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Abstract- In this paper we introduce a restart-CMA- 2 The restart CMA-ES

evolution strategy, where the population size is increased

for each restart (IPOP). By increasing the population The (zw, A)-CMA-ES  In this paper we use thiguy, A)-
size the search characteristic becomes more global af- CMA-ES thoroughly described in [3]. We sum up the gen-
ter each restart. The IPOP-CMA-ES is evaluated on the €ral principle of the algorithm in the following and refer to
test suit of 25 functions designed for the special session [3] for the details. _

on real-parameter optimization of CEC 2005. Its perfor- For generatiory + 1, A offspring are sampled indepen-
mance is compared to a local restart strategy with con- dently according to a multi-variate normal distribution
stant small population size. On unimodal functions the . .

performance is similar. On multi-modal functions the B~ N (<x>\(/3)’ (U(g))ZC(g)) fork=1,....A
local restart strategy significantly outperforms IPOP in
4 test cases whereas IPOP performs significantly better
in 29 out of 60 tested cases.

where N/ (11, C) denotes a normally distributed random
vector with mearnnm and covariance matrixC. The pu
best offspring are recombined into the new mean value
@Y = S w95, where the positive weights
w; € R sum to one. The equations for updating the re-

The Covariance Matrix Adaptation Evolution Strateg)f”ai”ing parameters of the normal distribution are given in

(CMA-ES) [5, 7, 4] is an evolution strategy that adaptdS): EdS- 2 and 3 for the covariance mati% Egs. 4 and
the full covariance matrix of a normal search (mutation O the step-size (cumulative step-size adaptation / path

distribution. Compared to many other evolutionary algo-en_gth control)-. On convex-quadratic fungtions, thg adap-
rithms, an important property of the CMA-ES is its invari-tation mechanisms far andC allow to achieve log-linear

ance against linear transformations of the search space: {ffivergence Qafter an adaptation time which can scale be-
CMA-ES exhibits the same performances on a given objefveen0 andn®. The defﬁ‘““ strategy parameters are given
tive function f : = € R" v f(z) € R, wheren € N, in[3, Egs.6-8]. Only 7)Y ando® have to be set depend-
and on the same function where a linear transformation {89 on the problent.
applied,i.e. fr : = € R" — f(Rz) € R whereR de- The default population size prescribed for {hgy, A)-
notes a full rank linear transformation. This is true onlycMA-ES grows withlog n and equals ta = 10, 14, 15 for
if a corresponding transformation of the strategy (distribuz = 10,30, 50. On multi-modal functions the optimal pop-
tion) parameters is made. In practice this transformation l4ation sizeA can be considerably greater than the default
learned by the CMA algorithm. population size [3].

The CMA-ES efficiently minimizes unimodal objective
functions and is in particular superior on ill-conditioned and’he restart (uw,A)-CMA-ES with increasing pop-
non-separable problems [7, 6]. In [3], Hansen and Kernlation (IPOP-CMA-ES) For the restart strategy the
show that increasing the population size improves the pefqw, A)-CMA-ES is stopped whenever one stopping crite-
formance of the CMA-ES on multi-modal functions. Con-rion as described below is met, and an independent restart
sequently, they suggest a CMA-ES restart strategy with suis-launched with the population size increased by a factor of
cessively increasing population size. Such an algorithm, r@: For all parameters of th@uyy, A)-CMA-ES the default
ferred to as IPOP-CMA-ES in the following, is introducedvalues are used (see [3]) except for the population size, start-
and investigated here for optimizing the test suit of the CE@g from the default value but then repeatedly increased. To
special session on real-parameter optimization [8]. our intuition, for the increasing factor, values betwden

The remainder of this paper is organized as follows: Se@nd5 could be reasonable. Preliminary empirical investiga-
tion 2 presents the main lines of the algorithm. Section 3 exions on the Rastrigin function reveal similar performance
plains the experimental procedure. Section 4 presents afwt factors betweefi and3. We chose, to conduct a larger
comments the experimental results. The IPOP-CMA-ES isumber of restarts per run.
compared to a restart strategy with constant population size. To decide when to restart the following (default stop-

ping) criteria do apply.

1 Introduction

IA more elaborated algorithm description can be accessed via
http://www.bionik.tu-berlin.de/user/niko/cmatutorial.pdf.

2These stopping criteria were developed before the benchmark function



e Stop if the range of the best objective function valfunctions 6-12 are multi-modal. Functions 13-25 result
ues of the lastl0 4+ [30n/\] generations is zero from the composition of several functions. To prevent ex-
(equalfunvalhist ), or the range of these func- ploitation of symmetry of the search space and of the typi-
tion values and all function values of the recent geneal zero value associated with the global optimum, the local
eration is belowolfun = 10712, optimum is shifted to a value different from zero and the

. . ... function values of the global optima are non-zero.
e Stop if the standard deviation of the normal distribu- d P

tion is smaller tharfolX in all coordinates andp,
(the evolution path from Eq. 2 in [3]) is smaller than
TolX in all components. We s@lX = 10~ 250,

Success performances Evaluating and comparing the
performances of different algorithms on multi-modal prob-
lems implies to take into account that some algorithms
e Stop if adding a0.1-standard deviation vector in may have a small probability of success but converge fast
a principal axis direction ofC(9) does not change whereas others may have a larger probability of success but
(@) (noeffectaxis ) be slower.
To evaluate the performances of an algoritArthe fol-
» Stop if adding.2-standard deviation in each coordi-|owing success performance criterion has been defined in

nate does chang@\(,{}) (noeffectcoord ). [8]
e Stop if the condition number of the covariance matrix SP1 = ]E(Tfl) 7 (1)
exceedd 0'* (conditioncov ). Ds

—

The distributions of the starting points)y’ and the ini- WhereE(T’3) is an estimator of the expected number of ob-
tial step-sizes(®) are derived from the problem dependeni€ctive function evaluations during a successful ruAof
initial search region and their setting is described in the next
section, as well as the overall stopping criteria for the IPOP- E(T3) =
CMA-ES.

Nbr. evaluations in all successful runs
Nbr. successful runs

andp; an estimator of the probability of success A

3 Experimental procedure __ Nbr. successful runs
bs = Nbr. runs '

The restartuy, A)-CMA-ES with increasing population

size, IPOP-CMA-ES, has been investigated on2figest [N [1] we have shown that this performance criterion is a
functions described in [8] for dimensid, 30 and50. For particular case of a more general criterion. More precisely,
each function a bounded subgét B]" of R™ is prescribed. considerT’ the random variable measuring the overall run-
For each restart the initial poir(tf")\(,g) is sampled uniformly ning time (_or n'umber of function evaluations) before a suc-
within this subset and the initial step-siz&”) is equal to cess criterion is met by independent restarté\pthen the

(B — A)/2. The stopping criteria before to restart are deSXPectation of"is equal to

scribed in the last section. The overall stopping criteria for 1— ps e i

the algorithm prescribed in [8] are: stop aftex 10* func- E(T) = ( D )]E(TA ) +E(T3) 2)
tion evaluations or stop if the objective function error value

is below10~8. whereps is the probability of success &, and E(T%?)

