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Abstract: Fermat quotients with arbitrary k (=α, see below) are considered 

on an introductory level.  

While the ongoing research on fermat-quotients is concerned with the 

very difficult problem to find an appropriate primenumber p for α>1 and a 

given base b, the article here is primarily concerned with the much simpler 

problem of finding appropriate bases b if the primenumber p is given.  

In chapter 3 I do a first step into the more difficult problem of finding 

primes for given small bases. I begin generalizing the problem to compo-

site n instead of prime p, making it an "Euler-quotient" to get more heu-

ristical data for analysis. Some nice structural insight appears. 

Gottfried Helms  16.02.2021  version 2.4 

 

Contents: 

1. Intro and definitions ......................................................................................................................... 2 
1.1. Overview .................................................................................................................................................2 
1.2. Two operator-notations ..........................................................................................................................3 
1.3. Remarks on the cyclicityness...................................................................................................................4 

1.4. Some illustrative results for pα divides bp-1 – 1 with high α ..................................................................5 

2. Observations on cycles and high exponents of p .............................................................................. 6 
2.1. Initial observations ..................................................................................................................................6 
2.2. Initial example computation....................................................................................................................7 
2.3. Second example computation.................................................................................................................8 
2.4. The final formula for computation of the subsequent bk .......................................................................8 

2.5. Multiple bases for same power of p......................................................................................................10 

3. Searching primes p for given (small) base b (<p) ............................................................................ 11 
3.1. Intro.......................................................................................................................................................11 
3.2. Increase the database: using composites n instead of prime p.............................................................11 
3.3. Description of tables in appendix 5 .......................................................................................................12 
3.4. Systematizing some observations .........................................................................................................13 
3.5. Example : Wieferich primes and composites, base b=2 ........................................................................13 

4. References: ..................................................................................................................................... 15 

5. Appendices...................................................................................................................................... 16 
5.1. Appendix 1: table of lengthes λ and cyclicity of α for small bases and primes......................................16 
5.2. Appendix 2: Lists of digitstrings for some primes..................................................................................18 

5.3. Appendix 3: Proof that "from  {b – 1, p} =α>0   follows {bp – 1,p } = α + 1" ..........................................19 
5.4. Appendix 4: Pari/GP-code-snippets.......................................................................................................20 
5.5. Appendix 5: composites n instead of prime p providing high fq-degree...............................................21 
5.6. Appendix 6: tables with independent and dependent primefactors.....................................................23 
5.7. Table for example bases which are generalized Wieferich to modulus of prime p=11. ........................24 

 

 



Gottfried Helms Fermat quotients S. -2- 

Exponential Diophantine Problems  Mathematical Miniatures 

1. Intro and definitions 

1.1. Overview 

Here I present a method how to find bases b in the so-called "Fermat-quotient" 

  fp(b) = (bp-1 – 1)/pk   being integer for certain k>0 

or, differently written,  

  bp-1 ≡ 1 (mod pk)   // for k>0 

for a given, arbitrary (high) k>0 (as discussed – for instance – in [1],[3]) .  

If this congruence holds for a certain pair (b,p) with k>0, then I'll write that we have a 

"fq of k'th degree", and if k>1 I'll write "of high degree". Here we are concerned with 

cases where k>1. 

A historical reference is due to Niels Abel: 

 

This problem is also the environment for the "Wieferich-primes" , which occur as spe-

cial case of p using b=2, k=2 .  

There are not many known pairs (b,p), especially with small b where b<p. To get a 

broader view into the structure of the problem I'll also generalize it to that of compos-

ite n instead of prime p in  

  fn(b) = (bφ(n) – 1)/nk    

or written in (mod )-notation in 

  b φ(n) ≡ 1 (mod nk)   // for k>1 

which is then connected with the Euler totient-function. With L. Skula (see [Skula]) I 

call this "generalized Fermat-quotient" or simply "Euler-quotient". 

I discuss two views of things here. The first part is to discuss how to find appropriate 

bases b when a fixed p is given, and even a certain high k is asked for. This is a rela-

tively easy matter, but which I didn't find worked out in easily available online articles 

– so I'll enclose my fiddling with this here.  

This may also be a good eye-opener for the more difficult problem to find an appro-

priate p (or composite n when generalizing) when a base b is given, especially if b is 

small. At least I find some structure for the case of the "Euler-quotient" case which 

I've not come across in the articles available to me so far.  

All is done on the level of a hobby mathematician/number theorist, so don't expect 

really new or advanced results in this compilation. 
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1.2. Two operator-notations 

Before the mathematical considerations in chap 2 and 3, I'll introduce some useful 

definitions/notations. 

Define the notation1 [n:p] as 

(1.1)  [n: p] : = 1 if p divides n,  

 [n: p]  := 0 if p does not divide n 

Define the notation2 {n,p} as  

(1.2)  {n, p} := Σk=1..oo [n: pk] the exponent of the power to which p is a factor of n 

Example: 

 {x ∙pm, p} = m     // when gcd(x,p)=1 

Then the above problem can be written as 

(1.3)  find pairs of b,p such that 

  {bp–1 – 1, p} = k    for arbitrary k >1 

Note, that the exponent at b need not always be p-1 but may also be smaller; more 

precisely a divisor of p-1, according to a "length-function" λ (lambda) . 

1.2.1. The "length"-function λ  

This length-function λ is also the "order of the multiplicative cyclic subgroup mod p"3 

and may be described by an implicite definition: 

(1.4)  λb,1(p)  := k  where bk – 1 ≡0 (mod p) and k>0 is minimal 

Differently said: λ > 0 is the smallest exponent k when p occurs as factor of bk– 1 . 

Note, that λ is always a divisor of p-1, and that the expression (1.3) is compatible with 

Fermat's little theorem and Euler's extension. A consequence is that 

(1.5)  bλ – 1  ≡ 0  (mod p)  // by definition (1.4)  

 bλpk

 – 1  ≡ 0  (mod pk+1)     // by Euler's extension of Fermat's little theorem 

Using the above operator-notation: 

   {bλ – 1 ,p } ≥ 1 

 or {bλpk

 – 1, pk+1}  ≥ 1 

 or {bλpk

 – 1, p}  ≥ 1+k 

The value of this length-function has no known simple relation to p and b and must be 

found empirically. (see Appendix 3.3) Also I use the simple letter λ without parameters 

if they are obvious from context, although each pair of base b and prime p defines its 

own value for λ ! 

1.2.2. The "initial power"-function α  

Because at λ (precisely written: λb,1(p)) the value bλ – 1 = x∙pk may contain p to a pow-

er k>1, for instance 35-1=2∙112, it is useful to refer to this exponent by a function-

name as well. This introduces the α-("alpha")–function by the implicite definition: 

(1.6)  α b,1(p)  := {bλ – 1, p} = α  

 

 

                                                 
1
 This is the so-called "Iverson-bracket"  

2
 The function is what is known as "(p-adic-) valuation" and often written as νp(n)  

3
 Often denoted as "ordp(b)" , for instance in Pari/GP "znorder(Mod(b,p))" 
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Thus, α is the exponent at p, as factor in 

  bλ – 1 ≡ 0 (mod pα ) 

or – the power of p's first occurrence when the exponent at b grows from 1.  

Similarly to the λ–function I'll omit the parameters b and p at α if they are obvious 

from context; so instead of αb,1(p) I simply write α in most cases 

The value for α must also be found by direct search. 

Sidenote: Fermat's little theorem gives k+1 in the exponent of p in (1.5) only as a 

lower bound; the supplement by the α–function however allows to have a precise 

expression for that exponent. We have 

(1.7)  b(p-1)pk

 – 1 ≡ 0  (mod pk+1)  

by Euler/Fermat, where k+1 is a lower bound. Using the α–function we can say 

(1.8)  bλpk

 – 1 ≡ 0  (mod pk+α)  

which is an improvement, since k+α is the actual power of p, which is often of more 

interest. Furthermore we can state the exact relation in the currently proposed nota-

tion: 

(1.9)  { bλpk

 – 1 , p } = α + k   // Proof: see Appendix 3 

1.3. Remarks on the cyclicityness 

Varying exponent: From the Fermat/Euler-theorem it is known, that the occurence of 

exponent k in pk with fixed base but varing exponent n in the expression bn – 1 = x∙pk  

is cyclic, and has supercycles if we refer to k'th powers of p. According to the Fer-

mat/Eulertheorem for primefactors p for some m,c and x: 

 b m∙(p-1) – 1 = x ∙p 

 b m∙(p-1)∙pc

 – 1 = x ∙ p1+c  

where x may contain some more powers of p.  

One can refine then for primes p<>2 and varying n using the newly introduced nota-

tion: 

 {bn – 1, p} = [n: p-1] ∙ (α + {n,p})  

Consider the sequence of natural numbers: then the powers of p are just the same as 

in the sequence of natural numbers when written as 

 {b(p-1)∙n – 1, p} = α + {n,p}    

and if we call a "cycle" the occurrence of p in n and a "supercycle" (of order k) for the 

occurrence of pk in n , then all cycles and supercycles have a "natural" origin at α 

which is in most cases 1. Why can we call this "origin"? Because this is the unique 

number, where all cycles and supercycles meet one time. 

