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Abstract

Marginalized importance sampling (MIS), which
measures the density ratio between the state-
action occupancy of a target policy and that of
a sampling distribution, is a promising approach
for off-policy evaluation. However, current state-
of-the-art MIS methods rely on complex optimiza-
tion tricks and succeed mostly on simple toy prob-
lems. We bridge the gap between MIS and deep
reinforcement learning by observing that the den-
sity ratio can be computed from the successor
representation of the target policy. The succes-
sor representation can be trained through deep
reinforcement learning methodology and decou-
ples the reward optimization from the dynamics
of the environment, making the resulting algo-
rithm stable and applicable to high-dimensional
domains. We evaluate the empirical performance
of our approach on a variety of challenging Atari
and MuJoCo environments.

1. Introduction

Off-policy evaluation (OPE) is a reinforcement learning
(RL) task where the aim is to measure the performance of
a target policy from data collected by a separate behavior
policy (Sutton & Barto, 1998). As it can often be difficult
or costly to obtain new data, OPE offers an avenue for re-
using previously gathered data, making OPE an important
challenge for applying RL to real-world domains (Zhao
et al., 2009; Mandel et al., 2014; Swaminathan et al., 2017;
Gauci et al., 2018).

Marginalized importance sampling (MIS) (Liu et al., 2018;
Xie et al., 2019; Nachum et al., 2019a) is a family of OPE
methods which re-weight sampled rewards by directly learn-
ing the density ratio between the state-action occupancy
of the target policy and the sampling distribution. This
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approach can have significantly lower variance than tradi-
tional importance sampling methods (Precup et al., 2001),
which consider a product of ratios over trajectories, and is
amenable to deterministic policies and behavior agnostic
settings where the sampling distribution is unknown. How-
ever, the body of MIS work is largely theoretical, and as
a result, empirical evaluations of MIS have mostly been
carried out on simple low-dimensional tasks, such as moun-
tain car (state dim. of 2) or cartpole (state dim. of 4). In
comparison, deep RL algorithms have shown successful
behaviors in high-dimensional domains such as Humanoid
locomotion (state dim. of 376) and Atari (image-based).

In this paper, we present a straightforward approach for
MIS that can be computed from the successor representa-
tion (SR) (Dayan, 1993) of the target policy by directly
optimizing the reward function. Our algorithm, the Suc-
cessor Representation DIstribution Correction Estimation
(SR-DICE), is the first method that allows MIS to scale to
high-dimensional systems, far outperforming previous ap-
proaches. In comparison to previous algorithms which rely
on minimax optimization or kernel methods (Liu et al., 2018;
Nachum et al., 2019a; Uehara & Jiang, 2019; Mousavi et al.,
2020; Yang et al., 2020), SR-DICE requires only a simple
convex loss applied to a linear function, after computing
the SR. Similar to the deep RL methods which can learn in
high-dimensional domains, the SR can be computed easily
using behavior-agnostic temporal-difference (TD) methods.
This makes our algorithm highly amenable to deep learning
architectures and applicable to complex tasks.

The SR, which measures the expected future occupancy of
states for a given policy, has a clear relationship to MIS
methods, which estimate the ratio between the occupancy
of state-action pairs and the sampling distribution. However,
this relationship is muddied in a deep RL context, where the
deep SR measures the expected future sum of feature vec-
tors. Our approach, SR-DICE, provides a straightforward
and principled method for extracting density ratios from the
SR without any modifications to the standard learning pro-
cedure of the SR. Access to these density ratios is valuable
as they have a wide range of possible applications such as
policy regularization (Nachum et al., 2019b; Touati et al.,
2020), imitation learning (Kostrikov et al., 2019), off-policy



Marginalized Importance Sampling with the Successor Representation

policy gradients (Imani et al., 2018; Liu et al., 2019b; Zhang
et al., 2019), non-uniform sampling procedures (Sinha et al.,
2020), or for mitigating distributional shift in offline RL (Fu-
jimoto et al., 2019; Kumar et al., 2019).

We highlight the value of the MIS density ratios for one
reason in particular—in our theoretical analysis we prove that
SR-DICE and the deep SR produce exactly the same value
estimate. This is surprising as SR-DICE takes a distinct
approach for value estimation by re-weighting every reward
in the dataset with an importance sampling ratio while the
deep SR estimates the value in a similar fashion to TD
learning. This theoretical result extends to the deep RL
setting and is consistent in our experimental results. This
result is a double-edged sword which (negatively) implies
there is no discernible difference of using our MIS approach
for policy evaluation, but (positively) implies the estimated
density ratios are accurate enough to match the performance
of TD methods. This is an important observation as our
empirical results demonstrate that previous MIS methods
scale very poorly in comparison to TD methods to high
dimensions, which is consistent with prior results (Voloshin
etal., 2019; Fu et al., 2021). Even if there is no difference
for OPE, a MIS method which matches the performance
of TD-based methods is desirable if we are concerned with
estimating the density ratios of the target policy.

