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1 Summary of NVE and NV'T ensembles

Let us start with a quick summary of the microcanonical (NV E) ensemble. It describes
isolated systems with fixed number of particles N, volume V' and energy E.
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e The microcanonical ensemble is described by a uniform distribution with two constant
energy shells.

e The connection with thermodynamics is made through Boltzmann’s entropy formula:
S = kgIn €2, where €2 is the number of microscopic states consistent with thermody-
namic (macroscopic) variables N, V| E.

e Inverting S(N,V, E) we can obtain E(S,V,N). The other thermodynamic quantities
are defined through partial derivatives.

temperature T = (g—g)VN, pressure p = — (g—E)SN, chemical potential p = (g—)sv

Next, a quick summary of the canonical (NVT') ensemble. It describes systems in contact
with a thermostat at temperature T. As a result, the energy of the system no longer remain
constant. The number of particles N and volume V remain fixed.

e The canonical ensemble is described by Boltzmann’s distribution.
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The connection with thermodynamics is made through the expression of Helmholtz
free energy A(N,V,T) through the partition function Z,

3N
1
— - - . e BH{EP @)
A=—kgTlhZ, 7= N!th/H dg; dp; e PHUpikAa (3)
i=1
The other thermodynamic quantities are defined through partial derivatives.
entropy S = (g—?)VN, pressure p = — (%)TN, chemical potential p = (%)TV

The energy (Hamiltonian) of system is no longer conserved, but fluctuate around its
average value.

iy = L9290
E=(H) = 795 " aﬁan (4)
(AE)? = (H?) — (H)* = —g—g = kgT*C, = NkpT?c, (5)

Hence in the thermodynamic limit N — oo,

AE 1
AE =/ NkgT? — X ——
VNkpT?c, — Widi —0 (6)

The difference between microcanonical (NV E) ensemble and canonical (NVT') ensem-
ble vanishes.

NPT ensemble

The NPT ensemble is also called the isothermal-isobaric ensemble. It describes systems
in contact with a thermostat at temperature 7" and a bariostat at pressure p. The system
not only exchanges heat with the thermostat, it also exchange volume (and work) with the
bariostat. The total number of particles NV remains fixed. But the total energy F and volume
V fluctuate at thermal equilibrium.

Q:
Q:
Approach:

What is the statistical distribution p({g;}, {p;}) at thermal equilibrium?
What is the microscopic expression for the thermodynamic potential?

Consider system of interest + thermostat + bariostat all together as a closed system,
which can be described using the microcanonical ensemble.
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2.1 Equilibrium distribution

Notice that in the (N PT') ensemble, the probability distribution function must also include V'
as its variable, because the volume can (in principle) take any value at thermal equilibrium.

p({a},{pi}, V) o< number of ways (Q2) the thermostat and the bariostat can rearrange them-
selves to allow the system to have energy E = H({¢;}, {p:}) and volume V.

Let S be the entropy of the thermostat + bariostat, then

Q = exp (%) (7)

Let Vi and Ey be the total volume and total energy of the thermostat + bariostat + system
of interest. Let V and E be the volume and energy of the system of interest. Then the
volume and energy left for the thermostat + bariostat are, Vo — V and Ey — E, respectively.

n o 03 03
S(N,2Vo, =V, Ey — FE) =S(N,Vy, Ey) — | —= V—|— E 8
s mesinm(£) v (5) & o
N,E NV
We recognize (%) = % where T is the temperature of the thermostat.
NV

But what is (8—S> ?
V) nE

This is the time to use the second type of Maxwell’s relationship.
oS OF oV
2 = == =1 9)
oF ov oS
V,N S,N E,N
1 oV
. (—p) - <ﬁ) =—1 (10)
E,N

aS P
92 _P 11
— ( av) T (11)
N,E

where p is the pressure of the bariostat. Therefore,

o 1
S(Na‘/?E):S(Na%aEO)_%V_fE (12>
~ E
= const - exp (— kzgv) (13)

Therefore, the equilibrium distribution of the isothermal-isobaric (N PT) ensemble is,

pllak ik, V) = o dltad) (149

. 3N
= _ / Jv / TT da: dps P11t top V] (15)
0 i=1
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2.2 Thermodynamic potential

By now, we would expect the normalization factor = should be interpreted as a kind of
partition function that will reveal us the fundamental equation of state.

To find out the precise expression, we start with the Shanon entropy expression. (Notice here
that V' is an internal degree of freedom to be integrated over and p is an external variable.)