The boundary handling is done according to the standafld E(7;) are the expected number of function evalua-
implementation of CMA-ES and consists in penalizing théions for unsuccessful and successful runs, respectively (see
individuals in the infeasible regichFor each test function, [1, Ed. 2]). ForE(T}*) = E(T3), Eq. 2 simplifies to
25 runs are performed. All performance criteria are evaluE(T") = E(T3)/ps. ThereforeSP1 estimates the expected
ated based on the same runs. In particular, the times wherrtwmning timeZ" under this particular assumption.
measure the objective function error value (namelyCét Taking now into account that the algorithm investigated
104, 10° function evaluations) were not used as input pain this paper is a restart strategy and that the maximum num-
rameter to the algorithme(g, to set the maximum number ber of function evaluations allowed F ., = n x 104,
of function evaluations to adjust an annealing rate). we can derive another success performance criterion (see [1]

for the details). Indeed for a restart strategy it is reasonable
Test functions The complete definition of the test suit is 0 @ssume that a run is unsuccessful only because it reaches

available in [8]. The definition of functions 1-12 is based o Emax €valuations. Therefore Eq. 2 simplifies into
classical benchmark functions, that we will refer in the se-

. . . —Ds :
quel also by their name. Functions 1-5 are unimodal and SP2 = ( ’ )FEmax +E(T3) ®3)
S
suit used in this paper was assembled. for which the estimator we will use is
3More formally, stop if (7){?) equals to(z){? + 0.10(9 /X, - 1— %
wherei = (g mod n) + 1, and); and; are respectively the ith eigen- SP2 = ( ApS)FEmaX +E(TY) . (4)
value and eigenvector @&(9), with ||@;|| = 1. Ds

“4For details refer to the used MATLAB code, cmaes.m, Version 2.35; —
see http://www.bionik.tu-berlin.de/user/niko/formersoftwareversions.html  3If p is zeroS P1 is not computed.



iven FE .« = 3 x n x 10%). On function 8, the Ackley

. _qi
L%I_T_ AlB l\7/lgals uIrQe d dCHPLtJ—E_econ(stZ alc(ggrdtln?q,to(\)w{s}ﬁ us"\%nction composed with a linear transformation, the success
0.1, Red hat Linux =4, yte ' €N rate is zero. This result seems to contradict previous re-

tium 4 3GHz processor. Time T2 is the CPU-time for run- : : :
X ) ) ) It the Ackley function [3], but it b I db
ning the IPOP-CMA-ES unti2 x 10° function evaluations sults on the Ackley function [3], but it can be explained by

. the different scaling that is applied here: outside the usual
on function 3. Fom = 30 the IPOP-CMA-ES needs on av- L
- _ ) bounds [—32, 32]™) the Ackley function is almost flat and
erage0.12 CPU-milliseconds per function evaluation. The, N (~32,32]") y funcrion |

. . . the composition with a linear transformation with a condi-
strategy internal time consumption scales wittn?). The P

.. tion number of100 brings this flat region into the search
large values for T1 reflect the large number of ObJGCtIV%pace. Therefore the function looks like a needle in the

;uon:ljllggznc?gsévgnggr (l—sriZIE/c;n\:\ﬁ'!ﬁ}ﬁ,ae\giar?g;lljealzr:g{%ihayStaCk problem. In case of the noisy Schwefel Problem
. : - (function 4) we observe premature convergence for dimen-
call. Running the same code using MATLAB 6.5.0, Wln-( uncH )W vep . Verg !

. sion30 and50 due to a too fast decrease of the step-size.
dows XP, 512MByte, 2.4GHz, increases TO by more than P

a factor of ten, whereas T1 and T2 increase by less than a _ .
factor of two Comparison with a pure local restart (LR) strategy To

TO T1 T2 evaluate the impact of the increase of the population after
n—=10 04s 32s 17s each restart, we compare the results presented here with a
n=230 04s 41s 24s pure restart strategi/e. where the population is kept fixed
n=50 04s 49s 56s after each restart of thguyr, A)-CMA-ES, presented in [1]

and referred to as LR-CMA-ES in the following. Moreover,
to stress the local search characteristics, in LR-CMA-ES the
We also derived the variance of SP2 initial step-size equals .5 x 1072(B — A). Even though
1—p, ) , such a small initial step-size suggests that the strategy op-
var(SP2) = ( 5 )(FEmax) +var(T3) , (5) erates as a pure local search, the step-size adaptation mech-
® anism allows yet to search more globally than a pure local
and consider here its following estimator search method. In fact, in some cases the step-size adap-
R tation increases the step-size by a factor clostdto The
Var/(s?g) — (1 —Ds ) (FEmax)? + var(T5%).  (6) detailed results for this latter approach are presented in [1].

P We test the statistical significance of the differences

— . ) observed on the data. Table 3 reports the result of the
wherevar(T73) is an estimator for the variance of the num-«|mogorov-Smirnov test for comparing the distributions
ber of objective function evaluations during a successful rugs the objective function values from Tables 5, 6, and 7

of A. compared to [1]. Table 4 reports results for the two-sided
Wilcoxon rank sum test for equal medians.
4 Results From the convergence plots far = 30 in Fig. 1 we

) ) observe remarkable differences in the convergence graphs
Figure 1 presents the convergence graphs associated to (gg@npared to [1] on functions 4, 9-12, 17, and 24. All these

median value at each generation. Steps that repeatingiferences are highly significant and favor IPOP-CMA-ES.
occur in the graphs, most prominent for function 12, in-  The effect of the different initial step-size is significantly
dicate that the larger population sizes achieve better rgisible after103 function evaluations in all functions at least
sults. The observed maximal firlal population size igor some dimension (Table 4), except for the Ackley func-
A = 640,448,480, which mean°,2°,2° times Asare = tion 8. Unexpectedly, in most cases the larger initial step-
10, 14,15, for n = 10, 30, 50, respectively. size of IPOP-CMA-ES leads to a better function value dis-
According to the requirements, Table 1 reports CPUgipution even afteil03 function evaluations.
time measurements, Table 2 gives the number of function according to Table 4, disregarding the initial differ-
evaluations to reach the success criterion (if successful), tgces after a small number of function evaluations, IPOP-
success rate, and the success performances as defined inrdffa-gs significantly outperforms LR-CMA-ES on the

previous section. The objective function error values afte{nctions 4, 9-12, 14, 16, 17, 22, and 24. Contrariwise,
10%,10%, 10° andn x 10* function evaluations are presentedyn functions 13 4 = 10), 21 (2 = 10;50), and 23

in Table 5, 6 and 7. (n = 50) LR-CMA-ES significantly outperforms IPOP-
On the ill-conditioned and non-separable function 3, thespma-ES. For function 21 the diversity of the solutions
performance is exceptionally good whereas many evolggynd in the local-restart approach suggests that the small
tionary algorithms fail to locate the optimum of this conveXyopulation size is favorable, because it allows to converge
quadratic function. Invariance of the CMA-ES against Orfaster to a local minimum and therefore allows to do more

thogonal transformations leads to similar performance A@starts and visit more different local optima before reach-
functions 9 and 10 which are respectively the Rastrigifhg y, x 104 function evaluations.

function and the rotated Rastrigin function. If the maxi-
mum number of function evaluations is increased on Rast-
rigin function the success performance values imprevg. (

on function 10 forn = 30, by a factor of almost three,
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Figure 1: Best objective function error value (log scale) versus number of function evaluations #r phaeblems in
dimension30. For each run the best individual found until the current generation is considered and shown is the median
value of25 runs at each generation. The respective problem number is given in the legend.

Table 2: For th&5 problems in dimension = 10, n = 30, andn = 50, number of function evaluations (mi’”, median,

19", maximum, mean and standard deviation) needed to reach the neighborhood of the global optimum with the objective
function error value (accuracy) as given in the Tol column. A run is successful if it reaches Tol hefoié* function
evaluations. For functions3 to 25 none of the runs reach the given accuracy. Successpgtarfd success performance

SP1 and SP2 as defined in Eq. 1 and Eq. 4. Standard deviation for SP2 as defined in Eq. 6.

n =10
n =30
n =50

e
=
(=]

b.| Tol

min

7t h

median

19th,

max

mean

std

Ps

SP1

SP2

std(SP2)

le—6
le—6
le—6
le—6
le—6

1.44e+43
2.20e+3
5.84e+3
2.52e+3
5.36e+3

1.58e+3
2.33e+3
6.3le+3
2.82e+3
5.63e+3

1.63e+43
2.35e+3
6.51e+3
2.88e+3
5.83e+3

1.65e+3
2.44e+3
6.7le+3
3.03e+3
5.97e+3

1.71e+43
2.60e+3
7.20e+3
3.22e+3
6.72e+3

1.61e+3
2.38e+3
6.50e+3
2.90e+3
5.85e+3

6.14e+1
1.06e+2
2.92e4-2
1.68e+2
2.89e+2

1.00
1.00
1.00
1.00
1.00

1.61e+43
2.38e+3
6.50e+3
2.90e+3
5.85e+3

1.61e+43
2.38e+3
6.50e+3
2.90e+3
5.85e+3

6.14e+1
1.06e+2
2.92e4-2
1.68e+2
2.89e+2

le—2
le—2
le—2
le—2
le—2

5.67e+3
1.49e+43
2.33e+4
2.68e+4

7.08e+3
1.80e+3
4.62e+4
4.74e4-4

8.55e+3
5.83e+3
7.85e+4
5.15e+4

1.37e+4
6.24e+3
8.3le+4
7.84e+4

2.26e+4
1.33e+4

1.08e+4
4.67e+3

5.75e+4
5.98e+4

5.00e+3
2.83e+3
2.11e+4
1.81e+44

1.00
1.00
0.00
0.76
0.92

1.08e+4
4.67e+3

7.57e+4
6.50e+4

1.08e+4
4.67e+3
0.00e+0
8.91le+4
6.85e+4

5.00e+3
2.83e+3

6.78e+4
3.57e+4

==
MHO@OO\I@CH»&OJN}D—‘

e
=
(=]