We benchmark the performance of SR-DICE on several
high-dimensional domains in MuJoCo (Todorov et al., 2012)
and Atari (Bellemare et al., 2013), against several recent
MIS methods (Nachum et al., 2019a; Zhang et al., 2020a).
Our results demonstrate several key findings regarding high-
dimensional tasks.

Current MIS methods underperform deep RL at high-
dimensional tasks. While previous results have shown that
MIS methods can produce competitive results to TD meth-
ods, our empirical results show that MIS methods scale
poorly to challenging tasks. In Atari we find that the base-
line MIS method exhibit unstable estimates, often reaching
errors with many orders of magnitude. Comparatively, the
baseline deep RL methods, which rely on TD learning and
have a history of achieving high performances in the control
setting (Mnih et al., 2015; Schulman et al., 2017; Fujimoto
et al., 2018), outperform the MIS baselines at every task and
often by a wide margin.

SR-DICE outperforms current MIS methods at policy
evaluation and therefore density ratio estimation. Our
empirical results confirm our theoretical analysis, which
state that SR-DICE and the standard deep SR approach
should produce identical value estimates (with differences
due only to changes to the optimization process). While this
result may initially sound discouraging, given the direct SR
approach is comparable to TD learning, and TD learning
significantly outperforms current MIS methods, this result

also implies that SR-DICE is a much stronger technique for
estimating density ratios than previous methods.

Ultimately, while SR-DICE produces a similar result to
existing deep RL approaches for policy evaluation, it does
provide a practical, scalable, and state-of-the-art approach
for estimating state-action occupancy density ratios, while
highlighting connections between the SR, reward function
optimization, and state-action occupancy estimation. For
ease of use and reproduction, our code is open-sourced
(https://github.com/sfujim/SR-DICE).

2. Background

Reinforcement Learning. RL is a framework for maxi-
mizing accumulated reward of an agent interacting with
its environment (Sutton & Barto, 1998). This problem
is typically framed as a Markov Decision Process (MDP)
(S, A, R,p,do, ), with state space S, action space A, re-
ward function R, dynamics model p, initial state distribution
dy and discount factor . An agent selects actions according
to a policy 7 : § X A — [0, 1]. In this paper we address the
problem of off-policy evaluation (OPE) problem where the
aim is to measure the normalized expected per-step reward
of the policy R(m) = (1 — y)Ex Y120 v'7(st,a¢)]. An
important notion in OPE is the value function Q7 (s,a) =
Er[> oo r(se, ar)|so = s, a0 = a], which measures the
expected sum of discounted rewards when following 7, start-
ing from the state-action pair (s, a).

We define d™ (s, a) as the discounted state-action occupancy,
the probability of seeing (s,a) under policy 7 with dis-
count y: d™(s,a) = (1 —7) > ;257" fSO do(s0)p=(s0 —
s, t)m(als)dsg, where pr(so — s,t) is the probability of
arriving at the state s after ¢ time steps when starting from
an initial state sg. This distribution is important as R(m)
equals the expected reward (s, a) under d™:

R(ﬂ-) = E(s7a)~d"7r(s,a) [T(Sv CL)] (D

A common approach for estimating R(w) is through
temporal-difference (TD) learning (Sutton, 1988) where
an estimate of the value function Q(s,a) is updated over
individual transitions (s, a,7(s,a), s’) by the following:

Q(s,a) < a(r(s,a) +71Q(s",d')) +(1-a)Q(s, a), (2)

where a’ is sampled according to the target policy 7 and « is
the learning rate. Provided an infinite set of transitions, TD
learning is known to converge to the true value function in
the off-policy setting (Jaakkola et al., 1994; Sutton & Barto,
1998). TD learning can also be applied to other learning
problems, such as the successor representation, where the
reward (s, a) in Equation (2) is replaced with the quantity
of interest.
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Successor Representation. The successor representa-
tion (SR) (Dayan, 1993) of a policy is a measure of oc-
cupancy of future states. It can be viewed as a general value
function that learns a vector of the expected discounted
visitation for each state. The SR U™ of a given policy 7
is defined as U™ (s'[s) = E[>. ;2,7 L(s; = §')[so = s].
Importantly, the value function can be recovered from the
SR by summing over the expected reward of each state
V7(s) = >0 UT(8'|s)Eqnr[r(s’, a’)]. For infinite state
and action spaces, the SR can instead be generalized to
the expected occupancy over features, known as the deep
SR (Kulkarni et al., 2016) or successor features (Barreto
etal.,2017). For a given encoding function ¢ : Sx.4A — R",
the deep SR ™ : S x A — R" is defined as the expected
discounted sum of features from the encoding function ¢
when following the policy from a given state-action pair:

> A b(se ar)

t=0

1/’”(57 (1) = Eﬂ'

so—s,ao—a] .3

If the encoding ¢(s,a) is learned such that the origi-
nal reward function is a linear function of the encoding
r(s,a) = w ' $(s,a), then similar to the original formula-
tion of SR, the value function can be recovered from a linear
function of the SR: Q™ (s,a) = w'v"(s,a). The deep
SR network 97 is trained to minimize the MSE between
Y™ (s,a) and ¢(s,a) + y¥'(s',a’) on transitions (s, a, s)
sampled from the dataset. A frozen target network ¢’ is
used to provide stability (Mnih et al., 2015; Kulkarni et al.,
2016), and is updated to the current network 1)’ < )™
after a fixed number of time steps. The encoding func-
tion ¢ is typically trained by an encoder-decoder network
(Kulkarni et al., 2016; Machado et al., 2017; 2018a). For
OPE where the reward function is learned by minimizing
(w'o(s,a) —r(s, a))Q, the SR is comparable to TD learn-
ing, as they both estimate the discounted sum of future
rewards and use similar updates.

Marginalized Importance Sampling. Marginalized im-
portance sampling (MIS) is a family of importance sampling
approaches for off-policy evaluation in which the perfor-
mance R(r) is evaluated by re-weighting rewards sampled
from a dataset D = {(s,a,r,s')} ~ p(s'|s,a)dP(s,a),
where dP is an arbitrary distribution, typically but not nec-
essarily, induced by some behavior policy. It follows that
R(7) can computed with importance sampling weights on

the rewards j;((‘;z)) :
d"(s,a)
R(Tl') = E(s,a)NdD,T'(s,a) |:C[D(S,(L)T(S7 a):| . (4)

The goal of marginalized importance sampling methods is to
learn the weights w(s, a) ~ 31,((55";)), using data contained
in D. The main benefit of MIS is that unlike traditional

importance methods, the ratios are applied to individual

transitions rather than complete trajectories, which can re-
duce the variance of long or infinite horizon problems. In
other cases, the ratios themselves can be used for a variety
of applications which require estimating the occupancy of
state-action pairs.

3. A Reward Function Perspective on
Distribution Corrections

In this section, we present our behavior-agnostic approach
to estimating MIS ratios, called the Successor Represen-
tation DIstribution Correction Estimation (SR-DICE). Our
main insight is that MIS can be viewed as an optimization
over a learned reward function, where the loss is uniquely
optimized when the virtual reward is the MIS density ratio.

Our derived loss function is a straightforward convex loss
over the learned reward and the corresponding value func-
tion of the target policy. This naturally suggests the use of
the successor representation which allows us to maintain
an estimate of the value estimate while directly optimizing
the reward function. This disentangles the learning process,
where the propagation of reward through the MDP can be
learned separately from the optimization of the reward. In
other words, rather than learn a reward function and value
function simultaneously, we tackle each separately, chang-
ing the difficult minimax optimization of previous methods
into two phases. Interestingly enough, we show that our
MIS estimator produces the identical value estimate as tradi-
tional deep SR methods. This means the challenging aspect
of learning has been pushed onto the computation of the
SR, rather than optimizing the density ratio estimate. For-
tunately, we can leverage deep RL approaches (Mnih et al.,
2015; Kulkarni et al., 2016) to make learning the SR stable,
giving rise to a practical MIS method for high-dimensional
tasks.

This section begins with the derivation of our core ideas,
which shows MIS ratios can be learned through reward
function optimization. We then highlight how the SR can be
used for reward function optimization in the tabular domain.
Finally, we generalize our results to the deep SR setting.

3.1. Basic Derivation

d”™ (s,a)
dP(s,a)’
using only data sampled from the dataset D and the target
policy 7. This presents a challenge as we have direct access
to neither d™ nor d”.

In MIS, our aim is to determine the MIS ratios

As a starting point, we begin by following the derivation of
DualDICE (Nachum et al., 2019a). We first consider the
convex function %me — na, which is uniquely minimized
by x* = -. Now by replacing = with a virtual reward
7(s,a), m with the density of the dataset d”(s,a), and
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n with the density of the target policy d™(s,a), we have
reformulated the convex function as the following:

1
min ~ J(7) := =E gyuqr |7(s,a)?
7(s,a)V(s,a) ( ) 2 (s,0)~vd® [ ( ) ]

(5)
— (L =7)E(s,a)~ar [F(s,0)] .

