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ABSTRACT
The Biot-Savart operator and electrodynamics on bounded subdomains of the three-sphere
R. Jason Parsley

Dennis M. DeTurck and Herman R. Gluck

We study the generalization of the Biot-Savart law from electrodynamics in the presence of
curvature. We define the integral operator BS acting on all vector fields on subdomains of the three-
dimensional sphere, the set of points in R* that are one unit away from the origin. By doing so, we
establish a geometric setting for electrodynamics in positive curvature. When applied to a vector
field, the Biot-Savart operator behaves like a magnetic field; we display suitable electric fields so that
Maxwell’s equations hold. Specifically, the Biot-Savart operator applied to a “current” V is a right
inverse to curl; thus BS is important in the study of curl eigenvalue energy-minimization problems
in geometry and physics. We show that the Biot-Savart operator is self-adjoint and bounded. The
helicity of a vector field, a measure of the coiling of its flow, is expressed as an inner product of
BS(V) with V. We find upper bounds for helicity on the three-sphere; our bounds are not sharp but
we produce explicit examples within an order of magnitude. In all instances, the formulas we give
are geometrically meaningful: they are preserved by orientation-preserving isometries of the three-
sphere. Applications of the Biot-Savart operator include plasma physics, geometric knot theory,

solar physics, and DNA replication.
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Chapter 1

Introduction

n.b., This is an updated version as of November 2005; it is not the version submitted to Penn’s faculty

in April 2004. The update consists of correcting a few minor typographical errors.

The Biot-Savart law in electrodynamics calculates the magnetic field B arising from a current
flow V in a smoothly bounded region Q of R®. Taking the curl of B recovers the flow V, provided
there is no time-dependence for this system. The Biot-Savart law can be extended to an operator
which acts on all smooth vector fields V' defined in ). Cantarella, DeTurck, and Gluck investigated
its properties in [5] and have found numerous connections to ideas in geometric knot theory, to energy
minimization problems for vector fields, to plasma physics, and to DNA structure [4, 6, 8, 9, 10].
This dissertation investigates how this story changes in the presence of curvature by looking at
subdomains € of the three-dimensional sphere, S2.

In this work, we develop an approach to electrodynamics on such bounded subdomains via
the Biot-Savart operator, which we define on Q C S3. We provide integral formulas for Maxwell’s
equations and derive a useful correlation between the Biot-Savart and curl operators. We investigate

applications to the helicity of vector fields and provide upper bounds on helicity values. We conclude



by mentioning possible applications to energy-minimization problems for vector fields and also to a
problem in solar physics.

Our formulas are geometrically meaningful, in that their integrands are preserved by orientation-
preserving isometries of S3. Though verifying that Maxwell’s equations hold on orientable 3-
manifolds is an elementary exercise in differential forms, neither a literature search nor a search

via Google uncovered any geometric formulas for electrodynamics in the presence of curvature.

The Biot-Savart operator in Euclidean space is defined, for =,y € R? as

BﬂW@%iLV@xVM%wM%H

1 1
——— is the funda-

for a current flow V' on a compact subdomain . The function ¢(z,y) = I | |
Ty —x

mental solution to the Laplacian.

The integral formula for the Biot-Savart operator in Euclidean space requires the addition of
vectors lying in different tangent spaces. To obtain an analogous formula on the 3-sphere, we
must decide how to move tangent vectors among tangent spaces. Two natural choices exist: parallel
transport along a minimal geodesic or left translation (or right translation) using the group structure
of $3 viewed as the group of unit quaternions or SU(2). Each method has its advantages and
disadvantages; wherever convenient, we use the more illustrative method. We define the Biot-Savart

operator on the 3-sphere as an integral using each transport method.

BSW)0) = [ PV(@)x Vota) da

BS(V)(y)

1
/QL*V(:U) X Vo () dz — R/QL*V(m) de + QV/QL*V(JU) X Vo (a) da

Here, P, denotes parallel transport from z to y and L, denotes left-translation from z to y. Let
a(z,y) be the distance on the three-sphere between x and y; then the potential functions above are

1

Haley) = —lr—a)escle)
bofale,y) = — (- a)cot(a)
bila(ey) = —ma(2r—a)



Electrodynamics on the entire 3-sphere was developed in [14], with applications to geometric
knot theory and to the helicity of vector fields. Electrodynamics on compact subdomains (with
boundary) of S? is the correct analogue of the Euclidean setting, and it raises a rich and interesting

set of issues:

e The Hodge Decomposition Theorem for vector fields is more complicated than for the three-
sphere, because curl is no longer a self-adjoint operator and divergence is no longer the (neg-

ative) adjoint of gradient.

e Current flows on bounded domains can deposit electric charge on boundaries and thereby affect

Maxwell’s equations.

e Nonsingular current flows can be restricted to tubular neighborhoods of knots, enabling con-
nections between the writhing number of the core knot and both the helicity and flux of these

flows.

Using these explicit formulas, we obtain integral versions of Maxwell’s equations; in particular,
Theorem 1.1. The divergence of BS(V) is zero.

Theorem 1.2.

V(y) inside Q
Vy x BS(V)(y) =

0 outside 2
- Vy/ (V- V(x)) ¢o dvol,
Q

+V, (V(x) - 1) ¢o darea,
o0

A useful consequence of this theorem is that for V' divergence-free and tangent to the boundary,
the curl operator acts as a left inverse to the Biot-Savart operator. Any such V' in this space that
is also an eigenfield of BS must furthermore be an eigenfield of curl. The eigenvalue for curl is

precisely the reciprocal of the eigenvalue for Biot-Savart, i.e., if BS(V) = AV, then V x V = %V.



We also show that BS is a bounded, self-adjoint operator. We describe its image and find its

kernel.

Theorem 1.3. The kernel of the Biot-Savart operator on ) is precisely the subspace of gradients

that are always orthogonal to the boundary OS2.

The helicity of a vector field measures the extent to which the field lines wrap and coil around
each other. It was introduced by Woltjer [28] in 1958 and named by Moffatt [19] in 1969. Helicity
is conveniently expressed in Euclidean space as the L? inner product H(V) = (V,BS(V)). We
present the corresponding integral formula for the helicity of vector fields on S3; the formula is
again invariant under isometries.

The helicity of a vector field is bounded by its L? energy:

Theorem 1.4. Let R be the radius of a ball in S® with the same volume as Q. Then for any vector

field V e VF(Q), we have bounds on BS(V') and the helicity of V as follows:
H(V)| < N@RYXV,V) ,

where N(R) = L [2(1 — cos R) 4+ (7 — R)sin R].



Chapter 2

Background and history

This chapter begins with a brief history of the 19th century experiments that led to the Biot-Savart
law in electrodynamics. Next is a description of the extension of this law to an operator on all vector
fields on R®; we mention several results about the Biot-Savart operator in Euclidean space. In the
next section, we discuss the helicity of vector fields on R® and its connections to the Biot-Savart
operator. Again several results about helicity are described for Euclidean vector fields. Finally, the
chapter ends with a section on electrodynamics results on the three-sphere and hyperbolic three-

space.

2.1 Electrodynamics history: Biot and Savart’s work

Little was known until 1820 about the interplay between electric current and magnetism. That year,
Oersted discovered that moving an electric charge generated an effect on compass needles; indeed
compass needles had been previously observed to wobble during thunderstorms. His discovery was
communicated to the French Academie des Sciences on September 11, 1820. Within a week, Ampere
showed that two parallel wires carrying currents would attract each other if the currents flowed in

the same direction, and would repel each other if the currents flowed in opposing directions.



On October 30, 1820, Jean-Baptiste Biot (1774-1862) and his junior colleague Felix Savart (1791-
1841) performed a landmark experiment, described in [3]. Starting with a long vertical wire and a
magnetic needle some horizontal distance apart, they showed that running a current through the
wire caused the needle to move. After a suitable transient time, the needle settled into a stable
position resulting from the magnetic force induced by the current. They showed that this force
was perpendicular to the plane spanned by the wire and the line connecting needle to wire, and
furthermore that the intensity of the force was inversely proportional to the distance between wire
and needle.

After these observations, Biot shared them with Laplace, and they deduced the force exerted by
each small section of the wire. Biot and Savart conducted a second experiment to test these ideas.
This time they used a bent wire in their setup. They knew that the force intensity at the needle
location y due to the current through a point x was %, where R is the distance |z — y|, and 0 is
the angle between the wire and the vector x — y.

In modern times, this result carries their names as the Biot-Savart law: For a steady current

J inside a region €2 C R3, where ) could represent a curve, surface, or volume, the magnetic field

associated to J is

Bly) = Z—;/Qj(x) x ﬁ dz . (2.1)

See Figure 2.1 for a depiction of the integrand. The constant pg represents the permeability of free
space, po = 41 x 1077 N/A? (Newtons per amp squared). Magnetic force is measured in terms of
Teslas, T = N/(A-m). The earth’s magnetic field is approximately 5 x 1075 T'; one Tesla represents
a strong magnetic field one might encounter in a laboratory. We choose to work in units such that
o = 1. In addition, we will always think of ) as being three-dimensional, whether it is considered
as a subset of R? as in this section or as a subset of S as in later chapters.

Ampere conjectured, correctly, that all magnetic effects are due to a current flow. Another of his

contributions is Ampere’s Law, which we state in two different versions. Viewed as a differential,



J(x)

magnetic field
at y due to J(x)

Figure 2.1: The integrand of the Biot-Savart law.

Ampere’s Law says

VXB:uoj

Integrating both sides over the domain €2 and invoking Stokes’ Theorem produces the integral version

j{ B-dgzuo/J-ﬁdx
C=0% b

In other words, the circulation of the magnetic field around a closed curve C' is equal to the flux of

of Ampere’s Law:

the current J through any surface ¥ bounded by C.
Specifically for a closed curve C’ on the boundary of €, we may choose ¥ as a surface lying
outside §2; then the right-hand side of Ampere’s Law vanishes. Thus, a magnetic field has zero

circulation about a curve on the boundary,

B-d5=0
C’

Electrodynamics continued to develop in the early 19th century. In 1831, Faraday discovered
that moving a magnetic field generates an electric field; 11 years earlier Oersted had discovered that
the motion of electric charge generates a magnetic field. Maxwell and Lorentz added further results

and polish to the subject. Maxwell’s equations describe the curl and divergence of electric and



magnetic fields. The differential version of Ampere’s Law appears as one of them. We list Maxwell’s
equations in section 4.5 and show that through our definitions they hold on the three-sphere and its
subdomains.

For a more thorough history of electrodynamics, see Tricker’s book [25]; this book along with
an unpublished historical report by Cantarella, DeTurck, and Gluck are the primary sources for the

material in this section.

2.2 The Biot-Savart operator on R?

Let J be a smooth current contained in a subdomain Q of R®. Currents obey the continuity equation,

dp
Vel=—o

where p(z,t) is the volume charge density. The continuity equation implies that all steady currents
are divergence-free. To be contained in €2, the current is also tangent to the boundary. We call
fluid knots those vector fields that are both divergence-free and tangent to the boundary. The
current J then is a fluid knot. Fluid knots cannot have any gradient component due to the Hodge
Decomposition Theorem for vector fields; see [7] for a recent exposition. We make use of this theorem
on S? later in section 3.4.

Cantarella, DeTurck, and Gluck [5] extended the Biot-Savart formula on currents to be an integral
operator acting on all smooth vector fields defined on €2, a space we denote V F(Q). This Biot-Savart

operator, BS : VF(Q2) — VF(Q), is expressed as

BS(V)(y) = i/ﬁ‘/(x) « ﬁ v . (2.2)

They prove four main theorems and provide explicit versions of Maxwell’s equations.



Proposition 2.1 (CDG, [5]). Let V € VF(Q).

V(y) inside Q
Vy x BS(V)(y) =

0 outside 2

+Vy/ M dvol,,
Q

ly — |

,Vy/ Mdareax
oo |y — x|

This proposition proves one direction of the following theorem.
Theorem 2.2 (CDG, [5]). The equation V x BS(V) =V holds in Q if and only if V is divergence-

free and tangent to the boundary.

Known for almost two centuries, Ampere’s Law guarantees that curl is a left inverse to BS for a
fluid knot V. Theorem 2.2 states that this is the only case when curl acts as a left inverse. Therefore
the eigenvalue problems for the Biot-Savart operator, which arise in studying helicity and in plasma
physics, cannot be converted in general to eigenvalue problems for the curl operator. However, when
we restrict to vector fields that are fluid knots, we can convert eigenvalue problems from Biot-Savart

to curl, as Arnold does in [1].

Theorem 2.3 (CDG, [5]). The kernel of the Biot-Savart operator is precisely the space of gradient

vector fields that are orthogonal to the boundary of €.

Theorem 2.4 (CDG, [5]). The image of the Biot-Savart operator is a proper subspace of the image

of curl, and its orthogonal projection into the subspace of “fluzless knots” is injective.

The subspace of fluzless knots are defined as fluid knots which have zero flux through every

cross-sectional surface (2,90%) C (£2,09).

Theorem 2.5 (CDG, [5]). The Biot-Savart operator is a bounded operator; hence it extends to a

bounded operator on the L? completion of its domain, where it is both compact and self-adjoint.

As an application, we show that the Biot-Savart operator is manifest in Gauss’s formula for

linking number. In a half-page paper [17] in 1833, Gauss gave the linking number of two knots



(simple closed curves) K1, K5 in R3 as

1 dr d -
T 4y Ty

L(Kl,KQ) = ds dt

A Jie i, ds  dt |z —yP3
By manipulating the integral, we see the Biot-Savart integrand taken over the curve Kj.
1 d — d
/ {—/ @y x3d5]~—ydt
i, AT g, ds |z —y dt

dx\ dy
LK, K = B ). 22
(K1, K2) /}(2 S(ds) dtdt
dx

In the last equation, we loosen the definition of BS so that the domain of integration of B.S (d—)
s

L(K1, K»)

is the curve K7, rather than a three-dimensional subdomain of Euclidean space.

2.3 Helicity

The helicity of a vector field on a domain Q in R® is a measure of the extent to which the field
lines wrap and coil around one another. Denote the L? inner product of vector field on Q as

(VW) = fQ V- W dx. Helicity can be defined in terms of the Biot-Savart operator:

H(V) = (V.BS(V))
HV) = ﬁ QXQV(I)XV(y)-ﬁdxdy

Helicity was introduced by Woltjer [28] in 1958 and named by Moffatt [19] in 1969. For
divergence-free vector fields, helicity is the same as Arnold’s asymptotic Hopf invariant, described
in [1]. It has many applications in plasma physics, geometric knot theory, magnetohydrodynamics,
and energy minimization problems for vector fields.

There is an analogous concept to helicity of vector fields for curves. The writhing number of

a smooth, simple curve K C R?, which is parameterized by arclength, is

1 _
Wr(K)=—/ dv WY e
A7 Jwx ds  dt |z —y)?

10









If a plasma is injected into a containment vessel €, it will turbulently flow for a short time and
quickly shed some of its energy. This flow is described by a version of the Navier-Stokes equations
that takes magnetic effects into account. Eventually, the plasma reaches a minimal energy state
and stabilizes to a steady flow. This process known as plasma relaxation. During this process,
the helicity of the plasma decays on a much slower time scale than the energy does; it is fair to
approximate helicity as a constant during plasma relaxation.

We therefore may solve for the steady plasma flow as the vector field on 2 with minimum energy
(V,V) for a fixed helicity value. This is known as the Woltjer problem, named after the astro-
physicist Ludewijk Woltjer. We ask that V' be divergence-free and tangent to 052 so that it properly
models a steady plasma flow. The Woltjer Problem can be solved via Lagrange multipliers and is
far more tractable than using the magnetohydrodynamics version of the Navier-Stokes equations
to determine the plasma flow. The Woltjer Problem has been solved analytically for spherically
symmetric domains and for solid tori in Euclidean space [10, 6].

For Q not simply-connected, an additional constraint beyond helicity is required to properly
model the stable plasma flow. Fix the flux of V' through a basis of cross-sectional surfaces for
H5(92,09). Then the stable plasma flow resulting on € is well approximated by the solution to
the Taylor problem: among all divergence-free vector fields, tangent to 0X), with fized flur and
helicity, find the one with minimum energy. Taylor [24] gave solutions to this problem on a solid flat
torus and showed that they exhibited a reversed field pinch, a plasma flow where the paritcles
near the boundary move in the reverse direction to the main axis of the flow. The reversed field
pinch has been observed experimentally but does not appear in Woltjer solutions. Taylor’s results
were extended in [21].

One more energy-minimization problem allows for choice of domain. Optimal domains prob-
lem: Among all compact subdomains Q@ C R* of a given volume, and among all divergence-free
vector fields tangent to 02 with prescribed helicity, find the vector field with the minimum energy

and find the domain containing it.

13



Cantarella, DeTurck, and Gluck [9] proved several results regarding the optimal domains problem;

together with them, we have numerical results and a conjectured solution.

2.4 Electrodynamics results on S% and H?3

Electrodynamics on the three-sphere appears in a forthcoming paper by DeTurck and Gluck [14].
The author worked closely with them in the early stages of this project as they defined the Biot-
Savart operator on all of the three-sphere. The resulting formulas, which appear in section 4.2, are
rightly credited to them, but we furnish our own independent proofs in that section.

Once these were established, the three of us split our labor. In this work, the author has
focused on developing electrodynamics on bounded subdomains of the three-sphere, which introduces
significant obstacles not found on the whole of S3. They have focused on applications of the Biot-
Savart operator to linking, writhing, and twisting in S3. Furthermore they prove analogous results
for hyperbolic three-space H>. We summarize their results in this section.

We present their formulas for linking, writhing, and twisting in the next three results.

Theorem 2.8 (Linking integrals on S® and H?). (DG, [14]) Let K1 and K3 be smooth knots
on the appropriate space; let o(x,y) be the distance between two points © and y in the appropriate

space. Then their linking numbers are calculated by the following integrals.

1. On the three-sphere using left-translation to move vector fields:

1 de dy
L(Kl, KQ) = m /I( . (Lyz—l)*g X % . Vy¢($, y) ds dt
1 2
1 dr dy
47T2 K1 xKs ( v 1) ds dt s

Here, ¢(a(z,y)) = (7 — ) cot av.
2. On the three-sphere using parallel transport to move vector fields:

1 de dy
L(K,, K = — P,— x—"-V, ,y) dsdt
( 1, 2) ) KX K Y ds X dt y¢(x y) S

14









The two definitions of twist on S® produce different values.

Twr(K,v) = Twp(K,v) — 2£
T

But notice that the two methods do agree on the sum of twist and writhe.

Wrp(K)+ Twip(K,v) = Wrp(K) + Twp(K,v)

DeTurck and Gluck conclude by extending Calugireanu’s result to S% and H3. Let K be a
smooth knot in the appropriate space. Define a ribbon about K via the normal field v(s) and call

the new edge K’ as in section 2.3.

Theorem 2.11 (DG, [14]). Link equals twist plus writhe.

L(K,K') = Tw.(K,v) + Wr.(K)

The subscript * in the above formula indicates that we are allowed to choose consistently either

the parallel transport or the left-translation formulas on S3.

17



Chapter 3

Vector calculus on S°

Much of our work on the three-sphere is to be performed locally. The three-sphere S? is blessed
with structure; it can be viewed as a subset of R* or as a Lie group, either as SU (2) or as the group
of unit quaternions, Sp(1). Taking advantage of these structures, we work with three orthonormal
frames on S3: (1) left-invariant vector fields, (2) spherical coordinates, and (3) toroidal coordinates.

