e+1 6.89e+0 6.96e+0 9.10e+0 5.95e+4
std 9.80e−10 8.95e−10 1.09e−9 3.59e+4 4.99e−7 1.32e+0 1.41e−9 4.28e−1 2.22e+0 2.45e+0 3.10e+0 2.74e+5
min 3.98e−9 4.48e−9 4.07e−9 6.06e−9 7.15e−9 3.27e−9 1.76e−9 2.00e+1 4.35e−6 3.08e−4 8.27e−10 3.79e−9

7th 4.70e−9 5.59e−9 4.78e−9 8.75e−9 8.06e−9 4.63e−9 4.59e−9 2.00e+1 4.74e−4 9.95e−1 3.53e+0 6.43e−9
med. 5.20e−9 6.13e−9 5.44e−9 1.93e+1 8.61e−9 5.76e−9 5.41e−9 2.00e+1 9.95e−1 1.00e+0 6.18e+0 4.54e+1

3e5 19th 6.10e−9 6.85e−9 6.16e−9 2.72e+3 9.20e−9 7.06e−9 6.17e−9 2.00e+1 1.99e+0 2.17e+0 7.20e+0 8.16e+2
max 7.51e−9 8.41e−9 8.66e−9 1.31e+5 9.96e−9 9.25e−9 7.81e−9 2.10e+1 4.97e+0 4.59e+0 1.14e+1 1.10e+6
mean 5.42e−9 6.22e−9 5.55e−9 1.11e+4 8.62e−9 5.90e−9 5.31e−9 2.01e+1 9.38e−1 1.65e+0 5.48e+0 4.43e+4
std 9.80e−10 8.95e−10 1.09e−9 3.02e+4 8.53e−10 1.61e−9 1.41e−9 2.79e−1 1.18e+0 1.35e+0 3.13e+0 2.19e+5

FES Prob. 13 14 15 16 17 18 19 20 21 22 23 24 25
min 3.05e+1 1.37e+1 4.93e+2 2.75e+2 3.10e+2 9.18e+2 9.16e+2 9.17e+2 6.70e+2 1.00e+3 8.14e+2 9.58e+2 2.71e+2

7th 5.45e+1 1.42e+1 5.66e+2 3.18e+2 4.02e+2 9.29e+2 9.33e+2 9.34e+2 8.63e+2 1.03e+3 9.26e+2 9.77e+2 2.87e+2
med. 7.36e+1 1.42e+1 6.93e+2 3.57e+2 4.58e+2 9.48e+2 9.45e+2 9.47e+2 9.60e+2 1.06e+3 1.10e+3 9.89e+2 2.95e+2

1e3 19th 1.25e+2 1.43e+1 7.37e+2 4.54e+2 5.38e+2 9.56e+2 9.65e+2 9.60e+2 1.01e+3 1.11e+3 1.11e+3 9.95e+2 3.08e+2
max 4.98e+2 1.44e+1 8.51e+2 6.01e+2 6.83e+2 9.89e+2 1.03e+3 1.00e+3 1.11e+3 1.21e+3 1.13e+3 1.24e+3 3.80e+2
mean 1.14e+2 1.42e+1 6.69e+2 3.75e+2 4.79e+2 9.45e+2 9.51e+2 9.50e+2 9.44e+2 1.08e+3 1.03e+3 9.97e+2 3.05e+2
std 1.07e+2 1.59e−1 1.15e+2 7.97e+1 1.14e+2 1.81e+1 2.47e+1 2.14e+1 1.08e+2 5.78e+1 1.05e+2 5.34e+1 2.75e+1
min 2.46e+0 1.34e+1 2.08e+2 5.75e+1 6.88e+1 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.63e+2 5.34e+2 2.00e+2 2.10e+2

7th 3.39e+0 1.37e+1 3.26e+2 7.13e+1 1.59e+2 9.05e+2 9.06e+2 9.04e+2 5.00e+2 8.93e+2 5.35e+2 9.54e+2 2.11e+2
med. 3.87e+0 1.38e+1 4.00e+2 1.52e+2 2.17e+2 9.07e+2 9.07e+2 9.05e+2 5.00e+2 9.01e+2 5.48e+2 9.56e+2 2.11e+2

