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Abstract

Recently, there has been an increasing interest in
using tools from dynamical systems to analyze the
behavior of simple optimization algorithms such
as gradient descent and accelerated variants. This
paper strengthens such connections by deriving
the differential equations that model the contin-
uous limit of the sequence of iterates generated
by the alternating direction method of multipliers,
as well as an accelerated variant. We employ the
direct method of Lyapunov to analyze the stability
of critical points of the dynamical systems and to
obtain associated convergence rates.

1. Introduction

The theory of dynamical systems has been extensively de-
veloped since its origins by Poincaré in the late 19th century.
For example, the work of Lyapunov on stability is com-
monly used in physics, control systems, and other branches
of applied mathematics. However, the connection between
dynamical systems and optimization algorithms has only
recently been studied. The basic idea is that tools from
dynamical systems can be used to analyze the stability and
convergence rates of the continuous limit of the sequence of
iterates generated by optimization algorithms. Prior work
has established these connections for simple optimization al-
gorithms such as gradient descent (GD) and accelerated gra-
dient descent (A-GD). This paper improves upon prior work
by deriving the dynamical systems associated with the con-
tinuous limit of two commonly used optimization methods:
the alternating direction method of multipliers (ADMM) and
an accelerated version of ADMM (A-ADMM). Moreover,
this paper analyzes the stability properties of the result-
ing dynamical systems and derives their convergence rates,
which for ADMM matches the known rate of its discrete
counterpart, and for A-ADMM provides a new result.
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1.1. Related work

Perhaps the simplest connection between an optimization
algorithm and a continuous dynamical system is exhibited
by the GD method. The GD algorithm aims to minimize a
function f : R™ — R via the update

1 =2k — NV f(zr), (D

where ), denotes the kth solution estimate and n > 0 is
the step size. It is immediate that a continuous limit of the
iterate update (1) leads to the gradient flow

X = -Vf(X), )

where X = X (t) is the continuous limit of z;, and X =
% denotes its time derivative. It is known that GD has a
convergence rate of O(1/k) for convex functions (Nesterov,
2004). Interestingly, the differential equation (2) also has a
convergence rate of O(1/t), which is consistent with GD.

Nesterov (1983) proposed an accelerated GD algorithm,
henceforth referred to as A-GD, by adding momentum to
the x variables. The update for A-GD may be written as

Tp1 = Tk — NV f(Ex), (3a)

(Th41 — 1), (3b)

L1 =k + e
where r > 3 (r = 3 is the standard choice) and zj de-
notes the kth accelerated vector. It is known that A-GD
has a convergence rate of O(1/k?) for convex functions,
which is known to be optimal in the sense of worst-case
complexity (Nesterov, 2004). Recently, the continuous limit
of A-GD was computed by Su et al. (2016) to be

X+%X+VﬂXFﬂ, (4)

where X = d;t)f is the acceleration. By using a Lyapunov
function, it was shown that the convergence rate associated
with (4) is O(1/t?) when f is convex (Su et al., 2016),

which matches the known rate of O(1/k?) for A-GD.

To better understand the acceleration mechanism, a varia-
tional approach was proposed (Wibisono et al., 2016) for
which the continuous limit of a class of accelerated methods
was obtained using the Bregman Lagrangian; the class of
methods includes A-GD, its non-Euclidean extension, and
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accelerated higher-order gradient methods. Also, a differen-
tial equation modeling the continuous limit of accelerated
mirror descent was obtained (Krichene et al., 2015).

While Su et al. (2016) focused on the discrete to continuous
limit, Wibisono et al. (2016); Krichene et al. (2015) stress
the converse, by which one starts with a second-order differ-
ential equation and then constructs a discretization with a
matching convergence rate. This approach can lead to new
accelerated algorithms. Indeed, Krichene et al. (2015) intro-
duced a family of first-order accelerated methods and estab-
lished their convergence rates by using a discrete Lyapunov
function, which is analogous to its continuous counterpart.
In related work, Wilson et al. (2016) proposed continuous
and discrete time Lyapunov frameworks for A-GD based
methods that built additional connections between rates of
convergence and the choice of discretization. In particular,
they showed that a naive discretization can produce iterates
that do not match the convergence rate of the differential
equation and proposed rate-matching algorithms (Wibisono
et al., 2016; Krichene et al., 2015). However, such rate-
matching algorithms introduce extra conditions such as an
intermediate sequence or a new function that must obey
certain constraints, which is in stark contrast to A-GD.