le—2
le—2

b.| Tol

3.05e+4
2.37e+3

min

3.92e+3

7t h

3.10e+4

median

7.18e+4

19th,

max

6.3le+4
2.88e+4

mean

2.56e+4
2.78e+4

std

0.24
0.88

2.63e+5
3.27e+4

SP1

3.80e+5
4.24e+4

SP2

3.64e+5
4.82e+4

std(SP2)

le—6
le—6
le—6
le—6
le—6

4.15e+3
1.20e+4
4.15e+4
1.94e+4
1.91e+4

4.42e+3
1.28e+4
4.23e+4
2.7le+4
5.74e+4

4.50e+3
1.31e+4
4.27e+4

6.83e+4

4.58e+3
1.32e+4
4.30e+4

7.62e+4

4.72e+3
1.36e+4
4.42e+4

1.03e+5

4.50e+3
1.30e+4
4.27e+4
2.36e+4
6.59e+4

1.33e+42
3.52e+2
6.06e+2
4.79e+3
1.85e+4

Ps
1.00
1.00
1.00
0.40
1.00

4.50e+3
1.30e+4
4.27e+4
5.90e+4
6.59e+4

4.50e+3
1.30e+4
4.27e+4
4.74e+5
6.59e+4

1.33e+2
3.52e+2
6.06e+2
5.81e+5
1.85e+4

le—2
le—2
le—2
le—2
le—2

3.76e+4
4.12e+3
2.75e+5
2.87e+5

4.47e+4
4.82e+3

2.91e+5

4.83e+4
4.97e+3

5.82e+4
5.23e+3

1.55e+5
1.99e+4

6.00e+4
6.11e+3
2.85e+5
2.90e+5

2.8le+4
4.02e+3

6.87e+3
2.44e43

1.00
1.00
0.00
0.36
0.12

6.00e+4
6.11e+3
7.90e+5
2.42e+6

6.00e+4
6.11e+3
0.00e+0
8.18e+5
2.49e+6

2.81le+4
4.02e+3

6.67e+5
2.35e+6

el
MHO@OO\IG)U!»&OJN}D—‘

e
=
o
ol

le—2
le—2

Tol

1.99e+5
1.67e+4

min

1.38e+5

7th

median

lgth,

max

1.99e+5
7.19e+4

mean

0.00e+0
7.54e+4

std

0.04
0.32

Ps

4.98e+6
2.25e+5

SP1

7.40e+6
7.09e+5

SP2

7.35e+6
7.7Te+5

std(SP2)

le—6
le—6
le—6
le—6
le—6

6.54e+3
3.00e+4
1.15e+5

6.80e+3
3.09e+4
1.16e+5

6.89e+3
3.11e+4
1.17e+5

6.96e+43
3.15e+4
1.17e+5

7.13e+3
3.29e+4
1.18e+5

6.88e+3
3.13e+4
1.17e+5

1.42e+2
6.55e+2
6.77e+2

1.00
1.00
1.00
0.00
0.00

6.88e+3
3.13e+4
1.17e+5

6.88e+3
3.13e+4
1.17e+5
0.00e+0
0.00e+0

1.42e+2
6.55e+2
6.77e+2

le—2
le—2
le—2
le—2
le—2

1.15e+5
7.32e+3

4.06e+5

1.23e+5
7.67e+3

4.64e+5

1.36e+5
8.00e+3

1.50e+5
8.22e+3

3.59e+5
1.01e+4

1.58e+5
8.03e+3
4.35e+5
4.52e+5

6.68e+4
5.56e+2
2.22e+4
2.00e+4

1.00
1.00
0.00
0.28
0.12

1.58e+5
8.03e+3

1.55e+6

1.58e+5
8.03e+3
0.00e+0
1.72e+6
4.12e+6

6.68e+4
5.56e+2

1.52e+6

el
MHO@&)\I@U‘»&MN}D—‘

le—2
le—2

4.32e+5

0.00
0.00

3.76e+6

0.00e+0
0.00e+0

3.91e4-6



Table 3: Results of the Kolmogorov-Smirnov test between IPOP-CMA-ES and LR-CMA-ES for dimen8idts and

50. For each test problem (column) and for each number of function evaluations (FES) being efiallte, 10° and

n x 10° (row), the hypothesis is tested whether the measured objective function value distributions are identical for the
IPOP-CMA-ES and the LR-CMA-ES. Given is the negative base ten logarithm of-tladue. That is, for the upper left

entry we have a significance level pf= 10=°8. The 5%-significance level using the (most conservative) Bonferroni
correction for multiple testing evaluates+olog,,(0.05/375) ~ 3.9; that is, entries larger thahcan be well regarded as
statistically significant

n =10
FES| 1 2 3 4 5 6 7 8 O 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24|25
Te3 |5.8 2.0 2.0 11.5 5.8 0.0 88 0.2 88 07 34 1.6 0.1 58 58 2.0 88 09 06 0.6 1.2 2.0 2.0 7.3 9.7
led [0.1 0.4 0.4 9.7 0.1 0.2 0.6 1.6 11.5 11.5 5.8 5.2 0.9 8.0 2.0 3.9 6.5 2.9 1.2 0.9 0.6 2.4 0.9 52 1.2
le5 [0.1 0.4 0.4 6.5 0.1 0.2 2.0 0.0 11.5 11.5 7.3 2.9 4.5 10.6 1.2 8.0 9.7 3.4 3.9 3.4 6.5 6.5 2.9 5.2 1.6

n =30
FES| 1 2 3 4 &5 6 7 8 O 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 |25

le3 |9.7 11.5 10.6 11.5 10.6 10.6 11.5 0.9 10.6 11.5 3.9 9.7 0.9 88 2.4 2.9 11.5 11.5 10.6 11.5 7.3 8.8 10.6 11.5 11.5
le4 |00 29 73 97 04 09 16 04 11.5 11.5 7.3 3.4 0.4 88 1.2 0.2 10.6 88 9.7 10.6 0.1 58 0.2 8.0 4.5
le5 |0.0 2.0 0.1 80 04 0.1 1.2 3.4 11.5 11.5 80 6.5 0.2 7.3 2.9 5.2 7.3 9.7 11.5 9.7 0.0 10.6 0.1 8.0 24
3e5 |[0.0 20 0.1 80 04 04 1.2 0.9 11.5 11.56 9.7 80 1.6 8.0 2.4 80 7.3 7.3 9.7 7.3 0.1 9.7 1.2 8.0 2.4

n =50
5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 |25
8 106 11.5 0.4 11.5 11.56 52 11.5 4.5 8.8 2.0 8.8 11.5 11.5 10.6 11.56 11.5b 9.7 11.5 11.5 11.5
2 06 58 0.1 11.5 11.5 10.6 3.4 0.4 8.0 0.9 2.0 11.5 4.5 80 6.5 11.5 9.7 3.4 3.4 115
2
6

FES 1 2 3 4
le3 |11.5 11.5 11.5

le4 | 0.9 8.8 11.5
le5 | 0.9 0.2 3.4 5.
5e6 | 0.9 0.2 0.1 2.

