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1 INTRODUCTION
TERMINOLOGY

“Pattrrns and morphology of building elements for close-packing of dome-shaped
recepracles after the model of phyllotaxis and movphogenesis of primorvdia on the apex of

composites.”
pamerns repeated regularivies within a serucmure
structure coherent whole
morphologry tlernentary gootnetry, form qualines
buildityg clements prefabricated parts of a building
close-packing miaximum dense siacking
dome hermisphenical tor parabolond shaped shelt
phyllotaxis PAtbCIns i plant part positioning
motphopgencsis arising of shapes, development of shapes
primordia minuscule appendages in genesis of plants
apex growth top of a plans srem
COMpPOSIEes plants with compound flowers on a flower head
Euclidian geometry geomerry of point, line, plane, and solid
fractal structures structures with self-similanty
selfesirnilarity repeaeed form similaricy in different size scales of 2 strucrure

gnomonical struceares  serucrurcs, which grow with mainainance of form
Fibonacet sequence 1,2,3, 58, ..
Lucas sequence 1,3,4,7, 11, ..

ARCHITECTONICAL CONTEXT

There exist different architectonic schools or traditions that lay claim to the metaphor
of Nature and organical shape: the minctecnth century English Arrs and Crafrs rradidon,
the American tradition of Louis Sullivan, the Caralonian modernistic tradition (Gaudi
and others), the AnNouveaw/Tugendsel tradition, and the anthroposophic tradition,
These traditions not only caused a widespread differentiation of forms in the decorative
art but also in the spadal effect of volumes, both in exterior and interior. With
functionalism and the expulsion of ornament, the sensitivity for such shapes (and for
their quality in archreectural juncion details and implementation) has decreased or even
been lost.

The withdrawal of the monopoly of the functionalistic-modernistic paradigm leaves
room for a multitude of shapes and creates a need for a new naruralistic metaphor that,
without losing its ties with the past, can mean a new impuls for another definirion of
decorative art: no longer superficial but rooted in the basic structure,

The models presented here offer the opportunity, with the use of advanced technelogy,
o generae a virrually unlimiced series of new shapes tha are based upon the principles
of natural growth processes. With it, the designer is offered a multitude of choices. By
means of some simple manipulations, the architect can adapt the variety that 15 produced
to his own wishes, condnuously explore and interpret new shapes. At this moment
designers have at their disposal classical works like the habinually cired “On Growth and
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Form™ by d’Arcy W. Thompson. Whereas these classics are still a rich source of
inspiration, since their ntme new insights have been developed aboure shapes produced by
natural groweh processes. This project refers ro the newesr insights in biological
morphology (see the mathematical-biological articles) and claborates these inoan
archirecromical sense,

In summmary, the aim s a contemporary structural design and ornamental art in
architecture that is derived from the way shapes and patterns are generated in Nature,
The marive is a {ascination by the beauty of narural shapes and growth processes in
which the simplicity of developmental principles is coupled to the profusion of form
variations  that anse from them. To realize the dream of an Archicec-Nature,
mathemarical-biological invesrigations may be applicd ro rhe architecture of buildings by
developing a new shupe-granmumar that can be made accessible to every designer,

FORMULATION OF THE PROBLEM

The mechamcal constructing and assembling of elements of domes s usually done in
enclosing shells (like those by Nervi) or in semi-regular bodies made of regular polygons
(like those by Buckminster-Fuller). These methods are interpretations of static natural
parterns, as they arise from maternl deposinon (in the non-hving Narure).

In rhe case of cast concrete or very large clements {in size scale just below the entire
building), talking abour elements is hardly relevant and a pattern gencsis is hardly
disringuishable.

In the case of relatively small elements one has to keep to dome-shapes, denved from
Platome and Archimedical bodies (respeciuvely regular and scmi-regular polyhedra). The
profusion in resselations can be descibed by a few characteristics of shape, material, and
enviromment (think of crystallization). However, in the developing structure lics the
lumitation of its staue character.

In dynarnical, living structures, pattern generation is governed by the already formed
part of the expanding whole - more specified by (i) messages and (ii) transformation:
(i) The structure incorporates genetic and environmental information and thereby
continually redefines and narcows the limiting conditions for further growth. While T
adapt this principle, T shall disregard the biochemical and generical details and replace
these by the simplest possible mathematical instructions, This is jusufied, because the
genetic mechanisms contain a good deal of evolutionary historical ballast that is
irrelevant to thie architecrural principle, and they are sull incomplerely analyzed.
{ii} Insight in biological and architectonical principles s indispensable in understanding
the influence of a structure’s cnlargement on patrern genesis. Interpretation  of
phyllotacric patrerns leads to new design premises for building elements (and their
assembly methods), such as certain principles for position, shape, and dimension of
close-packed units,

Three objectives are now outlined:
(1) designing a model that generates phyllotactic patterns starting from parameters
recognizable in biology
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(i) formulaton of the meaning and possibilities to derive building clement-forms and -
patrerns from the phyllotaxis of composites

(iii) description of principles for architecture and construction, NB. The concept of
architecture is being used here in the meanings of strucnire (as in: the architecture of a
tree, the architecrure of a computer) and culturzl manifestation (compare: the
archirecture of Wim Quist, the archirecrure of the Shakers).

(Light supportive construcrions as those from Frei Omo fall outside the problem
matter since in these, the external appearance of a naturally grown product ts imitated on
scale and repetition of components, Algorithmic clement ordening to achieve patterns is
not the aim there.)

STARTING POINTS

The tradiional architcer occupics a prominenr place in the building process. In that
position he will usually not be inspired by the way {green) Nature approaches the
problem of constructing shape. On the one hand this is understandable when one
considers that a building docs not arise according to the limiting laws of natural growth.
On the other hand this is remarkable since the human being is essencially 2 part of
Nanare,

The current building practices are alarming when looked upon from the perspective of
the environmentul issue. The wadidonal architect will have to change his amitude. He
will have to gain more insight in mechanisms prevalent in Nature, For this I do not think
so much about copying ourward appearances, but more about harmonization in the
sense of working according to biologiczl mechanisms. Particularly in the designing phase
of a building project the archirect has the authority to contribute to improvements of the
current sitvation,

Recently, a development in mathematics has been inidated that can be important for
furure constructing practices or respecrively the pre-manufacturing of parts. The
mathematician Benoit B. Mandelbrot is the founder of ffactal geemerry which states that
Nature is not built-up of perfect strarght lines, sheer planes, and regularly bordered
solids.