An important algorithm commonly used in machine learning
and statistics is ADMM (Gabay & Mercier, 1976; Glowinski
& Marroco, 1975; Boyd et al., 2011; Eckstein & Yao, 2015),
which is often more easily distributed when compared to its
competitors and hence appealing for large scale applications.
There are some interesting relations between ADMM and
discrete dynamical systems. For instance, the formalism
of integral quadratic constraints (Lessard et al., 2016) was
applied to ADMM (Nishihara et al., 2015) under the assump-
tion of strong convexity. Based on this, Franca & Bento
(2016) establish an explicit upper bound on the convergence
rate of ADMM in terms of the algorithm parameters and the
condition number of the problem by analytically solving the
semi-definite program introduced by Nishihara et al. (2015).
Moreover, for a class of convex quadratic consensus prob-
lems defined over a graph, ADMM can be viewed as a lifted
Markov chain (Franga & Bento, 2017a;b) that exhibits a sig-
nificant speedup in the mixing time compared to GD, which
corresponds to the base Markov chain. For convex func-
tions, ADMM has an O(1/k) convergence rate (Eckstein &
Yao, 2015). Recently, using the ideas of Nesterov (1983),
Goldstein et al. (2014) proposed an accelerated version of
ADMM (henceforth called A-ADMM) and established a
convergence rate of O(1/k?) when both f and g are strongly
convex functions, and moreover g is a quadratic function.

Although there is extensive literature on ADMM and its
variants, connections between their continuous limit and
differential equations is unknown. This paper is a first step in

establishing such connections in the context of the problem!

min {V(x,z) = f(z) + g(2)} subjectto z = Az, (5)

where f : R — R and g : R™ — R are continuously dif-
ferentiable convex functions, x € R", z € R™, A € R™*"
and m > n. The problem formulation (5) covers many inter-
esting applications in machine learning and statistics. With
that said, we also recognize that many important problems
do not fall within the framework (5) due to the assumption
of differentiability, especially of g which is usually a regular-
ization term. Such an assumption is a theoretical necessity

to allow connections to differential equations?.

1.2. Paper contributions

Our first contribution is to show in Theorem 2 that the
dynamical system that is the continuous limit of ADMM
when applied to (5) is given by the ADMM flow

(ATA)X +VV(X) =0. (6)

Note that when A = I we obtain the dynamical system (1)
(i.e., the continuous limit of GD), which can be thought of
as an unconstrained formulation of (5). Our second contri-
bution is to show in Theorem 3 that the dynamical system
that is the continuous limit of A-ADMM is the A-ADMM
flow -

(AT 4) (X n ;X) L VV(X)=0. %

Here, the dynamical system (4) that is the continuous limit
of A-GD is a particular case obtained when A = 1. We
then employ the direct method of Lyapunov to study the
stability properties of both dynamical systems (6) and (7).
We show that under reasonable assumptions on f and g,
these dynamical systems are asymptotically stable. Also,
we prove that (6) has a convergence rate of O(1/t), whereas
(7) has a convergence rate of O(1/t?).

1.3. Notation

We use || - || to denote the Euclidean two norm, and (u, v) =
uTv to denote the inner product of u,v € R™. For our
analysis, it is convenient to define the function

V() = f(x) + g(Az), (®)

which is closely related to the function V' (z, z) that defines
the objective function in (5). In particular, for all (z, 2)
satisfying z = Az, the relationship V(z, z) = V() holds.
Throughout the paper, we make the following assumption.

Assumption 1. The functions f and g in (5) are continu-
ously differentiable and convex, and A has full column rank.

! The standard problem min, . f(z) 4 g(z) subject to Az +
Bz = ¢ can be recovered by redefining A when B is invertible.

Perhaps the differentiability assumption may be relaxed by
using subdifferential calculus and differential inclusions, but this
is beyond the scope of this work.
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2. Continuous Dynamical Systems

In this section, we show that the continuous limits of the
ADMM and A-ADMM algorithms are first- and second-
order differential equations, respectively.

2.1. ADMM
The scaled form of ADMM is given by (Boyd et al., 2011)

Tpy1 = argmin f(z)+§HAx7zk+ukH2, (9a)
zeR™

zpp1 = argmin g(2) + 5[ Azga — 2 +u?, (Ob)
z€R™

Up1 = U + ATp 1 — Zg41, (9¢)

where p > 0 is a penalty parameter and u; € R™ is the
kth Lagrange multiplier estimate for the constraint z = Ax.
Our next result shows how a continuous limit of the ADMM
updates leads to a particular first-order differential equation.