As Equation (5) is still the convex function with renamed
variables, following Nachum et al. (2019a), we can observe
the following:

Observation 1 The objective J(#) is minimized when

7(s,a) = j;((ZZ)) for all state-action pairs (s, a).

Equation (5) is an optimization over two expectations over
dP and d™. While the first expectation over d” is tractable
by sampling directly from the dataset D, the second ex-
pectation relies on the state-action visitation of the target
policy d™ (s, a) which is not directly accessible without a
model of the MDP. At this point, we highlight our choice
of notation, 7(s,a), in Equation (5). Describing the ob-
jective in terms of a fictitious reward 7 will allow us to
draw on familiar relationships between rewards and value
functions. Consider the equivalence between the value func-
tion over initial state-action pairs (sg, ag) and the expecta-
tion of rewards over the state-action visitation of the policy
(1=%)Esp,a0~7 Q7 (50, a0)] = Egr[r(s, a)]. It follows that
the expectation over d™ in Equation (5) can be replaced with
a value function Q“ over 7:

1
min = J(7) := =E(; gyoar |7(s,a)?
7(s,a)V(s,a) ( ) 2 (s,a)~d? [ ( ) ] (6)

— (1 = 7)Eqq,a0~n(-|50) {Q”(Sm ao)} :

In other words, by noting that the value function is sim-
ply the (scaled) expected reward when sampled from the
state-action visitation of the target policy, we can replace
the impractical expectation over d™ with a tractable value
function. This form of the objective, Equation (6), is conve-
nient because we can estimate the expectation over d” by
sampling directly from the dataset and Q’T can be computed
using any policy evaluation method.

While we can estimate both terms in Equation (6) with rela-
tive ease, the optimization problem is not directly differen-
tiable and would require re-learning the value function Q’T
with every adjustment to the learned reward 7. Fortunately,
there exists a straightforward paradigm which enables direct
reward function optimization known as successor represen-
tation (SR).

3.2. Tabular SR-DICE

We will begin by discussing how we can apply the SR to
MIS in the tabular setting and then generalize our method
to non-linear function approximation afterwards. Consider

the relationship between the SR U™ of the target policy =
and its value function:

Eso,agfvﬂ'(-|80) [Qﬂ- (507 ao)] = ESU [VW(SO)}

S U (s]50) Eanr (s, a)]] G

:]ESO

It follows that we can create an optimization problem di-
rectly over the reward function 7 by modifying Equation (6)
to use the SR:

1
i Jg(?) =~y gy ogr [7(s, a)?
s w(7) = 5B a)mar [7(s,a)?

®)
U (s150)Eanr [f(s,a)]] ~

- (1 - ’Y)Eso

Since this optimization problem is convex, it has a closed
form solution. The unique optimizer of Equation (8) is:
D]
(1—=7)
Z(s’,a’)eD 1(s' =s,a’ =a) 9)
By, [m(als) W7 (s]s0)].

By noting the relationship between the SR and the state
occupancy d™ (s, a) = (1—7)Es, [¥™(s|s0)7 (s, a)] and the
fact that dD(S, a) = (s/,a"yep L(s'=s,a’'=a) we can show
d”™ (s,a)

this solution simplifies to the MIS density ratio TP (sa)"

Theorem 1 Equation (9) is the optimal solution to Equa-

tion (8) and is equal to j;((:‘;))

A direct consequence of this result is that Equation (9) can
be used with MIS policy evaluation to return the true value
estimate ﬁ > (s.a)eD %r(s, a) = R(r).
Unfortunately, the form of Equation (9) relies on the true
SR U™, as well as an expectation over sg, both of which
may be unobtainable in the setting where we are sampling
from a finite dataset D. However, we can still show that with
an inexact SR ¥ and sampled estimate of the expectation,
using the set of start states Dy in the dataset, approximating
the optimizer Equation (9) with

D|

Z(S',(L’)ED ]].(Sl = S,a/ = a)

r*(s,a) =(1—7)
. ) (10)
.m Z m(a|s)¥(s|so),

s0€Do

gives an MIS estimator ﬁ > (sayep (s, a)r(s,a) of
R(m) which is identical to the estimate of R(7) computed
directly with the SR.
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Theorem 2 Let 7(s,a) be the average reward in
the dataset D at the state-action pair (s,a).  Let
U be any approximate SR. The direct SR estimator
(0 = N Duemy Ducs Uslso) e a wlals)i(s.a)
of R(m) is identical to the MIS estimator
1 *

W Z(S7G)EDT (S7a‘)r(s7a)‘

The take-away is that even when estimating the SR, the
approximate density ratio defined by r* is of sufficiently
high quality to match the performance of directly estimating
the value with the SR.