Parallel to this devclopment, the L.systems of biologtst Aristid Lindenmayer were
claborated. L-systems are algorithms that gencrare geometric branching srructures as
they excur in plants. An important blank space in the L-systems lies in the old question
of the orientations in certain spatial structures. L-systems are essentially lodged in 2
plane: it requires additional wricks to make them three-dimensional

Since the early sevendes I am studying the Fibonacei sequence in connection with rhe
pattern formation of primordia on the flower heads of composites. My interest was
stimulated after being told that the majority of all plants carries these patterns, indeed
*hidden’ along the stem (5. van der Vorst). In the first instance, my problem was: “Draw
in & simple way the pattern of a sunflower bead.”. By simple 1 mean: ‘blind’, not using
(intuitively) strange pararneters and complex mathemaceal functions, but e¢lementary
geometry and indivisible algorithms. A professional computer produced the firse simple
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constructions (B, Barluschke). Since the appearance of relatively popular computers, |
mysclf was able to test assumed algorithms instantly. Feedback with systematce biology
became necessary (A, Limndenmayer). While che yet simplified phyllotaxis model was
build up from a center, I called e “Dislodgement Model” (F. van der Blij). After conicisms
concidering the singular character of this model (no thing can arise from a point) |
rransformed it into the “Stack and Drag Model” (K, Bachmarin),

The viability of the phyllotaxis genevator is ensured by the following qualities:
(i} The model uses an absolute minimum of the hereditary information m planes.
Except geometrical basics, only assumptions reflecting true biological growth are used as
lﬂplll,
(ti) The model rewcsrablishes the L-systems through a strucrural exeension in rthe third
dimension.
{ii1) The model generates fractal structures with Euclidic building blocks. In other words,
ghomonic steuctures are being created with spherical urnts which are defined with
conceprions from the speaial lirerature  (see references in the articles) and  recenr
investigations (such as nwmerical canalizavion, 1. Battjes). This means that designed
fracral structutes are founded on a ologically justified model. 1t has to be noted that the
current fractal-theories are facing a problem: although results seem to be very wue to
Nature, the mechanisms that underlie these mostly deviate strongly from the (bio)fysical
and (bio)chemical mechanisms which give natural fracrals. For the time being,
scientifically based fractals are exceprional.
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INTRODUCTION: FIGURES

In the first seven figures, ‘Architec-Nature’ is shown as reflecrions or settings in
ditferent contexts (see Architectonical contex). This architecrure can be ded to a people, a
petson, a philosophy of life, a tradition, constructive principles, mathernatical rules. The
remaining figures show work of the author, in which the Dislodgement Model and the
Stack and Drag Model can be concidered in the perspective of a continued line of
Investigation.
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INLEIDING: FIGUREN

De eerste zeven figuren tonen ‘Architec-MNatuur® als reflecdes of situeringen in
verschillende contexten (zée Architectonische context). Deze architectuur kan zifn gebonden
aan cen volk, een persoon, een levensovertulging, een traditc, constructicve principes,
wiskundige regels. De resterende figuren tonen werk van de auteur, waarbi) het
Verdrimgingsmodel en het Stapel- en Trekmodel kunnen worden beschouwd in het
perspectict van cen doorgezette Hin van onderzogk.

Igg 1 QGotiek - expressie, bepaald door in de archircetuorhistoric uitgonderljke ipspiratie vanoit met
mame religiews, oxperimentecl-constructieve, licht-technische, kunsesinnmge, prestigiouse on politicke
mticven,

Fig 2 Dogon - con intcgratic van cultuur (Mali} on ormament over een lange racks van jacer.

Fig 3 Steiner - architeetuur als ondordee] van con levensovettuiging, ‘nauue-architecuns’ in vorm
(torganisch’) en materiaal (hour).

Fig4  Gaudi - inrc{qmric VAT CONSINICTR &0 OTMament.

Fig 5  MNervi - inregrarie van geabstraheerde organische-vormentaal en constructic.

Fig 6  Buckminster-Fuller - anonieme archirecruur mer veeel repebmaar / weinyg afwijkdngen. De serenge
geometric i geinspireerd door vooral de dode natuor (kristablijoe structuren) en vetroont dislogaties.
Fig 7 Frei Otto - lichee, constructicve seructuren met architectonische elementen voor srek en drik.

Fig & Bindproject van de auteur aan de TUE, architectonisch onmwerpen: 1 rekening coont (bvpen) con
‘woonberg! bovenop con (emder) viocreonstructic van een voorgestelde parkeerkelder bij her stadhuis. Her
streven was cen veelduidige architectuur, waarbij hee hand-in-hand-gaan van constructieve vormregehnaat
cn functioncle besternming intrinsick demineett. Stedebouwlamdige sinnade, gebruiksfuncties, constructie,
materialen en archirectuur zjn duidelijk sanwijsbaar geinegreend: de (geomerrische) hoek, die de beide
hoofdassen {Wal - Paradijslaan) maken, definicert een gecompliceerd duatisme. Met andere woorden, de
architectuur wordt bepaald door het onderscheid (programmatisch:) openbare functies - wonei,
(construgties:) kedommen - schipven, (technologisch:) beton - baksteen, (Geseale:) plein en wand - ‘herg?,
(sredebouwkundig:) sociaal-cubrurcle functics « wonen.

Fig ¢ Onderzock naar krschtenspel en vervormingen <fracht n vorm- i cei fragment van de conseructie
van Fig 8.

Feg 1Y Txe compuer aly aboraorium: rekenkundiy vergelijl van phyllotactische plantetop-patronen en
bouwkundige dome-patronen.

Fig 11 Bolsrapelingen als wirgangspunt voor oppervlakicpatronen.

Fig 12 31-simularie van bloemhbouofd in vrocge onewikkelingstase van Microseris Pygmaes. Her Srapel- en
‘Trek-musdel maskr zeer nauwkeurige simulatics mopelijk. De seructuur s vergaand vergelijkbaar {zie bijlage
iv REsULTS) met SEMs (Scanning Electron Microscope-opnamen) in de vaklireranur.

Fig 13 Dome-patronen: primaire (feeen. clomenten vormen ¢e helices-pateoon) en secundaire
{gegrocpeerde clementen vormen con aes-rotatic-symimettisch pateoon).

Fig 14 Halfregelmatig parroon, naar analogic vans de levende natuur (phylloraxis); een algehele orde,
waarbij (incidencele) dislocanies mier voorkomen (rexgelifh met Fig O, Buckminster Fuller).