0.2 06 0.1 11.5 11.5 11.5 80 0.9 9.7 5.8 5.2 10.6 5.8 5.8 8.0 11.5 11.5 3.4 24 1.2
0.4 06 1.2 11.5 11.5 11.5 7.3 0.1 7.3 5.2 9.7 10.6 3.4 24 29 11.5 11.5 10.6 2.4 1.6

Table 4: Results of the two-sided Wilcoxon rank sum test for median function values between IPOP-CMA-ES and LR-
CMA-ES for dimensiond 0 , 30, and50. For each test problem (column) and for each number of function evaluations
(FES) being equal t03, 104, 10°, andn x 10° (row), the hypothesis is tested whether the median for IPOP-CMA-ES and
LR-CMA-ES are the same. Given is the negative base ten logarithm pfihkie. That is, for the upper left entry we have

a significance level gb = 107%7 ~ 2 x 10~7. The plus indicates that the median was lower (better) for LR-CMA-ES, the
star denotes cases where this is statistically significant5%hsignificance level using the (most conservative) Bonferroni
correction for multiple testing evaluates+tolog,,(0.05/375) ~ 3.9; that is, entries larger thahcan be well regarded as
statistically significant.

n =10
FES| 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24| 25
Te3 | 6.7 3.2 ;2.1 88 6.2 0.8 7.1 ;0.0 7.6 8.0 3.7 0.6 ;00 6.3 4.6 1.9 8.3 0.7 0.6 1.4 0.8 2.8 ;0.8 4.7 7.6
led |40.0 0.6 0.4 85 0.0 ;0.4 1.4 [1.7 8.9 89 53 4.0 40.6 6.7 2.5 4.3 6.5 2.6 1.5 1.0 0.0 1.8 0.6 6.0 1.1
le5 |40.0 0.6 0.4 6.9 0.0 0.4 2.3 0.5 8.9 88 6.6 3.4 £4.4 86 0.3 7.0 8.1 4.1 4.6 4.7 £5.4 5.7 1.6 56 2.0

n =30

FES | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24|25
le3 [8.5 8.8 (8.7 88 85 88 88 ;1.3 83 88 43 80 1.0 6.7 2.8 3.8 88 88 88 88 80 7.7 81 8.8 8.8
le4 |00 3.2 7.5 85 0304 21 ,03 8888 67 30 403 6.7 2.10.3 8482788609 54 40.045 3.9
le5 |00 24 405 74 020223 ;348989 79 58 4026126 3.3 71648864 0.5 88 04 4.5 2.5
3e5 [0.0 24 ,0.5 74 0206 23 26 88 89 83 64 1.5 75 0255 7.2 3564 3.5 1.4 86 1.2 4.5 2.5

=50
FES | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 | 25
le3 |8.8 8.8 {88 88 6.7 86 88 ;04 88 88 4.1 88 4.1 81 ;0.2 84 88 88 87 88 88 86 88 88 88
le4 |0.7 {#8.2 88 88 ;1.0 04 50 4048888 79 1.0 403 7.2 ;08 1.0 88 3.7 6.3 46 9.6 85 0.3 04 88
le5 |0.7 0.3 4+3.1 49 1.1 00 05 40.1 8889 88 59 05 74 6.1 39 86 2.5 22 44 {10.0 88 0.3 0.0 2.0
5e5 |0.7 0.3 .03 2.6 .05 0305 20 8988 88 6.3 0.1 74 2.0 7.1 86 ;0.3 0.1 0.1 {¥10.0 8.8 7.6 0.0 2.1

5 Summary and conclusions performance of any search algorithm. First, as for the stan-
) . ) dard (uw, A)-CMA-ES, the IPOP-CMA-ES igjuasi pa-

In this paper we have investigated the IPOP-CMA-ES, gameter free® In the presented experiments only the ini-

restart CMA-ES with a population size successively in-

creased by a factor of two. The algorithm has been tested onsremark that the number of parameters in the description of an algo-

25 benchmark functions and compared with a pure restaithm is somewhat arbitrary: the more general the description, the more pa-

CMA-ES with constant population size where the initiafameters appear. Therefore, the existence or absence of parameters in the

o . . . algorithm description cannot have influence on the assessment of the num-
s.tep-.3|ze is small. As eXpe_Cted’ increasing the p0plj”at,|, r of parameters that need to be (empirically or heuristically) determined
size is usually the better choice, and IPOP-CMA-ES signifigach time the algorithm is applied. For the CMA-ES, strategy parameters

cantly outperforms the pure restart approach on many multiave been chosen in advance, based on principle algorithmic considera-
modal problems. On unimodal non-noisy functions no re|eti_ons and in-depth empirical investigations on a few simple test functions.

. To our experience the strategy parameterg.@ learning rate, a time hori-
vant differences are observed and IPOP-CMA-ES perfom}%n, or a damping factor) mostly depend on algorithmic internal consider-

as well as the standafgy, \)-CMA-ES. ations and on the search space dimension, and to a much lesser extend on
To draw a final conclusion we emphasize two importarthe specific objective function the algorithm is applied to. Nevertheless, it

aspects that have to be taken into account when judging t'ﬁé)ossible to improve the performance by tuning strategy parameters and
stopping criteria on most (all?) functions.




Table 5: Best objective function error value reached aftér 10* and10° function evaluations (FES) respectively (rows)
on the25 test problems (columns) in dimensian= 10. Given are minimum7*", median,19*", and maximum value,

as well as mean value and standard deviation f26rmuns. A run is stopped whenever the objective function error value
drops belowl0~2 and its final value is used for all larger FES.

FES Prob. 1 2 3 4 5 6 7 8 9 10 11 12

min | 1.88e—3 6.22e4+0 1.07e+6 8.86e+1 6.71let+0 1.12e+1 6.51e—1 2.05e+1 5.02e4+0 6.11e4+0 2.33e+0 3.26e+1
7th | 7.56e—3 2.40e+1 5.73e4+6 5.81le4+2 1.25e+1 1.27e+2 7.28e—1 2.07e+1 1.43e+1 3.63e+1 6.54e+0 2.82e+2
med.| 1.34e—2 4.35e+1 1.14e+7 1.58e+3 2.16e+1 1.91e+3 9.06e—1 2.08e+1 2.75e+1 4.56e+1 8.21e+0 2.28e+3
1e3[19t"| 2.46e—2 8.36e+1 2.39e+7 4.28¢+3 3.76e+1 3.15¢4+3 9.74e—1 2.08e+1 4.70e+1 5.14e+l 9.35e+0 8.37e44
max | 4.68e—2 1.70e+2 5.67e+7 1.75e4+4 6.7le4+1 9.89e+5 1.11le40 2.09e¢+1 5.91le4+1 6.37e+1 1.13e+1 1.29e45
mear] 1.70e—2 5.83e+1 1.68e+7 3.00e+3 2.81e+1 4.30e+4 8.69e—1 2.08e+1 3.07e+1 4.17e+1 7.97e4+0 3.59e-+4
std |1.20e—2 4.74e+1 1.59e+7 3.83e+3 1.85e+1 1.97e+5 1.38e—1 9.93e—2 1.72e+4+1 1.57e+1 2.22e+4+0 4.95e¢+4
min [ 1.84e—9 2.21e—9 2.21e—9 1.71e—9 2.46e—9 3.29¢—9 9.31e—10 2.03e+1 1.99¢+0 2.98e4+0 3.38e—1 3.42e¢—9
7t 13.75¢—9 3.27e¢—9 4.61e—9 3.85¢—9 5.02¢—9 4.49¢—9 2.81e—9 2.05¢+1 4.97e+0 4.97e¢+0 2.79¢+0 6.66¢—9
med.| 5.65e—9 4.53e—9 5.51e—9 4.78e—9 6.33e—9 7.37Te—9 5.46e—9 2.06e+1 5.97e+0 6.96e4+0 4.65e+0 1.88e+1
1e4 |19t 6.42¢—9 5.71e—9 6.58¢—9 6.46e—9 8.60e—9 3.99e+0 7.77e—9 2.06e+l 7.96e4+0 7.96e4+0 5.72e+0 1.35e¢+3
max | 9.34e—9 7.67e—9 9.66e—9 7.80e—9 9.84e—9 2.63e42 1.48e—2 2.07e41 1.09e41 1.59e+41 7.87e40 6.34e+44
mear] 5.20e—9 4.70e—9 5.60e—9 5.02e¢—9 6.58e¢—9 1.17Te+1 2.27e—3 2.05e+1 6.21e+0 7.16e4+0 4.42e4+0 2.98e+3
std |1.94e—9 1.56e—9 1.93e—9 1.71e—9 2.17e—9 5.24e+1 4.32e¢—3 8.62e—2 2.10e+0 3.12e+0 2.10e+0 1.26e+4
min [ 1.84e—9 2.21e—9 2.21e—9 1.71e—9 2.46e—9 1.44e—9 6.22¢—10 2.00e+1 1.52e¢—10 1.50e—10 5.27e¢—10 1.08e—9
7th |3.75e—9 3.27e¢—9 4.61e—9 3.85e—9 5.02e—9 3.81e—9 1.65¢—9 2.00e+1 3.46e—10 3.34e—10 3.48e¢—2 2.81e—9
med.| 5.65e—9 4.53e—9 5.51e—9 4.78¢—9 6.33e—9 4.69e¢—9 2.84e¢—9 2.00e+1 6.14e—10 5.64e—10 6.34e—1 3.89e¢—9
1e5[19t"| 6.42¢—9 5.71e—9 6.58¢—9 6.46e—9 8.60e—9 5.67e—9 5.46e—9 2.00e+1 3.50e—9 1.08¢—9 1.64e+0 5.94e—9
max | 9.34e—9 7.67e—9 9.66e—9 7.80e—9 9.84e—9 8.13e—9 7.77¢—9 2.00e+1 9.95e—1 9.95e—1 3.19e+40 7.12e42
mear] 5.20e—9 4.70e—9 5.60e—9 5.02e—9 6.58e¢—9 4.87e—9 3.31e—9 2.00e+1 2.39e—1 7.96e—2 9.34de—1 2.93e+1
std |1.94e—9 1.56e—9 1.93e—9 1.71e—9 2.17e—9 1.66e—9 2.02e—9 3.89e—3 4.34e—1 2.75e—1 9.00e—1 1.42e+42