Varying base: This is different in the current discussion, where the exponent is fixed 

and the base is varying. As I show in chap 2, we have the same type of cyclicity, but all 

cycles and supercycles have "a different origin" – or we must say, they don't have an 

origin at all, because the offsets of their first occurrences (when n grows from 1) are 

not matching at a common index and are non-predictably related to all residues mod 

p.  
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1.4. Some illustrative results for pα divides bp-1 – 1 with high α  

Notes:   

∙ here I use bλ – 1 instead of bp-1 – 1 , (however sometimes λ=p-1 )  

∙ I use the notation bλ – 1 = x∙pα ; where gcd(x,p)=1 instead of the   

 usual (mod pk)-notation here, because it is an exact equation for α  

(1.10)          3243 – 1 = x∙ 73    or {3243 – 1 ,7 } = 3  

(1.11)   7408626 – 1  = x∙ 77    or {7408626 – 1 , 7} = 7  

 

(1.12)   17590908883812 – 112 = x∙ 1312  

 

(1.13)   57163408899771911 – 111 = x∙ 2311  

 

(1.14) b =  4224889596704250828327920681323525885423422525151934668362656 \ 

  5404363754705104377419988318310806044652742101150754590906889 \ 

  1170830410597973985409981849727159498907290190733704144470440 \ 

  4036891977239754652500794951539355221519064613575802650426875 \ 

  6338497009455353525052 

 b113 – 1 = x∙ 227113  

 

(1.15) b =  30846926358565474366588815022736512012844002055947545237497248 \ 

  09339582975913647747172718009227981703286336472733735786868766 \ 

  41116333308635579981499259406250338670447097474137235785030122 \ 

  83030188977619301207729256928448642627167427911233911577463783 \ 

  80803894164426401736021854771492609728365807713161035598381642 \ 

  15684923136020602990366513935980832357136685938502067398097013 \ 

  81127730382719677386436581349052903589192579125441471992399808 \ 

  31307834930083704970998074730259152868571529771291132868518975 \ 

  85742890021876438425099209080636582633848590695561950529153764 \ 

  37210705068090972302143710459484981269701445163553608379816 

 b256 – 1 = x∙ 257256  
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2. Observations on cycles and high exponents of p 

2.1. Initial observations 

If we approach  

 fp,α(b) =  (bλ – 1 )/pα    being integer for α>0 

or α = αb,1(p)  = {bp–1 –1, p}  

for a given p and α heuristically, then we can observe,  

 that the occurences of αb,1(p) follow a cyclic scheme,  

 and also that these cycles are overlaid by supercycles up to   

 arbitrary height providing arbitrary high α and  

 where the cycles-lengthes agree to the related powers of p. 

Here is a small part of a longer table (see Appendix 1), which lists α and λ for the 

primes p ϵ {2,3,5,7,11,13,17...} for some small bases b. The entries are "α_λ"  where, if 

α =1 it is omitted and only "λ" is documented. So we see, for instance in the column of 

prime p=11 and row for 3n – 1 the entry "2_5", which means 35 – 1 ≡ 0 (mod 112)  

 

See the periodicity at prime p=3, marked by the red and by the green arrows. Don't 

mind the coloring-scheme for the other entries here, I'll discuss this in the appendix. 

What the table exhibits by eyeball inspection is cyclicitiness of the lengthes λ for a 

fixed p over increasing bases b (with cycle-length p) and also of the α -values with 

cycle-lengthes of according powers of p.  

Indeed, both can easily be verified by representation of base b in terms of a polynomi-

al in p (or even more systematic, in "p-adic"-representation of b and using the "Teich-

müller"-character, see below) 

(2.1)  b = d0 + d1 p + d2 p
2 +… + dk p

k   

 

  2  3  5  7  11  13 17 

              

1^n-1:  1  1  1  1  1  1 1 

2^n-1:  .  2  4  3  10  12 8 

3^n-1:  1  .  4  6  2_5  3 16 

4^n-1:  .  1  2  3  5  6 4 

5^n-1:  1  2  .  6  5  4 16 

6^n-1:  .  .  1  2  10  12 16 

7^n-1:  1  1  2_4  .  10  12 16 

8^n-1:  .  2_2  4  1  10  4 8 

9^n-1:  1  .  2  3  2_5  3 8 

10^n-1:  .  2_1  .  6  2  6 16 

11^n-1:  1  2  1  3  .  12 16 

12^n-1:  .  .  4  6  1  2 16 

13^n-1:  1  1  4  2  10  . 4 

14^n-1:  .  2  2  .  5  1 16 

15^n-1:  1  .  .  1  5  12 8 

16^n-1:  .  1  1  3  5  3 2 

17^n-1:  1  2_2  4  6  10  6 . 

18^n-1:  .  .  2_4  3_3  10  4 1 

19^n-1:  1  2_1  2  3_6  10  2_12 8 
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where the dk are digits 0 ≤ dk < p and by the analysis of the binomial-expansion of its 

powers. 

As a consequence, this cycling allows to compute nontrivial bases b which provide 

fermat-quotients with arbitrary high powers of p. 

2.2. Initial example computation 

Due to the cyclicitiness this requires simply to express the base b in the digit-system to 

base p and to apply a small generation-rule. Below is an example for p=7. We begin 

with the residue d0 = 3, use this as first base b0 and apply the λ -information λ3,1(7)=6  

to form  

  b0 
λ3,1(7) – 1 ≡ 36 – 1  ≡ 0 (mod 71) 

 or: { b0 
λ3,1(7) – 1 , 7} = 1 

Then by a simple heuristic we find the subsequent bk providing fermat-quotients with 

higher powers of p: 

k(=α) bp-1 – 1 ≡ 0 mod(p α) "b" in digitsystem base p 

 1  36 - 1 ≡0 mod(71) 3 base 7 

 2  316 - 1 ≡0 mod(72) 4 3 base 7 

 3  3256 - 1 ≡0 mod(73) 6 4 3 base 7 

 4  13546 - 1 ≡0 mod(74) 3 6 4 3 base 7 

 5  13546 - 1 ≡0 mod(75) 0 3 6 4 3 base 7 

 6  349686 - 1 ≡0 mod(76) 2 0 3 6 4 3 base 7 

 7  7408626 - 1 ≡0 mod(77) 6 2 0 3 6 4 3 base 7 

 8  23879486 - 1 ≡0 mod(78) 2 6 2 0 3 6 4 3 base 7 

 9  254471526 - 1 ≡0 mod(79) 4 2 6 2 0 3 6 4 3 base 7 

10  1465079736 - 1 ≡0 mod(710) 3 4 2 6 2 0 3 6 4 3 base 7 

11  12764089696 - 1 ≡0 mod(711) 4 3 4 2 6 2 0 3 6 4 3 base 7 

12  91857159416 - 1 ≡0 mod(712) 4 4 3 4 2 6 2 0 3 6 4 3 base 7 

13  783921519466 - 1 ≡0 mod(713) 5 4 4 3 4 2 6 2 0 3 6 4 3 base 7 

14  2721701727606 - 1 ≡0 mod(714) 2 5 4 4 3 4 2 6 2 0 3 6 4 3 base 7 

15  9503932456096 - 1 ≡0 mod(715) 1 2 5 4 4 3 4 2 6 2 0 3 6 4 3 base 7 

16  104455162654956 - 1 ≡0 mod(716) 2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 3 base 7 

… … … … 

 

Note, that due to the composition beginning at d0<>0 the bk are automatically co-

prime to p and can have any further characteristic, especially that bases can them-

selves be prime. 

The yellow marker indicates, that at k=4 the α-function does a jump: the value jumps 

from α = 3 at k = 4 to α = 5 at k = 5 because the next digit d4 is zero. There are also 

cases, where these jumps are bigger; I observed cases of two and even three consecu-

tive zero-digits, and it would be interesting to discover the conditions of such occur-

ences and of jumps of higher degree. 
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2.3. Second example computation 

2.3.1. Heuristic, using translation table 

Another example: of direct computation of the number b using the moduli and base-

p-representation and a modulus/digit-translation-table: 

Start with a residue (mod p), say 3, set this as base b0. Get the length-info λb,1(p) , 

which is 6 here. So 36 ≡ 1 (mod 7).  Express y=36 in digits of numbersystem base 7:  

="2061"7.  The last digit is 1, so indeed the residue condition is y0≡1 (mod 71) . 

To get the next number b1, which gives then b1
6 = y1≡1 (mod 72) , the second digit in 

y0 (which is 6 here) must become zero in y1, so we must have y1="???01"base 7. This 

can be achieved, if we add 4∙7 to b0 (or simply prefix b with the digit 4): 

 b1 = 4∙71 + b0 = 31 . 

We verify, that y1 = 316 ≡ 1 (mod 72) and repeat the process ad libitum to get 

consecutive bk up to any finite k satisfying bk≡1 (mod 7k).  