In this chapter, we describe each of these frames and how they relate to one another. Next, we
give the formulas for the operators gradient, divergence, curl, and Laplacian in terms of the three
frames. Then, we describe the Hodge Decomposition Theorem for vector fields on S3. After that, we
detail the notion of a triple product of three vectors in R*. Following that, we describe two means of
transporting vector fields between different tangent spaces on the three-sphere; either use the group
structure to left translate vector fields or use the Riemannian connection to parallel transport them.
In the next two sections, we develop a version of the Laplacian which operates on vector fields and
describe its behavior. For closed manifolds, the inverse to this vector Laplacian operator exists and
is known as the Green’s operator. We also note that Appendix A contains a list of vector identities

involving the vector operators which are then proven for all orientable Riemannian 3-manifolds.

18



3.1 Preliminaries

Let M? be an orientable, Riemannian 3-manifold possibly with boundary. Call V F(M) the space
of smooth vector fields on M. Denote the L? inner product of two functions f, g on a manifold M
as (f,g) = [,; fg dvol, and denote the induced L? norm as | f||. Define the L? inner product of two
vector fields V,W € VF(M) as (V,W) = [,, V- W dvol, and denote the induced L* norm as ||V
We reserve the notation |V (z)| to represent the length of V' at the point x.

Let [f] denote the average value of the function f on the three-sphere, i.e.,

1 1
[f] ZZW [S3f($)d$:ﬁ S3f($)dﬂf

Begin by viewing % ¢ R*. Let {z,y,u,v} be standard Euclidean coordinates on R*. By writing
z =2 +iy and w = u + v, we can view S? C C? as the set of points where |z|? + |w|> = 1. Also

consider S3 as the group SU(2); the point (z,w) € S* corresponds to the matrix

z w
—-w z
In particular, the point (1,0), the north pole, corresponds to the identity matrix in SU(2).

We will often work with a subdomain Q of S3, by which we mean that  C S? is a compact
3-manifold with piecewise smooth boundary.

Often we encounter functions f(z,y) and vector fields V (x, y) that depend upon two points in S3.
When performing the vector operations gradient, divergence, and curl, it is necessary to indicate at
which point the differentiation should occur. We accomplish this by adding a subscript to the nabla
operator. For example, V, f(z,y) indicates that we take the gradient with respect to y coordinates;

the resulting vector field lies in 7,53. We adopt this notation consistently throughout this work and

apologize for any confusion with covariant derivatives.
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3.2 Orthonormal frames on S°

3.2.1 Left-invariant frame

The first orthonormal frame we consider comes from the Lie algebra su(2). The basis of su(2) given

by

corresponds to three orthogonal tangent vectors at the north pole (1,0) € C? of §3. Choose three
left-invariant vector fields {1, @iz, i3} so that they agree at the north pole with the above basis. In

Euclidean coordinates on R*, this left-invariant frame is given by

U = -y +zxy+ vt — ud
iy = —uZ — vy + a0 + yo
iUy = —vVIT +uy — yu + 0

This framing induces the natural orientation on S® embedded in R*. These vector fields are
known as Hopf fields. Let {wi,ws,ws} denote the corresponding orthonormal coframe field, e.g.,
w1 = —ydx + xdy + vdu — udv. The volume form on S? is dvol = wy A wy A ws.

Figure 3.1 depicts orbits of the Hopf field @y, as viewed in R®. It has one orbit along the circle
22 + y? = 1, and another along the circle u? + v?> = 1, which is projected onto the z-axis in the

sketch.

Remark 3.1. The Lie bracket [@;,4;] = 204,50, where o, is the sign of the permutation (ijk)
and is zero if (ijk) is not a permutation. Its nontrivial Lie brackets imply that the left-invariant

frame does not form a coordinate system on S3.

Remark 3.2. One could just as easily choose a frame consisting of right-invariant vector fields that

agree at the north pole with the basis of su(2) given above.
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Figure 3.1: Orbits of the Hopf field 4;.
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We proceed to prove two results of interest for later work. For both of them, let Q be a subdomain

of the three-sphere.

Proposition 3.3. Let U be a left-invariant smooth vector field on  and let W be any smooth vector
field on Q. Then,

VwU:WXU.

Proof. Write U in terms of the left-invariant basis: U = Z a; U;, where the a; are real constants.
Also write W in terms of this basis: W = W(z) = Zw;(x) @;, where the w;(x) are real-valued
functions. Z

We claim that Vg, 4; = 0,505, where oy is the sign of the permutation.

By the symmetries of the left-invariant fields u;, the covariant derivative anti-commutes; for

instance, Vg, s = —Vg, 1. Thus, the Lie bracket
[t1,T2] = Va, e — Vaytin = 2V, e = 243

As mentioned earlier, [i1, @i2] = 2{3; hence, we have shown that Vg, @2 = @3, and the other permu-
tations follow likewise. Since V;,1; = 0, the claim is complete.

Now we can prove the proposition. We utilize the convention of summing over all repeated

indices.
VwU = Va5
= w;Vg,a;1;
= w;a;Va, 4 +witi(a;) 45
= wia;04,Uk + 0
This last term is easily recognized as the cross-product W x U, and the proof is complete. O

Corollary 3.4. Let U be a left-invariant field defined on ), and let G be a gradient defined on €.
Then,

V(U -G) = [U,G]
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Proof. Use vector identity (4) from Appendix A to begin:

VU -G) = Ux(VxG) + Gx(VxU) + VyG + VaU

By the preceding proposition, the last term is G x U. The first term on the right-hand side vanishes
since V x G = 0. In the second term on the right, V x U = —2U, since U is a left-invariant field

(see Table 3.1). Then,

VU-G) = 0+ (Gx—2U) + VuG + GxU
= VuG - GxU
= VuG — VeU
= [U,G]

3.2.2 Spherical coordinates

An n-dimensional sphere can be parameterized in terms of n different angular coordinates. We
define the spherical coordinates {a, 3,7} as follows. Let o represent the distance on S3 from a point
to the north pole (1,0,0,0) € R*. The set of points that are the same distance from the north pole
describes a two-sphere in S3; let 3 and 7 be the standard spherical coordinates on these two-spheres.

In terms of Euclidean coordinates we have

T = cosa
y = sina cospf

u = sinasinf cosy

v = sinasinfsiny

where 0 < a <7, 0< g <7, and 0 <~ < 27.
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The standard vectors given by these coordinates do not have unit length. To establish an or-

thonormal frame, define

1 0 1 0

sina 08’ sin «v sinﬁé)_7

d:—7 B: ’)/:

The corresponding orthonormal coframe is
{da, sinadp, sina sin 5dvy}

The volume form given by these coordinates is dvol = sin? asin 8 da A dB A dvy. The volume of S? is

27 ™ s
/ / / sin asin 8 da dB dy = 272
~=0J =0J a=0

The transformation from spherical coordinates to the left-invariant frame is given by the orthog-
onal matrix Mi:
cos 3 —cosasin 8 —sinasin
M, = sin fcosy cosacosfcosy+sinasiny sinacosfcosy — cosasiny )

sin Bsiny cosacosfcosy —sinacosy sinacos 3 cosy + cos o cosy

where
iy o) w1 da
Us | = M,y B and wy | T M,y sin v d3
U3 o w3 sin a sin G dy

To transform from the left-invariant frame to spherical coordinates, simply use the transpose, M{ .

The determinant of M; is +1, and so spherical coordinates preserve the natural orientation on S3.

3.2.3 Toroidal coordinates

For our third orthonormal frame, view a point (z,w) € S® C R* >~ C2. Write z = & + 4y and
w = u + iv, or in polar form, z = re’ and w = pe’®. Then the three-sphere is the set of points in

C? with 72 + p2 = 1. By letting r = coso and p = sino, we establish toroidal coordinates {0,0,0}
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z—axis represents
W+v2=1

x2+y2=1

Figure 3.2: Toroidal coordinates.

on S3. These are represented terms of Euclidean coordinates (z,y,u,v) € R* as

x = cosocosf
y = cososinf
u = sinocos¢
v = sinosing

where 0 <o <7/2, 0 <0 <27, and 0 < ¢ < 27. Figure 3.2 shows toroidal coordinates represented
in R?; note that {5, 0, qg} defines a left-handed orientation.

The coordinate o foliates the three-sphere into tori, from which these coordinates obtain their
name. For example, the Clifford torus in S® is the set of points where 72 = p? = 1/2; in toroidal
coordinates, the Clifford torus is given as {o = w/4}. In the cases when o = 0 or 0 = 7/2, the torus
degenerates into a circle, either 22 4+ y2 = 1 or u? + v? = 1, respectively. These tori are integrable
surfaces for the left-invariant vector field 4, defined in Section 3.2.1; Figure 3.1 depicts the flow of

1. In toroidal coordinates, 47 = coso 6 — sin o ¢.
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The standard vectors given by these coordinates do not have unit length. To establish an or-

thonormal frame, define

Lo
sino J¢

9 4 1 9
7= b5 " coso 08’

=S
|

The corresponding orthonormal coframe is
{do, cosc df, sinc do}

The volume form given by these coordinates is dvol = coso sinodo AdOAd¢p. As a check, the volume

of §2 again computes to 272.

27 2w /2
/ / / cososine do df dp = 27>
$=0J0=0J =0

The transformation from toroidal coordinates to the left-invariant frame is given by the orthog-

onal matrix Ms:
0 coso —sino
M= cos(—¢) sinosin(fd—¢) cososin(d— ) )

—sin(d — ¢) sinocos(d — @) cosocos(f — @)

where
Uy o w1 do
Ug | = My | ¢ and wy | T Ms | cosodb
i3 ¢ w3 sino do

To transform from the left-invariant frame to toroidal coordinates, simply use the transpose, M .
The determinant of My is —1, which means that (o, 0, ¢) defines a left-handed frame on S®. One
can avoid this by using the frame (o, ¢, 0).

To go from spherical coordinates to toroidal ones, we can multiply by the orthogonal matrix

MZT M.
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3.3 Vector calculus formulas on S?

On any Riemannian 3-manifold (M?3,g) there exists the following 1-1 correspondence between the

space of vector fields V F(M) and smooth differential forms A*(M):

The map ¥, sends a vector field V to the 1-form ¥4 (V)(:) = wy(:) = g(V, ), hence the need for
the Riemannian metric on M. The map U5 sends a vector field V' to the 2-form ¥o(V) = iy dvol =
dvol(V, -, -); it requires only the volume form dvol on M. The map from functions to 3-forms is given
by the Hodge star operator * : f — f dvol. Note that ¥y = xW;, where here the Hodge star maps
between 1-forms and 2-forms.

The formulas for the vector operators gradient, divergence, curl, and Laplacian are written as

Vo= widf) (3.1)
V-V = #d[Us(V)] = #d* Uy (V) (3.2)
VxV = U (dU(V)) = U7 (xd ¥ (V) (3.3)

Af = xd[Ua(U7N(df))] = *d = df (3.4)

Formulas for these operators appear in Table 3.1 for each of our three frame fields. All of the
calculations are straightforward via formulas (3.1)-(3.4). We compute the divergence and curl of 4
as a sample calculation.

To calculate the divergence and curl of 4;, we utilize the orthonormal left-invariant coframe
{w1,w2,ws3}. These forms are not derived from a coordinate system, so they are not necessarily
exact. In fact, dw; = —2ws A w3, dws = —2w3 A wq, and dws = —2w; A wo. Recall, the volume form

is dvol = wi A wa A ws.

27



First compute the divergence, V - Gy = #*dWUs(i1). To begin, ¥;(d1) = wy and

Us(t1) = *U(l1) = *w; = wa Aws
d¥s(ly) = dws Aws+wa Adws
dUs(t1) = (—2wsAwi) Aws+wa A(—2w1 Awa)
dVUs(ia) = 0

Therefore u; is divergence-free; so are o and u3. Thus, any left-invariant field is divergence-free.

We now compute V X 1y:

Vxia = Uyl (dV(iy))
= U, (dw))
= Uy (—2ws Aws)
= 20

Similarly, V X 4o = —2ts and V X 13 = —2u3. Any left-invariant vector field U then is an eigenfield

of curl with eigenvalue —2.
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Table 3.1: Vector calculus formulas on S3

Left-invariant frame {4, 4o, U3}

Write V' = U1 7:61 + v9 ’[1,2 + v3 ﬁ3

Here 4;(f) denotes the action of the vector field 4; on the function f.

Gradient: Vf
Divergence: V- 1%
Curl: VxV
Laplacian: Af

a1 (f)ar + a2(f) e + a3(f) s
G1(v1) + Ga(v2) + G3(vs)
[U2(vs) — t3(ve)] 41 + [G3(v1) — @1 (vs)] G2

+ [an(v2) — Gig(w1)] Gz — 2V

ay (a1(f)) + a2 (a2(f)) + as(as(f))

Write V.= féa+ g8+ h7.

Gradient: Vf
Divergence: V.-V
Curl:

VxV

Laplacian: Af

Spherical coordinates {a, 3,7}

~ fﬁ A fv N
fa e - - -
sin « sin acsin 8
s 2 cos 1 cos 3 1
« sin av sin a 96 sin asin 8 sinasing

(hsinﬁ)g—gvd n fv—(hsina)asinﬁﬁ n (gsina)a—fg?y

sin asin 3 sin asin 3 sin «
2 cos « 1 cos 3
+ — + +
Jaa sin a Ja sin? o Joo sin? asin 8 Is
1
sin? o sin? 8 Fn
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Table 3.1, continued.

Toroidal coordinates {&, é, q@}

Write V = f6 + gé + hqg. Note: {7, 0, qAb} is a left-handed frame. When taking cross-products, use

the right-handed frame {c}, ,é, gZA)}

Gradient: Vi = f.6+ fo gy Jo g
coso sino
2 2 1 1
Divergence: V-V = f,+ e 9o —hy
sin 20 cos o sino
h hsino), — R — o1 -
Curl: VxV = {_;% N } v+ {—( o) f"’] o+ [—f" g cos o) } é
sinoc coso sino coso
2cos2 1
Laplacian: Af = foo+ — Ufa + —=—foo + —5—Js0
sin 20 Ccos* o sin® o
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3.4 The Hodge Decomposition Theorem

We make frequent use of the Hodge Decomposition Theorem for vector fields applied both to sub-
domains of the three-sphere and to the three-sphere itself. Cantarella, DeTurck, and Gluck provide
a detailed treatment of the Hodge Decomposition Theorem for subdomains of R? in [7]. The result
and proof for subdomains of S? is analogous to the Euclidean case; we state the theorem but refer

you to their work for a proof. After presenting an example, we depict how the theorem changes for

a closed manifold M?.

Theorem 3.5 (Hodge Decomposition Theorem for R3). Let Q) be a compact three-dimensional

submanifold of S® with 0$) piecewise smooth. Then, there exists a decomposition of VF(Q) into five

mutually orthogonal subspaces,

where,

FK
HK
cq
HG

GG

VF(Q)=FK®HK & CG® HG ® GG

fluxless knots
harmonic knots
curly gradients
harmonic gradients

grounded gradients

)

= {V.-V =0, V-n=0, all interior fluxes =0}

= {V.V=0,V-n=0,VxV=0}

= {V=V¢, V-V =0, all boundary fluxes = 0}
= {V=V¢, V-V =0, ¢ locally constant on 992}

= {V=V¢, glsa =0}

The subspaces HK and HG are finite dimensional and

HK

IR

HG = Hy(Q,R

H,(Q,R)

R&enus oN

1%

) ~ R|components of 9Q|—|components of Q|
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Furthermore,

ker div = FK ¢ HK & (G @ HG
imagecurl = FK & HK & CG
ker curl = HK ¢© CG & HG & GG

image grad = CG & HG & GG

Definition 3.6. Define fluid knots (which is often truncated to “knots”) to be the subspace

K(Q)=FK ® HK. Similarly, define gradients to be the subspace G(Q) = CG & HG & GG.

Definition 3.7. A wvector field V is said to be Amperian if it has zero circulation around every

closed curve C on 0X) that bounds a surface outside Q, i.e., fc V.ds=0.

Example 3.8. Let Q be a tubular neighborhood of the circle 22 + y2 = 1 in the three-sphere
S3 = {(x,y,u,v)|z? + y* + u® + v? = 1}. Define the tube using toroidal coordinates as Q = {(c, 0, ¢) :
0 < 0go,} for some angle o,. Let a = sino,. The boundary of €2 is a torus defined by the circles
u? +v? =a? and 22 + 92 = 1 — a2, or simply by the toroidal coordinate o = o, = arcsina.

Then the Hodge Decomposition Theorem implies that the harmonic knots on €2 are one-dimensional

0 is divergence-free, curl-free, and tan-

since 0f2 has genus one. The vector field given by W =
coso
gent to the boundary; thus W is a generator of HK ().

Now, consider the left-invariant field @; on 2. Recall, in toroidal coordinates,
Uy = cosc — sinaqg

It is divergence-free and tangent to the boundary, thus 4, is a fluid knot. We decompose 4 into its
fluxless knot and harmonic knot components: 41 = up + ug. The harmonic component must be a

multiple of W, so

)

uyg = cW =
cos o

Also, ug must contain all the flux of 4; through a cross-sectional disk of the solid torus €2, i.e.,
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F(ug) = F(t41). This flux condition determines the constant ¢. First calculate, the flux of ;:

27 arcsin a R
F(a,) = / U - 0 sino do dg
$»=0J0=0
arcsin a
F(a,) = 271'/ sin o cos o do
o=0
F(a,) = ra®

Next calculate the flux of uy:

arcsin a :
Fug) = 27r/ 227 4y
=0 coso
F(ug) = —mcln(l—a?)
2
Therefore, ¢ = ﬁ. Note that lir%c =1land ¢ = V1 —a2+ O(a*). When a = 1/4/2, then
— a—

0, = 7/4 and the region Q describes the solid Clifford torus. In that case, c=1/(2In2) ~ 0.721.

To conclude the example, the decomposition of 47 into fluxless and harmonic components is

—a? 1 4
u = -
" In(1 — a?) coso
—a? 1 N -
= " = ) h — si
Up (cosa 1n(1—a2)cosa> sino ¢

Now consider the case of a closed manifold M. The Hodge Decomposition Theorem is simpler
and involves only three components. We express it in terms of vector fields; for a thorough treatment

of the theorem in terms of differential forms, see chapter 6 of Warner’s book [26].
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Theorem 3.9 (Hodge Decomposition Theorem for M closed). Let M be a closed orientable
Riemannian manifold. Then, there exists a decomposition of VF(M) into three mutually orthogonal
subspaces,

VFQ) =FK®HK &G

where,

FK = fluxless knots = {V.-V =0, all fluxes =0}
HK = harmonic knots = {V-V =0, VxV =0}
G = gradients = {V=V¢}

The subspace HK is finite dimensional and HK (M) = Hi(M,R). Furthermore,

ker div = FK @ HK

image curl = FK

ker curl = HK & G
image grad = G

Fluxless knots, more specifically have zero flux through every closed surface ¥ contained in M.
The isomorphism HK = H;(M,R) is given by viewing V € HK as a functional on 1-forms; i.e.,
VA (M) — R, where V:a— [, o(V)dvol.

For M closed, the gradients behave analogously to the grounded gradients defined previously;

the subspaces CG and HG have no analogue for closed manifolds.

Proposition 3.10. For M closed, curl is a self-adjoint operator; also, divergence and gradient are

negative adjoints of each other.

