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Multiquantum vortices in superconductors:
Electronic and scanning tunneling microscopy spectra
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Superconducting quasiparticle excitation spectra are computeth fiimes quantized flux lines using a
self-consistent Bogoliubov—de Gennes approach. Werfimliscrete branches of bound-state solutions in the
spectrum, corresponding to different values of the quasiparticle angular momentum. Owing to the bound states,
the scanning tunneling microscopy spectrum of the vortex is predicted to disglays of peaks as a function
of the distance from the vortex axiS0163-182609)04345-3

Multiply quantized vorticedMQV) have been observed u;(r) o
using electron holography in type-I superconducting thin ¢j(r)=( )=e'kzze'(“_gzm/2)gfj(r)- 1)
films at high magnetic fieldsconfirming earlier theoretical vi(n
predictions? MQV'’s can also be formed in high-temperature Here o, is the Pauli matrix and (r) a two-component
superconductors having columnar or large pointlike defectgpinor, the index labeling differe]nt quantum states. The
as pinning centersand such structures have been argued thuasiparticle angular momentum quantum numpeis an

be stable in conventional type-Il superconductors with attraCinteger for evenm and half an odd integer for odch.*
tive columnar defect$ Multiquantum vortices, imaged with Ansatz(1) yields radial BdG equations

optical interferometry, are also found in thin films of rotat-
ing superfluid*He. In rotating bulk superfluidHe, continu- h2 d2 1d 1
ous doubly quantized vortices were first detected in Ahe U’zﬁ{ “arer aJF 2
phase using NMR:” Moreover, singular doubly quantized P
vortices with superfluidd;-phase cores have been predicted m ). _ _
to occur in theB phase at high angular velocitis. —kE+ Hpkg]fj(r)+0'xA(r)fj(r):Ejfj(r)y 2
Quantum-mechanical tunneling has provided crucial ex- z
periments on bulk superconductivity. Lately, scanning tu”'whereA(r)zAg(r)?o is the magnetic field vector potential
neling microscopy(STM) has enabled the first nanoscale onqk. the Fermi wave number. The contribution of the one-
measurements of superconductivity. This probe of mesoscajg,rticle potential is modeled by choosing appropriate effec-
structures, or scanning tunneling spectroscopy, has revealge massesn, andm,, in the plane perpendicular to the
fine details within vortex Core%The BOgOllUbOV—de Gennes vortex axis and a|ong |t, respective|y, and Subsuming its con-
(BdG) approach’ restricted to bound electronic excitations stant contribution into the Fermi energy. The potentials
has been applied to account for these feattit&specially, andA are determined from the implicit self-consistency con-
the self-consistent methtdfacilitated the interpretation of ditions
STM data on singly quantized flux lines and gave an impetus
to the renaissance of the wave-function description of inho-
mogeneous superconductivity. An=g 2 ui(nvi(r1-2f(gpl, (33
In this paper the self-consistent BAG method is general- 0=F=Fo
ized to multiguantum vortices is-wave superconductors. ok
We solve the. ensuing equations with a fast numerlca! j(r):_E Im{f(Ej)u}*(r)D(r)uj(r)
scheme, allowing us to compute these structures for physi- m 5
cally important ranges of parameters inaccessible to previous
authors. We determine the spatial variation of the self- +[1_f(Ej)]Vj(r)D(r)VJ?*(r)}, (3b)
consistent superconducting pair potential, the magnetic vec-
tor potential, the supercurrent and the full electronic specwhereg is the effective electron-electron coupling constént,
trum. In particular, an STM signature characteristic forthe Fermi functionEp=%wp the Debye cutoffj(r) the su-
multiquantum vortices is predicted. percurrent density, an®(r)=V —(ie/2c)A(r) the gauge
We consider an isolated vortex line with flux quanta, covariant derivative.
oriented along the axis of a cylindrical coordinate system Following Gygi and Schiter!? we solve Eq(2) in a cyl-
(r,6,z). We assume isotropis-wave pairing, and a Fermi inder of radiusR applying an iterative scheme: At each it-
surface rotationally invariant about the vortex axis. Henceeration step, new potential functions are calculated using
the system possesses a cylindrical symmetry which, in th&gs. (38 and (3b), combined with Maxwell's equation
gauge where the pair potentidl(r)=|A(r)|e '™’ allows VXV XA=(4x/c)j, until convergence is achieved. The ra-
the quasiparticle coherence amplitude to be expressed as dius R is chosen large enough for finite-size effects to be