3.3. SR-DICE

Now we will consider how this MIS estimator can be gener-
alized to continuous states by considering the deep SR ™
over features ¢(s, a) and optimizing the weights of a linear
function w.

SR Refresher. We begin with a reminder of the details
of the deep SR algorithm. The deep SR measures the ex-
pected sum of features /™ (s, a) = Ex [>,2 v d(st, ar)].
If the reward can be defined as a linear function over
the features 7(s,a) = w ' ¢(s,a) then the value function
can be recovered via a linear function over the deep SR
Q(s,a) = w'9™(s,a). The typical deep SR pipeline fol-
lows three steps:

1. Learn the encoding ¢.
2. Learn the deep SR 9™ over the encoding ¢.

3. Learn wsg by minimizing (wdpé(s,a) — r(s, a))Q.

We leave the first two stages vague as there is flexibility in
how they are approached. This most commonly involves
training the encoding ¢ via an encoder-decoder network to
reconstruct transitions and training the deep SR ¢™ using
TD learning-style methods (Kulkarni et al., 2016; Machado
et al., 2018a). While we follow this standard practice, spe-
cific details are unimportant for our analysis and we relegate
implementation-level details to the appendix.

Given the deep SR )™, we can use it to learn the MIS ratio.
Recall our objective of reward function optimization (Equa-
tion (6)). In the deep SR paradigm, both the reward and
value function are determined by linear functions with re-
spect to a single weight vector w. Consequently, we can
modify Equation (6) with these linear functions and then
optimize the linear weights w directly:

min J(w) = SEgo [(w (s, )’ an

- (]- - V)Eso,aof\lﬂ'(-‘so) [WT¢W(807 (10)] )

where in practice we replace the expectations with samples:

Algorithm 1 SR-DICE

Input: SR 1, target network v)’, encoder ¢, decoder D.
At each time step sample mini-batch of IV transitions
(s,a,r,s") and start states sg from D.
for t = 1 to 77 do # Encoding ¢ loss
ming, p 4(D(6(s,a)) — (s, a))2.
for t =1 to 15 do # Deep SR ¢™ loss
ming~ 5(¢(s,a) + /' (s',a’) — Y™ (s,a))?
for t = 1 to T35 do # Density ratio w loss (Equation (12))
ag ~ 7(+|s0).
miny 3 (W' ¢(s,a))* = (1 = 7)w "¢ (s0, ao).
Output: |D|~* Z(s,a,T)E’D w ' ¢(s,a)r(s,a) ~ R().

. 1
) ’ (12)
(=g Do mlaols)w ¥ (s0,a0).
|DO‘ s0€Do,a0

Again, since the optimization problem Equation (12) is still
convex, it has a closed form solution. Let ® be a |D| x F’
matrix where each row is the feature vector ¢(s, a) with
F features. Let ¥ be a |Dy||A| x F matrix where each
row is the SR weighted by its probability under the policy
m(ap|s0)Y™ (S0, ao). Let 1 be a |Dy||.A| dimensional vector
of all 1. The unique optimizer w* of Equation (12) is a F'
dimensional vector defined as follows:
* ﬂ T —1qT
w'=(1-7) (®'®)""¥ 1. (13)
Dol

In practice, a matrix-based solution is often undesirable and
we may prefer iterative, gradient-based solutions for scala-
bility. In this case, we can directly minimize Equation (12)
by taking gradient steps with respect to w.

We now introduce our algorithm Successor Representation
stationary DIstribution Correction Estimation (SR-DICE).
SR-DICE follows the same first two steps of the standard
SR procedure, but replaces the third step with optimiz-
ing Equation (12). Given w, an estimate of R(7) can be
returned by 157 (s . (sapep W @5, a)r(s, a), where

w ' ¢(s,a) ~ j;((iz)) We summarize SR-DICE in Algo-
rithm 1.

We now remark upon two important properties of SR-DICE.
The first concerns the quality of the quality of the learned
MIS ratio. Although it is difficult to make any guarantees
on the accuracy of an approximate ™ trained with deep RL
techniques, if we assume ™ is exact, then we can show that
SR-DICE learns the least squares estimator to the desired
density ratio.

Theorem 3 If the deep SR is exact, such that (1 —
V) Esqa0 [V (50,a0)] = E(s,0)~dr[P(5,a)], and the sup-
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port of d” is contained in the dataset D, then the optimizer
w* of Equation (12), as defined by Equation (13), is the least

- 2
squares estimator OfZ(s W)eD (WT¢(S7 a) — [;iv((ic;))> .