1e4 19th 4.10e+0 1.38e+1 4.16e+2 4.00e+2 4.68e+2 9.10e+2 9.08e+2 9.07e+2 5.00e+2 9.10e+2 7.02e+2 9.60e+2 2.12e+2
max 5.62e+0 1.40e+1 5.53e+2 5.00e+2 6.08e+2 9.14e+2 9.21e+2 9.11e+2 1.09e+3 9.30e+2 1.10e+3 9.64e+2 2.15e+2
mean 3.80e+0 1.38e+1 3.87e+2 1.96e+2 3.00e+2 9.08e+2 9.08e+2 9.06e+2 5.47e+2 9.00e+2 6.92e+2 9.26e+2 2.11e+2
std 7.27e−1 1.48e−1 8.48e+1 1.45e+2 1.94e+2 2.76e+0 3.62e+0 2.28e+0 1.63e+2 1.57e+1 2.38e+2 1.51e+2 1.18e+0
min 2.43e+0 1.27e+1 2.00e+2 2.69e+1 6.67e+1 9.03e+2 9.03e+2 9.03e+2 5.00e+2 7.97e+2 5.34e+2 2.00e+2 2.10e+2

7th 2.69e+0 1.32e+1 2.00e+2 3.43e+1 1.57e+2 9.03e+2 9.04e+2 9.04e+2 5.00e+2 8.14e+2 5.34e+2 9.38e+2 2.10e+2
med. 2.83e+0 1.36e+1 2.00e+2 4.27e+1 2.13e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.30e+2 5.34e+2 9.42e+2 2.10e+2

1e5 19th 2.98e+0 1.37e+1 2.22e+2 6.41e+1 4.68e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.40e+2 5.35e+2 9.48e+2 2.11e+2
max 3.67e+0 1.40e+1 3.20e+2 1.28e+2 5.95e+2 9.07e+2 9.06e+2 9.06e+2 5.00e+2 8.51e+2 1.10e+3 9.56e+2 2.14e+2
mean 2.89e+0 1.35e+1 2.25e+2 5.34e+1 2.92e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.27e+2 5.82e+2 9.13e+2 2.11e+2
std 3.59e−1 3.17e−1 4.10e+1 2.85e+1 1.94e+2 7.73e−1 6.07e−1 6.09e−1 1.19e−13 1.72e+1 1.55e+2 1.49e+2 9.27e−1
min 1.10e+0 1.18e+1 2.00e+2 1.53e+1 6.66e+1 9.03e+2 9.03e+2 9.03e+2 5.00e+2 7.67e+2 5.34e+2 2.00e+2 2.10e+2

7th 2.44e+0 1.27e+1 2.00e+2 2.50e+1 1.57e+2 9.03e+2 9.03e+2 9.03e+2 5.00e+2 7.88e+2 5.34e+2 9.35e+2 2.10e+2
med. 2.61e+0 1.29e+1 2.00e+2 3.04e+1 2.13e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.00e+2 5.34e+2 9.39e+2 2.10e+2

3e5 19th 2.76e+0 1.31e+1 2.00e+2 3.49e+1 4.68e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.18e+2 5.34e+2 9.45e+2 2.11e+2
max 3.20e+0 1.37e+1 3.00e+2 1.08e+2 5.95e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.42e+2 5.34e+2 9.56e+2 2.14e+2
mean 2.49e+0 1.29e+1 2.08e+2 3.50e+1 2.91e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.03e+2 5.34e+2 9.10e+2 2.11e+2
std 5.13e−1 4.19e−1 2.75e+1 2.04e+1 1.93e+2 2.88e−1 2.71e−1 2.48e−1 1.31e−13 1.86e+1 2.22e−4 1.48e+2 9.21e−1
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Table 7: Best objective function error values reached in dimensionn = 50, see caption of Table 5 for details
FES Prob. 1 2 3 4 5 6 7 8 9 10 11 12

min 5.76e+3 7.22e+5 1.90e+9 2.78e+6 2.24e+4 4.63e+8 4.95e+2 2.12e+1 4.61e+2 5.21e+2 7.46e+1 6.55e+6