Theorem 2. Consider the optimization problem (5) and
the associated function V (-) in (8). The continuous limit
associated with the ADMM updates in (9), with time scale
t = k/p, corresponds to the initial value problem

X+ (ATA)T'VV(X) =0 with X(0) = zo.  (10)

Proof. Since f and g are convex and A has full column
rank (see Assumption 1), the optimization problems in (9a)
and (9b) are strongly convex so that (Tj11, 2k+1, Uk+1)
is unique. It follows from the optimality conditions for
problems (9a) and (9b) that (xg41, 2k+1, Uk+1) satisfies

Vi (xpsr) +pAT (Azpyy — 25 +up) =0,  (11a)
Vg (2k+1) — p(ATgt1 — 2p41 +ux) =0, (11b)
Upy1 — Up — Az +2p41 =0,  (1lo)

which can be combined to obtain

VI (€h41)+ATVg (zrs1)+pAT (2141 — 2) = 0. (12)

Let t = 0k and z;, = X (¢), with a similar notation for
2z, and ug. Using the Mean Value Theorem on the ith
component of z;4q we have that zp41,; = Z;(t +0) =
Zi(t) + 6Z;(t + \;0) for some A; € [0, 1]. Therefore,

o Rl T Zhg g g SN

Since this holds for every component ¢ = 1,...,m we see
that, in the limit 6 — 0, the third term in (12) is exactly
equal to the vector Z(t), provided we choose p = 1/4. For
the first two terms of (12), note that

Vf(zrt1) + ATVg(2e41)
=VF(X(t+9)+ATVg(Z(t+96))
= V(X () + ATVg(Z(1)) (14)

as  — 0. Thus, taking the limit § — 0 in (12) and substi-
tuting (13) and (14) yields

VX () +ATVg(Z(@t)+ ATZ({t)=0.  (15)

Let us now consider the ¢th component of (11c). By the
Mean Value Theorem there exists A; € [0, 1] such that

0="U;(t+6)—Ui(t) — (AX);(t +6) + Z;(t + 6)

= 6U;(t + \ib) — (AX);(t +6) + Zi(t + 6)

— Zi(t) — (AX)i(t) (16)
as 0 — 0. Since this holds for every i = 1, ..., m we con-
clude that Z(t) = AX(t) and Z(t) = AX(t). Moreover,
recalling the definition (8), note that

VI(X)+ ATVg(Z) = VF(X) + ATVg(AX)
= VV(X).
Therefore, (15) becomes

VV(X(t))+ ATAX (t) =0, (18)

a7

which is equivalent to (10) since A has full column rank.

Finally, since (10) is a first-order differential equation, the
dynamics is specified by the initial condition X (0) = x,
where ¢ is an initial solution estimate to (5). ]

‘We remark that the continuous limit of ADMM (see (10))
and GD (see (2)) are similar—first-order gradient systems—
with the only difference being the additional (A7 A)~! term.
Thus, in the special case A = I, i.e., the unconstrained case,
the differential equation (10) reduces to (2).

2.2. A-ADMM

We now consider an accelerated version of ADMM that
was originally proposed by Goldstein et al. (2014), which
follows the same idea introduced by Nesterov (1983) to
accelerate GD. The scaled A-ADMM method for solving
problem (5) can be written as follows:

Tpir = argmin f(z) 4+ 8[| Az — 2 +@xl?,  (19a)
z€R™

Zip1 = argmin g(2) + 2| Azg1 — 2 + g |®,  (19b)
ZGR’HL

Up1 = U + ATpy1 — 2i41, (19¢)

Upy1 = Ukg1 + Vo1 (Uks1 — Uk) (19d)

21 = 21 + Vet1 (Zet1 — 2) (19¢)

where @ and % are the “accelerated variables” and

Vi1 =k/(k+7) (20)

with 7 > 3. We remark that the particular choice r = 3
produces the same asymptotic behavior as the parameter
choice in Goldstein et al. (2014); Nesterov (1983). Our
next result shows how a continuous limit of the A-ADMM
updates is a second-order differential equation.
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Theorem 3. Consider the optimization problem (5) and
the associated function V (-) in (8). The continuous limit
associated with the A-ADMM updates in (19), with time
scale t = k/\/p, corresponds to the initial value problem

X+ §X+ (ATA)'VV(X) =0 1)

with X (0) = xo and X (0) = 0.