The take-away from Theorem 3 is that our optimization
problem, at least in the idealized setting, produces the same
density ratios as directly learning them. This also means
that the main source of error in SR-DICE is in the first
two phases: learning the encoding ¢ and the deep SR ™.
Notably, both of these steps are independent of the main
optimization problem of learning w, as we have shifted the
challenging aspects of density ratio estimation onto learning
the deep SR. This leaves deep RL to do the heavy lifting.
The remaining optimization problem, Equation (11), only
involves directly updating the weights of a linear function,
and unlike many other MIS methods, requires no tricky
minimax optimization.

The second important property of SR-DICE is that Theo-
rem 2 can be extended to the deep SR setting. That is, when
derived from the same approximate SR, the optimal solution
to both the SR-DICE estimator and the direct SR estimator
produce identical estimates of R(r).

Theorem 4 Given the least squares estimator Wsg of
> (s.)eD (w'é(s,a) — r(s,a))2 and the optimizer w*
of Equation (12), as defined by Equation (13), then the
traditional SR estimator IDilo\ Y 0Dy W r?™ (50, ag)
of R(m) is identical to the SR-DICE estimator
Wa Z(s,a,r(s,a))GD W*T¢(S’ a)r(s, a’) OfR(ﬂ—)

This means that SR-DICE produces the same value estimate
as the traditional deep SR algorithms, up to errors in the op-
timization process of w. In other words, SR-DICE does not
suffer from the same instability issues that plague other MIS
methods when tackling high-dimensional domains where
deep RL methods excel (relative to more traditional meth-
ods). Although, we typically think of the objective of MIS
methods as policy evaluation, since SR-DICE and tradi-
tional deep SR produce the same value estimate, there is not
a strong argument for using SR-DICE for policy evaluation.
However, this also suggests that the estimated density ratios
are of reasonably high quality since SR-DICE achieves the
same performance as deep RL approaches. Therefore, we
can treat SR-DICE is a tractable method for accessing the
state-action occupancy of the target policy.

4. Related Work

Off-Policy Evaluation. Off-policy evaluation (OPE) is a
well-studied problem with several families of approaches.
One family of approaches is based on importance sampling,
which re-weights trajectories by the ratio of likelihoods
under the target and behavior policy (Precup et al., 2001).

Importance sampling methods are unbiased but suffer from
variance which can grow exponentially with the length of
trajectories (Li et al., 2015; Jiang & Li, 2016). Consequently,
research has focused on variance reduction (Thomas & Brun-
skill, 2016; Munos et al., 2016; Farajtabar et al., 2018) or
contextual bandits (Dudik et al., 2011; Wang et al., 2017).
Marginalized importance sampling methods (Liu et al.,
2018) aim to avoid this exponential variance by considering
the ratio in stationary distributions, giving an estimator with
variance which is polynomial with respect to horizon (Xie
et al., 2019; Liu et al., 2019a). Follow-up work has intro-
duced a variety of approaches and improvements, allowing
them to be behavior-agnostic (Nachum et al., 2019a; Uehara
& Jiang, 2019; Mousavi et al., 2020; Yang et al., 2020) and
operate in the undiscounted setting (Zhang et al., 2020a;b).
In a similar vein, some OPE methods rely on emphasizing,
or re-weighting, updates based on their stationary distribu-
tion (Sutton et al., 2016; Mahmood et al., 2017; Hallak &
Mannor, 2017; Gelada & Bellemare, 2019), or learning the
stationary distribution directly (Wang et al., 2007; 2008).

For many deep RL algorithms (Mnih et al., 2015; Lillicrap
et al., 2015), off-policy evaluation is based on TD learn-
ing (Sutton, 1988) and approximate dynamic programming
techniques such as Fitted Q-Iteration (Ernst et al., 2005;
Riedmiller, 2005; Yang et al., 2019). While empirically
successful, these approaches lose any theoretical guaran-
tees with non-linear function approximation (Tsitsiklis &
Van Roy, 1997; Chen & Jiang, 2019). Regardless, they have
been shown to achieve a high performance at benchmark
OPE tasks (Voloshin et al., 2019; Fu et al., 2021).

Successor Representation. Introduced originally by
Dayan (1993) as an approach for improving generaliza-
tion in temporal-difference methods, successor representa-
tions (SR) were revived by recent work on deep successor
RL (Kulkarni et al., 2016) and successor features (Barreto
et al., 2017) which demonstrated that the SR could be gen-
eralized to a function approximation setting. The SR has
found applications for task transfer (Barreto et al., 2018;
Grimm et al., 2019), navigation (Zhang et al., 2017; Zhu
et al., 2017), and exploration (Machado et al., 2018a; Janz
et al., 2019). It has also been used in a neuroscience context
to model generalization and human reinforcement learn-
ing (Gershman et al., 2012; Momennejad et al., 2017; Ger-
shman, 2018). The SR and our work also relate to state rep-
resentation learning (Lesort et al., 2018) and general value
functions (Sutton & Tanner, 2005; Sutton et al., 2011).