Fig 15 Varaties in elemeng-definirie en domevorm. De structuren zijn alle ontwikkefd mer her
programma *ApexEY, volgens her Verdringingsmaodel.
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Fig 1 Gothic - expression after an excessive inspiration by religious, exporimental-constructive,
lighttechnical, artistic, prestigious, and policical morives,
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Fig 2 Dogon - ait integration of cultare (Mali) and ornament in a period of many years.
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Steiner - archizecrure as a par of a philosophy of life, ‘nacure-architecture’ in shape (‘organic’) and

material {(wood),

Fg3

1.9
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Fig4  Gaud: - integracion of construction and orrament.
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Fig5  Nervi - imegration of abstracted organic form language and construction.
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Figo  Buckminster-Fuller - anonyimous archieecture with much regularity and a few anomalies.
Showing dislocarions, the rigid geometry soems 0 be inspired by cryseallic songnures.
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Fig 7 Frei Otto - light beanng strucrures with architecoonical elements for differenr kinds of forces.
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Fig ¥ The author's studics inarchitcetonical design at the Eindboven University of Technology {1979).
The drawings show (rop) building structures on top of (below) the ground level floar construction of an
underground parking near the city hall. The project’s aim was achieving an ambiguous architecture which
shows an intrinsic dominant harmony of constructive regularity and functional destination, The
archirecmuee may be chatacterized by the differences {programmatic: ) public funcrions - housing,
(comstruetive: ) columng - walls, (technological:} conercte - brick, (Gestalt:) square and wall - ‘mounrain’,
(town-planning:) social-calural funcions - housing,
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Fig @ Analysis of the forces and deformations -foree amd fimm- in part of the construction of Fig 8.
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Fiy 10 The computer as a laboratory: Arithmatical comparison of phyliotactic apical parerns and building
dome patterns.
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Fig 11 Spheres stackings a5 the starting point rowards surfacial pareerns.
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Fig 12 3Desimulation of a flower head in early development of Microserss Pygrmeca. The Stack and Drag
Model provides close approximarions (see compared SEM's in apperndage).
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Fig 13 Dome patterns: pritiary (fp: tnits are arranged in helices) and secondary (clustered units form 2
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1.19

INTRODUCTION / INLEIDING



Fig 14 Semiregular patrern, showing a whole order without the oceureence of dislocations {sez alse Fig 6).
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Fig 15 Variations in unit-definition and dome shape. All of the structures have been developed with the
program ‘Apexhy’ of the Dislodgement Model,
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1 INLEIDING

TERMINOLOGIE

“Patronen en morfologic van bowwelementen voor close-packing van dome-oppervlakken
naar voorbeeld van phyllotaxis en morfogenese van primordia op de apex van
composicten.”

patromn zich herbalende repehmatigheden binnen cen structuur
structuur sarmcnhangend prhecl

motfologic vormilecr, vormeigenschappen

howwelementen e prefabriceren delen van een gebouw

close-packing maximaal dichte srapeling

dome schaal in de vorm van een halve bol tot paraboloide
phyllocaxis patronen in plagising van plantedelen

morfogenese vormontstaan, vormontwikkeling

primordia nunuscule uiktecksels van planten in aanleg

apex Erocitop van ¢on plantesrengel

COMPOSIETEN planten met samengestelde blocmen op con bloemhboofd
Euclidische geometric mecthunde van punt, hjn, vlak, lichaam

fracealc structurcn structuren met scf-similarivy

self-similarity in zichzelf gelijkvormige strucuren

gnomonische stnacruren strucruaren, die groeien met vormbehoud
reeks van Fibonacel 1,2,3,5.8, ..
recks van Lucas 1.3,4, 7,11, ..

ARCHITECTONISCHE CONTEXT

Er bestaan verschillende architectomsche scholen of traditics, die zich beroepen op de
metafoor van natuie ¢n organische vormen: de negendende ecuwse Engelse Arts and
Crafts mraditie, de Amerikaanse traditie van Louis Sullivan, de Catalaanse modernistische
traditie (Gaudt ¢.a.), de ArtNouvcau/Jugendsnl tradite, de anthroposofische traditie,
Deze rradiries veroorzaakten niet alleen cen grote differenvatic van vormen in de
ornamentick, maar ook in de ruimtelifke vitwerking van volumes, zowel exterieur als
interieur, Met het functionalisme cn de verbanning van het ornament is de gevoeligheid
voor dergelifke vormen (en voor de kwaliteiten in detaillering en uitvoering daarvan)
verschraald of zelfs vetloren gegaan,

Nu het rerugtreden van de alleenheerschappij van het funcuonalistisch-modernistisch
paradigma de ruimte open laat voor ¢en veelvoud aan vormen, is er behoefie aun een
nicuwe naturalistische metafoor, dic, zonder haar binding met het verleden e verliezen,
cen nicuwe impuls kan betckenen voor cen ander begrip van ornamentick: niet meer
oppervlakkig, maar geworteld in de wcronick.

De hier gepresenteerde modellen bieden de mogelijkheid, bij aanwending van
vooruitstrevende techniologic, een bijna cindeloze recks nicuwe vormen ¢ genereren, die
gestocld zijn op principes van natuurlijke groeiprocessen, Daarbi) worde de ontwerper
cen veelvoud aan keuzes geboden. Door middel van enkele cenvoudige ingrepen kan de
archirect de geproduceerde vani€eert volledig naar zijn hand zeten, steeds nieuwe vormen
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cxploreren ¢n interpreteren. Op dic moment beschikken ontwerpers over klassieke
werken, zoals het altijd opmieuw aangehaalde “On Growth and Form” van d’Arcy W
Thompson, Terwijl deze klassickers nog steeds ecn rijke bron vormen van inspiraric, zijn
er inmiddels nicuwe inzichren omstaan over vormen, die her gevoly zijn van natuurlijke
groci. In dit project worde een beroep gedaan op de allernicuwste inzichten in de
biologische morfologic (zic de beide mathematisch-biologische arukelen) en worden
architectomische consequenties voorgesteld.

Samenvattend: her streven is cen cigentijdse ornamentiek en tectoniek in de
architectuur van gebouwen, dic is afgeleid van de wijze waarop vormen en patronen
worden gegenercerd in de natuur, Het modef is fascinade door de schoonheid van
natuurlijke vormen en grociprocessen, waarbij cenvoud van principes gepaard gaat met
tijkdom van de ontstane vormvariaties. Om de droom van een architec-natuur te
realiseren wordt voorgesteld, mathemadsch-biclogische onderzoekingen toe te passen in
de architectuur door een nicuwe vormgrammatica © ontwikkelen, die voor iedere
ontwerper tacgankelijk kan worden pemaake.

PROBLEEMOMSCHRIJVING

Het construcren on deailleren van domemantels pebeurt meestal in omvattende schalen
(als van Nervi) of in halfregelmatige lichamen, opgebouwd uic regelmarige veclhocken
(als van Buckminster-Fuller), Genoemde methoden kunnen worden vergeleken met
natuurlijke  processen, waarbij patronen ontstaan door marcriaalafzetting op cen
overigens statische structuur,

In het geval van gegoten constructies en bij zeer grote bouwonderdelen (in de orde van
grootte fuist onder dic van hee gehele gebouw) is nauwelijks een patroonvormend proces
te onderscheiden.