Proof. According to Assumption 1, the functions f and g
are convex and A has full column rank, therefore the op-
timization problems (19a) and (19b) are strongly convex,
making (Tg41, Zk+1, Uk+1, Ukt1, 2k+1) unique. It thus fol-
lows from the optimality conditions that

V(1) + ATVg(ze1) + pAT (211 — 21) = 0, (222)

Uk+1 — Uk — ATp11 + 2k+1 = 0,(22b)

Gp1 — Ukt — Vo1 (Ukg1 — ug) = 0, (22¢)

Zlt1 — Zht1 — Vet1 (Zh41 — 2) = 0.(22d)

Let t = ¢k, xp = X (t) and similarly for zy, ug, Z; and .

Consider Taylor’s Theorem for the ith component of zj11:
Zk:l:l,i = ZZ(t + 5)

. . 23
= Zi(t) £6Z;(t) + 162 Zi(t £ \F6) (23)

for some )jt € [0,1]. Hence, from (22d) we have

ZhA1i — Bk = Zh41d — Zhi — Yk (P — Zh—1.i)
= (1= w)6Zi(t) + 162 Zi(t + \6) (24)
+ 362 Z;(t — A 6).

From the definition (20), and t = dk, we have

— & - 1— or
T k1 ktr—1 0 tre(r—1)
:1—5%+O(62). (25)
Replacing this into (24) we obtain
Zht1i— Zhi T -
*572 = S Zi(t) + 1Z;(t+\f0)
+3Z(t =X\ 0)+0(5)  (26)

. ;Zi(t) + Zi(t)

as § — 0. Hence, if we choose p = 1/62, then the limit
of the third term in (22a) is equal to TAZ(t) + AZ(t).
Recalling (14), the limit of (22a) as § — 0 is thus given by

VH(X)+ ATVg(Z) + AT (%Z + Z) =0. @7

Next, using (25) into the ith component of (22¢) we obtain
0=tp,; — up,i — YUk, — Ur—1,i)
= U;(t) — Ui(t) — (1 — O(8)) d Ui (t — A7 6)
— U}(t) — Ui(t)

(28)

as 0 — 0. Since this holds for every component ¢ =
1,...,nit follows that U(t) = U(t). Substituting this into
(22b) implies that Z(t) = AX(t), which in turn implies
Z(t) = AX(t) and Z(t) = AX(¢). Using these, and also
(17), we obtain from (22a) the differential equation

VV(X)+ ATA (X + gx) —0. (29)
Since A has full column rank, so that AT A is invertible, we
see that (29) is equivalent to (21).

It remains to consider the initial conditions. The first con-
dition is X (0) = x, where x( is an initial estimate of a
solution to (5). Next, using the Mean Value Theorem, we
have X;(t) = X;(0) + tX;(&) for some & € [0,t] and
i =1,...,n. Combining this with (21) yields

Xi(t) = X:(0)—rX, (&) —t[(ATA) T VV(X(&))], (30)

foralli = 1,...,n. Letting ¢t — 0T, which also forces
& — 0, we have that X;(0) = (1 — r)X;(0) for each
i =1,...,n. Since r # 1 by the choice of v in (20), it
follows that X (0) = 0, as claimed. O

We remark that the continuous limit of A-ADMM (see (21))
and A-GD (see (4)) are similar—second-order dynamical
systems—with the only difference being the additional
(AT A)~! term. Therefore, in the special case A = I, i.e.,
the unconstrained case, (21) reduces to (4).

We close this section by noting one interesting difference be-
tween the derivations for the dynamical systems associated
with ADMM and A-ADMM. Namely, the derivation for
ADMM required choosing 6 = 1/p, whereas the derivation
for A-ADMM made the choice § = 1/,/p. Since the rela-
tionship ¢ = dk holds, we see that for fixed k and p > 1, the
time elapsed for A-ADMM is larger than that for ADMM,
which highlights the acceleration achieved by A-ADMM.

3. A Review of Lyapunov Stability

In the next section, we will use a Lyapunov stability ap-
proach to analyze the dynamical systems established in the
previous section for ADMM and A-ADMM, namely (10)
and (21), respectively. In this section, we give the required
background material.