7th 9.19e+3 8.48e+5 2.83e+9 3.29e+6 2.56e+4 1.03e+9 6.25e+2 2.13e+1 5.26e+2 5.73e+2 7.97e+1 7.76e+6
med. 1.13e+4 9.50e+5 3.59e+9 4.10e+6 2.71e+4 1.47e+9 7.15e+2 2.13e+1 5.38e+2 5.93e+2 8.06e+1 8.07e+6

1e3 19th 1.27e+4 1.05e+6 4.72e+9 4.54e+6 3.01e+4 2.22e+9 8.12e+2 2.14e+1 5.59e+2 6.26e+2 8.20e+1 8.49e+6
max 1.88e+4 1.53e+6 6.36e+9 7.33e+6 3.51e+4 3.61e+9 1.26e+3 2.14e+1 5.99e+2 6.82e+2 8.33e+1 8.99e+6
mean 1.12e+4 9.90e+5 3.80e+9 4.16e+6 2.77e+4 1.71e+9 7.38e+2 2.13e+1 5.41e+2 5.94e+2 8.04e+1 8.04e+6
std 2.96e+3 2.11e+5 1.34e+9 1.09e+6 3.41e+3 9.04e+8 1.70e+2 4.40e−2 3.06e+1 3.87e+1 2.22e+0 6.10e+5
min 4.51e−9 8.26e+3 3.56e+7 4.04e+5 4.13e+3 4.34e+1 6.47e−5 2.12e+1 6.96e+1 6.47e+1 2.57e+1 9.49e+3

7th 5.35e−9 1.13e+4 5.27e+7 9.41e+5 5.41e+3 4.60e+1 1.23e−4 2.12e+1 8.95e+1 8.76e+1 2.90e+1 2.16e+4
med. 5.63e−9 1.39e+4 6.44e+7 1.30e+6 6.57e+3 4.33e+2 2.07e−4 2.13e+1 9.75e+1 1.00e+2 3.08e+1 5.13e+4

1e4 19th 6.68e−9 2.10e+4 8.70e+7 1.44e+6 7.46e+3 6.30e+3 3.07e−4 2.13e+1 1.16e+2 1.19e+2 3.46e+1 6.32e+6
max 7.28e−9 5.78e+4 2.17e+8 2.85e+6 9.55e+3 3.17e+4 1.00e−2 2.13e+1 1.67e+2 1.82e+2 4.00e+1 7.69e+6
mean 5.87e−9 1.81e+4 7.67e+7 1.35e+6 6.51e+3 6.52e+3 8.96e−4 2.13e+1 1.04e+2 1.05e+2 3.19e+1 2.25e+6
std 8.59e−10 1.13e+4 4.23e+7 5.62e+5 1.48e+3 1.11e+4 2.41e−3 4.15e−2 2.20e+1 2.78e+1 4.10e+0 3.29e+6
min 4.51e−9 6.35e−9 5.12e−2 4.64e+4 5.52e+2 3.17e+0 3.59e−9 2.00e+1 1.01e+1 1.12e+1 1.52e+1 9.67e+0

7th 5.35e−9 7.44e−9 1.00e+1 3.77e+5 7.49e+2 6.86e+0 6.94e−9 2.11e+1 1.73e+1 2.19e+1 1.77e+1 1.49e+3
med. 5.63e−9 8.01e−9 3.10e+1 6.02e+5 1.10e+3 9.29e+0 7.41e−9 2.12e+1 2.15e+1 2.69e+1 2.17e+1 2.55e+3

1e5 19th 6.68e−9 8.17e−9 6.15e+1 8.63e+5 1.52e+3 1.63e+1 7.78e−9 2.12e+1 2.39e+1 3.18e+1 2.47e+1 8.57e+3
max 7.28e−9 9.02e−9 2.76e+2 1.46e+6 2.72e+3 4.72e+2 8.65e−9 2.13e+1 4.28e+1 3.58e+1 2.69e+1 6.41e+6
mean 5.87e−9 7.86e−9 4.84e+1 6.16e+5 1.21e+3 3.74e+1 7.22e−9 2.11e+1 2.19e+1 2.61e+1 2.12e+1 4.84e+5
std 8.59e−10 7.24e−10 6.25e+1 3.61e+5 5.68e+2 9.92e+1 1.03e−9 3.30e−1 7.60e+0 6.42e+0 3.83e+0 1.66e+6
min 4.51e−9 6.35e−9 5.02e−9 3.48e+4 1.09e−5 4.28e−9 3.59e−9 2.00e+1 3.08e−10 1.72e−8 5.85e+0 9.67e+0