In het geval van relatief kleine clementen is men gehouden aan domevormen, afgeleid
van <d¢ Platonische en de Archimedische lichamen (resp. regelmatige en halfregelmatige
veelvlakken). De grote verscheidenheid aan patronen is rerug te voeren ror enkele
kenmerken in vorm, matetiaal en omgeving (denk aan kristallisadie). Er schuilen echeer
beperkingen in het statische karakter van de zich ontwikkelende seructunr,

In dynamische, levende structuren wordt patroonvorming echeer sterk bepaald door het
reeds gevormde deel van her uirdijende geheel - en meer specifiek door (i) boodschappen
en (i) vormverandering:

{1) D structuur draage erfelijke en van de omgeving, afgeleide informatic over, waarbi)
zij voortdurend additionele randvoorwaarden stelt voor verdere groei. Dit principe pas ik
in zoverre tog, dar ik de biochemische en genetische details negeer en 2e vervang door de
ecnvoudigst mogelijke wiskundige instructics. it is verantwoord, daar de genenische
mechanismen veel evolutionair-historische ballast bevarten, die voor het architectonische
principe betekenisloos is cn daarenboven nog mice gehecl is geanaliseerd.

{it) Begrip van de invioed van vergronng van con SITUCORIT Op ParToONVOITIINg VIaagr
inzicht in biologische en architectonische principes. Via interpretatie van phyllotactische
PATTONEN ONTSTAAN NISUWE antwerpuitgangspunien voor bouwvormen en -methodieker,
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Hier kan men denken aan close-packings van clementen volgens zckere principes voor
positie, vormn €1 maat.

Drie doelen tekenen zich o af;
{i) ontwikkelen van cen theorie en afleiden van een model, dae phyllotactische patronen
generecrt vanuit in de biologie herkenbare parameters
{ii) formuleren van berckenis on mogcelifkheden, om bouwclementvormen en -patronen
te ontenen aan de phyllotaxis van composicten
{iii) beschrijven van uitgangspunten voor architectuur en constructie. NB. Het begrip
architectuwr wordt hier gebezigd in de betekenissen van opbouw (als in: de architecrour
van ¢en boom, de architectuur van een computer) en van culturele viting (vergelijk: de
architectuur van Wim Quist, de architectuur van de Shakers)

(Lichte draagconstructies als van Frei Qo vallen buiten het probleemveld, Daar
worden  gegroeide  structuren  als  natuurlijke  producten op  schaal  nagebootst.
Algoritmische plaatsing van onderdelen, met als resultaat patronen, staat dan niet op de
cerste plaats,)

UITGANGSPUNTEN

D¢ traditionele architect bezet een prominente plaats in het bouwproces, Hij laat zich
daarin meestal nier nspireren door de manier, waarop de {groenc) natuur het probleem
van hetr construeren van vormen benadert. Encrzijds is dat begrijpelijk, wanneer men
bedenkt, dat een gebouw nict ontstaat binnen de beperkende regels van natuurlijke proci,
Anderzpds 15 het opmerkelijk, daar de mens zelf in zijn wezen ¢en deel van de natuur
uitmaakt.

De huidige bouw baart zorg, wanneer men haar gadeslaat in het perspectef van de
milicuproblematick, De traditionele architeet zal zijn atdtude mocten wijzigen. Hij zal
meer inzicht mocten krijgen in mechanismen in de natuur, Daarbij denk ik nict zozeer
aan het overnemen van uiterlijke verschijningsvormen, tnaar meer aan harmonisatic in de
zin van werken volgens biologische mechanismen. Met name in de ontwerpfase van een
bouwproject heeft de architect de macht, een bijdrage te leveren aan verbetering van de
hindige situatie. :

Receneelijk is in de wiskunde con ontwikkeling in gang gezet, die belangrijk kan zijn
voor het tockomstige bouwen, respectievelijk voor prefabricage van onderdelen, De
wiskundige Benoit B, Mandelbrot is de grondlegger van de fractale geometrie, dic ervan
uitgaat, dar de natwar nicr is samengeseeld met perfect rechte lijnen, zuivere viakken en
regelmatig begrensde lichamen,

Parallel aan deze ontwikkeling zagen de L-systemns van Aristid Lindenmayer her liche, L-
systems zijn algoritmen, die geometnsche vertakkingsstructuren gencreren, zoals de
groene natuur die ons openbaart. Ben belangrijke witte plek in de theoric ligt in het oude
veaagstuk van het ontstaan van zekere ruimtelijke patronen. Immers, de L-systems blijven
principicel stcken in het plarte viak: slechts mer kunstgrepen "piept” men eruit, de derde
dimensie in.
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Sinds het begin van de zeventger jaren bestudeer ik de Fibonacci-recks in relatic met de
patroonvorming bij primordia op het Bloemhoofd van composieten. Mijn verwondering
werd gestimuleerd na het vernemen van het feit, dat het grootste decl van alle planten
deze patrconvorming kene, weliswaar “verborgen’ langs de stengel (5. van der Vorst). In
cerste instantic was mijn opgave: “Teken bet patroon van cen sonncbloemboofi op een
gemakkelitke manier.®. Mct gemakkslijk bedocl ik: ‘blind’, zonder (intuitief) vreemde
gegevens, zonder ingewikkelde wiskundige functies, met elementaire geometric, mer
ondeelbare algoriumes. Ecn professioncle compurer bracht het rot de cerste eenvoudige
constructics (R. Barluschke). Vanaf de verschijning van relatief populair rekentuig (PC's)
kon ik vermoede algorimes direct zlf toetsen. Daarbyj was feedback mer de
systematische  biologie noodzakelijk (A Lindenmayer). Omdar  het  inmiddels
vereenvoudigde phyllotaxis-model was opgebouwd vanuit een centrwn nocmde ik het
*Verdringingsmodel’ (F. van der Blij). Kritick op her model aangaande het singuliers
karakter ervan (uit een punt kan niets ontstaan) leidde tot her “Stapel- en Trek-model’ (K.
Bachmann).

De levensvatbaarheid van de phyllotaxisgeneraror is verzekerd door de volgende
eigenschappen:
(1) Het model gebruike een absoluut minimum aan specificke erfelifke gegevens in
planten. Behalve geometrische grondbeginselen worden als “input” slechts aznnames
gebruikt, die een afspiegeling zijn van werkelijk biologische groed,
(1) Het model blaast de L-systems nieuw leven 1n, door een structurcle uitbreiding in de
derde dimensie.
(iii} Het model genereert fractale structiren met Euclidische bouwsrenen. Anders
gezegd: mer bolvormige clementen worden gnomonische structuren gevormd, Deze
elernenten worden gedefinieerd vanuit begrippen uit de vakliterarour (zic references in de
artikelen) en recenre onderzocken (zoals numericke canalisatie, . Battjes). Dic betekent,
dat een biologisch verantwoord medel wen grondslag ligt aan ontworpen fracrale
structuren. Opgemerke dient o worden, dar de actucle fractal-theoricdn met een
probleem kampen, Resultaten schijnen weliswaar zeer natuur-getrouw e zijn - echrer, de
mechanismen, die aan de resulaten ten gronslag liggen, wijken vaak sterk af van de
(bio)fysische en (bio)chemische mechanismen die nawelijke fracrals opleveren.
Werenschappelijk gefundeerde fractals zijn vooralsnog zeldzaam.
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2 CREATING PHYLLOTAXIS:
THE DISLODGEMENT MODEL

ABSTRACT

Assuming that neither the Fibonacel sequence nor any numerical ratio or angular
deflection is specified in the genenc material of a plant cell, there must be an arcanging
mechanism effecting the sequence mentioned. Considering rhe ubiquity of the Fibonacci
numbers in narure, embracing many species of flora, we expect a very simple geomatrical
law to be responsible, Success in finding such a law does not constitute a proof, but it is
at the least an indication that we should ook here with mathemarician®s rather rhan
biologist's cyes.