S. Experiments

To evaluate our method, we perform several off-policy eval-
uation (OPE) experiments on a variety of domains. The
aim is to evaluate the normalized average discounted reward
E(s,a)~drr[r(s,a)] of a target policy 7. We benchmark our
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Figure 1: Off-policy evaluation results on the continuous action MuJoCo domain using the easy experimental setting (500k
time steps and o, = 0.133), matching the setting of previous methods (Zhang et al., 2020a). The shaded area captures one
standard deviation across 10 trials. We remark that this setting can be considered easy as the behavior policy achieves a
lower error, often outperforming all agents. SR-DICE significantly outperforms the other MIS methods on all environments,
except for Humanoid, where GradientDICE achieves a comparable performance.
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Figure 2: Off-policy evaluation results on the continuous action MuJoCo domain using the hard experimental setting
(50k time steps, o, = 0.2, random actions with p = 0.2). The shaded area captures one standard deviation across 10
trials. This setting uses significantly fewer time steps than the easy setting and the behavior policy is a poor estimate of
the target policy. Again, we see SR-DICE outperforms the MIS methods, demonstrating the benefits of our proposed
decomposition and simpler optimization. This setting also shows the benefits of deep RL methods over MIS methods for
OPE in high-dimensional domains, as deep TD performs the strongest in every environment.

algorithm against two MIS methods, DualDICE (Nachum tions using a behavior policy 7, = w4 + N (0, O'g), where
et al., 2019a) and GradientDICE (Zhang et al., 2020b), op = 0.133. This setting roughly matches the experimen-
two deep RL approaches and the true return of the be- tal setting used by GradientDICE Zhang et al. (2020a).
havior policy. The first deep RL method is a DQN-style * For the hard setting, we gather a significantly smaller
approach (Mnih et al., 2015) where actions are selected dataset of 50k transitions using a behavior policy which
by 7 (denoted Deep TD) and the second is the deep SR acts randomly with p = 0.2 and uses 74 + N(0,07),
where the weight w is trained to minimize the MSE between where o3, = 0.2, with p = 0.8.

w ' ¢(s,a) and (s, a) (Kulkarni et al., 2016). Environment-
specific experimental details are presented below, and com-
plete algorithmic and hyper-parameter details are included
in the appendix.

Unless specified otherwise, we use a discount factor of
v = 0.99 and all hyper-parameters are kept constant across
environments. All experiments are performed over 10 seeds.
We display the results of the easy setting in Figure 1 and the
Continuous Action Experiments. We evaluate the meth-  hard setting in Figure 2.

ods on a variety of MuJoCo environments (Brockman et al.,
2016; Todorov et al., 2012). We examine two experimental
settings. In both settings the target policy 7 and behavior
policy 7, are stochastic versions of a deterministic policy g4
obtained from training the TD3 algorithm (Fujimoto et al.,
2018). We evaluate a target policy 7 = 74 + N(0,02),
where 0 = 0.1.

Atari Experiments. To demonstrate our approach can scale
to even more complex domains, we perform experiments
with several Atari games (Bellemare et al., 2013), which are
challenging due to their high-dimensional image-based state
space. Standard pre-processing steps are applied (Castro
et al., 2018) and sticky actions are used (Machado et al.,
2018Db) to increase difficulty and remove determinism. Each
* For the easy setting, we gather a dataset of 500k transi-  method is trained on a dataset of one million time steps. The
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Figure 3: The log MSE for off-policy evaluation in the image-based Atari domain. This high-dimensional domain tests the
ability of each method to scale to more complex environments. The shaded area captures one standard deviation across
3 trials. We can see the MIS baselines diverge on this challenging environment, while the remaining methods perform
similarly. Perhaps surprisingly, on most games, the naive baseline of using R(7,) from the behavior policy outperforms all
methods by a fairly significant margin. Although the estimates from deep RL methods are stable, they are biased, resulting
in a higher MSE.
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Figure 4: To evaluate the quality of the MIS ratios, we evaluate each MIS ratio with 1000 randomly sampled reward
functions and compare to the ground truth on-policy value estimates. (Left) Visualization of the distribution of error. Only
100 points are displayed for visual clarity. Error bars are over the standard deviation. To normalize values across rewards
functions, we divide both the estimate and ground truth of R(7) by the average reward in the dataset. (Right) Average
log MSE and the standard deviation. In brackets is the percentage of reward functions where each method achieves the
lowest error. We can see that SR-DICE achieves a low log MSE over a wide range of reward functions and outperforms the

competing MIS methods on a high percentage of reward functions.

target policy is the deterministic greedy policy trained by
Double DQN (Van Hasselt et al., 2016). The behavior policy
is the e-greedy policy with € = 0.1. We use a discount factor
of v = 0.99. Experiments are performed over 3 seeds. Re-
sults are displayed in Figure 3. Additional experiments with
different behavior policies can be found in the appendix.