                                                     1|" ->3  
"3"^6  =                                      "2 0 6|1 " ->4 
"4 3"^6   =                     "3 0 6 6 4 4 4 1 2|0 1 " ->6 
"6 4 3"^6   =     "5 0 3 1 3 4 0 2 2 1 5 6 3 0 1|0 0 1 " ->3 
"3 6 4 3"^6 ="...3 6 5 2 3 1 3 2 0 2 6 5 4 3 0|0 0 0 1 " ->0 
          "... 1 3 6 5 2 3 1 3 2 0 2 6 5 4 3|0 0 0 0 1 " ->2 
          "... 2 4 5 0 2 5 2 3 5 1 3 1 3 2|0 0 0 0 0 1 " ->6 
          "... 4 1 0 5 2 0 2 4 0 2 1 1 3|0 0 0 0 0 0 1 " ->2 
          "... 2 4 2 2 3 5 4 0 0 3 5 6|0 0 0 0 0 0 0 1 " ->4 
          "... 2 0 0 0 4 1 3 0 3 6 1|0 0 0 0 0 0 0 0 1 " ->3 
          "... 2 3 4 4 2 5 6 6 3 6|0 0 0 0 0 0 0 0 0 1 " ->4 
          "... 6 2 5 0 1 6 3 1 6|0 0 0 0 0 0 0 0 0 0 1 " ->4 
          "... 5 3 0 6 2 2 5 4|0 0 0 0 0 0 0 0 0 0 0 1 " ->5 
          "... 2 3 1 3 3 0 3|0 0 0 0 0 0 0 0 0 0 0 0 1 " ->2 
          "... 3 6 1 5 0 5|0 0 0 0 0 0 0 0 0 0 0 0 0 1 " ->1 
 …   …   

Moreover: there is a simple rule for the translation of the critical digit in yk into the 

prefix for the next bk+1: it seems to be just k∙b0 (mod p). See the translation table 

above (but I didn't crosscheck this for other initial residue-classes or other bases yet). 

The sequence of bk can be generated by  

(2.3.1) b0 = (any nonzero residue of n (mod p) )  

 bk+1 = dk+1∙p
k+1 + bk  

where the sequence of digits dk is apparently aperiodic and I assume that it must be 

determined empirically.  

(In my Pari/GP-code I did not yet use this translation table but the simple search for 

the appropriate next digit by trying the digits from 0 to p-1) 

2.4. The final formula for computation of the subsequent bk  

2.4.1.  ... by hand 

The digits dk and thus the values of bk can be determined without search by a simple 

recursive formula. 

The key idea is, that, if we have the identity with a certain k,  

(2.4.1)  {bk-1
m – 1, p} = k   gcd(b,p)=1 

it follows that, with a certain digit dk  

Translation table 

observe digit  
-> use digit for new 
base "b" 

 0|->0 
 1|->3 
 2|->6 
 3|->2 
 4|->5 
 5|->1 
 6|->4 
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(2.4.2)  {(bk-1+dk∙pk)m – 1, p} = k+1 

This can uniquely be solved using the binomial-expansion of the parenthese. And the 

initial condition (2.4.1) for k=1 can be solved using Fermat's little theorem . 

Proof: 

Given a fixed prime p, we select b0 (1<b0<p) and have to compute λ= λb0 ,1
(p), so we 

have the triple [p,b0, λ] as initialization of the recursion for k=0 . Now we expand 

(2.4.2) and evaluate the binomial-coefficients assuming that 

 bk = bk-1 + dkpk  

such that 

 bk
m – 1 = (bk-1+dk pk)m – 1 = xk p k+1 

(2.4.2) (bk-1+dk pk)m – 1 = xk p k+1  

 bk-1
m +  m bk-1

m-1 dkpk + (m:2) bk-1
m-2 (dkpk)2 +… + (dkpk)m-1 – 1= xk p k+1 

Here we can put the –1 to bk-1
m and we know, that this is xk-1pk : 

  xk-1pk +  m bk-1
m-1 dk pk + (m:2) bk-1

m-2 (dkpk)2 … + (dkpk)m-1 = xk p k+1 

We divide this by the common factor pk getting 

  xk-1 +  m bk-1
m-1 dk + (m:2) bk-1

m-2 dk
2 pk + …+  dk

m∙pkm-1  = xk p 

Looking at this modulo p all except the first two summands vanish: 

  xk-1 +  m bk-1
m-1 dk  ≡ 0  (mod p)  

We introduce one factor bk-1  

  bk-1 xk-1 +  m∙ bk-1
m dk  ≡ 0  (mod p)  

and because bk
m  ≡ 1 (mod p) for all k we have 

  bk-1 xk-1 +  m dk  ≡ 0  (mod p)  

which allows to determine dk from the values in the previous step. 

(2.4.3) dk ≡ – bk-1 xk-1 /m (mod p)  

The modular equation (2.4.3) can always be satisfied by a certain dk where also 0 ≤ dk< 

p and thus the assumption is proved by induction. 

 

2.4.2. Using p-adics and Teichmuller-function in Pari/GP 

(New in this version of the text) The bases can easily be found using standard functions 

in Pari/GP and its "p-adic" data-type: 

p = 7          \\ set some example primefactor 
b0 = 2         \\ set some example initial base 
lambda = znorder(Mod(b0,p))  \\ =3; the value of the lambda/"length" function 
 
a = b0 + O(p^5) \\ displays b0 in the p-adic representation up to p^4 
teichmuller (a) \\ displays the digits d0,d1,d2,d3,d4 by p-adic representation 
 
k=4  \\ try some example, such that alpha = k = 4 
b_k = lift (teichmuller( b0+ O(p^k))) \\ gives the base b_k in numerical format  
                                      \\ which allows {b_k^(p-1) - 1, p} = k = 4 
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2.5. Multiple bases for same power of p 

These digit-vectors transfer the concept of complex unit-roots to the ring of p-adics, 

as is mentioned in several articles on fermat-quotients. 

Because a complete sequence of bases for fermat-quotients with increasing powers of 

p can be coded in a single number (in p-numbersystem), and this sequence starts at a 

certain selected residue, we may express the complete set of bases as list of the digits 

of that numbers beginning at each nontrivial residue. For instance, for p=7 we have 

the full matrix of 7–1 rows corresponding to initial residues except the zero (the least 

significant digit is at the right): 

λ  d19 d18 d17 d16 d15 d14 d13 d12 d11 d10 d9 d8 d7 d6 d5 d4 d3 d2 d1 d0 
–  – – – – – – – – – – – – – – – – – – – 0 
1 … 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 
3 … 1 6 4 1 2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 2 
6 … 1 6 4 1 2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 3 
3 … 5 0 2 5 4 5 4 1 2 2 3 2 4 0 4 6 3 0 2 4 
6 … 5 0 2 5 4 5 4 1 2 2 3 2 4 0 4 6 3 0 2 5 
2 … 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 

In the row with d0 = 3 (see last column) with the yellow marked digits we find our just 

discussed number 

 "2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 3" base 7 = 10445516265495 base 10 = b16  

and b16
6 ≡ 10445516265495 6 ≡ 1 (mod 716)  

  where the exponent 6 is taken from the λ-information  

  (in the first column of table) for the initial base 3. 

To get another base, which provides a fermat-quotient with same power of p, we may 

select the digits from one of the rows at d0=1,2,3,4,5 or 6, where selections 1 and 6 

(=p-1) may be called trivial solutions.  

The nontrivial solutions are then the following p–3 solutions: 

b0 = 

Residue 

λ digits base 7 b16 fermat-quotient 

2 3 "2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 2"7 10445516265494 b16
3 ≡ 1 mod(716) 

3 6 "2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 3"7 10445516265495 b16
6 ≡ 1 mod(716) 

4 3 "4 5 4 1 2 2 3 2 4 0 4 6 3 0 2 4"7 22787414304106 b16
3 ≡ 1 mod(716) 

5 6 "4 5 4 1 2 2 3 2 4 0 4 6 3 0 2 5"7 22787414304107 b16
6 ≡ 1 mod(716) 

 

Completely analoguously this can be done for other primes p. In the appendix, (5.7) 

I've listed more  explicitely the first entries of the set of bases b, which have {b10 − 1 , 

11}>=2 . 
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3. Searching primes p for given (small) base b (<p) 

3.1. Intro 

Much more difficult than the search for a base b given a primenumber p is the oppo-

site question: find a prime p given a base b with fq-order α>1. For instance, for the 

base 2 in 

(3.1)  {2p–1 – 1 ,p } = α >1   

we know only two primenumbers p=1093 and p=3511 satisfying this description al-

though much computerpower was and is invested in the search. The tables, given in 

chap 2 and appendix 1 and 2, may provide an idea about the configuration of the 

problem, but such tables provide too little data to follow a promising path for any rule 

underlying the fq-order problem. 

If we look at table 5.1 in Appendix 1 and count the number of α>1 per cycle in the 

column of one prime, we notice, that for an interval of bases of length p2 we have p–1 

occurences of an high α. So we may say, that for any entry in a column in table 5.1 the 

likelihood to have an high α is (p-1)/p2 or 1/p(1-1/p) . 