The idea may seem self-evident. However, in the literature it has not yet been honored
as the basis for constructing the phyllotaxis in centric, planar models. It is shown here
that for the construction of a phyllotactic stnucrure, no special angles or distances need be
defined; narural growth functons can be wsed; planar, cylindrical, conical, and
paraboloid constructions are possible within the same model; and constructions leading
to accessory sequences and multijugate sequences can also be carried out.

THE QRDERED STRUCTURE OF A PLANT

A given plant has an underlying ‘ordered structure’ that runs on rhrough rhe enrire
individual [5]. This structure can be considered the bearer of all forms of appendages
that the plant can produce. When the plant develops a flowcer, this will be placed and
built up according to the plant’s own individual structure,

A flower or fruit will enable the plant w reproduce. It is important for the plant to
produce large numbers of offspring, since much of the reproductive marcrial will be lost.
Reproductive units are srall in size and large in number. The underlying structure of a
plant will become clearly visible where these unirs are arranged closcly rogether, in rhe
flower head, for example. The sunflower has a flower head (capitulum) with hundreds,
often aver a thousand, florets, which can produce a5 many seeds (achenes), These seeds
are arranged according to a spiral system. From the center ourwards, congruous spirals
run both to the left and to the right. “On the way out’, spirals will be replaced by others,
with their number increasing abruptly. The ring in which spirals go over into other
spirals 15 clearly demnonstrable (Fig 1).

In the year 1202, Fibonacei (Leomardo di Pisa) deseribed a numenical sequence with
opening terms 1 and 2. Each term ts the sum of the previous two terms, which are
natural numbers, Thus it runs 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, ... . A large proportion of
the sced-bearing plants have an ordered structure having to do with congruous spirals,
The number of spirals turning to the left and to the right are consecutive terms in the
scquence, which is called the Fibonacei sequence or the main sequence. The most important
accessory sequence, the Lucas sequence (named after Eduard Lucas and described in 1877),
also occurs, although considerably less often. It starts with the terms 1 and 3. Accessory
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sequences have different opening terms from those of the main sequence, but the same
rule of continuation (se¢ Secdon OTHER SEQUENCES). Plants without spiral
arrangements either have a different structure or form a special group within the ordered
structures mentioned [1]. They may show, for example, opposite leaf arrangements,
whorls, umbels. The ordered structure is called plryliotasds,

UNLIMITED AND LIMITED PHYLLOTAXIS

As the support of the phylloractic structure, we take a radially symmetrical covering
surface around axis Z. '

Model A

A special case is the covering sutface with £=0, which is a flat disk. This case is
practicable if a structure condnucs to expand radially, so that the phyllotaxis is wnlimited,
as in a flower head.

The flower head is to be conceived as a flat, round disk tapering into a stem in the
center (Fig 2). Primordia will develop from cell regions, which in turn arise from the
center of the disk. Cells will be pushed apart in a radial direction, with their substratum
growing radially also: all primordia-forming cells remain divectly attached ro it In
sunflowers, ccll regions are pushed apart before primordia arise. As a result, the first
primordia arise on the rim of the disk. Each primordium goes through its own growing
process, subject to genetic code and environmentzl condidons, bue its dimensions are
limited. Thus, parastichies (contact spirals) will develop in numbers that are dependent
on the number of units and their size. The spirals go over into other spirals in concentric,
annular areas. The number of peripheral spirals stands in direct relation to the number of
units thar fir in the perimeter of the capitular disk. The number of ray flowers is
determined by the number of spirals at the disk’s periphery. In the model, the perimeter
is unlimited, so the maximum number of parastichies is also unlimired (Fig 3a).

Mudel B

If, during the development of primordia, a structure extends axially, that is, in the z
direction, and the radial expansion is limited, we speak of limited phyllotaxis. The
number of helices that a cylinder can contain is limited; the patern becomes rigid,

Structures that ostensibly deviare from model 4 and model B but evidently answer to
(spiral) phyllotaxis are, for example, radially asymmetrical planes or plant parts (such as
flattened cacti) and certain succulents [e.p., saxifraga have their leaf tips lying in 2
horizontal plane, but not the leaf attachments to the stem, so they correspond to model B
(Fig 3b)]. Flowers and flower heads are the results of appendage differentiations after a
growth process in obedience to the rules of model B. In the case of flower heads, changes
can be considered a B-A transivion (Fig 4).
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Figl The ring in which spirals go over into other ones is clearly demonstrable. (Spirls show
connections between adjacent seeds.)

Fig2 The flower head is 1o be conceived as a flac. round disk, rapering ineg a stem in the center. A unit
is defined here as a region of cells, which will produce a primordium.

Fig3 (k) The penmeter is unlimited in the model, therefore so 15 the maxdmum number of
parastichies. (right) Leaf ops lic in a honzontal plane, bit not the leaf actachments on the stem. The
mumber of parastichics is limited by the perimercr of the stem,

Fig4  In flower heads, changes can be considered 4 transition limited/unlimized phyllotaxis, Motice the
apex to be the center of expansion for successively the seem and the capinglar disk, Norice also the (radial)
elongarion of the disk's under-surface, withous supply of primordia, A seed and a leaf are indicared as a
triangle and a square respectively.
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BASIC PRINCIPLES WITH REGARD TO THE ARRANGEMENT
OF PRIMORDIA

The simplest form to be choscn for 2 unit (cither a single primordium or a sphere of
influcnce consisting of cells) in a two-dimensional model is the circle. A single unie will
develop [subject to a growth funcdon of the form given below (see Section CONCEPTS)
and through the time instants indicated] as a growing circle (Fig 5), The time between
the inception of two units in the growing poing, the plastochton, is presumed o be
constant: At. So at ¢ (after 2.A2) there are two units, consecurive in size, and a third one
CINECTECS.

The smallest of the first two units is lying against the growing point. For the place of
otigin of the third wnit, there are two principal possibilities: It develops cither in a
peripheral position or berween the two existing urits, assuming chat the circles must
touch but not overlap. At this stage, 2 genetic o environmental darum will be important,
Wwill the unit develop In a symmetrical position (a,b) or will it take an aymimnetrical
dircction (¢,d,¢) (Fig 6)?