S = —kp sz‘ In p;

— ko [ av [ T] daanistladn V- Alad lpD 2oV 5

_ %(<H>+p<v>)+k31né (16)
— %(E—l—pvavg)—i—kglné (17)

Hence
—kgTInZE = E—TS + pVa, = G(N, T, P) (18)

This is the Gibbs free energy, which is the appropriate thermodynamic potential as a function
of N,T, P! So everything falls into the right places nicely. We just need to careful that
the volume in thermodynamics is the ensemble average V,,, = (V), because in (N, T, P)
ensemble, V' is not a constant.

Of course, we still need to put in the quantum corrections 1/(N!h3Y), just as before. So the
final expression for the Gibbs free energy and chemical potential p is,

3N
_ 1 o
' 0 i=1
E(T.p,N) = / AV Z(T,V,N)e P (21)
0

Therefore, Z(T, p, N) is the Laplace transform of the partition function Z(T,V, N) of the
canonical ensemble!

2.3 Volume fluctuations

To obtain the average of volume V' and its higher moments, we can use the same trick as in
the canonical ensemble and take derivatives of = with respect to p.



V) BY = dp
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1
= T (AV)?
Define compressibility[]
oo L(OVY @V
¢ V\op/)ry ksTV
Then we have,
(AV)? = kpTB.V
AV = \/kgTB.vV
AV 1

x — —0

A

asV — oo

(22)

(23)

In other words, in the thermodynamic limit (V' — o0), the relative fluctuation of volume is

negligible and the difference between (N PT') ensemble and (NVT') ensemble vanishes.

2.4 Ideal gas example

To describe ideal gas in the (NPT) ensemble, in which the volume V' can fluctuate, we
introduce a potential function U(r,V’), which confines the partical position r within the
volume V. Specifically, U(r,V) = 0 if r lies inside volume V and U(r,V) = +o0 if r lies

outside volume V.

The Hamiltonian of the ideal gas can be written as,

3N

H({g:},{pi}) = Z

=1

INot to be confused with 3 = 1/(kgT).

b;
2m

2 N

j=1

+ZU(I‘Z,V)



Recall the ideal gas partition function in the (NVT') ensemble.

vy 3N/2 vy
where A = h/v/2mmkpT is the thermal de Broglie wavelength.
HTpN) = [ aveZ@ VN e
0
_ 1 = N . —BpV
= N'—/\?’N/O dV - VN . e P
1 1 o N —s
= NIV (Bp)N /0 dz- 2" -e
1 1
— l
 NIA3N (BP)N—H N
B (k’BT) N+1 1 (29)
- P A3N
In the limit of N — oo,
_ ksT\"Y  (2rmkpT)3N/2
:(T,p,N)%< » ) . 1aN (30)
The Gibbs free energy is
kpT\ (2mrmkpT)3/?
G(T,p,N) = —kpInE = —NkzT In [( Z )-( Wmhf ) } (31)
This is consistent with Lecture Notes 6 Thermodynamics §3.2,
G ksT\ (2rmkgT)?/?
MZN:—kBTan';)-( hf) } (32)

3 Grand canonical ensemble

The grand canonical ensemble is also called the puV'T ensemble. It describes systems in
contact with a thermostat at temperature T and a particle reservoir that maintains the
chemical potential . The system not only exchanges heat with the thermostat, it also
exchange particles with the reservoir. The volume V' remains ﬁxedﬂ But the number of
particles N and energy E fluctuate at thermal equilibrium.

2Remember the Gibbs-Duhem relation. We cannot specify all three variables T', p, p simultaneously.



Q: What is the statistical distribution p({q;}, {p;}) at thermal equilibrium?
Q: What is the microscopic expression for the thermodynamic potential?

Approach: Consider system of interest + thermostat + particle reservoir all together as a closed
system, which can be described using the microcanonical ensemble.

3.1 Equilibrium distribution

Notice that int the grand canonical (uV'T') ensemble, the probability distribution function
must also include N as its variable, because the number of particle can (in principle) be any
non-negative integer at thermal equilibrium.

Following the same approach as in the (NPT') ensemble, we obtain the equilibrium distri-
bution of the grand canonical (V1) ensemble as the following.