The likelihood for a base to have an high alpha (α>1) in the interval of primes from 

p=2 to p=pk is then some accumulation of these values. Surely, this assumes no fur-

ther knowledge about the structure of the problem and the modular requirements of 

the involved numbers. But this simple argument would suggest, that the number of 

high alphas (α) for a given base is infinite, perhaps with some exceptions, because the 

sum of reciprocal primes is infinite. 

In this view it is surprising, that all effort did not lead to another wieferich prime after 

G. Beeger had found p=3511 already in 1922 although primes up to p~1016 were 

checked by various authors (see [Keller98], [Keller05], [Fischer] for listings of current 

(year 2008) research results). 

3.2. Increase the database: using composites n instead of prime p  

Approaching the question from an amateurish view the first problem is the small base 

of data. For every small base we have just a handful of occurences of high α's, if at all, 

for b=2 we have only two. So it seems meaningful to extend the problem from primes 

p to general integers n and reformulate for a given base b: 

(3.1)  {bφ(n) – 1, n} >1  

where φ(n) is the Euler-totient-function (or "phi"-function) 4. 

This shows indeed some structure, however still not really clear. But we find, that 

there is a certain initial regularity and frequency of high α's and that with increasing n 

that occurences seem to fade out. 

For instance, for the base b=3 we find this way the numbers in the interval 

1<n<50000: 

 n = [11, 22, 44, 55, 110, 220, 440, 880]  

providing αn>1 in {bφ(n) – 1 ,n } = αn > 1 . These are all multiples of 11:  

 n = 11∙[ 1∙(1,2,4),  5∙(1,2,4,8,16)) ] 

and the values of the φ –function are 

                                                 
4
 This approach was also described and investigated by [Skula] 
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 φ (n)  = [10, 10, 20, 40, 40, 80, 160, 320]  

  = 10∙[1, 1, 2, 4, 4, 8, 16, 32] 

For base b=2 we get for the same search-interval for n  

 n  = [1093, 3279, 7651, 14209, 22953, 42627, 3511, 10533, 17555, 31599, 45643] 

  =[ 1093∙[1, 3, 7, 13, 3∙7, 3∙13,??], 

       3511∙[1, 3, 5, 32, 13,??]] 

which have the φ–values: 

 φ(n)  = [1092∙[1, 2,     6, 12, 12, 24,??], 

      3510∙[1, 2, 4, 6, 12] ] 

This is a bit better than to see only two values, but still way too few values to see any 

promising hint.  

Interestingly there are some bases which seem to give very few high α's, and other 

bases giving extremely many; for instance b=19 gives a lot of high α; see a full table in 

appendix 5 where n was checked up to n=2..50000 . 

3.3. Description of tables in appendix 5 

Here is the description how to read the tables. 

Table for {19ϕ(n) – 1 ,n} >1  // gcd(19,n)=1   

Base b=19, not only primes p but also composites n were tested for high fermat-exponent.  

  allowed primefactors 2 with nodd prime-factorization  of nodd 

n
odd

 =(primefactors) ∙20 ∙21 ∙22 ∙23 ∙24 ∙25   ∙3 ∙7 ∙13 ∙17 ∙43 ∙137 

3 3 ∙1 ∙2 ∙4      1      

7 7 ∙1 ∙2 ∙4       1     

13 13 ∙1 ∙2 ∙4 ∙8       1    

21 3.7 ∙1 ∙2 ∙4 ∙8     1 1     

39 3.13 ∙1 ∙2 ∙4 ∙8 ∙16    1  1    

43 43 ∙1 ∙2 ∙4          1  

 

We have data for {19φ(n) –1 , n }=αn; if we get αn>1 for some n, then this n is listed.  

We find in the column nodd, that n=3, n=7 , n=13, n=21, n=39, n=43 satisfy the descrip-

tion. Also nodd=3,7,13 and 43 are primes, thus restating known results (see [Fischer] for 

instance).  

But also some even multiples of nodd provide high α; this cases are listed in the col-

umns with the powers of 2. We have, that also n=3, n=3∙2=6 and n=3∙4=12 provide 

high α, but also n=39, n=78(=39∙2), n=156 (=39∙4), n= 312 (=39∙8) and n=624 (=39∙16) .  

The primefactor-decomposition of nodd is in the second column in a string-format and 

in the righthand columns in separated format. 

Two animating observations: 

1)  the primes in the primefactor-decomposition seem to have some relation to the 

base, and  

2)  although we increase n up to 50000 the sequence of even multiples of the primes 

and odd composites fades out already at low powers of their primefactors 2. On 

the other hand we see, that while small primefactor may fade out with some 

bases high primefactors occur later if n is increased. 
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3.4. Systematizing some observations 

What we empirically see is, that if an n contains a power of 2, such that n=x∙2m , then 

all n ∈ x ∙[ 20,21,22,…2m] are in the list too. Similarly this seems to be the case for at 

least some other primefactors.  

Assume n as a power of a prime, say n=pm . Assume then that we have a base b pro-

viding 

(3.4.1)  b φ(pm) – 1 = x1 (p
m )2 = x1 p

2m 

Then we look at the same relation with a reduced m: 

 b φ(pm-1) – 1 = x2 (p
m-1 )2= x2 p

2m-2  

But we know also, that if 

 bφ(p) p
m

 – 1 = x1 p
α   with α>0 then   b φ(p)ppm

 – 1 = x2 p
α+1 

If we plug this into the above formula we get 

 b φ(p)pm-1

 – 1 = x1 p
2m   

 b φ(p)pm-2

 – 1 = x2 p
2m-1 = x2 p

2m-2 ∙p 

So we can say:  

(3.4.2) given n = pm   

 if  {bφ(n)    – 1, n2}   = α    > 0 

 then {bφ(n/p) – 1, (n/p)2}  = α+1  

  {bφ(n/p2) – 1, (n/p2)2}  = α+2  

  … 

  {bφ(p) – 1, p2}   = α+m-1  

Verbally, this effect is:  

 For a given base b if we find some nm=pm dividing bφ(nm)−1 by its square,  

 then all n1, n2, … , nm are in the table. 

This explains the effect for cases, where n is a perfect power of a prime. For other 

composite n this relation is trickier since the exponent at b "mangles" factors of nm 

and of φ(nm) in a complicated way.  

3.5. Example : Wieferich primes and composites, base b=2 

To look at it in an example where the situation is not too complicated, I give the re-

sults for base b=2 and all composites n satisfying 

 {bφ(n) – 1, n2} = αn > 0 

based on the wieferich-primes p1=1093, p2=3511 and the primefactors of their φ()-

values. 

Here only p1 and p2 occur as single primefactors while the primefactors of their φ()-

values occur only in conjunction with p1 or p2. For this reason a distinction between 

"independent~" and "dependent primes" seems to be meaningful.  

Moreover, it seems interesting that p1 and p2 can occur also jointly. 



Gottfried Helms Fermat quotients S. -14- 

Exponential Diophantine Problems  Mathematical Miniatures 

Base b=2; independent primes: 1093, 3511, dependent primes 13,7,5,3 (are the 

primefactors of φ(1093) and φ(3511).  

(3.5.1) φ(1093)  = 13   ∙ 7       ∙ 3  ∙ 22   

 φ(13)      =                  3  ∙ 22   
 φ(7)      =                  3  ∙ 2   
 φ(3)      =                       2   
 

 φ(3511)  = 13        ∙ 5  ∙ 33 ∙ 2   

 φ(13)      =                  3  ∙ 22   

 φ(5)      =                       22   
 φ(3)      =                       2   

We have αn>0 for some composites n, according to the following primefactor-

decompositions. For brevity I collected consecutive entries, for instance in the first 

row it means we have n = 10931 ∙ 30  and n=10931∙31 as valid composites, such that 

2φ(n) –1 ≡ 0 (mod n) and the last row means, we have all  

 n = 35111 ∙10931 ∙ 132 ∙7 ∙ 50 ∙ 3k  for k=0,1,2,3,4,5,6  

and n = 35111 ∙10931 ∙ 132 ∙7 ∙ 51 ∙ 3k for the same range of k  

Table: Compositions for n, such that {2φ(n) – 1 ,n }>1 . Only displayed primefactors 

were checked. 

3511 1093 13 7 5 3 

 1 0 0  0..1 

 1 0 1  0..2 

 1 1 0  0..2 

 1 1 1  0..3 

1  0  0..1 0..3 

1  1  0..1 0..4 

1 1 0 0 0..1 0..4 

1 1 1 0 0..1 0..5 

1 1 2 0 0..1 0..5 

1 1 0 1 0..1 0..5 

1 1 1 1 0..1 0..6 

1 1 2 1 0..1 0..6 

See more tables in appendix 6 

Possibly we find another Wieferich prime if we search for one, which has 1093 as fac-

tor in its Euler-phi-function… 

 

 

 

Gottfried Helms, 2'2021 (3'2017, 3'2012, 8'2009) 
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5. Appendices 

5.1. Appendix 1: table of lengthes λ and cyclicity of α for small bases and primes 

Lists of α and λ for the primes 2..47 in bn-1 (mod p) for some small b. The entries are 

"α_λ"  (if α =1 only "λ" is documented). So we see, for instance in the column of prime 

p=11 and row 3n-1 the entry 2_5, which means 35 – 1 ≡ 0 (mod 112) . The boxes focus 

the cyclicitiness in cyclelentghes of p and p2; in a pair of soft and strong color (for in-

stance at p=5, 7n-1 and 18n-1) the bases sum up to p. 