Evaluating the MIS ratios. To evaluate the quality of the
MIS ratios themselves, we perform a randomized reward
experiment. As the MIS ratio is only the value w that
will return the true value of R(w) = Ep[w - r(s,a)] for
all possible reward functions (Uehara & Jiang, 2019), we
generate a large set of rewards functions with a randomly-
initialized neural network, and evaluate the estimate of R ()
obtained from each MIS method on each reward function.
The ground-truth is estimated by a set of 100 on-policy
trajectories generated by 7. We generate 1000 reward func-
tions, with scalar values in the range [0, 10] and remove any

redundant reward functions from the set. The MIS ratios
and dataset are taken from the hard setting. Experiments are
performed over 5 seeds. We report the results in Figure 4.

Discussion. Across the board we find SR-DICE signifi-
cantly outperforms the MIS methods. Looking at the esti-
mated values of R(7) in the continuous action environments,
Figure 2, we can see that SR-DICE converges rapidly and
maintains a stable estimate, while the MIS methods are
particularly unstable, especially in the case of DualDICE.
These observations are consistent in the Atari domain (Fig-
ure 3). In accordance with our theoretical analysis, Deep
SR and SR-DICE perform similarly in every task, further
suggesting that the limiting factor in SR-DICE is the quality
of the deep successor representation, rather than learning
the density ratios. In the randomized reward experiment, we
find that SR-DICE vastly outperforms the other MIS meth-
ods in average log MSE, and compares favorably against
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Figure 5: Ablation study results for the HalfCheetah task. We default to the hard setting wherever possible. Error bars
and the shaded area captures one standard deviation over 10 trials. (a) We vary the size of the dataset D. (b) We vary the
discount factor ~y. (c) We use a new behavior policy with A(0, af) noise with o = 0.5. (d) We use the same deterministic

behavior and target policy.

the other MIS methods in over 80% of reward functions. In
the most challenging task, Humanoid, SR-DICE is the best
method in over 98% of reward functions. This suggests that
SR-DICE provides much higher quality MIS ratio estimates
than previous methods.

Ablation. To study the robustness of SR-DICE relative to
the competing methods, we perform an ablation study and
investigate the effects of dataset size, discount factor, and
two different behavior policies. Unless specified otherwise,
we use experimental settings matching the hard setting. We
report the results in Figure 5. In the dataset size experiment
(a), SR-DICE perform well with as few as 5k transitions (5
trajectories). In some instances, the performance is unex-
pectedly improved with less data, although incrementally.
For small datasets, the SR methods outperform Deep TD.
One hypothesis is that the encoding acts as an auxiliary re-
ward and helps stabilize learning in the low data regime. In
(b) we report the performance over changes in discount fac-
tor. The relative ordering across methods is unchanged. In
(c) we use a behavior policy of (0, 0?), with o, = 0.5, a
much larger standard deviation than either setting for contin-
uous control. The results are similar to the original setting,
with an increased bias on the deep RL methods. In (d) we
use the underlying deterministic policy as both the behavior
and target policy. Even though this setup should be easier
since the task is no longer off-policy, the baseline MIS meth-
ods perform surprisingly poorly, once again demonstrating
their weakness on high-dimensional domains.

6. Conclusion

In this paper, we introduce a method which can perform
marginalized importance sampling (MIS) using the succes-
sor representation (SR) of the target policy. This is achieved
by deriving an MIS formulation that can be viewed as re-
ward function optimization. By using the SR, we effectively

disentangle the dynamics of the environment from learning
the reward function. This allows us to (a) use well-known
deep RL methods to effectively learn the SR in challeng-
ing domains (Mnih et al., 2015; Kulkarni et al., 2016) and
(b) provide a straightforward loss function to learn the den-
sity ratios without any optimization tricks necessary for
previous methods (Liu et al., 2018; Uehara & Jiang, 2019;
Nachum et al., 2019a; Zhang et al., 2020b; Yang et al., 2020).
Our resulting algorithm, SR-DICE, outperforms prior MIS
methods in terms of both performance and stability and is
the first MIS method which demonstrably scales to high-
dimensional problems.
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