1 atmtat o)
paik Apit, N) = ze pUtah i) =) (33)
where

00 3N
2 -3 / TT da: dps et doid)=sm) (34)

N=0 =1
= Y NN VT) (35)

N=0

p is grand canonical distribution and Z(N,V,T) is the normalization factor in the canonical
ensemble for NV particles.

3.2 Thermodynamic potential

Again, we should expect the normalization factor to give us the thermodynamic potential
for u, V, T, which is the Grand potential, or Landau potentialE]

O(p,V,T)=E—-TS — uN = —pV (36)

3We called it K in Lecture Notes 6 Thermodynamics.



Starting from Shanon’s entropy expression, we can show that
S(u,V,T)=—kgTInZ, pV=kgTlhZ (37)

where Z is the grand partition function,

o0 3N
Z = Z / H dg; dp; e~ PEH @ ph—uN) 8
N=0" =1
= Y VLN,V T) .
N=0

where Z(N,V,T) is the partition function of the canonical ensemble. Notice that we have
removed the “sign, meaning that we have applied the quantum correction 1/(N!h3").

Define fugacity z = e’* (so that u = kgT In 2) we can write,

i N Z(N,V,T) (40)

N=0

Z

Therefore, the grand partition function Z(u,V,T) is the unilateral Z-transform of the
partition function Z(N,V,T) of the canonical ensembleﬁ

3.3 Number of particles fluctuations

Average number of particles

102 0 0

(N) = kT 50 = kBT%(ln Z) =25 (nZ2) (41)
(V) = (haTP 55 (42)

onN)y 1 2 2y _ (AN)?
o kBT(<N ) —(N)°) = il (43)

Define density p = <—1‘\/7>, (N) = pV

V. g_z _ (212\22 (44)
(AN)? = kgT(9p/0n)V (45)
AN = /kgT(0p/On)V (46)
% = \/kBTf‘)f/aM)V x \/17 —0 (asV — 00) (47)

4No wonder it is called the Z-transform. See http://en.wikipedia.org/wiki/Z-transform for proper-
ties of the Z-transform.



3.4 Ideal gas example

Recall the ideal partition function in the canonical ensemble,

N 3N/2 vy
(49)
From this we obtain the grand partition function,
- VN <1 /2V\Y
_ N _
2= > M- Y () (50)
N=0 N=0
zV
Z = exp (F) (51)
Next the grand potential & = —pV,
2V
pV = kgTlhZ = kBTF (52)
z 2
= T— =——A
eﬁ“ = p h2 v (54)
kBT 27TTTL/{ZBT
3/2
p h?
= kgT1 — [ —
s ph <kgr) (2wkaT) (55)
This is consistent with the results from the NPT ensemble, as it should!
We now can obtain an explicit expression of the density fluctuation of the ideal gas.
0 o (zV zV pV
W) = g Z&(m) AT T kT (56)
ey
Ny = -3 (57)
O(N) e BV pV
bl VA — 3. (N) =
ON) _ pV
AN)?* = kgT —1 N 59
(AN = kT St = 0 = () (59)
(60)

Hence the variance of NV equals the expectation value of N. The standard deviation of N is

AN = \/{N) (61)
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The relative fluctuation of N is AN |
N — (62)
N (N)

From the above we also obtain how density p = N/V changes with the chemical potential,

dp 1O0N) p
ou "V op (TP (63)
3.5 Lattice gas model
From the previous sections, we see
AN = (N) (64)

Q: Is this result reasonable?

Ideal gas means no correlation between molecules. Hence we can build a lattice gas model
as a further simplification to the ideal gas model.

R

| ——

/ﬂ%{m

: Nc.
LD

Imagine we divide the volume V' into N, cells. Each cell can have either 1 molecule or 0
molecule.

Assume N, > (N), so that we can ignore the possibility that two molecules occupy the same
cell.

Define a random variable for each cell,

n 1 cell 7 contains 1 molecule, probability p
‘1 0 cell icontains 0 molecule, probability (1 — p)

n; and n; are independent of each other (for i # j)

The total number of molecules in volume V is
Nc
N=> n, (66)
i=1
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The average number of molecules is

(V) =3 () = () - N
Notice that
(ng) p
(nf) = p
(n) —(n)> = p—p*=p(1—p)
Hence
(N) = Nep
) = (NP = Nep(a—p) = () (1 %)

In the limit of N, > (N)J]

(AN)? = (N?) — (N)* = (N)

This is consistent with the prediction from the grand canonical ensemble.

5N, can be arbitrarily large and hence much larger than N.
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