FES Prob., 13 14 15 16 17 18 19 20 21 22 23 24 25
min [2.26e+0 4.07e+0 2.21e42 1.12e+2 1.43e+2 3.04e+2 3.04e+2 3.0le+2 5.00e+2 7.86e+2 5.59e+2 2.00e+2 3.86e+2
7th | 3.35e40 4.19¢+0 4.03e42 1.73e42 1.90e42 7.33e42 8.0le42 7.85¢42 5.0le42 7.97e42 1.09¢43 2.15¢42 3.94e42
med.| 3.75e+0 4.29e¢+0 4.16e+2 2.07e+2 2.37e+42 8.09e+2 9.65e¢+2 8.03e+2 8.87Te+2 8.02e+2 1.26e+3 5.10e+2 3.99e+2
1e3|19t"| 4.51e40 4.37e+0 4.41e+42 2.38e+2 2.69e¢+2 1.02¢4+3 1.02¢4+3 9.83e4+2 1.25¢+3 8.57e42 1.27e43 9.76e4+2 4.03e42
max | 5.28e+0 4.52e+0 5.89e+2 4.05e+2 1.0le+3 1.06e+3 1.06e+3 1.07e+3 1.27e+3 9.49e+2 1.28e+43 9.94e+2 5.05e+2
mear| 3.84e+0 4.28e+0 4.12e+2 2.19e+2 2.T4e+2 8.43e+2 8.86e+2 8.50e+2 9.05e+2 8.29e+2 1.08e+3 5.89e+2 4.06e+2
std |8.05e—1 1.33e—1 7.98e+1 7.15e+1 1.73e42 2.14e+2 1.97e42 1.62e+42 3.40e+2 4.8le4l 2.94e+2 3.3le42 2.99e+1
min | 4.94e—1 2.95e+0 1.69e42 7.95e+1 1.17e+2 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.41le+2 5.59e+2 2.00e+2 3.74de+2
7t 17.50e—1 3.75e+0 2.00e+2 1.02e+2 1.28e+42 3.00e+2 3.57e+42 5.47e+42 5.00e+2 7.58e+42 5.59e4+2 2.00e+2 3.80e+2
med.| 9.77e—1 3.99e+0 3.00e+2 1.09e+42 1.38e+2 5.28e+42 8.00e+2 7.22e+2 5.00e+2 7.66e+2 1.23e+3 2.00e+2 3.82e+2
1e4 |19t 1.11e40 4.08e40 4.00e4+2 1.16e4+2 1.70e4+2 8.00e4+2 8.08e4+2 8.00e4+2 8.56e+2 8.00e4+2 1.27e+3 2.00e+2 3.84e+2
max | 1.84e+4+0 4.51e+0 5.00e+2 1.69e+2 9.99e+2 1.03e+3 1.03e+3 9.90e+2 1.25e+3 8.98e+2 1.28e+3 9.72e+2 3.89e+2
mear] 9.71e—1 3.91e+0 2.99e42 1.1le42 1.95e+2 6.02¢e42 6.75e42 6.85e+2 7.05e4+2 7.81le+2 9.49e42 3.04e+2 3.82e42
std |3.18e—1 3.05e—1 1.02e+42 1.66e+41 1.85e42 2.76e+2 2.52e+2 2.26e+2 3.00e+2 3.95e+1 3.52e+42 2.58e+42 3.42e¢-40
min [4.07e—1 2.08e+0 1.69e¢+2 7.92e+1 9.48e+1 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.16e+2 5.59e+2 2.00e+2 3.70e+2
7th | 6.44e—1 2.75e¢4+0 2.00e+2 9.05e+1 1.13e42 3.00e4+2 3.00e4+2 3.00e4+2 5.00e+2 7.23e42 5.59e42 2.00e42 3.71e42
med.| 6.82e—1 3.00e+0 2.00e+2 9.13e+1 1.22e+42 3.00e+2 3.00e+2 3.00e+2 5.00e+2 7.30e+2 5.59e+2 2.00e+2 3.74e+2
1e5(19t"| 7.61e—1 3.28e+0 2.00e+2 9.25e+1 1.30e42 3.00e+2 3.00e42 3.00e4+2 5.00e+2 7.32e42 5.59e+2 2.00e4+2 3.76e42
max | 1.05e+0 3.51e+0 4.00e+2 9.68e+1 2.04e+2 7.18e+2 7.69e+2 3.00e+2 5.00e+2 7.44e+2 5.59e+4+2 2.00e+2 3.79e+2
mear] 6.96e—1 3.0le+0 2.28e+2 9.13e+1 1.23e+2 3.32e+2 3.26e+2 3.00e+2 5.00e+2 7.29e+2 5.59e+2 2.00e+2 3.Tde+2
std |1.50e—1 3.49e—1 6.80e+1 3.49e+0 2.09e+1 1.12e+2 9.93e+1 0.00e4+0 3.48e—13 6.86e40 3.24e—11 2.29¢e—6 3.22e+40

tial search region is defined problem dependent; no (fuBibliography

ther) adjustment of parameters is conducted. Second, the )
IPOP-CMA-ES has severaivariance properties [2], like [1] A. Auger and N. Hansen. Performance evaluation of an
invariance against order preserving transformations of the advanced local search evolutionary algorithm.Pho-
objective function value and invariance against linear trans- ceedings of the IEEE Congress on Evolutionary Com-
formations of the search space [7]. Invariance properties are Putation 2005.

highly desirable, because they imply uniform performancpy . Hansen. Invariance, self-adaptation and correlated
on classes of f_u_nctlons and theref(_)re allow for generaliza-" |, ;tations in evolution strategies. In M. Schoenauer,
tion of the empirical results. We believe that parameter tun- Deb, G. Rudolph, X. Yao, E. Lutton, J.J. Merelo, and

ing and invariances need to be carefully regarded for a con- 4 p gchwefel. editordarallel Problem Solving from

clusive performance evaluation of search algorithms. Nature - PPSN VlIpages 355-364. Springer, 2000.
Altogether, results of this paper together with previ- ’ '

ous results for the CMA-ES with large population size [3]3] N. Hansen and S. Kern. Evaluating the CMA evolution
give evidence that IPOP-CMA-ES is a remarkably well per- ~ strategy on multimodal test functions. In Xin Yao et al.,
forming search algorithm for non-linear, non-convex, non-  editors,Parallel Problem Solving from Nature - PPSN
separable global optimization problems. VIII, LNCS 3242 pages 282-291. Springer, 2004.
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Table 6: Best objective function error values reached in dimensien30, see caption of Table 5 for details
FES Prob. 1 2 3 4 5 6 7 8 9 10 11 12