For all variants except d, the continuation of the growth process is evident. In a, ¢, and
¢, the growing point rematns peripheral, the structure being linear, alternately, and spiral
(the basis for ferns), respectively. In b, the two previous units are pushed apart. In the
remainimg case, d, the growing point is situated centrally in an asymimerrical structure,
All of these cases occur, but for the reasons mentioned only variant d will be examined,

At £ (after 3.A6), the next unit will emerge. The place of origin will be central, that s,
between the existing units. As it 1§ growing, the youngest unit will have to obtas a place.
After it has touched on all three previous units, two of these will have ro part. This
parting can happen in three ditferent ways (Fig 7), of which two occur in nature: d; and
d; . Configuration d is not consistenr after the former choice (d). [n case d; , the
YOUNEEST unit separates rwo immediate predecessors, which is consistent with b, not d.

Casc d; will lead ro a simple spiral (with the younger units central), or to anomalies
(sce Secrion (YTHER SEQUENCES). Case d; is very common and leads to phyllotaxis
according to Fibonacel numbers, This is the variant we will examine first, because here
we find the problem in question.

What are the advanrages of variant d, as opposed to varint dg?

(iy  The overall system ams at 3 minimum average surface per unmit. 1o a growing
systemn, the place of units, in relation to one another, will change in such a way that each
unir will kecp as close as possible to the growing point. The choice between rolling aside
to the left or to the right under the influence of the forees from the neighbarhood s
made for the direction that will keep the system as compacr as possible (Fig 8). The
older, peripheral unit will then lie against the youngest neighboring units available, that
is, as close as possible to the growing point,

(i)  The smaller the unit, the higher the rase of expansion. Bigger, older units are
therefore more ¢asily moved than smaller ones. (In rigid systems, there is no structural
displacement ac all.)
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Fig5 A single unit will develop as a growing circle,
Figd  The rthird unit will develop in a symmetrical posigon (ab) or it will take an asymmetrical direction
(c,ee). (The cencer of the apex is indicared by a dor.)
Fg 7 The configuration dy is not consistenc after choice (d). The tnsed units are of form b in Fig 6.
Fg 8 The choice berween rolling aside ro the keft or to the right under the influcnce of the forces from
the neighborhood is made for the direction that will keep the system as compace as possible,
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Comparison of the model at #; with that at £, shows that the structure of £ |, in it
entircty, fits into that of #, , although turned at a certain angle (Fig 9). This follows
directly from the starting point: The structures are drawn at certain points in time, that
is, every time a unir has reached the size of its predecessor. At any of these points in time,
2 new unit ¢merges in the growing point. When a unit has reached the size of its
predecessor, the same holds for every other unit too. However complex the model
drawing may become, a structure will always fit onto cvery previous strucrure. 5o we
have properties of what has been called ‘gnomonic growth’ [6]. The gnomon here is the
oldest, biggest unit. In a recursive model, we could add chis gnomon to an existing
structure (see next section).

& L, v
—h Ut
— 2% S
0 X,

Fig®  (left) Comparison of the model at ¢ , with thar ae £, , shows, that the struceure of £ , i its
enrirery, fios into that of £, , although turned at a cereain angle,

Fig 10 The growth model is comnsttucted in relation 1o a reoangular coordinate system XOT, with O for
the growing potnt,
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CONCEPTS

The growth model is constructed in relation to a rectangular coordinate system XO7,
with O for the growing poine (Fig 10),

Let the unit of dme Az, the plastochron, be 1. # is a natural number. T, is a
construcrion unit with age £.Ar=¢; U, is a drcle with radius 7, and center C, (%, »J). The
growth of a unit is usually slow at first, fast later, and then slow again, which resuls in
the S-curve (Fig 11). Uy has a radius ry>{: Either units (with £<0, out of the model)
may grow underneath the XOT surface before popping or there may be a limited
number of units (the structure being drawn more plastochrons after the last unit arose),
An individua] unit will grow according to the equation -

r,=R/{l + £

in which R is the (limit) radius of a mature unir, ¢ the Euler number ¢=2.71828... , ¢
the growth constant, and #° the half-life, the time a unit rakes ro reach radius &/2.

Because the growth model has gnomenic properties (see Section BASIC PRINCIPLES and
Fig 12a), the drawing of structure, can be turned in such a way that it fits onto the
drawing of structure,.; . Thus, structure, can be constructed starting from structure, | .

t-1 T

racius(r)
R

)
tme(e) .

Fig 11 The growth of a unit is usually slow ar firse, fase later and then show again, following the *S-curve’.
Fig 12 (rght) (@) The tinted drcle, like the other ones, grows and 2 sew cirele arises in the center. The
drawing of the stuchure, can be named in such 2 way thar it fits oneo the drawing of siruchare, , | (4) The
“addinive model’: the biggest wmit {/, , the gnomon (rinted), must be added vo the periphery at a place to be
deteemined.

R/2--------

o
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The biggest unit U, | the gnomon, must be added to the periphery at a point to be
determined. We now have an ‘additive’ or ‘inverted” model. In this model, £ is replaced
by # (Fig 12b). Each of the units has dimensions

o= R+
in which #° is rhe ordinal numbcer of the unit with radius K/2.

Finally, two orher concepes are essential: support cirele and mutual secondary support
circle. With #>2, a unit U, always touches on two (or more, theorencally} younger
units, which are situared closer o the growing point. These two units are the ‘support
units” of U, . In the circles model, we call these suppert cireles (U, and U)). The values p
and g are dependent on #. For the sake of unambiguous definition of U, and 7, , we
stater €, is in a “positive’ position in relation to G, . Angle C,OC, is positive, while €7,
can be found within 180° from ¢, by cirding QC, from OC, with center O
counrerclockwise (Fig 13).

Barh (primary) support circles U, and U, in turn have two support circles each, when
n=>5 (Figs 14 and 16). In relation to the umt considered, {7, , these four support circles
are called secondary support civeles. Two of the four dircles maostly coincide, resulting in the
mintnal secondary support civele U, . If such Is not the case, there are two alternatives,

Fig 13 {0, 1s in “positive’ position in relation to &, Fig 14 Both (primary) support circles 7, and U}

: €, can be found within 180° from ¢, by circling  have two support circles each, when n>5. Mostly,

OC, counerclockwise from (C, with cenrer 0. two of the four circles coincide: £/, | the mutual
secondary support circle (tinted).