Proof. Via identity 6 in the Appendix, and the Divergence Theorem,

/(VxV)-deol = /V-(VxW)dvol+/ (VX W) -V dvol
M M M

/(VxV)~deol 0+/ (Vx W) -V dvol
M M
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Thus, (V x V, W) = (V x W, V), so curl is self-adjoint.
To see divergence and gradient are negative adjoints, we utilize identity 5 from the Appendix

and the Divergence Theorem:

- V) dvol . [ — . [
/Mf(V V) dvo /MV (fV)dvo /MVf V dvo

/ f(V-V)dvol = Of/ Vf-Vdvol
M M
Thus (f,V-V) = —(Vf,V), where the first L? inner product is in C°°(M) and the second is in

VF(M). Hence, (div)" = —grad. O

Since it arises so often in this work, here is the Hodge Decomposition Theorem for the three-

sphere.

Corollary 3.11. The Hodge Decomposition Theorem on S* decomposes VF(S?) into only two
nontrivial subspaces. The subspace HK (S%) is trivial. Thus, all knots are fluzless knots, i.e.,
K(S3) = FK(S®). Thus,
VF(S?) = K(S%) @ G(S®)
Furthermore,
K(S3) = ker div. = image curl

G(S3) = image grad = ker curl
3.5 Triple products

Let A, B, C be vectors (or vector fields) on R*. Let o € [0, 7] be the angle between vectors A and

B.

Definition 3.12. The triple product of A, B, and C' is the vector

ay a2 asz a4

b1 by b3 In
[A4,B,C] = det

C1 C2 C3 (4

X1 X2 A3 2y
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The triple product of three vectors in R* is the analogue of the cross product of two vectors in
R®. Indeed, the product of n — 1 vectors in R™ is similarly defined as the determinant of an n x n

matrix.

Three useful properties of triple products are that
1. [A,B,C] =[B,C,A] = —[A,C, B].

2. [A,B,C] is orthogonal to A, B, and C. If A, B, and C are linearly independent, then
{A,B,C,[A,B,C]} forms a basis that agrees with the standard orientation on R*. If A,

B, and C are linearly dependent, then [A4, B,C] = 0.

3. If Ais a point in S® (i.e., |A] = 1), and B and C are tangent to the three-sphere at A, i.e.,
B,C € T4S?, then [A, B, O] can be viewed as a vector in T4 S®, where it is equal to the cross

product B x C.

More generally, for A € S3, the triple product [A, B,C] = B+ x C*, where B+ (and likewise

for C+) is the component of B perpendicular to A.

B*=B—-(A-B)A

Lemma 3.13 (DG, [14]). Let y € S®. For vector fields A, B in R* that do not depend upon v,
Vy X [A,B,y]=2(A-y)B-2(B-y)A .

Often, calculations require a formula for an iterated double product. Our following result gener-

alizes such a result from [14].

Lemma 3.14. Let A, B, C be vectors in R*. Let C* represent the component of C which is orthog-

onal to the plane spanned by A and B.

[A, B,[A, B,C]] = —|A|?|B|*sin? a C*
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Equivalently,
[4,B,[A,B.C]] = (|BP*(A-C)~|A||B|cosa(B-C)) A
+(JA2(B-C) —|A|[Blcosa(4-C)) B
—|A]?|B*sin® o C

Proof. Use Gram-Schmidt to find B+ orthogonal to A, and to find C* orthogonal to both A and

Bt:
Bt = Bsina
ol - o BBMACO)-(ABB-C), (A-AB-C)-(A-B)(AC) ,
(A-A)(B-B)—(A-B)? (A-A)(B-B)—(A-B)?
oL Ci|B|2(A'C)*|A||B|COSO<(B~C)Ai|A|2(B~C)f|A||B|cosa(A-C)B(3'5)
|A|2 | B|?sin® |A|2 | B|?sin® a

Let D = [A, B, C]. Assume {A, B, C} are linearly independent, else D = 0. Then D is orthogonal
to the span of A, B, C and the basis {A, B, C, D} has positive orientation in R*. The length of D is
|D| = |A| |BF| |CF] = |A[|B] |C*| sina .

Let E = [A,B,D] = [A, B,[A, B,C]]. Then E is orthogonal to D, so it is a linear combination
of A, B, and C. Since E is also orthogonal to A and B, it must be a multiple of C+. The basis

{4, B, D, E} must have positive orientation in R*, which forces the vector E to point in the direction

of —C*, ie.,
E = —% c*
The length of F is
[E| = |A/|B||D] sina
|E| = |A]?|BJ? ‘C’J‘| sin? o
Thus we conclude that
E = —|A?|B*sin®?a C* .
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3.6 Transport methods for vector fields on S*

In the next chapter, we will define on S3 the analogue to the Biot-Savart integral operator from

Euclidean space,

1 -
BS(V)(y) = E/QV(I) X h dvol,,

This integral formula requires the addition of vectors V() lying in different tangent spaces. Truly,
we must move all the vectors to one single tangent space before summing (or integrating) them. In
Euclidean space, this is hardly an issue; we simply drag the vectors to one common base point. The
vectors themselves do not change by this dragging; they are free of their base points. On arbitrary
manifolds, this free vector property is lost; a tangent vector at one point of S will not necessarily
be tangent if considered at a different point of S3.

To obtain a Biot-Savart formula on the three-sphere, we must decide how to move tangent vectors
to a common tangent space, that is so that they remain tangent. Two natural choices exist: parallel
transport along a minimal geodesic and left (or right) translation using the group structure of S®
viewed as SU(2) or as the group of unit quaternions. Each has its advantages and disadvantages;
wherever convenient, we use the more illustrative method; sometimes we use each method and
provide two different proofs, e.g., Theorem 4.6.

In this section, we describe each transport method and detail its properties. Later, in chapter 4,

we will define the Biot-Savart operator as an integral using each transport method.

3.6.1 Left translation

Consider the three-sphere as the group SU(2) (or as the unit quaternions). For any two points
z,y € S3, we can map z to y via the left group action: Lyy— 72— (yr= 1)z =y. If V(2) is a
tangent vector at the point x, then the push forward of the left-translation map moves V(z) to the
tangent space at y, e.g., (Ly,—1):V (z) € T,S3.

This setup is quite valuable, especially when utilizing the left-invariant orthonormal frame, de-
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fined in Section 3.2.1. A left-invariant vector field U (z) is one with the property that (L,,-1).U(z) =

U(y). Any left-invariant U(z) is divergence-free and is an eigenfield of curl: V x U(z) = —2U(x).

Remark 3.15. Alternatively, one could use the right group action R;-1, : z +— z(r~ly) = y and
define the right-translation of V(x) as (Ry-14)«V (z). Then one would prefer the right-invariant
orthonormal frame, see Remark 3.2. All right-invariant vector fields W (x) are still divergence-free

and curl eigenfields, but the eigenvalue of curl switches sign from —2 to +2: V x W(z) = +2W (z).

Let V(x) be a smooth vector field and f(x) a smooth function on S%. The left-translation of
f(@)V(x) is (Lyg—1)« (f(@)V(x)) = f(x)(Lyz-1)«V (x). Express V in the left-invariant frame as
V(z) = vi(z)ly + vo(x)la + vs(x)tis. Now V is left-invariant if and only if each function v;(z) is

constant. Define the notation [V] as the left-invariant field

V] = [vi]an + [ve]ig + [vs]is

Proposition 3.16. Let V € VF(S%). Then, [V] depicts the L? projection of V onto the three-
dimensional space of left-invariant vector fields, and is expressed by the formula

V] = 2—;/S (Lyo 1)V (2) do

Proof. Express V in terms of the left-invariant frame as above. We show the formula first:

/ (Lyz-1):V(x) dr = / (Lyz-1)« (v1(x) U1 (x) + v2(x) U2 (x) + v3(x) U3(x)) dx
g3 g8

= /SS v1 () U1 (y) + va(z) Ga(y) + va(w) tz(y) do

- ([S vy () da:) i (y) + (/S () dx) tia(y) + (/S v3(z) dw) i3 (y)

= 27° [n] i (y) + 27° [va] G2 (y) + 27° [vs] Us(y)

= 272[V]

The L? projection of V onto the space of left-invariant fields is

<V,U1> 7:61+ <‘/7u2> ﬁ2+ <V,U3> 7:L3

roj V = ——— —— ——
prol (G, Q1) (2, U2) (ts, Us)
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The inner product (i, 4;) = 27T2(5ij, where §;; is the Kronecker delta symbol. Thus,

(it f1a) = /S vi(2)its - g da = /S vi(z) dz = 27%v;]

We conclude that

proj V = [vn1]a1 + [va]tie + [vs]is = [V] . O

3.6.2 Parallel transport

On a Riemannian manifold, the parallel transport of a vector V at one point x moves V along a
minimal geodesic y(t) to another point y. Let 4(0) = . Parallel transport is determined by breaking
V into two components, one parallel to the geodesic at z, i.e., in the direction 4/(0), and the other
perpendicular to the geodesic. The component of V' parallel to the geodesic at x follows the geodesic
and remains parallel to the geodesic at y. The component of V' perpendicular to the geodesic at z
remains perpendicular at y. Let P,V denote the parallel transport of V' from x to y.

Three important disadvantages of parallel transport in comparison with left translation on the

three-sphere are
1. Parallel transport from x to its antipode —x is not well-defined.

2. Parallel transport is not multiplicative in the sense that P,,V does not necessarily equal

P.,(PyV).

3. The vector field created by taking the parallel transport of a vector at a point is neither
divergence-free or a curl eigenfield. By left translating a vector at a point, we get a left-

invariant field; all left-invariant fields are both divergence-free and curl eigenfields.
Some advantages of parallel transport over left-translation are

1. Parallel transport is available on all Riemannian 3-manifolds whereas few of these manifolds
have Lie group structures. For our calculations to generalize most easily, we attempt to use

parallel transport whenever possible.
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2. As evident in chapter 4, the Biot-Savart operator is expressed more conveniently in parallel

transport form.

3. Parallel transport allows us to utilize the ambient Euclidean space R?* to facilitate certain
calculations, especially ones where the cross-product of vector fields on S can be exchanged

for a triple product in R*.

3.6.3 The calculus of parallel transport

A substantial portion of this calculus was first developed by Dennis DeTurck for work on [14].

Let z,y be non-antipodal points on S3; we will view them as unit vectors in R*. If z and y are
orthogonal, then G(t) = z cost+ysint determines the unique minimal geodesic on S* between them.
Let a be the distance on S? between them. Then (z-y) = cosa. The component of y perpendicular

to x is w = (y — cos ax); its length is |w| = sin . The unique minimal geodesic between = and y is

G(t) = cost & +sint y—reosa
sin

Notice G(a) = y. The derivative of G(t) is a tangent vector in T4 S® given by

—zcosa
G'(t) = —sint & + cost y—roosa
sin o

The gradient of & = a(z, y) is often needed for calculations. Recall from section 3.1 that Vya(z,y)

denotes the gradient of a with respect to y variables.

The gradient of a with respect to £ must point away from y along the geodesic and vice-versa.

Thus
v _ rcosa—y
Via(ey) = —G(0) = T2 (3.6)
- , _ ycosa—x
Vya(z,y) = Gla) = ——— (3.7)

Two properties are worth noting. First, V,a is orthogonal to = and so V,«a € T,5%; also, Vya is

orthogonal to y and so V,«a € TySg. Second, Vo and Vya are both unit vectors.
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For any two unit vectors z,y € R" such that x # +y, the unique map M € SO(n) that maps x

to y and that fixes all vectors orthogonal to both x and y is

M) =wv

(v-(z+y)
1+ (z-y)

(v-z) (1+2(z-y) —(v-y)
1+ (z-y) Y

The derivation of M is straightforward and omitted.

For v a tangent vector at # € S, this map M precisely describes its parallel transport to the

tangent space at y. The expression above simplifies to

(v-y)
Pyv)=v— ————— .
e (V) = v 1+ (zy) (z+y) (3.8)
As an exercise, we show Py (Vo) = =V
(Ve - y)
Pye(Via) Vea — m (z+y)
cos o 1 cosa(x-y)—(y-y)
sina © sina (1 + cosa)sina (z+y)
cosa (1 4+ cosa) 1 cos?a— 1
x— y— (z+y)

(14 cosa)sina sin o (14 cosa)sin o

—(1 + cos ) + sin® a

(14 cosa)sina

cos o + cos? a + sin? «

(1+cosa)sina

1 cos o
sin o sin o
-Vya

Remark 3.17. For a vector v at = € S® that points parallel to the geodesic v running through x

and y € S3, left-translation from x to y is exactly the same as parallel transport. The two methods

differ only in how they treat components that are perpendicular to the geodesic . Hence,

Vyo = —(Lyp-1)uVaar . (3.9)

As an exercise, the reader is invited to show this directly using the group structure of S® and

equations (3.6) and (3.7).

Remark 3.18. For any function f(«) that depends only upon the distance a(x,y) from x to y, its

gradient with respect to x variables is V, f(a) = f'(a)Vya. Thus the methods of transporting its
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gradient vector are equivalent.

Vyf(a) = —=PyuVif(a) = —(Lyz-1)«Vaf(a)

3.7 Vector Laplacian operator

In performing calculus on vector fields, one needs the analogue of the Laplacian applied to a vector
field. In this section we define such an operator, the vector Laplacian L(V'), and discuss some of its
properties. The next section is devoted to finding its kernel and image.

Let M3 be a compact, orientable, Riemannian manifold possibly with smooth boundary OM. In
the next section we consider separately cases where M is closed and also where M is compact with

boundary. Let VF(M) be the space of smooth vector fields defined on M.

Definition 3.19. The vector Laplacian L : VF(M) — VF(M) is given by
LV)=-Vx (VxV)+V(V-V)

For Cartesian coordinates in Euclidean space, the vector Laplacian acts by applying the (scalar)
. . . ) . )
Laplacian to each component function. If V = Zﬁ%’ then L(V) = Z(Afz)%. The scalar

K2 K2

Laplacian is always lurking in a coordinate-specific formula for the vector Laplacian.

Example 3.20. Cylindrical coordinates (r,¢,z) on R3.

Let V = u(r, ¢, 2) # + v(r, ¢, 2) ¢ + w(r, ¢, z) 2. Then,
1 . 1 A .
Lwv) = Au—r—Qu—Z% 7+ A’U—T—QU O+ Aw?z

Alas, the computed formulas for the vector Laplacian in most coordinate systems, even spherical
coordinates on R® and S3, become much more complicated.
We assume that the Hodge Decomposition Theorem splits V F(M) into five mutually orthogonal

subspaces FK & HK & CG & HG & GG, as it does for subdomains of R? and S3.
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The vector Laplacian, as defined above, corresponds naturally with the definition of the Laplace

operator on forms. Denote the k-forms on M™ as A*(M), define the operator
6= (—1)"F D) s dse: AF(M) — AP (M) .
Then the Laplace-Beltrami operator on k-forms is
A=6d+ds=(—1)"*xdxd+ (—1)"FVdxdx

For functions, we once again obtain equation (3.4), A = xd x d.

From the commutative diagram given in Section 3.3, to each V' € VF(M?3) there is associated
a canonical 1-form ¥, (V) = wy € AY(M), given by wy (W) = (V,W). Then V-V is associated
to dwy = #d * wy and V x V is associated to #dwy. Thus, L(V) is associated to the 1-form

(= *xd*d+ d*dx) wy, which is precisely the formula for Awy .

Proposition 3.21. Let f € C*°(M) and V € VF(M). The Laplacian, taken on vectors or scalars

as need be, commutes with the gradient, divergence, and curl operators.

(@) L(Vf) = V(Af)
b)) ANV-V) = V-LV)
(¢) L(VxV) = VxLV)

This result implies that the vector Laplacian sends divergence-free vector fields to divergence-free

vector fields, gradients to gradients, and curl-free vector fields to curl-free vector fields.

Proof. (a) L(Vf)=-V xVxVf+V(V-Vf)=0+V(Af).

b)) V- L(V)=V- (-VXxVXxV+V(V-V)=0+A(V-V).

(c) The left-hand side is
LVxV)==-VXxVx(VxV)+V(V-VxV)=Vx(-VxVxV)+0 .

The right-hand side is

VXLV)=VXx(~VXxVxV)+VxV(V-V)=Vx(-VxVxV)+0 .
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The two sides are equal, so L(V x V) =V x L(V). O

Now we work towards showing the vector Laplacian is self-adjoint. That follows as a corollary

to the following proposition.

Proposition 3.22. Let M be as described above. Let V.W € VF(M). Let 7 denote the unit

outward normal vector to OM . Then,

—(L(V),W) = (V-V,V-W)+(VxV,VxW)

g
oM

(Vx V) x W) -nd(area)
(V-V)W -ad(area)
oM

Proof. Begin by writing out L(V'):
7<L(V),W>:/ VXVXV-W—=V(V-V) W dvol
M

We need the following two vector identities (see Appendix A):

(VXxVxV)-W VXV -VxW+V-(VxV)xW)

vivV-vV) - w = (V-V)(V-W)=V-(V-VW
Plugging these both into the equation above,

LV, W) = /MVXV-VXW—l—V-((VxV)xW)dvol
+/ (V-V)V- W)=V - (V- V)W dvol
M
_ (VXV,VXW>+/ (V x V) x W) -2 d(area)
oM
<V-V,V-W>f/ (V-V)W i d(area)

oM

This concludes the proof. O
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Corollary 3.23. Let M be as above and also closed. Then, the vector Laplacian is self-adjoint on
VF(M) and

—(L(V),V)=|V-V|?P+(VXV,VxV) .
Proof. For M closed the last two terms drop out of Proposition 3.22, which becomes
—(L(V),W)=(V-V,V-W)+(VxV,VxW)
Then clearly (L(V), W) = (V, L(W)), so the vector Laplacian is self-adjoint for M? closed. O

Thus on a closed manifold, the vector Laplacian vanishes if and only if the vector field is both

curl-free and divergence-free, i.e., a harmonic knot.
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3.8 Kernel and image of vector Laplacian

We now turn to understanding the kernel and image of the vector Laplacian. We examine two cases:

closed manifolds and compact manifolds with boundary.

3.8.1 M closed

Consider M3, a closed 3-manifold. Decompose VF(M) = FK(M)® HK (M)® G(M) by the Hodge
Theorem. How does the vector Laplacian act on each subspace?

Corollary3.23 implies that the kernel of the vector Laplacian is precisely the harmonic knots H K.
For a simply-connected manifold, such as the three-sphere, the vector Laplacian has a trivial kernel.

Consider a fluxless knot V. Then V is divergence free and so is L(V) = =V x V x V. The curl
operator maps the space of fluxless knots bijectively onto itself, hence so does the vector Laplacian.

In Proposition 3.21 we showed that the vector Laplacian sends gradients to gradients, but is
it onto? Consider a gradient, V f; we seek another gradient Vu such that L(Vu) = Vf. Note
L(Vu) = V(Au). On a closed manifold, the scalar Laplacian is invertible for functions with average
value 0; i.e., there exists a function u such that Au = f — [f]. Then V(Au) = V f, and we conclude
that L(G) = G.

In the paragraphs above, we have proven the following theorem:

Theorem 3.24. Let M be closed. The vector Laplacian respects the Hodge decomposition of VF(M).

Its kernel is HK (M), and it maps the other subspaces bijectively to themselves,

L(FK) = FK
L(HK) = 0
L(G) = G
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For a closed manifold with Hy(M,R) = 0, such as the three-sphere, the vector Laplacian has
trivial kernel and maps VF (M) bijectively to itself. We use that fact to define an inverse to L in

section 3.9.