For generality, consider the first-order dynamical system

Y = F(Y,t) withY(to) = Y, (31)
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where F : RP xR - RP,Y =Y (t) € RP, and Y; € RP.
When F' is Lipschitz continuous this initial value problem
is well-posed. Indeed, let 2 C RP x R and suppose that F’
is continuously differentiable on Q. Let (Y, tg) € Q. The
Cauchy-Lipschitz theorem assures that (31) has a unique
solution Y (¢) on an open interval around ¢, such that
Y (ty) = Yo. This solution may be extended throughout
). Moreover, the solution is a continuous function of the
initial condition (Yj, ¢), and if F' depends continuously on
some set of parameters, then it is also a continuous function
of those parameters (Hirsch et al., 2004).

For a dynamical system in the form (31) we have the fol-
lowing three basic types of stability.

Definition 4 (Stability (Hirsch et al., 2004)). A point Y*
such that F(Y*,t) = 0 for all t > %, is called a critical
point of the dynamical system (31). We say the following:

(i) Y™ is stable if for every neighborhood O C RP of
Y'*, there exists a neighborhood OCoO of Y* such
that every solution Y (t) with initial conditionY (to) =
Yy € O is defined and remains in O for all t > to;

(ii) Y is asymptotically stable if it is stable and, addition-
ally, satisfies limy_, o, Y (t) = Y* forall Yy € O;

(iii) Y™ is unstable if it is not stable.

Stability implies the existence of a region around Y™, i.e.,
the basin of attraction, in which solutions to the differential
equation remain in such a region provided the initial condi-
tion Y} is sufficiently close to Y*. Asymptotic stability is
stronger, further requiring that trajectories converge to Y*.
‘We note that convergence of the trajectory alone does not
imply stability.

Lyapunov formulated a strategy that enables one to conclude
stability without integrating the equations of motion.

Theorem 5 (Lyapunov (Hirsch et al., 2004)). Let Y™ be
a critical point of the dynamical system (31). Also, let
O C R" be an open set containingY* and £ : O — R be a
continuously differentiable function. We have the following:

(i) if E(-) satisfies

E(Y*) =0, (32)
EY)>0 forallY € O\ Y™, (33)
E(Y)<O0 forallY € O\ Y™, (34)

then Y* is stable and & is called a Lyapunov function;

(ii) if instead of (34) we have the strict inequality

E(Y) <O forallY € O\ Y, 35)

then Y™ is asymptotically stable and & is called a strict
Lyapunov function.

The drawback of Lyapunov’s approach is that it requires
knowing an appropriate £(+); unfortunately, there is no sys-
tematic procedure for constructing such a function. Also,
note that Lyapunov’s criteria are sufficient but not necessary.

4. Stability and Convergence Analysis

In this section we analyze the stability properties and rates
of convergence of the dynamical systems associated with
both ADMM and A-ADMM.

4.1. Analysis of the Dynamical System for ADMM
ASYMPTOTIC STABILITY

The asymptotic stability of the ADMM flow (10) follows
from Theorem 5 with an appropriately chosen Lyapunov
function.

Theorem 6. Let X* be a strict local minimizer and an
isolated stationary point of V (-), i.e., there exists O C R"™
such that X* € O, VV(X) # 0 forall X € O\ X*, and

V(X)>V(X*) foral X € O\ X*.  (36)

Then, it follows that X* is an asymptotically stable critical
point of the ADMM flow (10).

Proof. Since X* is a minimizer of V'(-), it follows from
first-order optimality conditions that VV (X™*) = 0. Com-
bining this fact with Definition 4 shows that X™* is a critical
point of the dynamical system (10). To prove that X ™ is
asymptotically stable, let us define

E(X)=V(X) - V(X (37)

and observe from (36) that (32) and (33) hold. Then, taking
the total time derivative of £ and using (10) we have

E(X) =(VV(X),X) = —||AX|>. (38)

Since X* is assumed to be an isolated critical point, we
know that if X € O\ X, then VV (X)) # 0, which in light
of (10) and Assumption 1 means that X # 0. Combining
this conclusion with (38) and Assumption 1 shows that if
X € O\ X*, then S(X) < 0, i.e., (35) holds. Therefore, it
follows from Theorem 5 that X* is an asymptotically stable
critical point of the dynamical system (10). [

Some remarks concerning Theorem 6 are appropriate.

e If V(-) is strongly convex, then it has a unique min-
imizer. Moreover, that unique minimizer will satisfy
the assumptions of Theorem 6 with O = R™. Strong
convexity of V(-) holds, for example, when either f
or g is convex and the other is strongly convex (recall
that A has full column rank by assumption). Similar
remarks also hold when V'(+) is merely strictly convex.
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e If X satisfies the second-order sufficient optimality
conditions for minimizing V'(-), i.e., VV(X*) = 0
and V2V (X*) is positive definite, then the assump-
tions of Theorem 6 will hold at X™* for all sufficiently
small neighborhoods O of X*. Note that in this case,
the function V'(-) need not be convex.

e It follows from (38) that £(X) < 0 for all X. Thus,
X™* will be stable (not necessarily asymptotically sta-
ble) without having to assume that X* is an isolated
stationary point of V' (+).