  2  3  5  7  11  13 17 19 23 29 31 37 41 43 47 … 1093 

                        

1^n-1:  ?  1  1  1  1  1 1 1 1 1 1 1 1 1 1  1 

2^n-1:  .  2  4  3  10  12 8 18 11 28 5 36 20 14 23  2_364 

3^n-1:  1  .  4  6  2_5  3 16 18 11 28 30 18 8 42 23   

4^n-1:  .  1  2  3  5  6 4 9 11 14 5 18 10 7 23   

5^n-1:  2_1  2  .  6  5  4 16 9 22 14 3 36 20 42 46   

6^n-1:  .  .  1  2  10  12 16 9 11 14 6 4 40 3 23   

7^n-1:  1  1  2_4  .  10  12 16 3 22 7 15 9 40 6 23   

8^n-1:  .  2_2  4  1  10  4 8 6 11 28 5 12 20 14 23   

9^n-1:  3_1  .  2  3  2_5  3 8 9 11 14 15 9 4 21 23   

10^n-1:  .  2_1  .  6  2  6 16 18 22 28 15 3 5 21 46   

11^n-1:  1  2  1  3  .  12 16 3 22 28 30 6 40 7 46   

12^n-1:  .  .  4  6  1  2 16 6 11 4 30 9 40 42 23   

13^n-1:  2_1  1  4  2  10  . 4 18 11 14 30 36 40 21 46   

14^n-1:  .  2  2  .  5  1 16 18 22 2_28 15 12 8 21 23   

15^n-1:  1  .  .  1  5  12 8 18 22 28 10 36 40 21 46   

16^n-1:  .  1  1  3  5  3 2 9 11 7 5 9 5 7 23   

17^n-1:  4_1  2_2  4  6  10  6 . 9 22 4 30 36 40 21 23   

18^n-1:  .  .  2_4  3_3  10  4 1 2 11 28 15 2_36 5 42 23   

19^n-1:  1  2_1  2  3_6  10  2_12 8 . 22 28 15 36 40 2_42 46   

20^n-1:  .  2  .  2  5  12 16 1 22 7 15 36 20 42 46   

21^n-1:  2_1  .  1  .  2  4 4 18 22 28 30 18 20 7 23   

22^n-1:  .  1  4  1  .  2_3 16 18 2 14 30 36 40 14 46   

23^n-1:  1  2  4  3  1  2_6 16 9 . 7 10 12 10 21 46   

24^n-1:  .  .  2_2  6  10  12 16 9 1 7 30 36 40 21 23   

25^n-1:  3_1  1  .  3  5  2 8 9 11 7 3 18 10 21 23   

26^n-1:  .  3_2  2_1  6  5  . 8 3 11 28 6 3 40 42 46   

27^n-1:  1  .  4  2  2_5  1 16 6 11 28 10 6 8 14 23   

28^n-1:  .  3_1  4  .  10  12 16 2_9 2_22 2 15 18 40 42 23   

29^n-1:  2_1  2  2  1  10  3 16 18 11 . 10 12 40 42 46   

30^n-1:  .  .  .  2_3  10  6 4 3 22 1 2 18 40 42 46   

31^n-1:  1  1  1  2_6  5  4 16 6 11 28 . 4 10 21 46   

32^n-1:  .  2  2_4  3  2  12 8 18 11 28 1 36 4 14 23   

33^n-1:  5_1  .  4  6  .  12 2 18 22 14 5 9 20 42 46   

34^n-1:  .  1  2  2  1  4 . 18 22 14 30 9 40 42 23   

35^n-1:  1  2_2  .  .  10  3 1 9 11 14 5 36 40 7 46   

36^n-1:  .  .  1  1  5  6 8 9 11 7 3 2 20 3 23   

37^n-1:  2_1  2_1  4  3  5  12 16 2 22 28 6 . 5 6 23   

38^n-1:  .  2  4  6  5  2 2_4 . 22 14 15 1 8 21 46   

39^n-1:  1  .  2  3  10  . 16 1 11 28 5 36 20 14 46   

40^n-1:  .  1  .  6  2_10  1 2_16 18 22 28 15 18 2 21 46   

41^n-1:  3_1  2  1  2  10  12 16 18 11 2_4 15 18 . 7 46   

42^n-1:  .  .  4  .  5  3 8 9 3_22 14 30 36 1 2 23   

43^n-1:  1  1  2_4  1  2  6 8 9 22 28 30 4 20 . 46   

44^n-1:  .  2_2  2  3  .  4 16 9 22 28 30 9 8 1 46   

45^n-1:  2_1  .  .  6  1  12 16 3 2 7 15 12 10 14 46   

46^n-1:  .  2_1  1  3  10  12 16 6 . 4 10 9 20 42 2   

47^n-1:  1  2  4  6  5  4 4 9 1 28 5 3 40 7 .   

48^n-1:  .  .  4  2_2  5  3 16 18 11 28 30 6 40 42 1   

49^n-1:  4_1  1  2_2  .  5  6 8 3 11 7 15 9 20 3 23   

50^n-1:  .  2  .  2_1  10  12 2 6 11 28 15 36 4 6 23   

51^n-1:  1  .  2_1  3  10  2 . 18 22 14 15 12 2_5 14 23   

52^n-1:  .  1  4  6  10  . 1 18 11 7 30 36 40 21 46   

53^n-1:  2_1  3_2  4  3  5  1 8 18 22 7 30 9 40 21 2_23   

54^n-1:  .  .  2  6  2  12 16 2_9 11 7 10 36 40 7 23   
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55^n-1:  1  3_1  .  2  .  3 4 9 11 28 30 36 8 42 23   

56^n-1:  .  2  1  .  1  6 16 2 22 28 3 36 40 21 23   

57^n-1:  3_1  .  3_4  1  10  4 16 . 22 2 6 36 5 21 46   

58^n-1:  .  1  4  3  5  12 16 1 11 . 10 18 40 21 46   

59^n-1:  1  2  2  6  5  12 8 18 11 1 15 36 5 7 23   

60^n-1:  .  .  .  3  5  4 8 18 22 2_28 10 12 40 21 46   

61^n-1:  2_1  1  1  6  10  3 16 9 22 28 2 36 20 42 23   

62^n-1:  .  2_2  4  2  10  6 16 2_9 11 14 . 18 20 42 46   

63^n-1:  1  .  4  .  10  12 16 9 2_22 2_14 1 3 40 42 23   

64^n-1:  .  2_1  2  1  5  2 4 3 11 14 5 6 10 7 23   

65^n-1:  6_1  2  .  3  2  . 2_16 6 22 7 30 18 40 14 23   

66^n-1:  .  .  1  6  .  1 8 9 22 28 5 12 10 21 46   

67^n-1:  1  1  4  2_3  1  12 2 18 22 14 3 18 40 21 2_46   

68^n-1:  .  2  3_4  2_6  10  3 . 2_3 2 28 6 4 8 21 23   

69^n-1:  2_1  .  2  2  5  6 1 2_6 . 28 15 36 40 42 46   

70^n-1:  .  1  .  .  5  2_4 8 18 1 4 5 9 40 14 46   

71^n-1:  1  2_2  1  1  5  12 16 18 11 14 15 9 40 42 2_23   

72^n-1:  .  .  4  3  10  12 4 18 11 28 15 36 10 42 23   

73^n-1:  3_1  2_1  4  6  10  4 16 9 11 28 30 2 4 42 46   

74^n-1:  .  2  2_2  3  10  3 16 9 22 7 30 . 20 21 23   

75^n-1:  1  .  .  6  5  6 2_16 2 11 4 30 1 40 2_14 23   

76^n-1:  .  1  2_1  2  2  12 8 . 22 28 15 2_36 40 42 46   

77^n-1:  2_1  2  4  .  .  2 8 1 11 28 10 18 20 42 46   

78^n-1:  .  .  4  1  1  . 16 18 11 7 5 18 5 2_7 46   

79^n-1:  1  1  2  2_3  10  1 16 18 22 28 30 36 8 3 23   

80^n-1:  .  4_2  .  2_6  5  2_12 16 9 22 14 15 4 20 6 46   

81^n-1:  4_1  .  1  3  2_5  3 4 9 11 7 15 9 2 21 23   

82^n-1:  .  4_1  2_4  6  5  6 16 9 11 7 15 12 . 14 46   

83^n-1:  1  2  4  2  10  4 8 3 22 7 30 9 1 21 23   

84^n-1:  .  .  2  .  10  12 2 6 22 28 30 3 20 7 23   

85^n-1:  2_1  1  .  1  10  12 . 9 11 28 10 6 8 2 46   

86^n-1:  .  2  1  3  5  4 1 18 22 2 30 9 10 . 46   

87^n-1:  1  .  4  6  2  3 8 3 11 . 3 36 20 1 46   

88^n-1:  .  1  4  3  .  6 16 6 22 1 6 12 40 14 46   

89^n-1:  3_1  2_2  2  6  1  2_12 4 18 22 28 10 36 40 42 23   

90^n-1:  .  .  .  2  10  2 16 18 22 28 15 9 20 7 46   

91^n-1:  1  1  1  .  5  . 16 18 2 14 10 36 4 42 46   

92^n-1:  .  2  4  1  5  1 16 9 . 14 2 36 5 3 46   

93^n-1:  2_1  .  2_4  3  5  12 8 9 1 14 . 36 40 6 2   

94^n-1:  .  1  2  6  2_10  3 8 2 11 7 1 36 40 14 .   