(m erA(,(r)> 2
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FIG. 1. Self-consistent electronic excitations in an axisymmetric £ >
vortex with m=4 flux quanta(cf. Ref. 1, Fig. 16. Quasiparticle w
amplitudesu(r) andv(r) are denoted with blue and red curves, at 10
the respective eigenenergies. The corresponding pair potartial
is indicated with the dotted curvef. Fig. 2. Bound states witlta)
=2, (b) =100, and a scattering state f@ x=2. 0.0 P Y A P
-300 -200 -100 0 100 200 300

I

negligible, and in particular much larger than the coherence FIG. 3. Parts of the computed discrete self-consistent energy

length ¢ and the magnetic-field penetration depthWe use ~ spectra for quasiparticles in vortices withh m=4 and(b) m=5

a finite-difference method to transform H@) into an eigen-  flux quanta. Note then discrete branches of bound states below

value problem. Eigensolutions below the Debye cutoff ared==1.12 meV.

calculated employing the Lanczos metH8dhe computing

time scales withN, the number of discretization lattice ) )

points, only approximately linearly. This is to be contrasted=37-3 meV corresponding to velocityz=8.1x 10° cm/s.

with the Bessel function expansion method applied in RefsThe coupling constarg was chosen to correspond to a bulk

12 and 15, leading to a computing time scalingdg)f with ~ energy gap o..=A(r=R)=1.12 meV and a critical tem-

p~3; hereNy is the number of degrees of freedom in the PeratureTc~7.4 K. These values, especially that of the ef-

discretization. This difference in scaling implies superiority féctive mass, are not optimized to the experimental data on

of our method for largégR.*® singly quantized vomog%;howe_ver, we argue that qualita-
The materials parameters in our computations were chdively the results remain invariant within a wide range of

sen appropriate for NbSeWe assumed a cylindrical Fermi Parameter _value’s7. _ _

surface (m,>m,), so that thek, dependence in Eq2) may The radius of the domain was set fo=6000 A, twice

be neglected. We chose a Debye cutdff=3.0 meV, an the value used in Ref. 12. The supercurrent density calcu-
effective mass m,=2m,, and a Fermi energyEc lated from Eq.(3b) was fitted at a radius;, where the self-

consistent current density has decreased to 2.5% of its peak
12 ‘ , ‘ , , value, to a general Ginzburg-Landau fo@K,(r/\); here
K, is the modified Bessel functiolg a constant to be deter-
mined, and\ the penetration depth calculated for the singly
quantized vortex using a fitting interval of 500A.

Results of self-consistent calculations at the temperature
T=1.5 K are shown in Figs. 1-4. Figure 1 displays the am-
plitudesu(r), v(r) of three quasiparticle eigenstates in a
vortex with m=4 flux quanta. State&) and (b) are expo-
nentially decaying bound states beldw; while (c) is a scat-
tering state. On the vortex axis, the amplitudes behave as-
0.0 . . 7 ymptotically asu(r)~r/#*=™2 and v(r)~rl#*™2  They
0 500 1000 1500 display maxima at approximately=|u|/kg, in accordance

r A with the angular momentum of the states. The self-consistent

FIG. 2. Iterated self-consistent pair potentials for axisymmetricPair-potential amplituded (r) for m=2,...,8 fluxquanta
multiquantum vortex lines witm=2, ...,8 atT=1.5 K. The sin-  are presented in Fig. 2. Our results are in accordance with the

gly quantized vortex structur@lashedi agrees with the calculations asymptotic Ginzburg-Landau formy(r)~r™ (r=<¢); how-

of Ref. 12. In the quantum limit—0, the pair potentialéRefs. 15 ever, quantum effects manifest at low temperatiraee dis-

and 20 differ qualitatively from the Ginzburg-Landau form; here cernible already al=1.5 K considered here.