1
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Either one of the two (primary) support circles has the other primary support circle for
onc of its (sccondary) support circles (Fig 15), or none of the primary and sccondary
suppott circles coincide (Fig 16), The configuraton last meationed occurs only rarcly in
model 4 {unlimited phyllotaxis), namely after irregular growth or growth distortions,
but is more usual in model B (limited phyllotaxis), where unit growth function and
curving of the apex compete, The lawer phenomenon is also responsible for the
appearance of many differenc patvems (see Section LIMITED PHYLLOTAXIS),

UNLIMITED PHYLLOTAXIS

First we will look into the growth model in which each unit, in 2 period of time Ar=1
(plastochron), grows to such an extent that it reaches the size of its (older) predecessor.
In a growing structure, at time £, we cxaming the situation close to the oldest unit (aged
r). U, is supported by U, and U, . (The units with ordinat numbers p+1 and 4+1,
elsewhere in the strucrare, are also owtlined in Fig 17a). At time #+1, all units have
grown (Fig 17b). The configuration that has now developed near U, is idenrical to the
configuradon with U, and UL, at tme £. Thus, U, could have been drawn directly
inte Fig 17a. The dirnensions of U7, follow from the growth functon given, and irs
place can be constructed: U, touches the support circks U, and U, ‘on the outside’,
The strucrure in is entirety, however, has been rurned in relation to growing point O.

Fig 15 One of the two (primary) support circks  Fig /6 Nonc of tw primary and secondary
(U, here) has the other one (U, | tioted) for anc of  suppont circles coincide,
its own (secondary) support circles.
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After this, the model will be developed according ro rhe inversion z—s. Ever bigger
units are added to the periphery of an otherwise static structure, the additive model. For
simplicity, the growing point is redefined as the point of contact of the first two circles.
For each unit U, , a series of data can be arranged in a matrix. The first three units are
defined (U, is defined as the center; », and #; are deduced from the growth function).
The givens in the matrix agree with the structure drawn in Fig 18. The matrix is

Y w | r p g X ¥
0|0 0 0 0 O
1 L 0 0 - 0
X 2|lsn 1 0 4 O
Y Y
UF
Is) X 0

18 l

17a 17b

Fig 17 At time £, U, is supported by U, and U, Fig 17F At time #+1, all units have grown. The

The units with ordinal pumbers p+1 and g+1 new configuration could have been constructed

(clsewhere in the structure) have also been  inwe Fig 17a, where Uy, and [y, are units in the

orlined. seruerure at time 2. (The size of 17,4, follows from
the growth funcdon. The place in Fig 17a is
indicared as a tinted area. )

Tig 18 The first three units are defined (r, and r; w0 be deduced from the growth funcrion). For

simplicity, the growing point {+) is redefined as the point of coneacr of the firse two circles,

2.10 PHYLLOTACTIC PATTERNS POR [DOMES



If the two support circles of unit U, , being U, and U, , are known, this enables us to
lacalize unir U, on the basis of the algorithm described in the growth model (sec
above). By analogy it holds thar

wi=ntl, pr=p+1, and gi=g+1.

With the data Cyix,, ¥, 7, 5 Col%,, v,), 7, 5 and 7, |, we calculate Co(x, , 3,) . Point C,',,_ i
determined through caleuladon of one of the two intersections of two circles with
centers €, and G, and radii 7, +r, and r+r, (Fig 19). In Fig 12b the third unit is

construcred this way.

While dereenining C, , we encounter a problem. Inidally, U, (or {/3,) rouches U (or
Uyyyyand Uy (or Uy, ), intersecting L) . Intersection s not allowed; according to case
d; in Fig 7, U} and )5 become the support circles of U, . (In Fig 12b, the fourth unit is
constructed).

FgI? Point C, can be deterrmned through  Fig 20 If there 15 a mumal secondary support
calcularion of one of the two intersections of two  circle [, of the umt construcred, this could
circles with centers C, and C, , and radii (rp+r,)  interscet the eircke just found.

and (r,+7,).

THE DISLODGEMENT MODEL 2.11



In general, if theee is 3 mutual secondary support circke U of the unit constructed, rthis
could intersect the circle just found (Fig 20). Therefore, we must examine whether (if a
circle U, exists) C,C, is smaller than the sum of the radii of the circles involved, r,+r, . If
it is (Fig 21a}, the unit to be constructed rolls off along the secondary support circle,
notably in the directon of the yownges unit (see Secton BASIC PRINCIPLES). In other
words, U, dislodges the oldest of U, and U, . The calculation for the intersection of two
circles is to be repeated, but now for the youngest of the two suppore circles and the
mutual secondary support circle. So:

if C.C, < r,+¥, then if q=p then g:=2
clieif p > g then p:==z (Fig 21b).

Now that the new unit has been fixed, the nexe unit can be found in the same way.

The mumal sccondary support circle (when p,=4,=2) is not the only candidate to
intersect a ‘new” circle. If p=p, or g=g, , the unit with ordinal number #-[pg} is the
candidate, being the biggest ncighbor of U, . In the final case, one of the ordinal
numbers p, and g, is possible. 50 (iet f be the ordinal number of a possible intersecting
unit):

if p, =g, then f=p, =g, clscif p=p, or g =4g, then f=n-|pq|
clscif p, > g, then f=p,
clse if 4 > Py then f=g4,.

Fig 21 (&) €., is smaller than the sum of the () U, 15 pushed aside by U, . U, separawes U, from
radii of the circles involved, r,+r, . U, , the oldest of the support circles U, and U, ,
thereby becoming the new L, for £, .
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The place of the third unit indicates the turning direcion of an imaginary, flowing
curve through the ceneers of all circles constructed and yet to be constructed. This cutve
is called the primary or generating spiral. It depends on the definition of the first two
support circles whether the generaring spiral will be rurning o the left ot to the righe, U,
has U for its only support circle. I7; has Ly and U, as its suppore circles. If #,=0 and
42=1, the generatng spiral will turn clockwise; if po=1 and g,=-0, it will not.

As from »=4, subsequent units along the spiral will pot touch one another. That is
why, neither in a flower head nor in the model, the generating spiral (in fact, the first
contace spiral) will be visible as a sequence of primordia or unis. Other contact spirals
will develop: a spiral trio, turning in the same direcrion, as well as a spiral dua, rurning
in the opposite dircction, These spirals will disappear according as the model contains
more wnits, They make place for cight and five spirals, respectively. Thus, the terms of
the Fibonacei sequence will be developed successively, as numbers of contact spirals.

The route that a unit wavels, from growing point to periphery, furns out to run in a
radial direction. In the tangendal direction, the unit will experience forces that push it
alternately to the left and to the right. As a result, the unit takes a zigzag path. Examples
of unlimived phyllotactic circle parterns in the main sequence are shown in Figs 22, 23,

Fig 22 In this stractuee of 42 circles in unlimited  Fig 23 This caample of unlimited  phyllotaxis
phyllotaxis, Fibonacci numbers in the cenre (3,5)  shows nunbers (55,89) on the rim. (#=1300)
and in the periphery (8,5) are distinguishable.
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OTHER SEQUENCES

The model described leads to numbers of spirals according to the Fibonacc sequence.
The fact that plants showing accessory sequences (see Section TYIE ORDERED
S$TRUCTURE OF A PLANT) form a minority growing amidst other plants with Fibonaca
phyllotaxis indicates that we can speak of anomalies. The Lucas sequence (1, 3, 4, 7, 11,
18, 29, 47, ...} is the first accessory sequence. The second accessory sequence (1, 4, 5, 9,
14, 23, 37, 60, ...) starts with yet other terms.