min | 4.49e+2 1.12e+5 3.84e+8 6.13e+5 6.21e+3 3.26e+6 4.10e+1 2.12e+1 2.19e+2 2.43e+2 4.17e+1 4.23e+5H
7th 5.48e4+2 1.73e+5 8.00e48 1.12e+4+6 9.57e+3 7.3le+6 9.39e+1 2.12e+1 2.45e+42 2.65e+42 4.43e+1 1.62e46
med.| 7.40e+2 2.35e+5 1.00e+9 1.44e+6 1.09e¢e+4 1.23e+7 1.20e+2 2.12e+1 2.50e+2 2.74e+42 4.55e+1 1.75e+6
1e3[19t"| 1.04e4+3 2.94e+45 1.38e49 1.87e+6 1.24e44 1.99e+7 1.59e+42 2.13e+1 2.66e+42 2.88e+2 4.7le+1 1.90e+6
max | 1.61le+3 3.83e+5 2.07e49 3.29e+46 1.42e+4+4 6.8le+7 3.26e+2 2.13e+1 2.87e+2 3.08e+2 4.83e+1 2.16e+46
mear] 8.16e4+2 2.39e+4+5 1.07e49 1.556e4+6 1.07e44 1.77e+47 1.39e+2 2.12e+1 2.53e+2 2.77e+2 4.54e+1 1.67e+6
std 3.0le4+2 7.80e+4+4 4.43e48 6.15e+5 2.13e+3 1.62e+7 7.17e+1 4.35e—2 1.65e+1 1.90e+41 1.76e+0 4.06e+5
min | 3.98e—9 2.29¢e—3 1.24e4+6 4.88e+2 5.00e—2 1.77e+1 3.93e—9 2.10e+1 2.39e+1 3.08e+1 7.44e+0 1.34e-+1
7th | 4.70e—9 1.60e—2 3.4le+6 1.46e+3 1.00e+3 2.28e+1 4.85e—9 2.1le+1 4.28e+1 4.38e+1 1.39e+1 6.25e+2
med.| 5.20e—9 2.57e—2 4.90e+4+6 3.51e+3 1.32e+3 2.58e+1 5.69¢—9 2.11le+1 4.88e+1 5.27e+41 1.57e+1 3.02e+3
1le4[19t"| 6.10e—9 3.99e—2 8.21e+6 5.18e+4 2.04e+3 2.22e+2 6.95¢—9 2.1le+1 5.47e+1 5.87e+1 1.85e+1l 1.96e+4
max | 7.51le—9 7.49e—2 1.42e+47 2.88e+5 3.20e+3 2.66e+3 2.46e—2 2.12e+1 7.96e+1 8.26e+1 2.28e+1 1.71le46
mear| 5.42e—9 2.73e—2 6.1le4+6 4.26e+4 1.51e+3 4.60e+2 1.77e—3 2.1le+1 4.78e+1 5.14e+1 1.58e+1 2.5le+b
std |9.80e—10 1.79e—2 3.79e+6 7.43e+4 8.82e+2 8.29e+2 5.52e—3 4.04e—2 1.15e+1 1.25e+41 3.97e+H+0 5.77e+b
min | 3.98¢—9 4.48¢—9 4.07e—9 6.06e—9 7.15¢—9 4.05¢—9 1.76e—9 2.00e+1 2.98e+0 9.95e—1 7.43e—2 4.27e¢—9
7t | 4.70e—9 5.59e¢—9 4.78¢—9 8.75¢—9 8.06e—9 5.31e—9 4.59¢—9 2.02e+1 4.97e¢+0 5.97e4+0 7.23e+0 6.0le—2
med.| 5.20e—9 6.13e—9 5.44e—9 1.93e+1 8.6le—9 6.32e—9 5.41e—9 2.09e+1 6.96e4+0 6.96e+0 9.23e+0 3.85e+2
1e5[19t"| 6.10e—9 6.85e—9 6.16e—9 2.72e+3 9.3de—9 7.52e—9 6.17e—9 2.10e+1 8.95e4+0 8.95e+0 1.13e+1 1.57e+43
max | 7.51le—9 8.41e—9 8.66e—9 1.57e+5 2.5le—6 3.99e+0 7.81e—9 2.1le+1 1.19e+41 1.09e41 1.39e+1 1.37e46
mear| 5.42e—9 6.22¢—9 5.55e—9 1.27e4+4 1.08e—7 4.78e—1 5.31e—9 2.07e+1 6.89e4+0 6.96e4+0 9.10e+0 5.95e+4
std |9.80e—10 8.95e¢—10 1.09¢—9 3.59e+4 4.99e¢—7 1.32e+0 1.41e—9 4.28e—1 2.22e¢40 2.45e¢e+0 3.10e+0 2.74e+5
min | 3.98¢—9 4.48e¢—9 4.07e—9 6.06e—9 7.15e—9 3.27e—9 1.76e—9 2.00e+1 4.35e—6 3.08e—4 8.27e¢—10 3.79e¢—9
7th | 4.70e—9 5.59e—9 4.78¢—9 8.75e—9 8.06e—9 4.63e—9 4.59e—9 2.00e+1 4.74e—4 9.95e—1 3.53e4+0 6.43¢—9
med.| 5.20e—9 6.13e—9 5.44e—9 1.93e+1 8.6le—9 5.76e—9 5.41e—9 2.00e+1 9.95e—1 1.00e4+0 6.18e4+0 4.54e+1
3e5[19t"| 6.10e—9 6.85¢—9 6.16e—9 2.72e+3 9.20e—9 7.06e—9 6.17e—9 2.00e+1 1.99e+0 2.17e+0 7.20e4+0 8.16e+2
max | 7.51e—9 8.41e—9 8.66e—9 1.31le+5 9.96e—9 9.25¢—9 7.81e—9 2.10e+1 4.97e+0 4.59e¢+4+0 1.14e+1 1.10e+6
mear] 5.42e—9 6.22¢—9 5.55e—9 1l.1le+4 8.62¢e—9 5.90e—9 5.31e—9 2.0le+1 9.38e¢—1 1.65e4+0 5.48e+0 4.43e+4
std |9.80e—10 8.95e—10 1.09e¢—9 3.02e+4 8.53e—10 1.61e—9 1.41e—9 2.79e—1 1.18e4+0 1.35e4+0 3.13e+0 2.19e+H

FES Prob. 13 14 15 16 17 18 19 20 21 22 23 24 25
min [3.05e+1 1.37e+1 4.93e+2 2.75e+2 3.10e+2 9.18e+2 9.16e+2 9.17e+2 6.70e+2 1.00e+3 8.14e+2 9.58e+2 2.7le+2
7t | 5.45e+1 1.42e+1 5.66e4+2 3.18e42 4.02e42 9.29e¢4+2 9.33e+2 9.34e+2 8.63e4+2 1.03e+3 9.26e+42 9.77e+42 2.87e+2
med.| 7.36e+1 1.42e+1 6.93e+2 3.57e42 4.58e+2 9.48e+2 9.45e+42 9.47e42 9.60e+2 1.06e+3 1.10e4+3 9.89e+2 2.95e+2

1e3|19'"|1.25e+2 1.43e+1 7.37e+2 4.54e+2 5.38e42 9.56e+2 9.65e+2 9.60e+2 1.0le+3 1.1le+3 1.1le+3 9.95e+2 3.08e+2
max | 4.98e+2 1.44e+41 8.51e42 6.01e42 6.83e42 9.89e42 1.03e43 1.00e43 1.1le43 1.21e43 1.13e43 1.24e43 3.80e42
mear| 1.14e42 1.42e+1 6.69e+2 3.75e+42 4.79e+2 9.45e+2 9.51e+42 9.50e42 9.44e+2 1.08e+3 1.03e+43 9.97e+2 3.05e+2
std |1.07e+2 1.59e—1 1.15e+42 7.97e+1 1.14e+42 1.8le+1 2.47e+1 2.14e+1 1.08e+42 5.78e+1 1.05e4+2 5.34e+1 2.75e+1
min [ 2.46e+0 1.34e+1 2.08e+2 5.75e+1 6.88e+1 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.63e+2 5.34e+2 2.00e+2 2.10e+2
7th 13.39e40 1.37e+1 3.26e+2 7.13e+1 1.59e+42 9.05¢+2 9.06e4+2 9.04e+2 5.00e+2 8.93e42 5.35e+2 9.54e42 2.11e42
med.| 3.87e+0 1.38e+1 4.00e+2 1.52e+42 2.17e42 9.07e+2 9.07e+2 9.05e¢+42 5.00e+2 9.0le42 5.48e+2 9.56e+2 2.11e+2