these features are barely distinguishable. Figure 3 shows parts of the self-consistent energy spectra
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FIG. 4. Computed tunneling conductances for vortex lines with2, 3, and 4 flux quanta exhihib rows of peaks as functions of the
radial distance from the vortex axis, in triangular patterns. This predicted structure and number of the tunneling maxima in the STM
conductance spectrum would serve as a fingerprint for the number of flux quanta enclosed by a vortex line.

calculated for flux lines wittm=4 and 5 flux quanta. They =(kgr,|eM). In the bound-state region, there usually is only a
exhibit an interesting feature which we argue to hold genersingle state satisfying this condition, but for certain\)
ally: the quasiparticle spectrum for a vortex line withflux  there occur two such states, situated symmetrically ajpout
quanta has exactiy bound-state branches, for fixéd, asa  =0. This results in local maxima in the differential conduc-
function of u. We have checked this numerically fon  tance. On the other hand, for states with-0, both theu
=1,...,20with various parameter values. This characteristicypqy, components of the quasiparticle amplitudes contribute
can also be derived analytically: Generalizing the calculationy the conductance at the same point, also giving local
of Bardeenet "f"-lg (based on the WKBJ approximatiofto  ayima: this explains the prominent peaks &) = (0,0)
multiply quantized vortices, one finds that the \_/alues,uof for oddm. Altogether, them bound-state branches generate a
where thg bound—stat_e branches crossEke0 axis fork, wedge-shaped pattern of maxima in the differential conduc-
=0 are given approximately as tance, consisting ofn rows of peaks as a function @f?!
- m—1 These are clearly displayed in Fig. 4. _
—}; [=0,1,... — (4) In bulk superconductors, multiquantum vortices can be
m stabilized by columnar defecté.We have also studied the
Herer , is the half depth radius of the pair potential well at effect of such material inhomogeneities on the electronic
the core, andl | denotes rounding downwards to the preced-structure of vortices, finding that the predicted qualitative
ing integer. In the detailed derivatiGfthe potential well is features of STM spectra are essentially modified only in in-
assumed to be steep. Forma yields the locations of the sulating regions of the defects. Especially, for defects with
branches in agreement with our self-consistent calculationsyormal metallic conductivity the multipeak STM signature
except for the outermost branches for largeMore impor-  remains. The results are expected to be relevant also for mul-
tantly, Eq.(4) predicts the total number of the branches totiquantum vortices in thin films of type-I materials, for which
equalm. It is to be noted that this property in no way de- the homogeneity approximation can be essentially compen-
pends on the exact form of the pair potential, as long,ais  sated by using effective materials parameters of type-Il su-
not too small. perconductors. Experimental observations of multiquantum
The m bound-state branches of the quasiparticle spectrumortices has been difficult due to the requirement of simulta-
lead to a peculiar multipeak structure in the tunneling conmneous high spatial resolution and magnetic-flux sensitivity of
ductance, that we suggest to be measured with STM experihe measurementsHowever, we propose that the magnetic

1|
§+

m=Kgr cog{

ments. The computed differential conductaiice flux of multiquantum vortices can in fact be counted from
al the predicted tunneling peaks exactly, merely using the ex-
2¢7 2¢7 cellent spatial resolution of scanning tunneling microscopy.
%k — u (Dt (E;—eV)+|vi(n|*f (E,+eV)}, . i
oV 2,: U (B = eV +v, (N7 (§j+ eV} In conclusion, we have solved the Bogoliubov—de Gennes

(5 equations numerically for axisymmetric multiply quantized
vortices using a fast computational scheme. The energy spec-

whereV is the bias voltage, is presented in Fig. 4 for thetrum for vortices withm flux quanta exhibits exactlyn

multiquantum flux lines withm=2, 3, and 4(see Ref. 12

Sar momentum; we argue this to be valid generally. The spe-
I_ific structure of the bound-state part of the spectrum leads to
a characteristic multipeak structure in the computed differen-

2 2 i —~ H
tudes|u_(r)|_ and|v(n)| hz_;\ve maxima at=|p|/k, while tial conductance. We suggest an experimental search for
the denvatlvg of the Fermi fU.nCt.IOI’] 'S pe"?"‘e‘?' at 1o enerGyeqe gistinct STM fingerprints of multiquantum vortices.
Hence, for given(,V), the principal contribution to the tun-

neling conductance originates from states withu|(E) We thank the Academy of Finland for support.
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