If we depart from configuration d in Fig 6, d, in Fig 7 follows the algorithm deduced
(see Section UNLIMITED PHYLLOTAXIS), Initially, Uy (or Usyg) touched Uz (or U;,,)
and Uy (or Uyyy), intersecting Uy . The biggest of U and U; | being Uy | is dislodged by
Uy . The configuration lcads to Fibonacci numbers after repeated application of the
algorithm (Fig 24). If, dircetly after £5 (with d in Fig 6), we introduce a deviation, then
the only possibility would be d; in Fig 7. In this case, the smallest of Uy and Us |, being
U, , is dislodged by U, Conzinvarion with the algorithm kads to the Lucas sequence
(Fig 25). Instead, continuation with a second deviaton (which resembles rthe first,
because there are no alternative possibilities), and then with the usual algorithm, leads to
the second accessory sequence. (Ug touches U, and Uy L If T ineersects U, it will
dislodge the smallest of £, and U, , which is U ) After having applied the deviation
three rimes, followed by the usual algorithm from # , we find the third accessory
sequence, Accessory sequences after the first rarcly occur. Tf the deviation described
should go on repeating itself, we could no Jonger speak of a deviation (resulting in an
anomaly), but rather of another algorithm. In choices, younger, smaller units are
dislodged here. The result would be a simple spiral, with the younger units in the center
(compare with Fig 6, case ¢, where units arise peripherally).

A quite different deviation ¢an be found in the cxistence of multiplied sequences, such
as the bijugate scquence (2, 4, 6, 10, 16, 26, 42, 68, ). This sequence arises when the
growing point produces two similar primordia every plastochron. At £=1, two circles
with radius R, and ceneers € (R, 0) and C'(-R, , ) are drawn. At #=2, a third circle
U7, touches I and I7)7 | just following the rules. The choice for y; 1o be pasitive or
negative is arbitrary. Symmetrically around the X axis (for I7; and the fourth unit Uy’
arise at onee), U7 1s deawn, U3 oy inverseer £7)° . The choice of which direction U rolls
off in predicts the turning direcdon of the two (identical) gencraring spirals in the
ultimate structure. Uy’ 15 drawn symmetrically in relation ro the growing point O, The
place of U4 is determined by using che algorithm starting from Uz . U7 15 the syrametry
of T/, . Succeeding units are drawn consequently. In a flat plane, the resulr is a flower
head with spirals in the mumbers mentoned here (Fig 26). In limited phyllotaxis,
oppostte leaves appear on a stem. The angle berween two successive pairs of units
depends on the form of the covering surface (see Section LIMITED PHYLLOTAXIS).

In the same way, multijugate sequences are possible, For any s, unit U, is settled and
units &4, , U0, ,", ... require rotation-symmetry around point Q. In addirion,
deviations are casily possible in structures with multijugate sequences. From the bijugate
sequence we get 2, 6, 8, 14,22, 36, 58,94, ...
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Fig 24 If we depart from Fig 9, then the topmost configuration at 7, leads to Fibonacel numbers after
repeated application of the alporithm in Section OTHER SEQUENCES,

Fig 25 Dircctly after £; , we introduce 3 deviadon, Continuation with the alporithm leads o Lucas
numbers,

Fig 26 When the growing point produces two similar primordia every plastochron, the doubled
Fibonacei sequence arises.
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VARIATIONS

The dislodgement model as described above leads to a set of circle-disks in orderly,
natural patterns. Variations within a structure can develop through changes in the form
of the building block. So far, we have spoken of circles, Ir would scem obvious that the
unit should be given a flexible wall, The tendency to reach a compact main form leads to
compression of ‘weak® circle forms to soap-bubble-like units, with the spaces between
thern becoming smaller or disappearing and the wall material becormng rigid.

A close-packed honeycomb structure can be constructed by drawing the murual
tangents or polar lines of all circles between their intersections with other tangents (Fig
27). Where optional problems arise, the key is minimum use of material, that is,
minimym distancey. A rough approximation of a soap-bubble structure can be reached
through the method described below. In the case that there is no mutoal secondary
support circle, three dircles touch one another o form an interecliular space. Berween
these circles, a pomnt can be determined on the basis of their reciprocal radii. Let the
ordinal numbers of the circles be ¢ = #, p, and g, respectively; then the radius is #; , and
the coordinates of the center are x; and v, . The x coordinate of the point in quesrion is

x = E(xfri) [ E(1r)

The point will be relatively far from the cenrers of the smaller circles (Fig 28). In the
sccond case possible, four circles touch one another around the intercellular space. A
point is calcutared four rimes for three circles each time. Two mutually connecting lines
between the poines qualify as partitions, the shortest sum of which requires a minimum
of material for the buildup of the five walls concerned (Fig 29). In the final case possible,
five circles form the interecllular space. Now, after analogous calculations, seven points
result in seven partition walls (Fig 30). Examples of unlimited phyllotactc patterns with
varied building blocks are shown in Figs 31-35.

Hg 27 A ‘closg-packing’ honeycomb structure can Frg 28 Between three circles, each of rheir points
be constructed by drawing the mutual tangenes or  of contact is connecred with a fourth poine, which
polar lines of all ¢ircles ‘betweeny’ their imersections is determined by the reciprocal radii and  the
with other tanyents. CLNIErs,
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LIMITED PHYLLOTAXIS

The threc-dimensiopal strucrure mentioned in Scction UNLIMITED AND LIMITED
PHYLLOTAXIS can be constructed on a supportive surface defined in advance, Just as in
the flat plane of model 4, we consmmucted the conters of circular vnits, we consimuct the
centers of spherical units on the paraboloid surface ares of madel B, The flat structure of
the flower head will go over into the cylindrical structure of the stem: Spirals go over
into helices. The dislodgement theory described also holds good for model B. Unit radii
grow according to the growth curves mentioned (Fig 36), as the citcles of the two-
dimensional model are in fact spherical cross sections through the flar plane. Examples of
limited phyllotactic patterns with varicd building blocks are shown in Figs 37-44.

THE ENTIRE PLANT BRODY

Where 2 plant shows characteristics of fracals (geometric structures between the
Euclidean dimensions), Mandelbrot [3] provides us with an interesting area of study.
Lindenmayer [2] describes algorithms to generate ramifications and budding from a
single, simple building block. Prusinkicwicz and Hanan [4] combine fractal plant growth
with L-systems in computer graphics. Here, combinadon with the dislodgement model
will Jead to 4 corr