1e4|19'"|4.10e4+0 1.38e+1 4.16e42 4.00e42 4.68e42 9.10e4+2 9.08e4+2 9.07e+2 5.00e4+2 9.10e42 7.02e+42 9.60e+2 2.12e42
max | 5.62e+0 1.40e+1 5.53e+42 5.00e+2 6.08e+42 9.14e+42 9.21e42 9.11e+42 1.09e+4+3 9.30e+42 1.10e+3 9.64e+42 2.15e+2
mean 3.80e+0 1.38e+1 3.87e+2 1.96e+2 3.00e+2 9.08e+2 9.08e+2 9.06e+42 5.47e+42 9.00e+2 6.92e+42 9.26e42 2.11le42
std |7.27e—1 1.48e—1 8.48e+1 1.45e+42 1.94e42 2.76e40 3.62e4+0 2.28e+0 1.63e42 1.57e+1 2.38e42 1.51e42 1.18e+40
min [2.43e4+0 1.27e+1 2.00e+2 2.69e+1 6.67e+1 9.03e+2 9.03e+2 9.03e+2 5.00e+2 7.97e+2 5.34e+2 2.00e+2 2.10e+2
7t 12.69e4+0 1.32e+1 2.00e42 3.43e+1 1.57e42 9.03e4+2 9.04e42 9.04e+2 5.00e+2 8.14e42 5.34e4+2 9.38e4+2 2.10e42
med.| 2.83e4+0 1.36e+1 2.00e+2 4.27e+1 2.13e+42 9.04e+2 9.04e+2 9.04e42 5.00e+2 8.30e+2 5.34e+42 9.42e+2 2.10e+2
1e5(19'"|2.98e+0 1.37e+1 2.22e+2 6.4let+l 4.68e42 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.40e+2 5.35e+2 9.48e+2 2.1le+2
max | 3.67e+0 1.40e+41 3.20e42 1.28e42 5.95e42 9.07e42 9.06e42 9.06e42 5.00e42 8.51e42 1.10e43 9.56e42 2.14e42
mear 2.89e4+0 1.35e+1 2.25e+2 5.34e+1 2.92e+42 9.04e+2 9.04e+2 9.04e42 5.00e+2 8.27e+42 5.82e+42 9.13e+2 2.11e{2
std |3.59e—1 3.17e—1 4.10e+1 2.85e+1 1.94e+42 7.73e—1 6.07e—1 6.09e—1 1.19e¢—13 1.72e+1 1.55e+2 1.49e¢+42 9.27e—1
min [1.10e+0 1.18e+1 2.00e+2 1.53e+1 6.66e+1 9.03e+2 9.03e+2 9.03e+2 5.00e+2 7.67e+2 5.34e+2 2.00e+2 2.10e+2
7th | 2.44e40 1.27e+1 2.00e+42 2.50e+1 1.57e+2 9.03e+2 9.03e42 9.03e+2 5.00e+2 7.88e42 5.34e+2 9.35e42 2.10e+2
med.| 2.61e+0 1.29e¢+1 2.00e+2 3.04e+1 2.13e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.00e+2 5.34e+2 9.39e+42 2.10e+2
3e5(19t"| 2.76e+0 1.31e41 2.00e+2 3.49e+1 4.68e+2 9.04e+2 9.04e+2 9.04e+2 5.00e+2 8.18e+42 5.34e42 9.45e¢42 2.11e42
max | 3.20e+0 1.37e+1 3.00e+42 1.08e+42 5.95e+42 9.04e+42 9.04e+42 9.04e+42 5.00e+2 8.42e+42 5.34e+42 9.56e+42 2.14e+2
mean 2.49e+0 1.29e+1 2.08e+2 3.50e+1 2.91e+42 9.04e+2 9.04e+42 9.04e+42 5.00e+2 8.03e+2 5.34e+42 9.10e+42 2.11le42
std |5.13e—1 4.19e—1 2.75e+1 2.04e+1 1.93e42 2.88e—1 2.7le—1 2.48e—1 1.31e—13 1.86e+1 2.22e—4 1.48e+42 9.2le—1
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Table 7: Best objective function error values reached in dimensierb0, see caption of Table 5 for details
FES Prob.

1

2

3

4

5

6 7

8

9 10

11

12

min
7th
med.

1e3|19t"

max

5.76e+3
9.19e+3
1.13e+4
1.27e+4
1.88e+4

7.22e+45
8.48e+5
9.50e+5
1.05e+6
1.53e+46

1.90e49 2.78e46
2.83e+9 3.29e+46
3.59e+9 4.10e+6
4.72e+9 4.54e+6
6.36e+9 7.33e+6

2.24eH4
2.56e+4
2.7le+4
3.0leH4
3.51leH4

4.63e+8 4.95e42
1.03e+9 6.25e+42
1.47e49 7.15e+42
2.22e49 8.12e+2
3.61e+9 1.26e+3

2.12e41 4.6le42 5.21e42
2.13e+1 5.26e+2 5.73e+2
2.13e+1 5.38e42 5.93e+42
2.14e+1 5.59e+42 6.26e+2
2.14e4+1 5.99e42 6.82e42

7.46e+1 6.55e46
7.97e+1 7.76e46
8.06e+1 8.07e+6
8.20e+1 8.49e+6
8.33e+1 8.99e+6

mear
std

1.12e+4
2.96e+3

9.90e+5
2.11e45

3.80e+9 4.16e46
1.34e49 1.09e+46

2.77e+4
3.41e+3

1.71e4+9 7.38e+2
9.04e+8 1.70e+2

2.13e+1 5.41e42 5.94e42
4.40e—2 3.06e+1 3.87e+1

8.04e+1 8.04e+46
2.22e40 6.10e+5

min
7th
med.

led|19t?

max

4.51e—9
5.35e—9
5.63e—9
6.68e—9
7.28¢—9

8.26e+3
1.13e4+4
1.39e+4
2.10e+4
5.78e+4

3.56e+7 4.04de+H
5.27e+7 9.41e4b
6.44e+7 1.30e+46
8.70e+7 1.44e+6
2.17e48 2.85e¢+46

4.13e+3
5.41e+3
6.57e+3
7.46e43
9.55e+3

4.34e+1 6.47e—5
4.60e+1 1.23e—4
4.33e+2 2.07e—4
6.30e+3 3.07e—4
3.17e4+4 1.00e—2

2.12e+1 6.96e+1 6.47e+1
2.12e+1 8.95e+1 8.76e+1
2.13e+1 9.75e+1 1.00e+2
2.13e+1 1.16e+2 1.19e+42
2.13e+1 1.67e+42 1.82e+42

2.57e+1 9.49e+43
2.90e+1 2.16e+4
3.08e+1 5.13e+44
3.46e+1 6.32e+46
4.00e+1 7.69e+6

mearn
std

5.87e—9
8.59e—10

1.81eH4
1.13e44

7.67e+7 1.35e+46
4.23e+7 5.62e+5

6.51e+3
1.48e+3

6.52e+3 8.96e—4
1.11e4+4 2.41e—3

2.13e+1 1.04e+42 1.05e42
4.15e—2 2.20e+1 2.78e+1

3.19e+1 2.25e+46
4.10e+0 3.29e+46

min
7th
med.

1e5|19t"

max

4.51e—9
5.35e—9
5.63e—9
6.68e—9
7.28e—9

6.35e—9
7.44e—9
8.0le—9
8.17e—9
9.02e—9

5.12e—2 4.64e+44
1.00e+1 3.77e+5
3.10e+1 6.02e+5
6.15e+1 8.63e+5
2.76e+2 1.46e+6

5.52e+2
7.49e+2
1.10e+3
1.52e+3
2.72e+43

3.17e4+0 3.59e—9
6.86e+0 6.94e—9
9.29e+0 7.41e—9
1.63e+1 7.78e—9
4.72e+2 8.65e—9

2.00e+1 1.0le+41 1.12e+41
2.11e4+1 1.73e+41 2.19e+1
2.12e+1 2.15e+1 2.69e+1
2.12e41 2.39e+41 3.18e+1
2.13e4+1 4.28e+41 3.58e+1

1.52e+1 9.67e+0
1.77e+1 1.49e+3
2.17e+1 2.55e+3
2.47e+1 8.57e+3
2.69e+1 6.41e+6

mear
std

5.87e—9
8.59e—10

7.86e—9
7.24e—10

4.84e+1 6.16e+>
6.25e+1 3.6le+5

1.21e+3
5.68e+2

3.74e+1 7.22e—9
9.92e+1 1.03e—9

2.11e+1 2.19e+1 2.61le+1
3.30e—1 7.60e4+0 6.42e¢+0

2.12e+1 4.84e+5
3.83e+0 1.66e+6

min
7th
med.