95^n-1:  1  2  .  3  10  6 16 . 11 28 5 18 40 21 1   

96^n-1:  .  .  1  6  10  4 16 1 11 14 30 36 8 21 23   

97^n-1:  5_1  1  4  2_2  5  12 16 18 22 28 5 12 40 7 23   

98^n-1:  .  2_2  4  .  2  12 4 18 11 28 3 36 5 42 23   

99^n-1:  1  .  2_2  1  .  2_4 16 2_9 22 4 6 18 40 21 46   

100^n-

1: 

 .  1  .  3  1  3 8 9 11 14 15 3 5 21 23   

 

The primefactor p=1093 is shown for base b=2 at 2n-1 the value 2 in 2_364 indicating 

it as a Wieferich-prime.  

Moreover, since at base b0=2 we have b0
364 ≡b0

1093-1 ≡ 1 (mod 10932 ) we expect the 

same at base b1=10932 – 2 = 1194647 : and expect 

  b1
1093-1 ≡ 1 (mod 10932 )  

 11946471092 – 1 ≡ 1 (mod 10932)  

  which a software like Pari/GP can easily show to be true. 

 



Gottfried Helms Fermat quotients S. -18- 

Exponential Diophantine Problems  Mathematical Miniatures 

5.2. Appendix 2: Lists of digitstrings for some primes 

All tables are to be read with least significant digit from the right; the digits are of the 

numbersystem of base p. 

The base bp,α in bp,k
λ – 1 ≡ 0 (mod pα) has to be composed as translation of the con-

catenated digits bp,α = convert("dk-1 dk-2 … d1 d0") up to a certain highest index k=α.  

For p=3, using the first table, we get thus subsequently: 

 p=3   Initial residueclass = b3,1 =2  �    λ=2 

 b3,1 = 2base 3 =2   b3,1 
λ – 1 = 22 – 1 = 1∙31   

 b3,2 = 22 base 3 =8   b3,2 
λ – 1 = 82 – 1 = 7∙32   

 b3,3 = 222 base 3 =26   b3,2 
λ – 1 = 262 – 1 = 25∙33   

 …    ... 

For p=5 we get thus subsequently: 

 p=5 Initial residueclass = b3,1 =2   �  λ=4 

 b5,1 = 2base 5 =2   b5,1 
λ – 1 = 24 – 1 = 3∙51   

 b5,2 = 12 base 5 =7   b5,2 
λ – 1 = 74 – 1 = 96∙52   

 b5,3 = 212 base 5 =57   b5,3 
λ – 1 = 574 – 1 = 84448∙53   

 …    ... 

Table 5.2.1: Initial residueclass for all primes p is bp,1 = d0 = 2  

P λ … d16 d15 d14 d13 d12 d11 d10 d9 d8 d7 d6 d5 d4 d3 d2 d1 d0 
3 2 … 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 
5 4 … 2 3 1 4 0 2 2 3 0 3 2 4 3 1 2 1 2 
7 3 … 1 2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 2 
11 10 … 5 5 6 6 4 10 10 8 7 9 3 2 1 9 4 10 2 
13 12 … 5 0 7 10 11 0 1 3 7 8 5 2 4 2 2 6 2 
17 8 … 16 4 16 6 10 8 10 7 10 5 1 14 9 12 3 9 2 
19 18 … 11 8 13 12 11 18 16 16 18 14 10 13 14 4 14 6 2 
23 11 … 19 10 13 17 22 10 13 18 8 12 9 2 15 10 21 11 2 
29 28 … 3 24 24 7 22 6 1 24 13 11 5 16 19 28 26 2 2 
31 5 … 17 2 8 24 15 2 26 13 7 4 14 19 16 26 11 12 2 
37 36 … 11 26 9 17 20 6 8 13 5 10 26 17 23 17 32 2 2 
41 20 … 36 23 19 26 8 2 38 3 17 38 40 8 29 20 38 5 2 
43 14 … 40 41 35 16 36 28 41 7 18 15 4 0 34 42 18 7 2 
47 23 … 23 23 19 43 32 33 27 45 15 41 6 40 6 20 30 41 2 
53 52 … 5 36 35 37 16 38 15 51 34 36 8 0 7 25 27 19 2 
59 58 … 37 24 26 51 19 39 51 55 41 29 43 13 19 39 36 16 2 
61 60 … 19 42 8 27 1 36 23 20 6 55 37 12 7 56 40 11 2 
67 66 … 17 41 8 10 10 6 22 11 11 11 25 56 54 66 9 20 2 
71 35 … 9 53 16 61 57 40 65 53 22 44 42 69 47 67 17 4 2 
73 9 … 49 48 72 27 53 38 15 34 64 5 11 11 2 63 10 39 2 
79 39 … 49 66 9 37 35 50 12 8 44 49 30 64 76 75 67 38 2 
… … …                  

1093 364 … 1067 250 66 960 534 136 834 1027 581 395 1009 478 564 227 974 0 2 
… … … …                 

 

For the prime p=1093 we see a zero at d1 (marked green), which means, that 2λ2,1(1093) 

– 1 is not only divisible by p but also by p2, which makes p a wieferich prime. 

See a longer list 
p=3..1601 at http://go.helms-net.de/math/expdioph/fermatquotient_longlist.htm  (1.5 MB (!)) 
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Table 5.2.2: Initial residueclass for all primes p is bp,1 = d0 =3  

P λ … d19 d18 d17 d16 d15 d14 d13 d12 d11 d10 d9 d8 d7 d6 d5 d4 d3 d2 d1 d0 
5 4 … 0 4 0 2 1 3 0 4 2 2 1 4 1 2 0 1 3 2 3 3 
7 6 … 1 6 4 1 2 1 2 5 4 4 3 4 2 6 2 0 3 6 4 3 
11 5 … 10 1 8 0 2 0 7 9 3 6 0 7 8 10 6 3 2 1 0 3 
13 3 … 9 12 10 10 4 6 10 2 5 1 8 8 4 4 2 7 9 6 11 3 
17 16 … 7 11 10 5 16 11 3 3 16 3 9 10 0 4 11 0 3 2 13 3 
19 18 … 15 3 5 2 17 8 4 3 2 6 6 18 1 15 18 16 8 7 16 3 
23 11 … 0 7 8 10 22 22 12 7 1 18 12 15 7 21 18 7 17 17 5 3 
29 28 … 26 22 28 3 26 12 16 2 1 28 23 6 10 27 15 3 0 27 16 3 
31 30 … 27 1 23 22 16 12 2 3 24 17 26 14 29 1 23 2 30 14 20 3 
37 18 … 6 35 27 28 36 0 34 31 3 7 13 30 21 17 15 12 18 5 17 3 
41 8 … 20 4 39 39 35 4 2 1 25 25 35 25 10 5 33 27 15 27 22 3 
43 42 … 26 26 13 5 16 37 41 33 7 5 6 14 30 16 31 32 8 4 6 3 
47 23 … 14 44 30 23 30 22 3 39 33 15 13 21 7 29 33 19 23 4 33 3 
53 52 … 10 44 18 46 31 23 33 39 46 41 10 11 36 37 31 40 27 50 16 3 
59 29 … 29 36 49 44 22 15 30 50 19 1 35 43 19 52 51 35 25 39 5 3 
61 10 … 47 27 36 43 21 22 33 9 56 6 15 58 46 5 26 36 35 32 39 3 
67 22 … 39 3 43 15 36 42 62 12 51 27 23 65 54 65 49 15 3 34 45 3 
71 35 … 70 1 6 39 50 42 48 50 52 28 14 33 42 5 52 63 40 16 25 3 
73 12 … 47 23 37 69 64 56 28 58 61 6 23 26 39 28 17 15 54 17 5 3 
79 78 … 4 2 55 27 43 12 68 69 19 76 50 23 67 55 47 55 3 35 4 3 
 

 

5.3. Appendix 3: Proof that "from  {b – 1, p} =α>0   follows {bp – 1,p } = α + 1" 

Proof that for an odd prime p from  {b – 1, p} = k>0   follows that  {bp – 1,p } = k + 1 

Given that, with an unknown x and gcd(x,p) = 1  

 b – 1 = x pk   k>0 

then it follows  

 b  = 1 + x pk   

 

 bp  =  (1 + x pk )p   

  = 1 + p xpk + p(p+1)/2 x2 p2k + p(p+1)(p+2)/3 x3 p3k + … + xp pkp   

 

 bp –1  =  p xpk + p(p+1)/2 x2 p2k + p(p+1)(p+2)/3 x3 p3k + … + xp pkp   

  =  pk+1( x + (p+1)/2 x2 pk + (p+1)(p+2)/3 x3 p2k + … + xp pk(p-1)-1 )  

  =  pk+1( x + pk ( (p+1)/2 x2 + (p+1)(p+2)/3 x3 pk + … + xp pk(p-2)-1 ))  

Here, since p is an odd prime, all summands in the innermost parenthese are integer 

and we have, with an integer y: 

 bp –1 =  pk+1( x + pk y)  

 { bp –1, p} = k+1 

which proves, that p occurs in bp – 1 to the  (k+1)'th power if it occurs in b – 1 to the 

k'th power. 