3.8.2 M compact with boundary

Let M? be compact with piecewise smooth M. We assume that the Hodge Decomposition Theorem
for vector fields on M is analogous to Theorem 3.5, i.e., the space VF(M) decomposes into five

orthogonal subspaces: VF(M)=FK @ HK ® CG® HG & GG.

Theorem 3.25. The vector Laplacian on VF(M) has the following kernel:
kerL = HK®CGHHG®Cp
where Cr, C FK & GG is defined to be the space
Cr={Vy—Vyg; | Vy € FK,Vg; € GG,—V xV xV =V(Agy) € CG}

Proof. Any vector field V' that lies in the kernels of both the curl and divergence operators will
necessarily have L(V') = 0. So the kernel of L includes the subspace HK & CG @ HG.

Now consider the space of fluxless knots. For V € FK, then we have L(V) = -V x V x V. A
subspace of F K is sent by the curl operator into the space HK @& CG; call this subspace FK; C FK.
For V € FKy, its curl V x V lies in the kernel of curl, so L(V) = 0. Thus, FK;, must lie in the
kernel of L.

Furthermore, these are the only fluxless knots in the kernel. All other fluxless knots V' have some
component of their curl that lies in FK; thus V x V x V = L(V) does not vanish.

Let’s now examine Vg € GG; we see that L(Vg) = VAg. For this to vanish, Ag must be a
constant. So the subset of GG in the kernel is {Vg € GG(M) | Ag = constant}; denote this as
GGy.

Now, we turn to understanding C7,. The next theorem shows that the vector Laplacian maps a

subspace of the fluxless knots onto the curly gradients. Also, the vector Laplacian maps a subspace of
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the grounded gradients onto the curly gradients. Thus any curly gradient V f has two corresponding
preimages via the vector Laplacian. We define C', C FK & GG as the subspace of differences of these
preimages: any vector field in Cp, is the difference of a fluxless knot V; and a grounded gradient

Vg, which are both mapped to the same curly gradient via the vector Laplacian, i.e.,

L(Vy) = L(Vgs) = Vf € CG

As a subset of FFK & GG, the space C, is orthogonal to the remainder of the kernel, HK & CG &
GG. Moreover, the subspaces F K, and GG, are trivially contained in Cf,.

Gathering the pieces, we have that ker L = HK & CG & HG & Cp; the theorem is proven. [

Theorem 3.26. For M as above, the vector Laplacian is surjective, i.e., Image (L) = VF(M).

Proof. We first show L is onto the space of fluid knots, K (M). For any W € Image (curl), we can
find a X € FK such that V x X = W; we can also find V € FK such that -V x V = X. Thus
L(V)=-V xV xV =W. In conclusion, L(FK)=FK & HK & CG.

Let W = Vg be an arbitrary gradient on M, where g can be chosen so that its average value on
M is zero. We seek a gradient Vu € GG such that L(Vu) = Vg. Since Vu € GG, we have that

u|apr = 0. Since L(Vu) = VAu, the desired condition is tantamount to the Dirichlet problem:
Au = g (on M)
u|aM = 0

The Dirichlet problem has a unique solution, and we conclude L(GG) = CG ® HG & GG. Having
calculated the image of the subspaces FFK and GG, we recall that the other three subspaces HK &

CG @& H( lie in the kernel of L, as proved in Theorem 3.25. Therefore, the result is shown:

L(VF(M)) = L(FK)U L(GG)
—FK®HK &CG U CGa HG & GG

=VF(M) O
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3.9 Green’s operator

Assume M3 is closed. The vector Laplacian bijectively maps fluxless knots and gradients on M to

themselves, and we can define the inverse of the vector Laplacian. Call this the Green’s operator
Gr: FKM)® G(M) - FK(M)®GM) ;

use similar notation Gr(f) to denote the inverse Laplacian for functions. As the inverse to the
vector Laplacian, the Green’s operator is a bounded, linear, self-adjoint operator and Gr(L(V)) =
L(Gr(V)) = V. It maps fluxless knots to fluxless knots and gradients to gradients. Also, Gr

commutes with the gradient, divergence, and curl operators:

Proposition 3.27. Let M be closed and simply-connected. Let f € C(M) have average value 0.

Then,
(1) Gr(Vf)

v(Gr(f))
(2) Gr(V-V) = V-Gr(V)

3) Gr(VxV) = VxGr(V)

Proof. For (1) apply L to each side: the left-hand side becomes L(Gr(V f)) = Vf. The right-hand
side becomes L(VGr(f)) = VA(Gr(f)) = Vf. Since L is one-to-one, equation (1) must hold.

For equation (2), apply the (scalar) Laplacian to both sides. The left-hand side gives

AGHVY - V) =V-V-[V-V] |

since V -V has average value 0 on a closed manifold. The right-hand side becomes, by Proposi-
tion 3.21,

A(V-Gr(V))=V-L(Gr(V))

Thus, after applying the Laplacian, the two sides are equal, so Gr(V - V) and V - Gr(V) must
differ only by a harmonic function. On a closed manifold, the only harmonic functions are constants.

Since both terms have average value zero on M, we conclude that they are indeed equal.
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For equation (3), apply L to each side: the left-hand side becomes L(Gr(V x V)) =V x V. The
right-hand side becomes L(V x Gr(V)) = V x L(Gr(V)) = V x V. Again since L is one-to-one,

equation (3) must hold. O

Now we determine the Green’s operator for S3. All results in the remainder of this section are
due to DeTurck and Gluck [14].

In R3, the Green’s operator is the vector potential defined on a subdomain Q as

Gr(V) = AV, $)(y) = / b, y)V(z) dr |

S
A [z —y|
to check that L(A(V,¢)) = V.

where ¢(x,y) = is the fundamental solution to the Laplacian. We leave it as an exercise
On S2, we expect the Green’s operator to also be some sort of convolution operator for a suitably
chosen function ¢. Alas, the operator A(V, ¢) no longer inverts the vector Laplacian on the three-

sphere. So we are forced to consider other vector convolution operators:

AV, 9)(y) ¢(@,y)(Lys-1)-V(z) dz

S3

B(Va ¢)(y) = /5’3 (Lyx71)*V(I) X Vy(b(xay) dx

G(V,9)(y)

Y, [ (Lya)- V(@) - V(o) da
They are linear in both V' and ¢. The vector Laplacian applied to each is

L(A(V,¢)) = A(V,A¢) — 4A(V,¢) — 2B(V,¢)
L(B(V,¢)) = 2A(V,A¢) + B(V,A¢) — 2G(V,¢)

LG(V,¢) = G(V,A9)

Let o« = af(x,y) be the distance between two points z and y on the three-sphere. We choose
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potential functions ¢q, ¢1, P2 as

do(a) = —ﬁ (r — a) cot
o1(a) = o2 a2m — a)
do(a) = fﬁ [3a(2m — a) + 2a(m — o) (27 — @) cot a
They have been selected so that
1
Ao = S0)—[] = (o)~ 5oy
1
Apr = ¢o—[po] = ¢o+@
1 1
A¢2 = (ZSI*[QSO] = ¢1+<ﬂ+@)

Here §(r) = d(z,y) is the Dirac delta distribution: [g¢q f(2)d(z,y) dx = f(y).

The idea now is to take a linear combination of A, B, and G operators with suitable potential

functions from above in order to produce the Green’s operator. For a constant function ¢, we
calculate B(V,c) = G(V,¢) = 0 and A(V,¢) = 272¢[V].

Now take L (A(V, ¢0)):

L(A(V.d0)) = A(V(2),0(z,y)) — A(V, 5z) — 4A(V, ¢o) — 2B(V. ¢0)

L(A(V,¢0)) = V(y) —[V]—4A(V,¢0) —2B(V, ¢o)

This has almost produced the Green’s operator; we need only remove the extra three terms, so

introduce 2B(V, ¢1) and take its Laplacian:

2L(B(V, ¢1)) AA(V, do) +4A(V, grz) +2B(V, ¢0) + 2B (V, g1z ) — 4G(V, ¢1)

2L(B(V, ¢1)) 4A(V, ¢o) + [V +2B(V, do) + 0 — 4G(V, ¢1)

LAV, ¢0)) +2L(B(V,¢1)) = V —4G(V,¢1)
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All three extra terms from L(A) have cancelled, but one more is introduced. Fortunately, adding

a 4G(V, ¢2) term cancels it:

LUAG(V,¢2)) = AG(V.¢1) —4G(V,[¢1])
LAG(V,¢2)) = 4G(V,¢1) -0

L(A(V,¢0)) +2L(B(V,¢1)) + LAG(V,¢2)) = V

We have successfully calculated the Green’s operator.

Proposition 3.28 (DG, [14]). The Green’s operator on S* is

Gr(V)

A(V,¢0) + 2B(V,¢1) + 4G(V, ¢2)

Gr(V)

¢0(Lyz-1)+V(x) dx
S3
+2/ (Lyz-1)+V(x) x Vyo1 dx
S3

53

93



Chapter 4

The Biot-Savart operator

In this chapter, we define the Biot-Savart operator on the three-sphere and on its subdomains. Two
formulas are given, one for moving vector fields via parallel transport and one for moving via left-
translation. DeTurck and Gluck have developed the Biot-Savart operator and electrodynamics on
S3 in [14]. We develop the analogous story on subdomains in this dissertation; the subdomain case is
more challenging and allows for a comparison of results with those for bounded Euclidean domains.

This chapter begins with some preliminaries. Then we present an exposition of the Biot-Savart
operator on S% with original proofs. In the next section follows the BS operator on subdomains.
Then we present a quite useful lemma, which we call the Key Lemma. Next, we describe how
Maxwell’s Equations still hold in this setting. Finally we describe the kernel and image of the

Biot-Savart operator and give other useful results about it.

4.1 Preliminaries

To define the Biot-Savart operator, we need the notions of parallel transport and left-translation
of vector fields, as described in section 3.6. Recall, Py, denotes parallel transport from z to y

and (L,,-1). denotes left-translation from x to y. Let a(z,y) be the distance on the three-sphere
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between z and y.
We will express the Biot-Savart operator as a convolution of V', thought of as an electrical current,
with an appropriate potential function ¢. The left-translation version of BS requires two different

convolutions; the two potential functions are

1

po(a(z,y)) = ) (m — ) cot(a)
p1(a(z,y) = —# a(2T — )

We encountered both of these functions when describing the Green’s operator in section 3.9. The

function ¢y is the fundamental solution of the Laplacian on S2.

1

Agy = 0(a) — p)

Here 6(c) represents the Dirac delta function. The constant 1/272 appears so that the right-hand
side has average value zero; the Laplacian of a function must have average value zero on a closed
manifold.

The function ¢, is defined so that
Ap1 = ¢o — [po]
The parallel translation version of BS requires just one potential function,
1
daley) = —— (m—a)esc(a)
This function ¢ is the fundamental solution of the shifted Laplacian.
A¢p — ¢ = 6(a)

Note that ¢o(a) = ¢(«) cos a.
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4.2 Defining the Biot-Savart operator on S*

To define the Biot-Savart operator on the three-sphere, consider a current J existing in a compact
region Q C R3. The Biot-Savart law (2.1) from magnetostatics defines the magnetic field B as-
sociated to J. In three-space, the notion of a magnetic field extends to the Biot-Savart operator,
which acts on all vector fields on 2. We seek the corresponding Biot-Savart operator defined on
the three-sphere. In the next section, we consider the Biot-Savart operator on subdomains of S3.
In order to accomplish this, we must comprehend what essential properties a magnetic field in R3
possesses.

For J smooth, its magnetic field is smooth except across 02, where the field remains continuous;
magnetic fields are linear in J. Therefore we will work in the category of smooth linear operators.
The first essential property is that magnetic fields have finite energy in an L? sense, provided that
the current J does. Second, magnetic fields are divergence-free. Third, Ampere’s Law dictates that
the curl of a magnetic field must return the current J to which it is associated.

For magnetostatics on 2, currents are standardly considered to be steady, hence divergence-free;
since contained in €2, the currents are tangent to the boundary 0f2. As they have no gradient
component, currents are fluid knots by the Hodge Decomposition Theorem, section 3.4. How should
the Biot-Savart operator act when extended to act on a gradient? In subdomains of three-space, the
kernel of BS consists of harmonic gradients and grounded gradients. On S2, all gradients behave
like grounded gradients, so a fourth requirement is that B.S must vanish when applied to a gradient
field on the three-sphere.

In the following proposition, we define the Biot-Savart operator via these four properties; they
are sufficient to guarantee uniqueness. To show existence, two different formulas for BS(V') are
derived thereafter. The results in this section first appeared in [14]; herein we furnish independent

proofs.
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Proposition 4.1 (DG, [14]). The Biot-Savart operator BS : VF(S?) — VF(S3) is defined to

be the smooth linear operator satisfying these four properties:

1. BS has finite energy (BS(V),BS(V)) < >

2. BS is divergence free V-BS(V)=0

3. For V a fluid knot, curl inverts BS(V) VxBS(V)=V

4. BS vanishes on gradients BS(Vf)=0 VVfeVF(S?

It is uniquely determined among smooth linear operators from VEF(Q) to VF ().

Proof. Suppose B and By are two operators from V F(S3) to V F(S?) satisfying the four properties
above. We show the operator B; — By must be zero on the space of fluid knots. Each operator is
itself zero on the space of gradients.

Let V be a fluid knot. Both B;(V) and By(V) are divergence-free on the three-sphere, hence
both are fluid knots. The curl of both By (V) and By (V) is V; thus (B; — Bz2)(V) lies in the kernel of
curl on S3, which is the gradients. Since the field (B; — Bz)(V) is both a fluid knot and a gradient,

it must be trivial. Therefore B; = Bs. O

To show existence, we define two integral formulas for of the Biot-Savart operator on the three-
sphere. One moves vector fields via parallel transport and is a consequence of the Key Lemma, and

the other moves them via left-translation.

Theorem 4.2 (DG, [14]). The Biot-Savart operator can be written as an integral where vector

fields are moved via parallel transport as

BS(V)(y) = /53 P V(z) x Vyo(z,y) dx (4.1)

Proof. We verify the four properties given in Proposition 4.1; three of them are proved later in this
work. In the next chapter, we show that BS(V) is bounded (see Equation 5.1) in terms of ||V||, so
the first property holds. In Proposition 4.4, we show that the parallel transport formula for BS is

always divergence-free, whether V' is defined on the entire three-sphere or only on a subdomain (2,
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so the second property holds. For the third property, we prove Ampere’s Law in Theorem 4.6; thus
for V a fluid knot on S2, we see V x BS(V) = V.
Lastly, we must show that BS as defined above vanishes for gradients. Let Vf be a smooth

vector field on the three-sphere. Then Theorem 4.6 on Maxwell’s Equation implies

VXBS(V) = VIW) -V, [ Af@) o) dr

Recall ¢y was defined as the fundamental solution to the Laplacian, so [ g3 Af () go(z,y) dov =

f(y) — [f], where [f] is the average value of f on the three-sphere. Thus,

VxBS(Vf) = Vi) - Vy(fly)—[f])

V x BS(Vf) = 0

So BS(Vf) is curl-free; it is also divergence-free by the second property. On the three-sphere,

the only trivial vector fields are both curl-free and divergence-free, so BS(V f) = 0. O

Now we shift towards finding a formula in terms of left-translation of vector fields. In Euclidean

space, the Biot-Savart operator is the negative curl of the Green’s operator,
BS(V)=-V xGr(V)

We now calculate an explicit formula for —V x Gr(V') on the three-sphere and show that it does
indeed represent the Biot-Savart operator.

Proposition 3.28 gives the Green’s operator on S? as Gr(V) = A(V, ¢o) + 2B(V, ¢1) + 4G(V, ¢2).
Calculate the curl of each convolution operator individually.

The operator G is a gradient; its curl vanishes. The curl of A is straightforward:
V x AV, ¢o) = —2A(V, ¢o) — B(V, ¢o)

Calculating the curl of B(V, ¢1) is more complicated. To obtain Maxwell’s Equation for V x BS

in Theorem 4.6, we calculated the curl of B(V, ¢o). The proof did not rely upon the choice of ¢, so

o8



we are free to replace it by ¢1:

VxBV,¢1) = A(V,A¢1) — G(V,¢1)

V x B(Va ¢1) A(Va ¢0) + %[V] - G(Va ¢1)

We conclude that minus the curl of Gr(V) is
—VxGr(V)=B(V,¢9) — 3[V] + 2G(V,¢1)

We now show that —V x Gr(V') does, in fact, represent the Biot-Savart operator on the three-

sphere.

Theorem 4.3 (DG, [14]). The Biot-Savart operator can be written as an integral where vector

fields are moved via left-translation as BS(V) = =V x Gr(V'), which expanded is

BS(V)(y) = /S (L) V(@) X Voo do
_4_71r2/53 (Lyo-1)sV (@) dz (4.2)

+2Vy/ (Lyz-1)+V(x) - Vyor1 dx
SB
Proof. Verify the four conditions of Proposition 4.1. The operator —V x Gr(V') has finite energy

due to the regularity of the Green’s operator and the compactness of S3. It is divergence-free because

it is the curl of a vector field. Taking the curl of this operator yields

Vx (~VxGr(V)) = L(Gr(V)) -V (Gr(V-V))

V x (=V x Gr(V))

V-V (Gr(V-V)) (4.3)

So if V' is divergence-free, then the curl of this operator returns V.
The last condition states that the operator should vanish on gradients. All gradients are mapped

to zero because —V x Gr(Vf) = —=Gr(V x Vf) = —=Gr(0) = 0. u
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4.3 Defining the Biot-Savart operator on subdomains of S*

On a subdomain © of the three-sphere, we define BS to be the same operator as defined on S2, only
with the region of integration restricted to €. Any vector field V € VF(Q) is assumed to extend
continuously to a vector field defined on all of S? which vanishes outside of €; this is in keeping with
electrodynamical setups where a current flow is defined inside a particular region. This produces an

operator BS : VF(Q) — VF(Q), given by the formulas

BS(V)(y) = /QPWV(:C) x Vyoé(x,y) dz
BSO)) = [ (La):V(@) x Vo da
1
47r2/ (Lyz-1):V(x) dx
+2v / yr— 1 y¢1 dx

For y ¢ Q, these formulas also define the behavior of BS(V) outside of the domain.
Proposition 4.4. BS is divergence-free, whether defined on Q or on S3.

In the following proof, we do not use any facts about BS save its parallel transport formula.
It is therefore fine to cite this proof when proving that BS was represented by this formula in

Proposition 4.2.

Proof. In this argument, we calculate the divergence of BS directly from the parallel transport

formula. We use Q C S2 to denote the domain.

Vy-BS(V)(y) =

Now apply vector identity 6 from Appendix A:

Vy - BS(V)(y) /QVyz,zb- (Vy X PyaV(z)) — Py - (Vy X Vo) do

Vy,-BS(V)(y) = /QVy(,zb~ (Vy x PyV(x))
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since the curl of V¢ is zero.