5e5(19t"

FES

max

4.51e—9
5.35e—9
5.63e—9
6.68e—9
7.28e—9

6.35e—9
7.44e—9
8.0le—9
8.17e—9
9.02e—9

5.02e—9 3.48e++4
5.65e—9 2.57e+5
6.19¢—9 4.27e+5
6.53e—9 6.43e+5
8.06e—9 1.24e+6

1.09e—5
3.80e—3
5.70e—1
3.61le+0
1.35e+1

4.28e—9 3.59e—9
6.41e—9 6.94e—9
7.28e—9 T.41e—9
7.76e—9 7.78e—9
9.27¢—9 8.65e—9

2.00e+1 3.08e—10 1.72e¢—8
2.00e+1 6.51e—6 9.95e—1
2.00e+1 9.95e—1 9.97e—-1
2.00e+1 1.99e+0 1.99e+0
2.11e4+1 2.99e40 5.97e¢40

5.85e+0 9.67e¢+0
8.93e+0 5.36e+42
1.21e+1 2.36e43
1.40e+1 8.38e+3
1.68e+1 5.57e+6

mearn
std

Prob.

5.87e—9
8.59e—10

13

7.86e—9
7.24e-10

14

6.14e—9 4.68e+4>
6.86e—10 3.1le45

15 16

17

2.85e+0
4.32e+0

18

7.13e—9 7.22e¢—9
1.11e—9 1.03e—9

19

2.0le+1 1.39e+0 1.72e+40
3.25e—1 1.11e+0 1.42e+0

20 21

1.17e+1 2.27e+5
3.14e+0 1l.11e+46

22 23 24

25

le3

min | 5.38e+3
7th 1 4.10e+4
med.| 7.53e+4
19t 1.13e45
max | 3.14e+5

2.37e+1
2.39e+1
2.41le+1
2.42e+1
2.43e+1

5.73e42 3.73e+42
8.39e+2 4.33e+2
8.54e+2 4.78e+2
9.23e+2 5.22e+42
9.49e+2 6.52e+2

4.49e+2
5.06e+2
5.73e+2
6.27e+2
7.48¢e+42

1.0le+3
1.04e+3
1.06e+3
1.08e+3
1.15e¢+43

1.00e+3 9.69e+2 1.04e+3
1.03e+3 1.01e+3 1.05e+3
1.08e+3 1.04e+43 1.05e+3
1.10e+43 1.07e+43 1.06e43
1.18e43 1.14e+3 1.07e+3

1.09e+3 1.04e+3 1.03e+3
1.15e+3 1.05e+3 1.06e+3
1.18e+3 1.06e+3 1.09e+3
1.23e+4+3 1.06e+3 1.11le+3
1.48e43 1.08e+3 1.29e¢43

5.19e+4+2
6.42e+2
6.73e+2
7.20e+2
1.16e43

mear] 9.25e+H4
std | 7.50e4+4

2.41e+1
2.00e—-1

8.49e+2 4.8le+2
9.85e+1 7.05e+1

5.78e+2
8.45e+1

1.07e+3
3.36e+1

1.08e+3 1.04e+3 1.05e+3
4.97e+1 4.68e+1 8.55e+40

1.20e+3 1.06e+3 1.09e+3
8.58e+1 9.73e+0 5.12e+1

7.05e+2
1.27e42

le4

min | 5.11e+0
7t 16.69¢+0
med.| 8.07e+0
19t"| 8.77¢40
max | 2.33e+1

2.32e+1
2.36e+1
2.37e+1
2.38e+1
2.40e+1

3.32e+2 7.22e+1
3.75e+2 1.0le+2
4.14e+42 1.23e42
4.62e+2 1.83e42
5.23e+2 5.00e+2

1.05e+2
1.70e42
2.72e+2
4.40e+2
6.26e+2

9.13e+2
9.17e+2
9.24e+2
9.29e+2
9.52e+2

9.16e+2 9.13e42 1.00e+3
9.20e+2 9.18e+2 1.01le+3
9.22e+2 9.23e+2 1.0le+3
9.23e+2 9.25e+2 1.0le+3
9.32e+2 9.41e+2 1.02e43

9.38e+2 1.0le+3 2.00e+2
9.58e+2 1.02e+3 9.97e+2
9.67e+2 1.02e+3 1.00e+3
9.77e+2 1.02e+3 1.0le+3
9.88e+2 1.02e+3 1.02e+43

2.15e+2
17e+42
18e+2
18e+2
22e+42

mear| 8.68e¢+0
std |3.86e40

2.37e+1
2.10e—1

4.22e+2 1.73e+2
5.79e+1 1.21e42

3.08e+2
1.55e+2

9.25e+2
8.82e-+0

9.22e+2 9.22e+2 1.0le+3
4.27e40 6.47e40 3.33e40

9.67e+2 1.02e+3 9.72e+2
1.34e+41 2.87e+0 1.61le42

18e+2
37e+0

led

min |[4.11e+0
7th 1 4.99e+0
med.| 5.40e+0
19*"| 5.72e40
max | 7.29e+0

2.13e+1
2.30e+1
2.3le+1
2.32e+1
2.37e+1

2.00e+2 3.24e+1
2.10e+2 4.09e+1
2.33e+2 4.50e+1
2.77e+2 6.49e+1
3.48e+2 1.63e+2

9.79e+1
1.23e42
1.61e+2
2.69e+2
5.92e+42

9.12e+2
9.14e+2
9.16e+2
9.18e+2
9.20e+2

9.12e+42 9.13e+2 1.00e+3
9.15e+2 9.14e+2 1.00e+43
9.17e+2 9.15e+42 1.0le+43
9.18e+2 9.17e+2 1.01e+43
9.21e4+2 9.20e42 1.0le+3

8.12e+2 1.0le+3 2.00e+2
8.34e+2 1.02e+3 9.86e+2
8.5le+2 1.02e+3 9.90e+2
8.62e+2 1.02e+3 9.95e42
8.84e+2 1.02e+3 1.0le+3

l4e+42
15e+42

16e+42
17e+42

mear] 5.48e-+0
std | 7.44e—1

2.30e+1
5.11e—1

2.50e+2 6.50e+1
4.92e+1 3.89e+1

2.36e+2
1.59e+42

9.16e+2
2.39e+40

9.17e+2 9.16e+2 1.01e+3
2.43e+0 2.15e+0 1.80e+40

8.50e+2 1.02e+3 9.60e+2
1.89e+1 3.19e+0 1.59e+2

16e+2
20e—1

5eb

min | 2.94e+0
7t 1 4.25¢+40
med.| 4.71e+0
19" | 4.89e¢+0
max | 5.37e+0

2.13e+1
2.26e+1
2.30e+1
2.32e+1
2.37e+1

2.00e4+2 1.26e+1
2.00e+2 1.72e+1
2.00e42 2.15e+1
2.00e+2 4.14e+1
3.00e+2 1.32e+2

9.79e+1
1.23e+42
1.61le42
2.69e+2
5.92e+2

9.11e+2
9.12e+2
9.13e+2
9.13e+2
9.15e+2

9.11e+2 9.11e+2 1.00e+3
9.12e42 9.12e42 1.00e+3
9.12e+2 9.12e+2 1.00e+3
9.13e+2 9.13e42 1.00e+3
9.15e+2 9.13e+2 1.00e43

7.95e+2 1.0le+3 2.00e+2
7.99e42 1.0le43 9.79e+2
8.03e+2 1.0le+3 9.86e+2
8.08e+2 1.0le+3 9.92e+2
8.39e+2 1.02e+3 1.00e+3

14e+42
15e+42
15e+2
16e+2
2.17e+2

2.
2.
2.
2.
2.
1.
2.
2.
2.16e+2
2.
2.
2.
9.
2.
2.
2.
2.

mear| 4.59e¢+0
std |5.15e—1

2.29e+1
5.78e—1

2.04e+2 3.09e+1
2.00e+1 2.53e+1

2.34e+2
1.58e+2

9.13e+2
8.42e—1

9.12e+2 9.12e+2 1.00e+3
7.26e—1 5.05e—1 8.19e—1

8.05e+2 1.0le+3 9.55e+42
8.86e+0 1.86e+0 1.58e+2

2.15e+2
9.07e—1