7th 5.35e−9 7.44e−9 5.65e−9 2.57e+5 3.80e−3 6.41e−9 6.94e−9 2.00e+1 6.51e−6 9.95e−1 8.93e+0 5.36e+2
med. 5.63e−9 8.01e−9 6.19e−9 4.27e+5 5.70e−1 7.28e−9 7.41e−9 2.00e+1 9.95e−1 9.97e−1 1.21e+1 2.36e+3

5e5 19th 6.68e−9 8.17e−9 6.53e−9 6.43e+5 3.61e+0 7.76e−9 7.78e−9 2.00e+1 1.99e+0 1.99e+0 1.40e+1 8.38e+3
max 7.28e−9 9.02e−9 8.06e−9 1.24e+6 1.35e+1 9.27e−9 8.65e−9 2.11e+1 2.99e+0 5.97e+0 1.68e+1 5.57e+6
mean 5.87e−9 7.86e−9 6.14e−9 4.68e+5 2.85e+0 7.13e−9 7.22e−9 2.01e+1 1.39e+0 1.72e+0 1.17e+1 2.27e+5
std 8.59e−10 7.24e−10 6.86e−10 3.11e+5 4.32e+0 1.11e−9 1.03e−9 3.25e−1 1.11e+0 1.42e+0 3.14e+0 1.11e+6

FES Prob. 13 14 15 16 17 18 19 20 21 22 23 24 25
min 5.38e+3 2.37e+1 5.73e+2 3.73e+2 4.49e+2 1.01e+3 1.00e+3 9.69e+2 1.04e+3 1.09e+3 1.04e+3 1.03e+3 5.19e+2

7th 4.10e+4 2.39e+1 8.39e+2 4.33e+2 5.06e+2 1.04e+3 1.03e+3 1.01e+3 1.05e+3 1.15e+3 1.05e+3 1.06e+3 6.42e+2
med. 7.53e+4 2.41e+1 8.54e+2 4.78e+2 5.73e+2 1.06e+3 1.08e+3 1.04e+3 1.05e+3 1.18e+3 1.06e+3 1.09e+3 6.73e+2

1e3 19th 1.13e+5 2.42e+1 9.23e+2 5.22e+2 6.27e+2 1.08e+3 1.10e+3 1.07e+3 1.06e+3 1.23e+3 1.06e+3 1.11e+3 7.20e+2
max 3.14e+5 2.43e+1 9.49e+2 6.52e+2 7.48e+2 1.15e+3 1.18e+3 1.14e+3 1.07e+3 1.48e+3 1.08e+3 1.29e+3 1.16e+3
mean 9.25e+4 2.41e+1 8.49e+2 4.81e+2 5.78e+2 1.07e+3 1.08e+3 1.04e+3 1.05e+3 1.20e+3 1.06e+3 1.09e+3 7.05e+2
std 7.50e+4 2.00e−1 9.85e+1 7.05e+1 8.45e+1 3.36e+1 4.97e+1 4.68e+1 8.55e+0 8.58e+1 9.73e+0 5.12e+1 1.27e+2
min 5.11e+0 2.32e+1 3.32e+2 7.22e+1 1.05e+2 9.13e+2 9.16e+2 9.13e+2 1.00e+3 9.38e+2 1.01e+3 2.00e+2 2.15e+2

7th 6.69e+0 2.36e+1 3.75e+2 1.01e+2 1.70e+2 9.17e+2 9.20e+2 9.18e+2 1.01e+3 9.58e+2 1.02e+3 9.97e+2 2.17e+2
med. 8.07e+0 2.37e+1 4.14e+2 1.23e+2 2.72e+2 9.24e+2 9.22e+2 9.23e+2 1.01e+3 9.67e+2 1.02e+3 1.00e+3 2.18e+2