Now we think of the vectors as being in R*. Recall,

V.y
P,V(r) = V(z)— 1T cosa (z+y)

Vyo = ¢'(@)Vya = ¢'(a)

ycosa —x
sin «

Now,

V-y (
1+ cosa

B V.y V.y
N Ovy(lJrcosa) x(@+y) - 1+cosavyx(x+y)

Vy x PyV(z) = VyxV(z)—-V, x +y)

The cross product above is taken in the tangent space at y, so a vector crossed with y contributes

nothing. Similarly V, x y = 0. Since z is fixed with respect to y, V, x x = 0. Thus,

V.y

Now calculate the gradient above:

V-y 1 V-y
7 ) = = v (V. g
Yy (1+cosa> 1+cosavy( v+ (1+coso<)2vycosa

To proceed, we need to calculate V,, (V - y). It should point along the component of V' that lies
perpendicular to y. Let 6 be the angle between V(z) and y in R*. Then (V -y) = |V|cos#, and we

calculate

Vy(V-y) = Vy([V]cost)
V,(Voy) = & (Viosh) V0
. . ycosl —V/|V]
v, (V-y) = |V|Sm9—sin9
Vy (Viey) = V= (V-y)y (4.4)

Indeed this formula holds for the gradient of the inner product of any two vectors in R".

Also, Vycosa = Vy(z-y) = ¢ — (x-y). Then,

Vy (ﬁ) = Hﬁ V-V -yy - ﬂfcié)ga)g(fv—(x-y)y)
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Now that we have calculated this gradient, express the curl of P,V as

1 V.y

V-V-yy + T cosa)?

Vy X Py V(z) = (—m

(@) xa

Express this to a triple product, described in section 3.5.

1 V.y

v PV = o V-V gy + S nn). o]

"1+ cosa (14 cosa)

A triple product is zero if the three vectors are not linearly independent, so all x and y vectors in

the middle term vanish.

1

1

Let x1 denote the component of x that is perpendicular to y, ie., 2+ = 2 — (z - y)y is in

T,S3. Similarly define Vie T,S3. The triple product is unchanged if we switch to these vectors:

[y,V,2] = [y, V+,21]. Again, let the triple product again represents a cross product.
Vy x PV(z) = [y, V' at] =Vt xat eT,s?
Returning to the divergence of BS(V),

Vy - BS(V)(y)

[ Vi (9, x PV @)

/qu’(a) Vya- (m e x:cl) da
[ @) ((x~y>yx>,< L VW#) dz

o l+cosa sin o 1+ cosa

_ /—¢’ @) () (v xat) de
Q

(14 cosa)sina

The product z* - (VJ- X :cJ-) = 0, so the integrand vanishes identically at each point. We conclude

that V,, - BS(V)(y) = 0. Hence the parallel transport formula for BS is always free. O
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4.4 Key Lemma

In this section, we prove an important lemma relating vector fields and functions on S3. For a

specific choice of function, this lemma specializes to a pointwise version of Maxwell’s Equation

OF
VxB= —_— .
X J+ ot

Lemma 4.5. [Key Lemma/ Let z,y be two non-antipodal points in S3. Let ¢ = ¢(a) be a function,
depending only on a, which may have a singularity at « = 0 but is otherwise smooth. Let V (z) be

a tangent vector at x € S®. Then,
Vy X {PyaV(x) x Vy¢} = Vy {V () - Vi (pcos )} = (Ap — ¢) (V(z) — (V(z) - y) y)

We consider both inner products to be defined on R*. The one on the left-hand side is defined

on T,,S%, but V(z) € T,,5% can equivalently be viewed on R*.

Proof. Denote the two terms on the left-hand side of the Key Lemma as terms S and 7. We will

show that S+ T = (A¢ — @) (V(z) — (V(x) - y) ).

S = V, x{P,V(z)x V,¢}

T —Vy {V(z) -V, (¢cosa)}

The gradient of ¢(«) is calculated using equation (3.7)

Vyp(a) = ¢'(a) Vya

Then S becomes

$ - v, x (pwwx) ‘ qy(a)w)

sin «
¢' (@)

sin o

S = V,x ( (PyaV(z) x (ycosa—x)}) . (4.5)
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Now convert the cross product, taken at y € S3, to a triple product and use equation (3.8) to

express the parallel transport of V(x).

PV(z)x (ycosa—z) = [y, PV(x), ycosa —x]
_ Vy .
- [ (o-mrg )]
= v, V(z), —]
= [y, z, V()]

Insert the triple product into Equation 4.5 and apply vector identity 7 from Appendix A:

Vx fA=Vfx A+ f(V x A). Then, we obtain

¢'(a)

S = Vyx Sina[y,x,V(I)] (4.6)
5 = {vy(ﬁfjﬁ)x[y,x’v<x>1} + 29 sy V@) (1)

Call these two terms S7 and S5 respectively, so S = .S57 + Ss.

5= % (59) v (@8)
5 = 2g v (4.9

sin «

We analyze these two terms separately. The first one, S, is converted to a double triple product.

o - [roddnero

S = [ - (f;(la))vya,[y, ., V(x)]}

s A e
5 = e Ty e V@)

Sl «

Now we utilize Lemma 3.14 to evaluate the double triple product. But first we must calculate

V+, the component of V(z) orthogonal to # and y from equation (3.5).

V.y cos o
Vi=V - —=—y+——(V-y)a
sin” « sin” «
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Then S; becomes

¢" sina — ¢’ cosa

ST = - — (—sin2aVl)
sin” a
11 o Y
S = ¢ smoi 3¢ s (sin?aV 4+ (V-y)y —cosa (V- y) z)
sin” a
B n g cosa
Sio= ((’b ¢ sina)

1
+<d’.2 + ¢ — )(V~wy
SN~ « SIn- «

+<¢” COSQO( 7(1)/ C083a> (Vy):c

sin” « sin” o

This finishes S, which was the first term of S.

Now we consider Sy from equation (4.9). Since [y, z, V] = [z, V, y], we can rewrite it as
¢'(a)
Sy = V, ,Vix),
2= 2 g, V(@)

Now apply Lemma 3.13 to obtain

_ ¢(a) B
S = = Q- y) V-2V -y
S = 20 %%y oy L iy
SIn & Sin &«

Summing terms S7 and S5, we obtain the following expression for S:

§=(¢"+0

,cosa)
sin «

, COS O

1
+(—¢”.2 +¢'— )(V-y)y
Sin- « Sin- «

2 1
Jr<¢,,cos;o<(725,<3053042¢, )(Vy):c

sin” « sin® «v sin o

We turn our attention to the second term 7' of the lemma.

T = =V, (V(z) Va(gcosa))

T = -V, (V(x).é(qbcosa) an)

T = -9, (@ cosa - gsina) Vi) 2L
sin o
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Since V (z) € T,,S®, we have that V(z) - 2 = 0. Thus,

T = -V, {(cf)' cosa — ¢sina) V(z) - si_nya]
B @' cosa — ¢psina
A R

T - (V.y)vy@a,cosa7¢)+(¢,cosai¢)vy(v.y)

sin «v sin «v
B d ¢ cosa jcosa
r= (0w da <¢ sin av ¢) Vyort <¢ sin a ¢) Vy(V v) (4.12)

Now, using equation (3.7) for Vya, the first term of equation (4.12) becomes

1y COS 1

Vo) (07552~ — 6 ) (yeoma—a) (4.13)

sin” «v sin® «v sin o

Equation (4.4) states that V,(V -y) =V — (V - y) y. Then the second term of T is

(¢ = —0) (V= (V-p)y) - (1.14)

sin o

Finally, by combining equations (4.13) and (4.14) we obtain an expression for T

cos o 1 1 cos o
T (V) (/550 0 o ) reosa =) = (8550 = 6) (V- (V- 5))
sin” « sin” a sin o sin «
Or, in terms of the components {V,y, z}:
cos a
T= (¢ o)V
¢ sin o ¢
cos? o cos a cos a
(".2 — ¢ —— —2¢/— +¢)(V-y)y (4.15)
sin® « sin” a sina

cos 1 1
+(—¢".2 +¢'——+¢'= )(V'y)x
sin® o sin® a sin o
Recall our formula (4.11) for S :

s=(¢"+0 )V

sin «v
1 cos o
+ (—cé” —— + ¢ —— )(V-y)y (4.11)
sin® o sin®
cos o cos? o
(mme e ey,
sin? & sin® o sin &

66



Returning to the statement of Lemma 4.5, we can finally simplify the left-hand side by adding

S + T using equations (4.11) and (4.15); all = terms cancel, leaving

S+T = (¢ +200 ) v
SN &«
" ,cos
(=" 20 4 6) (Vo)
” ,Cos
S+T = (¢ +2¢ Sma—qb) V=V-yy)

,COs ¢

Recall from Table 3.1 that the Laplacian of ¢(«) is Ag(a) = ¢” + 2¢ . Thus we have proven

sin o
the Key Lemma, since

S+T=(Ap—-¢)(V—-(V-y)y) . O

The Key Lemma has an important application with Maxwell’s equations. We use it to prove
Ampere’s Law for the curl of BS, written in parallel translation format; see section 4.5.1.
Another application of the Key Lemma is in proving an integral formula for the linking number

of two knots on S3; refer to [14] for details.

4.5 Maxwell’s equations

To reconnect the Biot-Savart operator with its physical origins, we show that Maxwell’s equations
hold on 2 C S3. We view V as a current and BS(V) as the corresponding magnetic field. If the
vector field V' either has a nonzero divergence or is not tangent to the boundary, then it no longer
represents a steady current contained in ). By considering a time-varying electric field in this case,
the system can be considered “closed”. Let p(z,t) = —(V - V)t be the volume charge density in
0 and o(z,t) = (V - n)t be the surface charge density on the boundary 9. Each of these charge

distributions contributes to the electric field E; the details follow later in this section.
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Maxwell’s four equations for an electric field £ and magnetic field B due to a current V are

1. V.E = p
0B
2. E = —
V x 5
3. V-B =0
OF
4. B = —
V x V+8t

We have chosen units so that both the permittivity of free space ¢y and the permeability of free
space o are identically 1.

We now show that these four equations hold when we think of B = BS(V) as the magnetic field.
The third equation holds because BS is divergence-free by Proposition 4.4. The fourth equation is
known as Ampere’s Law when V is steady. The following theorem demonstrates that it holds in our

setting, where the volume charge p and the surface charge ¢ might be time dependent.

Theorem 4.6. For Q a compact subset of S® with smooth boundary, and V a smooth vector field

on €,

V(y) inside Q
v, x BS(V)(y) -

0 outside 2
—Vy/ ¢o (Ve - V(z)) dx
Q

+Vy /BQ ¢o V(z)-n d(areay)

We give two proofs of this theorem in the next two subsections. First is a quick proof via the

Key Lemma and parallel transport. Second is a direct proof, using left-translation.
Remark 4.7. When Q = S2, the theorem above states

Y, x BS(V)) = V() =V, [ o0 (%, V(@) do
This is precisely a restatement of equation (4.3):

VxBS(V) = Vx (-VxGr(V)) = V-VGr(V-V) . (4.3)
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In order for Maxwell’s fourth equation to hold, the last two terms in the theorem above should

constitute the time derivative on an electrodynamic field E. Define two electric fields by

B0 = (% [ o0 @vena)e = v, [ apd

E,(y,t) = (Vy - poV(z)-n d(areaz)> t =V, - ¢o o d(areay)

Then consider the electric field £ = E, 4+ E,. By the theorem above, Maxwell’s fourth equation
does hold.
OF

We can view Ep as the time rate of change of the electrodynamic field due to dp/0t, the change
in volume charge density; also we can view E, as the time rate of change of the electrodynamic
field due to do/dt, the change in surface charge density. We also may view Ep as an electrostatic
field itself due to the time-independent volume charge dp/9t = V - V; similarly, we may view E, as
an electrostatic field due to the time-independent surface charge dp/0t = V - 1. In this section we

adopt the former viewpoint; in the next section we make use of the latter.

With our electric field in place, consider the first two Maxwell’s equations. The divergence of E

in  can be calculated by taking the divergence of both sides of Maxwell’s fourth equation:

E
V-VxBSV) = V-V—I—V-—aat
0 = v-v+g(v-E)
o ot

This implies that V- E = —(V - V)t = p, Maxwell’s first equation.
Maxwell’s second equation holds trivially. The electric field F is defined by two gradients and
ergo is curl-free. The magnetic field BS does not depend upon time, even when the electric field

is time-dependent; hence
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4.5.1 Parallel transport proof

The key lemma, as perhaps its most important consequence, directly proves Maxwell’s fourth equa-

tion, Theorem 4.6.

Proof. We will use the key lemma for the vector field V' given in the theorem and for the function

o(a) = 741?(7r704)csca .

Recall that ¢o(a) = ¢(a) cosa and A¢p — ¢ = 6(a) = 0(z,y).
To begin, recall the statement of the Key Lemma.
Vy X {PyaV(x) x Vyo} = Vy {V(x) - Vi (pcos )} = (Ad — ¢) (VI(z) — (V- y)y)

Now, integrate both sides over 2 with respect to x:

/ V, x {PpV(x) x V, 8} dr — / Y, (V(2) - Vado} do = / 5a,y) (V(z) — (V- y)y) de
Q Q

Q
We may interchange the integral in = variables with the gradient and curl operators on the

left-hand side, since they are in terms of y.
Vy x /QPWV(:U) x Vyo dz — 'V, /Q Vi(x) -« Viedo dx = /05(33,34) (V(z) = (V-y)y) dx
The first term on the left-hand side is simply the curl of the Biot-Savart operator,
Y, x BS(V)(y) = V, x /Q PyV(z) x V6 da
Substituting that into the previous equation obtains
Vy x BS(V)(y) = Vy/QV(fv) - Voo da:+/95(x7y) (V(z) = (V(2) -y)y) du

Use now the vector identity V - Vg = V - (¢oV) — ¢V - V (see Appendix A) to expand the

right-hand side:

V, x BS(V) Vy/% (¢oV (x)) dz -V, /d)oV V(z) dx
Q
)

Jr/ﬂé — (V(z)-y)y) dx
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Apply the Divergence Theorem:

V,xBSW)) = Y, [ aoVie)-n darea,) v/%v V() da

/m — (V@) y)y) do

The first two integrals on the right-hand side are as desired. The third integral takes on the

value of its integrand when =z = y, i.e.,

/Q 5(a.y) (V(x) — (V(z) - 9)y) dr = V(y) — (V(5) )y

Since V (y) lies in the tangents space of y, the term (V(y)-y) = 0. Also, V(y) is assumed to be zero

outside of €, so this third integral vanishes there. We write this fact explicitly,

V(y) inside Q
[ 8@ (V@) - (V@) )w) de = ,
& 0 outside €

which completes the proof of the theorem. O

4.5.2 Left-translation proof
Proof. Write out the left-translation version of BS(V)(y):

BS(V)(y) = /Q (Lye-1)sV(x) X Vo da

1
472

+ QVZ,/Q(Lwl),y(as)~vy(,zs1 da

/ (Lyz-1)+V(x) dz (4.2)
Q

Recognize the first term as the vector convolution operator B(V, ¢g) as given in section 3.9. Call

the other two terms I and I3 respectively.
BS(V)(y) = B(V,¢o) + I + I3
We take the curl of the three terms separately. Since I3 is a gradient, its curl is zero.

V, x Iz = V, x 2Vy/ (Lya—1):V(z) - Vy1 dz =0
Q
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The second integral produces a vector field Iz(y) that is left-invariant, since its integrand is left-
translated to y. Ergo it is a curl eigenfield, so V x I, = —2I5. Thus, two of the three terms in the

curl of BS(V') are complete:

Vy x BS(V)(y) Vy x B(V, ¢o) — 2I5(y)

1

v, x BS(V)(y) o

Vv, x B(V, o) + / (Lyo-1):V (x) do (4.16)
Q

Now we calculate the curl of B(V, ¢g). The result is independent of the function ¢¢. Earlier we

referenced this result in order to calculate the curl of B(V, ¢1) in the proof of Theorem 4.3.

V, x B(V,go)(y) = V,x /Q (Lye- 1)V () X Vo da

/ Vy X ((Lyafl)*V(.ﬁ) X Vy(f)o) dx
Q
We now utilize Identity 8 from the Appendix,

VX ({UxW)=VyU-VyW+(V-WU— (V- U)W

where we set U = (L,,-1).V(x) and W = V,¢. After applying the identity, there are four terms

to analyze.

Vy x B(V.¢o)(y) = + [ VwUdzx (4.17)
Q

— VuW dx (4.18)
Q

+/ (Vy - Vyoo) (Lyp—1):V () dvol, (4.19)
Q

—/Q (Vy - (Lye—1):V(2)) Vyo dvol, (4.20)

We claim that the last integral above, term (4.20) vanishes. We must calculate the divergence
of (Ly,-1)«V (x) with respect to y variables. For a fixed value of z, the vector V(z) is translated to
a vector in the tangent space of each y this forms a left-invariant vector field. Left-invariant vector

fields on S* are divergence-free, so Vy + (Ly,-1).V (z) = 0.

Let’s examine the third integral, term (4.19)

/ (Vy - Vyoo) (Lyz-1):V(z) de = / (Ayo) (Lyz—1)+V(x) dvol,
Q Q
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Recall that A¢g(a) = 6(a) — 1/27%. Then, (4.19) becomes

/Q (V) - Vyd(0)) (Lyo-1)-V(z) d
= / (6(a) = 522) (Lygp—1):V (z) dz
Q
:/5(@ (Lyo-1):V(x) dx —
Q

In the equation on the line above, §(«) vanishes except when « = 0, i.e., when & = y. In this

case, the integral involving d(«) simply becomes the value of the vector field when x = y, namely

V(y) inside
/ 5(@) (Lyo1).V(2) da =
& 0 outside 2

We are finished with term (4.19). Recapturing all of our work so far,

Vy x B(V,¢o)(y) = / VwU dzx (4.17)
Q
f/ VuW dx (4.18)
Q
V(y) inside Q 1
+ — 55 [ (Lye—1):V(2) do (4.21)
: 22 Jo
0 outside {2

In order to analyze only one covariant derivative term, we make use of Identity 4 from the

appendix to write integral (4.18) in terms of integral (4.17) plus some additional terms.
VoW = VW.-U) = VU — WxVxU —UxVxW
Then the integral (4.18) becomes
f/QVUWd:c:/QfV(W~U)+VWU+(WxVy xU)+ (U xVy, xW) dx (4.22)

The last term on the right-hand side vanishes since it is the curl of a gradient, even though ¢o(«)
has a singularity at a =0, i.e., z = y.