CONVERGENCE RATE

For the dynamical system governing ADMM we are able
to establish a convergence rate for how fast the objective
function converges to its optimal value.

Theorem 7. Let X(t) be a trajectory of the ADMM
Sflow (10), with initial condition X (tg) = xo. Assume that
argmin V # () and denote V* = min, V(). Then, there
is a constant C > 0 such that

V) - ves S 9)
Proof. Let X* € argmin V and consider
E(X,t) = t[V(X) = V(X*)]+1[|A (X - x*)|]*. (40)

By taking the total time derivative of £, using (10), and then
the convexity of V'(-), we find that

E=HVV(X), X)+V(X)-V(X*)+(X-X* ATAX)
— —t[|AX|* + V(X) = V(X*) + (X* — X, VV (X))
<0, (41)

from which we may conclude that £(X, t) < £(Xo, to) for
all t > tg. Combining this with the definition of £ gives

1 1
V(X) = V(X7) = 28X, 8) = oA (X = X |”
 ECtote) @

where we note that £(Xo, %) > 0 since V is convex. [
Some remarks concerning Theorem 7 are warranted.

e Theorem 7 holds under the assumption that f and g
are convex. This is a strength compared with Theo-
rem 6, which has to make relatively strong assumptions
about the critical point. Under those stronger assump-
tions, however, Theorem 6 gives a convergence result
for the state X, whereas Theorem 7 only guarantees
convergence of the objective value.

e The O(1/t) rate promised by Theorem 7 for the dynam-
ical system (10) associated with ADMM agrees with
the rate O(1/k) of ADMM when V(-) is assumed to
be convex (Eckstein & Yao, 2015; He & Yuan, 2012).

4.2. Analysis of the Dynamical System for A-ADMM
STABILITY

A stability result for the A-ADMM flow (21) can be es-
tablished by combining Theorem 5 with an appropriately
chosen Lyapunov function.

LetY; = X and Ys = X, and denote Y = (Y1,Y5). Thus,
we are able to write the second-order dynamical system (21)
as the following system of first-order differential equations:

% (2) - (—:YQ - (Afi)—1VV(Y1>> '

We can now give conditions on minimizers X* of V(-) that
ensure that Y* = (X*,0) is a stable critical point for (43).

(43)

Theorem 8. If X* be a strict local minimizer of V (-), i.e
there exists O C R" such that X* € O and

V(X)>V(X*) forall X € O\ X7, (44)
then Y* = (X*,0) is a stable critical point of (43), which
is equivalent to the A-ADMM flow (21).

Proof. Since X* is a minimizer of V(+), it follows from
first-order optimality conditions that VV (X*) = 0. Com-
bining this with Definition 4 shows that Y* = (X*,0) is a
critical point of the first-order dynamical system (43).

Next, we prove that Y* = (X*,0) is stable. Let O C R"”

and define £ : © — R as

E(Y) =

Note that £(Y™*) = 0, i.e., condition (32) holds. Also, since
X*isisolated, £(Y) > Oforall Y # Y™, so that (33) holds.
If we take the total time derivative of (45) we obtain

HAYLPP + V(Y1) - V(X*).  45)

<VY15 Y71> + <VY2£a }/2>
= (VV(V1),Ya) — <ATAY2, §Y2 + (ATA)*1VV(Y1)>
— 4 AYs % (46)

Thus, 5(Y) < OforallY € O,i.e., (34) holds. This implies
that Y* = (X*, 0) is stable, as claimed. O

We remark that the discussions in the first two bullet points
of the subsection “Asymptotic stability” in Section 4.1 also
apply to Theorem 8. We do not repeat them for brevity. We
also note that the stability of system (4) was not considered
by Su et al. (2016); Wibisono et al. (2016); Krichene et al.
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(2015); Wilson et al. (2016). In contrast, Theorems 6 and 8
provide a simple argument for the stability of (10) and (21),
respectively, based only on Theorem 5. However, contrary
to the first-order system (10) associated to ADMM, it is not
obvious how to apply Theorem 5 to system (21) associated
to A-ADMM to obtain asymptotic stability without further
assumptions on the critical point. However, we give a case
where asymptotic stability holds in the end of this section.