This can also be used for the general expression: 

 {bpk+1

 – 1, p} = {bpk

 – 1,p } + 1  if {b – 1, p} > 0 

 

  see also: http://www.mathlinks.ro/Forum/viewtopic.php?t=155890   
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5.4. Appendix 4: Pari/GP-code-snippets 

a) Function to determine the value for λb,1(p): 

LAMBDA(p,base) = znorder(Mod(base,p)) \\ this is the on-board solution 
\\ --- computing this explicitely 
{ LAMBDA(p,base) =local(tmp,rs,lam=p-1,testlam,fk,fk_p,fk_e); 
   if(isprime(p)==0,return(0)); 
   if(base^lam % p <> 1,return(0));   \\ LAMB = 0 means infinity; 
                                      \\ residue 1 does never occur 
   fk = factor(p-1); rs = rows(fk);   \\ primefactors of p-1 in fk 
   for(r=1,rs, 
         fk_p = fk[r,1];fk_e = fk[r,2];  \\ fk_p:value of primefactor 
                                         \\ fk_e:exponent of this primefactor 
         testlam=lam; 
         forstep(c=fk_e,1,-1,       \\ find smallest lam which still 
                                    \\ gives residue 1 
             testlam=testlam/fk_p; 
             if( base^testlam % p <> 1 ,break()); \\ if not residue=1 with  
                                                  \\ small testlam exit loop 
             lam=testlam;                         \\ testlam is usable 
             ); 
       ); 
   return(lam); } 

Comment: Instead of trying each exponent from 1 to p–1 the function tests just 

the divisors of p–1.  

It proceeds from assuming the maximum length testlam=p–1 and trying for each 

primefactor fk_p of p–1, whether one power after the other of fk_p can be taken 

out and the function btestlam – 1 still contains the primefactor p. 

 

b) Function to determine the value for α b,1(p): 

{ ALPHA(p,base) =local(lam,tmp); 
   if(!isprime(p),return(0)); if(gcd(p,base)>1,return(0)); 
   lam = LAMBDA(p,base);              if(lam==0, return(0)); 
   tmp=valuation(base^lam - 1, p);    if(tmp<0,  return(0)); 
   return(tmp); } 

 

c) Function to find a base b according to a given exponent k of p in the fermatquo-

tient. The result is given as array of digits in base p; you can return the integer base b 

instead. 

\\ -- the onboard-solution, returns the base b as number 
ferquot(p=5,d0=3,maxk=12) = lift(teichmuller(d0 + O(p^maxk)))  
 
\\ the explicite computation, returns the vector of "digits" 
{ferquot(p=5,d0=3,maxk=12) = local(b=d0,m,dig,x,dk); 
  dig=vector(1+maxk);                  \\ contains the final "digits" 
     if(! isprime(p), return(dig));    \\ error 
     if( gcd(p,b)>1 , return(dig));    \\ error 
 
  dig[1]=d0; 
  m=LAM(p,b);  
  for(k=1,maxk,  
       x = (b^m - 1)/p^k; 
       dk=(- b· x / m  ) % p; 
       dig[1+k]=dk; 
       b = b + dk·p^k; 
      ); 
  return(dig); } 
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5.5. Appendix 5: composites n instead of prime p providing high fq-degree 

(5.5.1) Table for {2ϕ(n)-1 ,n} = α >1  // gcd(2,n)=1   

Base b=2, not only primes p but also composites were tested for high fermat-exponent. In [Skula] it is 

stated, that these 104 moduli n with Euler-quotients>1 are the only ones below a lower bound given by  

any (yet unknown) Wieferich prime (p> 1e15 if it exists)  

n
odd

  ∙20  3 5 7 13 1093 3511 

1093 1093 1      1  

3279 3.1093 1  1    1  

7651 7.1093 1    1  1  

14209 13.1093 1     1 1  

22953 3.7.1093 1  1  1  1  

42627 3.13.1093 1  1   1 1  

3511 3511 1       1 

10533 3.3511 1  1     1 

17555 5.3511 1   1    1 

31599 3^2.3511 1  2     1 

45643 13.3511 1     1  1 

 

(5.5.2) Table for {3ϕ(n)-1 ,n} >1  // gcd(3,n)=1   

Base b=3, not only primes p but also composites were tested for high fermat-exponent 

n
odd

  ∙20 ∙21 ∙22 ∙23 ∙24 ∙25  5 11 1006003 

11 11 1 2 4 0 0      

55 5.11 1 2 4 8 16      

(note: in app 5.6 in the according table the prime p=1006003 is also included) 

 

(5.5.3) Table for {71ϕ(n)-1 ,n} >1  // gcd(71,n)=1   

Base b=71, not only primes p but also composites n0 were tested for high fermat-exponent 

n
odd

  ∙20 ∙21 ∙22 ∙23 ∙24 ∙25 2 3 5 11 23 47 331 

0 0              

3 3 1 2 4 8    1      

1 2  2     2       

47 47 1 2 4 8        1  

141 3.47 1 2 4 8 16   1    1  

331 331 1 2 4 8         1 

993 3.331 1 2 4 8 16   1     1 

1081 23.47 1 2 4 8 16      1 1  

1655 5.331 1 2 4 8 16    1    1 

2979 3^2.331 1 2 4 8 16   2     1 

3243 3.23.47 1 2 4 8    1   1 1  

3641 11.331 1 2 4 8      1   1 

4965 3.5.331 1 2 4 8    1 1    1 

10923 3.11.331 1 2 4     1  1   1 

11891 11.23.47 1 2 4       1 1 1  

14895 3^2.5.331 1 2      2 1    1 

15557 47.331 1 2          1 1 

18205 5.11.331 1 2       1 1   1 

32769 3^2.11.331 1       2  1   1 

35673 3.11.23.47 1       1  1 1 1  

46671 3.47.331 1       1    1 1 
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(5.5.4) Table for {19ϕ(n) – 1 ,n} >1 // gcd(19,n)=1   

Base b=19, not only primes p but also composites were tested for high fermat-exponent.  

n
odd

   ∙21 ∙22 ∙23 ∙24 ∙25   3 7 13 17 43 137 

3 3 1 2 4      1      

7 7 1 2 4       1     

13 13 1 2 4 8       1    

21 3.7 1 2 4 8     1 1     

39 3.13 1 2 4 8 16    1  1    

43 43 1 2 4          1  

49 7^2 1 2 4       2     

63 3^2.7 1 2 4 8     2 1     

91 7.13 1 2 4 8 16     1 1    

117 3^2.13 1 2 4 8 16    2  1    

129 3.43 1 2 4 8     1    1  

137 137 1 2 4 8 16         1 

147 3.7^2 1 2 4 8     1 2    1 

273 3.7.13 1 2 4 8 16 32   1 1 1    

301 7.43 1 2 4 8      1   1  

387 3^2.43 1 2 4 8     2    1  

411 3.137 1 2 4 8 16 32   1     1 

441 3^2.7^2 1 2 4 8     2 2     

559 13.43 1 2 4 8 16      1  1  

637 7^2.13 1 2 4 8 16     2 1    

819 3^2.7.13 1 2 4 8 16 32   2 1 1    

903 3.7.43 1 2 4 8 16    1 1   1  

959 7.137 1 2 4 8 16 32    1    1 

1677 3.13.43 1 2 4 8 16    1  1  1  

1781 13.137 1 2 4 8 16      1   1 

1911 3.7^2.13 1 2 4 8 16    1 2 1    

2107 7^2.43 1 2 4 8      2   1  

2329 17.137 1 2 4 8 16       1  1 

2457 3^3.7.13 1 2 4 8 16    3 1 1    

2709 3^2.7.43 1 2 4 8 16    2 1   1  

2877 3.7.137 1 2 4 8 16    1 1    1 

3913 7.13.43 1 2 4 8      1 1  1  

5031 3^2.13.43 1 2 4 8     2  1  1  

5343 3.13.137 1 2 4 8     1  1   1 

5733 3^2.7^2.13 1 2 4 8     2 2 1    

5891 43.137 1 2 4 8         1 1 

6321 3.7^2.43 1 2 4      1 2   1  

6713 7^2.137 1 2 4       2    1 

6987 3.17.137 1 2 4      1   1  1 

8127 3^3.7.43 1 2 4      3 1   1  

8631 3^2.7.137 1 2 4      2 1    1 

11739 3.7.13.43 1 2 4      1 1 1  1  

12467 7.13.137 1 2 4       1 1   1 

14749 7^3.43 1 2        3   1  

15093 3^3.13.43 1 2       3  1  1  

16029 3^2.13.137 1 2       2  1   1 

16303 7.17.137 1 2        1  1  1 

17199 3^3.7^2.13 1 2       3 2 1    

17673 3.43.137 1 2       1    1 1 

18963 3^2.7^2.43 1 2       2 2   1  

20139 3.7^2.137 1 2       1 2    1 

27391 7^2.13.43 1         2 1  1  

30277 13.17.137 1          1 1  1 

35217 3^2.7.13.43 1        2 1 1  1  

37401 3.7.13.137 1        1 1 1   1 

41237 7.43.137 1         1   1 1 

44247 3.7^3.43 1        1 3   1  

48909 3.7.17.137 1        1 1  1  1 
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5.6. Appendix 6: tables with independent and dependent primefactors 