Now consider equation (4.22). The second and third terms vanish in Euclidean space but the
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first term does not; all three remain on the three-sphere. The first term of (4.22) becomes

/va(W-U) do Vy/Q(W-U) de

The gradient of ¢y changes sign when switching variables from y to x appropriately:
V@/(7250 = 7(Lyz*1)*va:¢0

Thus we continue with the first term of (4.22):

/Vy(W-U) do vy/ (Lye 1) Voo - (Lye 1)V (@) d
Q Q
= _vy/Qv:c(bO : V(x) dx

= —Vy/ Vx'(boV(.f) — ¢ (v:c : V(I)) dx
Q

—I—Vy/ ¢0 (Vg - V(z)) de —V, oo V(x) - n d(areay)
Q a0
These are exactly the same terms as obtained in the Euclidean case, where we could have written

11
A |y — |

%o (Ia y) =
Now consider the third term on the right-hand side of (4.22); it integrates a V x U term. The
vector field U = (Ly;-1).V () is left-invariant in terms of y variables, as discussed earlier. Thus it

is a curl eigenfield, and so

VyxU = =2U

Vy X (Lyz-1):V(z) = —2(Lyz—1).V ()
So the third term of (4.22) then can be written as

/ WxV,xUdzx = / Vyoo X =2(Ly,-1).V (x) dx
Q Q

= 2/ (Lyz-1)+V(x) x Vyopo dx
Q

—2B(V, éo)(y) (4.23)

74



We summarize the results of analyzing (4.22):

—/VUWda: = /—V(W-U)—i—VWU—i—(W><V><U)—|—(U><V><W) dx
Q Q

f/ VoW dx = ny/ ¢o (Vg - V(z)) dz+V, ¢o V(x)-nd(areay)
Q Q o9

+/ Yl do — 2B(V,é0)(y) + 0
Q

Let’s gather our results:

V(y) inside Q 1
Vy x B(V, ¢o)(y) = - — Q(LWl)*V(gs) dx

) 272
0 outside €

— Vy/ o0 (Vo - V(z)) dz + V, oo V(z) - 1 d(areay)
Q o0
+/ VwU dx
Q
+ 2B(V, ¢0)(y)
+/ VwU dx
Q
Notice that we are left with two terms that are both of the form fQ VwU dx, where U =
U(z,y) = (Lyz-1):V(x) and W = W (x,y) = Vz¢o. Notice both U and W lie in T;§2. In order to

analyze this integral, we utilize Proposition 3.3, which implies ViyU = W x U. Thus,

Q/VWUda: = Z/Wdea:
Q Q

2/ Vi(v,60) (Lya=1)-V(z) do = 2/ Voo X (Lyz-1)«V(z) dx
£ Q

—2B(V, éo)(y)

This term cancels the fourth term above, and we obtain the result for V x B(V, ¢g).
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V(y) inside Q 1
Vy x B(V, ¢o)(y) = - = Q(Lyzfl)*V(;p) dz

] 272
0 outside 2
— Vy/ ¢o (Vo - V(z)) de+ VY, oo V(z) - d(areay)
Q a0

Vy x B(V, ¢0)(y) = AV, Apo) — G(V, ¢o)

So we have the desired result about the curl of the vector convolution operator. We now recall

equation (4.16).

1
Vy x BSV)(y) = VyxB(V,¢0)+ —/ ya—1) ) dz
Q

272
V(y) inside Q
Vy x BS(V)(y) =
0 outside 2

—V/%V V(z)) da

+Vy oo V(x) - nd(areay)
a0

With this the theorem is complete. O

4.6 Properties of Biot-Savart on subdomains

In this section, the kernel of the Biot-Savart operator is calculated. Also, we determine precisely
when curl is a left-inverse to BS. This chapter then concludes with a proof that B.S is self-adjoint

and a statement about its image.

4.6.1 Kernel of the Biot-Savart operator

By definition, the Biot-Savart operator on 52 maps the subspace of gradients to zero. No fluid knot
on S? lies in the kernel of B or else Ampere’s Law would fail. Hence the kernel of Biot-Savart on the

three-sphere is precisely the space of gradients. Gradients on S® all behave like grounded gradients
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found on a compact subset @ C S3. There the Hodge Decomposition Theorem for vector fields is
more complicated, so we ponder, how do the other subspaces behave? What is the kernel of BSS on

Q7

Theorem 4.8. Let ) C S2 be as described above. The kernel of the Biot-Savart operator on §) is

precisely those gradients that are orthogonal to the boundary, i.e.,
ker BS = HG(R2) & GG(R)

When discussing the kernel, we must note carefully that as an operator BS maps into VF(Q).
Though we often extend BS to defining a vector field on S — €2, that is not its natural target space.
Therefore, a vector field V lies in the kernel if and only if BS(V) = 0 inside §2; a priori nothing
is known of its behavior on $* — Q. In proving Theorem 4.8, we will show that if BS(V) = 0
throughout €, then BS(V') must vanish identically on the entire three-sphere.

In order to prove this theorem, we require a few preliminary results.

Lemma 4.9. Let  be as above, and let n be the outward pointing normal vector on 0. Consider

a vector field V € VF(Q) and let y € S®. Then,
/Q(Lym—l)*vm X V(x) 4+ 2(Lyy-1):V(x) dov = — /69 (Lyz-1)« [V(x) x 1] d(area)
Proof. Begin with the divergence theorem:
/ V- -V(z)de = V(z) - n d(area)
Q o9

Let U(z) be any left-invariant vector field on S3. Now replace V (z) with V(z) x U(z):

/ V- (V(zx)xU(z)) de = / (V(z) x U(z)) - 7 d(area) (4.24)
Q o9
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Now examine the right-hand side of this equation.

/ (V(z) x U(zx)) - 7 d(area) = —/ (U(z) x V(x)) - 2 d(area)
09 o9
- /6 V@) (V(a) x ) d(area)

7/ (Lyz-1):U(x) - (Lyg—1)« (V(z) x 1) d(area)
a0

7/ U(y) - (Lyg—1)« (V(z) x 1) d(area)
o0

_ fU(y)./m (Lyo—1)s (V(z) x #) d(area)

Now examine the left-hand side of equation (4.24).

/V-(V(x)xU(z))d:p = / U(x) VxV(z)—=V(zx) VxU(z)de
Q o9
Since U(x) is left-invariant, V x U(z) = —2U (z).

U(z) -V xV(z)+2V(x) U(z) dz
Q

/QV -(V(x) x U(z)) de =

U(z) - (V x V(z)+2V(x)) dx

2

(Lye)sU () - (Lyos)s (V X V(2) + 2V ()) da

2

Il
T——

2

Uy) - (Lye-1)« (V x V(z) +2V(z)) dx

= VW) [ () (VX V(@) +2V(0) da

The two sides of equation (4.24) are equal.

Ul(y) / (Lyz—1)« (VX V() +2V(x)) dv = —Ul(y) / (Lyz—1)« (V(x) x n) d(areas)
a0 a0

Since this holds for any left-invariant field U, we may conclude that the projections of the two
integrals onto the space of left-invariant vector fields must be equal. Both sides are integrals of
left-translated fields and hence both are in fact left-invariant vector fields. Therefore, we have the

desired equality:

/ (Lye—1)xVie X V(2) 4+ 2(Lyp—1):V(2) dov = —/ (Lye—1)« (V(z) x 1) d(area,) O
Q o
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We require another lemma which involves a particular energy estimate. In the section on
Maxwell’s equations, we defined the electrostatic field due to the time-independent surface charge
o = V-ion 09, and we called it E,. (We also viewed E, as the time derivative of an electrodynamic
field due to a surface charge (V - 7) ¢t but do not adopt that view in this section.) For convenience,

we now drop the derivative notation and hereafter refer to this field as
Es(y) =Vy oo V(z) - n d(areay)
o0
Call ¢ the potential function for the electrostatic field, £, = —V1; the negative sign is in
accordance with electrodynamics notation.

Lemma 4.10. For V =V f € VF(Q), let E, the electrostatic field that it generates as described

above. Then the energy of E, is related to its potential v as

/ |Es(y)|? dy = / Y(y) Vf-nd(areay)
S8 o0
Proof. Let V. = Vf, and let 0 = Vf -, which we view as a surface charge on 9€2. Then we can

write
E, = Vy/ ¢o o d(area)
o9

To make this proof more convenient in terms of notation, view the surface charge o on 952 as a
volume charge p on a thickened, compact neighborhood N(912) of the boundary 92. We choose p
to be C'™° smooth with support in N(92). The electrostatic field E, resulting from p approximates

FE, and is expressed as
E,= Vy/ ¢o p d(area)
N(09)
For this situation, we can view F, = —V1,, where
Yy = —/ @0 p d(area)
N(09)

Then the divergence of E, is V- E, = —A,. We may extend the domain of integration of ), to

be all of S3, since p vanishes outside of N(99).

vy == [ o p d(area)
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Recall that ¢ is the fundamental solution to the Laplacian on S*, meaning that Ay, = —(p — [p]).

Thus, the divergence V - E, = p — [p]. Consider the integral of ¢ times p.

/ Ypdr = / wV-Epdac—i-/ ¥ [p] dx
N(69) N(69) N(o9)

Again, we extend the domain of integration to be S3:

/ bpdu Opde
N(59) 53

/N(m)wpda: = ngV-Epdm—i-/sgw[p]dm

| wpde = [ VewE)-Ve-Eydotlp) [ wis

N(8Q) 53 <3

[ wpde = 04 [ |EPd + o)) (4.25)
N(8Q) 53

Now by making the neighborhood N (91) shrink and approach the boundary 92, we have

] — 0

/ Ypdr — Yo d(area)
N(09)

o0
/|E,,|2da: - /|E0|2da:
S3 S3

Then, equation (4.25) converges to

Yo d(area) :/ |E,|* dx
19) 53

our desired result. O

One more result, the following energy estimate, is required before beginning the proof of the

kernel of BS.

Proposition 4.11. Let V be a divergence-free vector field on Q C S3, and let E, be its associated

/ |Es|? dy S/ VI* dy
S3 Q

electrostatic field. Then,
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Proof. When V is divergence-free and tangent to the boundary, the electrostatic field E, = 0. So
it suffices to prove the proposition for V' a divergence-free gradient, i.e., V€ CG @& HG. Adding a
fluid knot component to V' would only increase the energy on the right-hand side while not affecting
the left-hand side.

So assume V =V f € CG & HG; this implies f is harmonic. Start with the above lemma,

/ |Bo(y)|* dy = / Y(y) Vf - i d(areay)

S3 o0

Apply Green’s first identity:
/SB |Es(y)* dy = /va-w + PAf dy
/ |Es(y)]* dy = /—Ea-Vf + 0dy (4.26)
S3 Q

This is the L? inner product of —FE, and Vf; apply the Cauchy-Schwartz inequality:

1/2 1/2
[/ _E,.—E, dy] [/ WVfdy}
Q Q
1/2 1/2
E,?d \Y4 Qd}
[/SJ | y] [/| 72 dy

Substitute this inequality into equation (4.26), to conclude

IN

/7E0~Vfdy
Q

IN

1/2 1/2
[Eray < | [Eea) | [ ol
53 S8 Q
1/2 1/2
[era] < [[ivea)”
53 Q
which proves the result. O

Finally we are ready to prove Theorem 4.8, that the kernel of BS is HG(2) & GG(Q).

Proof. First, we show that the subspace HG(2) & GG(Q) is contained in the kernel of BS. Let
V = V[ be in this subspace; then f is locally constant on each boundary component 9€2;. This

implies that V is orthogonal to the boundary.
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We compute BS(V f) using the left-translation version of the Biot-Savart operator.

BS(V)(y) = /Q(Lyz,l)*vxf(x)xquso do

1
472

+2Vy/ﬂ(LWl)*vzf(x)-vy¢1 dz

/ (Lyz—1)«Vaf(z) d
Q

Call these three integrals (I), (II), and (III); we compute them individually.

Use Lemma 4.9 to express the second integral (II) as

1 1
1
b [ (L) (Vf (@) x ) do

Both terms on the right vanish since V f is orthogonal to the boundary. Hence, the second integral
(In)=o.

Now, examine the first integral (I),

1y

/Q(Lyzfl)*vxf(x) X Vy¢0 dzr

/Q(Lyxfl)*vxf(x) X —(Lyxfl)*vm(bo dx

~ [ Ty)e (Wt @) % Vi) da

We can rewrite the right-hand side using a vector identity (see the Appendix):
VixVaoo=V x fVpy— f(V x V)

Then,

O = = [ Ly)e (B0 F@) Vo) dat = [ (L) [F(0) (% x Vi) do

Q

Though V¢ has a singularity, its curl still vanishes (as it only depends on «). We are left with

m = - / (Ly )+ (Vo  £(2)Vad) da

Apply Lemma 4.9,

O = 2 [ (L) F@)Vetn) dot [ (L) (@) Vi x ) da
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Recall that f is constant on each boundary component; let f; be its value on the component
09);. Denote ; as the region “inside” 9€;, where inside is determined opposite to the direction 7,

points. Note that §2; is not necessarily a subset of 2. Then,

W = 2 [ Gondot S5 [ (L) (Vo x ) da

Now apply Lemma 4.9 again.
1 = 72/ Vy¢o da — Zf/ (Lyz—1)s (Vi X Vo) da — 2Zfi/ (Lya-1)«Vigo da
Q 3 Qi 3 Qi

1 = —Q/QVny)o de — 0 + QZfi/Q.Vyfﬁo dx (4.27)

We are now ready to compute the third integral, (III).

= 2v, /Q (Lyo1)uVof (2) - Yy do

-2V, [ Vaf(@) - Vor da
= —QVy/QVx (f(2)Vedr) + fAP1 dz
Recall that A¢; = ¢ + 1/872. Apply the divergence theorem to the first term,
(I = -2v, /m [(z) Vg1 - A d(areay) + 2V, /Q foo dx + 2V, /Q f(@) g da

The last integral is independent of y and vanishes upon applying the gradient V,. To analyze the

first term, recall that f is a constant f; on each boundary component 0€2;. Then,

1) = —2vyzi: fi /6 N Ve - 1 d(areas) + 2V, /Q foéo da

(I = 72Zi:fivy /Q Ve - Vegr do + 2Vy/9f¢o da

1) = 2z;fivy/m b0 + 5oz dr + 2Vy/ﬂf¢0 dx

1) = _221: fi /Q 1- Vyéo dz + 2V, /Q féo da (4.28)

Examining equations (4.27) and (4.28), we see that (III) is the negative of (I). We conclude that
BS(Vf)= (1) + (II) + (IIT) = 0. Therefore, the subspace HG® GG is indeed contained in the kernel

of BS.
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Now we prove that ker BS C HG & GG. Let V € FK @ HK & CG and decompose it as

V =Vik + Ve, where Vg € FK @ HK and V € CG. Maxwell’s fourth equation implies that

VXBS(VK+V0) = VK+V(]—Vy/ (bOVC-ﬁd(aTea)
o0

VXBS(VK—I—Vc) = Vk+ Vg

If Vi # 0, then V x BS(V) # 0 and consequently BS(V) # 0. So it suffices to show that no
curly gradients are in the kernel of BS.

Assume V = Vf is a curly gradient that is in the kernel of BS. We will show then that
V = 0. Since curly gradients are divergence-free, Maxwell’s fourth equation states, for y € ), that
V xBS(V)(y) =V — E,, where E, the electrostatic field defined in the previous section. This must
be zero since BS(V) = 0 on Q. Thus V = E, on Q. By Proposition 4.11, the energy of V on Q
is no less than the energy of F, throughout the three-sphere. Since E, equals V inside €2, it has
no available energy left on the complement S® — €2, and so E, must be identically zero there. This
implies that BS(V) = 0 on all of the three-sphere, a fact which we could not conclude a priori.

Since E, equals a gradient —V1), the potential function ¢ must be locally constant on S3 — Q.
In particular v is constant on each boundary component. Any gradient like —V1 whose potential
function is locally constant on 9 must lie in HG & GG(2). Now V was equal to —V on §2, so V
lies in HG & GG. This subspace is orthogonal to the curly gradients, hence V' must be trivial.

Thus we have shown that the kernel of BS cannot contain any curly gradients or fluid knots.
Thus it must be included in HG & GG; by the first half of the proof, the kernel is precisely that

subspace. O

Indeed, in proving Theorem 4.8, we have shown an even stronger result, namely that no curly
gradient can lie in the kernel of V x BS. No fluid knot lies in this kernel due to Ampere’s Law.

Thus, the kernel of V x BS is exactly the kernel of BS.

Theorem 4.12. The kernel of V x BS is precisely HG(Q) & GG(Q).
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4.6.2 Curl of the Biot-Savart operator

The Biot-Savart operator is quite useful because, for certain vector fields, it describes an inverse
operator to curl. The inverse to the curl operator is quite useful in energy minimization problems,
which often are solved as eigenvalue problems for curl; see for example [1, 10]. Let us state then

precisely when curl inverts the Biot-Savart operator.

Theorem 4.13. (1) The equation V x BS(V) =V holds on Q C S if and only if V is a divergence-

free field tangent to the boundary 082, i.e., V € FK(Q) ® HK(Q).

(2) The equation V x BS(V) = 0 holds on S® — Q if and only if V € FK(Q)® HK(Q) ® HG(Q) @

GG(Q).

Proof. The first statement is far more complicated to prove than the second. One inclusion is
immediate from Ampere’s Law guarantees that V x BS(V) = V holds on Q C S for a fluid knot
V.

Now for the other inclusion. Assume V x BS(V) =V holds. Then V lies in the image of curl,
and so must be orthogonal to HG @& GG. The equation V x BS(V) = V holds for any fluid knot,
and so it suffices to show that it cannot hold for a curly gradient.

Let V =V f € CG(Q). Maxwell’s equation implies that V x BS(V) =V + E, on , where

E;(y) = -V, . oo V(x) - nd(areay)

is the electrostatic field resulting from the surface charge o = V-7 on 99Q). Suppose that Vx BS(V) =
V', which implies FE, = 0 on 2. We show that this also implies V' is trivial.

Our first step is to show that E, = 0 outside 2. As before, express F, = —V1). Since E, =0
on {2, the potential function 1 is locally constant on €; in particular v is a constant i; on each
boundary component 052;.

An exercise in Euclidean electrodynamics shows that any electrostatic field derived from charge

on closed surface will have a jump discontinuity across the surface, but will be divergence free on the
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interior and exterior of the surface. The same result follows from our definitions on the three-sphere.

Then

V'¢Ea

Vi - Ey; + Y(V-E,)

V'¢Ea

—|E,> +0

Integrate over the complement of ().

/ —|E0|2 dx
53—

/ V - YE, dx
53-Q

/ Y Ey -1 d(area)
a0

= sz/ E, - n; d(area) (4.29)
7 %

where 7; is the normal vector on 9€; pointing out of S% — Q.
In Euclidean space, Gauss’s law states that the flux of an electrostatic field like E, over a closed

surface equals the total charge enclosed by this surface. An analogous result holds on S3:

E, - f; d(area) = charge @ enclosed by 9€;
89

Above when we write that charge is enclosed by 9€);, we intend that the charge lies in S3 — 9);.
The only possible charge in the region S — 9€; lies on other boundary components 0f); that lie

outside €2;. Thus,

89;

/897’ By - i d(area) = Z(il)/ o(z) d(areay)

The sign on the right-hand side is determined according to whether the orientations of n; and n;

agree.

/6 | Boiudarca) = 30 () / o(z) dareay)

y %,

Z (il)/ V(z) - nj d(areay)

y %,

= 0
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Since V' is a curly gradient, it has zero flux over any boundary component. By equation (4.29) we

conclude that

/ 7|Ea|2 dr =0
S3—-Q

and so E, = 0 on S — Q.
We now have that E, = 0 on the interiors of Q and S — Q. Now we apply a pillboz argument,
a standard tool in electrodynamics, to a point x € 0f2. Take a neighborhood of = in 92 and extend

this into a “pillbox” P of small height . Then by Gauss’s law:

E, - d(area) = charge Qenclosed = / o d(area)
P PUSQ

But E, = 0 on 0P — 02, so the left-hand side above is zero. Thus, for any choice of pillbox,
fPU(‘)Q o d(area) = 0. Thus o is identically zero on 9. That implies that V is tangent to the
boundary, so it cannot be a curly gradient unless it is trivial.

Thus we have shown that the only gradients for which V x BS(V) = V holds are trivial; the

proof of the first statement is now complete.
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The second statement is far easier to prove. For a fluid knot V', Ampere’s Law guarantees that
V x BS(V) =0 holds on S% — Q. The other subspaces HG @ GG lie in the kernel of V x BS by
Theorem 4.12. Thus FK & HK & HG & GG C ker BS.