Let us briefly mention existing results regarding the con-
vergence of trajectories of the system (4) when X (¢) is
an element of a general Hilbert space. Convergence of
trajectories for convex and even some particular cases of
non-convex f(-) was studied by Cabot et al. (2009). If r > 3
and arg min f = (), then the trajectory of the system weakly
converges to some minimizer of f(-), even in the presence
of small perturbations (Attouch et al., 2016). These results
should extend naturally to (21), but we avoided diving in
this direction since it would deviate from the main goal.
It is important to note, however, that convergence of the
trajectories do not necessarily imply stability.

CONVERGENCE RATE

We now consider the convergence rate of the dynamical
system (21) associated to A-ADMM.

Theorem 9. Ler X (t) be a trajectory of the A-ADMM
Sflow (21), with initial conditions X (to) = xo and X(to) =
0. Assume that argminV # ( and denote V* =
min, V(x). If r > 3, then there is some constant C > 0
such that

vx) -ve< 9

S & 47

Proof. Following Su et al. (2016); Wibisono et al. (2016),
we define 1) : [tg,00) = Rasn(t) = 2log(t/(r — 1)) and

E(Y,t) = N[V (Y1) =V (XH)]+5[A(Vi—X*+e72Y,) ||

where X* is any minimizer of V'(-). Note that £ > 0 and
its total time derivative is given by

E=(Vy,E V1) + (V& Ya) + 0,E

= (V& — IV E Yo) — (Vy, &, (ATA) 7'V, V) + O,

where we made use of (43). Observe that

V€ =e"Vy,V+ ATA(Y: — X* +7%Y;),  (48)
Vi, & = e"?ATA(Y: — X* + "3Y5), (49)

0,.€ = e (V(Y1) = V(X*))
+ 2e"2(Y) — X* 4 "2V, ATAYs),  (50)

and also that
ey lnp=1 (51)

7°

Therefore, using the convexity of V(-) we obtain

E=ne"(V(Y1) — V(X*)) — "Y1 — X*,VV)

< —e"2(1—pe"?) (V(V1) — V(X)) (52)
- R0 - V)

so that & < 0, implying £(Y,t) < £((X(to), X (t0)), to)-
By the definition of £(-) we thus have

V) - V(X7 <emEYsy) (53)
< e "E(X (o), X (o), to)-

To conclude the proof, observe that e” = t2/(r — 1)2. O

Theorem 9 suggests that A-ADMM has a convergence rate
of O(1/k?) for convex functions. This agrees with the
result by Goldstein et al. (2014), which assumes strong
convexity of both f and g, and also that g is quadratic;
see (5). Moreover, Goldstein et al. (2014) do not bound the
objective function as in (47) but the combined residuals. To
the best of our knowledge, there is no O(1/k?) convergence
proof for A-ADMM assuming only convexity. It would be
interesting to consider the convergence rate of A-ADMM
directly through a discrete analog of the Lyapunov function
used in the above theorem, in the same spirit as Su et al.
(2016) considered for A-GD and more recently Attouch
et al. (2016) considered for a perturbed version of A-GD.

ASYMPTOTIC STABILITY

Under stronger conditions than in Theorem 6, we have
asymptotic stability of the dynamical system (21).

Theorem 10. Let X* € O, for some O C R"™, be a local
minimizer of V (-) satisfying

V(X)-V(X™) > o(|X = X*|) forall X € O, (54)

where ¢ : [0,00) — [0,00) is a forcing function (Ortega
& Rheinboldt, 2000) such that for any {&:} C [0, 00),
limg 00 ¢(&k) = 0 implies limg_,o & = 0. Moreover,
suppose that the conditions of Theorem 9 hold over O. Then,
it follows that Y* = (X*,0) is an asymptotically stable crit-
ical point of the dynamical system (43), which is equivalent
to the A-ADMM flow (21).