1e4 19th 8.77e+0 2.38e+1 4.62e+2 1.83e+2 4.40e+2 9.29e+2 9.23e+2 9.25e+2 1.01e+3 9.77e+2 1.02e+3 1.01e+3 2.18e+2
max 2.33e+1 2.40e+1 5.23e+2 5.00e+2 6.26e+2 9.52e+2 9.32e+2 9.41e+2 1.02e+3 9.88e+2 1.02e+3 1.02e+3 2.22e+2
mean 8.68e+0 2.37e+1 4.22e+2 1.73e+2 3.08e+2 9.25e+2 9.22e+2 9.22e+2 1.01e+3 9.67e+2 1.02e+3 9.72e+2 2.18e+2
std 3.86e+0 2.10e−1 5.79e+1 1.21e+2 1.55e+2 8.82e+0 4.27e+0 6.47e+0 3.33e+0 1.34e+1 2.87e+0 1.61e+2 1.37e+0
min 4.11e+0 2.13e+1 2.00e+2 3.24e+1 9.79e+1 9.12e+2 9.12e+2 9.13e+2 1.00e+3 8.12e+2 1.01e+3 2.00e+2 2.14e+2

7th 4.99e+0 2.30e+1 2.10e+2 4.09e+1 1.23e+2 9.14e+2 9.15e+2 9.14e+2 1.00e+3 8.34e+2 1.02e+3 9.86e+2 2.15e+2
med. 5.40e+0 2.31e+1 2.33e+2 4.50e+1 1.61e+2 9.16e+2 9.17e+2 9.15e+2 1.01e+3 8.51e+2 1.02e+3 9.90e+2 2.16e+2

1e5 19th 5.72e+0 2.32e+1 2.77e+2 6.49e+1 2.69e+2 9.18e+2 9.18e+2 9.17e+2 1.01e+3 8.62e+2 1.02e+3 9.95e+2 2.16e+2
max 7.29e+0 2.37e+1 3.48e+2 1.63e+2 5.92e+2 9.20e+2 9.21e+2 9.20e+2 1.01e+3 8.84e+2 1.02e+3 1.01e+3 2.17e+2
mean 5.48e+0 2.30e+1 2.50e+2 6.50e+1 2.36e+2 9.16e+2 9.17e+2 9.16e+2 1.01e+3 8.50e+2 1.02e+3 9.60e+2 2.16e+2
std 7.44e−1 5.11e−1 4.92e+1 3.89e+1 1.59e+2 2.39e+0 2.43e+0 2.15e+0 1.80e+0 1.89e+1 3.19e+0 1.59e+2 9.20e−1
min 2.94e+0 2.13e+1 2.00e+2 1.26e+1 9.79e+1 9.11e+2 9.11e+2 9.11e+2 1.00e+3 7.95e+2 1.01e+3 2.00e+2 2.14e+2

7th 4.25e+0 2.26e+1 2.00e+2 1.72e+1 1.23e+2 9.12e+2 9.12e+2 9.12e+2 1.00e+3 7.99e+2 1.01e+3 9.79e+2 2.15e+2
med. 4.71e+0 2.30e+1 2.00e+2 2.15e+1 1.61e+2 9.13e+2 9.12e+2 9.12e+2 1.00e+3 8.03e+2 1.01e+3 9.86e+2 2.15e+2

5e5 19th 4.89e+0 2.32e+1 2.00e+2 4.14e+1 2.69e+2 9.13e+2 9.13e+2 9.13e+2 1.00e+3 8.08e+2 1.01e+3 9.92e+2 2.16e+2
max 5.37e+0 2.37e+1 3.00e+2 1.32e+2 5.92e+2 9.15e+2 9.15e+2 9.13e+2 1.00e+3 8.39e+2 1.02e+3 1.00e+3 2.17e+2
mean 4.59e+0 2.29e+1 2.04e+2 3.09e+1 2.34e+2 9.13e+2 9.12e+2 9.12e+2 1.00e+3 8.05e+2 1.01e+3 9.55e+2 2.15e+2
std 5.15e−1 5.78e−1 2.00e+1 2.53e+1 1.58e+2 8.42e−1 7.26e−1 5.05e−1 8.19e−1 8.86e+0 1.86e+0 1.58e+2 9.07e−1