To prove the reverse implication, it suffices to show, for V' a curly gradient, that V x BS(V)
is nonzero. In proving Theorem 4.8, we showed that if V' € CG(Q)), then having V x BS(V) =0

outside €2 implied that V' = 0. Thus the second statement holds. O

4.6.3 Self-adjointness and image of the Biot-Savart operator

In this section we show that the Biot-Savart operator is self-adjoint, whether it is defined on a

subdomain or on all of S3. As a corollary, we learn something about its image.
Theorem 4.14. The Biot-Savart operator is self-adjoint.

Proof. Let V,W € VF(Q). We use the parallel transport version of Biot-Savart to show

(BS(V),W) = (V,BS(W))

(BS(V)(y), W(y))

/ PV (z) x Vyo - W(y) dedy
QxQ

(BS(V),W) = -— W(y) X Vy¢ - Py V(z) dedy
QxQ
where we have used identity 1 in Appendix A to rearrange vectors. Since Vy¢ = — P, V¢, we have
(BS(V),W) = W(y) x PyzVa¢ - Py V(x) dedy
QxQ

Now parallel translate all vectors from y to x. For y # —, clearly P,y Py, = 1.

(BS(V), W)

/ PagW(y) X PayPpaVets - Poy PV (z) da dy
QxQ

(BS(V),W) = /Q [/Q P, W(y) x Vzo dy| - V(x) dz

(BS(V),W) = /QBS(W)(:C)V(’I) dx

(BS(V), W) (BS(W)(x),V(x))
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Corollary 4.15. For Q C S3, the image of Biot-Savart lies in FK ® HK & CG.

For comparison, the image of BS on all of S3 is precisely the space of fluid knots K (S%).

Proof. Since BS is self-adjoint, its image must be orthogonal to its kernel. In more detail, let W
be the component of BS(V) that lies in HG & GG the kernel of BS. Then BS(W) = 0 and self-
adjointness implies that (BS(V), W) = (V, BS(W)) = 0. But, (BS(V), W){(W,W). So W must be

trivial, and thus HG & GG is not in the image of BS. O
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Chapter 5

Helicity

In this section, we establish upper bounds for helicity and for the Biot-Savart operator. From

Theorem 5.6,

IN

I1BS(WM) N(R) [V

[H(V)

IN

N(R) (V,V)

where R is the radius of a spherical ball with the same volume as the domain where V is defined,

and

N(R)=1(2(1—-cosR)+ (7 — R)sin R)

These bounds are not sharp, but we provide examples which show that they are the right order of

magnitude.

Definition 5.1. The helicity of a vector field V € VF(Q) is defined to be

H(V)

(V. BS(V))
- / V(y)- BS(V)(y) dy

= /Q , V(y) - PyaV(x) x Vyd(x,y) dzdy
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Helicity measures the extent to which the flow lines of a vector field wrap and coil around each
other. Tt was discovered in R® by the astrophysicist Woltjer and named ten years later by Moffatt.

For divergence-free fields, helicity is the same as Arnold’s asymptotic Hopf invariant [1].

5.1 Calculating upper bounds

Upper bounds for the helicity of a vector field in Euclidean space were described in section 2.3.1. We
seek to now bound helicity on subdomains of S2. We begin by showing that the Biot-Savart operator
is bounded in the L? norm, which follows a standard Young’s inequality proof from functional

analysis.

Proposition 5.2. Let ¢(a(z,y)) : 2 x Q@ — R be a function that depends only upon the distance

alx,y) between x and y and that is defined such that

Nq(v) := rnax/Q [Y(a)] dx < oo

yeN

Then the operator Ty, : VF(Q) — VF(Q), defined as

is bounded with respect to the L? norm. Specifically,

1T, (V)W) < Na() V]

Proof. Begin by estimating the length of Ty (V):

Tp(V)(y)] < /Q [Py V (2)| [ ()] [Vyal dz
Note that |Vya| = 1 by equation (3.7). We rewrite the inequality above as

Ty (V)]

IN

[ V1w i da
Q
= (VI )

91



Now apply the Cauchy-Schwartz inequality,

[ Rl " [ 1o1de] -

1/2

[ Rt Moy

IN

Ty (V)]

IN

Now square both sides and integrate with respect to y.

T,V < Na() / V2 [|de

/QNQ(TP){/QIV(::;)P | dx} d

—
<
S
S
S
&
<
IN

TV < Naw) [ W 6] dedy
@10 < o) [ v { [ el o
TVTVY) < Naw) [ V@) Na(w) do
To(V). V) < Na()? (V,V)

Finally, take the square root of each side to obtain the desired inequality,
1Ty (V)(»)ll < Na() [V - O
Consider this proposition with the operator BS(V') in place of Ty and with ¢ = ¢/(a):
BS(V) = /Q PV(z) x ¢'(a)Vya de

where ¢(«) and its first two derivatives are, as shown in chapter 4,

Pla) = *4%1_2@*04) csc
() = 41—2 (csca + (m — @) csc accot )
() = C:C;I (2cota + (7 — a)(cot® a + csc? )

The proposition guarantees BS(V') is bounded:

IBS(WV)II < Na(d) IV (5.1)
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Consequently, helicity is also bounded, since
H(V) = (V,BS(V)) < [[BS(V)[ [[V]]
by the Cauchy-Schwartz inequality. This estimate implies
H(V) < No(¢') (V.V) . (5.2)

Thus we have shown
Corollary 5.3. The Biot-Savart operator BS : VF(Q) — VF(Q) is bounded in the L* norm.
Consequently, helicity H : VF(Q) — R is a bounded functional.

Now we hunt for an upper bound for Nq(¢'). We will need two lemmas before establishing any
estimates.
Lemma 5.4. The function ¢'(«) is a strictly decreasing function of « on (0,].

Figure 5.1 depicts a graph of the function ¢ and its first two derivatives which clearly shows that
¢’ (o) is decreasing on (0, 7).
Proof. We show two facts about ¢”(a)) which are sufficient to prove the lemma:

1. ¢"(a) <0 on (0,m)

2. lim ¢"(a) = 1

" a—m 1272

On the interval 0 < a < 7, the function csc(«) is positive; thus to show the first fact, ¢’ («) < 0,
it suffices to show that

(2cot o + (7 — a)(cot® o + esc® @) > 0
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Plotting @(a) and its derivatives

¢ (o)
0.0

EI 1 1 1 1 1 1 1 1

0.2 1 1.2 2 2.0 3

TN N TR N T N T T T N T N N T N T NN N T T T T e e e I N © {

o=

o(a)
-0.03

0,13
@ (a)

=)
=

Figure 5.1: Graph of potential functions ¢(«), ¢'(«), and ¢" («)
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First note that (7 — a) > sina on (0, 7). Then,

2cota + (1 — a)(cot? @ +csc? @) > 2cota + sina(cot? o + csc? @)

2cosa costa+1

sin « sin o
cos?a+2cosa + 1

sin «
(cosa +1)2
sin o

> 0
Thus we have shown ¢”(a) < 0, which implies ¢'(«) is decreasing on (0, 7). To show that ¢’ is
decreasing at « = 7, we find the limit of ¢" as a — 7.

C

lim ¢"(a) = lim —C:

a—T a—T 2

(2cot o + (1 — a)(cot® o + esc® av))

(r —a)(cos? a+ 1) + 2sinacosa

472 a—m sin® o
Now apply 'Hopital’s Rule:
1 —(cos?a+1) —2(m — a)sinacosa + 2 cos? a — 2sin® a
lim ¢"(0) = —-— lim ( +1) =2 ) 21 + -
a—m 472 a—m 3sin” acos o
. —2(m —a)sinacosa — 3sin® a
= ) hm )
472 a—n 3sin“ o cos a

1 . —2(r — ) it -1
—— [ lIlm ———~ im
472 \a—n  3sina a—T Cos o

1 2
e (5 + 1)
1
“12:

Thus, we have shown that ¢ < 0 on (0,7) and has a well-defined limit, which is less than zero,

at the endpoint o« = 7. This allows us to conclude that ¢’ is decreasing on (0, 7]. O

Now return to the bound Nq(¢') = r;leaé(/g |¢'(a(z,y))| dx. Since ¢'(a) blows up at the origin
and is always strictly decreasing, the maximum of the integral will occur at a point y € 2 which
is closest in some sense to all other points of Q. Precisely, choose y to be the point where {§|6 >
d(z,y) Yz € Q} is minimized. This ¢ can be thought of as the smallest radius possible for a ball

B(y,0) containing ).
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Let v be the volume of 2. Define R to be the radius of a ball B = B(y, R) C S? having the same
volume as (2, i.e., R satisfies

v=wol(B) =7 (2R —sin2R)

Lemma 5.5. For Q and B as above, No(¢') < Np(¢'). Equality holds if and only if @ = B up to

a set of (Lebesgue) measure zero.

Proof. For both norms, we are taking the maximum of an integral; we have chosen y € Q2N B so

that both integrals achieve their maximum there. So we need to show that

/Q 16 (ala, )| do < /B 16 (a(z, y))| de

The two integrals agree on the set {2 N B; after subtracting this set from the domains of integration,

it suffices to show, assuming the sets (2 — B) and (B — ) have positive Lebesgue measure, that

| eemlis [ (da@ld . 5.3

The sets Q@ — B and B — Q) have the same volume, equal to v — vol(2 N B). All points x in the

set  — B, have a(x,y) > R. Since ¢’ is a decreasing function of «,

/ ¢ (a(a,y)] do < / 6/ (R)| dz = [¢/(R)| vol(Q — B)
QO—B

Q—-B

However, all points = in the set B — 2 have a(z,y) < R. Thus

/ ¢ (ol )| do > / 6/ (R)| da = |¢/(R)| vol(B — Q)
B—Q

B-Q
Since the volumes are equal, this proves that the inequality (5.3) holds.

If the sets (2 — B) and (B — Q) have measure zero, then the only contribution to the integrals for
both norms, Nq(¢') and Np(¢'), must come from the set (2 N B). Therefore the two norms must

be the same in this case. O
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Now calculate Np(¢'). Assume the ball is centered at y=0, and for notational ease write

N(R) = Npo,r) (¢')(R).

NE) = [ ol
R T 27
N(R) = /a=0/ﬁ=0/y=0¢ () sin® aesin 8 dy df do
R
N(R) = %/zosina—l—(ﬂ—a)cosada
N(R) = %(2(1—COSR)+(7T—R)st) (5.4)

With this estimate in hand, we are now ready to state our upper bounds on helicity. By
Lemma 5.5, we have that Nq(¢') < N(R). By inequalities (5.1) and (5.2), we have shown the

following theorem.

Theorem 5.6. Let R be the radius of a ball in S® with the same volume as Q. Then for any vector

field V € VF(Q), we have bounds on BS(V') and the helicity of V as follows:

IN

IBS(WM) N(R) [V

[H (V)

IN

N(R) (V,V)
where N(R) = L (2(1 — cosR) + (7 — R)sin R).

To get a sense of the behavior of this bound, note that N(R) < R (equality holds only at R = 0).

Since the three-sphere is compact, it is also possible for unit length vector fields to construct
bounds on helicity of the form

H(V) < apvol(Q)F
where k£ > 1 and typically ax < 1. In particular, we have the following two bounds.

Proposition 5.7. Let V be a unit vector field in VF(Q). Then

=
=
A

%1}01(9)4/3

x
=
A

%vol(Q)6/5
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Proof. The volume of a ball in S with radius R is 7(2R — sin2R). Consider the function p :

[0,272] — [0, 7], defined such that p(v) is the radius of a ball in S® with volume v; i.e.,

vol (B(0, p(v))) = v = 7[2p(v) — sin(2p(v))]

For a unit vector field V, its helicity is

H(V) < N(R)(V.V)=N(R)vol(2)

Comparison of Upper Bounds on Helicity

2/3 A3
1.5
3/4\l5
N(R)

1 .
0.5

ﬂ_ T T T T 1

4 & 12 16 218

v = Volume of Q

Figure 5.2: The upper bound on helicity N(R) is less than the bounds given in Proposition 5.7.



We can establish the following bounds numerically for v = vol(£2), see Figure 5.2:

1/3

=
)
=
<
IA

2
SU

1/5

=
—
=
<
IA

3
U

These estimates prove the proposition. O

5.2 Examples

Now we turn our attention to some examples in order to measure how sharp the bounds are.

Example 5.8. Let © = 53, and let U be a left-invariant field. Then BS(U) = —1U, and its helicity
is HU) = [ U-BS(U)dx = —3(U,U) = =% vol(53) = —7%. For W a right-invariant field, these

values change sign: BS(W) = %W, and its helicity is H(W) = 72

Our bound for helicity on the entire 3-sphere is given by |[H(V)| < N(m)(V, V), where the bound
N(w) =4/m = 1.27. So, while not sharp, the bound on the entire three-sphere is the right order of

magnitude, roughly 2.5 times an attained value.

Example 5.9. As in Example 3.8, let 2 be a tubular neighborhood of the circle 22 4+ y? = 1 in

S3 = {(z,y,u,v)|z% + y? + u? + v? = 1} defined using toroidal coordinates as Q = {(0,0,¢) : 0 <o < 7,}.
Set a = sino,. The boundary of €2 is a torus defined by the circles u?4+v? = a? and 22 +y? = 1 —a?,

or simply by the toroidal coordinate ¢ = arcsina.

The volume of € is

27 27 Oa
vol(Q) = / / / sino coso do df dp = 2m2a’
o Jo Jo=0

The Hopf vector field 43 = —yZ + 9 + va — u v has an orbit along the core circle of 2 and

is tangent to the boundary torus 9. So it lies in K (Q2), because it is of course divergence-free.
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Calculate BS(#1) using the left-translation formula:

BS(in)(y) = / (Lyer)otin(z) X Vyoo(2,y) da
1 .
1 [ B )ein (@) da

127, / (Lyos)ta(z) - Vs (2,9) da

Start with the second integral, (II). Since @y is left-invariant, (Ly,,-1)«t01(2) = @1 (y).

(IT)

By Remark 3.18, Vy¢1(a) = —(Lyy-1)«Ved1(a); substitute this into the third integral, (III).

m = —2Vy/Q(Lyz71)*ﬂ1(ac)-(Lyrl)*vxcél(ac,y) dx

= 2V, [ (@) Vetr(ep) da

—QVy/ Vi ¢1a1(x) dr + 2Vy/ P11V al(x) dx
Q Q

= -2V, o111 () - 1 d(areay) + 2Vy/ 1V -Gy (x) dz
Q

since 47 is both divergence-free and tangent to the boundary.

Now, only the calculation of the first integral, (I), remains.

(D)

/Q (Lye1)ata(x) X Vyola(z, y)) d

_ /al(y) x Vyoo(olz,y)) dz

i (y) X V, / dola(z,)) da

We will use the symmetry of the domain to interpret the integral above. Considered as a function
of z, the integrand ¢ only depends on the distance a(z,y) between 2 and y. Because our domain

is rotationally symmetric in both the 6 and gf) directions, the integral cannot depend upon those
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coordinates. Thus we can conclude that the integral only depends upon oy, the coordinate of y in

the direction normal to the concentric tori comprising 2. Let f(oy) be the function so that

f(oy) = /Q dola(z,y)) do

Now, the first integral is

D) = ai(y) x Vyf(o)
= (cosaé - SiIlU(,ZB) x f'(0)a

= f’(a)sinaéJrf’(U)COSUfZB

(n.b., (4, é, gf)) is a left-handed frame; we must incorporate this when evaluating cross products in
toroidal coordinates.)

Notice that integral (I) is orthogonal to ; at every point in the domain. We summarize our
calculations so far:
~vol(Q2)

472

BS(t) = (—“‘ZS) coso + f'(0) sina) 0+ (

BS(i) (I + i1 (y)

vol ()
472

sino + f'(o) cos 0’) ) (5.5)

We will later solve explicitly for f’(o), but for now leave it undetermined. The helicity of 4y is

independent of this uncertainty:

) =, ()~ 25 G )
H(t,) = UZ§?)<A1,1}1>
a2
H(t) = - (41,0
H(i) = -n%a*

This value is certainly less than our estimate in Theorem 5.6. When € contains 20% or more
of the volume of the three-sphere, our bound is within an order of magnitude of the actual helicity.
However for thin tubes, our bound is not nearly so sharp. See Figure 5.3 for a graph of the actual

helicity, normalized by (@1, 41), and the bound N(R) versus the tubular radius a.

101



Now we reexamine BS(i). Notice that both the domain  and the vector field 4, are invariant
under the torus action which rotates them in the § and (;3 directions independently. Therefore,
BS (1) must also remain invariant under this torus action.

Suppose BS(@1) has a nonzero component normal to the boundary 9 at any point. Then
it must have the same component at every point of the boundary. But then BS(d) would have
nonzero flux through 02, which means it would have a component in HG & GG. But this is a
contradiction, for this subspace is orthogonal to the image of BS C FK & HK & CG, as proved
in Corollary 4.15. Thus BS(41) must be tangent to the boundary. It is also divergence-free, which
implies BS(i1) € FK @ HK.

Since 4y is a fluid knot, Ampere’s Law implies that V x BS(@;) = 4. Because 4 is an eigenfield

of curl, we know that
BS(al) = —%’&1 +cW

where W =

0 is a generator of HK (©) and c is a constant. Expand this into coordinates as
cos o

~ 1 c A 1 .. n
BS(u1) = (—§cosa—|— E)H + 5sino ¢ (5.6)
Set the two equations, (5.5) and (5.6), for BS(i1) equal to each other, and solve for f/'(o) and ¢:

1— 2
fllo) = 2a tan o

1—a?

2

Finally, we obtain an explicit formula for BS(i4) on a tube of (Euclidean) radius a, valid inside the
tube Q = (0 < o < arcsin(a)):
sino —a? . .

BS(ﬁl) = W9+ %Sinaqﬁ

We now verify Ampere’s Law, which implies that the circulation around a loop in the 6 direction
on 0f) should be 0, since the loop bounds a surface outside 2. On 0f2, the coordinate o is con-

stant, equal to o, = arcsin(a). Thus, the 6 component of BS (111) vanishes on 9f), where we have

102



gf). The circulation of BS(#1) clearly vanishes along such a loop, and Ampere’s Law is

BS(i) =

[\CRRS

satisfied.

Now we calculate BS(t1) on the complement of €. This vector field must lie in the space
FK ® HK(S® — Q), by the same torus action argument as on §2. Maxwell’s equations imply V x
BS(61) = 0. Thus BS(@1) € HK(S? — Q), as it is both curl-free and divergence-free

The harmonic knots on S% — Q are generated by Wy = L . So BS(a1) = 0—2 $ on 53— Q.

sino sino

The BS operator is continuous across the boundary of a domain, which implies c; = a?/2. We

conclude
L2 9 R
su;oia + 2sinc¢ y N
. cos o
BS(i)(y) =
2
a ~
0
2sino 4 ¢

As a final exercise, we calculate the norms of BS(#;), considered as a vector field first in Q then

in 3.
) 22 -1 (1-a2)? 1/2
Bs@mle = |2 - Cma-a)
A 22 -1 (1 a2)? o a? vz
IBs@ls = |5 - S na - ) - S| il

Both the Biot-Savart operator and helicity of %1 respect our calculated bounds on the solid torus

Q. In fact, for all such domains,

[H(in)| _ |BS(inle _ |BS(i)ls:

(U, ar) = laall 7l

< N(R)

Equality occurs if and only if Q = ) or Q = S3. Figure 5.3 shows a graph of these normalized

quantities and the calculated bound N(R) as a function of the tubular radius a of 2.
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Helicity bound and attained values
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Figure 5.3: The upper bound on helicity N(R) is greater than the attained values of BS(41) /|||

and H(ﬁl)/<a1,a1>
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Chapter 6

Future study

The geometrical setup of electrodynamics on R? has many interesting applications in both pure and
applied mathematics. We described several of these applications in chapter 2. Many of these remain
as open problems in curved geometries.