The following tables display primefactor-compositions for n, such that {bφ(n) – 1 ,n } = 

α >1 . Only compositions of the displayed primefactors were checked. The search-limit 

for exponents at primefactors 2 and 3 was 12, at other primefactors 3 

Table 5.6.1: Base b=2, independent primes p1=1093, p2=3511  

Head row: primefactors, body-rows: exponents for primefactors or range of exponents 

3511 1093 13 7 5 3 

 1 0 0  0..1 

 1 0 1  0..2 

 1 1 0  0..2 

 1 1 1  0..3 

1  0  0..1 0..3 

1  1  0..1 0..4 

1 1 0 0 0..1 0..4 

1 1 1 0 0..1 0..5 

1 1 2 0 0..1 0..5 

1 1 0 1 0..1 0..5 

1 1 1 1 0..1 0..6 

1 1 2 1 0..1 0..6 

 

Table 5.6.2  Base b=3, independent primes p1=11, p2=1006003 

Head row: primefactors, body-rows: exponents for primefactors or range of exponents 

1006003 11 55889 499 83 41 7 5 2 

 1      0 0..2 

 1      1 0..4 

1  0 0 0 0 0 0 0..2 

1  1 0 0 0 0 0 0..6 

1  1 0 0 0 1 0 0..7 

1  1 1 0 0 0 0 0..7 

1  1 1 0 0 1 0 0..8 

1  1 1 1 0 0 0 0..8 

1  1 1 1 0 1 0 0..9 

1  1 1 1 1 0 0 0..11 

1  1 1 1 1 0 1 0..12 

1  1 1 1 1 1 0 0..12 

1  1 1 1 1 1 1 0..12 

1 1 0 0 0 0 0 0 0..3 

1 1 0 0 0 0 0 1 0..5 

1 1 1 0 0 0 0 0 0..7 

1 1 1 0 0 0 0 1 0..9 

1 1 1 0 0 0 1 0 0..8 

1 1 1 0 0 0 1 1 0..10 

1 1 1 1 0 0 0 0 0..8 

1 1 1 1 0 0 0 1 0..10 

1 1 1 1 0 0 1 0 0..9 

1 1 1 1 0 0 1 1 0..11 

1 1 1 1 1 0 0 0 0..9 

1 1 1 1 1 0 0 1 0..11 

1 1 1 1 1 0 1 0 0..10 

1 1 1 1 1 0 1 1 0..12 

1 1 1 1 1 1 0 0..2 0..12 

1 1 1 1 1 1 1 0..2 0..12 
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Table 5.6.3  Base b=7,  independent primes p1=5, p2=491531  

Head row: primefactors, body-rows: exponents for primefactors or range of exponents 

491531 5 199 19 11 3 2 

0 1 0 0 0 0 0..4 

1 0 0 0 0 0 0..3 

1 1..2 0 0 0 0 0..5 

1 0 0 1 0 0 0..4 

1 0 0 1 0 1..2 0..5 

1 1..2 0 1 0 0 0..6 

1 1..2 0 1 0 1..2 0..7 

1 0 1 0 0 0 0..4 

1 0 1 0 0 1..2 0..5 

1 1..2 1 0 0 0 0..6 

1 1..2 1 0 0 1..2 0..7 

1 0 1 0 1 0 0..5 

1 0 1 0 1 1..2 0..6 

1 1..3 1 0 1 0 0..7 

1 1..3 1 0 1 1..2 0..8 

1 0 1 1 0 0 0..5 

1 0 1 1 0 1..4 0..6 

1 1..2 1 1 0 0 0..7 

1 1..2 1 1 0 1..4 0..8 

1 0 1 1 1 0 0..6 

1 0 1 1 1 1..4 0..7 

1 1..3 1 1 1 0 0..8 

1 1..3 1 1 1 1..4 0..9 

 

Table 5.6.4  Base b=11,  independent primes p1=71 

Head row: primefactors, body-rows: exponents for primefactors or range of exponents 

71 7 5 3 2 

1 0 0 0 0..2 

1 0 1 0 0..4 

1 1 0 0 0..3 

1 1 0 1 0..4 

1 1 1 0 0..5 

1 1 1 1 0..6 

 

5.7. Table for example bases which are generalized Wieferich to modulus of prime 

p=11.  

Example: prime p=11. Show bases b such that {b5-1 , 11}>1. There are 10 basic resi-

dues rj (mod 11²) . Each of those is the beginning of a sequence of bases with distance 

11²,11³,... so we might write bj,k = rj+ k∙11² , for instance b1,k = 3+k*11²  or  bk =27+ 

5∙11²+1∙11³+k∙114 ;{bk
5-1 , 11} >= 4 . 

For the base b3,0 = 27 we have the Teichmuller-character  5 + 2∙11 + 5∙112 + 1∙113 + 

7∙114 + 8∙115 + 5∙116 + 10∙117 + 3∙118 + 10∙119 + 8∙1110 + O(11^12) from which we can 

determine all bases bk,e with a given exponent e such that  {b5-1, 11} = e = 2..10  ; for 

instance with all bases bk,2 = 5+2∙11+k∙112 we have {bk,2
5 − 1,11}>=2  

Prime-bases: because the observed cyclicityness means linear progression, we'll have 

infinitely many prime bases, and moreover: the same to any exponent/Fermat quo-

tient! 
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Table 5.7.1: Bases b for high fq for prime p=11 at {b10-1,11}=α . 

Colored field: high exponent α >2 

base α base α base α base α base α base α base α base α base α base α 

1 oo 3 2 9 2 27 2 40 2 81 2 94 2 112 2 118 2 120 2 

122 2 124 3 130 2 148 2 161 3 202 2 215 2 233 2 239 2 241 2 

243 2 245 2 251 2 269 2 282 2 323 2 336 2 354 2 360 2 362 2 

364 2 366 2 372 2 390 2 403 2 444 2 457 2 475 2 481 2 483 2 

485 2 487 2 493 2 511 2 524 2 565 2 578 2 596 3 602 2 604 2 

606 2 608 2 614 2 632 3 645 2 686 2 699 3 717 2 723 2 725 2 

727 2 729 2 735 3 753 2 766 2 807 2 820 2 838 2 844 2 846 2 

848 2 850 2 856 2 874 2 887 2 928 2 941 2 959 2 965 2 967 2 

969 2 971 2 977 2 995 2 1008 2 1049 2 1062 2 1080 2 1086 2 1088 2 

1090 2 1092 2 1098 2 1116 2 1129 2 1170 3 1183 2 1201 2 1207 3 1209 2 

1211 2 1213 2 1219 2 1237 2 1250 2 1291 2 1304 2 1322 2 1328 2 1330 3 

                    

1332 3 1334 2 1340 2 1358 2 1371 2 1412 2 1425 2 1443 2 1449 2 1451 2 

1453 2 1455 3 1461 2 1479 2 1492 3 1533 2 1546 2 1564 2 1570 2 1572 2 

1574 2 1576 2 1582 2 1600 2 1613 2 1654 2 1667 2 1685 2 1691 2 1693 2 

1695 2 1697 2 1703 2 1721 2 1734 2 1775 2 1788 2 1806 2 1812 2 1814 2 

1816 2 1818 2 1824 2 1842 2 1855 2 1896 2 1909 2 1927 3 1933 2 1935 2 

1937 2 1939 2 1945 2 1963 4 1976 2 2017 2 2030 3 2048 2 2054 2 2056 2 

2058 2 2060 2 2066 4 2084 2 2097 2 2138 2 2151 2 2169 2 2175 2 2177 2 

2179 2 2181 2 2187 2 2205 2 2218 2 2259 2 2272 2 2290 2 2296 2 2298 2 

2300 2 2302 2 2308 2 2326 2 2339 2 2380 2 2393 2 2411 2 2417 2 2419 2 

2421 2 2423 2 2429 2 2447 2 2460 2 2501 3 2514 2 2532 2 2538 3 2540 2 

2542 2 2544 2 2550 2 2568 2 2581 2 2622 2 2635 2 2653 2 2659 2 2661 3 

                    

+11³ 3 +11³ 2 +11³ 2 +11³ 2 +11³ 2 +11³ 2 +11³ 2 +11³ 2 +11³ 2 +11³ 2 

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... 

 

 

 

 