Proof. Consider (54) over a trajectory X = X (¢). Using
(47) and (54) we have lim;_, o, ¢(|| X (£)—X*||) = 0, which
combined with the properties of the forcing function gives

| o
Jim X (1) ~ X*] =0, (55)

Denote Y (t) = (Yi(t), Ya(t)) = (X (1), X (1)) From the
proof of Theorem 9, i.e., the definition of £ and £ < 0,
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we also have that [|A(Y; — X*) + e"/2Y,||> < C, where
C = &(X(ty), X(to)), hence

MY (@)]* < C + AV (1) — X)) (56)

This implies that lim;_, ||Y2(¢)|| = 0 upon using (55).

We showed that lim;_,, Y (¢) = (X*,0). From Theorem 6
we already know that Y* = (X*, 0) is a stable critical point
of (43). From these two facts, and Definition 4, we thus
conclude that Y* is asymptotically stable, as claimed. [

Condition (54) holds, for instance, for both uniformly con-
vex functions and strongly convex functions.

5. A Numerical Example

We numerically verify that the differential equations (10)
and (21) accurately model ADMM and A-ADMM, respec-
tively, when p is large as needed to derive the continuous
limit. The numerical integration of the first-order system
(10) is straightforward; we use a 4th order Runge-Kutta
method (an explicit Euler method could also be employed).
The numerical integration of (21) is more challenging due to
strong oscillations. To obtain a faithful discretization of the
continuous dynamical system (21), i.e., one that preserves
its properties, a standard approach is to use a Hamiltonian
symplectic integrator, which is designed to preserve the
phase-space volume. Consider the Hamiltonian

H=1e (P (ATA)'P) +&DV(X), (57

where £(t) = rlogt and P = ef(AT A)X is the canonical
momentum. Hamilton’s equations are given by

X =VpH and P=-VxH. (58)
One can check that (58) together with (57) is equivalent to
(21). The simplest scheme is the symplectic Euler method,
which for equations (58) with (57) is given explicitly as

Dk+1 = Pk — heg(tk)VV(xk), (59a)
Trpr = op + he €0 (AT A) T py g, (59b)
tk+r1 =tk + A, (59¢)

where h > 0 is the step size. Thus, we compare the iterates
(59) with the A-ADMM algorithm. A simple example is
provided in Figure 1, which illustrate our theoretical results.

6. Conclusions

Previous work considered dynamical systems for continu-
ous limits of gradient-based methods for unconstrained op-
timization (Su et al., 2016; Wibisono et al., 2016; Krichene
etal., 2015). Our paper builds upon these results by showing

10!
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Figure 1. min, V (z) such that z = Az with V(z) = (2, Mz),
where M € R50%%9 is a random matrix with 40 zero eigenvalues
and the remaining ones are uniformly distributed on [0, 10], and
A is a full column random matrix with condition number 100.
Comparison of ADMM versus ADMM flow (10) through 4th order
Runge-Kutta, and A-ADMM versus A-ADMM flow (21) through
symplectic Euler (59). We choose = 10 and p = 50. The initial
conditions are X (0) = zo = 5(1,1,...,1)7 and X (0) = 0. The
curves are close and the rates (42) and (47) hold.

that the continuous limits of ADMM and A-ADMM corre-
spond to first- and second-order dynamical systems, respec-
tively; see Theorems 2 and 3. Next, using a Lyapunov sta-
bility analysis, we presented conditions that ensure stability
and asymptotic stability of the dynamical systems; see The-
orems 6, 8 and 10. Furthermore, in Theorem 7 we obtained
a convergence rate of O(1/t) for the dynamical system re-
lated to ADMM, which is consistent with the known O(1/k)
convergence rate of the discrete-time ADMM, whereas in
Theorem 9 we obtained a convergence rate of O(1/t?) for
the dynamical system related to A-ADMM, which is a new
result since this rate is unknown for discrete-time A-ADMM.
We also showed that the dynamical system associated to
A-ADMM is a Hamiltonian system, and by employing a
simple symplectic integrator verified numerically the agree-
ment between discrete- and continuous-time dynamics.

The results presented in this paper may be useful for un-
derstanding the behavior of ADMM and A-ADMM for
non-convex problems as well. For instance, following ideas
from Jin et al. (2017) and Lee et al. (2017) an analysis of the
center manifold of the dynamical systems (10) and (21) can
provide valuable insights on the stability of saddle points,
which is considered a major issue in non-convex optimiza-
tion. Also, ADMM is well-suited to large-scale problems in
statistics and machine learning, being equivalent to Douglas-
Rachford splitting and closely related to other algorithms
such as augmented Lagrangian methods, dual decomposi-
tion, and Dykstra’s alternating projections. Therefore, our
results may give new insights into these methods as well.
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