Solar physics is the setting for one application of our work. The problem is to analytically
model the observed metastable plasma states which persist in the sun’s atmosphere before they
erupt into coronal mass ejections and flares. Ideally one could apply energy minimization results
from the Woltjer problem (see section 2.3.2) to this problem. However, the natural domain is the
complement of the sun in the universe; this region is not compact, and on it there are no finite
energy curl eigenfields. If we model the universe as a three-sphere with very large radius, then the
complement of the sun is compact, and our techniques using curl (and Biot-Savart) eigenfields are
applicable.

In Corollary 5.3, we showed that the norm of the Biot-Savart operator is bounded. For certain
vector fields curl acts as a left-inverse to Biot-Savart. We anticipate lower bounds on the eigenvalues
on the curl operator will arise from our work.

Helicity leads to several future areas of research. We aim to show that helicity will remain

bounded under volume-preserving diffeomorphisms of a domain Q. Also, does Berger and Field’s
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formula

H(V) = Fluz(V)* Wr(K)

hold for tubular neighborhoods of knots on 53?

In section 2.3.2, we described three energy-minimization problems which arise from helicity,
namely the Woltjer problem, the Taylor problem, and the optimal domains problem. A natural
extension of this work would be to solve these problems on different subdomains of the three-sphere.
We anticipate that the compactness of S3 will make the optimal domains problem easier to solve on
the three-sphere than in 3-space, where it is still open.

Beyond that, another research avenue suggested via this dissertation is to understand the effect
of negative curvature on this program: what is the Biot-Savart operator for subdomains of H??
What are its properties? DeTurck and Gluck in [14] already have examined linking integrals there;
together we have goals of understanding this vast story on as many as possible of the eight different

geometries available for three-manifolds.
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Appendix A

Vector identities on Riemannian

3-manifolds

A.1 Vector identities

The formulas for Euclidean vector identities involving the gradient, divergence, and curl operators are
well-known and used throughout the sciences, especially in physics. Many electrodynamics books
(e.g., Griffiths [18]) conveniently list these identities. These identities are similarly useful when
studying vector fields on other 3-manifolds. In this section, we prove the appropriate generalizations
of 11 such identities, listed below.

Let M3 be an orientable, Riemannian, three-dimensional manifold, with M smooth if it exists.
Let A, B,C be smooth vector fields on M; let f,h € C°°(M). Denote A acting on the function f
as A(f), where A(f) = Vf - A. Let L(V) denote the vector Laplacian of V', as in section 3.7. Then

the identities given in Table A.1 hold.
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10.

11.

Table A.1: List of Vector Identities

A (BxC)=B-(CxA)=C(AxB)

Ax(BxC)=(A-C)B—(A-B)C

V(fh) = f(Vh) +h(Vf)

.V((A-B)=Ax (VxB)+Bx(VxA)+VasB+VgA

V- (fA) = f(V-A)+ A(f)

V- (fA)=f(V-A)+A-Vf

V- (AxB)=(VxA) -B—(VxB)-A

Vx(fA)=f(VxA)+VfxA

Vx(AXxB)=(V-B)A—(V-A)B+VA— V4B

Vx(AxB)=(V-B)A—(V-A)B+[B,A]

V- (VxA)=0

Vx(Vf)=0

L(fA)=(Af)A+2VysA+ fL(A)
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A.2 Notation

We will make extensive use of tensor notation and will sum over all repeated indices. For local
coordinates x;, write vector fields as A = aia%i, etc.
Let 0,5, be the sign of the permutation (rsk) in the permutation group Ss; e.g., o123 = 1 and
o132 = —1. If (rsk) is not a permutation of {1,2,3}, by convention define o4 = 0.
Establish local coordinates {z;} on M3. Let g = (g;;) be the Riemannian metric on M. Let
G? = det(gi;) and describe the inverse matrix of the metric as g=! = (gij ) Below are descriptions
)

of the vector operations in coordinates. Let A = ai% and B = bjﬁ.
K3 J

Table A.2: Vector Operations in Local Coordinates

9 .9 -
e Inner product: (A, B) = (a’ 0z, bjgj) = g;;a't’

1 .0
e Cross product: A x B = U,«ska g,.igsja’bja—gs}c

iy 9f 0
&rj al‘Z
0

0

e Gradient: Vf=g

e Divergence: V- A = (Ga')

X
Of 0
1) 7

Gg (i‘)Ij 6301)

¥ Q=

e Laplacian: Af = é@
x;

1 0
e Curll VxA= Uijkaa—xj (grma™)

Gxi

o Covariant derivative: V2B = {aibj I‘fj +d ai (bk)] %

Here, I‘i—“]- denote the Christoffel symbols of the metric.

Throughout this section, we use Einstein’s repeated index summation convention, unless other-
wise noted. We also attempt to maintain proper tensor notation: superscript indices depict vector-

like quantities and subscript indices depict differential quantities.

109



A.3 Useful lemmas

Here are two lemmas which appear numerous times in the upcoming proofs. The first concerns
permutations of metric coefficients and the second involves calculating products of permutation

symbols such as 0,075k -

Lemma A.1. For o,s, the sign of the permutation (rsk), and metric coefficients g;; as defined

above, we have

3

2
§ Orsk 9rigsjGkn = G Oijn
r,s,k=1

= 0i;n det(g)

Proof. There are 27 possible 3-tuples (i, j,n) € {1,2,3}3. Consider first the case when (i, j,n) is in

the permutation group Ss; this occurs for 6 of the 27 possible 3-tuples. Then by linear algebra,

3

Z Orsk grigsjgkn = Oijn det(g)
r,s,k=1

We now consider the remaining cases where (i, j, n) is not a permutation. There are three possible
3

terms of the form (7,4,4). Then Z Orskdrigsigri vanishes, since the permutations (abk) and (bak)
r,s,k=1
provide identical summands with opposite signs.

The last case involves 3-tuples (,7,n) with one repeated index; there are 18 such 3-tuples.
3
Without loss of generality, assume j = 4 so that the 3-tuple is (¢,4,n). Then Z Orsk 9riGsiGkn
rs,k=1
also vanishes, since the permutations (a, b, k) and (b, a, k) provide identical summands with opposite

signs. O

Lemma A.2. Let (ijk) and (rsk) be two permutations in S3. The product of their two permutation

symbols is given by

1 when i=rj=s
OijkOrsk —
—1 when i=s,j5=r1r
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Proof. If i =1, j = s, then 04,05, = Ufjk =1.

S L _ _ 2
If ¢ = S, )] =T, then 0ijkOrsk = Oijk0jik = 7O—ijk =—1.

A.4 Proofs of identities
Identity 1. A-(BxC)=B-(CxA)=C-(AxB)

Proof. Using Table A.2 and Lemma A.1, we can write

A- (B X C) = glkalgrsk é gm’gsjbicj = éG2 Olij albicj
B-(CxA)= glkbla,«skég,.igsjciaj = éGQ Ojli albte
C-(Ax B) = glkclorskégngsjaibj = éGQ o1 atbic!

Since 05 = 0j1; = 0155, we conclude that all three formulas are thus the same.
Identity 2. Ax(BxC)=(A-C)B—-(A-B)C

Proof. Begin with the left-hand side:

1 ;i 0
BxC = U'r'sla grigsjb d oz,
Ax (BxC) = oy kigt Gui@™ Orsi Grigsibc? 4
U G2 mJu rSs T1IS]) azh
Rewrite g;, = gu;- Using Lemma A.1, we see
Orst 9ri9sjJiu = GQUiju .
Then A x (B x C) simplifies as
A 1 m 2 i 9
x (Bx(C) = atuk@ gtma"™" G=0450, b 8—:Ek

myi j
OtukOiju Jtma@ b'c

8xk
Now, use Lemma A.2 to say that

OtukOiju = OktuTiju =
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So,

m _j\ it 0 mipt j
Ax(BxC) = (gjma™c)b 9o (gima™b") ¢ o
= (A-C)B - (A-B)C O
Identity 3. V(fh) = f(Vh)+h(Vf)
Proof. We expand the left-hand side:
0 0
h) = g"—1[fh
V(fh) 9 5 M 5
. o0f 0 . O0h 0
- g2y Y ij p 200
g (i‘)Ij 6$i+g fé):nJ 6.%1
Of 0 L Of 0
= h ) 7 v __L
<g (i‘)Ij é)xz) + f <g 6$j 8I1>
= h(Vf)+[(Vh) ,
which concludes the proof. O

Identity 4. V(A -B)=Ax (VxB)+Bx (VxA) +ViB+VgA

Proof. Out of all 11 identities, this one is by far the most complicated to prove. We will expand
both sides of the identity and obtain three terms on the left and nine terms on the right. The nine
terms combine nicely and equate to the three terms on the left.

We begin by expanding the left-hand side; we denote the resulting three terms (L1), (L2), (L3).

0 L0
= 9" gy 05 5y
N B | -0 0 0 0]
— Kkl » i (pI)—— kl ii J_ (a4t kl ipi i) —
9954 8Il( )8Ik + g J ém (a )0xk + g-a 6.%1 (g])axk
= (L1 + (L2) + (L3)

On the right-hand side, first consider the covariant derivative terms:

o 0 .0 0
B = 4V — 14t 7y~
VA a’b Ual'k ta 811(1) )al']
o 0 0 .0

A = oIk — 41— (a
VB a't! ”&m +b al‘j (a)c?:cz
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Since Christoffel symbols I'¥; are symmetric in ¢ and j, we obtain three terms: (I), (II), and (III).

L 0 ) .0 .0 0
B A = 2 I Fk_ 1 J K3
VA +VB @b K 8:% ta 8:01 (b])al'] +b al‘j (a )811
VaB+ VA = Iy + (I + (1)
Using the formula for a Christoffel symbol,
1 0 0 0
Ik = —gmk )+ ——(gim) — —— (gis
we can break term (I) apart into three pieces
o 0 0 o 0 0 - 0 0
I _ i1J ,mk i % mk im _ ipg mk i
( ) @b g 8931 (g] )89% +ab]g &rj (g )al‘k a’b g al‘m (g])al'k

(1)

(Ia) + (Ib) + (Ic)

Notice that term (Ic) has appeared before as —(L3).

The next term to consider is

1 0 0
A x (V X B) = Ax Eaqua—l‘q (gk_]b]) a—l‘p

1 0 .
= @Ursla'qu 9riGsp a' 8—% (gkj bJ) a_IL'l

We use the product rule to break this into two terms, enumerated (V') and (V).

AX(VxB) = (IV)+(V)
1 oy
(IV) = @O—rslaqu grigsp @ b 8—% (gkj) 6_$l
1 R
(V) = @O—rslaqu 9rigspJk; @ 6—% (b]) a_Il

Similarly, B x (V x A) can be expressed as the sum of two analogous terms, which we will denote

(VI) and (VII).

Bx(VxA) = (VI)+ (VII)
1 R 0
I) = —50.s rjgsp @'V =— R,
(VI) G2 Orst%pak Yrjgsp @ b oz, (gki) Ox;
1 S0, 0
(V) = G2 OrslOpak gv-jgspgkibjaj (a ) oz,

q

113



Now that we have listed all terms on the right-hand side, we are ready to describe the proof. We

claim that the following four equations hold

(IV) = (L3)—(la) (A1)
(V) = (L) - (A-2)
(VI) = (L3)—(Ib) (A.3)
(VII) = (L2)— (II) (A4)

Using equations (A.1) - (A.4), the proof is immediate. The right-hand side becomes

RHS = (H+{ID+{IIH)+IV)+(V)+(VI)+ (VII)
= (Ia) + (Ib) + (Ic) + (L1) + (L2) + 2(L3) — (Ia) — (Ib)
= (L1)+ (L2) + 2(L3) + (I¢)
= (L1)+ (L2) + 2(L3) — (L3)

= LHS

We start with a proof of equation (A.1). In order to use Lemma A.1, we insert a factor of glygly
into terms (IV) and (V). Since g'¥ represents the inverse matrix of gy, this factor is precisely 1.

Then (IV) is
1 L0 )
(IV) = 5 0rslOpqk Grigsp glygly a bja—xq (gkj) 6_$l

Now Lemma A.1 states that
Orsl Gri9spJly
G2 = Opyi
Thus, term (IV) is

0 0 9
(IV) = Upyiaqu glya/ bj a—l‘q (gk_]) a_l'l

Whenever two permutation signs share an index, we may use Lemma A.2 to simplify the expression.

0 0 .0 0]
I _ lg ipJ i) — — lk ipt N
(V) g-a O0xq (9i5) oy g-a O0xq (955) oy
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After suitably changing variable names, term (IV') is recognized as (L3) - (Ia); thus we have
shown Equation A.1. Equation A.3 follows via the same proof.
We now turn to Equation A.2. After inserting the factor g,¢'* and applying Lemma A.1, we

obtain

R R
(V) = 0pyiopgr 9" grja B, () o

Now apply Lemma A.2 and we see that

9 0 , .0 0
_ lg, i _glig, 4t J
(V) = g0 Oxq (b]) ox; I 9ki® G (b ) ox;

3

V) = (1) -1
This proves equation (A.2). Equation (A.4) follows via the same argument. O

Identity 5. V- (fA)=f(V-A)+A(f)

Proof. This identity results from writing the left-hand side in coordinates. Note that A(f) i9f

:aaibi'
10 .
_ 410 i L 0f
N 5811 [Ga}—i_GGa 8931

f(V-A)+ A(f)

O
Identity 6. V- (AxB)=(VxA)-B-(VxB)-A
Proof. Recall A x B ! iy 0
roof. Reca = Orsk—=0rigsia'b? ——.
rsk Gg'rzg J 8xk
The left-hand side is written in coordinates as
1 0 v
V. (A X B) :Ea—xk [Urskgrigsja bj}
1 , 0 . .0 i
:Earsk (gria 6—.% [gsjb]] +gsjb]6—$k [gria ]> (A5)
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The first term on the right-hand side is

(VxA)-B zéanklaixk (gima™) a;in . bja%j
:éankl g"jbjaixk (gima™)
By renaming indices (I = r, m =4, n = s), this becomes
(V% A)- B= G guit? 5~ [gri0] (A6
T,
Similarly, the second term on the right-hand side is
(V  B)- A= Zomkagria’ 2o [g,] (A7)
T,
Since osgr = Opsk DUt Opps = —0psk, we combine Equations A.6 and A.7 to report the right-hand
side as
(VxA)-B—-(VxB)-A= é%k gs;b’ % [gria’] + ém«sk gria % [9s;07]
which is precisely the left-hand side as described in (A.5). O

Identity 7. V x (fA)=f(Vx A)+Vfx A

Proof. Begin by examining the last term, V f x A. The formula for the cross product of a gradient

and a vector field is

1 g Of 0
A= 0rsq = Grigs i qp— .
VIx A= 0rsg G 9rigund” 5o @
Recall that g,;¢" = (5£, so we have
1 af 0
A= rSq T~ ! sp A P—
Vfx o qGérgpaZla o,
1 af o
A= rsq ~Ys P——
VXA =0 G090 5 o
m Of 0

1
A=0j1 = grma™ 5
VX A=ojki Goma” 5 o,

(A.8)

In the last line, variables (p, ¢, , s) have been changed to (m, i, j, k) respectively.
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The curl of fA is apparent from the earlier curl formula:

0 0
V x (fA) = 0Oijk ~ GE) [gkmfa ]893

i
By expanding the formula, we obtain

of
(i‘)Ij 6301

19 ) 1 .
X (fA) =f <Uzjk a 8 [gkma ]> a—xl + 0k Egkma

The first term on the right is f (V x A). Since ojx; = 04k, the second term on the right is precisely

Vf x A by Equation A.8. Thus we conclude V x (fA) = f(Vx A)+Vf x A. O

Identity 8. V x (Ax B)=VpA—V4B+[B,A]

Proof. We start by expanding the left-hand side:

1 o
V x (A X B) =V X (Ursk E g'r‘igsjazb]a;zk)

1 0

=0 — — |0 —1 aibj -
mn TS nkYriYsjy
! G ().ﬁm k G nkeGrigs (9Il

Lemma A.1 states that oy gnkgrigs; = G20'ijn. So, our formula above simplifies to

1 0
V x (A X B) = OlmnOijn ~ Ga [Ga bJ} 8_931 :

Lemma A.2 determines the sign of 0ymn0ijn: it is +1if [ =7 and m = j; it is =1 if [ = j and

m = 1. Thus,

Vx(AxB) = éa%j[Gaibj] aiz—éai[Gaibj]a%j

Vx(AxB) = é“i%[Gb]] ai b]gzjai é 48?92- [G“i]a% gzai]
Vx(AxB) = (V- )A+b]gzjaii(V-A)B gzza‘;

Vx(AxB) = (V-BJA— (V- A)B+b]§xj aiz g:bciai]

Vx(AxB) = (V-B)A—(V-A4)B + [B,A] 0
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Identity 9. V-(VxA)=0

Proof. This identity is directly calculated.

1 0 mr O
VxA = Uijkaa—xj[gkma ]é)xi
1 0 1 0
V- (VxA) = 583@1 Uijkaa][gkma]
1 0? m
V- (Vx4 = Eaijkm[gkma]
V- (VxA) = 0,

since permuting ¢ and j changes the sign of oy;; while keeping the mixed partial derivatives the

same. O

Identity 10. V x (Vf)=0

Proof. This identity also follows directly.

B 1 0 mn OF 1 0O
(V1) = cungay [g md axn] d;
Since grmg™™ = 0;;, rewrite the above equation:
1 0 of 1 o
Vx(Vf) = Tijk G By [6 P ]&’Ez
1 8
(V1) = oung g [E)xk]
1 9% 0

VX(Vf) = O'ijk—i

vV x(Vf)

|
o

since permuting j and k£ changes the sign of o;;;, while keeping the mixed partial derivatives the

same. 0

Identity 11. L(fA) = (Af) A+ 2Vy A+ fL(A)

Proof. By definition,

L(fA) =V (V- (fA) =V x(V x fA) (A.9)
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We analyze the two terms of equation (A.9) separately. We will employ vector identities 3, 4, 5,

7, and 8 in Table A.1.

V(V-(fA) = V(f(V-A)+V[-A)

(V- A)\Vf+ fV(V-A)+ V(Vf-A)

(V-AVf+ fV(V-A) +VFx (VxA)+Ax(VxVf)+VyrA+VaVS

(V-AVf+Vfx(VxA) +VaVf+VyrA+ fV(V-A)

Now for the second term of (A.9).

Vx(VxfA) = Vx(f(VxA))+Vx(VfxA

FUX (VXA +Vfx(VxA) +(V-AVf—(V-V)A+VAVF— VA

(V- A)VFf+Vfx(VxA) +VaVf—VgrA+fVx(Vx A —(Af)A

The difference of these two terms is precisely L(fA). The first three quantities of both terms
are precisely the same; they cancel upon taking the difference of the terms. The fourth terms have
different signs but are otherwise identical, and so they combine nicely in the difference of the terms.

We are left with

L(fA) = 2VyfA+fV(V-A)—-fVx(VxA+(Af)A
L(fA) = fL(A)+2VysA+(Af)A
which is precisely what was desired. o
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